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We propose a generalized prediction-correction framework featuring a parameter-free relaxation
iteration for solving linearly constrained convex programs. By leveraging variational characteriza-
tion of the first-order optimality conditions for each resulting subproblem, we establish its global
convergence and sublinear convergence rates in both ergodic and nonergodic senses. Furthermore,
this new framework is applied to reformulate an indefinite linearized augmented Lagrangian method,

the Chambolle-Pock method, and two ADMM-type methods, enabling concise analyses of their

convergence conditions.

1. Introduction

Consider the following canonical convex optimization
model

min {0(x) | Ax = b, x € X}, (1)

where 6 R"” — R is a closed proper convex function
(possibly nonsmooth), X C R” is a closed convex set,
A € R™" and b € R™ are given. Hereafter, the symbols
R™m R" and R denote the set of n X m dimensional real
matrices, the set of n dimensional real column vectors and
the set of real numbers, respectively. A direct extension of
(1) is the following separable convex minimization problem

min {091()1) +0,(z)| By+Cz=b,ye Y,z € Z} , (@

in which §; : R — Rand 8, : R — R are closed
proper convex functions, B € R™"  C € R™"2 are given,
Y C R"™ and Z C R" are closed convex sets. Constraints
for cases with Ax > b (By + Cz > b) can be addressed in a
manner analogous to that in [3, 26] by restricting the asso-
ciated dual variables to the nonnegative space. Throughout
this article, the solution sets of the aforementioned problems
are assumed to be nonempty.

1.1. Related work

The augmented Lagrangian method [18] is a funda-
mental method for solving linearly constrained optimization
problems. Applying this method to (1) yields

k+1 _ : k
X = argmin L z(x, A%),
gxeX /3( )

Ak+1 — ﬂk _ ﬁ(Axk+1 _ b), (3)

where £,(x,4) = 6(x) — (1, Ax — b) + £ ||Ax - b|* is
the augmented Lagrangian function of (1) with § > 0,
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and 4 € R™ denotes the Lagrange multiplier. By denoting
0=0,+0,,A=[B,Cl,x =[y; z], ¥ = VX Z, the problem
(2) becomes the form of (1), and hence we have

k+1 k41 — : k
,Z =ar min Ly, z, A%),
O )=arg  min Lz A0 @

Ak+l - ﬂk _ ﬁ(Byk“ + Czk+1 _ b),

where L5(y,2z,4) = 6,(y) + 0,(z) — (4, By + Cz — b) +
g |By+Cz — b||2 . Note that solving the subproblem of (4)
is challenging since ALM cannot exploit the separable struc-
tures of the problem (2) and thus fails to leverage the special
properties (such as sparsity, low rank, and local smoothness)
of each component objective function. An effective approach
to overcome this difficulty is the splitting variant of ALM,
namely ADMM [8]. At each iteration, ADMM first sequen-
tially optimizes with respect to one variable while fixing the
other, and then updates the Lagrange multiplier.

The key to the performance of ALM lies in how to
efficiently tackle the core subproblem. However, neither the
subproblem in (3) nor that in (4) can leverage the corre-
sponding proximal operator of each objective function, due
to the presence of the quadratic term. To overcome this
obstacle, a widely adopted approach is to incorporate a
proximal term of the form %llx - x"ll%0 into the objective
function of the subproblems. For instance, He et al. [14]
proposed the following indefinite linearized ALM (IDL-
ALM):

xkt! =arg§}2§{£ﬂ("”lk)+ %llx—ka%O}, 5
ﬂk-H — ﬂk _ yﬂ(Axk“ - b),

with a stepsize y€(0, 2). Here, D, takes the form of
Dy=D-(-17)pATA with r> p|lATA|,

D € R™" is an arbitrary positive definite matrix, and the
proximal parameter 7 satisfies % < 7 < 1. When applying
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the widely used Chambolle-Pock method [7] to the saddle-
point problem of (1), the resulting algorithm reads:

X! = arg min {g(x) — (A%, Ax) + = Ix - xkllz} ,
xXeEX 2
MHl = 3k s[AQxkH - xky — ).

(6)

Here, the parameters r and s are called the primal stepsize
and dual stepsize respectively, and they satisfy 1/(rs) >
|AT A]|. Notably, the Chambolle-Pock method (6) differs
from ALM-type methods: its dual update employs an inertial
step with a unit stepsize, while its primal update features a
proximity operator.

To utilize a larger dual stepsize and incorporate a proxi-
mal term for the nonsmooth subproblem, Ma [22] developed
the following proximal ADMM for solving (2):

yk+1 = arg min Eﬂ(y7 Zk7 Ak)’
yey

k+1 _ : k+1 k 1y, _ k2
z —argrz%?{ﬁﬂ(y .2, A% + 5z z||D}, @)

){k+l - ﬂk _ yﬂ(Byk+l + Czk+l _ b),

where D > 7CTC is a positive definite matrix and the
parameters 7 and y are restricted to the following region:

VP 1655
-7+ ; +6T+5}. ®)
Although a proximal term is employed in (7), the lower
bound of the proximal parameter 7 is not optimal. To intro-
duce an indefinite proximal term whose proximal parameter
can attain the smallest lower bound, an optimal linearized
ADMM:

{(T,}')ITZO,0<3/<

yEH = argmin £4(y, z¥, 4%)
yeY

k+1 _ . kel o qky 4 Ly kg2 9
z argggg{ﬁﬂ(y 2, A + 5 llz = 27| 0} )

Lo Y ﬁ(Byk+1 + Czk+1 — b)

was proposed in [13], where Dy = 77l — BCTC with r >
BIICTC|| and = € (0.75, 1).

The dual variable in the aforementioned ADMM-type
methods is updated only once. Another variant of ADMM
is the symmetric ADMM [12], which features dual variables
updated twice with different stepsizes r and s satisfying

c (O, 1+ \/g
2
As an extension of [12], the generalized symmetric ADMM
[1] features a partial proximal term and extends the afore-
mentioned region to a semi-elliptical region.
Recently, a double proximal augmented Lagrangian
method [4] was proposed for solving the convex program-
ming problem (1):

>, re(=1,1,r+s>0, |r| < 14+s—s2.

_ gk
xk+1 = arg min G(Zﬂ) (4 A? ) 1 o2 ,
xeX |+ [[AGx = xHI7 + Fllx = xl5,

/1k+1 — Ak _ ﬁ[y(Axk+1 —-b)+ A(Xk+1 _ xk)]’

10)

where D = rI — BAT A with r > B||AT A|| and

Y\2

2 (@—72)
>t T 2 we©2).aeR.

4 2—y

The authors further proposed a prediction-correction frame-
work to reformulate (10). Specifically, it corresponds to the
framework in Section 3 with # = 1 and a given nonsingular
lower triangular matrix M. Note that unlike existing ALM-
type methods, the subproblem in (10) does not depend on
the data b. Actually, since ALM converges, we can derive
Ax* — b and A(x¥*! — x¥) — 0. Therefore, the penalty

gllA(x — x%)|| is adopted in place of the traditional penalty

glle — b||, while the term A(x**! — x¥) is employed in
the dual update. Another observation is that the prediction-
correction framework proposed in [4] greatly simplifies the
convergence analysis of the scheme (10).

1.2. Motivations and contributions

Motivated by the framework proposed in [4], a natural
and interesting question arises: Can this framework be ex-
tended to a more general version and applied to simplify
the convergence analysis of some existing ALMs and their
related methods? To address this question, we develop a
general prediction-correction framework as outlined at the
beginning of Section 3. The main contributions and features
of our framework are summarized as follows:

e We have developed a new prediction-correction frame-
work and established its global convergence and sub-
linear convergence rate. The main innovation lies in
that the extra term aA(Z* — x*) is exploited in the
dual prediction. Our framework can reduce to that in
[4] by setting

I 0

m=1and M= [—(1 —ap)pA 71

], VYa € R.

By setting @ = t,n = 1, M =1, our framework except
for (13a) reduces to [21, Algorithm 1]. In the second
part of Remark 3.1, we provide two feasible methods
for selecting a general nonsingular matrix M so as to
obtain a customized iterative algorithm.

e Our framework employs a parameter-free iteration for
the dual variable based on the residual between the
latest primal iteration and its predicted iteration. As
explained in the first item of Remark 3.1, the pre-
diction step of the dual variable allows for a forward
or backward step. The proposed prediction-correction
framework is also applied to reformulate a linearized
augmented Lagrangian method, the Chambolle-Pock
method, and two ADMM-type methods, and their
convergence conditions are concisely discussed.
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1.3. Notations

Without loss of generality, we adopt (-,-) and || - || =
1/ (-, -) to denote the standard inner product and Euclidean
norm, respectively. The bold I and 0 represent the identity
matrix and zero matrix/vector, respectively. For any 0 #
w € R”", H is positive definite if w Hw > 0, and H is
positive semidefinite if w” Hw > 0. We simply denote a
positive definite matrix and a positive semidefinite matrix
by H > 0 and H > 0, respectively. For a G > 0, define

IXllg := VXTGx as its G-weighted norm. For the case
that G = I, it reduces to the standard Euclidean norm. For
a proper convex function 6(x), its proximal operator with
parameter p > 0 is defined as

. . p 2
prox, () := arg min {e(x) + Ellx =l }

2. Variational inequality reformulation

We begin with the following lemma (see also [6, 12])
which will be used to characterize both the saddle-point of
the problem and the first-order optimality conditions of the
subproblems discussed in the subsequent sections.

Lemma 2.1. Let ® C R™ be a closed convex setand f,g :
R™ — R be two convex functions, where g is differentiable.
Suppose that the solution set ®* = arg min{ f (x)+ g(x)|x €
@} is nonempty. Then, x* € ®* if and only if

x* €D, f(x)—f(x*)+(x—x*,Vg(x*)) >0, Vx € D.

Based on Lemma 2.1, we next characterize the saddle-
point of the problem (1). We call (x*, 4*) € Q := X X R™
the saddle point of (1) if

L(x*, 1) < L(x*,2") < L(x,A*), Vxe X, AeR"

Here, L(x, A) = 6(x)— (A, Ax — b) stands for the Lagrangian
function of (1).The last two inequalities are equivalent to

x* = argmin {0(x) — (A*, Ax — b) | x € X},
A* =argmin {(x*) — (1, Ax* —b) | A € R"}.

Then, applying Lemma 2.1 to the above two problems gives

X* € X,0(x) — 0(x*) + (x —x*,—ATA*) > 0,Vx € X,
A eR™ (41— A%, Ax* —b) > 0,Vi € R™.

Combining these two inequalities yields the following mixed
variational inequality

0(x) = 0(x) + (w—w*, Jw*)) 20, VweQ, (11)

where

_ AT
w = < ’; ) and J(w) = <A;4_’})>. (12)

An equivalent expression of (11) is 8(x) — 6(x*) + <w -
w*, J (w)> > 0 since by the monotonicity of J(w), it

follows that (w —w, J(w)— j(LD)) = 0 for any w, w € Q.
Because the solution set of (1) is nonempty, the solution
set of (11), denoted by QF, is also nonempty and can be
characterized (see [11, Theorem 2.1]) as

o = (" {@160)-0) + (w-.7@) > 0}.

we

Analogous to the above discussions, the saddle-point of
(2), denoted by (y*,z*,4*) € Y x Z X R™, satisfies the
following variational inequality:

Ou) — 0™ + (w — w*, J(w*)) >0, VweQ,
where 0(u) = 0;(y) + 6,(z) and
-BTA
w=<i> u:<y>, Jw =| =cTa
z By+Cz—-b»b

3. A novel prediction-correction framework

In this section, we first present a Generalized Prediction-
Correction (GPC) framework, which inherits the prediction
step in [4] but features a general correction step. Then, we
briefly discuss its global convergence and sublinear conver-
gence rate in the ergodic and nonergodic senses.

GPC: generalized prediction-correction framework.

Prediction Step: Given p > 0,a € R, update {@Wk :=

(x5 A%)} by
XK = prox,,(x* + ATA*/p); (13a)
K= 2% — p[AKK = b+ aARF - XN))]. (13b)

Correction Step: Determine a nonsingular matrix M and a
scalar > 0, update {w**! := (x*k*+1; Ak+1)) by

W = Wk — M W* - @h). (14)

Lemma 3.1. Let {i0%} and {w**'} be the prediction se-
quence and correction sequence generated by GPC. Let Q
be defined in (20). Then, under the conditions that matrices

H=0M"'"and G=Q0"+0-yM"HM (15)
are symmetric positive definite, we have w* € Q and

0(x) = 0G*) + (w = &, J @) = 2w - a1
(16)

1 kL2 k2
+ 3 (Il = w112, = = w1, )

for any w € Q. Moreover, for any w* € QF, it holds that

k)2 kL2 K _ k2
llw* — w3, 2 lw” = w5, +nllw’ — @l (17)
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Proof. According to Lemma 2.1, the first-order optimality
condition of the subproblem in (13a) is ¥ € X and

0(x)—0(x)+(x—x*, —AT I +p(*—x)+AT(A*=15)) 2 0

for any x € X. Besides, a straightforward rearrangement of
(13b) yields

(A=K A" = b+ a AR — x*) + %(1" —-A9)y =0 (18)
for any 4 € R™. Combine these two relationships with the
notations in (12) to obtain
0(x) — 0(") + (w — 0", J(@")) >

1
0= 270w = ) = ~ 0 = )T H(w = w), e

where the equality follows from (14) and H = QM ~! with

ol AT
0= laA lI] ’
/]

By substituting a = w,e = W*, ¢ = wk and d = wk*!
into the identity (a — e)" H(c — d) = 2(lla — d||% - lla—
1 .
c||§{) +3 (Ilc - ellfq —|ld - ellz) and applying the result to
the right-hand side of (19), we have

(20)

k

1
SN By ok ke k1112 I
(w—w") Hw" —w )—E(llw—w I3 = llw = w*i3;)

L e k2 f+l k(2
= 2 (e = @M, - o+ - 2, )

Ll A

— _(Hwk_wk”%_ [+ _wk+wk_wk”%{>

(4 1
2

[\S]

(N = @12, = Nt = %) = M - 1)

= L(wh - @*)"(Q" + 0 - nMTHM) (w - )
as)y n -
2 Lk~ a2,

So, plugging the last relation into (19), the assertion (16) is
confirmed.
Now, letting w = w* in (16) and using (11), we have

aF)% > 0.

112 k
lw* — w5 = nllw® —@"ll; 2

12
llw* = wlly -

Consequently, the relation (17) follows immediately.

Similar conditions to (15) can be found in e.g. [24,
Lemma 2.7], but our algorithm framework is different from
that in [24]. Based on Lemma 3.1, the global convergence of
GPC and its ergodic and nonergodic convergence rates can
be stated as follows. Since the conclusions are the same as
that in [4], we omit the detailed proof and summarize the
results to avoid redundancy.

Theorem 3.1. Let {i0¥} and {w**'} be the prediction se-
quence and correction sequence generated by GPC. Under
the conditions in Lemma 3.1, we have

. klim lwk — w1l = 0 and there exists a w™ € Q*
—00

such that lim w* = w™;

k—o0

e Forany (x*; A*) € Q*, and T, ¢ > 0, we have

7
|9(xT) —-0(x")| < 2(1_5-7")’

Y.
Axp - b|| € ——F—,
1A = bl 2004+7) (1411211 )

— L 3T -k — x*
wherexT—T—HZkzox andy. = ||< 3 )—
(5
A2 e
o For any integer T > 0, there exists a constant ¢ > (0
such that

inf sup
XTEX | 21<¢

MWk =) 2, < —— = w2, Yu' € Q.

H = (T + 1)

Remark 3.1. We give some remarks on the proposed algo-
rithm and its convergence results:

(i) The step in (13b) features a flexible iteration a ARk -
xk) for any a € R. This allows for either a forward
step or a backward step. For the case where a € (0, 1),
(13b) exhibits an inertial step; for the case where a €
(0, 2), it exhibits a relaxation step. This new prediction
step can be applied to other methods, see Section 4.

(ii) A feasible approach to construct M is to follow the
property of H. Since H = QM ™" > 0, it should be in
the form of

H=0D™'Q", thatis, M =Q7"D.  (21)

So, we deduce G = Q" + Q — nD, where D > 0

is undetermined. Similar to the discussions by He-

Yuan [16], we can first select D and n such that

0T +0 > nD > 0, then construct H and M via

the equalities in (21). Another feasible approach to
construct M is to follow the property of G. By the
condition G = QT + Q —yMTHM > 0, we have

A=0Q0"+0-G > 0, thatis, yM"HM = A.

Combine it with the relationship HM = Q to have

M =0 "A/y and H =nQA~'Q".

These discussions suggest that one can also construct
a matrix Q such that Q + Q7 > 0, conversely; to
recover the updates of subproblems and present some
new first-order methods enjoying a novel prediction-
correction framework.

(iii) Although we have presented a general prediction-
correction framework for solving (1), this new frame-
work can also be applied to the problem (2) with
convergence results similar to that in Theorem 3.1.
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4. Applications to some first-order methods

In this section, we apply the proposed framework to
reformulate several first-order methods, including the pre-
viously mentioned schemes in (5), (6), (7) and (9). We find
that the convergence analysis under such a reformulation is
much simpler than the original analysis, and some of their
convergence conditions have been improved.

4.1. Application to indefinite linearized ALM

We first replace the output of (5) by (z*, AK). Then,
applying our novel prediction-correction framework to (5)
results in the following reformulations:

Prediction-correction reformulation of IDL-ALM (5).

Prediction Step:
<k _ - Ky, L k2 .
X —argxmelg {Eﬁ(x,ﬁ )+§||x—x ||D0}, (22a)
A=k - B[AXKF — b+ aAGF — XN))]. (22b)
Correction Step:
W = wk — g M W* - @), (23)

where
k ~k
k _ X ~k _ X _ I 0

Remark 4.1. We provide a reasonable explanation for why
M takes the form in (24). Combine the update of/lk+l in (5)
and the update of ¥ in (22b) to have

/1k+] — Ak _ (Iﬁ}/A(Xk _ i.k) _ y(ﬂk _ Zk),

which together with the replacement ¥* = xk*1 gives
wktl = wk — M (wk — @*) with M being given in (24). So,
the new step (23) is obtained by attaching a scalar n > 0.

Obviously, the above matrix M is nonsingular for any
y € (0,2),f > 0 and a € R. According to Lemma 2.1, the
first-order optimality condition of the x-subproblem in (22a)
is ¥k € X and

0(x)—0(x)+ (x—%*, —AT A+ BAT(AX* —b)+ Dy(¥* —x")) > 0,
which, by (22b) and Dy = D — (1 — T)PAT A, implies

0(x)=0(%)+(x—=%*, AT 2+ [D + (r — 1 — @)pAT A| (X" -x")) > 0.

Combine it with the previous equality (18) to have

0(x) =) +(w—a*, J(@")) = (w—w*)T Qw* — ")
(25)
with
D+(r—1—-a)pATA 0
- aA %I )
The inequality in (25) is similar to that in (19), and hence the
convergence of IDL-ALM (5) can be guaranteed by Lemma

3.1 if the matrices H and G involved in the subsequent
proposition are positive definite.

Proposition 4.1. For any p > 0,7 € (0,min{2,2/y}) and
D satisfying

2
Q=ny)2-n)
_Q-m@2-n (o 2222)
4 C=n2-n

D> [1—1 ]ﬁATA,

(26)

witha € Randy € (0,2), the matrices H and G defined by
(15) are symmetric positive definite.

Proof. First of all, we observe that the matrix M in (24)
is nonsingular. So, simple algebra makes the two matrices
defined in (15) become

lD+(r—1—a)ﬁATA 0]

1
|
0 7
and
G |@-mD+ [@-m@—1—a)—nya®|BATA (1 -ny)ad”
- (A —ny)aA 2_%1

For any f,y > 0 and a € R, the matrix H > 0 if
D> (a+1-1)pAT A. 27

By congruence transformations in linear algebra, we know
G > 0 if and only if

2-nmD+ { [@-m@—1-a)-nye?] - 012(21_—,;1yy>2 }ﬂATA 0 }

2-ny
0 5 1

is positive definite, which has been ensured by (26). More-
over, it follows from (26) that the condition in (27) holds
automatically. This completes the proof. Wi

At the end of this subsection, we note that based on the
convergence condition in (26), the parameter  admits the
optimal lower bound as in [14]. More precisely, by taking

a= —w and requiring D > (1 -7 W) PATA

to be positive definite, we have from (26) that

_@2=m@=n

>1
’ 4

By taking n = 1, it follows from the last inequality that the
optimal lower bound of 7 is 2 \which is the smallest lower
bound as pointed out in [14]. By taking #y = 1, the optimal
lower bound of 7 is ? which is still the smallest lower

bound. Similarly, by taking y = 1, we have 7 > 1 — (2—4'7)2 )

whose lower bound can be smaller than 24ﬂ ifn < 1.

4.2. Application to Chambolle-Pock method

Similar to the discussions in Section 4.1, we first replace
the output of (6) by (x*, ¥). Then, applying the proposed
prediction-correction framework to reformulate the popular
Chambolle-Pock method (6) results in the following itera-
tions:

Prediction-correction reformulation of Chambolle-Pock
method (6).
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Prediction Step:
%% = argmin {H(x) — (A, Ax) + L||>C - xk||2} ;
xeX 2r
A=A = s[AZK — b+ A — XN

1

Correction Step: w**! = w* — nM(w* — W*) where

K _ [ x [ % B I 0
w‘(xk c = M =G a1

(29)

Analogous to the analysis in Section 4.1, we can still
obtain the variational inequality (25) but with the matrix Q
being replaced by

0- }1 AT
" |aa %I'

So, the convergence of the Chambolle-Pock method (6) can
be ensured by Lemma 3.1 if the matrices H and G involved
in the following proposition are positive definite.

Proposition 4.2. For any n € (0,2),a € R and positive

parameters r and s satisfying

[ )
4

- >
rs

n?\?2
+ <a+l—211+7> ] AT All, (30)

the matrices H and G defined in (15) are symmetric positive
definite.

Proof. By the structure of the matrix M in (29), we know it
is inverse. And simple algebra shows

He oMl }1+(1—a)sATA AT
h h A i

and

[1+(1-nalA -y

N

_ l%”l +a(l —a)snATA [1+(1 - n)a]AT]

It is not difficult to check H > 0 for any é > a||AT A|| with
a € R, and G > 0 for any

RN
Q-n?

{a@=1n@-m+ 1+ =mal’ }147 4.
rs

The last inequality amounts to the inequality in (30). [l

At the end of this subsection, it is clear that by setting
a = 25y — 1 — n?/2, the inequality in (30) reduces to % >
@ |AT A||, which indicates both parameters r and s can
be any positive values as 7 goes to zero. Besides, by taking
n =1, we will have - > 2||ATA|| which is the improved
lower bound as stated in [15].

4.3. Application to proximal ADMM

Analogous to the discussions in the above subsections,
we apply our novel framework to the proximal ADMM (7),
yielding the following iterations:

Prediction-correction reformulation of proximal ADMM

).

Prediction Step:
~k - . E k /1k :
y' = argmn s(r, 25, 4%)
sk _ : ~k k 1 k2 \.
Z' = argmin {L,G", 2,4 + §||z =22 )
i =¥ = B[BF* + Cz* — b+ aB(F* — y*) + aC(2* - 2¥)).

U= wk — yMw* — w*) where

y 7 I 0 0
wh=| £ |,wt=| zx [, M=]| 0 | 0].
A Ak ayfB (a—1ypC 71

(32

Correction Step: w*+

Similar to the analysis in Section 4.1, we can obtain

O(w)—0(@)+ (w—w*, J@")) > (w—i*)" Qw* - ")

(33)
with
o —afB"B —-apB’C 0
ik = <¥k> .0=|-apC™B D—(@-1pcTC 0|
z aB (@ —1)C 11]1

Then, the convergence of (7) will be ensured by Lemma
3.1, if the matrices H and G involved in the following
proposition are positive definite.

Proposition 4.3. Forany > 0,y € (0,2),1 € (0, min{2, %}),
S5 =@=n@-np

2-mQ2-ny)
1

1——(2—n7)(2—n)sa<0, (34
+7

the matrices H and G defined in (15) are symmetric positive
definite.

Proof. Simple algebra shows the inverse of matrix M given
by (32) is

I 0 0
Mm-l=| o I 0
—apB —(a - 1)BC %1
Consequently, we derive by D > fCTC that
[—afB" B —apBTC 0
H=|-apC™B D—(a-1pC'C 0
1
|0 0 7l
[—afBT B —apBTC 0
>|-apC™B (+1-a)pCTC 0 |
0 0 1
B Br
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Given f,y > 0, it is easy to check H > 0 for any @ < 0 and
7> —1.

Next, we show the positive definiteness of G under the
conditions in Proposition 4.3. We can first obtain

—(2—n+nra)apBT B ~[2=n+nr@-D)apBTC (A =npaBT
G=|-[2-n+n@-0]epcTB  @-mD-12=n+nr@—Dia-1CTC  (1—np)a—1CT |,
(1= np)aB (1 =np)a = DC ead

By congruence transformations, G can be transformed into
diag(G, %1) with

_ _ a T _ _ a—1 T
<2 4+ 2W)aﬁB B (2 n+ 2L )apBTC }

G =[—(2— =t )aﬂcTB @-mD- (2— n+ = )(a— npCTC

and moreover

ool JfEE) LtnEk

2-ny 2-ny

1-(2—n)2—ny)
Forany g > 0,y € (0,2),7 > Y —

(34), the following inequalities hold:

)aZO,
Y

{—(2—n+ 2_“'7
[(C-mM2-n)+alzr—[1-2 -2 —-ny)—a] 20.

and «a satisfying

These discussions imply G > 0 and hence G > 0. W

Remark 4.2. The admissible range of y within the proximal
ADMM [22] corresponds to

1-74+ V2246045

2

0<y< (35)

Even though the region in (35) differs from the interval (0, 2)
li 1—7+V 72+67+5
im —————-

T—>+00 2

noting that the parameter t in our algorithm satisfies the
1-@C—n)(@2—ny)
(2-m)@2-ny)

ative values (wheny € (1,2),n = 1), while it is nonnegative

. . 1-@2=m)(2-ny)
in [22]. Based on the condition T > )

in Proposition 4.3, = 2. It is worth

condition T > . This means that t can take neg-

, we obtain

1

——(2- 2-n)<a<0,

T2 QC-m2-n<a
which indicates that the parameter « is non-positive. Addi-
tionally, considering the range of t in Proposition 4.3 and
the relation D > tfB" B that D can be positive indefinite

1-Q2-nQ2-ny)  _
because T > G — > —1.
4.4. Application to optimal linearized ADMM
At the beginning of this subsection, we emphasize the

differences between the proximal ADMM (7) and the opti-
mal linearized ADMM (9):

e The difference in proximal matrix: the proximal ma-
trix in (7) satisfies D > tfpCTC for any 7 > 0,
while the proximal matrix in (9) takes the form D, =
rl — fCTC with r > B||CTC|| and 7 € (0.75, 1).

e The difference in dual stepsize: the dual stepsize in (7)
belongs to the region as in (8), while it equals 1 in (9).

Based on these observations, the reformulation of (9) is
analogous to that in Section 4.3, namely, the reformulation
in Section 4.3 with y = 1 and D replaced by D,. For the
sake of conciseness, we omit this reformulation.

By similar discussions to Section 4.3, we can still obtain
(33) but with

—afB™B —apBTC 0
Q=|-aBCTB Dy—(a—-1pC’C 0
aB (a—1)C %1

And the matrices H and G defined by (15) will become

—afBTB  —apB’C 0
H=|-apC™B zrl—apC’C 0 (36)
1
0 0 i
and
Gy (1 —maBT
G = 1 -ma-1CT
(1-maB (1-n)a-1)C %’71
37
with

—[2-n+na]apBTB

P —[2-n+#n(@-1D]epBTC
e —[2—rl+n(a—1)]aﬂCTB

Proposition 4.4. For any f > 0 and

1

0<n<2—\—-a and > ————
1 Q-nP+a

. Ya<0, (3%)

the matrices H in (36) and G in (37) are symmetric positive
definite.

Proof. Since r > ||CT C||, we can verify that for any w # 0,
the following holds

w Hw > 0, VYa <0,7>0.

By some congruence transformations, the matrix G in

(37) can be transformed into diag(G, 2’%'71) with

G:[_(Z_H Z%W)aﬂBTB —(2—n+ %)aﬂBTC }

—(2 —n+ %‘I)aﬁcTB @=nDy - (2—n+ g)(a —npcTc

and moreover

o

G> (2 11+2_’1
- a—1
(-5

)
)

_<2_ —(2—n+%)a
(

n+
2-n+ e {e-me--(2-n+ £ )@-D}

«fBTB —(2—;7+ %)aﬂBTC

afCTB  Q2-n)(z-1)pCTC - (2 -n+ ;‘)(a —-1)pCc’C

a
2-n

— v/—a with « < 0, we deduce

Forany 0 < 5 <

2
a 1 .
—(2 -n+ ﬂ)a > 0. Moreover, for any 7 > e it

J. Bai & S. Rao.: Preprint submitted to Elsevier

Page 7 of 8

2=mDy=12=n+n(@-Dl@-DCTC|"

|

" d



A new insight on the prediction-correction framework with applications

holds that [2 —#)? + al(t — D+ Q2 —n)2 + (@ — 1) > 0,
which indicates G > 0 and hence G > 0. Summarizing the
above discussions, matrix H in (36) and matrix G in (37) are
symmetric positive definite. |l

Notice that, the lower bound of 7 in (38) is different from
that specified in (9), but it can approximate the so-called 0.75

as long as we take n = 2 — %—a.Forne(O,Z—%),we
4 2 . . . 1
have 3~ (2 = 1)” < a < 0 which implies e < 0.75,

and hence 7 can be smaller than 0.75.

5. Concluding remarks

In this paper, we develop a new prediction-correction
framework for solving linearly constrained convex optimiza-
tion problems. We have also applied this new framework
to reformulate some existing first-order methods to sim-
plify their original convergence analysis. In practice, our
prediction-correction framework can also be applied to re-
formulate other first-order methods for solving two-block or
multi-block separable convex optimization problems, such
as the Peaceman-Rachford splitting method [10], forward-
backward algorithm [5], proximal point method [9], and
their stochastic/inexact versions [2, 19, 25]. This is because
these methods can be reformulated as similar prediction-
correction iterations via variational analysis. These inter-
esting topics may be explored in future work. In addition,
whether our proposed prediction-correction framework can
be applied to reformulate accelerated primal-dual algorithms
with accelerated convergence rates [17, 20, 23] remains an
open question.
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