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Abstract

This paper introduces a projection and contraction algorithm with extrapolation from the
past for solving variational inequalities in Hilbert spaces. The proposed method reduces the
number of operator evaluations per iteration from two to one by reusing past iterations. Under
standard assumptions, we prove strong convergence of the generated sequence. Numerical
experiments on solving large-scale Harker-Pang problems demonstrate its superior efficiency
and robustness compared to several well-established methods.
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1 Introduction

Given a nonempty closed convex subset C of the real Hilbert space H (equipped with inner
product ⟨·, ·⟩ and norm ∥ · ∥) and a continuous operator F : H → H, the variational inequality
problem is to find a x ∈ C such that

⟨Fx, z − x⟩ ≥ 0, ∀z ∈ C. (1.1)

It is common knowledge from the references [1, 2, 15, 40, 21, 38] that problems arising from
economics, engineering mechanics, mathematical programming, transportation, and other applied
sciences can be rewritten in the form of (1.1). The problem (1.1) is also equivalent to minx∈C f(x),
where f : H → (−∞,+∞) is a continuously differentiable convex function whose gradient is
denoted by ∇f = F . Throughout this paper, the solution set of (1.1), denoted by S, is assumed
to be nonempty.

A popular approach to solving (1.1) is the projection-type algorithm that generally enjoys
weak convergence in terms of the resulting sequence to a solution obtained with various conditions
imposed on F . Some of which include the following extragradient algorithm [22]:{

yn = PC(xn − λnFxn),

xn+1 = PC(xn − λnFyn),
(1.2)

with λn > 0 being the step size and PC(x) being the metric projection of x onto C, Popov
extragradient algorithm [35], subgradient extragradient algorithm [9], forward-backward-forward
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algorithm [42, 4], projection and contraction method [19], projected reflected gradient algorithm
[30], forward-reflected-backward algorithm [28] and the golden ratio algorithm [29]. These methods,
except the last three, feature two evaluations of F at each iteration, resulting in a situation that
may affect their efficiency and optimal numerical performance. The forward-backward-forward
algorithm, designed by [42], reads{

yn = PC(xn − λnFxn),

xn+1 = yn + λn (Fxn − Fyn) .
(1.3)

Clearly, it still needs two evaluations Fxn and Fyn at the nth iteration.
Recently, reference [16] introduced the concept extrapolation from the past, which is to ”store

and re-use the extrapolated gradient for the extrapolation”, and then presented a modified version
of (1.2): {

yn = PC(xn − λFyn−1),

xn+1 = PC(xn − λFyn).
(1.4)

The above scheme was proved to be convergent for any λ ∈ (0, 1/
√
3L], where L is the Lipschitz

constant of F . Later, more and more researchers focused on developing various algorithms by using
the concept extrapolation from the past. For example, by combining the first update of (1.4) and
the second update of (1.3), Bot, et al. [7] introduced the following weakly convergent variant of
the forward-backward-forward method for any λn ≤ 1/(2L):{

yn = PC(xn − λnFyn−1),

xn+1 = yn + λn (Fyn−1 − Fyn) .
(1.5)

It is worth noting that the above stepsize λn still depends on the Lipschitz constant L, but the
Lipschitz constant of a mapping is often unknown or difficult to approximate. Recently, a novel
dual inertial Tseng’s extragradient method was proposed in [32], which does not need the prior
knowledge of Lipschitz constant and any line-search procedure. The projection algorithm with
extrapolation in [34] and the inertial forward-backward-forward algorithm in [48] not only used the
concept extrapolation from the past, but also provided similar adaptive updates for the stepsize
λn. Tongnoi further studied the convergence of (1.5) for solving variational inequality problem
(1.1) in [43] and monotone inclusion problems in [44]. As observed in [7, 43], one can obtain the
forward-reflected-backward algorithm [28]:

yn+1 = PC(yn − 2λFyn + λFyn−1), (1.6)

when xn+1 is substituted into the first step of (1.5) at yn+1 with constant step size. If C = H, then
both (1.5) and (1.6) become

yn+1 = yn − 2λFyn + λFyn−1.

Another classical approach to solving (1.1) is the following Projection and Contraction Method
(PCM, [14]), that is, a modification of the extragradient algorithm (1.2): yn = PC(xn − λnFxn),

dn = xn − yn − λn(Fxn − Fyn),
xn+1 = xn − γβndn,

(1.7)

where γ ∈ (0, 2), λn ∈ (0, 1/L) and

βn =

{
⟨xn−yn,dn⟩

∥dn∥2 , dn ̸= 0,

0, dn = 0.
(1.8)
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This PCM iteratively updates {xn} using the projection step yn and the contraction step with a
descent direction dn, which makes the PCM (1.7) tolerates errors in the contraction step better than
the forward-backward-forward algorithm (1.3). Just like the forward-backward-forward algorithm
(1.3), the PCM (1.7) improves on the computational complexity of the extragradient algorithm
(1.2) in terms of PC . Nonetheless, it still requires two values of F at each iteration, which can be
computationally expensive if F is complex. Therefore, it would be of interest to further reduce the
computational complexity. Thus, we need to investigate “the projection and contraction method
(1.7) with extrapolation from the past” and obtain strong convergence results. It should be noted
that different authors have extensively studied the PCM-type method; see, for example, [8, 10, 12,
13, 31, 32, 33, 37, 39, 41, 49]. For other types of methods related to PCM for solving (1.1) and its
reformulation problem, we refer to the alternating direction method of multipliers [20, 24, 5], the
operator splitting methods [17, 25], and the proximal point algorithm-based descent method [23].

Several works (see, for example, [12, 39, 41, 48]) have been done on the strongly convergent
version of the scheme (1.7) as follows: yn = PC(xn − λnFxn),

dn = xn − yn − λn(Fxn − Fyn),
xn+1 = αnx0 + (1− αn)(xn − γβndn),

(1.9)

where {αn} ⊂ (0, 1) and βn is given in (1.8). However, the setbacks of two evaluations of F per
iteration evident in (1.7) are still in place in strongly convergent (1.9).

Recently, along the line of projection-type methods, Anh [45] introduced a new relaxed pro-
jection approach for solving variational inequality problems in Hilbert spaces by constructing a
solution mapping with strongly quasi-nonexpansive properties. Subsequently, Thanh and Anh
[46] developed Halpern relaxed projection methods that achieve strong convergence for partially
pseudomonotone and Lipschitz continuous operators. Very recently, Trang et al. [47] proposed
viscosity-projection methods combining viscosity approximation with projection steps for solving
variational inequalities, with successful applications to adaptive image restoration. While these
methods have enlarged the toolkit of projection algorithms, they either rely on relaxed projection
mappings that require additional solution-map evaluations, or employ Halpern/viscosity averaging
that needs two operator evaluations per iteration. In contrast, the present work focuses on inte-
grating extrapolation from the past into a projection and contraction framework, thereby reducing
the per-iteration cost to a single operator evaluation while maintaining strong convergence.

Our Contributions. Building on the forward-backward-forward method with past extrapo-
lation (1.5) and projection-contraction methods (1.7) and (1.9), we propose a strongly convergent
projection and contraction algorithm with extrapolation from the past. Our contributions are:

• Strong convergence analysis: We establish strong convergence under standard conditions.
The algorithm generalizes method (1.5) when αn = 0 and βn ≡ 0, offering greater flexibility.

• Adaptive parameter rule: We provide an adaptive updating rule for the stepsize param-
eter λn, relaxing reliance on prior knowledge of the Lipschitz constant.

• Numerical validation: We conduct extensive comparative experiments on large-scale vari-
ational inequality problems to illustrate the practical performance of the algorithm.

Outline. Preliminary definitions and lemmas are presented in Section 2. Our main results
for the proposed new algorithm are discussed in Section 3, where we provide strong convergence
results and certain connections between Algorithm 3.1 and an inertial forward-backward-forward
algorithm. Section 4 conducts parameter tuning experiments and comparison experiments to
evaluate the performance of our algorithm. We conclude with a summary of what we have done
and an overview of future plans in Section 5.
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2 Preliminaries

The following definitions are prepared before showing several technical lemmas.

Definition 2.1 Let F : H → H be an operator. We say that F is

(a) monotone on H if ⟨Fu− Fv, u− v⟩ ≥ 0 for all u, v ∈ H;

(b) η-strongly pseudo-monotone on H if there exists η > 0 such that ⟨Fv, u− v⟩ ≥ 0 ⇒ ⟨Fu, u−
v⟩ ≥ η∥u− v∥2 for all u, v ∈ H;

(c) pseudo-monotone on H if for each u, v ∈ H, ⟨Fu, v − u⟩ ≥ 0 ⇒ ⟨Fv, v − u⟩ ≥ 0;

(d) L-Lipschitz continuous on H if there exists a constant L > 0 such that ∥Fu−Fv∥ ≤ L∥u−v∥
for all x, y ∈ H.

Given x ∈ H, there exists a unique point PC(x) ∈ C (cf. [3]) such that

∥x− PC(x)∥ ≤ ∥x− v∥, ∀v ∈ C.

It is known that PC satisfies

⟨u− v, PC(u)− PC(v)⟩ ≥ ∥PC(u)− PC(v)∥2, ∀u, v ∈ H, (2.1)

and

⟨u− PC(u), PC(u)− v⟩ ≥ 0 ∀v ∈ C. (2.2)

Thus,

∥u− v∥2 ≥ ∥u− PC(u)∥2 + ∥v − PC(v)∥2, ∀u ∈ H, v ∈ C. (2.3)

Lemma 2.1 Let u, v ∈ H. Then, we have
(i) 2⟨u, v⟩ = ∥u∥2 + ∥v∥2 − ∥u− v∥2 = ∥u+ v∥2 − ∥u∥2 − ∥v∥2;
(ii) ∥u− v∥2 + ∥u+ v∥2 = 2∥u∥2 + 2∥v∥2.

Lemma 2.2 [27, Lemma 3.1] Suppose {tn} and {rn} are sequences of non-negative real numbers
such that

tn+1 ≤ (1− αn)tn + sn + rn,

where αn ∈ (0, 1) and sn ∈ R. If
∞∑

n=1
rn < ∞ and sn ≤ αnM for some M ≥ 0. Then, {tn} is

bounded.

Lemma 2.3 [36] Suppose {an} is a sequence of nonnegative real numbers, {cn} is a sequence in

(0, 1) with
∞∑

n=1
cn = ∞, and {bn} is a sequence of real numbers. Assume that

an+1 ≤ (1− cn)an + cnbn.

If lim sup
k→∞

bnk
≤ 0 for every subsequence {ank

} of {an} satisfying lim inf
k→∞

(ank+1 − ank
) ≥ 0, then

lim
n→∞

an = 0.

Lemma 2.4 [11] Suppose C is a nonempty, closed, convex subset of a real Hilbert space H and
F : C → H is pseudo-monotone and continuous. Then, x̂ is a solution to the variational inequality
problem (1.1) if and only if

⟨Fx, x− x̂⟩ ≥ 0, x̂ ∈ C.
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3 Main Results

This section presents a new projection and contraction algorithm with extrapolation from the
past, along with its strong convergence results.

3.1 The Proposed Algorithm

Before presenting our proposed algorithm, which is motivated by the projection and contraction
algorithm (1.7), we state a basic assumption as follows. If F is monotone and L-Lipschitz contin-
uous, then Assumption 3.1 holds. Also, Assumption 3.1 is fulfilled when H is finite-dimensional,
and F is a continuous pseudo-monotone operator.

Assumption 3.1 Let F : C → H be a pseudo-monotone operator which is also L-Lipschitz con-
tinuous (L > 0) satisfying

if yn ⇀ y and lim inf
n→∞

∥Fyn∥ = 0, then Fy = 0.

Now, we present our strongly convergent algorithm, called PCM-ep, as follows:

Algorithm 3.1 (This algorithm attempts to solve problem (1.1))

Initialization. Choose parameters µ ∈
(
0,
√

ϵ
2(2ϵ+1)

)
and γ ∈

(
0, 2

2+ϵ

)
for any ϵ > 0. Let αn ∈

[0, 1) and τn ∈ (0,∞) be a sequence such that
∑∞

n=0 τn << +∞ and initialize x0, y−1 ∈ H, λ0 > 0.
Set n = 0.
Iterative Step. Given λn, xn and yn−1, compute

wn = αnx0 + (1− αn)xn,
yn = PC(wn − λnFyn−1),
un = yn + λn(Fyn−1 − Fyn),
xn+1 = un − γβndn,

(3.1)

where

dn = wn − yn − λn(Fyn−1 − Fyn), βn =


max{⟨un − yn, dn⟩, 0}

∥dn∥2
, dn ̸= 0,

0, dn = 0.

Update

λn+1 =

{
min

{
µ∥yn−1−yn∥

∥Fyn−1−Fyn∥ , λn + τn

}
, Fyn−1 ̸= Fyn,

λn + τn, otherwise.
(3.2)

Remark 3.1 Here, we give some remarks about Algorithm 3.1.

(i) The contraction step for the update xn+1 features un and a descent direction dn instead of
xn and a descent direction dn presented in the previous algorithms (1.7) and (1.9).

(ii) At the current iteration, the two values of F , i.e., Fxn and Fyn, in the projection and
contraction algorithm (1.7) are replaced with Fyn−1 and Fyn in the proposed Algorithm 3.1.
Note that Fyn−1 is previously known from the previous iteration and is being recalled in the
current iteration. Therefore, only Fyn is computed at the current iteration in Algorithm 3.1.
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(iii) Our proposed Algorithm 3.1 improves on the strongly convergence projection and contraction
algorithm (1.9) by reducing the two values of F in (1.9) to just only one value of F at each
iteration.

Lemma 3.1 Assume that F is L-Lipschitz continuous on H. Let {λn} be the sequence generated
by (3.2). Then

lim
n→∞

λn = λ ∈
[
min

{
λ0,

µ

L

}
, λ0 + τ

]
,

where τ =
∑∞

n=1 τn.

Proof. Since F is Lipschitz continuous with constant L > 0, in the case that Fyn−1 ̸= Fyn, we
obtain

µ∥yn−1 − yn∥
∥Fyn−1 − Fyn∥

≥ µ∥yn−1 − yn∥
L∥yn−1 − yn∥

=
µ

L
. (3.3)

By the definition of λn+1 and mathematical induction, the sequence {λn} has upper bound λ0 + τ
and lower bound min{λ0,

µ
L}. Following a similar line to the proof of Lemma 3.1 [26], we obtain

the desired result. �

3.2 Strong Convergence Analysis

In this section, we present the strong convergence analysis of the sequence generated by our
proposed Algorithm 3.1. We first get from (3.2) that

∥Fyn−1 − Fyn∥ ≤ µ

λn+1
∥yn−1 − yn∥. (3.4)

Lemma 3.2 Let Assumption 3.1 be fulfilled. Then, for any x∗ ∈ S, the sequences {un} and {yn}
generated by Algorithm 3.1 satisfy

∥un − x∗∥2 ≤ ∥wn − x∗∥2 − ∥wn − yn∥2 +
µ2λ2

n

λ2
n+1

∥yn−1 − yn∥2. (3.5)

Proof. By the update of yn = PC(wn − λnFyn−1) and the properties of PC , we obtain

⟨yn − wn + λnFyn−1, x
∗ − yn⟩ ≥ 0. (3.6)

The pseudomonotonicity of F implies

⟨λnFyn, yn − x∗⟩ ≥ 0. (3.7)

Combine (3.7) and (3.6) together with the update un = yn + λn(Fyn−1 − Fyn) to obtain

⟨un − wn, x
∗ − yn⟩ ≥ 0.

Simple algebra shows

⟨un − wn, un − x∗⟩ ≤ ⟨un − wn, un − yn⟩
= ⟨un − wn, un − wn⟩+ ⟨un − wn, wn − yn⟩
= ∥un − wn∥2 + ⟨un − wn, wn − yn⟩
= ∥un − wn∥2 + ⟨yn + λn(Fyn−1 − Fyn)− wn, wn − yn⟩
= ∥un − wn∥2 + ⟨yn − wn, wn − yn⟩+ ⟨λn(Fyn−1 − Fyn), wn − yn⟩
= ∥un − wn∥2 − ∥wn − yn∥2 + λn⟨wn − yn, Fyn−1 − Fyn⟩.
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According to the first item of Lemma 2.1, we have

2⟨un − wn, un − x∗⟩ = ∥un − wn∥2 − ∥wn − x∗∥2 + ∥un − x∗∥2.

Substituting this identity into (3.8), it follows that

∥un − x∗∥2 ≤ ∥wn − x∗∥2 + ∥un − wn∥2 − 2∥wn − yn∥2 + 2λn⟨wn − yn, Fyn−1 − Fyn⟩. (3.8)

Now, combine the update of un and (3.4) to have

∥un − wn∥2 = ∥yn + λn(Fyn−1 − Fyn)− wn∥2

= ∥yn − wn∥2 + 2λn⟨yn − wn, Fyn−1 − Fyn⟩+ λ2
n∥Fyn−1 − Fyn∥2

≤ ∥yn − wn∥2 + 2λn⟨yn − wn, Fyn−1 − Fyn⟩+
µ2λ2

n

λ2
n+1

∥yn−1 − yn∥2.

Substituting the last relationship into (3.8) results in

∥un − x∗∥2 ≤ ∥wn − x∗∥2 + ∥yn − wn∥2 + 2λn⟨yn − wn, Fyn−1 − Fyn⟩

+
µ2λ2

n

λ2
n+1

∥yn−1 − yn∥2 − 2∥wn − yn∥2 + 2λn⟨wn − yn, Fyn−1 − Fyn⟩

= ∥wn − x∗∥2 − ∥wn − yn∥2 +
µ2λ2

n

λ2
n+1

∥yn−1 − yn∥2.

The proof is completed. �

Theorem 3.1 Let Assumption 3.1 be fulfilled and {xn} be generated by Algorithm 3.1. For any
x∗ ∈ S, we have

∥xn+1 − x∗∥2 ≤ ∥un − x∗∥2 − (2− γ)

γ
∥xn+1 − un∥2. (3.9)

Proof. First of all, the way of generating xn+1 implies

∥xn+1 − x∗∥2 = ∥(un − x∗)− γβndn∥2 = ∥un − x∗∥2 − 2γβn⟨un − x∗, dn⟩+ γ2β2
n∥dn∥2.

Since yn = PC(wn − λnFyn−1), we have by (2.2) that

⟨yn − x∗, wn − yn − λnFyn−1⟩ ≥ 0. (3.10)

Adding the previous (3.7) to (3.10) together with the definition of dn leads to

⟨yn − x∗, wn − yn − λnFyn−1 + λnFyn⟩ = ⟨yn − x∗, dn⟩ ≥ 0,

which makes ⟨un − x∗, dn⟩ = ⟨un − yn, dn⟩+ ⟨yn − x∗, dn⟩ become

⟨un − x∗, dn⟩ ≥ ⟨un − yn, dn⟩.

By the update of βn in Algorithm 3.1, we have

βn∥dn∥2 = max{⟨un − yn, dn⟩, 0} (3.11)

(Thus βn ≥ 0 always holds), and hence

∥xn+1 − x∗∥2 = ∥un − x∗∥2 − 2γβn⟨un − x∗, dn⟩+ γ2β2
n∥dn∥2

≤ ∥un − x∗∥2 − 2γβn⟨un − yn, dn⟩+ γ2βn⟨un − yn, dn⟩
= ∥un − x∗∥2 − γ(2− γ)βn⟨un − yn, dn⟩. (3.12)
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Noting that we have from (3.11) and the update of xn+1 that

βn⟨un − yn, dn⟩ = ∥βndn∥2 =
1

γ2
∥xn+1 − un∥2.

So, plugging the last equality into (3.12) ensures the conclusion (3.9). �
The last two lemmas can not directly ensure the convergence of {xn} and {yn}. However, their

convergence can be proved with the aid of the following potential sequence

an := ∥xn − x∗∥2 + (1 + ϵ)∥xn − un−1∥2 +
(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2, (3.13)

where ϵ > 0 and x∗ ∈ S.

Lemma 3.3 Let Assumption 3.1 be fulfilled and an be defined in (3.13). Suppose αn ∈ [0, 1) with
lim

n→∞
αn = 0. Then, for any ϵ > 0, it holds

an+1 ≤ (1− αn)an + αn∥x0 − x∗∥2 −
( (2− γ)

γ
− (1 + ϵ)

)
∥xn+1 − un∥2

−
[
(1− αn)

2
− µ2λ2

n

λ2
n+1

−
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

]
∥yn − yn−1∥2. (3.14)

In addition, both {xn} and {yn} are bounded.

Proof. Plug (3.5) into (3.9) to obtain

∥xn+1 − x∗∥2 ≤ ∥wn − x∗∥2 − ∥wn − yn∥2 +
µ2λ2

n

λ2
n+1

∥yn−1 − yn∥2 −
(2− γ)

γ
∥xn+1 − un∥2. (3.15)

By the definition of wn, the first term in the right-hand-side of (3.15) amounts to

∥wn − x∗∥2 = ∥αnx0 + (1− αn)xn − x∗∥2

= ∥(xn − x∗)− αn(xn − x0)∥2

= ∥xn − x∗∥2 + α2
n∥xn − x0∥2 − 2αn⟨xn − x∗, xn − x0⟩

= ∥xn − x∗∥2 + α2
n∥xn − x0∥2 − αn∥xn − x∗∥2 − αn∥xn − x0∥2 + αn∥x0 − x∗∥2,

where the last equality uses Lemma 2.1 (i). Replacing x∗ with yn in the last equality gives

∥wn − yn∥2 = ∥xn − yn∥2 + α2
n∥xn − x0∥2 − αn∥xn − yn∥2 − αn∥xn − x0∥2 + αn∥x0 − yn∥2.

From the last two equations, we have

∥wn − x∗∥2 − ∥wn − yn∥2

= (1− αn)∥xn − x∗∥2 + α2
n∥xn − x0∥2 − αn∥xn − x0∥2 + αn∥x0 − x∗∥2

− (1− αn)∥xn − yn∥2 − α2
n∥xn − x0∥2 + αn∥xn − x0∥2 − αn∥x0 − yn∥2

= (1− αn)∥xn − x∗∥2 − (1− αn)∥xn − yn∥2 + αn∥x0 − x∗∥2 − αn∥x0 − yn∥2.

Substituting this equality into (3.15) with a relaxation gives

∥xn+1 − x∗∥2 ≤ (1− αn)∥xn − x∗∥2 − (1− αn)∥xn − yn∥2

+αn∥x0 − x∗∥2 + µ2λ2
n

λ2
n+1

∥yn−1 − yn∥2 −
(2− γ)

γ
∥xn+1 − un∥2. (3.16)
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Notice that,

∥xn − yn∥2 ≥ −∥xn − yn−1∥2 +
1

2
∥yn − yn−1∥2

= −∥xn − un−1 + un−1 − yn−1∥2 +
1

2
∥yn − yn−1∥2

= −∥(xn − un−1) + λn−1(Fyn−2 − Fyn−1)∥2 +
1

2
∥yn − yn−1∥2,

where the last equality follows from the update un−1 = yn−1 +λn−1F (yn−2 − yn−1). Now, for any
ϵ > 0, we expand the squared norm

∥(xn − un−1) + λn−1(Fyn−2 − Fyn−1)∥2 = λ2
n−1∥Fyn−2 − Fyn−1∥2

+ ∥xn − un−1∥2 + 2
⟨
xn − un−1, λn−1(Fyn−2 − Fyn−1)

⟩
≤ ∥xn − un−1∥2 + λ2

n−1∥Fyn−2 − Fyn−1∥2 + 2λn−1∥xn − un−1∥∥Fyn−2 − Fyn−1∥

≤ ∥xn − un−1∥2 +
λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2 + 2
λn−1µ

λn
∥xn − un−1∥∥yn−2 − yn−1∥

≤ ∥xn − un−1∥2 +
λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2 + ϵ∥xn − un−1∥2 +
1

ϵ

λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2

= (1 + ϵ)∥xn − un−1∥2 +
(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2,

where the first inequality uses the Cauchy-Schwarz inequality, the second inequality follows from
(3.4), and the last inequality uses Young’s inequality. Substituting this upper bound back into the
first inequality yields the final estimate

∥xn − yn∥2 ≥ −(1 + ϵ)∥xn − un−1∥2 −
(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2 +
1

2
∥yn − yn−1∥2. (3.17)

Now, plug (3.17) into (3.16) to obtain

∥xn+1 − x∗∥2 ≤ (1− αn)
[
∥xn − x∗∥2 + (1 + ϵ)∥xn − un−1∥2

+
(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2
]
+ αn∥x0 − x∗∥2

−
[ (1− αn)

2
− µ2λ2

n

λ2
n+1

]
∥yn − yn−1∥2 −

(2− γ)

γ
∥xn+1 − un∥2.

Thus,

∥xn+1 − x∗∥2 + (1 + ϵ)∥xn+1 − un∥2 +
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

∥yn − yn−1∥2

≤ (1− αn)
[
∥xn − x∗∥2 + (1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2
]
+ αn∥x0 − x∗∥2

−
[ (1− αn)

2
− µ2λ2

n

λ2
n+1

−
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

]
∥yn − yn−1∥2 −

( (2− γ)

γ
− (1 + ϵ)

)
∥xn+1 − un∥2,

which, by the definition of an in (3.13), confirms the inequality in (3.14).
Observe that

lim inf
n→∞

[ (1− αn)

2
− µ2λ2

n

λ2
n+1

−
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

]
=

1

2
−
(
2 +

1

ϵ

)
µ2 > 0, (3.18)
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since µ ∈
(
0,
√

ϵ
2(2ϵ+1)

)
and αn ∈ [0, 1). Also, since 0 < γ < 2

2+ϵ , we have (2−γ)
γ − (1 + ϵ) > 0.

Consequently, we have from Lemma 2.2 and (3.14) that {an} is bounded. Therefore, both {xn}
and {yn} are bounded. �

Theorem 3.2 Assume that Assumption 3.1 is fulfilled and {(xn, yn)} is generated by Algorithm

3.1. Suppose lim
n→∞

αn = 0 and
∞∑

n=0
αn = ∞. Then, the sequences {xn} and {yn} converge strongly

to an element x∗ ∈ S, where x∗ = PS(x0).

Proof. It follows from the update of wn in (3.1) that

∥wn − x∗∥2 = ∥αn(x0 − x∗) + (1− αn)(xn − x∗)∥2

= α2
n∥x0 − x∗∥2 + (1− αn)

2∥xn − x∗∥2 + 2αn(1− αn)⟨x0 − x∗, xn − x∗⟩ (3.19)

and

∥wn − yn∥2 = ∥αn(x0 − yn) + (1− αn)(xn − yn)∥2

= α2
n∥x0 − yn∥2 + (1− αn)

2∥xn − yn∥2 + 2αn(1− αn)⟨x0 − yn, xn − yn⟩
≥ α2

n∥x0 − yn∥2 + (1− αn)
2∥xn − yn∥2 − 2αn(1− αn)∥x0 − yn∥∥xn − yn∥

≥ α2
n∥x0 − yn∥2 + (1− αn)

2∥xn − yn∥2 − 2αn(1− αn)M∥xn − yn∥ (3.20)

where M := sup
n≥0

∥x0 − yn∥ < ∞ since {yn} is bounded. Consequently, we have from (3.19) and

(3.20) together with (3.17) that

∥wn − x∗∥2 − ∥wn − yn∥2 ≤ α2
n∥x0 − x∗∥2 + (1− αn)

2∥xn − x∗∥2

+2αn(1− αn)⟨x0 − x∗, xn − x∗⟩ − α2
n∥yn − x0∥2

+(1− αn)
2
(
(1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2

−1

2
∥yn − yn−1∥2

)
+ 2αn(1− αn)M∥xn − yn∥

≤ α2
n∥x0 − x∗∥2 + (1− αn)

2∥xn − x∗∥2 + 2αn(1− αn)⟨x0 − x∗, xn − x∗⟩

+(1− αn)
2
(
(1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1ϕ

2
1

λ2
n

∥yn−2 − yn−1∥2

−1

2
∥yn − yn−1∥2

)
+ 2αn(1− αn)M∥xn − yn∥. (3.21)

Plug (3.21) into (3.5), we have

∥un − x∗∥2 ≤ α2
n∥x0 − x∗∥2 + (1− αn)

2∥xn − x∗∥2 + 2αn(1− αn)⟨x0 − x∗, xn − x∗⟩

+(1− αn)
2
(
(1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2

−1

2
∥yn − yn−1∥2

)
+ 2αn(1− αn)M∥xn − yn∥+

λ2
nµ

2

λ2
n+1

∥yn−1 − yn∥2. (3.22)
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Therefore, it follows from Theorem 3.1 that

∥xn+1 − x∗∥2 ≤ α2
n∥x0 − x∗∥2 + (1− αn)

2∥xn − x∗∥2 + 2αn(1− αn)⟨x0 − x∗, xn − x∗⟩

+ (1− αn)
2
(
(1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2

− 1

2
∥yn − yn−1∥2

)
+ 2αn(1− αn)M∥xn − yn∥+

λ2
nµ

2

λ2
n+1

∥yn−1 − yn∥2 −
(2− γ)

γ
∥xn+1 − un∥2

≤ (1− αn)
[
∥xn − x∗∥2 + (1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2
]

+ αn

[
αn∥x0 − x∗∥2 + 2(1− αn)⟨x0 − x∗, xn − x∗⟩+ 2(1− αn)M∥xn − yn∥

]
−

( (1− αn)
2

2
− λ2

nµ
2

λ2
n+1

)
∥yn − yn−1∥2 −

(2− γ)

γ
∥xn+1 − un∥2.

Thus,

∥xn+1 − x∗∥2 + (1 + ϵ)∥xn+1 − un∥2 +
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

∥yn−1 − yn∥2

≤ (1− αn)
[
∥xn − x∗∥2 + (1 + ϵ)∥xn − un−1∥2 +

(
1 +

1

ϵ

)λ2
n−1µ

2

λ2
n

∥yn−2 − yn−1∥2
]

+ αn

[
αn∥x0 − x∗∥2 + 2(1− αn)⟨x0 − x∗, xn − x∗⟩+ 2(1− αn)M∥xn − yn∥

]
−

( (1− αn)
2

2
− λ2

nµ
2

λ2
n+1

−
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

)
∥yn − yn−1∥2 −

( (2− γ)

γ
− (1 + ϵ)

)
∥xn+1 − un∥2.

Combine the last inequality with the notation of an and the following notation

hn := αn∥x0 − x∗∥2 + 2(1− αn)⟨x0 − x∗, xn − x∗⟩+ 2(1− αn)M∥xn − yn∥

to deduce

an+1 ≤ (1− αn)an + αnhn −
( (2− γ)

γ
− (1 + ϵ)

)
∥xn+1 − un∥2

−
( (1− αn)

2

2
− λ2

nµ
2

λ2
n+1

−
(
1 +

1

ϵ

)λ2
nµ

2

λ2
n+1

)
∥yn − yn−1∥2. (3.23)

Let lim sup
i→∞

hni ≤ 0 for each subsequence {ani} of {an}, then there exists lim inf
i→∞

(ani+1−ani) ≥ 0.

By (3.23), we have

lim sup
i→∞

[( (1− αni)
2

2
−
(
2 +

1

ϵ

)λ2
ni
µ2

λ2
ni+1

)]
∥yni−1 − yni∥2 ≤ lim sup

i→∞

[
(ani − ani+1) + αni(hni − ani)

]
≤ − lim inf

i→∞
(ani+1 − ani) ≤ 0,

which, by the previous property in (3.18), shows

lim
i→∞

∥yni−1 − yni∥ = 0. (3.24)

Similarly,

lim sup
i→∞

( (2− γ)

γ
− (1 + ϵ)

)
∥xni+1 − uni∥2 ≤ lim sup

i→∞

[
(ani − ani+1) + αni(hni − ani)

]
≤ − lim inf

i→∞
(ani+1 − ani) ≤ 0,
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which, by the region of γ, implies

lim
i→∞

∥xni+1 − uni
∥ = 0. (3.25)

By the fact that F is Lipschitz continuous, we have

lim
i→∞

∥Fyni−1 − Fyni
∥ = 0. (3.26)

So, we get from Algorithm 3.1 that

∥uni − yni∥ = λni∥Fyni−1 − Fyni∥ → 0, as i → ∞,

which implies

∥xni+1 − yni
∥ ≤ ∥xni+1 − uni

∥+ ∥uni
− yni

∥ → 0, as i → ∞.

Thus, as i goes to infinity, we have{
∥xni − yni∥ ≤ ∥xni − yni−1∥+ ∥yni−1 − yni∥ → 0,

∥xni+1 − xni∥ ≤ ∥xni − yni∥+ ∥xni+1 − yni∥ → 0.

Since {xni} is bounded, there exists a subsequence (denoted by {xnij
}) of {xni} such that xnij

⇀

z ∈ H, j → 0 and

lim sup
i→∞

⟨x0 − x∗, xni − x∗⟩ = lim
j→∞

⟨x0 − x∗, xnij
− x∗⟩ = ⟨x0 − x∗, z − x∗⟩. (3.27)

Therefore, as i goes to infinite, we have yni ⇀ z,wni ⇀ z and uni ⇀ z, respectively.
Now, we need to show z ∈ S. By the definition of yn, we have yni = PC(wni −λniFyni−1) where

wni = αnix0 + (1− αni)xni . From the characterization of PC , we have

⟨wni − yni − λniFyni−1 , x− yni⟩ ≤ 0, ∀ x ∈ C,

which implies

1

λni

⟨wni − yni , x− yni⟩+ ⟨Fyni−1 , yni − wni⟩ ≤ ⟨Fyni−1 , x− wni⟩, ∀ x ∈ C. (3.28)

Being weakly convergent, {xni
} is bounded. We also have that {wni}, {yni} and {yni−1} are

bounded. From the Lipschitz continuity of F, we have that {Fyni−1} is bounded. Since lim
i→∞

∥yni −
wni∥ = 0, {yni} is bounded and λni ≥ min

{
λ1,

µ
L

}
, we obtain from (3.28) that

lim inf
i→∞

⟨Fyni−1 , x− wni⟩ ≥ 0, ∀ x ∈ C. (3.29)

Moreover, we have

⟨Fyni , x− yni⟩ = ⟨Fyni − Fyni−1 , x− wni⟩+ ⟨Fyni , wni − yni⟩+ ⟨Fyni−1 , x− wni⟩. (3.30)

Combining (3.29), (3.26) and (3.30), we have

lim inf
i→∞

⟨Fyni , x− yni⟩ ≥ 0, ∀ x ∈ C.

Next, we choose a sequence {ϵi} of positive numbers that are decreasing and approaching 0.
For each i, let Ni be the smallest positive integers such that

⟨Fynj , x− ynj ⟩+ ϵi ≥ 0, j ≥ Ni. (3.31)
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Since {ϵi} is decreasing, we can easily see that {Ni} is increasing. Furthermore, for each i, since

{yNi} ⊂ C we can suppose that FyNi ̸= 0 (otherwise, yNi is a solution). Let gNi =
FyNi

∥FyNi
∥2 . We

have ⟨FyNi , gNi⟩ = 1, for each i. From (3.31), we have for each i that

⟨FyNi , x+ ϵigNi − yNi⟩ ≥ 0.

From the pseudomonotonicity of F, we obtain

⟨F (x+ ϵigNi), x+ ϵigNi − yNi⟩ ≥ 0.

This implies that

⟨Fx, x− yNi
⟩ ≥ ⟨Fx− F (x+ ϵigNi

), x+ ϵigNi
− yNi

⟩ − ϵi⟨Fx, gNi
⟩. (3.32)

In what follows, we show lim
i→∞

ϵigNi = 0. Since wni ⇀ z and lim
i→∞

∥wni − yni∥ = 0, we have

yNi ⇀ z, as i → ∞. Since {yn} ⊂ C, we obtain that z ∈ C. Also,

0 < ∥Fz∥ ≤ lim inf
i→∞

∥Fyni∥.

Since {yNi} ⊂ {yni} and ϵi → 0, as k → ∞, we obtain

0 ≤ lim sup
i→∞

∥ϵigNi∥ = lim sup
i→∞

(
ϵi

∥Fyni∥

)
≤

lim sup
i→∞

ϵi

lim inf
i→∞

∥Fyni∥
= 0,

which implies that lim
i→∞

ϵigNi
= 0. Since F is Lipschitz continuous, {yNi

}, {gNi
} are bounded and

lim
i→∞

ϵigNi = 0, we obtain from (3.32) that

lim inf
i→∞

⟨Fx, x− yNi⟩ ≥ 0.

Hence, for all x ∈ C, we have

⟨Fx, x− z⟩ = lim
i→∞

⟨Fx, x− yNi⟩ = lim inf
i→∞

⟨Fx, x− yNi⟩ ≥ 0.

Recalling Lemma 2.4, we obtain z ∈ S.
Since x∗ = PS(x0), it follows from (3.27) that

lim sup
i→∞

⟨x0 − x∗, xni − x∗⟩ = ⟨x0 − x∗, z − x∗⟩ ≤ 0.

Therefore, lim sup
i→∞

hni ≤ 0. By the condition that
∞∑

n→∞
αn = ∞, we have by Lemma 2.3 that

lim
n→∞

an = 0. Hence, {xn} converges strongly to x∗ = PS(x0). �
Assuming that the Lipschitz constant L of the operator F is available, the following result can

be easily deduced from Theorem 3.2.

Remark 3.2 We obtain Theorem 3.2 under the same set of assumptions given in [12, 39, 41].
However, we reduce the two values of F per iteration in the projection and contraction algorithm
(1.9) utilized in [12, 39, 41] to just one value of F using our Algorithm 3.1.

Corollary 3.1 Assume that Assumption 3.1 is fulfilled and {(xn, yn)} is generated by (3.1). Let

λn ∈ [a, b] ⊂
(
0, 1

L

√
ϵ

2(2ϵ+1)

)
and γ ∈

(
0, 2

2+ϵ

)
for any ϵ > 0. Suppose lim

n→∞
αn = 0,

∞∑
n=1

αn = ∞.

Then, the sequences {xn} and {yn} converge strongly to an element x∗ ∈ S, where x∗ = PS(x0).
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Remark 3.3 We now clarify the relations between Algorithm 3.1 and three existing algorithms.

(i) Relaxed projection method [45]: Anh proposed a relaxed projection approach built upon
a solution mapping with strongly quasi-nonexpansive properties, and established weak conver-
gence for partially pseudomonotone variational inequality problems. PCM-ep differs in that it
adopts an explicit projection and contraction structure with a descent direction dn and a non-
negative contraction parameter βn, and it achieves strong convergence via the Halpern-type
parameter αn rather than via a relaxed projection mapping.

(ii) Halpern relaxed projection method [46]: This method combines Halpern’s iterative aver-
aging with relaxed projections to obtain strong convergence under partial pseudomonotonicity.
Although PCM-ep also uses a Halpern-type parameter αn for strong convergence, it addition-
ally incorporates extrapolation from the past and a contraction direction dn, which allows
PCM-ep to use only one operator evaluation per iteration, whereas the method in [46] still
requires two evaluations (Fxn and Fyn) in its underlying extragradient-like structure.

(iii) Viscosity-projection methods [47]: These methods combine viscosity approximation (which
forces strong convergence to a particular solution through a contraction mapping) with stan-
dard projection steps. PCM-ep does not use an explicit viscosity term; instead, it achieves
strong convergence through the contraction step combined with the Halpern-type parameter
αn, and it reduces the operator evaluation count by reusing Fyn−1 from the past iterate.

In summary, our PCM-ep distinguishes itself from [45, 46, 47] by simultaneously achieving: (a)
strong convergence to PS(x0), (b) pseudo-monotone and Lipschitz assumptions without cocoercivity,
and (c) a single operator evaluation per iteration through extrapolation from the past within a
projection–contraction framework.

At the end of this section, we discuss the connections between Algorithm 3.1 and the inertial
forward-backward-forward algorithm (IFBF, [48, Algorithm 1]). First of all, Algorithm 3.1 offers
several key advantages over existing methods for solving variational inequalities, which makes it
theoretically sound and practically efficient for solving large-scale problems:

• Computational Efficiency: It requires only one operator evaluation per iteration (com-
puting Fyn), while most strongly convergent projection-contraction methods require two.
This significantly reduces computational cost when operator evaluations are expensive.

• Adaptive Step Size Without Lipschitz Constant: The step size λn is updated adap-
tively via

λn+1 = min

{
µ∥yn−1 − yn∥
∥Fyn−1 − Fyn∥

, λn + τn

}
,

eliminating the need for prior knowledge of the global Lipschitz constant L.

• Strong Convergence Under Weak Assumptions: The algorithm achieves strong conver-
gence under only pseudo-monotonicity and Lipschitz continuity, without requiring stronger
conditions such as strong monotonicity or cocoercivity.

• Practical Flexibility: The contraction step with parameter γ ∈
(
0, 2

2+ϵ

)
provides addition-

al robustness and can accelerate convergence in practice, as demonstrated in our numerical
experiments. Besides, users have the flexibility to choose sequences {αn} and {τn}, and we
just provide a pair of reasonable choices in experiments for fast convergence.

Remark 3.4 While both Algorithm 3.1 (PCM-ep) and IFBF [48] are strongly convergent algo-
rithms for solving variational inequality problems, they differ fundamentally in their design princi-
ples, computational structure, and primary objectives. The key distinction lies in their respective
mechanisms for leveraging past information:
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(i) Mechanism Difference: IFBF employs inertial extrapolation um = xm + θ(xm − xm−1),
a momentum-based acceleration technique. However, PCM-ep uses extrapolation from the
past by reusing Fyn−1 from the previous iteration—a gradient-recycling strategy to reduce
computational load.

(ii) Algorithmic Lineage: IFBF is an inertial forward-backward-forward method, while PCM-
ep is a projection and contraction method with an added contraction step (dn, βn).

Contributions of PCM-ep over IFBF:

(i) PCM-ep reduces operator evaluations from two per iteration (as in IFBF) to one per iteration,
by reusing Fyn−1. This is especially advantageous when operator evaluations are costly.

(ii) PCM-ep introduces extrapolation from the past within a projection–contraction framework, a
novel combination that maintains strong convergence while lowering per-iteration cost.

(iii) By reducing the number of operator calls, PCM-ep is better suited for large-scale or real-time
problems where F is expensive to compute (e.g., in PDE-constrained optimization, large-scale
machine learning).

(iv) PCM-ep achieves strong convergence under standard assumptions, yet does so with lower
computational overhead than existing strongly convergent PCMs and inertial methods like
IFBF.

(v) PCM-ep opens a new direction for computation-aware algorithm design in variational in-
equalities, shifting focus from acceleration alone to efficiency per iteration.

In summary, while IFBF [48] removes the on-line rule for inertial methods, Algorithm 3.1 addresses
a more fundamental issue: reducing the computational cost of strongly convergent methods without
sacrificing convergence guarantees. This makes Algorithm 3.1 a distinct and valuable contribution
to the field of variational inequality solvers.

4 Numerical Experiments

In this section, we investigate the performance of Algorithm 3.1 by solving large-scale examples in
comparison with several well-established methods. All experiments are implemented in MATLAB
R2019b (64-bit) and performed on a PC with Windows 10 operating system, equipped with an
Intel i7-8565U CPU and 16GB RAM. The following stopping criterion

r(xn) = ∥xn − PC(xn − Fxn)∥ < 10−8

is used with a maximum of 10000 iterations. We also denote IER(n) := ∥xn+1 − xn∥.
Consider the so-called Harker-Pang problem [18] with linear mapping Fx = Wx + w0 where

w0 ∈ Rm and
W = A⊤A+B + diag(ηi).

Here, A is a m×m matrix randomly generated with uniformly distributed entries in the interval
(−5, 5), B is a m ×m skew-symmetric matrix generated in the same interval, ηi is an uniformly
distributed random variable in the interval (0, 2), and w0 is randomly generated with uniformly
distributed entries in the same interval as A. The feasible set is given by C = {x ∈ Rm : 0 ≤
x ≤ 10l}, where l ∈ Rm is the vector of ones. It is clear that F is strongly pseudo-monotone and
Lipschitz continuous with Lipschitz constant L = ∥W∥.
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4.1 Effects of Algorithmic Parameters

We first test the effect of parameter ϵ on our proposed method (PCM-ep) for solving the Harker-
Pang problem with m = 2000 and with initial points x0 = (1, 1, · · · , 1)⊤ ∈ Rm, x−1 = y−1 = x0.
Figure 1 depicts the comparison results of the aforementioned qualities r(xn) and IER(n) obtained
by our PCM-ep with ϵ ∈ {0.01, 0.05, 0.1, 0.5, 1, 2}, and with tuned parameters

µ = 0.99

√
ϵ

2(2ϵ+ 1)
, γ = 0.99

2

2 + ϵ
, αn =

1

m4(n+ 1)
, τn =

1

(n+ 1)2
, λ0 = 1.6.

We can check that the above choice of τn satisfies
∑∞

n=0 τn < +∞, and αn satisfies the conditions
of Theorem 3.2. Figure 1 shows that the choice of ϵ could affect the performance of our PCM-ep,
and choosing ϵ = 0.05 is relatively better than other tested values. Hence, we set ϵ = 0.05 as the
default value in the forthcoming comparison experiments.

Next, we investigate the effect of τn on PCM-ep. Figure 2 shows the comparison of PCM-ep
for solving the problem as above, but with three updating rules of τn: (case 1) τn = a

(1+n)2 , (case

2) τn = a
n2+n , (case 3) τn = a

n(n+1)(n+2) , where a > 0. Here, the legends for case 1-1 and case 1-20

in Figure 2 indicate that the algorithm PCM-ep uses case 1 with a = 1 and a = 20, respectively. It
can be observed from Figure 2 that the first and second cases with a = 20 perform competitively
and much better than the other cases. In the following, we will use case 1 with a = 20 as the
default setting. Figure 3 also shows the comparison of PCM-ep with different starting points, from
which we can see that choosing x0 = zeros(n,1) as the initial point is relatively better. However,
in the forthcoming comparative experiments, we will use x0 = ones(n,1) as the initial point to
maintain consistency with the initial point used by other existing methods.

4.2 Comparative Experiments with Existing Methods

Now, we compare our proposed method with the following well-established methods:

• Double Inertial Tseng’s Extragradient Method (DiTEM, [32, Algorithm 2]) with the same
parameters γ0 = 0.25, α = 0.55, β = 0.454, µ = 0.9, ζ = 0.328 as that in [32, Example 4.1].

• Tseng’s forward-backward-forward method (FBF, [42]) with involved parameter λn = 0.99/L
as suggested by Bot, et al. [6];

• The generalized forward-backward-forward algorithm in (1.5), denoted by FBFp, with pa-
rameter λn = 1/(2L) which is the upper bound suggested in [7];

• The forward-backward-forward algorithm with relaxation parameters (a-FBF, [6, Algorithm
3.1]) with parameters ρn = 1.3 and λn = 0.99/L;

• Inertial Forward-Backward-forward Algorithm (IFBF, [48]) with involved parameters τ =
10−4, µ = 0.45, θ = 0.99 and λn = 20

(1+n)2 and αn = 1
m4(n+1) . These settings perform better

than that in [48, Section 4].

• The projection and contraction method (1.7), denoted by PCM, with fixed parameter λn =
0.99/L as suggested by [8] for fast convergence.

• The standard Alternating Direction Method of Multipliers (ADMM, [40]) to solve the re-
formulation problem of (1.1): ⟨G(u), z − u⟩ ≥ 0 for any z ∈ C := {(x, y) | x = y, 0 ≤ y ≤
10l}, u = (x; y) and G(u) = (Fx; 0). For this method, we use the tuned relaxation parameter
γ = 1.6 and penalty parameter β = n/8, which performs better than the adaptive tuning
strategies presented in [20].

• Projection Algorithm with Extrapolation (PAE, [34]) with tuned parameters ϵ = 0.9, ϕ0 =
0.28, ϕ1 = 0.16, λ0 = 0.5, βn = 15

(1+n)2 .
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Figure 1: Effect of parameter ϵ on the performance of PCM-ep for Harker-Pang problem with m = 2000.
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Figure 2: Effect of parameter τn on the performance of PCM-ep for Harker-Pang problem with m = 2000.
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Figure 3: Effect of initial point x0 on the performance of PCM-ep for Harker-Pang problem with m = 2000.
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Figure 4: Comparison of different algorithms for Harker-Pang problem: from top to bottom, m = 1000, 4000, 8000.
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• The hybrid inertial and contraction proximal point algorithm (Hic-PPA, [12]) with a =
0.5, γ = 1.5, αn = αn, τn = 1

n2 , λn = 1
2L , θn = 0.8 − βn as the suggested settings in [12], but

with βn = 1
m4(n+1) which performs better than the original.

All of the above-mentioned sequences satisfy the convergence conditions of each algorithm.
Table 1 reports the comparison results of these algorithms for solving the Harker-Pang problem
with m ∈ {1000, 2000, 4000, 6000, 8000}, where the bold value denotes the smallest for each test
problem. Figure 4 also compares the decreasing trend in the residual function r(xn) and the
iterative residual IER(n) by the last seven methods with the same initial point. Results of the
first three methods are not depicted since they require more iterations. We can observe from
the reported results that our proposed method, PCM-ep, performs significantly better than other
methods to satisfy the desired stopping criterion.

5 Conclusion and Discussion

This paper has studied a strongly convergent projection and contraction-type algorithm with an
extrapolation of the operator from past iterates to reduce the two-value computations of the cost
operator apparent in the projection and contraction algorithm to a single value computation per
iteration. We gave strong convergence results of the proposed algorithm under standard condi-
tions. Large-scale comparison experiments showed that our algorithm outperformed other related
algorithms in the literature.

Although the parameter µ is bounded by
√
ϵ/(2(2ϵ+ 1)), the adaptive update (3.2) ensures

that the step size λn can grow via the term λn + τn. In practice, choosing τn = O(1/n2) allows
λn to increase sufficiently, preventing stagnation. Exploring relaxed bounds for µ is an interesting
topic to further improve large-step performance while maintaining convergence guarantees. In
addition, while this paper focuses on solving variational inequality problems with a single operator
F , the consideration of finite families of contraction mappings presents several potential benefits
that could be explored in future extensions:

− Hierarchical and Composite Problems: Many real-world optimization problems involve nested
or composite structures that can be modeled using finite families of operators. For instance,
hierarchical variational inequalities or systems of interrelated variational inequalities natu-
rally involve multiple operators.

− Operator Splitting and Decomposition: Complex operators F can often be decomposed into
finitely many simpler contraction mappings:

F =
m∑
i=1

Fi or F = Fm ◦ Fm−1 ◦ · · · ◦ F1.

Algorithms that handle such families directly could leverage this structure for improved
efficiency.

− Parallel and Cyclic Implementation: Finite families allow for parallel or cyclic algorithmic
schemes, where different operators are applied in different iterations. This could lead to (i)
reduced computational burden per iteration, (ii) better utilization of distributed computing
resources; (iii) improved convergence through strategic operator ordering.

− Adaptive Operator Selection: Algorithms could adaptively select which operator(s) to apply
based on local problem characteristics, computational cost of evaluating each operator, or
progress metrics from previous iterations.

− Multi-objective and Game-Theoretic Applications: Finite families naturally arise in multi-
objective optimization and Nash equilibrium problems, where each objective or player’s op-
timality condition corresponds to a different operator.
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Table 1: Numerical results of different algorithms for the Harker-Pang problem.
Size DiTEM
m time(s) Iter r(xend) IER(end)

1000 1.0381 2181 9.8979e-9 1.8181e-13
2000 6.5103 2159 9.9682e-9 9.3702e-14
4000 33.4295 2230 9.9218e-9 4.6277e-14
6000 76.6062 2288 9.9915e-9 3.0769e-14
8000 129.5787 2384 9.8749e-9 2.2764e-14
Size FBF
m time(s) Iter r(xend) IER(end)

1000 0.8812 2646 9.9863e-9 4.2650e-15
2000 8.3471 2885 9.9939e-9 2.1329e-15
4000 39.5787 2679 9.9953e-9 1.0595e-15
6000 101.3622 2967 9.9185e-9 7.0757e-16
8000 187.1944 3118 9.9472e-9 5.3061e-16
Size FBFp
m time(s) Iter r(xend) IER(end)

1000 0.8045 2433 9.9355e-9 1.4886e-13
2000 6.9943 2436 9.9920e-9 7.5415e-14
4000 36.5404 2495 9.9670e-9 3.7613e-14
6000 84.8855 2555 9.9503e-9 2.4900e-14
8000 156.3067 2652 9.9132e-9 1.8606e-14
Size a-FBF
m time(s) Iter r(xend) IER(end)

1000 0.6976 2033 9.9024e-9 5.5141e-15
2000 6.3501 2216 9.9807e-9 2.7775e-15
4000 30.4817 2058 9.9452e-9 1.3745e-15
6000 76.4782 2279 9.9032e-9 9.2137e-16
8000 141.5425 2395 9.9294e-9 6.9060e-16
Size IFBF
m time(s) Iter r(xend) IER(end)

1000 0.4675 1304 8.3816e-9 2.3454e-12
2000 4.1583 1434 8.9787e-9 8.8106e-13
4000 21.2326 1435 9.7078e-9 3.9679e-13
6000 45.9116 1434 9.4176e-9 2.4233e-13
8000 83.8905 1469 9.6006e-9 2.0775e-13
Size PCM
m time(s) Iter r(xend) IER(end)

1000 0.4767 1278 9.8963e-9 4.0810e-13
2000 3.9379 1345 9.8619e-9 2.0345e-13
4000 19.2866 1302 9.9959e-9 1.0218e-13
6000 43.3915 1402 9.8372e-9 6.7803e-14
8000 77.1424 1403 9.9823e-9 5.1429e-14
Size ADMM
m time(s) Iter r(xend) IER(end)

1000 0.6884 1709 9.9657e-9 2.3181e-14
2000 3.7662 1797 9.8917e-9 1.1416e-14
4000 19.0400 1918 9.8841e-9 5.2191e-15
6000 40.4426 1959 9.8932e-9 3.4766e-15
8000 73.1083 1981 9.9733e-9 2.6722e-15
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Table 2: Numerical results of different algorithms for the Harker-Pang problem (continued).
Size PAE
m time(s) Iter r(xend) IER(end)

1000 0.4584 1701 9.9534e-9 2.3501e-13
2000 3.4963 1764 9.9509e-9 1.1442e-13
4000 17.9045 1775 9.9132e-9 5.7649e-14
6000 36.8395 1795 9.9124e-9 3.8821e-14
8000 68.2062 1864 9.8598e-9 2.8884e-14
Size Hic-PPA
m time(s) Iter r(xend) IER(end)

1000 0.4825 1467 9.7819e-9 1.4852e-13
2000 3.2308 1488 9.9565e-9 7.6196e-14
4000 16.0097 1519 9.7989e-9 3.7493e-14
6000 35.9359 1561 9.9822e-9 2.5336e-14
8000 62.9666 1617 9.9255e-9 1.8882e-14
Size PCMep(ours)
m time(s) Iter r(xend) IER(end)

1000 0.4481 1029 9.7307e-9 4.6253e-13
2000 2.9785 1050 9.5897e-9 3.8508e-13
4000 15.0372 1070 9.8932e-9 1.1841e-13
6000 32.5386 1095 9.8746e-9 1.2347e-13
8000 59.7496 1124 9.8161e-9 6.3488e-14

Besides, extending our algorithm to non-convex and stochastic settings is another interesting topic,
that is, (1.1) with F being a continuous nonconvex operator with stochastic variable:

1. Non-convex Setting: We plan to extend the algorithm to variational inequalities involv-
ing non-monotone operators. A promising direction involves combining our algorithm with
inertial strategies while incorporating adaptive regularization terms to handle non-convexity.
Preliminary analysis suggests that under appropriate conditions (e.g., weak Minty variational
inequality conditions), convergence to critical points may be established.

2. Stochastic Setting: For large-scale or data-driven applications where only stochastic es-
timates of the operator F are available, we intend to develop a stochastic variant of our
algorithm. The main challenge will be to design variance-reduction techniques (such as the
popular SVRG or SARAH estimators) compatible with our extrapolation scheme, ensuring
convergence with reduced sample complexity.

3. Applications to Modern Machine Learning: The algorithm single-operator-evaluation
feature makes it particularly suitable for training large neural networks and solving structured
non-convex optimization problems. We will investigate its application to adversarial train-
ing, generative adversarial networks (GANs), and reinforcement learning, where variational
inequality formulations naturally arise.
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