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Abstract

We propose a novel facial reduction algorithm tailored to semidefinite program-
ming relaxations of combinatorial optimization problems with quadratic objective
functions. Our method leverages the specific structure of these relaxations, partic-
ularly the availability of feasible solutions that can often be generated efficiently
in practice. By incorporating such solutions into the facial reduction process, we
substantially simplify the reduction steps. On average, our facial reduction algo-
rithm is four times faster than the standard implementation, providing significantly
improved preprocessing for SDP relaxations in combinatorial optimization.

1 Introduction

Combinatorial optimization problems are central to operations research, computer sci-
ence, and engineering, as they model a wide range of decision-making tasks involving
discrete choices, such as routing, scheduling, and resource allocation. Traditionally, many
of these problems have been studied with linear objective functions due to their mathe-
matical tractability and the availability of well-established solution methods. However,
extending the objective from linear to quadratic allows for modeling more complex inter-
actions between decision variables, capturing dependencies that linear models cannot.

A prominent example is the Quadratic Assignment Problem (QAP), see, [3, 4], that
arises in facility layout planning. In QAP, the cost depends not only on individual assign-
ments but also on the interaction between pairs of facilities and their respective locations.
This quadratic formulation provides a more accurate and realistic representation of prac-
tical problems, albeit at the cost of increased computational complexity.

Such problems can be formulated as a mized-integer quadratic programming (MIQP)
problem. While these problems are actually mixed-binary quadratic programming, we
adopt the term MIQP for consistency with terminology such as MILP (Mixed-Integer
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Linear Programming). Let @) € R"*™ be a symmetric cost matrix and ¢ € R™ a linear
cost vector. The MIQP is defined as:

min {2'Qz +c'z |z € P}, (1)

where the feasible region P is a mixed-binary set defined by the following constraints:

a]v = b fore=1,...,p,
a;z < b fori=p+1,...,m, (2)
r; € {0,1} fori=1,...,r,

where a; € R" and b; e R fori =1,...,m.

One of the most successful approaches for solving (1) is via semidefinite program-
ming (SDP) relaxations, which provide strong convex approximations to otherwise hard
combinatorial problems. Unlike traditional linear programming (LP) relaxations, SDP
relaxations capture quadratic relationships and global structural properties, often lead-
ing to tighter bounds and higher-quality solutions. Landmark results, such as the Goe-
mans—Williamson algorithm for Max-Cut [8], illustrate how SDP can yield approxima-
tion guarantees superior to those of LP-based methods. Furthermore, SDP formulations
naturally appear in a variety of application domains and have achieved very good compu-
tational results, including graph partitioning [10, 36], sensor network localization [15, 16,
17], and quantum information theory [35, 27, 38, 43, 44, 37], further demonstrating their
theoretical and practical relevance. The continuing development of efficient SDP solvers
and scalable algorithms has made SDP a powerful tool in tackling complex combinatorial
optimization problems.

Despite their advantages, SDP relaxations are computationally intensive and can be
sensitive to problem regularity. We highlight two important aspects that are directly
relevant to our results:

1. Non-convex approaches. Solving SDPs via standard interior-point methods can
be prohibitively expensive for large-scale instances, due to their substantial memory
and time requirements. To address this limitation, the non-convex Burer-Monteiro
approach [12, 14] reformulates the SDP as a more scalable non-convex problem.
This reformulation enables the use of efficient nonlinear optimization techniques.
While the resulting problem is non-convex and may converge only to a local opti-
mum, the method has shown strong empirical performance and offers a practical
alternative for problems where solving the original SDP directly is computationally
infeasible.

2. Problem regularity. SDP relaxations are known to be sensitive to the presence of
strict feasibility. In particular, the failure of Slater’s condition—the existence of a
strictly feasible solution—can severely impair both the theoretical guarantees and
numerical performance of SDP relaxations. In the absence of Slater’s condition,
the dual problem may exhibit a nonzero duality gap, and primal and dual optimal
values may not coincide. This can lead to weaker bounds and unreliable results.
Furthermore, numerical solvers may encounter instability or fail to converge.

A standard remedy is facial reduction, a regularization procedure introduced in [1,
2], which iteratively reformulates the SDP to ensure strict feasibility. While fa-
cial reduction guarantees regularity, it typically requires solving a sequence of SDP



auxiliary problems that may be as computationally demanding as the original prob-
lem. To improve practical applicability, several special facial reduction algorithms
(FRAs) have been developed; see, e.g., [21, 26, 29, 32, 40].

In this paper, we propose a novel FRA specifically designed for SDP relaxations of
MIQP problems. The guiding philosophy of our approach is akin to that of the non-
convex Burer—Monteiro method: to exploit non-convex techniques in order to alleviate
the computational burden of solving large-scale convex optimization problems. Our key
insight is that, while MIQPs are generally difficult to solve, it is often straightforward to
generate feasible solutions within the mixed-binary feasible set P in a structured manner.
For instance, although the QAP is well-known for its computational difficulty, its feasible
region consists of binary assignment matrices, which are simple to construct. These
feasible solutions can be used to generate corresponding feasible matrix solutions for the
SDP relaxation, thereby substantially simplifying the facial reduction process. We call
the resulting method primal FRA to emphasize its key feature—leveraging the primal
feasible solutions. The primal FRA is simple to implement and numerically robust in
practice. We provide both theoretical and computational results related to the primal
FRA in this paper. Numerical experiments demonstrate that our method substantially
reduces computation time on nearly all benchmark instances and frequently restores
Slater’s condition without the need to solve additional SDP auxiliary problems.

Notations. For any set P, we denote its linear span by span(P), its affine hull by
aff(P), its relative interior by ri(P), and its convex hull by conv(P). The all-zeros vector
and matrix are denoted by 0 and O, respectively; their dimensions will be clear from the
context. If K is a closed convex cone, its dual cone is defined as

K*:={y|(y,x) 20, Vo € K}.

The set of n x n symmetric matrices is denoted by S”. For XY € S", the trace inner
product is defined as (X,Y) := tr(XY'). The set of n x n symmetric positive semidefinite
matrices is denoted by S}, and the set of symmetric positive definite matrices is denoted
by S, . The range space and the null space of a given matrix M € S" are denoted by
range(M) and null(M), respectively.

2 Preliminaries

2.1 Facial Reduction

In this section, we review the theory of facial reduction. Let K be a closed convex cone.
We say F'is a face of K, denoted by FF I K, if x,y € K and x +y € F imply that
z,y € F. The conjugate face of F'is F* := K* N F+. A face F of K is called exposed if
it is of the form F = K Nw" for some w € K*. The element w is then called an exposing
vector. We say K is exposed if all of its faces are exposed. For example, the cone S}
is exposed; the non-empty faces of 7 can be characterized by linear subspaces: F'is a
non-empty face of S? if and only if there exists a linear subspace V C R" such that

F={X €S} |range(X) C V}.

Let L be an affine subspace such that LN K # 0. We say Slater’s condition holds for
LNK if LNri(K) # 0, i.e., it contains a feasible solution in the relative interior of K.
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Facial reduction exploits the following theorem of alternative
LNii(K)=0 < LTn(K*\K*)#£0.

Thus, L N K fails Slater’s condition if and only if there exists w € L+ NS # (. When
K =87, wis an exposing vector of ST, and F' = S} Nw is a proper face of S containing
L NS, Thus, if LNSY fails Slater’s condition, then we can reformulate LNS?} as LN F
which is over a smaller cone. This procedure can be iterated for a finite number of times
until L N F satisfies Slater’s condition. We outline FRA in Algorithm 1 below.

Algorithm 1 Facial Reduction Algorithm (FRA)

1: Initialization: Let Fy = K, i = 1.

2: while we can pick w; € L+ N (F, \ F4,) do
3: Set F; < F;_1 Nw;t.

4: Set 7 <7+ 1.

5: end while

The finite convergence of FRA has also been established in several recent works;
see [28, 22, 23]. While FRA offers a systematic framework for restoring Slater’s condition
for the intersection LN K, it faces a significant computational challenge: at each iteration,
it requires solving the following problem,

wi € LN (FLy \ Fioy)

which is itself a nontrivial optimization task. We refer to the problem of identifying
such an element w; as the FR auziliary problem. For example, in the context of SDP,
when applying FRA to L N'S%, the FR auxiliary problem is to find a nonzero matrix
in L+ N S, which translates into solving an SDP feasibility problem. This implies that
the FR auxiliary problem can be as difficult as the original SDP itself. Consequently,
FRA may become impractical for large-scale problems or when applied directly to SDP
relaxations of combinatorial optimization models.

In our computational result, we only apply the first iteration of the FRA. There are
three main reasons for this choice. First, the backward stability of a single iteration
of facial reduction has been established in [21], whereas it remains an open question
whether the same guarantee holds for subsequent iterations. Second, as a preprocessing
algorithm, FRA should adhere to the principle of being simple and quick, as advocated
by Andersen and Andersen [7]. Performing a second iteration of facial reduction is often
too computationally expensive to be practical in this context. Third, the primal FRA is
highly effective in practice, often restoring Slater’s condition immediately after just one
iteration for the majority of benchmark instances.

2.2 SDP Relaxations

Consider the feasible set P defined in (2). We study SDP relaxations of the following
form. By lifting feasible solutions into S"*!, we define:

([

:ceP}. (3)



Note that all matrices in S are positive semidefinite. For any polyhedral set L C S™*!
such that S C L, the intersection
Lnstt (4)

forms an outer approximation to S and is referred to as an SDP relazation of S. Since
there is a one-to-one correspondence between the original feasible set P and its lifted
counterpart S, we also refer to L N S’ffl as an SDP relaxation of P.

We can efficiently optimize a linear function over this set, yielding a lower bound for
the original MIQP problem (1):

min <Q7Y> (5)
st. YeLnSt,

where
0 LicT

S o 20 :| c Sn—f—l
=[5 %
We describe the so-called arrow constraints which are implied by the binary variables.
The rows and columns of the matrices in S are indexed by {0,1,...,n}. Forany Y € S|
the binary constraints on x imply Yyo = 1 and Yy, = Yj; for e = 1,...,r. Define the arrow
operator arrow : S"1 — R™! as:

Yoo

Yir = 5(Yor + Y,
arrow (Y) 1= 11— 5( .01 10)

: (6)
}/rr - %(YOT + YTO)

Let ey be the standard unit vector in R™*! with 1 in the first coordinate. The constraint
arrow(Y') = eg, known as the arrow constraint, holds for all Y € S. Note that the arrow
operator depends on the number r of binary variables, though we omit the superscript
for simplicity. In Section 5, we will describe three SDP relaxations of varying strength
and computational cost, all of which will be used to test our special FRA.

To simplify the presentation of applying facial reduction to the SDP relaxation L N
St we assume throughout the theoretical discussion that L is an affine set. Under this
assumption, the FR auxiliary problem involves the same set L+ N S’}fl as in Algorithm 1.
If LNS" ! does not satisfy Slater’s condition, applying the first iteration of Algorithm 1 to
the SDP relaxation LNS’™, we obtain a proper face F <IS™! such that LNF = LNSTH.
Since F' can have lower dimension than Sﬁ‘fl, the reformulated problem LN F' constitutes
a smaller SDP relaxation. More importantly, this reformulation often satisfies Slater’s
condition, thereby improving numerical stability compared to the original formulation.

For any face F' IS, we refer to LN F as a facially reduced formulation of L NS
if

SCLNFCLNSE.
This definition slightly generalizes the standard FRA described in Algorithm 1, which
only produces faces F' <1 S"™ satisfying LN F = L N S™™. The generalized notion
is particularly useful for unifying various specialized FRA approaches under a common
framework.



3 A Primal Approach to Facial Reduction

3.1 The Primal FRA

Standard implementations of FRA require finding a nonzero element in L+ N S? which is
itself a computationally demanding task. (Note that we use S for general discussions,
and S’ffl when referring to SDP relaxations.) To address this challenge, several practical
strategies have been proposed. One such approach is to replace S} with a tractable inner
approximation K, and instead search for a point in the subset L+ N K. This idea, known
as partial facial reduction, was introduced in [29]. Despite variations in implementation,
the essential goal of all FRAs remains the same: to reduce the computational burden
associated with solving the FR auxiliary problem.

The method proposed in this work follows this principle but adopts a novel strategy.
Our key observation is that any primal feasible solution exposes a face of 87 that contains
the entire set L+ N S7. This observation enables us to reduce the dimension of Ltn St
Specifically, we use a primal feasible solution to define a smaller face that still contains
all exposing vectors in Lt N S7. This leads to the following special FRA:

Algorithm 2 Primal Facial Reduction Algorithm (Primal FRA)

Input: An SDP relaxation L NS for S in (3), and a feasible solution X* € LNSY.
Output: A facially reduced formulation of L NS%.
1: Define the face G I 87,

G :={X €S} | range(X) C range(X")}. (7)
2: if X* has maximum rank in conv(S) then
3: return LNG
4: else
5: Find an element W* € L+ N G?. Define the face

F:={X €S} | range(X) C null(W*)} . (8)
6: return LN F
7. end if

The description of Algorithm 2 naturally raises several questions: How can a feasible
solution be obtained? How can we determine whether it has maximum rank? These
practical concerns are addressed in detail in Section 3.2, but for now, we focus on the
correctness of the algorithm. In particular, we show that both L NG and L N F are
facially reduced formulations of the original feasible set L N ST .

Lemma 3.1. In Algorithm 2, we have S C LNG C LNSY, and LN G satisfies Slater’s
condition.

Proof. By construction, G is a face of S%, so LN G € L NSY. To show the inclusion
S C LNG,let X € S be arbitrary. Since X* has maximum rank in conv(S), we must
have range(X) C range(X*), or else the average (X 4 X*) would also be in conv(S) and
have strictly higher rank than X*, contradicting its maximality. Hence, X € G, and thus
X € LN @G. This proves that S C L NG.

Moreover, since X* € ri(G), it follows that L N G satisfies Slater’s condition. O]
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Lemma 3.2. In Algorithm 2, we have LN F = LNS.

Proof. Tt suffices to show that L+ N ST = L+ N G*. Since G~ 4 S", we clearly have
L+ NST O LY NG~ For the reverse inclusion, let W € L+ NS?. Then (W, X) = 0 for all
X € LNSY, and in particular for X*. Therefore, range(W) C null(X™), which implies
W e G%. Thus, W € L+ N G?, completing the proof. O

We highlight some features of the primal FRA: (1) If the algorithm returns LNG, then
an SDP solve is completely avoided, and Slater’s condition is guaranteed to hold; (2) If
the rank of X* is high, then the dimension of L*NG* is small, making it computationally
inexpensive to search for an exposing vector. We refer to the task of finding an element in
L+ NG* as the reduced FR auxiliary problem; (3) If the rank of X* is low, then finding a
non-trivial element in L+ N G* remains challenging. In this case, however, we can apply
existing methods such as partial FRA or sieve SDP to this smaller set L+ N G*, which
can still lead to computational savings.

3.2 Generating Feasible Solutions

While finding a feasible solution for a general SDP can be challenging, it is often relatively
straightforward in the context of SDP relaxations arising from combinatorial optimization
problems.

Let P denote the feasible set as defined in (2), and let LNS" ! be its SDP relaxation
as defined in (4). In view of the lifted formulation (3), it suffices to identify a feasible
solution x € P; the corresponding lifted matrix

o

is then a feasible solution in L N S%.

Naturally, it is desirable to construct a feasible matrix with higher rank in order to
simplify the set L1 N ST, To achieve this, we may generate a collection of feasible
solutions xg, ..., x; € P and define

Xt %Hg [H 1 a7]. (9)

It is straightforward to verify that the vectors xg, ...,z are affinely independent if and
only if rank(X*) = k 4+ 1. Thus, our goal is to generate as many affinely independent
feasible solutions in P as possible. In particular, if a maximal affinely independent subset
of P is found, then X* attains the maximum possible rank among all matrices in conv(\S).
This connection between the affine structure of the original feasible set and the maximum-
rank feasible matrix in conv(S) was first analyzed in [11].

We now describe a method for finding a maximal affinely independent subset of feasible
solutions in P. Suppose that zg,...,x; € P are known to be affinely independent. We
can either certify that they span the affine hull of P, or identify a new feasible solution
r € P that is affinely independent of zq,...,x;. By iterating this procedure, we can
incrementally construct a maximal affinely independent subset of P, which in turn yields
a maximal-rank matrix X™* for use in Algorithm 2.



Lemma 3.3. Let v € P, and let H be a linear subspace such that v+ H C aff(P). Then
v+ H = aff(P) if and only if

uw'(x—v)=0 forallz e P anduc H. (10)

Proof. Assume v + H = aff(P). Then for any x € P, we have + — v € H, which implies
u' (z —wv) =0 for all u € H*, since every vector in H* is orthogonal to H.

Conversely, suppose v+ H C aff(P). Then there exists © € P such that z—v ¢ H. By
the fundamental theorem of linear algebra, there exists u € H+ such that u' (z —v) # 0.
This shows that (10) does not hold, completing the proof. H

We can use the characterization of the affine hull of P provided in Lemma 3.3 to
compute aff(P) as follows. Assume v + H C aff(P) for some v € P and a (k — 1)-
dimensional linear subspace H. Let uq,...,u,_ 1 be any linearly independent vectors
spanning H+. Then condition (10) holds if and only if

max{u; v |z € P} =min{u/z |z € P}, fori=1,....n—k+1. (11)

Thus, we can verify whether (10) holds by solving at most 2(n — k + 1) optimization
problems of the form (11). Moreover, if equality fails for any index i, then either the
maximizer or minimizer, say x*, satisfies u; (v* — v) # 0. This implies 2* — v ¢ H, and
by Lemma 3.3, we can construct a strictly larger subspace H = span(H U {z* — v}), for
which v + H C aff(P).

Starting with an initial feasible solution v € P and H = {0}, we iteratively construct
a set of affinely independent feasible points that span aff(P). This process terminates in
at most n iterations. In practice, however, we may terminate the algorithm earlier due
to computational limitations encountered while solving the subproblems in (11). The full
procedure is summarized in Algorithm 3.

Algorithm 3 Generating a Feasible Matrix Solution

Input: A mixed-binary feasible set P as defined in (2).
Output: A feasible matrix solution X* € conv(S), see (3).
1: Find v := 2y € P and set H = {0}.
2: fork=1,...,ndo
3: Let uy, ..., U,_p41 be linearly independent vectors spanning H=.
if we can find 2, € P\ (v+ H) via (11) then
H < span(H U {z) — v}).
else if we can verify v + H = aff(P) via (11) then
return X* as defined in (9); it has maximum rank.
else if some (11) problems are intractable then
return X* as defined in (9).
10: end if
11: end for

At this point, we emphasize a key distinction: the original MIQP problem (1) involves
minimizing a non-convex quadratic objective over the feasible set P, whereas the subprob-
lems in (11) involve linear objective functions over the same set P, and thus constitute

mixed-integer linear programs (MILPs). Although both MIQP and MILP problems are



NP-hard and share the same feasible region, their practical tractability differs substan-
tially. In practice, MILPs are often significantly easier to solve. For example, MILPs
with over 200 variables can typically be solved within minutes using modern solvers,
whereas MIQPs of comparable size may require hours. This disparity highlights the ad-
vantage of leveraging powerful MILP solvers to tackle problems that would otherwise be
computationally prohibitive—an idea also explored in [25, 31] and [33].

The optimization problems in (11) can be broadly categorized into the following
classes:

1. Polynomial-time solvable problems. In some cases, the problems in (11) admit
polynomial-time solutions. A canonical example is the classical minimum spanning
tree problem. In contrast, its generalization—the quadratic minimum spanning tree
problem (QMSTP)—is NP-hard and has been studied extensively; see [9, 19, 20,
24, 18]. Recent works [41, 42] explore SDP-based relaxations of the QMSTP, where
our proposed facial reduction method can be directly applied. For such problems,
the primal FRA is guaranteed to restore Slater’s condition in polynomial time.

2. NP-hard problems with tractable feasibility. In many practical applications,
the problems in (11) are NP-hard, yet finding feasible solutions is relatively easy.
This makes our method broadly applicable, even if solving (11) to optimality is
intractable in theory. In our experiments, we were able to restore Slater’s condition
for a wide range of benchmark instances. When a new affinely independent feasible
solution cannot be found, we terminate Algorithm 3 at Line 9 and return the
current feasible matrix. Although this matrix may not have maximal rank, it often
results in a significant size reduction of the FR auxiliary problem and improved
computational performance.

3. Intractable problems with difficult feasibility. In rare cases, even finding a
single feasible solution in P is computationally intractable. In such instances, our
method cannot be applied to perform facial reduction. Fortunately, such cases are

uncommon in practice, as evidenced by our empirical results on benchmark libraries
such as MIPLIB.

In summary, although the proposed approach may involve solving NP-hard subproblems,
it requires only a single feasible solution to initiate facial reduction. In most practical
settings, such a point can be found efficiently or generated heuristically. Consequently,
the method is both effective and broadly applicable across a wide range of real-world
optimization problems.

Remark 3.4. In practice, some of the optimization problems in (11) may not be solvable
to optimality within a reasonable timeframe. However, it is important to note that solv-
ing (11) to optimality is only necessary when verifying the equality condition in (10). In
most cases, it suffices to find a feasible solution satisfying u; (v —v) # 0. This condition
can often be efficiently checked during a branch-and-bound search. Specifically, whenever
a new feasible solution is found, we verify whether u; (x — v) # 0 (up to a numerical
tolerance). If so, we may terminate the search early and return the feasible solution.

3.3 Reducing the Number of Subproblems

At the k-th iteration of Algorithm 3, the orthogonal complement H* is a subspace of
dimension n — k 4+ 1. Consequently, up to 2(n — k + 1) optimization problems of the
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form (11) may need to be solved. In the worst case, this results in approximately O(n?)
subproblems across all iterations. In this section, we show that it is often possible to
reduce this number significantly by exploiting the structure of the problem.

Suppose there exists a linear subspace H of dimension n — ¢ such that

v+ H Caff(P)Cv+H (12)

for some feasible solution v € P and current subspace H. We first show that such a
subspace H can lead to a substantial reduction in the number of subproblems required.
We then demonstrate how H can often be identified directly from the linear constraints
that define P.

Since aff(P) — v C H, it follows that

u'(r—v)=0 forallz € Panduc H*.

As H+ C H*, if we choose a set of linearly independent vectors uy, ..., U,_xr1 Spanning
H*, with the first ¢ vectors ui, ..., u, spanning H*, then we only need to solve (11) for
Ups1, - - Up_gy1- Lhis reduces the number of subproblems in the k-th iteration by 2/,
which can be substantial when ¢ > 0, i.e., when H is not full-dimensional.

Furthermore, the maximum number of iterations in Algorithm 3 is reduced from n
to n — £. If the algorithm reaches the (n — ¢)-th iteration, the current subspace H has
dimension ¢, and since v + H C aff(P) C v + H, and both subspaces share the same
dimension, it follows that

aff(P)=v+H=v+ H.

Hence, no optimization problems need to be solved in the final iteration. This not only
accelerates the algorithm but also provides a practical and effective termination criterion
in our implementation. We describe such an application in Remark 3.5.

Importantly, the subspace H in (12) often arises naturally from the definition of P.
Specifically, consider the linear programming relaxation of the mixed-binary set P, given
by:

T b forve=1,... p,

a, r =
ajz < b fori=p+1,...,m.

(13)

The affine hull of this polyhedron—obtained by identifying the set of (implicit) equality
constraints—provides a natural candidate for the subspace H. This subspace can be
extracted efficiently using standard techniques in linear programming, and doing so can
significantly reduce the computational cost of Algorithm 3.

Remark 3.5. We discuss an application of the linear subspace H in the implementation.
Many MIPLIB problem instances are known to suffer from numerical instability due to
scaling issues. To mitigate this, we restrict our attention to feasible solutions with bounded
entries. Specifically, we define the restricted feasible set

P:=Pn{zcR"|z;c[107°10°]},

and search for feasible solutions within P instead of the full set P. As a consequence, we
may no longer be able to certify that the affine hull of P has been fully recovered, since
aff(P) C aff(P). Nevertheless, if we succeed in identifying n — { + 1 affinely independent
feasible solutions within P, we can still conclude that these solutions span the affine hull

of P.
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It is important to emphasize that facial reduction is still being performed on the orig-
wnal set P; the restriction to P is introduced solely to reduce numerical instability in
practice.

3.4 A Quadratic Speedup via Randomization

While the technique discussed in the previous section reduces the number of subprob-
lems, the total number of optimization problems remains O(n?) in the worst case. In
this section, we demonstrate that it suffices to solve at most two optimization problems
per iteration without imposing any additional structural assumptions. This yields a sig-
nificant improvement, reducing the total number of required MILP problems to O(n),
thereby achieving a quadratic speedup.

Lemma 3.6. Assumev+H C aff(P), and let uy, ..., u, 1 € R™ be linearly independent

vectors spanning H+. Let o, ..., 0p_pe1 € R be i.i.d. random variables drawn from the
standard normal distribution, and define u = Z:.L;lkﬂ ou;. Let oy, and x7 .. be the

optimal solutions of
min{u'z |z € P} and max{u'z |z € P},

respectively. Then, with high probability, either v’ (z%, —v) <0 oru' (2%, —v) > 0.

min max

Proof. Since v + H C aff(P), there exists some x € P such that z — v ¢ H. Therefore,
u; (z—v) # 0 for at least one i. Because the coefficients «; are drawn independently from
a continuous distribution, the linear combination u'(z — v) = Z;:lkﬂ au, (x —v) # 0
with probability 1. In particular, if " (z —v) < 0, then u' (z},;, —v) < 0; similarly, if
u' (z —wv) >0, then u' (z*,, —v) > 0. O

max

The following example shows why the randomness assumption in Lemma 3.6 is essen-
tial. Consider the set

P = {61,62,63},

where ¢; is the i-th standard basis vector in R3. Let v = ¢; and H = {0}, so that
H+ = R3. Choose u; = ¢; for i = 1,2,3, which clearly span H+. If we select coefficients
deterministically with a; = as = a3 = 1, then the resulting vector u = Z?:1 a;u; is the
all-ones vector.

Now, consider x = e5 € P. We have v —v = e; —e; = [—1 1 O}T, and hence
-1

u'(x—v)=[1 1 1] | 1 | =0. Thus, the direction u fails to detect that = ¢ v+ H.
0

However, if the coefficients «; are chosen randomly from a continuous distribution, then
u'(x—v)=—a; +ay #0

with high probability. This highlights the necessity of using random coefficients to guar-
antee a correct result in Lemma 3.6.

3.5 Numerical Robustness

Numerical algorithms often struggle to distinguish between values that are truly zero
and those that are merely close to zero due to rounding errors or the limitations of finite-
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precision arithmetic. In the context of FRAs, accurately identifying the range space
of the feasible matrix is essential, as even minor misclassifications can compromise the
correctness of the reduced problem.

In this section, we first clarify how numerical issues may arise in the primal FRA.
(We emphasize, however, that such numerical difficulties were rarely encountered in our
computational experiments.) We then propose a heuristic approach to mitigate these
numerical issues when they do occur. Finally, we argue that in the rare event where nu-
merical instability persists and the heuristic fails, one can eliminate these issues by taking
a conservative inner approximation of the face G. This simple modification guarantees
numerical stability, at the cost of only a marginally smaller reduction in problem size.

We first clarify the potential numerical issues in the primal FRA. In Algorithm 2, the
face G is determined by the range space of the matrix X* = VV'", where V is constructed
from feasible solutions xg, ...,z € P via Algorithm 3:

1 1 - 1

) "
Assume the affine subspace spanned by o, . .., 7y is aff(P) and k < n. Let S5 oyu]
be the numerical singular value decomposition of V. In practice, the range space of X*
is numerically approximated as span{u; | o; > ¢}, for some threshold §. However, ambi-
guity arises when o; € (€mach, 0], where €. denotes the machine epsilon—the smallest
number such that 1+ €uaa # 1 in floating-point arithmetic (typically around 2.22 x 10716
for double-precision). Singular values in this range may be inconsistently treated as ei-
ther zero or nonzero by numerical solvers. Misinterpreting a near-zero singular value
as positive can lead to overestimating the range space, potentially yielding an incorrect
reduced face L* NG* C L+ N ST

To mitigate this issue, we propose augmenting the matrix V' by including an additional

) ) . ) . h
feasible solution x;.; € P that increases an ambiguous singular value o,. Let u, = [ T]
.

be the left singular vector of V' corresponding to o,. We solve:
max {g, z | x € P}, (15)

to find a new point x;,; that aligns with direction g,, thus improving the conditioning
of the extended matrix:

_ 1 1 -1 1
V

:\/k:+2 To 0 Tk Tkl

The corresponding matrix X = VVT remains feasible for conv(S), and results in the
same face (G, but with potentially improved numerical stability.
We formalize this improvement below:

Lemma 3.7. Let V' be defined as in (14), and suppose o,.(V) < 1 is the r-th singular

h, . .
value. Let u, = { } be the corresponding left singular vector. Define:

1
- [1 1 h]

o - Tk Gr

12



Then the r-th singular value of U satisfies o,.(U) > o,.(V).

Proof. Let X* =VV T and Y* = UU". Then:

kE+1 I
Vie —X*+—— |7 [h g'].
k+2 +k+2{%}[ 9

Let \.(M) denote the r-th eigenvalue of a symmetric matrix M. Then:

* 1 *\ 2
MX) + g > MX) = a2V,

so 0,.(U) > o,.(V). O

Of course, the vector g, in Lemma 3.7 may not lie in P. In practice, we approximate
this direction by using a feasible solution x that maximizes g7 z. This heuristic motivates
the formulation in (15). Although we do not have a formal bound for (15), our experi-
ments consistently show that this approach improves the conditioning of VV—increasing
the target singular value and reducing ambiguity in rank determination.

In rare cases where ambiguous singular values persist—indicating either the failure of
the above strategy or an ill-conditioned feasible set P—we simply treat all such singular
values as zero. This leads to the following inner approximation:

G :=span {u; | 0;(V) >4},

where § is chosen conservatively, e.g., 0 € [107°,107%]. Since G C @, it follows that
G?» D G%, and therefore: B
L*NG2 C Lt nG-.

With a sufficiently large 6, we can confidently conclude:
L*NnG* =Lt nsn.

In practice, the number of ambiguous singular values is typically zero or very small, and
the proposed inner approximation G provides a robust and reliable implementation of
the primal FRA, while preserving nearly all of its reduction capability.

Remark 3.8. While § can improve numerical robustness in some cases, we did not enable
this feature in our implementation, as we applied the same settings uniformly across all
problem instances without instance-specific tuning.

Remark 3.9. Note that we only claim the primal FRA does not introduce additional
numerical issues. If an SDP problem is ill-posed and numerical difficulties arise in the
standard FRA—specifically, in Line 3 of Algorithm 1—then similar numerical issues are
likely to occur when determining the face F' in the primal FRA formulation (8).

The key advantage of the primal FRA lies in its ability to compute the exposing vector
more efficiently, without introducing new sources of numerical instability. However, it
does not eliminate existing numerical challenges inherent to the original problem.

13



4 Relation to Other Approaches

In this section, we discuss the relationship between the primal FRA and several alternative
FRAs. The primal FRA is highly compatible with many of these alternatives, allowing
us to combine their advantages rather than choosing a single method. We illustrate this
synergy using partial FRA [29] as an example. We begin with a brief overview of the
key ideas behind partial FRA and then describe how it integrates with the primal FRA.
We also compare the primal FRA with the affine FRA proposed in [40], highlighting
important distinctions and advantages.

Partial FRA replaces the positive semidefinite cone S’} with an inner approximation
K C §7 such that L*NK CLtn S7. By choosing K to be computationally simpler,
one obtains a more practical method for identifying an exposing vector. A widely used
choice is the cone of diagonally dominant matrices, defined by:

XiizZ|Xijr}.

DD" = {X esS"
J#i

Since DD" C S%, searching for a nonzero matrix in L* N DD" reduces to solving a
linear program. The trade-off is that L+ N DD" may contain only the zero matrix, even
when L+ N'S? contains a nonzero exposing vector—resulting in failure to detect a valid
reduction.

In contrast, the primal FRA identifies a proper face G such that L+ NS} = L+NG~,
thereby reducing the dimension of the FR auxiliary problem. These two methods can
be effectively combined. One may first apply the primal FRA to obtain a reformulation
over a smaller face G, and then apply partial FRA to construct an inner approximation
K C G2. Since G2 is a proper face of S, the resulting K is lower-dimensional and more

manageable than an inner approximation over the full cone. For example, if

GA:{{]O% 8] ‘RGS’;},T<n,

then a natural inner approximation is

i {[2 8] | neom).

This demonstrates how primal FRA and partial FRA can be seamlessly combined, ben-
efiting from both reduction quality and computational efficiency. The same strategy
applies to other methods such as Sieve-SDP [32] and the preprocessing approach in [21].

The affine FRA proposed in [40] adopts a different perspective: it identifies implicit
equalities by analyzing the affine hull of the feasible region P through its LP relaxation.
This yields an affine subspace containing P, although not necessarily the minimal one.
The affine FRA performs well in practice, particularly on benchmark instances from
MIPLIB. It often achieves the same reduction as the primal FRA, sometimes with less
computational effort. However, it does not offer guarantees regarding the satisfaction of
Slater’s condition for the reduced problem. In contrast, the primal FRA explicitly verifies
that Slater’s condition holds for most instances—a critical advantage in applications
where numerical precision and stability are paramount.

14



5 Numerical Experiments

5.1 Settings

Experimental Settings: All experiments were conducted on a Mac Studio (2023)
equipped with an Apple M2 Ultra chip, 128 GB of RAM, and running macOS 14.1.1
(build 23B81). We generated MIQP problem instances based on benchmark instances
from MIPLIB 2017 [34], specifically those categorized under “collection.” The instances
were imported into MATLAB R2023b using Gurobi (version 10.0.1) [39]. We also used
Gurobi to solve problem (11), which generates feasible solutions within Algorithm 3. The
SDP problems were solved using the MOSEK solver in [30] via the MATLAB interface
YALMIP [13].

Problem Generation: The MIPLIB provides MILP problems whose feasible regions
are of the same form as in (2). In addition, MIPLIB specifies a linear objective function
cl'z for some vector ¢ € R". To construct MIQP instances, we generate a random
symmetric quadratic cost matrix () € S", where the entries are independently drawn
from a standard normal distribution. This results in an MIQP problem of the form (1).
Note that the objective function does not affect facial reduction; it is used only when
solving the original SDP problem in Section A.

SDP Relaxations: For small to moderate problem instances, we apply the standard
FRA and the primal FRA to the following two well-known SDP relaxations:

1. Shor’s Relaxation.
Define the matrices:

R T 1.7
Q = [8 %}eSnﬂandAi:: [1. 28’}68”“, 1=1,...,m.

Then the relaxation is given by:

min  (Q,Y)

st. (A4,Y)=0b;, i=1,...,p
(A, Y)<by, i=p+1,....m
arrow (YY) = eq
Y e S

2. Doubly Nonnegative (DNN) Relaxation.
Define:

Qa;

Ai = |:_bz:| [—bz CLJ—} c Sn+1.

In many problems, the inequality constraints include variable bounds [ < x <
u. We can derive additional constraints based on the Reformulation-Linearization

15



Technique (RLT) [5, 6]. This yields the following SDP relaxation:

min (Q,Y)

s.t. Y satisfies (16), (17), (18), (19)
(A, YY=0, i=1,....p
lLily — Yoil; — Yol + Yy 20, Vi, j
U;Uj — Yo,iuj - ijui + }/z'j 2 0, VZ,j

When the problem contains only binary variables, the matrix Y is both positive
semidefinite and entrywise nonnegative; hence, we refer to this as the doubly non-
negative (DNN) relaxation.

For large-scale instances, solving Shor’s or DNN relaxations may be computationally
prohibitive. We consider a special case in which quadratic costs appear only between
binary variables, i.e.,

O O

Here, Qg € S" represents the quadratic cost matrix for binary variables. Let the first r
variables be binary, and decompose:

Q = {QB O] for some Qg € S".

T - . _
a::{%], TeR", zeR".

Then the MIQP in (1) can be written as:
min {i'Qpi +c' x|z € P}. (20)

Let a; e R", a; e R"™", ¢ € R" and ¢ € R"" be defined analogously. Define:

- T - 147
0= [g 5 } € S and A4; := [O 2“%] c S,
; |

The following is an SDP relaxation for (20):
JE=bi, i=p+l...m (21)

Here, the matrix variable X is only of order r + 1, which is typically much smaller than
n+ 1, leading to a significant reduction in computational cost. This significantly reduces
computational cost and enables the testing of larger problem instances. We will call (20)
a variant of Shor’s relaxation.

5.2 Results and Discussion

We report the numerical performance of the standard FRA and the proposed primal
FRA on a diverse set of benchmark instances. We begin by presenting and discussing
overall performance statistics to highlight the key advantages of the primal FRA. Detailed
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numerical results for individual problem instances follow, providing a deeper analysis of
algorithmic behavior across different SDP relaxations.

Table 1 provides an aggregated comparison between the standard FRA and the pro-
posed primal FRA across three types of SDP relaxations and a total of 157 problem
instances. The following key performance metrics are reported:

1. Total Time: The total computation time in seconds required to perform FRA
across all instances. (If the standard FR auxiliary problem could not be solved due
to memory limitations, we exclude the computational time for both FRA methods.)
The primal FRA achieves a substantial reduction in total computation time—from
31,876 seconds to 6,975 seconds—yielding a fourfold speedup.

2. Number of Successful Solves: The number of instances for which the FR auxil-
iary problem was successfully solved. The primal FRA achieves a higher success rate
(120 out of 157) compared to the standard FRA (146 out of 157), demonstrating
its improved robustness.

3. Slater Condition Restored: The number of instances in which Slater’s condition
was successfully restored. For the standard FRA, we apply one step of Algorithm 1.
The primal FRA restores Slater’s condition in 145 instances, while the standard
FRA does so in only 108, further demonstrating the effectiveness of the primal
approach.

4. Average Size Ratio: For each instance, we compute the ratio between the matrix
variable size in the reduced FR auxiliary problem from the primal FRA and that
from the standard FRA. The reported value is the average ratio across all instances.
On average, the matrix variable in the primal FRA is approximately 9% the size of
that in the standard FRA, indicating a substantial reduction in problem size.

These results show that the primal FRA not only improves computational efficiency
but also enhances solver reliability and produces significantly more compact SDP formu-
lations. This makes the primal FRA a promising alternative to the standard FRA for
solving large-scale semidefinite relaxations.

Metric Standard FRA Primal FRA
Total Time 31876 6975
Successful Solves (Count) 120 146
Slater Condition Restored (Count) 108 145
Average Size Ratio 1 0.09179

Table 1: Summary of total time, number of successful solves, and Slater condition restora-
tions over 157 instances.

Tables 2 to 5 present detailed experimental results. For each instance, we report the
following information:

1. Size: The order of the matrix variable in the FR auxiliary problem. For the stan-
dard FRA, this is equal to the matrix variable order in the original SDP relaxation.
For the primal FRA, it corresponds to the matrix variable order in the reduced FR
auxiliary problem. A value of zero indicates that the primal FRA terminated at
Line 3 of Algorithm 2, restoring Slater’s condition without solving the FR auxiliary
problem.
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2. Time: The total time in seconds required to perform facial reduction. For the
standard FRA, this is the time to solve the FR auxiliary problem. For the primal
FRA, we report two components: 7} (time to construct a feasible solution) and T
(time to solve the reduced FR auxiliary problem).

3. Solver Status: The status returned by MOSEK. Success indicates that the SDP
was solved correctly. Stall denotes limited progress due to numerical issues, al-
though the solution may still be usable. Fail indicates that a reliable solution could
not be obtained. Out of memory means the problem could not be solved due to
insufficient system memory.

4. Slater Condition: Yes indicates that the facially reduced formulation satisfies
Slater’s condition. No indicates that Slater’s condition was not verified.

The results demonstrate that the primal FRA substantially improves computational
efficiency over the standard FRA. In nearly all cases, the size of the FR auxiliary problem
is significantly reduced under the primal FRA, indicating more effective facial reduction.
Moreover, the total runtime is consistently lower, with the overhead of the primal FRA
(i.e., computing a feasible solution) being negligible relative to solving the reduced FR
auxiliary problem.

A further key advantage is improved numerical robustness. Several instances that
failed under the standard FRA due to numerical instability were successfully handled
by the primal FRA. In particularly challenging cases where the standard FRA did not
restore Slater’s condition, the primal FRA succeeded, improving solver reliability and
ensuring strong duality.

Overall, the empirical evidence strongly supports the effectiveness of the primal FRA
in reducing auxiliary problem complexity, enhancing numerical stability, and restoring
Slater’s condition—while incurring minimal computational overhead.

6 Conclusion

We have proposed a novel facial reduction algorithm (FRA) tailored to semidefinite relax-
ations of combinatorial optimization problems. Unlike traditional approaches that require
solving computationally intensive FR auxiliary problems, the primal FRA formulates a
reduced FR auxiliary problem that is significantly more tractable and efficient.

The proposed method integrates seamlessly with other specialized FRAs, such as par-
tial FRA and Sieve-SDP, enabling complementary preprocessing strategies. Moreover, it
exhibits strong numerical robustness, successfully addressing instances where the stan-
dard FRA fails due to numerical instability or memory limitations.

Extensive computational experiments demonstrate that the primal FRA substantially
reduces the size and complexity of the FR auxiliary problem, restores Slater’s condition in
the majority of benchmark instances, and improves solver reliability—all while incurring
minimal preprocessing overhead. These results underscore the practical value of the
primal FRA as an effective and scalable tool for enhancing the performance of SDP
relaxations in combinatorial optimization.
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Name The standard FRA The primal FRA
Size Time Solver Status  Slater condition | Size Ty Ty Time Solver Status  Slater condition

grdx6 49 0.25 Success No 0 0.21 0.00 0.21 Success Yes
markshare-5-0 46 0.28 Success No 0 0.28 0.00 0.28 Success Yes
markshare-4-0 35 0.36 Success No 0 1.18 0.00 1.18 Success Yes
marksharel 63 1.08 Success No 0 5.40 0.00 5.40 Success Yes
neosH 64 1.21 Success Yes 0 0.48 0.00 0.48 Success Yes
markshare2 75 2.23 Success No 0 0.48 0.00 0.48 Success Yes
pkl 87 3.23 Success No 0 0.86 0.00 0.86 Success Yes
b-ball 101 5.61 Success No 0 0.56 0.00 0.56 Success Yes
neos-5192052-neckar 181 51.29 Success No 0 2.03 0.00 2.03 Success Yes
v150d30-2hopcds 151 54.32 Success No 0 11.36 0.00 11.36 Success Yes
masT74 152 112.76 Success Yes 0 6.02 0.00 6.02 Success Yes
masT76 152 122.36 Success Yes 0 2.45 0.00 2.45 Success Yes
gsvm2rl3 242 158.02 Success Yes 0 6.95 0.00 6.95 Success Yes
assignl-5-8 157 171.03 Success No 0 4.81 0.00 4.81 Success Yes
2club200v15p5scn 201 192.38 Success Yes 0 12.77 0.00 12.77 Success Yes
neos-5140963-mincio 197 250.46 Success No 28 114.24 4.44 118.68 Success No
glass-sc 215 320.04 Success Yes 0 13.71 0.00 13.71 Success Yes
iis-glass-cov 215 330.77 Success Yes 0 13.50 0.00 13.50 Success Yes
mad 221 479.20 Success No 0 3.16 0.00 3.16 Success Yes
neos-3754480-nidda 254 481.36 Success Yes 0 41.20 0.00 41.20 Success Yes
p0201 202 498.13 Failed N.A. 62 3.29 32.25 35.53 Failed N.A.
prodl 251 1027.85 Success No 44 28.77 6.54 35.31 Success No
prod2 302  2117.50 Success No 39 60.37 8.64 69.01 Success No
supportcasel4 305  4509.23 Success No 201 7.15 548.62  555.77 Success No

Table 2: Algorithm performance on the DNN relaxation.
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Name

The standard FRA

The primal FRA

Size Time Solver Status Slater condition | Size T Ty Time Solver Status  Slater condition
markshare-4-0 35 0.06 Success Yes 0 1.21 0.00 1.21 Success Yes
markshare-5-0 46 0.09 Success Yes 0 0.32 0.00 0.32 Success Yes

grdx6 49 0.13 Success Yes 0 0.24 0.00 0.24 Success Yes

neosb 64 0.29 Success Yes 0 0.48 0.00 0.48 Success Yes
marksharel 63 0.30 Success Yes 0 5.43 0.00 5.43 Success Yes
markshare2 75 0.57 Success Yes 0 0.49 0.00 0.49 Success Yes
pkl 87 1.27 Success Yes 0 0.88 0.00 0.88 Success Yes

b-ball 101 2.74 Success Yes 0 0.59 0.00 0.59 Success Yes
mas76 152 12.16 Success Yes 0 2.49 0.00 2.49 Success Yes
v150d30-2hopcds 151 13.33 Success No 0 11.37 0.00 11.37 Success Yes
mas74 152 13.39 Success Yes 0 6.00 0.00 6.00 Success Yes
assignl-5-8 157 25.12 Stall Yes 0 4.94 0.00 4.94 Success Yes
neos-5192052-neckar 181 30.52 Success Yes 0 2.03 0.00 2.03 Success Yes
neos-5140963-mincio 197 42.30 Success Yes 28 113.99 1.26 115.25 Success Yes
p0201 202 43.02 Success Yes 62 2.90 7.83 10.73 Success Yes
2club200v15p5scn 201 53.26 Success Yes 0 12.74 0.00 12.74 Success Yes
iis-glass-cov 215 58.69 Success Yes 0 13.53 0.00 13.53 Success Yes
glass-sc 215 67.97 Success Yes 0 13.91 0.00 13.91 Success Yes

mad 221 72.56 Success Yes 0 2.67 0.00 2.67 Success Yes
gsvm2rl3 242 124.86 Success Yes 0 7.29 0.00 7.29 Success Yes
prodl 251 155.15 Success Yes 44 29.21 2.34 31.55 Failed N.A.
supportcasel4 305 354.02 Success No 201 7.55 116.64  124.19 Success No
neos-3754480-nidda 254 415.66 Failed N.A. 0 41.66 0.00 41.66 Success Yes
prod2 302 443.06 Success Yes 39 60.52 2.43 62.95 Success Yes
supportcasel6 320 464.48 Success No 217 8.53 137.82  146.35 Success No
iis-hc-cov 298 475.61 Failed N.A. 0 18.63 0.00 18.63 Success Yes
neos-1430701 313 569.62 Success Yes 0 5.14 0.00 5.14 Success Yes
probportfolio 321 675.83 Success Yes 276  102.37 255.10 357.47 Success Yes
ranl3x13 339 992.48 Success Yes 0 9.76 0.00 9.76 Success Yes
control30-3-2-3 333 1250.47 Failed N.A. 171  345.81 338.36 684.17 Stall Yes
pigeon-08 345  1378.78 Success Yes 152 231.30 47.44  278.74 Success Yes

nsa 389 N.A. Out of Memory N.A. 96 123.16 27.10 150.27 Failed N.A.
gsvm?2rl5 402 N.A. Out of Memory N.A. 0 41.24 0.00 41.24 Success Yes
neos-3611689-kaihu 422 N.A. Out of Memory N.A. 0 14.37 0.00 14.37 Success Yes
neos-3610040-iskar 431 N.A. Out of Memory N.A. 0 13.51 0.00 13.51 Success Yes
supportcase26 437 N.A. Out of Memory N.A. 115  441.93 200.76  642.69 Success Yes
rlpl 462 N.A. Out of Memory N.A. 0 12.09 0.00 12.09 Success Yes
neos-3611447-jijia 473 N.A. Out of Memory N.A. 0 17.70 0.00 17.70 Success Yes
k16x240b 481 N.A. Out of Memory N.A. 0 17.60 0.00 17.60 Success Yes
nexp-50-20-1-1 491 N.A. Out of Memory N.A. 0 21.41 0.00 21.41 Success Yes
pigeon-10 491 N.A. Out of Memory N.A. 230 480.00 229.21  709.21 Success Yes
ranl12x21 505 N.A. Out of Memory N.A. 0 22.61 0.00 22.61 Success Yes
ranl4x18-disj-8 505 N.A. Out of Memory N.A. 0 46.34 0.00 46.34 Success Yes

Table 3: Algorithm performance on the Shor’s relaxation.
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Name The standard FRA The primal FRA
Size Time  Solver Status Slater condition | Size T Ty Time Solver Status  Slater condition

neos-5192052-neckar 25 0.02 Success Yes 0 0.09 0.00 0.09 Success Yes
grdx6 25 0.03 Success Yes 0 0.21 0.00 0.21 Success Yes
markshare-4-0 31 0.03 Success Yes 0 0.11 0.00 0.11 Success Yes
bienst1 29 0.04 Success Yes 0 0.18 0.00 0.18 Success Yes
markshare-5-0 41 0.07 Success Yes 0 0.17 0.00 0.17 Success Yes
bienst2 36 0.07 Success Yes 0 0.21 0.00 0.21 Success Yes
nsa 37 0.08 Success Yes 0 0.41 0.00 0.41 Success Yes
marksharel 51 0.12 Success Yes 0 0.22 0.00 0.22 Success Yes
osorio-cta 8 0.14 Success Yes 0 0.29 0.00 0.29 Success Yes
neosH 54 0.15 Success Yes 0 0.37 0.00 0.37 Success Yes
pkl 56 0.17 Success Yes 0 0.24 0.00 0.24 Success Yes
qiu 49 0.17 Success Yes 0 0.60 0.00 0.60 Success Yes
newdano 57 0.24 Success Yes 0 0.31 0.00 0.31 Success Yes
markshare2 61 0.25 Success Yes 0 0.29 0.00 0.29 Success Yes
gsvm?2rl3 61 0.28 Success Yes 0 0.81 0.00 0.81 Success Yes
fastxgemm-n2r7s4tl 57 0.30 Failed N.A. 0 7.21 0.00 7.21 Success Yes
neos-3754480-nidda 51 0.34 Stall Yes 0 0.28 0.00 0.28 Success Yes
fastxgemm-n2r6s0t2 49 0.42 Failed N.A. 0 3.27 0.00 3.27 Success Yes
istanbul-no-cutoff 31 0.45 Success Yes 1 25.42 0.15 25.58 Success Yes
neos-2978193-inde 65 0.50 Success Yes 0 1.76 0.00 1.76 Success Yes
danoint 57 0.55 Success Yes 0 46.53 0.00 46.53 Success Yes
neos-3610051-istra 7 0.83 Success Yes 0 0.83 0.00 0.83 Success Yes
neos-3610173-itata 78 0.96 Success Yes 0 0.64 0.00 0.64 Success Yes
neos-5100895-inster 57 0.97 Failed N.A. 34 61.82 0.74 62.57 Stall Yes
demulti 76 1.07 Stall Yes 6 1.08 0.02 1.10 Stall Yes
neos-807639 81 1.25 Success Yes 51 10.28 0.37 10.65 Success Yes
neos-3610040-iskar 86 1.26 Success Yes 0 0.78 0.00 0.78 Success Yes
neos-3611447-jijia 86 1.31 Success Yes 0 0.74 0.00 0.74 Success Yes
b-ball 89 1.32 Success Yes 0 0.60 0.00 0.60 Success Yes
neos-3611689-kaihu 89 1.57 Success Yes 0 0.80 0.00 0.80 Success Yes
gsvm?2rl5 101 2.04 Success Yes 0 2.20 0.00 2.20 Success Yes
rmatr100-p10 101 2.41 Success Yes 0 2.99 0.00 2.99 Success Yes
rmatr100-p5 101 2.52 Success Yes 0 4.43 0.00 4.43 Success Yes
g 101 2.61 Success Yes 0 3.33 0.00 3.33 Success Yes
pgbh-34 101 2.63 Success Yes 0 1.18 0.00 1.18 Success Yes
control30-3-2-3 91 2.79 Failed N.A. 0 0.94 0.00 0.94 Success Yes
mod011 97 2.92 Stall Yes 0 4.84 0.00 4.84 Success Yes
app3 101 3.79 Stall Yes 4 3.93 0.04 3.97 Stall Yes
milo-v13-4-3d-3-0 121 5.70 Success Yes 94 130.06 10.84  140.90 Success Yes
assignl-5-8 131 6.24 Success Yes 0 0.86 0.00 0.86 Success Yes
neos-1396125 130 7.52 Success Yes 45 132.02 5.60 137.62 Success Yes
neos-3660371-kurow 145 9.08 Success Yes 44 44.62 1.89 46.50 Success Yes
mas74 151 10.76 Success Yes 0 0.86 0.00 0.86 Success Yes
v150d30-2hopcds 151 12.77 Success No 0 12.48 0.00 12.48 Success Yes
prodl 150  12.77 Success Yes 25 9.69 0.21 9.89 Success Yes

Table 4: Algorithm performance on the variant of Shor’s relaxation (1).
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The standard FRA

The primal FRA

Name Size Time Solver Status Slater condition | Size Ty Ty Time Solver Status  Slater condition
mas76 151 12.87 Success Yes 0 0.91 0.00 0.91 Success Yes
neos-1430701 157 15.42 Success Yes 0 0.98 0.00 0.98 Success Yes
milo-v13-4-3d-4-0 161 17.15 Success Yes 127  170.50 33.47 203.97 Success Yes
ran13x13 170 21.13 Success Yes 0 1.66 0.00 1.66 Success Yes
neos-5140963-mincio 184 28.53 Success Yes 28 19.68 1.39 21.07 Success Yes
binkar10-1 171 29.58 Success Yes 0 6.02 0.00 6.02 Success Yes
neos-480878 190 40.88 Success Yes 0 4.06 0.00 4.06 Success Yes
gsvm2rl9 201 43.17 Success Yes 0 19.21 0.00 19.21 Success Yes
neos-3372571-onahau | 186 50.14 Success Yes 75 129.53 2.55 132.08 Success Yes
prod2 201 50.34 Success Yes 24 26.39 0.58 26.97 Success Yes
2club200v15pbscn 201 51.92 Success Yes 0 12.79 0.00 12.79 Success Yes
a2clsl 193 53.84 Success Yes 0 51.63 0.00 51.63 Success Yes
rmatr200-p20 201 60.34 Success Yes 0 44.75 0.00 44.75 Success Yes
p0201 202 61.80 Stall Yes 62 2.60 6.84 9.44 Stall Yes
glass-sc 215 61.81 Success Yes 0 13.73 0.00 13.73 Success Yes
alclsl 193 63.23 Stall Yes 0 98.01 0.00 98.01 Success Yes
van 193 63.39 Success Yes 0 192.59 0.00 192.59 Success Yes
mad 201 64.73 Failed N.A. 0 2.09 0.00 2.09 Success Yes
iis-glass-cov 215 65.10 Success Yes 0 13.49 0.00 13.49 Success Yes
bgh12142 241 107.76 Success No 0 15.50 0.00 15.50 Success Yes
k16x240b 241 111.30 Success Yes 0 13.37 0.00 13.37 Success Yes
exp-1-500-5-5 251 141.01 Success Yes 0 4.73 0.00 4.73 Success Yes
neos-2629914-sudost 257 144.15 Success Yes 0 10.33 0.00 10.33 Success Yes
ranl2x21 253 146.42 Success Yes 0 4.09 0.00 4.09 Success Yes
nexp-50-20-1-1 246 149.11 Success No 0 3.99 0.00 3.99 Success Yes
ranl4x18-disj-8 253 161.37 Success Yes 0 6.32 0.00 6.32 Success Yes
bcl 253 199.75 Failed N.A. 0 134.63 0.00 134.63 Success Yes
pigeon-08 273 220.45 Success Yes 152 20.96 26.41 47.37 Failed N.A.
supportcasel4 305 348.73 Success No 201 7.23 116.14  123.37 Success No
supportcasel6 320 444.53 Success No 217 8.05 139.63  147.69 Success No
probportfolio 301 457.84 Success Yes 165  278.27 44.37 322.64 Success Yes
b2clsl 289 466.11 Success Yes 0 180.33 0.00 180.33 Success Yes
neos17 301 493.37 Success Yes 0 5.45 0.00 5.45 Success Yes
iis-hc-cov 298 508.35 Failed N.A. 0 18.16 0.00 18.16 Success Yes
blclsl 289 525.80 Stall Yes 0 169.96 0.00 169.96 Success Yes
neos-3665875-lesum 321 597.45 Success Yes 157  325.58 177.87  503.46 Success Yes
sp150x300d 301 847.32 Stall Yes 29 39.87 0.54 40.40 Stall Yes
neos-5188808-nattai 289 963.47 Stall Yes 188  292.83 550.53 843.37 Stall Yes
r50x360 361 1000.67 Success Yes 1 19.99 0.23 20.22 Success Yes
tr12-30 361 1052.19 Success Yes 8 32.87 0.29 33.16 Success Yes
neos-1442119 365 1109.93 Success Yes 0 7.24 0.00 7.24 Success Yes
uct-subprob 380  2093.29 Stall Yes 0 8.13 0.00 8.13 Success Yes
supportcase26 397 N.A. Out of Memory N.A. 55 400.32  24.59  424.92 Success Yes
pigeon-10 401 N.A. Out of Memory N.A. 230 177.04 103.54 280.58 Success Yes
aflow30a 422 N.A. Out of Memory N.A. 0 87.06 0.00 87.06 Success Yes

Table 5: Algorithm performance on the variant of Shor’s relaxation (2).
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A Further Results on Solving the SDP Relaxation

The primary focus of this work is the preprocessing stage—specifically, solving the FR
auxiliary problem efficiently. The effectiveness of the proposed primal FRA in this regard
has already been demonstrated in the previous section. In this subsection, we present
supplementary numerical results comparing the DNN relaxation and its facially reduced
formulation.

While the advantages of solving facially reduced SDP relaxations are well established
in the literature, this approach is not without criticism. Key concerns include potential
loss of sparsity and the introduction of numerical issues during the reformulation process.
These challenges often necessitate problem-specific strategies and fine-tuning to fully
realize the benefits of facial reduction. Indeed, most numerical experiments on SDP
methods are conducted on instances where SDP formulations are known to perform well
and can be regularized into stable forms—e.g., the Max-Cut problem, maximum stable
set, and quadratic assignment problem. A detailed treatment of such implementations
for the benchmark instances in MIPLIB lies beyond the scope of this paper.

Nevertheless, the supplementary results in Table 6 empirically confirm that facial re-
duction enhances numerical stability in practice. When solving the original DNN relax-
ations, the solver encountered numerical difficulties or failed to return reliable solutions
for all eight instances. In contrast, the facially reduced DNN formulations exhibited
greater robustness, successfully solving four of these cases. Although the problem size is
reduced after facial reduction, the total runtime can sometimes increase due to the afore-
mentioned loss of sparsity. Addressing this trade-off often requires customized solutions
depending on the problem structure.

Table 6 also confirms that MIQP problems are significantly more expensive to solve
than MILP problems. Thus, when applying the SDP approach to solve an MIQP, it is
reasonable to rely on MILP solvers to help regularize the SDP relaxation. This is the key
idea behind the primal FRA.

Each row in Table 6 contains the following information:

1. Size: the order of the matrix variable in the DNN relaxation.

2. L.B.: the lower bound obtained from solving the relaxation. In theory, the original
relaxation and its facially reduced counterpart are equivalent and should produce
the same bound, assuming both are solved correctly. In practice, however, especially
for the original formulation, failure to satisfy Slater’s condition may impair bound
quality.

3. Time: the computational time required to solve the relaxation.

4. Solver Status: solver status as reported by MOSEK using the same categorization
as in Table 2—Success, Stall, or Fuail.

5. U.B.: the best upper bound obtained by Gurobi within a 600-second time limit.
6. Time (Gurobi): the computational time used by Gurobi.

7. Status (Gurobi): the termination status reported by Gurobi.
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DNN Relaxation

Facially Reduced DNN Relaxation

Gurobi

Name Size L.B. Time Status | Size L.B. Time Status U.B. Time Status
markshare-4-0 34 NA 0.14 Failed 31 30.46 1.33 Stall 65.85 91.29 Optimal
markshare-5-0 45 NA 0.22 Failed 41 NA 2.58 Failed 235.41 600.02 Time limit

grax6 48 2863.42 0.34 Stall 40 2863.83 0.77 Success 3022.17 1.39 Optimal

marksharel 62 NA 0.61 Failed 51 109.16 6.64 Stall 2097.72 924.47 Time limit
markshare2 74 NA 1.76 Failed 61 178.57 32.84 Stall 9850.66 970.81 Time limit

pkl 86 NA 2.58 Failed 72 146.58 18.54 Success 4293.04 1005.76  Time limit

b-ball 100 887.75 10.18 Stall 82 887.83 30.04 Success 986.56 978.20 Time limit

assignl-5-8 156  2076.92 70.88 Stall 127 NA 683.04 Failed 16614.17 1031.83  Time limit
neos-5192052-neckar 180 NA 100.61  Failed 161 NA 279.05 Failed 0.00 0.04 Optimal

neos-5140963-mincio | 196 19.45 158.99 Stall 170 19.61 1782.07  Success 1546.53 2464.42  Time limit

Table 6: Comparison between the original DNN relaxation and its facially reduced for-

mulation
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