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OPTIMAL TRANSPORT ON LIE GROUP ORBITS

BAHAR TASKESEN

ABSTRACT. In its most general form, the optimal transport problem is an
infinite-dimensional optimization problem, yet certain notable instances ad-
mit closed-form solutions. We identify the common source of this tractability
as symmetry and formalize it using Lie group theory. Fixing a Lie group action
on the outcome space and a reference distribution, we study optimal transport
between measures lying on the same Lie group orbit of the reference distribu-
tion. In this setting, the Monge problem admits an explicit upper bound given
by an optimization over the stabilizer subgroup of the reference distribution.
The reduced problem’s dimension scales with that of the stabilizing subgroup
and, in the tractable cases we study, is either zero or finite. Under mild regu-
larity conditions, a simple algebraic certificate, verified at an optimizer of the
reduced problem, ensures tightness of the upper bound for both the Monge
and Kantorovich formulations, with the optimal map realized by a single group
element. This orbit-based viewpoint unifies known closed-form solutions, such
as those for one-dimensional and elliptical distributions, and yields a new one
for optimal transport between Wishart distributions.

1. INTRODUCTION

Originating in the seminal work of Monge (1781) and later given its analytic
form by Kantorovich (1942), the optimal transport problem seeks the minimal to-
tal cost of transforming one probability measure into another with respect to a
prescribed transportation cost function defined on the underlying space. When
both probability measures are discrete and explicitly specified by enumerating
their atoms and associated probabilities, the optimal transport problem reduces
to a finite-dimensional linear program. Thus, classical polynomial-time algorithms
(e.g., interior-point methods (Karmarkar, 1984)) provide efficient solutions whose
complexity scales polynomially with the input size. In sharp contrast, when dis-
crete measures have implicitly defined supports, such as when distributions factor-
ize across multiple dimensions, the number of atoms can grow exponentially with
the dimension, resulting in a problem that remains polynomially describable yet is
provably #P-hard (Taskesen et al., 2023b). Likewise, the optimal transport prob-
lem between a generic (possibly continuous) measure and a discrete measure is also
known to be #P-hard (Tasgkesen et al., 2023a). When both probability measures
are continuous, the optimal transport problem manifests as an infinite-dimensional
linear program. Following the previously observed complexity trend, one might
naturally conjecture that the complexity of optimal transport between two contin-
uous measures, each having infinitely many atoms, would be equally formidable.
Curiously, however, certain instances of the optimal transport problem between con-
tinuous probability measures admit explicit closed-form solutions, rendering these
problems uniquely tractable despite their inherently infinite-dimensional structure.
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Early breakthroughs showed that infinite-dimensionality need not preclude an-
alytic tractability. In one dimension, Dall’Aglio (1956) showed that the optimal
transport problem when induced by any power of absolute difference cost is available
in closed form in terms of the quantile functions of the marginals. For multivari-
ate Gaussian distributions, Dowson and Landau (1982) and Olkin and Pukelsheim
(1982) derived an explicit solution for the optimal transport problem induced by
the quadratic cost function in terms of the means and covariance matrices. Gelbrich
(1990) then generalized this to the full class of elliptically contoured distributions,
yielding a single closed-form formula for the optimal transport problem and the
associated optimal solution. For a comprehensive survey of closed-form solutions
of optimal transport, see (Rachev and Riischendorf, 1998, §3).

Taken together, these instances appear disparate; it is not evident a priori why
an inherently infinite-dimensional problem should, in select cases, admit explicit
closed-form solutions. We show that the unifying reason is symmetry, and we use
Lie group theory to identify and exploit such symmetries between distributions.
Specifically, we fix a Lie group action on the outcome space and a reference distri-
bution, and study optimal transport between distributions lying on the same Lie
group orbit. This orbit perspective induces a natural equivalence among distribu-
tions, allowing familiar families to be recognized as members of a single Lie group
orbit. Our main result shows that, in this setting, the seemingly infinite-dimensional
optimal transport problem reduces to an upper bound given by an optimization
over the stabilizing subgroup of the reference law. The dimension of this reduced
problem scales with that of the stabilizing subgroup and, in the tractable cases we
study, is either zero or finite. Under mild conditions, a brief algebraic check turns
this bound into exact equality for both the Monge and Kantorovich formulations,
with the optimal transport realized by a single group element. This Lie-theoretic
viewpoint recovers classical formulas for one-dimensional monotone rearrangement,
elliptical families, and product distributions with coordinate-wise symmetries, and
yields a new closed-form solution for transport between two Wishart distributions.

Notation. For n € Ny, the ambient n-dimensional Euclidean space is denoted by
R™, and it is endowed with its Borel o-algebra B(R™), the Lebesgue measure £,
the Euclidean norm || - || and the standard inner product (-, ). Throughout, subsets
of R™ are equipped with the Borel o-algebra inherited from R". We write X for a
Polish subset of a finite-dimensional Euclidean space, in examples (with d € N5g),
X will be R?, the positive orthant Ri, or the cone of positive-definite matrices S‘i L
The identity map on X is denoted by idy : X — X, idy(x) = x for every x € X.
We write I for the d x d identity matrix and GL(d) = {A € R?*4 | det(A) # 0} for
the real general linear group. O(d) denotes the orthogonal group in dimension d. We
denote the set of real symmetric d x d matrices by Sym(d) = {H € R¥*? | HT = H}.
The Hadamard (element-wise) product is denoted by ©®. We denote by B(X) the
Borel o-algebra of X. P(X) denotes the set of Borel probability measures on
(X, B(X)). For a measurable cost function ¢: X x X — [0, oo] define

Po(X) = {MO € P(X) ‘ Jxy € X with /Xc(w,wo)duo(ac) < OO},

the class of c-integrable probability measures. For a Borel map 7' : X — X and
p € P(X), the push-forward Tiep € P(X) is defined by Tiuu(A) = p(T~1(A)) for
all A € B(X).
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2. PRELIMINARIES

This section introduces mass transportation problems and develops the Lie group
background needed for our main results.

2.1. Mass transportation problems. In his memoir, Monge (1781) formulated
the problem of transporting one distribution of mass into another at minimal cost.
Formally, given a Borel-measurable cost function ¢ : X x X - RU {+oco} and two
measures po, 1 € Pe(X), the Monge problem induced by cost function ¢ is defined
as

(MP) MC(HO):u/l) = inf / C(IB,T((B)) duO(m)a
TeT (nosp1) J x

where
T (po, 1) = {T : X — X Borel-measurable | Tiupo = p1}

is the set of admissible transport maps. If a map T* € T (uo,p1) attains the
infimum in (MP), then it is called an optimal Monge map between po and p;.

The admissible set 7 (o, 1) can be empty. For instance, if 119 has an atom while
1 is atomless, no measurable (deterministic) map can push pg to u1 because a map
cannot split mass. Even when 7 (o, 1) is nonempty, the constraint Ty = f1
of (MP) is non-convex. To see this suppose that po = p1 = U([0,1]). Now, let
Ti(z) = = and To(x) = 1 — z. Then, a simple calculation shows that T1,T €
T (o, p11). Their midpoint T = 0.5(T} + T) is the constant map sending every x to
1/2; that is, it pushes po to a Dirac measure 4, o, Typo = 01/2 # p1 implying that
T ¢ T(uo,p1). Thus the Monge problem is an infinite-dimensional optimization
over a generally nonconvex feasible set.

In 1942, Kantorovich (1942) introduced a convex relaxation of (MP) by replacing
maps with probability couplings. Given pg, u1 € P.(X), the Kantorovich problem
induced by cost function c is defined as

(KTP) K.(to, ) = inf / o(z, y)dT(z, y),
Tell(po,p1) Jxxx

where II(ug, 1) denotes the set of all probability measures on X' x X with first
marginal po and second marginal pq. If T* € II(ug, 1) solves (KKTP), then it
is called an optimal transportation plan between pg and p;. The optimization
in (KTP) is commonly called the optimal transport problem; to avoid ambiguity
we will refer to (KTP) as the Kantorovich problem and to (MP) as the Monge
problem.

The deterministic nature of the Monge problem is appealing as it yields an
explicit transport map that relocates mass without splitting it, in contrast to the
probabilistic transportation plans of the Kantorovich formulation in the form of
couplings. This brings interpretability and aligns with settings where splitting
is not physically meaningful or desirable (e.g., moving a pile of soil or routing
indivisible items). There is a tight connection between the Monge problem (MP)
and the Kantorovich problem (KKTP): whenever a Monge solution exists, and under
suitable regularity, an optimal Kantorovich plan concentrates on the graph of the
Monge map. Existence of Monge solutions for the quadratic cost on Euclidean
space was first developed in (Brenier, 1987; Riischendorf and Rachev, 1990); for
non-quadratic costs, existence was investigated in Riischendorf (1991); Smith and
Knott (1992); McCann (1995). One of the most general results linking Monge
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solutions to gradients of c-convex functions is due to Villani (2008). For ease of
reference, we now adapt (Villani, 2008, Theorem 10.28) to our notation and restate
it here. Before doing so, we record the regularity hypotheses on cost function ¢ and
recall the definition of c-convexity required by that theorem.

Assumption 1. The cost function ¢ : X x X — R U {+oo} is continuous and
bounded below. Additionally for every y € X, the map x — c(x,y) belongs to
CH(X), and for every ® € X the map y — Vgc(x,y) is injective.

Assumption 1 contains the twist condition (see (Villani, 2008, §10)): for each
fixed &, no two distinct targets y # ¥y’ yield the same x-gradient of the cost.
Geometrically, different destinations exert different first-order “forces” at a. For
the quadratic cost c(z,y) = ||z — y||?, we have Vg c(z,y) = 2(xz —y), so injectivity
in y is immediate; hence Assumption 1 holds.

Definition 1 (c-convexity). Suppose ¢ : X x X — (—o0, +00]. A function ¢ : X —
RU {400} is said to be c-convex if it is not identical to 400 everywhere, and there
exists ¢ : X — R U {£o0} such that

P(x) = sup ¢(y) — c(z,y) VaeX.
yeX

Note that for c(x,y) = (x,y) on R? x R%, a function is c-convex if and only if
it is lower semicontinuous and convex on R?. Moreover, for c¢(z,y) = ||z — y|?, ¥
is c-convex if and only if @ +— ¥(x) + ||z||? is convex. In particular, if 1 € C(X)
then this holds if and only if V2 (x) = —21I, for all x € X. We are now ready to
state (Villani, 2008, Theorem 10.28).

Theorem 2.1. Suppose ¢ : X x X — R U {400} satisfies Assumption 1 and
assume that any c-convex function is differentiable po-almost surely on its domain
of c-subdifferentiability. Let g, p1 € P.(X), then
(i) (KTP) admits a unique (in law) optimal transportation plan T* € I(uo, 11)-
(ii) There exists a unique Monge map T* : X — X solving (MP).
(iii) There exists a c-convex function ¢ such that

(%) Vzo(x) + Vee(e, T*(x)) =0 po-almost surely.
v 18 concentrated on the grap , that 1s, = (idy, Ho-
iv) I'™ 4 d h h T*, that is, T'* idy, T7) 4

For the quadratic cost ¢(z,y) = || — y||?, the hypothesis on c-convex differen-
tiability holds whenever pg < £™; (Villani, 2008, Example 10.36). Theorem 2.1
delineates conditions under which the Monge map is characterized via the gradient
condition (*).

2.2. Lie group theory. Originating with Lie (1891), Lie groups formalize contin-
uous symmetry, that is, they are groups that are simultaneously smooth manifolds,
with multiplication and inversion smooth. A canonical example is the circle (planar
rotations), where composition and inversion vary smoothly with the angle. In what
follows, we will review the minimal Lie-theoretic background used throughout; for
comprehensive treatments see (Duistermaat and Kolk, 2012; Hall, 2013; Boumal,
2023).

Definition 2 (Lie group). Let G be both a smooth manifold and a group with
operation . If the product map prod : G x G — G : (g,h) — prod(g,h) = g-h and
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the inverse map inv : G — G : g+ inv(g) = g~ ! are smooth, then G is a Lie group.
Smoothness of prod is understood with respect to the product manifold structure on

g xg.

We now illustrate Definition 2 with a standard example: the general linear group
GL(d). Note that determinant is a polynomial map, so GL(d) = det™ (R \ {0}) is
an open subset of RY. Hence, GL(d) is a smooth manifold of dimension d2. The
group operation is matrix multiplication and inversion. The multiplication map
prod : GL(d) x GL(d) — GL(d), with (A, B) — AB is smooth because each entry
of AB is a polynomial in the entries of A and B. The inverse map inv : GL(d) —
GL(d), with A — A™' is smooth on GL(d) since A~! = adj(A)/ det(A), where
adj(A) is polynomial in the entries of A and det(A) # 0 on GL(d). Thus both prod
and inv are smooth, so GL(d) is a Lie group. Many other familiar matrix groups
are Lie groups including O(d) and SL(d) = {A € R4 | det(A) = 1}; see (Hall,
2013, Chapter 1).

Definition 3 (Left-group action and orbit). Given a Lie group G and a manifold
M, a left-group action is a map ¢ : G x M — M such that:

(i) for allp € M, ¢(e,p) = p

(ii) for all g,h € G and p € M, ¢(g - h,p) = ¢(g,9(h, p)),
where e is the identity element of G. The orbit of p € M through the left-group
action ¢ of G is the set G, = {o(g,p) | g € G}.

Orbits induce an equivalence relation on M: declare p; and py equivalent when-
ever pa = ¢(g, p1) for some g € G. In other words, two points are equivalent if and
only if they lie on the same G-orbit.

3. DISTRIBUTIONS IN LIE GROUP ORBITS

We denote the infinite-dimensional group of all smooth diffeomorphisms of X’ by
Diff (X), defined as

Diff(X) = {®: X — X | @ is a C* bijection and &' is C*}

We regard diffeomorphisms as group elements, where the group operation is compo-
sition, the identity element is id x, and inversion is the usual map inverse. Through-
out the paper any subgroup G C Diff (X) is endowed with the group operation given
by composition of maps: (g1,92) — g1 © ga-

The goal of this paper is to identify when, and explain why optimal transport
admits closed-form solutions. Our guiding principle is symmetry, formalized via
Lie group actions. We show that many tractable instances occur when the source
and target measures lie in the same orbit of a group acting on the outcome space.
Accordingly, we begin by describing the push-forward action of subgroups of dif-
feomorphisms on probability measures, which lets us speak of orbits exactly as in
classical group actions, but now at the level of distributions.

Lemma 1. Let G C Diff(X) be a Lie group. Define

¢:GxP(X) = PX),  olg, 1) = gup.
Then, ¢ is a left-group action, that is, for all g,h € G and p € P(X),
(1) exp = p for every p € P(X), where e is the identity element of G.
(i) (goh)un = gu(hyp).
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Proof of Lemma 1. As g is Borel measurable, g4 is a Borel probability measure,
and guu(X) = pu(g~1(X)) = u(X) = 1. For any A € B(X), we have

(g0 h)gu(A) = n((goh)'(A))
=n(h™ (g7 (A)))
= hyn (971 (A)) = gx(hyn)(A),
which proves compatibility. The identity property follows from e~1(A) = A, hence
ey n(A) = pu(A). O

With this action in hand, we introduce the basic objects it generates.

Definition 4 (Orbit of a measure). Let G C Diff(X). For p € P(X), we define its
G-orbit as Gup = {gup | g € G} C P(X).

Thus two measures are equivalent if one is the push-forward of the other by some
geaqg.

Lemma 2 (Orbit measures remain absolutely continuous). If p < L", then for
every g € G we have gup < L™ and, for L™"-a.e. y € X,

dfigjnp) (y) = d(,lrfn (97 (y)) |det(Dg ™" ()],

where Dg=*(y) is the Jacobian matriz of g

! evaluated at y.
Proof of Lemma 2. Because g is a C'-diffeomorphism, the change-of-variables for-
mula results in the claimed density. (I

Definition 5 (Stabilizer subgroup). For a reference measure p € P(X), the stabi-
lizer of p inside G is Stabg(p) ={h € G | hyp = p}.

Thus Stabg(p) consists precisely of those group elements that leave the refer-
ence measure unchanged under the push-forward action (h, p) — hxp. Note that
Stabg(p) is non-empty as the identity element e of G already falls into Stabg(p).

With the action, orbits, and stabilizer in place, the subsequent section studies
the optimal transport problem between measures lying on a common orbit.

4. TRANSPORT OF DISTRIBUTIONS WITHIN LIE GROUP ORBITS

For the remainder of this paper, we fix a Lie group G C Diff(X) and a reference
probability measure p € P(X). We study the Monge transportation problem (MP)
induced by a Borel-measurable cost function ¢ : X x X — [0, +00], between two
measures in the orbit of p with finite c-moment, that is, ug, g1 € Gx(p) N P(X).
Equivalently, there exists go,g1 € G, such that py = goxp and pu; = gigp. We
assume p < L™, then by Lemma 2, pg and py are absolutely continuous as well,
and we write r; = du; /dL™ for their densities.

A crucial observation underpinning our analysis is that, while the Monge prob-
lem is typically an infinite-dimensional and notoriously challenging optimization
problem, a subtle algebraic structure emerges when the measures reside in a com-
mon G-orbit. First, although 7T (ug, 1) may be empty for arbitrary distributions,
when measures reside on a common orbit, then the group element T = g, o g, leg
satisfies Ty po = p1, so T (fo, 1) is not empty. Moreover, every admissible trans-
port admits a canonical factorization through the reference law: it can be pulled



OPTIMAL TRANSPORT ON LIE GROUP ORBITS 7

back to the p-coordinates. The next lemma formalizes this observation and serves
as our bridge from arbitrary transportation maps to p-preserving transformations.

Lemma 3. If a measurable map T : X — X satisfies Ty jio = 11, then the composite
H:gfloTogO s such that Hyp = p andT:gloHogal.

Proof of Lemma 3. Because go and g are diffeomorphisms, their inverses are mea-
surable. Then, by definition of the push-forward operator, for any A € B(X), we
have

Hyp(A) = p (HH(A) =p((95" 0T " 0 g1)(A))
= goup (T 0 g1)(A)) = po (T~ 0 g1)(A))
= Typo (91(A) = w1 (91(A)) = g1xp (91(A)) = p(A).
Hence, Hyp = p, and this proves the first assertion of the lemma. By definition,

gloHogo_l:glo(gl_loTogo)ogo_lzT.

This observation completes our proof. [

Lemma 3 shows that any admissible T € T (ug, 1) is obtained by lifting a p-
preserving transformation H and conjugating by go,g1. Thus the Monge search
can be viewed as a search over p-preserving maps on the reference space. If, in
addition, H lies in G, then H € Stabg(p). To systematically leverage this structure,
we introduce Lie group orbit transport problem between (go)xp and (g1)4p induced
by the cost function c as in the following:

(LGOP) Vegong) =, _int | clao(e). (910 m@)ipo).

Because (LGOP) searches only among measure preserving maps lying in G, the fea-
sible set of (LGOP) is contained in that of the Monge problem (MP). Consequently,
(LGOP) provides an upper bound on (MP); the first statement of Theorem 4.1 for-
malizes this claim. Moreover, if we denote by h* as an optimal solution of (LGOP),
then T* = gy o h* o go_1 belongs to T (uo, 1) by Lemma 3.

What characterizes a Monge map is the existence of a c-convex function such
that (%) holds true. Thus solving (MP) is equivalent to searching for a c-convex
function ¢ solving (x). When the cost function ¢ is smooth, differentiation of (x)
results in partial differential equation (PDE) of optimal transport (Villani, 2003,
§12). In special case of quadratic cost, solving (MP) is equivalent to searching for
a convex ¢ that solves an instance of the Monge-Ampere equation:

2 ro(x)
Aot (Vie() = - T,

which is a fully-non-linear elliptic PDE, and explicit solutions are rarely available.

In contrast to the computational burden of searching a c-convex function that
solves a non-linear PDE, verifying the existence of a c-convex potential that fulfills
(%) for T* = g1oh*og, ! becomes a direct algebraic check. We leverage this insight
to characterize precisely the conditions under which the Lie group orbit formula-
tion (LGOP) and the Monge problem (MP) coincide, thereby reducing solving a
non-linear PDE into an algebraic criterion once (LGOP) is solved. The following
theorem formalizes this correspondence and provides explicit criteria under which
the equivalence holds.
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Theorem 4.1. Problems (MP), (KTP) and (LGOP) satisfy the following proper-
ties.

(i) Me(pos p1) < Je(go, 91)-
(ii) If there exists h* solving (LGOP), then T* = gy o h* o gg'* € T (1o, pi1)-
(iii) If the cost function c satisfies Assumption 1, every c-convex function is dif-
ferentiable po-almost surely on its domain of c-subdifferentiability, and there
exists a c-convex function ¢ such that T* satisfies (%) po-almost surely, then
(a) Mc(po, 1) = Je(g0,91), and T solves (MP).
(b) Ke(uo, p1) = Je(g0,91), and T'* = (idx, T*)wpo solves (KTP).

Proof of Theorem /.1. We first show that (MP) provides a lower bound on (LGOP),
and this proves the first claim in the theorem statement. To this end, choose any
h feasible in (LCOP), and define T = g; o ho gy . By Lemma 3, T € T (uo, p1)-
We next verify that objective value attained by h in (LGOP) is equivalent to the
one attained by T in (MP):

/X (o), (g1 o h)(@))dp(x) = /X e(go(@), (91 0 97 o T 0 go) ())dp(a)
- /X c(go(@), (T o go)(@))dp()
_ /X o(@, T(2))dpo ().

Taking the infimum over h in both sides of the equality implies that (MP) provides
a lower bound on (LGOP). This observation proves assertion (i).

As any h € Stabg(p) satisfies hyp = p, assertion (ii) follows by Lemma 3.

In the remainder of the proof, assume that ¢ satisfies Assumption 1, and there
exists a c-convex function ¢ such that T* = gy o h* o g, ! satisfies () po-almost
surely. By Theorem 2.1, the Monge map is unique pg-a.e. and is characterized
by (x). Since T™ is admissible and satisfies the same first-order condition with a
c-convex potential, it coincides pp-a.e. with the Monge map and hence solves (MP).
Next, we relate its value to (LGOP):

M, (s, 1) = /X o, T* (2))dpuo()
_ /X e(go(x), (T* o go)(@))dp(x)

- /X (o)., (g1 0 1) (@))dp(@) = Te(go, 1),

where the second line uses pg = goxp, and the third uses the definition of 7 and
that h* solves (LGOP). This proves (iii) (a). Finally, Theorem 2.1 (iv) yields that
the optimal coupling is concentrated on the graph of T*, i.e., I'* = (idx, T%) 0,
proving (iii) (b). O

5. EXAMPLES

We illustrate how common distribution families arise as Lie group orbits and
when Theorem 4.1 yields an explicit Monge map. For each family of distributions,
we proceed in two steps:

(i) exhibit a reference measure p,
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(i) identify a finite-dimensional Lie group G C Diff(R?).

We then show that the orbit Gup coincides with the family and identify the sta-
bilizer subgroup Stabg(p). Throughout this section the ground cost is the squared
Euclidean norm. For every concrete orbit we therefore solve the reduced problem
(LGOP). Whenever this optimization admits an analytic minimizer, we construct
a candidate transportation map feasible for (MP), verify the existence of a c-convex
potential satisfying (¥), and conclude that (MP) and (LGOP) are equivalent, ob-
taining a closed-form solutions for the Monge problem (MP) and Kantorovich prob-
lem (KTP).

5.1. Non-degenerate multivariate Gaussian distributions: We denote the
multivariate Gaussian distribution with mean m € R? and covariance 3 € Si L by

N(m, ).
(i) We let the reference distribution to be the standard Normal distribution,
that is, p = N (04, I ;) with probability density function
r(a) = (2m) " exp (—1/2]]?) .
(ii) The acting group is the affine group:
Gart = { fim,a) 1 R 5 R | fim a)(z) =m+Az,meR" A e GL(d)},
with composition

(fim.a) © fim.2))(2) = fm.a) (M + Az) = m+ At + Az) = [\ am an)(2):

Lemma 4. For any ¥ € S¢ f(m)21/2)#p =N(m,X) and {gup | g € Garr} =
Nim,Z) | meR,Zesd, }.

Proof of Lemma /. For some m € RY and A € GL(d), we choose fom,a) € Gas,
then for every A € B(R?), we have

Fimo) g (A) = P E ) (A)
_ /Ar (f(;;A)(x)) |det(D S} 4 (x))|dz
= / T (A71($ —m)) |det(A™1)|dx
A

— / (271')*(1/2 exp (—]_/2(;13 _ m)T(AAT)il(;E _ m)) (det(AAT))fl/de’
A

where the first equality follows by the definition of the push-forward operator, the
second equality follows by the multivariate change-of-variables formula, the third
equality follows because f(;rlL,A) () = A~ (x —m) and Df(;i’A) () = A™'. The
final equality is due to definition of . The final representation above is the probabil-
ity density function of a Gaussian distribution with mean m and covariance AA "
evaluated at the point @, and thus we may conclude that f(m’A)#p = N(m, AAT).
This implies that {gxp | g € Gag} CN(m,X) | m € R%, X € S1, }. Conversely, for
any N (m,X) with ¥ € $%_, choose »1/2 € GL(d); then f(mwzl/Q)#p =N(m,X),
so the reverse inclusion holds. O

Lemma 5. The stabilizer of p = N(04,14) under Gag is Stabg, .. (p)= {f0.,qQ) |
Q € O(d)}.
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Proof of Lemma 5. Next, fix an orthogonal matrix Q@ € O(d) and consider the
group element f(o, @): 2 + Qz. Its inverse is f@i Q)(:c) = Q "z and det(Q) = £1

as Q € O(d). Applying the multivariate change-of-variables formula, for every
A € B(R?), we obtain

(f((th))# p(A) = p(f(:)i)Q) (-A))
:Ar(QTm)|det(QT)dw
- [ em e (<41Q7el?) o

— [ 20 exp (- Hal*) de = p(A)
A

where the third equality follows because Q' Q = I;. Hence, every f04.Q) leaves
p invariant, i.e., fo, Q) € Stabg,(p). Conversely, suppose fm a) € Stabg, (p).
Following the same reasoning in the proof of Lemma 4, f(m,A)#p = N(m, AAT).

As p = N(0g4,1,), uniqueness of Gaussian parameters forces m = 04 and AAT =
I,,i.e., A€ O(d). This proves the claim. O

Lemma 6. Suppose g; = f(m’_ s1/7) € Gagt for i = 0,1. Then, (LGOP) induced
by the cost function c(z,y) = || — y||* is solved by h* = fo,vuTy and admits the
following closed form expression
(1) Telgog) = o — ma* + Tr (8o + 2 - 2212021/ ?)

. . ) 1/2q1/2
where U and V are left and right singular-vector matrices of EO/ El/ .

Proof of Lemma 6. By Lemma 5, the stabilizer of p = N (04, I4) in the affine group

is Stabg . (p) = {hg : 2 = Qz | Q € O(d)}. With g;(z) = m,; + E;ﬂz, i=0,1,

and c(z,y) = ||x — y||?, we have

2
c ) = inf — h d
Telgogr) =, o Jnf /Rd 190(2) = (910 B)(2)|"dp(2)

= QL e [Hmo + 307z — (ma + E}ﬂQZ)Hz} ’

Next, set a = mg — m; and A = 2(13/2 - 21/2Q. Since E.~,[z] = 0 and
E.w,l22"] = I, we have

Ezvplla+ Az|*] = ||a]® + E.~, [ A2[P] = [la|® + Tx(AT A).
Hence

Te(g0,91) = Jin fImo —ma[* +Tr (25 - 217Q) " (=0 - 217Q)).

Using the cyclic property of the trace,
T (27 - 21°Q)T (5% - =12Q))
= Te(B0) — Tr(3y°£1%Q) - Tr(QT£,°5y%) + (Q 31 Q)
= Tr(Zo) + Te(Z1) — 2Tr(2/2Q%E?),
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where the second equality holds because Tr(Q ' 1 Q) = Tr(X;) and Tr(Zé/QZ}mQ) =
’IT(E}NQEé/Q) =Tr ((QTEi/ZEé/Z)T). Therefore, we arrive at

. 1/2 1/2
(2) Telgo. 1) = Jwmin W(Q) = lmo—rm[[*+Tr (So + $1) -2 e (z%Q=y?).

Next, we write the singular value decomposition of Eé/ 22}/ U AVT, where
A = diag(A1, ..., Aq) is a d-dimensional diagonal matrix and U,V € O(d). By the
von Neumann’s trace inequality, we have

d
(3) TH(E?QEy?) < [H(E1%QEY?)| < 3 ei(@)A = Tr(A),
i=1
where the last inequality follows because singular values of a square orthogonal
matrix are all equivalent to 1. Now, we set Q* = VU ". Next, evaluate

Te(2)2Q*S)?) = Tt(VUTUAV ") = Tr(A).

As Q™ attains the upper bound in (3), and Q* € O(d), it solves (2).
Next, we evaluate J.(go, g1):

J.(go,g1) = min ¥
(90, 91) ot Q)

= mo — mal]? + Tr (Zo + =1 - 25°Q 5?)
= |mo — ma|)? + Tr (20 +3 - 2(2}/2202}/2)1/2) :
where the last equality follows because

T(2}2Q %) = Tr(A) = Tr (VAUT)UAVT))2)
= (e Eyn) ) <1 (e ).

Finally, by definition of (LGOP), h* = f(o yvyT) solves (LGOP). O

Lemma 7. Suppose that gi = f, . /2y € Gagr for i =0,1 and c(z,y) = ||z —y|>.

Then, T* = g10h*o gal, where h* is as defined in Lemma 6, admits the following
form

(4) T*(x)=mi+T(x—mg), where T =3;"*S?m,x)/?)/2s12,

Additionally, T* satisfies (x) for some c-convex function .

Proof of Lemma 7. We write the singular value decomposition of M = E(l)/ 221/ % as
UAVT, where A is a d-dimensional diagonal matrix. By Lemma 6, h* = f(OyUT)
and as T* = gy o h* oggl, we have

T*(x) = my + T(x —my),
where T = 2/°VUTS;"%. Multiply both sides of T' by 2¢/* and refer to the

resulting matrix as C"

C=3"Tsl*=MVUT =UAU".
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Noting that MM ' = S}/*°5,8? = UA?UT and C* = UA*UT, we may
conclude that C' = (23/221 2(1)/2)1/2. All in all, we can express T' as
T =3,"’cz,"? =577z s, 5% 22, V2

Recall that 3y > 0, and thus 2(1)/2212(1)/2 > 0 as similarity transformations

preserve eigenvalues. Additionally, (Eé/ 2212(1)/ 2)1/ 2~ 0 as matrix square root
preserves positive definiteness. Finally, because X vz 0, T > 0.
Next, define ¢(x) = —||z||* + 2m | x + (£ — my) 'T(x — my) and evaluate its

gradient

Veo(x) = —2x + 2my + 2T (xz — my).
Because T = 0, VZp(x) = —2I4 + 2T = —2I,;. Consequently, by (Villani, 2008,
Example 13.6) ¢ is a c-convex function. Next, we evaluate (¥):

-2z +2mq + 2T (x — mp) + 2(x — T*(x)) =0

Hence, the criteria in () is satisfied, and this observation completes our proof. O

Theorem 5.1. Suppose that p; = N(m;, ;) for some m; € R% and X; € Sle_,
i=0,1, and c(z,y) = ||z — y||*>. Then, we have

(1) Mc(po, p1) = Je(go, 91), and T* as expressed in (1) solves (MP),
(11) KC(MO7M1) = J]C(gO7gl)7 and (ldX7T*)#:u0 solves (KIP);
where g; = f(m, s1/2) € Gasr -

Proof of Theorem 5.1. By Lemma 4, we have f(m' 5172 #p = u; for i = 0,1; hence

)
Hos pi1 € Gaggp. Define T = gy o h* ogo_l, where h* is the map in Lemma 6. Then,
by Lemma 7, T* satisfies the requirement in Theorem 4.1 (iii). Consequently, the
assertions (i) and (ii) follow directly from Theorem 4.1 (iii)-(a) and (iii)-(b). O

Theorem 5.1 recovers the closed-form solutions provided in (Olkin and Pukelsheim,
1982; Dowson and Landau, 1982; Gelbrich, 1990) from the Lie group viewpoint.

Remark 1 (Degenerate Gaussian distributions). The affine-orbit argument in §5.1
uses GL(d), hence it assumes 3; > 0. If 3; = 0, then u; is singular (supported on a
proper affine subspace), so a diffeomorphism-based action cannot produce such mea-
sures, and the Monge-map existence result we invoke, which requires absolute con-
tinuity, need not apply. Nevertheless, the closed-form value in (1) extends continu-
ously to X3; = 0: the the principal square-root map A AY2 s continuous on S‘i,

and trace and matriz products are continuous. Thus, writing EEE) =3%;,4+¢cl -0,

the value at EEE) converges to the same expression with 3; as € | 0. In particular,
(1) remains valid for semidefinite covariances, although a Monge map in Diff(R?)
may fail to exist.

Remark 2 (Elliptical families as an affine orbit). A random vector = € R? has an
elliptical distribution with characteristic generator ¢ : Ry — R if its characteristic
function is exp(it'm)s(t' St), for some location m € R? and dispersion S € S1_;
and we write * ~ E.(m,S). When ¢'(0) exists and finite, then the covariance
matriz of & ~ E.(m, S), satisfies Cov(E.(m, S)) = (—2¢'(0))S. Reparameterizing
the generator ¢ as <(s) = <(s/(—2¢'(0))) yields Cov(Es(m,S)) = S. With p =
E:(04,14), the affine orbit equals the entire elliptical family (with positive definite
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dispersion matrices) sharing the generator:
{940 | 9 € Gagt} = {Ec(m,S) [m e R%, S €S9 }.

Consequently, the Gaussian orbit calculation in Section 5.1 carries over verbatim,
yielding the same closed-form value and optimal map in Theorem 5.1 for any two
members of the elliptical family with generator ¢ that has finite c-moments. This
recovers (Gelbrich, 1990, Theorem 2.1) from the Lie group perspective.

5.2. Wishart distributions. The d-dimensional Wishart family is parameterized
by a scale matrix 3 € S‘i . and degrees of freedom p. We denote this distribution by
Wa(2, p). The support of the Wishart distribution consists of positive semidefinite
matrices. The probability density function of a random matrix X ~ Wy (X, p) is
given by:

det(X)pde?1 exp (—Tr(Z7'X)/2)

2% det(2)5Tq (4)

where T'y(+) is the multivariate gamma function. When d = 1, the Wishart distri-
bution is a scaled y2-distribution with p degrees of freedom and scale parameter
¥ > 0. We assume that p > d, and thus by (Muirhead, 2009, Theorem 3.1.4),
support of W,4(33,p) is S‘Lr.

X —

)

(i) We select the reference measure as p = Wy(I4,p) with density r.
(ii) The acting group is the congruence action:

Geong = {fc:8%, =8¢, | fa(Z2) =GZGT,G € GL(d)}
with composition

(faofu)(2)=[c(HZH')=GHZH'G' = fou(Z).
The identity element of the group is fr,.

Lemma 8. For any ¥ € S4 fsi2yp = Wa(2,p) and {ggp | 9 € Geong} =
Wa(Z,p) | € SiJr} .

Proof. Now, let G € GL(d), then for every A € B(S% ), we have
(faur) (A) = p(f'(A))
= / (f&' (X)) |[det(Dfg! (X)) aX

r
A

det (G’lXG’T>
-/,

p—d—1
" oxp(- T(GGT)1X) /2)

2%Tq ()

_/ det(X) "7 exp (-1 Tr(Z71X))

A 2% det(X) 5T, (2)

where ¥ = GG and the first equality follows by definition of the push-forward

operator. The second equality follows by the change-of-variables formula. The

third equality follows because f'(X) = G~ 'X G~ " and its Jacobian determinant

on S, is [det(Df5'(X))| = |det(G)|~ 4TV, Thus, we may conclude that fgup =
Wa(2, p), implying that

{940 | 9 € Geong} € Wa(Z,p) | T €S%,},

|det(@)|~TVax

dx,
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so every Wishart distribution with degree of freedom p is the push-forward of the
reference density p by a congruence map. Conversely, for every 3 € Si L, we
have fsi/2,p = Wa(X,p). Thus, every Wishart distribution W, (X2, p) is exactly
represented by a congruence push-forward of the reference measure p. Therefore,
the reverse inclusion holds:

Wa(,p) | £ €8L,} C {940 | 9 € Geong}-
Hence, the whole Wishart family with degree of freedom p is an orbit of p. O

Lemma 9. The stabilizer of p = Wa(Ia,p) under Geong is Stabg,,.(p) = {fa |
G e O(d)}.

Proof of Lemma 9. Let G € O(d), so G' G = Iz and det(G) = +1. For any Borel
set A C Si 1, the change-of-variables formula for the congruence map yields

<ﬂﬁ#MAw3Arozwxnwhuu@%X»mx,

where r is the density of p. Because f&l(X ) = G'X G, a simple calculation
reveals 7(f5' (X)) = r(X). Noting that |det(Dfg'(X))| = |det(G)|~¢F) = 1
since | det(G)| = 1, we conclude that (fg)xp = p, so fa € Stab(p), which implies

[fo: G € O(d)} C Stabg,,, (o).
Conversely, suppose fg € Stabg, . (p) for some G € GL(d). Writing A for
Lebesgue measure on Sym(d) restricted to Si 4, the change-of-variables identity
gives
r (G’lXG’T) ldet(Df5 (X))| = r(X)  Aae X €S,
where fg'(X) =G 'XG ™" and |det(Dfg" (X))| = | det(G)|~¢+Y). Using
det(GT'XG™T) = det(X)| det(G)| 2
and cancelling the common normalizing factor 2~9/2Ty(p/2)~!, we obtain
| det(G)|~P exp(—% Tr((GGT)_1 - Id)X) =1 Nae X €S%,.
Both sides are continuous in X, hence the identity holds for all X € Si 4. Taking
X =tI; with t > 0 gives
(5) | det(G)| P exp (_g(ﬂ((GGT)—l) - d)) =1 forallt>0.
Letting ¢ — 0% in (5) yields |det(G)|™? = 1, so |det(G)| = 1. Differentiating
(5) at t = 0 gives Tr((GGT)™') = d. Set & = GG > 0; then det(X) = 1 and
Tr(X7!) = d. By AM-GM on the eigenvalues of ™!, equality forces £~ = I,
hence ¥ = I,. Therefore GG' = I, ie., G € O(d). Combining both directions
concludes our proof. O
Lemma 10. For some U,V € R¥™? we have
Ex,[To(UXVX)] =pTr(U) Te(V) + pTe(UV ") + p> Tr(UV),
where p = Waq(I4,p).
Proof of Lemma 10. Suppose that X ~ p, then X is in the following form

X =2Z"Z, where Z = [z1,...,2,) €RP*? 2, "K' N(0,1,).
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Next, we insert X = zZ'z twice,
TH(UXVX)=T(UZ'ZVZ'2Z).
Because the trace is invariant under cyclic permutations,
T(UZ'ZVZ'Z)=T(ZUZ"'ZVZ").
Then
(ZUZ ") =2]Uz;,  (ZVZ" ) = 2/ V 2z
Hence the matrix product inside the trace has (k, £) entry (2] Uz)(z/} V). Sum-
ming these diagonal entries yields

p P
r(UXVX) ZZ 2L Vz) (2, Uzy) = Z Ty,

p
k=1¢=1 k=1
where we set
T]M: (zzvzé)(zZUzk)v ]{,EE {laap}
Note that Ty, = z,—';Vzkz;—Uzk, then we have
d

Thy = E 2,0 Vab 2k, b2k, cUce 2k e

a=1,b=1,
c=1l,e=1

By Isserlis’s theorem (Isserlis, 1918), for z ~ A (04, I4), we have
Elzazb2c2e] = Elza2b)El2c2e] + Elzazc|Elzb2e] + Elzaze | E[2p2c)
- 5ab5ce + 5a05be + 50.6517C7

5ab:{1 ifa:b.,

0 otherwise,

where

and the second equality above holds because E[z,2p] is equivalent to 1 if a = b and
0, otherwise. Equipped with this formulation, we evaluate the expectation of Tky:

Tkk Z VabUce ab(sce + 6a05be + 6ae(5bc)

7
c=1 ,P:

d d d d
=22 Vealleet 2D abUab+ZZVabme
a=1c=1 a=1b=1

a=1b=1

where the first term above is equivalent to Tr(V) Tr(U), the second term Tr(UV ")
and the last term is equivalent to Tr(UV'), implying

E[Ti] = Tr(U) Te(V) + Te(UV ") + Tr(UV).

Because there are p diagonal indices k = 1,.. ., p, the total diagonal contribution
of Tyx to E[Tr(UXV X)] is

p (Tr(U) T (V) + THUV ) + Tr(UV)) ‘
Now, we will evaluate E[T,] when k # ¢. Independence of zj and z, yields
E[Ty] = Te(UV),
and there are p(p — 1) such ordered pairs, contributing p(p — 1) Tr(UV).
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Finally, adding diagonal and off-diagonal parts,
Ex, Tt(UXVX)| =pTe(U) Te(V) + pTe(UV ") + pTr(UV)
+p(p—1)Tr(UV)
=pTr(U)Te(V) +pTe(UV ") + p? Te(UV).

This observation completes our proof. O

Theorem 5.2. Suppose g; = fg1/2 € Geong for i = 0,1. Then, orbit transport

problem in (LGOP) induced by the cost function ¢(X,Y) = || X — Y ||% admits the
following closed form expression

Te(go, 91) = p (Tr(Bo)? + Tr(21)? — 2Tr(A)? — 2 Tr(A?)) —
2p? Tr(20%1) + p(p + 1) (Te(2) + Tr(21)) -
Moreover, h* = fyuT solves (LGOP), where 2(1)/221/2 has the singular value
decomposition 2(1)/221/2 =UAV'.
Proof of Theorem 5.2. By Lemma 8, problem in (LGOP) is equivalent to
(6) min V(Q),

QeO(d)
where

¥(Q) = Ex~, |IZ° X5y - £°QxQ = ).

For brevity of expression, momentarily we define Y (X) = E(l)/ .6 2(1)/ ? and
Z(X) = E}/QQXQTZ}/? Note that Y (X),Z(X) € S, and we can rewrite
7 (Q) as
(7) U(Q) = Ex~p[Tr(Y(X)?) + Tr(Z(X)?) — 2 Te(Y (X) Z(X))]-

By plugging in the expression of Y, first term in (7) reads
(8) Ex,[Tr(Y(X)?)] = Ex~)[Tr(Z0 X 2o X)] = pTr(Z0)? + p(p + 1) Tr(Z3),

where the second equality follows by Lemma 10.
Similarly, by plugging in the definition of Z, the second term in (7), we have

(9) Exp[TH(Z(X)?)] = pTe(S1)? + plp + 1) Te(S2).
Finally, the third term in (7) reads
Exp [Tr(Y (X) Z(X)] = Ex [Tr(25* X 2g/° 51 QX QT 21?)]
=Ex,[Tr(XMQXQ 'M")]

(10) =pTr(MQ)* + pTe(MQMQ) + p* Te(MM ")
<pTr(A)? +pTr(MQMQ) + p° Tr(So 1)
(11) <pTr(A)? + pTr(A?) + p? Tr(ZoX).

where M = 2(1)/221/2, and its singular value decomposition is M = UAV . The
third equality follows by Lemma 10. The first inequality follows by von Neumann’s
trace inequality and the second inequality follows by Cauchy-Schwarz. Next, we
will set Q to Q* = VU " and evaluate (10):

pTr(UAV VU ) + pTe(UAV VU UAVTVU ) + p? Te((S/221/%)2),
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which is equivalent to the upper bound on (11) because U'U = V'V = I;. As
Q" € O(d), Q" solves (6). Finally, combination of (8), (9), (11) results in

in Jo(go,g1,h
Sty (0 L9091

=p (Tr(Bo)? + Tr(X1)? — 2Tr(A)? — 2Tr(A?)) — 2p* Tr(ZoZ1)+
plp +1) (Tr(Z5) + Te(2D)) -

This observation concludes our proof. O

Lemma 11. Suppose gi = fg1/2 € Geong for i = 0,1 and ¢(X,Y) = [| X — Y|2.
Then T* = g1 Oh*ogal, where ;L* is as defined in Theorem 5.2, admits the following
form

(12)  TX)=TXT", where T =3;"*E)*s,z)/*)V2s;"2
Additionally, T* satisfies (x) for some c-convex function .

Proof of Lemma 11. We write the singular value decomposition of M = 25/221/2 =
UAV" where A is a d-dimensional diagonal matrix. By Theorem 5.2, h* = fovum)
and as T* = gy o h* o g; !, we have T*(X) = TXT", where T = £,/°VU 5, /%,
Similarly to the proof Lemma 6, one can show that T' = 251/2(2(1)/221 2(1)/2)1/2251/2
and T is a symmetric matrix satisfying T" > 0. Next, define

p(X) =T(TXT'X) - | X|3

and as T is symmetric positive definite, we have Vxp(X) = 2T'X T —2X. Next,
we evaluate (x):

OTXT' —2X +2(X —T*(X))=0.
AsT + 0, Vio(X)[H] =2THT — 2H for H € Sym(d). Note that
(H,(Vxp(X)(H) + 2Isym()) = (H,2THT) = 2|T"*HT" |3 > 0,

where I'sy,(q) is the identity operator on Sym(d). Consequently, by (Villani, 2008,
Example 13.6) ¢ is c-convex. Hence, the optimality criteria in () is satisfied by
T*, and this observation completes our proof. O

Theorem 5.3. Suppose that p; = Wq(Z;,p) for some X; € S‘Lr, i =20,1, and
o(X,Y)=|X —Y|%. Then, we have

(i) Mc(po, p1) = Je(go, g1) and T* as expressed in (12) solves (MP),

(i) Ke(po, p1) = Jc(go, 91) and (idx, T*)po solves (KTP),

where g; = fz;/z € Geong fori=0,1.

Proof of Theorem 5.5. By Lemma 8, we have (fg1/2)4p = p; for i = 0,1; hence
Lo, U1 € gcong#p. Define T* = gy o h* o ggl, where h* is the map in Theorem 5.2.
Then, by Lemma 11, T* satisfies the requirement in Theorem 4.1 (iii). Hence,
the assertions (i) and (ii) follow directly from Theorem 4.1 (iii)-(a) and (iii)-(b),
respectively. O

Wishart laws are not elliptical and they arise from congruence, not affine, symme-
tries. To our knowledge, a closed-form solution for the optimal transport problem
induced by the squared-Frobenius norm between two Wishart distributions sharing
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the same degrees-of-freedom parameter has not previously appeared in the litera-
ture.

5.3. Product of Exponential distributions: Probability density function of the
exponential distribution with rate parameter 8 > 0 denoted by Exp(3) is

x +— fexp(—Lz)l,so.
(i) We set the reference distribution as the product of d exponential distribu-
tions each with parameter 8; = 1, that is, p = ®?:1 Exp(1) with probability
density function

d
r(z) = H exp(—z;)1z,>0.
i=1

(ii) The acting group is the diagonal scaling group:
Gocale = {fﬁ:z»—>,8®z:,8€ (O,oo)d}.

Composition is component-wise multiplication
(fao f3)(2) = fa(BO2) =BOBO 2z = fz.6(2)
and inverse is f[;l(w) =B ' ®x, where 37 = (B}, .. B ).
Lemma 12. For any B € (0,400)%, fﬁfl#p = ®¢ Exp(B;) and {gup : g €
Grente} = { @iy Exp(:) : B € (0,00)"}.
Proof of Lemma 12. Now, let B € (0, 400)?, then for every Borel A C R‘L we have

owe) (A= [ 7 (15" @) [det(Dsp(@) | do

d
:/ 1157 exp(=5 " 2i)d,
Ai=1

where the first equality follows by the definition of the push-forward operator. The
second equality follows by the multivariate change-of-variables formula. Hence, we
may conclude that fgup = ®§i:1Exp(Bi_1), implying that

d
{g#p B S gscale} - {® EXP(@) : ,3 S (O,oo)d} .

i=1
The reverse inclusion follows directly by noticing for any ®¢_,Exp(8;) with B €
(0, 00), fa=1 40 = ®%_,Exp(B;). This observation completes our proof. O

Lemma 13. The stabilizer p = ®@%_ Exp(1) under Geale is Stabg_,.(p) = {f1,}-

Proof Lemma 15. Now, suppose that fg € Gscale satisfies fgup = p. For each
coordinate 7 its one-dimensional marginal densities must coincide:

B lem@i/Bi = ¢=%  for all ; > 0.
Taking log and comparing the coefficients of x; gives 8; = 1 for every 1. O

Lemma 14. Suppose g; = fﬂ—l € Gscale for i =0,1. Then, orbit transport problem
in (LGOP) induced by the cost function c(x,y) = ||z — y||*> admits the following
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closed form expression J.(go,91) = 22?:1(%_,3 — ﬂl_,l) Additionally, h* = f1,
solves (LGOP).

Proof of Lemma 14. By Lemma 13, the stabilizer group is a singleton, and thus
= f1, solves (LGOP). Next, we evaluate J:

(90,9) / lgo(z) — g1 () dp(x)
d
/2501 517,22dp 2601 612 ?

where the last equality follows because E,pxp(1)[2?] = 2. O

Theorem 5.4. Suppose j; = ®i:1 Exp(Bix) for some B € (0,4+00)%, i = 0,1 and
c(z,y) = || — y||*. Then, we have

(i) Mc(po,p1) = Je(go.g1) and T*(x) = (Bo,1/B1121,- -, Bo.a/Pr,ara) solves
(MP),

(i) Ke(po, 1) = Je(go,91) and (idx, T*)xpo solves (KTP),
where g; = fﬁ;l € Gscale-

Proof of Theorem 5.4. By Lemma 12, g; = fI@_—l € Gscale such that p; = giup

for ¢ = 0,1. Next, we define T* = g; o h* ogofl7 where h* = f1,. Then, a
simple calculation shows that T is in the form stated in assertion (i). We define
o(z) = =" Bx—||z||?, where B = diag(B0.1/51.1,- - B0.a/B1.4).- Then, we compute
its gradient Vzp(x) = 2Bz — 2x and evaluate (x):

2Bx —2x +2(x — T*(x)) = 0.

Because Box/Bix > 0 forall k=1,...,d, Vip(z) = 2B — 21, = —21,. Conse-
quently, by (Villani, 2008, Example 13.6), ¢ is c-convex. Hence, T™* satisfies the
requirement in Theorem 4.1 (iii). Subsequently, the assertions (i) and (ii) follow
directly from Theorem 4.1 (iii)-(a) and (iii)-(b), respectively.

Many other product-form families with coordinate-wise scale symmetries admit
the same analysis as in Section 5.3. Consequently, the optimal map is again diagonal
(pure rescaling for scale families; coordinate-wise affine for location-scale families),
and the closed-form cost reduces to a one-dimensional expectation, derived similarly
to Theorem 5.4. Representative examples include products of Weibull, Rayleigh,
Gamma, inverse-Gamma, Pareto, Lognormal, and generalized-Gamma. Note that
because the cost function is separable, and the probability measures in the Lie group
orbits are products, the Kantorovich problem decouples across coordinates; one
optimal plan is the product of the one-dimensional optimizers, and the Kantorovich
value is the sum of the corresponding one-dimensional costs. The one-dimensional
case is treated in the following subsection.

5.4. Absolutely continuous one-dimensional distributions with positive
density. Fix an absolutely continuous probability measure y < £' on R and
let F,, and r, denote its cumulative distribution function, and probability density
function, respectively. Throughout we consider the class

Pt ={pePR):p< L' F,€C", F/(x)>0VvzecR}
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(i) Fix a reference probability measure p with a smooth, strictly positive den-
sity r € C*°(R); a concrete example is the logistic density

r(z) = Lsech®(z/2),
and its cumulative distribution function F,,(z) = [*_ r(s)ds satisfies Fi(z) =
r(z) > 0 for all z, so F,, : R — (0,1) is a C°, strictly increasing bijection.
By the inverse-function theorem, F), is in fact a C*° diffeomorphism with
smooth inverse F,"' : (0,1) — R.

(ii) Let Difft(R ) be the orientation-preserving C! diffeomorphisms:

Diff "(R) = {g € C'(R;R) : ¢(z) > 0 Vz € R, g bijective},

equipped Wlth composition.
Lemma 15. For any pn € PT, (F7' o F,)4p = p and Diff *(R)4p = P*.

Proof of Lemma 15. First, we will show that Diff *(R)p C P*+. Take g € Diff T (R)
and set u = gxp. Since g is C!, strictly increasing and surjective, its inverse is
likewise C! and strictly increasing. Additionally, by the inverse function theorem
(™Y () = 1/¢' (971 (t)) > 0. A direct computation shows that the cumulative
distribution function of p is F,( f_ t))(g~1)'(t)dt. By applying the
change of variables in the form of s=g1(t) (hence dt = ¢'(s)ds), we have F),(z) =
fg @, = F,(g7*(z)). Since F, is a smooth, strictly increasing bijection
R — (O7 1), its composition with the smooth, strictly increasing ¢! is continuous on
R and strictly increasing on the set where its values lie between 0 and 1. Moreover,

, ) (o () = PO
F(z) =r(g~"(2))(g~") () 7 (@)
Thus F), satisfies the defining properties of P*, so u € PT.

Next, we will show that P+ C Diff " (R)4p. Take an arbitrary p € P and write
F,, for its cumulative distribution function and r, for its density. Because F), is
strictly increasing, the inverse F; ' : (0,1) — R is well defined and rests in C'(R)
on (0,1) and strictly increasing. Define

g:Fu_lon:R—HR.

> 0.

Both factors are in C!(R) and strictly increasing, hence g € Diff*(R). For any
A C B(R),

eer B By (a) € A})
({z eR: Fy(z) € Fu(A)})
= (Fp)up(Fu(A) = A(Fu(A)) = pu(A),

where ) is the Lebesgue measure on the unit interval (0, 1). The first equality follows
by the definition of the push-forward operator, the second equality by construction
of g, the third equality follows because F~ 1 is the inverse of the strictly increasing
function F),. The fourth equality follows by the definition of the push-forward
operator, the fifth equality follows because by the probability-integral transform

(Fp)zp = A The last equality follows because (F,)xp = A, which equivalently
means that for every B’ € B((0,1)), we have \(B') = pu(F, '(B')). Taking B’ =

gup(A

=p
P
p
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F,(A) gives A(F,(A)) = p(A). Hence, we may conclude that gxp = p, which
implies that P+ C Diff* (R)4p. This observation completes our proof. O

Lemma 16. The stabilizer of p under Diff *(R) is Stabpg+ ) (p) = {idz}.

Proof of Lemma 16. Fix g € Diff " (R) with gu#p = p. For every x € R we have

Fyp(z) = p((—00,a]) = p (97 ((—00,2])) = p ((—o0. g7 (@)]) = F, (97" (2)) -
Thus F,(z) = F,(g7'(x)) for all z € R. Since r > 0, the function F), is strictly
increasing on R. Hence F), is injective, and the identity above implies g~!(z) = z for
every x € R; equivalently, g(x) = x. Therefore g = idg, completing the proof. O

Lemma 17. Suppose that g; = F/;il o F,, i=0,1. Then, (LGOP) induced by the
cost function c(x,y) = (xr—y)? is solved by h* = idg and admits the following closed
form expression

(13) Jc(go,gl):/o (E1 (1) — El (1)t

Proof of Lemma 17. By Lemma 16, the stabilizer group is a singleton, and thus
h* = idg solves (LGOP). Next, we evaluate J.:

To(gorg1) = /R (90(x) — g1(2))2dp(x)
- / (Fr(Fy (@) — Fob(Fy(a)))?r(x)de
= / 1(F,:f(t) — F H()2dt,
0

where the last equality follows by the change-of-variables formula ¢ < F,(x), and
thus d¢ = r(x)dz. This observation completes our proof. O

Proposition 1. Suppose that jig, 11 € PT N Pe(R), c(z,y) = (v — y)?.

have

Then, we

(1) Mc(/‘Ole) = Jc(go,gl)7 and T* = F;jll o Flto solves (‘\“)))
(i) Ke(po, p1) = Je(go, 91), and (idx, T*)zpo solves (KTP),
where g; = F,, ' o F, € Diff *(R) fori=0,1.

Proof of Proposition 1. By Lemma 15, we have (g;)gp = p; for ¢ = 0,1; hence
1o, f11 € Diﬁ+(R)#p. Define T* = g; o h* o g5 *, where h* is the map defined in
Lemma 17. Consequently, we have T*(z) = F, ' (F},, (x)).

In what follows, we define p(x) = Qf; T*(s)ds — 2% for some z¢ € R, and we
compute its first and second order derivatives

o' (x) =2T*(x) — 2z and " (z) = 2(T*) (z) — 2.
As T* is increasing, (T*)'(x) > 0 for all z € R, implying ¢”(x) > —2. Consequently,
by (Villani, 2008, Example 13.6), ¢ is c-convex. Next, we evaluate (*):
2T*(z) — 22 + 2(x — T*(x)) = 0.
Hence, T™* satisfies the requirement in Theorem 4.1 (iii). Accordingly, assertions (i)
and (ii) follow directly from Theorem 4.1 (iii)-(a) and (iii)-(b), respectively. O
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Section 5.4 coincides with (Cuesta-Albertos et al., 1993, Corollary 2.7) when
restricted to the quadratic cost.
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