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Contextual optimization enhances decision quality by leveraging side information to improve predictions of
uncertain parameters. However, existing approaches face significant challenges when dealing with multimodal
or mixtures of distributions. The inherent complexity of such structures often precludes an explicit functional
relationship between the contextual information and the uncertain parameters, limiting the direct applicabil-
ity of parametric models. Conversely, while non-parametric models offer greater representational flexibility,
they are plagued by the “curse of dimensionality,” leading to unsatisfactory performance in high-dimensional
problems. To address these challenges, this paper proposes a novel contextual optimization framework based
on Gaussian Mixture Models (GMMs). This model naturally bridges the gap between parametric and non-
parametric approaches, inheriting the favorable sample complexity of parametric models while retaining the
expressiveness of non-parametric schemes. By employing normalizing flows, we further relax the GM assump-
tion and extend our framework to arbitrary distributions. Finally, inspired by the structural properties of
GMDMs, we design a novel GMM-based solution scheme for multistage stochastic optimization problems with
Markovian uncertainty. This method exhibits significantly better sample complexity compared to traditional
approaches, offering a powerful methodology for solving long-horizon, high-dimensional multistage problems.
We demonstrate the effectiveness of our framework through extensive numerical experiments on a series of
operations management problems. The results show that our proposed approach consistently outperforms
state-of-the-art methods, underscoring its practical value for complex decision-making problems under uncer-

tainty.
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1. Introduction

Business decision-making and operations management are fundamentally intertwined with the
presence of uncertainty. Across different industries, managers are constantly tasked with making
critical choices whose outcomes depend on future events that cannot be perfectly predicted. There-
fore, developing solution schemes that can effectively model and respond to such uncertainty is a

critical research and practical endeavor. Classical stochastic optimization approaches solely focus
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on the probability distributions of the underlying random variables. A standard formulation of a
stochastic optimization problem can be expressed as

min Ep [ﬂ(w,é)} ,

xzeX

where x represents the decision variables, X denotes its feasible region, and P characterizes the
distribution of the random variable é . While stochastic optimization provides a powerful framework
for solving decision-making problems under uncertainty, this approach often overlooks valuable
information that could provide a more accurate description of the uncertain problem. In many
practical settings, decision-makers have access to observable exogenous factors, often referred to
as contextual information or side information, that carry significant predictive power over the
uncertain outcomes. For instance, in inventory management, future demand for certain products
is often correlated with observable covariates like past sales history, promotional activities, or
even macroeconomic trends (Chen and Plambeck 2008, Zhang et al. 2020). Similarly, in energy
systems, the electricity generation from renewable sources like wind or solar, as well as its demand,
are heavily dependent on weather conditions and seasonal patterns (Conejo et al. 2005, Ward
2013, Bhatti and Danilovic 2018). In revenue management, customer characteristics, browsing
behavior on the e-commerce platform, and competitors’ prices can provide valuable context for
predicting willingness-to-pay and improving pricing strategies (Chen et al. 2022). Furthermore,
within financial applications like asset management, stock returns are known to be influenced by a
wide array of macroeconomic indicators such as interest rates, inflation rates, and GDP growth, as
well as firm-specific data like market capitalization and book-to-market ratios (Fama and French
2015, Gu et al. 2020, Leippold et al. 2022).

Leveraging this contextual information allows for a more refined understanding of the underlying
uncertainties, reflecting its conditional distribution rather than just its overall average behavior.
This class of problem is known as contextual optimization. In this setting, prior to making a
decision, the decision-maker observes a realization s of a vector of random exogenous covariates .
Subsequently, the objective is to minimize the expected loss conditioned on the observed contextual

information s = s. This gives rise to the following contextual stochastic optimization problem:
min E [E(w,é)\ézs]. (1)

The core idea of contextual optimization is to leverage the observed side information s to inform
the decision @, recognizing the fact that the distribution of the uncertain parameter é may depend
on it. By minimizing the conditional expectation, the decision-maker obtains a policy that is opti-

mally tailored to the specific context provided by s. Unfortunately, the true conditional distribution
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P(£|5 = s) is rarely accessible to decision-makers in practice. Instead, they must rely on historical
data {(s,,&,)}necv) to learn this conditional distribution and then optimize for the conditional
expectation. Existing approaches in the literature employ various techniques for this learning task.
Non-parametric methods, such as Nadaraya-Watson kernel regression (Nadaraya 1964, Watson
1964) or k-nearest neighbors (Fix 1985), offer flexibility without assuming a specific functional
form for the conditional distribution. However, these methods can suffer from the “curse of dimen-
sionality,” performing poorly when the dimension of s is high (Srivastava et al. 2019, Wang et al.
2024). On the other hand, parametric regression methods usually presume a functional relationship
between the uncertain parameter and the contextual information, e.g., é = g(s) + €&. While these
methods can yield better convergence results, such strong structural assumptions may not hold in
many real-world problems, and may struggle to capture complex multimodal data distributions.

Driven by the limitations of existing learning techniques and inspired by the inherent characteris-
tics of real-world data in various operational contexts, we propose a novel approach that models the
joint distribution of the uncertain parameter é and the contextual information § using a Gaussian
Mixture Model (GMM). This modeling choice offers a compelling balance between the flexibility of
non-parametric methods and the structural advantages of parametric models. In many operations
management and statistical analysis problems, the Gaussian distribution serves as a cornerstone
assumption due to its tractability as well as its empirical adequacy in capturing the characteristics
of a wide range of real-world data. The GMM, composed of multiple Gaussian components, can be
seen as a natural extension of the Gaussian distribution. At one extreme, the GMM with a single
cluster reduces to the classical Gaussian model. At the other extreme, when the number of clusters
reaches the number of data points, GMM reduces to the non-parametric kernel density estimation
method (Silverman 1986), effectively bridging the gap between parametric and non-parametric
approaches.

More importantly, GMMs are particularly adept at capturing complex, multi-modal data distri-
butions and identifying underlying “hidden states” or “regimes” within the data, a feature highly
relevant to contextual decision-making. This ability enables the model to adapt its understanding
of uncertainty to different contexts based on the observation of the side information. For example,
in the financial market, empirical studies have long observed that asset returns exhibit charac-
teristics like skewness and multimodality, suggesting the presence of multiple underlying states or
regimes (Beedles 1986, Fabozzi et al. 2005, Schaller and Norden 1997). To address the deviation
from the Gaussian distribution, Kon (1984) shows that a handful of Gaussian mixture components
can accurately approximate the distribution of stock market returns. More recently, Botte and
Bao (2021) from Two Sigma study the integration of side information, such as interest rates and

exchange rates, with financial market returns into a GMM framework. Their empirical analysis
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demonstrates that when contextual information is included, GMMs can effectively identify and
model significant financial market regimes throughout history.

A key advantage of adopting the GMM in contextual optimization is that it yields an analytical
expression for the conditional distribution. Specifically, if (é ,8) follows a GM distribution M, then
the conditional distribution is also a GM distribution with parameters that can be explicitly derived
from the parameters of Ml (Wang et al. 2022). With this closed-form expression of the conditional
distribution, the contextual optimization problem can be reformulated into a structured problem
that is amenable to efficient solution. Beyond this analytical tractability, the GMM framework
fits nicely into contextual optimization due to its learning property. Contrary to the ‘curse of
dimensionality’ issue often encountered in non-parametric methods, learning GM distributions can
sometimes become easier in higher dimensions (Anderson et al. 2014). Intuitively, this is because
distributions that are inseparable or overlapping in a low-dimensional space may become separable
in a higher-dimensional space. This phenomenon aligns closely with the core idea of contextual
optimization: when considering only the uncertain parameter E , the decision-maker might overlook
important information to fully understand its behavior or depict its distribution. However, by
introducing the contextual information 8, the increased dimensionality provides a richer and more
accurate characterization of the uncertainty, thereby leading to improved decision quality.

The major contribution of this paper can be summarized as follows:

1. A GMM framework for contextual optimization: We propose a GMM framework for
contextual optimization where the uncertain parameter and contextual information jointly
follow a GM distribution. This framework offers a structured approach to leverage side infor-
mation by modeling the conditional distribution in an analytical expression. Additionally, we
provide a theoretical analysis of the approximation quality for the empirical GMM estima-
tion. Our result demonstrates that the approximation error of the empirical GMM is only
linearly dependent on its parameter estimation errors. Under reasonable assumptions, learn-
ing GMM parameters to a certain accuracy only requires polynomially many samples. This
favorable sample complexity contrasts with the “curse of dimensionality” often inherent in
non-parametric methods, where achieving similar approximation quality typically requires a
number of samples that grows exponentially with the dimension of the contextual information.

2. Handling general distributions via normalizing flows: While our GMM framework
provides strong modeling power, real-world data may originate from more complex, or even
intractable distributions that cannot be perfectly captured by a pure GMM. To extend the
applicability of our framework to such general data distributions, we propose a novel approach
employing normalizing flows. Inspired by its representational ability for complex distributions,

we train a normalizing flow to transform the original random vector into a latent space, where
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the transformed random vector follows a Gaussian or a GM distribution. This allows us to
implicitly work with our GMM framework in the latent space, preserving analytical advantages
for optimization even when the original data distribution is complex. To the best of our
knowledge, this is the first work combining normalizing flows with the analytical tractability
of GMMs for approximating general conditional distributions in stochastic optimization.

3. Distributionally robust optimization: To mitigate the overfitting issue from empirical
GMM estimations and improve decision reliability, we integrate our framework with Distri-
butionally Robust Optimization (DRO). Leveraging the analytical availability of our GMM
framework, we construct a Wasserstein ambiguity set centered around the empirical con-
ditional distribution. This formulation avoids the degeneracy issues encountered by many
conditional DRO models when they condition on a measure-zero singleton {s}. We further
derive distribution coverage results and establish a performance guarantee for the DRO model.
Finally, we extend our DRO framework to handle situations where the true number of com-
ponents in the underlying GMM is unknown. By considering an expanded ambiguity set that
encompasses candidate conditional GM distributions with different plausible cluster numbers,
our framework offers performance guarantees against potential misspecification of the model
complexity.

4. Multistage setting: Building upon the structural insights provided by our GMM framework
for conditional distributions, we further develop a novel approximation scheme tailored for
multistage stochastic optimization problems with Markovian uncertainty. Existing solution
schemes mainly rely on Sample Average Approximation (SAA) or kernel regression to handle
the evolving conditional distributions. However, the SAA method involves sequential condi-
tional Monte Carlo sampling whose problem size grows exponentially with the time horizon T',
while kernel regression methods also incur a sample complexity that grows exponentially with
the dimension of the uncertain parameter. In contrast, our proposed GMM-based approxima-
tion scheme offers an attractive alternative whose sample complexity grows only linearly with
the time horizon T and does not suffer from the curse of dimensionality issue, rendering the

effectiveness of our approach for large-scale high-dimensional multistage problems.

1.1. Literature Review

Contextual optimization: The increasing availability of data correlated with uncertain outcomes
has spurred significant research into contextual optimization. As formalized in (1), contextual
optimization problems aim to optimize a decision based on the conditional distribution of uncertain
parameters given observed side information. As highlighted in the survey by Sadana et al. (2025),

the literature on solving data-driven contextual optimization problems can be broadly categorized
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into three paradigms: decision rule approach, sequential learning and optimization, and integrated
learning and optimization. We review the relevant literature within these frameworks.

The decision rule approach directly seeks a policy from the covariate s to the decision & by
minimizing an empirical risk or a related objective over the historical data. Various functional
forms have been explored for these decision rules. The linear decision rule approach, favored for its
interpretability and tractability, was studied by Ban and Rudin (2019) in newsvendor problems.
Unfortunately, linear decision rules may not achieve asymptotic optimality for general problems.
To obtain greater flexibility, Bertsimas and Koduri (2022) propose to approximate the optimal
policy with a linear policy within the reproducing kernel Hilbert space (RKHS). More complex
non-linear decision rules have also been implemented, including decision tree (Bertsimas et al.
2019) and neural networks (Zhang and Gao 2017, Huber et al. 2019, Oroojlooyjadid et al. 2020).
Finally, recognizing that minimizing empirical risk can be prone to overfitting, particularly with
limited data or complex functional classes, distributionally robust variants have been designed to
offer robustness against data uncertainty. While the decision rule approach is very computationally
efficient at the decision stage, it still faces several challenges. First, the decision rule method
typically restricts the potential solution space to the chosen class of decision rules. Additionally,
ensuring that the learned decision rule outputs decisions can be difficult. Standard empirical risk
minimization does not inherently enforce feasibility, and various problem-specific techniques are
needed to project the rule’s output onto the feasible region (Zhang et al. 2021, Chen et al. 2023).

The sequential learning and optimization paradigm, also known as predict-then-optimize or pre-
scriptive analytics, follows a two-stage process (Bertsimas and Kallus 2020). In the first stage,
a model is trained to predict the conditional distribution or sufficient statistics (e.g., conditional
mean and covariance) given the context, while in the second stage, the decision-maker simply solves
an optimization problem based on the predicted distribution or statistics. There exist various solu-
tion schemes for the prediction stage. Non-parametric methods such as Nadaraya-Watson kernel
regression (Nadaraya 1964, Watson 1964) and k-nearest neighbors (Fix 1985) offer flexibility with-
out strong distributional assumptions. However, they can suffer from the curse of dimensionality,
performing poorly when the dimension of the contextual information is high (Srivastava et al. 2019,
Wang et al. 2024). Parametric regression models, by assuming a specific functional form for the
relationship between the contextual information s and &, achieve a faster convergence rate (Sen
and Deng 2018, Kannan et al. 2020a). However, such a functional form assumption may not hold in
many practical problems and may struggle to learn complex multimodal data distributions. A key
challenge in the sequential learning and optimization framework is the “optimizer’s curse,” where
small errors in the prediction model can lead to significantly suboptimal decisions in the down-

stream optimization problem. To mitigate these issues, robust optimization, distributionally robust
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optimization, and variance regularization techniques have been applied to enhance models’ perfor-
mance in the out-of-sample circumstances (Srivastava et al. 2019, Bertsimas and Van Parys 2017,
Chenreddy et al. 2022b, Kannan et al. 2020b). Our work belongs to this category and contributes
to the literature by its ability to handle complicated high-dimensional multimodal distributions.

The integrated learning and optimization framework follows an end-to-end approach that trains
the prediction model based on the downstream task loss (Donti et al. 2017, Elmachtoub and Grigas
2022, Qi et al. 2023). Compared with using a decision-blind loss such as mean squared error (MSE),
the end-to-end model can yield a prediction that aligns better with the decision stage. For linear
programs, the gradient of the decision vector with respect to the predicted cost vector is either
nonexistent or zero. To address this issue, surrogate loss functions and other smoothing techniques
are employed to create differentiable proxies for the optimization objective (Wilder et al. 2019,
Blondel et al. 2020, Elmachtoub and Grigas 2022, Huang and Gupta 2024). While conceptually
appealing for its potential to yield high-quality decisions by directly minimizing over the task
loss, end-to-end models can be significantly more computationally demanding and complex to
implement compared with the previous two paradigms, particularly for large-scale or combinatorial
optimization problems (Tang and Khalil 2024).

We remark that contextual optimization is a rapidly growing area, and it is impossible to review
all related studies within this section. Therefore, we refer readers who are interested in this topic
to a comprehensive review by Sadana et al. (2025).

Normalizing flows: Normalizing flow is a powerful class of generative models that allow for both
efficient sampling and exact likelihood evaluation (Dinh et al. 2014, Rezende and Mohamed 2015,
Kobyzev et al. 2020, Papamakarios et al. 2021). A normalizing flow defines a complex probability
distribution by applying a sequence of invertible and differentiable transformations (diffeomor-
phisms) to a simple base distribution (e.g., Gaussian). The probability density of a sample then
can be computed using the change of variables formula, which involves the density of the trans-
formed sample under the base distribution and the determinant of the Jacobian of the inverse
transformation (Villani et al. 2008). Various normalizing flow architectures have been developed
with different properties and objectives. Early examples include simple elementwise flows and linear
flows (Dinh et al. 2014). More expressive non-linear transformations were introduced in planar and
radial flows (Rezende and Mohamed 2015). Borrowing ideas from residual networks, residual flows
offer another way to construct invertible mappings, where the residual connection can be viewed as
a discretization of a first-order ordinary differential equation (Chen et al. 2019). Continuous flows
move a step forward by directly learning the continuous dynamical system, which is also known as

infinitesimal flows (Chen et al. 2018a, Grathwohl et al. 2018).
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Among the most successful and widely adopted normalizing flow architectures are coupling flows

and autoregressive flows, which maintain a balance between representation power and computa-
tional efficiency (Kingma et al. 2016, Papamakarios et al. 2017). Coupling flows partition the input
and apply transformations to one part conditioned on the other (Dinh et al. 2014, 2016). Autore-
gressive flows, which are particularly relevant to our work, structure the transformation such that
each output dimension depends only on its previous dimensions in a fixed ordering (Kingma et al.
2016, Papamakarios et al. 2017, Huang et al. 2018). This enables the projection of the contextual
information s into the latent space without the realization of uncertain parameters £&. Additionally,
this ordering structure results in a triangular Jacobian matrix, making its determinant easily com-
putable. Finally, the universality property of autoregressive flows has been proven, indicating their
ability to learn any target probability density (Huang et al. 2018, Jaini et al. 2019). Prominent
examples include masked autoregressive flows (Papamakarios et al. 2017), neural autoregressive
flows (Huang et al. 2018), and inverse autoregressive flow (Kingma et al. 2016).
Multistage stochastic optimization problem with Markovian uncertainty: Multistage
stochastic programming (MSP) problems involve a sequence of decisions made over time in the
face of evolving uncertainty (Shapiro et al. 2021). These problems are significantly more complex
than the single or two-stage problems due to the need to determine policies that are functions of
the revealed uncertain parameters at each stage (Birge and Louveaux 2011). We are particularly
interested in a class of MSP problems where the uncertain process follows a Markovian structure,
i.e., the distribution of future uncertainty depends only on the current state (Kallenberg 1997).
This Markovian property directly fits into the setting of contextual optimization and is prevalent
in many real-world applications, such as financial modeling and inventory control.

A standard approach for solving MSP problems is the SAA method (Kleywegt et al. 2002). It
assumes the knowledge of the true distribution, and employs a discretization scheme to approximate
the MSP problem by a scenario tree generated by conditional Monte Carlo Sampling. However, the
size of the scenario tree grows exponentially as the planning horizon increases, making the problem
computationally intensive (Shapiro 2003, Reaiche 2016, Jiang and Li 2021, Shapiro et al. 2021). To
alleviate this issue, kernel regression methods have also been designed to solve MSP problems with
Markovian uncertainty (Park et al. 2022). Although the problem size of kernel regression methods
does not grow exponentially with 7' it suffers from the curse of dimensionality with respect to the
dimension of the uncertain parameter. Hence, there is merit in designing a new solution scheme

that offers a better sample complexity.

1.2. Paper Structure and Notation

The remainder of the paper is organized as follows. In Section 2, we formally introduce our Gaus-

sian Mixture Model framework for contextual optimization, providing a theoretical analysis of the
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approximation quality. We further present a novel approach leveraging normalizing flows to extend
the applicability of our framework to general data distributions that may not strictly follow a
GMM. Section 3 proposes to address parameter estimation uncertainty and potential misspeci-
fication of the cluster number using distributionally robust optimization. Section 4 extends our
approach to MSP problems under Markovian uncertainty, establishing a novel GMM-based approx-
imation scheme. We present extensive numerical experiments on synthetic and real-world datasets
to demonstrate the practical effectiveness of our proposed approach in Section 5.

Notation We use boldface letters to denote vectors and matrices. Random variables are indi-
cated with a tilde (e.g., E), while their realizations appear without the tilde (e.g., £). The multi-
variate Gaussian distribution with mean vector p and covariance matrix X is denoted by N(u, 3),
and its density function is written as N'(z|u,X). We denote the vector of all ones by e. The prob-
ability simplex in R is denoted as A*. The little-o notation o(-) is used for asymptotic analysis:

h(e) =o(e€) if h(e)/e — 0, that is, h(e) becomes negligible relative to € as € — 0.
2. Contextual Stochastic Optimization with Mixture Models
We consider the contextual stochastic optimization problem given by
;nei)r(lEM [Z(m,ﬁ)‘é = s] . (2)
The random vector (3,€) € R2TE follows a joint distribution

M=) p"'N(u*, =),
]

ke[K

which is a Gaussian mixture (GM) distribution with component means and covariances given by

k [T R k >, 3. Q+R
pt = [“E] cROU™ and XF:= [Egs Zéj €Sy Vk € [K].

The mixture weights are given by p € AKX where p* € [0,1] represents the weight of the k-th
component. At first glance, problem (2) may appear challenging because it involves computing the
conditional expectation of ¢(x, é) given that s = s is observed. However, a recent result establishes
that the conditional distribution of a GM distribution remains a GM distribution, thereby enabling

the development of a principled solution scheme.

LEMMA 1 (Lemma 1 in Wang et al. (2022)). The conditional distribution of & given 5= s is

a GM
Mes == Z P N(1ge Se o),
ke[K]
where & k kE k-1 k
p’gs = Ngk‘{'z 7@(287@) (SZIJ’S)’
- —1
2§|s = Eggk_ Egs(%ss) . 2357 and (3)
k p N(8|IJ’S7ZSS)

YR PN (slud, =)
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This result simplifies problem (2) into an unconditional stochastic optimization problem
min By, , [E(w,é)} - (4)

For specific loss functions, such as the mean-variance utility used in portfolio optimization, prob-
lem (4) can be solved directly by plugging the conditional parameters. For more general loss func-
tions, problem (4) is amenable to a high-quality solution via the sample average approximation.
In this approach, the expectation is replaced with the average of the loss function over samples
drawn from the conditional distribution Mgs.

In practice, however, the joint distribution M is rarely available to the decision maker. Instead,
one must rely on /N historical observations {(s,,&,,)}ne[n to estimate these parameters. Under this
data-driven setting, a standard approach is to fit a GM distribution M to these observations, and
solve the approximate contextual stochastic optimization problem

min Ey, [E(m,é)} ’
where the approximate conditional distribution Mﬂs is obtained by applying Lemma 1 to M. While
this empirical approach is straightforward to implement, the significance of its approximation error
is still not fully understood. In the following section, we provide a theoretical analysis of this

empirical approach to quantify its approximation quality.

2.1. Approximation Quality

We analyze the approximation quality of this empirical approximation. Quantifying this approxi-

mation error is crucial for understanding the reliability of the empirical approach. To facilitate our

analysis, we make the following standard assumptions:

(A) The loss function is bounded, i.e., —¢ < ¢(x,&) < ¢ for some £ € R,

(B) There exists a constant v € R, such that ||p*|], ||*|] <. In addition, the covariance matrices
>* and 3* are positive definite, and there exist constants a, 8 € R, such that ol < X, sk <
Al for all k € [K].

(C) There exists a constant p € R, such that p* > p for all k € [K].

The requirement that the loss function is bounded in Assumption (A) is made to simplify the

exposition. It can be relaxed to the assumption that the loss function is Lebesgue integrable with

respect to a Gaussian measure, which is satisfied whenever the function has polynomial growth.

The requirement X* = ol >~ 0 in Assumption (B) is without loss of generality because we can

always consider the affine subspace where the Gaussian distribution is supported. The constant

p in Assumption (C) is known as the condition number of the GMM (Kalai et al. 2012). This

assumption is standard in the GMM literature and is typically imposed to ensure the feasibility of

learning from data.
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THEOREM 1. Let M = Zke[m pkN(,uk,Ek) be the true underlying Gaussian mixture distribution
and M = Zke[K]ﬁkN(ﬂk,ka) be the estimated one. If |p* — p¥| <e,, ||u* — @¥| < e, and || ZF —
S| <es for all k € [K], then

[Eaeg, [0@,8)] ~ By, [, &) <T(2(CallsI? + Collsl +C5) +eallsl +¢x),  (5)
where  Cy = (1+6§p)§;§, c, = (1+%)(%+Q;§v), ad  Ch o= T 4
(1+2) (27 + 2502 +0) +oleu+es), on =5 s, and = 2 ((£+1) e+ 2 qes) +

yﬁ(ﬁ)%
2 a \« 3

The bound accounts for the errors arising from the estimation of mixture probabilities, given by
20 (Cqllsll* + CGlls|| + CF), and from the estimation of the mean and covariance of each Gaussian
component, captured by £(cg||s|| + ¢f). We observe that the approximation quality deteriorates
as « decreases and < increases. These constants are introduced to conservatively upper bound
[(Bh,) 71| < 2 and ||s — p¥|| < ||s|| +~. Thus, when there is no Gaussian component in which the
covariates s exhibit high variability or whose mean is close to s, the approximation error becomes
significant. This corresponds to cases where samples é in the vicinity of § = s are rarely observed,
which slows the learning rate of the conditional distribution. The dependence in ||s|| stems from
the same reasoning: since the GM distribution is sub-Gaussian, the density f(s) decreases as the
covariates s move further from the origin. The bound also depends on (5, with the proof showing
that the error increases as ||E§SH < f8 grows. This reflects strong dependence between § and &,
which complicates the estimation of the conditional distribution. In contrast, in the limiting case
of zero correlation, the marginal distribution of € alone suffices, making learning easier.

Finally, this result confirms that the error introduced by the data-driven approximation is linear
in €,, €,, and ex. This linear dependency is particularly significant when considering the sample
complexity of GMM learning. Under standard regularity conditions, GMM algorithms typically
yield parameter estimation errors that decay polynomially in the sample size N and the dimension
Q@+ R (See Remark 1 for details). This stands in stark contrast to existing data-driven methods
for general contextual stochastic optimization, which often suffer from approximation errors that
decay slowly with the dimension @ of the contextual covariates § (Srivastava et al. 2021, Wang
et al. 2024). Moreover, in the special case of a single Gaussian component (K = 1), standard

concentration results imply that €, and es are of the order O(ﬁ)

REMARK 1. Learning mixtures of Gaussians is a highly active research area, where numerous
algorithms have been developed, accompanied by theoretical results that establish their sample
complexity. The work (Moitra and Valiant 2010, Kalai et al. 2012) develops an algorithm that,
for any GM distribution M= ", _ . p*N(p*, "), outputs an e-estimate M = > kelK] PPN(fk, 32F)
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satisfying |pr — pi| < € and TV(N(u*, %), N(ji¥, 3%)) < e with high probability. Here, the total
variation distance is used to determine the closeness of the component Gaussians, which is defined
as TV(f, f) = [(f(&) - f(f))d{ for any two distributions f and f. In the case of two Gaussians
N(p*, %) and N(ji*,3*)), a small total variation between them implies that the parameters fi
and 3 have small estimation errors as well (see Proposition 4). The running time and data require-
ment of this algorithm are polynomial in the dimension D, accuracy €, and condition number
t = min{p, min; je(x).i; TV(N(pe', £°),N(p?, £7))}~*. Hence, the number of samples N required to
sustain an approximation error of at most 7 in (5) will be polynomial in the desired accuracy T and
problem dimensions () and R. More recent literature provides tighter bounds for various problem
settings and algorithms. For instance, when the number of components K =2, Hardt and Price
(2015) proposes an algorithm that can learn an arbitrary GM distribution to a certain accuracy
with polynomially many samples. For a spherical GM distribution that is Q(y/logk) separable,
Kwon and Caramanis (2020) shows that O(K (Q + R)/€?) samples suffice for the Expectation Max-
imization (EM) algorithm to achieve € parameter estimation accuracy. Using the PCA learning
method, Ashtiani et al. (2018b) derive a sample-efficient learning algorithm that can learn an arbi-
trary GM distribution to certain TV accuracy with O(K(Q+ R)?/e*) samples, and an axis-aligned
CGM distribution with O(K(Q + R)/€*) samples. This result is later improved by their subsequent
work (Ashtiani et al. 2018a) with a sample complexity of O(K (Q + R)?/€?) for general GM distribu-
tions, and O(K (Q+ R)/€?) for axis-aligned GMs. For high dimensional GM distributions, Kwon and
Caramanis (2020) show that with a suitable initialization and N > O((mingc(x) p**) " (Q + R)/€?),
the Expectation Maximization (EM) algorithm converges in 7= O(log(1/¢)) iterations to estimates
P, [@F, (6%)? with accuracies €, = max,c(x) P¥*€, €, = Maxpe(x] 7€, ex = (Maxyex) )2 /VQ + R,

respectively.

So far, we have introduced our GMM framework for contextual optimization and provided a
theoretical analysis of the approximation quality. However, real-world data may originate from more
complex distributions that are not strictly GMMs. In the next section, we extend the applicability

of our framework to general distributions.

2.2. Handling General Probability Distributions

While GMMs possess expressive power that can model many real-world distributions fairly effec-
tively, it may not accurately capture the precise characteristics of these distributions. Our solution
scheme can, in principle, be extended to a mixture of parametric distributions since their condi-
tional distributions are also closed-form, which can be tractable (Cambanis et al. 1981). However,

in some situations, these assumptions remain restrictive, and the data may be more faithfully
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represented as (a mixture of) non-elliptical distributions. In this work, we strive to handle even
more general distributions while still exploiting the unique property of GMM in computing the
conditional distributions in closed form. We propose employing normalizing flows (Dinh et al.
2014, Rezende and Mohamed 2015), a powerful mechanism for representing complex distributions
through a sequence of mappings from a simple base distribution, such as a Gaussian or a mixture
of Gaussians. To our knowledge, the use of normalizing flows and Gaussian mixture models to
compute conditional distributions of an intractable distribution has not previously been considered
in the literature.

Let (5',€) ~ P be the data-generating random vector and (8,€) ~ M be the latent random
vector governed by a tractable base distribution M, which in our case is set to a mixture of
Gaussians. The framework seeks a differentiable and invertible function T'€ RO+# — RO*+E such
that T'(8, é) follows the distribution PP, which enables density estimation and sampling via the base
distribution M. Under reasonable assumptions, normalizing flows are extremely expressive: for any
distribution P, there always exists a suitable transformation T that brings M into P, even if the
base distribution is described by a simple uniform distribution M = U[0,1]9*%. In practice, the
function is typically restricted to a neural network representation Ty with parameters 6, enabling
large-scale training with state-of-the-art algorithms. The normalizing flow framework has been
successfully implemented in various large-scale tasks, including image generation (Ho et al. 2019),
video generation (Kumar et al. 2019), reinforcement learning (Mazoure et al. 2020, Touati et al.
2020), and computer graphics (Miiller et al. 2019). We refer the reader to the survey papers
(Kobyzev et al. 2020, Papamakarios et al. 2021) for comprehensive reviews of normalizing flows.

Since T is a diffeomorphism, i.e., differentiable and invertible, the pushforward density function

can be evaluated in closed form via the change-of-variables formula (Rudin 1987, Theorem 7.24):

fo(s',€) = fu (T7'(s',€)) [ det Ip-1 (8", &),

where det J;-1(s',¢’) denotes the Jacobian determinant of T—! at (s',¢’). To find the best neural
network parameters @, we minimize the KL-divergence between the target density fp and the

pushforward of the base density fy through the inverse transformation T, ':

min (f]p(s’,g/) | fur (T3 (57, €)) | det JTgl(s’,g’)y) .

By the definition of the KL divergence, this is equivalent to the following optimization problem:

min —E; [log fun <T9‘1(§’7§’))) +log | det JTgl(g',é’)@ .
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Using the observed samples {(s,,&,,) }nev, the expectation in the objective is then approximated
using the sample-average approximation
. 1 1 ’ /
min—— > (log fur (T, (4,,€.))) + log | det I+ (s1,,€,)])
n€[N]
which is solved at scale using stochastic gradient descent.

In this work, we further assume a separable structure in the transformation

(s',6") =To(5,€) = (To.w(5), To.er(5,€));

which enforces the transformation for contextual covariates s’ to depend solely on s. This structure
is relatively general and includes, as a special case, the popular autoregressive flows (Kingma
et al. 2016, Papamakarios et al. 2017, Huang et al. 2018). Note that, by construction, the inverse

transformation is given by

1,8 €) = (Tal () Tyt (To(5):€))
where T ;,(s’ ) is the inverse mapping with respect to s, acting as a retransformation for the
contextual information, while T(; gl, (T(; Sl,(s’ ),5') denotes the inverse transformation with respect
to €.

This normalizing flow architecture, including pushforward mapping and inverse mapping, allows
for two key benefits. First, the transformations of s’ or s are independent of the uncertain param-
eter, meaning we can transform the contextual information between the original and latent spaces
without knowing the realization of é'. This aligns perfectly with the setup of contextual optimiza-
tion, where decision-makers can only observe the realization of contextual information when making
the decision. Second, the inverse transformation of £ utilizes the projected contextual information
s, facilitating the computation of the conditional distribution of & given § = s’ in closed form, as

described below.

PROPOSITION 1. Let s =T, },(s'). Then the conditional distribution Pe s has a density given by

fo(€)8) = fur (Te’,é,(s,ﬁl)‘s)

det JTe—é/ (375/)

9

where the Jacobian J -1 (s,&') is taken only with respect to €.
0,/

Proposition 1 illustrates how to obtain the conditional probability density function for a general
distribution from a base distribution and a normalizing flow. This result is useful for multistage
stochastic problems, which will be illustrated in Section 4. For the single-stage problem, however,
the decision maker does not need to explicitly compute the density function. Instead, one can
solve the stochastic optimization problem by efficient sampling from the base distribution. We now

provide a concrete example below.
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Base GMM True Dist.
54 - Cond. Samples 2 +  Cond. samples

(a) Latent Space (b) Original Space

Figure 1 A visualization of the conditional sampling generating scheme using normalizing flow.

ExaMPLE 1. This example illustrates the conditional sampling procedure enabled by our normal-
izing flow framework. As visualized by Figure 1, the original samples, denoted by blue points in
Figure 1(b), come from a complex ‘Yin-Yang' shaped distribution'. A normalizing flow is then
trained to learn an invertible mapping between this true distribution and a base GM distribution
in the latent space. Figure 1(a) shows the mapped samples (blue dots) in the latent space.
Suppose now we observe the side information s’ = 0. Then, using the trained normalizing flow, we
can recover the latent covariate representation via s =Ty 5(s') = —0.84. Within the latent space,
we leverage the GMM’s analytical properties. Using the result from Lemma 1, we compute the
conditional base distribution in closed form. Since this conditional distribution is also a GMM, an
arbitrary number of samples can be efficiently generated, which is denoted by the orange points in
Figure 1(a). In the final step, these latent samples are propagated through the forward transfor-

mation, yielding the desired conditional samples in the original space.

3. Distributionally Robust Optimization Framework

The GMM framework presented in Section 2, while powerful, relies on empirical estimation from
limited historical observations. This can lead to solutions that overfit the training sample, yielding
poor performance in out-of-sample scenarios. Furthermore, when learning the GM distribution, the
model’s structure (the number of mixture components K) may be misspecified. To systematically

!Yin and Yang is a Chinese philosophy that views the universe as governed by opposing yet complementary forces
observable in nature, like the moon and sun, darkness and light, cold and heat.
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address these issues and enhance decision reliability, we integrate our approach with Distribution-
ally Robust Optimization (DRO). In what follows, we will formulate this robust model, establish its
reformulation, and derive performance guarantees that also account for potential misspecification

of the model complexity.

3.1. Reformulation and Performance Guarantee

The DRO model seeks a solution that hedges against the worst-case distribution within a prescribed
ambiguity set, i.e.,
min sup Eq [E(w,é)}é = s} , (6)

2EX Qep,
where the ambiguity set P, is a neighborhood of radius € € R, , centered at the estimated M,
defined with respect to a suitable probability metric. However, such a formulation suffers from
degeneracy due to the conditioning on the singleton {s}, which has zero measure. A common
workaround is to condition on a set S of positive measure that contains s (Van Eekelen 2023). Such
a scheme, however, may lead to difficulty in defining the structure and the size of S in practice. This
limitation motivates the development of an alternative formulation that provides both finite-sample
performance guarantees and asymptotic consistency.
A key advantage of our GMM framework is that the empirical conditional distribution Mﬂs is
analytically available given the empirical estimation of M. Leveraging this, we can directly construct

a data-driven ambiguity set centered at this empirical conditional distribution, i.e.,
P = {Q cePy: W, (@,M§|s> < 5} ) (7)

Here, we adopt the type-2 Wasserstein distance W, (Kantorovich and Rubinshtein 1958, Gao and
Kleywegt 2023) defined as
1
W,(Q1,Qy) := WEHI(%E‘,QQ) (/zXz |21 — 2z2|? ﬂ(dzl,dZ2)> ,

where I1(Q; x Q3) is the set of all joint probability distributions of random vectors Z; and Z, with
marginals Q; and Q,, respectively. The use of the type-2 Wasserstein distance facilitates theoretical
performance guarantees, as we will discuss in the following section. Moreover, compared to the
type-1 Wasserstein distance, it avoids pathological worst-case distributions and often yields more
robust and higher-quality decisions (Byeon 2025).

Using this ambiguity set, we obtain a distributionally robust optimization problem that mini-
mizes the worst-case unconditional expectation with respect to all distributions within a Wasser-
stein ball centered at the estimated conditional distribution:

min sup Eg [é(a:,é)] . (8)

reX QEP.
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The practical utility and theoretical performance guarantee of model (8) require coverage of the true
distribution. To ensure that Mg, € P., the radius € must be chosen appropriately. The following
Theorem demonstrates that the radius required to ensure coverage scales polynomially with the

estimation errors ¢,, €,, and €x.

THEOREM 2. Assume the conditions in Theorem 1 hold. Then it is sufficient to set

2= ((E+1) e+ (Isll +7)en)’ + D (£) ex +2(472 +2DB) (Colis|? + Chllsl + Ch) . (9)

a2
to guarantee that Mg s € P-.

This result yields the following out-of-sample performance guarantee for the solution to problem

(8), respectively.

COROLLARY 1. Let & and J be an optimal solution and the optimal value of the distributionally
robust optimization problem (8). If the radius € of the ambiguity set P. is chosen according to (9),
then the following guarantee holds:

Burg, [0(2,8)) < J

Having established the performance guarantees of our DRO framework, we now turn to its
practical implementation. By (Blanchet and Murthy 2019, Remark 1), if the loss function ¢(x, &)
is upper semicontinuous in &, this problem is equivalent to the following minimization problem
involving the estimated conditional distribution Mg‘sz

weg}/i\IéR+ 2\ + By, [jgﬂng(w, w) = Aw — €[] .
This formulation is amenable to the sample average approximation:

1
. 2 2
min €A+ — sup f(x,w) — A|w — , 10
SEX AR mgM]wE]RI:; ( ) ” £ || ( )

where {&,, } e are samples drawn from the conditional distribution M£|s. When the loss function
is piecewise affine, the resulting DRO problem admits a tractable second-order conic programming
(SOCP) reformulation that can be efficiently solved using standard optimization solvers. Although
the derivation is straightforward, to our knowledge, it does not appear explicitly in the existing

literature. We therefore provide the following result.

PROPOSITION 2. If the loss function takes the form ((x,€) = max;c s a;(x) € + b;(x), then the
distributionally robust optimization problem (10) is equivalent to the second-order conic program
1
. 2
min € /\+M Z Ym

me[M]
st. zcX, \eR,,yeRM

2>\€m+a’j(w) T )
[Aslsm + Y — b (@) — )\] H <A +m =) + A V€[] Vme[M]

M€ +ym >bi(x) VielJ] Vme[M].
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REMARK 2. The DRO model and its tractable reformulation presented in Proposition 2 can be
readily extended to cases where the sample (5, é’) follows a general, non-GM distribution P. Specif-
ically, the sample average approximation in (10) would be constructed using samples {&] },.ern
drawn from the target conditional distribution P¢/,. As detailed in Section 2.2, these samples
can be generated efficiently by first drawing latent {&,,}.me(a samples from the conditional base

distribution, and then applying the learned forward transformation & =Ty ¢ (s,§).

Together, Proposition 2 and Remark 1 demonstrate that our DRO framework is both computa-
tionally tractable and broadly applicable to general distributions. In the next part of this section,

we will address the challenge of model misspecification.

3.2. Robustifying Against Unknown Mixture Size K

A practical challenge in applying the GMM framework is that the true number of mixture compo-
nents K is typically unknown and must be chosen as a hyperparameter. Selecting an incorrect num-
ber K’ can lead to model misspecification, which invalidates the performance guarantees derived in
the previous section. Our DRO framework can be naturally extended to hedge against this struc-
tural uncertainty. Specifically, although the exact number of K is unknown, the decision maker
could generally determine a finite set X C Z, that constitutes all plausible candidate numbers. In
this case, one could train GMM algorithms under different mixture sizes, resulting in |K| candidate
conditional distributions: I\A/JIZS for L € K. Then, the decision maker can solve the distributionally
robust optimization problem (8) using an ambiguity set of an appropriate radius centered at one
of these distributions. The following proposition provides a recommendation for designing such an

ambiguity set.

PROPOSITION 3. Define WE(MSS,MSS) for K, K' € K to be the optimal value of the following

)

linear program:

w2’ wr . ~i - i i i VEs i 0L
W, (Mg s, M) = min Z Z Tij (Hﬂg|s - ué\sllz +tr (2£|s + 3, — 2(((Bgs) 2 25, (B 5)?)
i€[K] j€[K] )
st. me AF x A¥

Y mi=p Vie[K']

[

Assume the conditions in Theorem 1 hold and the true GMM mixture size K belongs to K. Let €

be defined as in Theorem 2. Then, centering the ambiguity set (7) at the conditional distribution

Mg),, where
. —2, ~L K’
K'e ar}%rerllclnr{lea)é{WQ(Mﬂs,Mﬂs),
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and setting the radius to

= W, (¥, Mg,
e’ =e+max Wy (Mg, My),),

ensure that M|, € Por.

Proposition 3 offers a theoretically sound method for making decisions that are robust not only
to data-driven estimation errors but also to the misspecification of the GMM’s complexity. To the
best of our knowledge, this is the first work to establish a formal coverage guarantee for GMM
under misspecification.

The models and reformulations developed so far leverage the analytical tractability of GMMs,
enabling the approximation of the conditional distribution through efficient Monte Carlo sampling.
This approach is highly effective for single-stage optimization problems. However, when extended
to multistage settings, standard sampling-based dynamic programming methods encounter a sig-
nificant challenge: the size of the resulting problem often grows exponentially with the number
of planning horizons T. To overcome this limitation, the next section introduces an alternative
approximation scheme that avoids direct sampling, offering a solution method whose complexity

scales much more favorably with the planning horizon.

4. Optimization Models Using Observational Data

In this section, we develop optimization models that directly utilize the observational data, bypass-
ing the need for Monte Carlo sampling to approximate the conditional expectations. These models
offer significant advantages in multistage settings, particularly when solving stochastic optimiza-
tion problems using data-driven dynamic programming (Park et al. 2022), where the problem size
scales only linearly in the time horizon and data size.

The traditional scheme for multistage stochastic programming is the sample-average approxi-
mation (SAA) scheme (Shapiro 2011), which presumes access to the underlying distribution and
relies on sequential conditional Monte Carlo sampling to capture the evolution of the stochastic
process. While one could, in principle, apply the SAA scheme using samples from the approxi-
mate distribution M, the resulting problem size grows exponentially with the time horizon, making
dynamic programming methods computationally intractable. By contrast, the data-driven scheme
of (Park et al. 2022), operates directly on historical trajectories by reweighting the transition prob-
abilities between consecutive data points using kernel regression to capture the process dynamics.
We propose to replace these kernel-based weights with Gaussian-mixture-based weights, leveraging
a GMM to approximate conditional transitions. This substitution preserves the direct-from-data
workflow while mitigating the curse of dimensionality inherent in kernel regression, and enables

scalable multistage optimization without resorting to large-scale Monte Carlo sampling.
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We begin by describing the solution procedure in a single-stage setting. Let f and f be the
density functions of M and M, respectively. Given N historical observations {(8n,&,) }nen) drawn

from M, we approximate the contextual stochastic optimization problem (2) by

min—— 3 t(z,£,) f(slE,). (11)

xeX f(S)Nne[N]

We now justify this approximation. The conditional expectation in the objective can be rewritten

as

By [t )]s =] = [ t(2.€)1(s.€)/ (s)ae
— [ €106l £(€)/ £(5)ae

1 ~ -
=By [U(,8)f(s18)]
fis) ™
Using the samples {£, }.c;n) and applying sample-average approximation yields:

B [fe. D)5 =s] ~ 3 tlan) S

ne[N] )

The factor £ (fs(lf)”) = f{i)sf&(g)) constitutes a likelihood ratio that quantifies the local dependence

between s and &,. Values greater than one indicate that the co-occurrence (s,&,,) is more likely

than under independence, while values smaller than one indicate the opposite (Church and Hanks
1990). Lastly, the formulation (11) is obtained by replacing the unknown true density f with the
approximation f . We further remark that the approximation scheme can be naturally generalized

to a random vector (.’s”,é") governed by an arbitrary distribution P through a normalizing flow.

4.1. Approximation Quality

We now proceed to establish the approximation quality of our proposed scheme, demonstrating
its favorable sample complexity properties. To this end, we introduce the following regularity
condition:

(D) There exist constants f,f € Ry, such that f > f(s]€) for all & € RE, and f< f(s) with
probability 1 — 4.

This condition is standard in the nonparametric regression literature (Gyorfi et al. 2006, Kohler

et al. 2009, Belkin et al. 2019) and serves to simplify the presentation. Specifically, since f (sl€) is a

conditional density of a mixture of Gaussians—and hence itself a mixture of Gaussians—it admits

a uniform upper bound. Likewise, since f (s) is a marginal density of a Gaussian mixture, one can

always determine a lower bound f given a confidence level §. Based on these assumptions, the

following theorem bounds the difference between the true and empirical conditional expectations.
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THEOREM 3. Let M = Zke[K]pkN(uk,Ek) be the true Gaussian mizture distribution and M =
> he[K] PPN(i%, ) be the estimated one. Suppose that |pF — pF| <e,, | — | < e, and |ZF —
S*|| <eg for all k € [K]. Then, for any § € (0,1), we have

£.)

nE[N]
v 2 / 2 "
<7|cq R(Hsrr2+ﬁ+(v+ﬁ<||s||+v>) )+0Q+R¢Hsu2+5+<v+§<usu+w>) + M]
+ (Cr(B+72) + Cr/BF 2+ Ch+ Colls|? + Chlsl| + C4)

(12)
with probability at least 1 — §. Here, the constants are defined as Cp = (1—!— Ep) 2;2, =
(1+2) (2 +252), and Cp =2+ (1+2) (L7 +3F (% +0) +ole, +e3)).

[e3

In Theorem 3, the constants Cqr, Ct, z, Coi gy Cr, Ck, Ck depend linearly on ¢, €,, s, and
the final term decays as O(%); therefore, the proposed approximation enjoys polynomial sample
complexity and avoids the curse of dimensionality. In the next section, we apply this approximation

framework to address multistage stochastic optimization problems under Markovian uncertainty.

4.2. Applications to Multistage Stochastic Programming

We consider a multistage stochastic optimization problem with Markovian uncertainty over a

éT—l] ‘ éQ] ‘ 51] .
(13)

This problem is traditionally solved via dynamic programming by recursively evaluating the cost-

planning horizon of T' stages, given by:

min E(:BT,E’T)
zpE€XT(2T_1,€T)

min  l(x1,&,)+E min  £(z5,&,) +E|---+E

x1€X1(x0,€1) 2 EXa(x1,E5)

to-go functions from the terminal stage t =T backward to the initial stage t =1:

W(mt—lagt) = min - C:wt + Vt+1 (zct,ft) th_l c Xt—l Vﬁt c RQ, (14)

T €EXt(2r—1,€¢)

where
Vi (z,§,) =E [Vt+1($t7ét+1) ’ 54 (15)

denotes the conditional expectation of the future cost-to-go function at stage t+ 1, given the most
recent realization &,. We assume Vz,,(-) =0, which implies that no additional costs beyond the
terminal stage 7'

In practice, the underlying stochastic process é () = (él, 52, ... ,ST) € R9*T is typically unknown
and one only has access to NV i.i.d. sample trajectories {& ,, == (&1 .- - > &7,) fnerv)- In (Park et al.
2022), the authors propose to approximate the conditional expectation in a data-driven fashion

Vt+1 mtaé Z W1 étvgtl)‘/t+l(mta£t+1 2) (16)

1€E[N]
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where the weights w1 (§;,§, ;) are defined through the kernel regression. This scheme avoids costly
evaluations over the continuous space by computing the value functions only at the sample points
{&, . }ne(n)- However, this method suffers from the curse of dimensionality: its suboptimality scales
as O(T2 /N ﬁ) and thus deteriorates rapidly as the dimension () increases.

To overcome this limitation, we propose to replace the kernel regression weights in (16) with the

Gaussian-mixture-based observational weights in (11), yielding the approximation

f}t+1(wta£t) ~E |:V;5+1($tvét+1)|§t = ft} = Z f(£}|(i“_)l’i>vt+1(xt7£t+l,i)' (17)
i€[N] t

This leads to the following suboptimality guarantee for the solution if[ obtained via our data-

driven dynamic programming approach.

THEOREM 4. Assume that for each t, the cost-to-go functions Vi(x;_1,&,) is L-Lipschitz continuous

in x,_y for any fived §,. Furthermore, assume that the feasible regions are nonempty and compact:

there exists a constant D € R, , such that SUD, of e, (w16 1T — Tl < D for allte[T], &, €

Xi_1(+), and &, € Z;. Then for anyn € R, the following bound holds with probability at least 1 —0.
660+ @l - (| min | f@n &) + e

x1€X] (20,€1)

<2T—1)7+4(T —1)Ly+ QET: lifo 2 Jog ((T+ 1)0(1)N;—2(D/U)R(t_1)>

N

Here,

=7 [CQ+R £2+6+ (v+£ (§+7))2) +C¢+R\/£2+6+ (7+B(£+7))2+05+R:| (18)
_l’_

Y (Cr(B+7%)+ Crv/B+72+Ch+ Cof? + Cpé + Cp) .

andf_::40\/ﬁ+20,/210g¥+fy.

This result establishes that the suboptimality of the proposed approximation decays at the rate

= (2 (OWNAD e
tz_; Nlog( 5 >

Z <10g(9 1)+ (—2)10gN+R(t—1)logl77)—log5>

(/)0 ()

and crucially, it is free from the curse of dimensionality. In contrast, the kernel-based approach

yields a slower rate of O(T%/2/N?/(Q+t49) (Park et al. 2022, Theorem 1). To the best of our knowledge,

I
G}
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this is the first result of its kind, even for the special case where the underlying stochastic process
is a single multivariate Gaussian (K = 1), a setting that frequently arises in multistage portfolio
optimization. Notably, the standard sample average approximation approach in this setting only
achieves a convergence rate of O(T"/2/N'/(T)) which deteriorates significantly as the planning

horizon T increases (Shapiro and Nemirovski 2005).

4.3. Distributionally Robust Optimization Framework

To enhance the reliability of our data-driven approach, we now embed our model within a DRO

framework. To this end, we define the empirical measure as

=) e g
Z (IE)

nE[N

and use it as the center of the Wasserstein ambiguity set defined in (7). Reformulating the resulting
DRO problem into a tractable conic program is straightforward by employing Proposition 2. For
the sake of brevity, we omit this derivation and focus on the illustration of how to determine an
appropriate radius for the Wasserstein ambiguity set.

The practical application and performance guarantees of the DRO model hinge on choosing a
radius that ensures the true conditional distribution Mg, is contained within the ambiguity set
with high probability. To achieve this, we need a valid upper bound on W, (@,Mg‘s). Let Mgljs =
ﬁ Zme[M] d¢:  be the empirical measure constructed from M samples of M£|s. By the triangle
inequality:

N N ~ M ~ M ~ ~
W (Q, Mgs) < Wu(Q, My ,) + Wa (M 5, Mejs) + W (Mejs, Mggs ).

o A M
The first term, W, (Q,Mg‘s), corresponds to the square root of the optimal value of the following

linear program:

WS(Q,MHS = min Z Z 771]”5 5 ||2

i€[N]jE[M]
st. me AN x AM

1 .
ZMZM Vj € [M]

f(slg,) .
E , Tj=— % - ViE[N]

~ M ~
The second term, Wy (M£|s? Mgs), can be bounded using concentration results for empirical Wasser-
stein distances (Fournier and Guillin 2015, Theorem 2). The final term, WQ(MHS,M&S), is upper
bounded by the result established in Theorem 2.

REMARK 3. The proposed DRO framework can be seamlessly embedded into the multistage

stochastic programming formulation described in Section 4.2. Specifically, at each stage ¢, instead
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of approximating the conditional expectation V, ;(x,&,) in (15) via a fixed weighted average as
in (17), we solve a distributionally robust optimization problem over a Wasserstein ball centered

at the empirical measure Q.

5. Experimental Results

In this section, we conduct numerical experiments to evaluate the out-of-sample performance of
different decision-making models. We study three important operations management problems:
inventory management, portfolio optimization, and the multistage wind energy planning problem.
In each experiment, we begin by describing the problem setting, followed by the model training
and hyperparameter tuning procedures, and conclude with out-of-sample evaluation results and

their interpretation.

5.1. Inventory Management

We consider an inventory management problem, where the objective of the decision maker is to
determine an optimal order quantity under uncertain demand. Specifically, when the order quantity
exceeds actual demand, the firm incurs a holding cost. Conversely, when the order quantity is too
low, a stock-out cost is penalized due to unmet demand. The loss function under order quantity

g € R, and realized demand £ € R, is given by:

(g, &) =h(g—&)+ +b(€—q)+,

where h and b denote the per-unit holding and stock-out costs, respectively. In this experiment, we
set these costs to h =10 and b =2. We assume the demand is influenced by a vector of observable
side information 8 € R?, which is available prior to making the ordering decision.

To assess the capabilities of our proposed method, we design a synthetic data-generating pro-
cess. Specifically, we construct a multimodal distribution by combining a linear and a quadratic
functional relationship. The side information s is drawn from a multivariate uniform distribution,

i.e., §~U(—-2,2). For a given realization of 8, the uncertain demand is then generated as

= 0.3e"s+0; +p1  with probability 3,
55 8740+ pe  with probability 2,

where 51,52 ~U(-2,2) are uniform noise terms while p; =50, py =42.5 is a base demand. This
distribution is intentionally complex and cannot be perfectly captured by a GMM. Furthermore,
from a data-driven perspective, a decision-maker unaware of the underlying distribution would find
it very difficult to specify a correct functional form for learning. This setup, therefore, represents

one of the challenging scenarios in contextual optimization.
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Figure 2  Visualization of the underlying distributions, which is a mixture of quadratic and linear forms.

We evaluate the performance of our proposed models—both the plain-vanilla GMM framework
and its extension with normalizing flows—against two prominent benchmarks from the literature.
The first benchmark is the regularized Nadaraya-Watson regression (RNW) method (Srivastava
et al. 2021). The RNW method is known for enhancing the robustness of kernel-based approaches
by incorporating a conditional variance regularization term. It serves as a strong baseline for non-
parametric models that do not assume a specific data structure but can be susceptible to the curse
of dimensionality. The second benchmark is the residual-based distributionally robust contextual
(ResDRO) optimization approach (Kannan et al. 2020b). ResDRO’s key strength lies in its flexible
residual architecture, which allows it to be effectively paired with various parametric prediction
models. This method also employs a DRO framework to improve out-of-sample stability, and it is
regarded as a state-of-the-art parametric framework for contextual optimization. Together, these
two benchmarks provide a comprehensive comparison, representing the leading non-parametric and
parametric approaches in the field.

Table 1 summarizes the out-of-sample performance of all competing methods under three levels
of contextual dimensionality: @ € {1,5,20}. To ensure the statistical significance of our results, the
reported metrics are based on 100 independent trials. Within each trial, we train every model on a
randomly drawn training set of 100 samples. The performance is then assessed on a large, separately
generated test set of 10,000 samples, allowing for a precise estimation of the true out-of-sample
conditional expected loss. For reproducibility, the detailed model formulations, hyperparameter
tuning procedures, and specifics of the normalizing flow training are provided in Appendix D.1.

The experimental results in Table 1 reveal several key findings. First, one can observe that our
GMM-based frameworks demonstrate exceptional performance across all contextual dimensional-

ity. Additionally, the GMM-NF model outperforms the plain-vanilla GMM in higher-dimensional
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scenarios, demonstrating the effectiveness of the normalizing flow in correcting for model misspecifi-
cation. Nevertheless, the performance of the original GMM model remains respectable, highlighting
its inherent flexibility even under non-GM distributions. In contrast, the parametric model Res-
DRC struggles under multimodal data-generating distributions. Due to its inability to learn the
intricate mixture distribution, this method yields higher out-of-sample loss compared with our
GMM models. On the other hand, although we observe that the non-parametric RNW method is
competitive at low dimensionality, it suffers a severe performance degradation in higher dimensions
due to the curse of dimensionality.

In summary, our proposed GMM framework, particularly when enhanced with normalizing flows,
establishes its superiority and robustness across all tested scenarios. It effectively overcomes the
curse of dimensionality that plagues the non-parametric benchmark and shows remarkable flexi-

bility compared with parametric models.

Q model avg. loss | 10" percentile | 90" percentile |

ResDRC 15.406 10.070 22.602
1 RNW 11.509 8.869 14.205
GMM 9.748 5.722 12.931
GMM-NF 9.880 5.757 12.946
ResDRC 31.060 9.459 50.481
5 RNW 37.003 15.756 56.568
GMM 34.986 8.694 61.826
GMM-NF  29.518 7.549 45.351
ResDRC 196.875 113.379 306.892
20 RNW 233.464 196.473 275.430
GMM 143.365 103.331 182.220
GMM-NF 140.706 94.249 174.691

Table 1 Out-of-sample performances of different contextual optimization methods. GMM represents the

plain-vanilla GMM method, and GMM-NF represents the generalized framework with normalizing flows.

5.2. Portfolio Optimization

In the second experiment, we address the problem of contextual portfolio optimization, a critical
task in financial decision-making. To ground our analysis in a state-of-the-art context, we adopt
the same experimental design as in Nguyen et al. (2024). This alignment ensures that all methods
are tested under identical market conditions, facilitating a fair and rigorous comparison. For the
sake of completeness, we herein detail the full experimental setup.

Following the work of Chenreddy et al. (2022a), Nguyen et al. (2024), we adopt the following
five indices as contextual information: (i) Volatility Index (VIX), (ii) 10-year Treasury Yield Index
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(TNX), (iii) Crude Oil Index (CL=F), (iv) S&P 500 (GSPC), (v) Dow Jones Index (DJI). The
investment universe consists of 399 assets that constantly stay in S&P 500 from January 01, 2017,
to March 31, 2023. The entire dataset is partitioned into three periods: an initial period from
January 1, 2017, to December 31, 2018, used for initial model training; a validation period from
January 1, 2019, to December 31, 2020, dedicated to hyperparameter tuning; and a final test
period from January 1, 2021, to March 31, 2023, for out-of-sample performance evaluation. During
validation and out-of-sample test, we employ a rolling-horizon approach, where for any given day t,
its training set consists of the preceding two years of data. The investor’s objective is to minimize

a mean-CVaR with a 10% risk tolerance (7 =0.1) and a risk-aversion parameter n € {1,3,5,7,9}:
CVaRy [~z €|5 = 5] — nEp[x ' £]5 = s

Our proposed methods are benchmarked against a comprehensive suite of established models in
portfolio optimization and contextual portfolio optimization literature. These include: (i) the equal-
weighted model (EW), (ii) the unconditional Mean-CVaR model (MC), (iii) the Distributionally
Robust unconditional Mean-CVaR model (DRMC) (Blanchet and Murthy 2019, Mohajerin Esfa-
hani and Kuhn 2018), (iv) the Conditional Mean-CVaR model (CMC) (Nguyen et al. 2024), (v)
the Distributionally Robust Conditional Mean-CVaR model (DRCMC) (Nguyen et al. 2020), (vi)
the Optimal Transport (distributional robust) Conditional Mean-CVaR model (OTCMC) (Nguyen
et al. 2024), (vii) Data-driven Contextual Optimization with Gaussian Mixture model with normal-
izing flow (GMM-NF). The implementations of benchmark methods are based on publicly available
code,? while the hyperparameter tuning procedure and training details of our method are presented
in Appendix D.2.

The out-of-sample performance of all methods is summarized in Table 2. The results compellingly
demonstrate the superiority of our proposed framework. Specifically, for n =5 and 9, our method
achieves the best performance, evidenced by a significantly lower out-of-sample loss and a higher
Sharpe ratio compared to the benchmark approaches. Meanwhile, for 7 = 1, our method also
delivers close-to-best performance. This robust outperformance suggests that our framework is
adept at modeling the conditional distribution of asset returns, leading to more effective portfolio

allocation decisions across all risk preference levels.

5.3. Multi-stage Wind Energy Optimization

In our final experiment, we extend our study to the multistage setting. Following Park et al. (2022)

and Kim and Powell (2011), we investigate a multistage energy planning problem in the day-ahead

Zhttps://github.com/shanshanwang2019/Robustifying-Conditional-Portfolio-Decisions-via-Optimal-Transport
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7 model risk | mean 1T CVaR | Sharpe 1

EW -0.236  0.118 1.501 2.196
MC -0.115 0.058  1.140 1.366
DRMC -0.222  0.111 1.371 2.301
1 CMC -0.098 0.049  2.207 0.691

DRCMC -0.237 0.118 1.498 2.202
OTCMC -0.236 0.118 1.492 2.205
GMM-NF -0.236 0.118 1.476 2.240

EW -0.472  0.118 1.501 2.196
MC -0.457 0.114  1.282 2.427
DRMC -0.451 0.113 1.407 2.263
3 CMC -0.0561 0.013 2.931 0.129

DRCMC -0.473 0.118 1.498 2.202
OTCMC -0.469 0.117 1.485 2.208
GMM-NF -0.481 0.120 1.492 2.251

EW -0.709  0.118 1.501 2.196
MC -0.670 0.112  1.412 2.188
DRMC -0.683 0.114 1.432 2.241
5 CMC -0.357 0.089  2.809 0.657

DRCMC -0.710 0.118 1.498 2.202
OoTCMC -0.702 0.117 1.486 2.201
GMM-NF -0.730 0.122 1.503 2.256

EW -0.945 0.118 1.501 2.196
MC -0.888  0.111 1.598 1.950
DRMC -0.917 0.115  1.448 2.227
7 CMC -0.725  0.091 3.254 0.832

DRCMC -0.946 0.118 1.498 2.202
OTCMC -0.937 0.117 1.488 2.199
GMM-NF -0.979 0.122 1.509 2.257

EW -1.181 0.118 1.501 2.196
MC -1.051  0.105 1.786 1.676
DRMC -1.152  0.115  1.459 2.217
9 CMC -0.704  0.070  3.845 0.567

DRCMC -1.183 0.118 1.498 2.202
oTCMC -1.173  0.117 1.490 2.199
GMM-NF -1.228 0.123 1.513 2.257

Table 2 Performance metrics for different contextual portfolio optimization models under varying n values.

market. At the beginning of day ¢, the producer observes the day-ahead hourly prices p, € R3*
and determines the commitment levels u, € R3* for the next day’s production. On day ¢+1, the
commitments are fulfilled either through generation ét 41 or by discharging from the storage units.
The unmet commitments incur a penalty of twice the day-ahead price, while the excess generations
are used to recharge storage. When the storage capacity is saturated, the surplus energy is curtailed.

We obtain the hourly wind energy data from the North American Land Data Assimilation
System (Xia et al. 2013) from 2002 to 2011 at Ohio and North Carolina regions. The day-ahead
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prices are publicly available at the PJM market®. We construct weekly trajectories consisting of
seven consecutive days (24 hours x 7 stages), yielding 520 trajectories in total. To capture seasonal
variation, we partition the decision-making problem into quarterly subproblems; in each quarter, we
take the first three years of data as in-sample trajectories and evaluate out-of-sample performance
on the remainder.

We integrate our proposed method into the stochastic dual dynamic programming (SDDP)
framework, which is widely considered to be the most effective method for solving multistage
stochastic programming problems (Fillner and Rebennack 2025). For the benchmark, we com-
pare our proposed GMM-based SDDP against two popular schemes: stagewise independent SDDP
(Independent) (Shapiro 2011), and distributionally robust Nadaraya-Watson SDDP (Nadaraya-
Watson) (Park et al. 2022). The first method, independent SDDP, assumes no temporal depen-
dence between different stages. In contrast, the state-of-the-art Nadaraya-Watson method estimates
the transition probabilities through Nadaraya-Watson kernel regression and then employs a DRO
scheme to robustify the solution. Our proposed approach, however, utilizes Gaussian-mixture-based
observational weights to replace the kernel regression weights, as described in (17). Additional

experimental details are provided in Appendix D.3.

Data set model mean T 10" percentile T 90" percentile 1
Independent 6.847 2.678 11.673

Ohio Nadaraya-Watson 6.863 3.225 11.254
GMM 7.855 3.318 13.789
Independent 7.914 0.896 15.341

North Carolina Nadaraya-Watson 8.195 1.005 15.642
GMM 8.728 1.985 15.859

Table 3 Out-of-sample performance of different methods in the multistage day-ahead wind energy planning

problem (in $100,000).

Table 3 summarizes the statistics of different methods in the out-of-sample test. Our scheme
attains the best results across all the criteria. In contrast, the Nadaraya-Watson SDDP method,
while robust, suffers from the curse of dimensionality, which limits its performance in this high-
dimensional problem. Our GMM-based approach, however, effectively mitigates this issue by fitting
a finite Gaussian mixture to the joint distribution and utilizing its closed-form solution. This
allows for a more accurate capture of the temporal relationship, leading to sharper conditional
forecasts, better commitment decisions, and ultimately superior out-of-sample performance across

all reported metrics.

3 Day-ahead wind data can be downloaded from PJM: http://dataminer2.pjm.com/feed/da_hrl_lmps/definition
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6. Concluding Remarks

This paper introduced a novel framework for data-driven contextual optimization, designed to
address a fundamental trade-off in existing solution schemes. Prevailing parametric methods often
lack the flexibility to handle complex, multimodal uncertainties, while non-parametric approaches
are notoriously hampered by the curse of dimensionality. Our GMM-based framework elegantly
bridges this gap, marrying the powerful expressive capabilities of non-parametric models with the
favorable sample complexity of their parametric counterparts. Recognizing the practical need for
relaxing strict distributional assumptions, we integrated our framework with normalizing flows,
thereby generalizing the applicability of our model to arbitrary distributions. Finally, we extend
our framework to the domain of dynamic decision-making by designing a novel GMM-based solu-
tion scheme for multistage stochastic optimization problems under Markovian uncertainty. Our
theoretical analysis confirmed that this method achieves significantly better sample complexity
than traditional approaches, providing a powerful new methodology for solving long-horizon, high-
dimensional multistage problems. Extensive numerical experiments on a series of financial and
business decision problems demonstrate the practical superiority of our approach. The framework
consistently outperformed state-of-the-art benchmarks, especially in high-dimensional scenarios

and when faced with complex data structures.
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Appendix A: Proofs of Section 2

PROPOSITION 4. Consider two Gaussians N(p,X) and N(f1, %) in RP. If their total variation

distance TV (N(p,X),N(fx, X)) is less than or equal to €, then

1632
D

X 1
s3I d —|lpu—al <88.
| (S an 8ﬁllu il <88

Proof The total variation distance admits a lower bound in Hellinger distance, which in the

case of two Gaussians N(p, X) and N(f, 2) is given by

NP pIEIDSIE: 1 e R Ao
BN 2,502, £) = 1= 2 o (G 097 - 0 ) < TVON, ). 503 ),
(19)
where = ¥

We will further derive a lower bound on the Hellinger distance. To simplify the exposition, we

denote A:=3%—3; hence T=Q+A/2 and X =Q— A/2.

- 1
First, we derive an upper bound on the ratio |2|71I|E\‘if /|2|2. Applying the logarithm operator

to the ratio, we get

Q+A/2Tlog|Q—A/2T 1 1 1
log‘ +A/2 0g1] /2 =—1log |2+ A/2|+ - log |2 — A /2| — - log |Q|.
’Q‘? 4 4 2

The second-order Taylor expansion of log det around €2 is given by (Boyd and Vandenberghe 2004,
Section A.4.3):

log |2+ A /2| =log 92| + %tr(ﬂflA) - étr(ﬂflAﬂflA) +o(]|Al]?)

log |2 — A /2| = log |2 — %tr(ﬂ‘lA) _ étr(ﬂ_lAQ_lA) +o(|Al).
Hence,

Q+A/2TQ— A/ 1
1Og\ + A /2|1 /2|7 _

all —Etr(ﬂ‘%ﬂ‘%AQ‘%Q_%A) +o(||AlP)

1 1 _1
= -l a Tt +o(Al?)

Applying the exponential operator, we thus obtain
DI

1 _1 _1
o <o (ggletae i raga).

Substituting this bound into the Hellinger distance (19) yields

H(N(p, 2),N(, 2))
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1 it 1 1 NP .
21 e (<1973 AQ 4 oA - J(u- 9 )

1 1 1 1 . _ R
R AQ 4 (- )0 "(n—f)

1 1
> All%Z+ —|lp— [
D 1
> AP+ —|lp— -
_1652H | +86||u fll
where we have approximated exp(—z) around x =0 in line 3. Thus, the claim follows. O

Next, we present the proof of Theorem 1. The proof of Theorem 1 relies on several results.

LEMMA 2. Let a,a’ € R, b, € R, and suppose that b,b' >b>0. If |[a —d'| <e€, and [b—V]|<¢
then

a_ol_c  ald] e ald
b V|~ b by — b v?
Proof of Lemma 2 We have
a_ad|_|ab —a'b §|ab—abH—\ab—ab|§el+eb\a|§ei+eb\a]’
b v bt bt b bt b v?
which proves the claim. O

LEMMA 3. Suppose the matrices A and B are strictly positive definite with ol < A, o X B for
a€Ry . If |B— Al <e, then
-1 -1 €
A -B <5
Proof of Lemma 3. Since A~' — B '=A"'(B - A)B™", we have
_ _ _ _ _ _ €
AT =B | =[A"(B-A)B~| <|ATYI(B-A)||B IHSQ-

Thus, the claim follows.

LEMMA 4. Suppose p, 1 € R and £,3 €SP, with al < =3 If
= il < €, | B = 2 <ees,
then for every z € RP, we have

‘N(z\u,E) —N(zm,ﬁ))‘

5 HZfl(z —p)(z—p)'Z - H + +o(e, + 62))

DGE
202

< N () (eunzl(z —wll+
< N(zm,z)(

(2l +) + o (=] +2)°+ ) +olep+ e) ).
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Proof of Lemma 4. Recall that the normal density function is given by
exp (—3(z—p)'27 (z—p))
(2m)P X '

We first construct a first-order approximation around (u,X). The gradient with respect to the

N (z|p, Z) =

mean vector is
exp (-2 (z-p) .,

VN (z|p,X)= z—p) =N (2|1, )= (z— p).
wN (z]p, 3) Eb] (z—p) =N (2[p, X)X (2 —p)
To obtain the gradient with respect to the covariance matrix, we first take the logarithm:
1
logN(z]u,E):—i( p) ! —log+/(2m)P —flog|2]

Using (Petersen et al. 2008, Equation (63)) to compute the gradient of the quadratic term
Vs(z—p)' T z-p)=-3"(z—p)(z-—p) ="
and (Petersen et al. 2008, Equation (57)) to compute the gradient of the logarithm term
Vslog|E|=27",
we find that
Vslog A (211, 2) = ;5 Mz~ p)(z ) B - 5
By the chain rule, we have
VA (£11, %) = (21, 2) Vs o A (148 2) = (21, 2) (537 (5= sz = )57 - 53 ).
Hence, the Taylor expansion around (u,X),
N (21, 8) =N (2118, 8) = VN (210 2) T (= ) =t (VaN (2], 3) (- 8)) + Rz, 5)
yields the upper bound
- o3|
<[V @1 =) (= )|+ [t (VN (2l ) (S - 9)) |+ R (2, 5)
< eull Vi (2], B) | + Des | VN (210, ) | + Ri(f1, 2)

N (2], 3) <euuzl<z—u>n + D2 e - B 2 ) + Rl D
N (2l ) (fj;uz—u (Hz—uW +a)) LR )

gN(zru,m( Uzl +7) + 2 (] + )2 +a)) R 3).

2a
The third line follows from the assumptions || — fi]| < ¢, and X — 3| < ex;, as well as the inequal-
ity tr(AB) < D| A||||B|| for A,B € RP*P, Note that the remainder R;(j,X) is bounded by
N (2|, Z) o(|| e — fo]| + ||= — 2|). Substituting this bound yields the desired result. O
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PROPOSITION 5. Let M =3", PPN(p*, 2F) and M = > kelK] PPNk, 2F) be two GM distribu-
tions in RY with densities f and f, respectively. If Ip* —p*| <€, " — ¥ <€, and =k — ﬁ}kH <
es for all k € [K], then the densities satisfy

1(2) = f(2)| < f(2) (Collz|* + Cpllz + Cp)

<1+%'> (£ v+ 2% (2 +a) +ole, +ex)).
Proof By the triangle inequality, we have
£ (2) = f(2)]
Lok
=2 PN (el 2 )= > HW (21,5
€[K] ke[K]
-k
<D PN (2l ) = 3D PN (It B || D 5 (2l =) - S A (21,8
ke[K] ke[K] ke[K] ke[K]
, koo
<D0 QN (2l B+ 3 W (It B - (210t 2
kE[K] ke[K]

Since ||u* — ii¥| < e, and ||=* — 3*| < ex, Lemma 4 yields:
W (2l 35) — N (21, 57

€
A (et =) (2 )+

oo (Il +2)+ ) +oleu+ e) ).

We thus obtain

()~ ()
< 3 N (eIt B 4 X N (el ) () + 5 (07 ) ol )
ke[K] ke[K]

<Y PN |2

ke[K]

<1+€;> (Z‘(Ilzll+v)+ o= (I +) +) *0(6““2))

where we have upper bounded p* with p* + ¢, and €, with 2 ep, and rearranged the terms. This

completes the proof. O

PROPOSITION 6. Let M=}, 4 P"N(p*, 2F) and M = > ke[K] PPNk, 2F) be two GM distribu-

tions in RP. If |pF — p*| <e,, ||[u* — (*| < €, and || ZF — 2F|| < ex for all k € [K], then

N (slut,mby) BN (sl 2E)
+ =

f(s) f(s)

|Pejs — Dejal < (Collsll* + Colisll +C5)
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42

<2Cq|sl” +2C5|Isll +2C¢,

. B a+p3
‘|“§|s—“§s||<<a+1 ut s (IIsll +7) e,

st sk < (BY
|| Els {\s” = a €.

Proof of Proposition 6 Note  that  f(s) = Zke[K] PPN (3‘N§72§s) and f(s) _
Zke[K] PN <3|ﬂl§= 2125) By Lemma 2,

PN (it zb) PN (sl 3

’pﬂs _ﬁg\s| = f(sj - f(s)
AN (slaah, 35,) = A (sl S5, ) | 9PN (sl S5,) [ £(5) = F(s)
< + =
= £(s) f(8)f(s)
Pl =) o (i ZL)| g ol
= f(s) /(s

N

~~

(1) (ii)
where we use the fact that p*P A\ <s]ﬂ’;, ﬁlis) /f(s) <1 in the second line. We now bound each term
separately:
(i) Using the same derivation as in the proof of Proposition 5, we find that

PN (sliah, BE,) — 9 (sl S5 )| < (st S5, (Callsl? + Chllsl +C5).

Hence,

PN (sl ) — N (slinh, 35, ) PN (st =) - (slist. 2L,
f(s) = PN (s]pk, 55,
< CollsI? +Chlis| +Cs,

where the first inequality follows from f(s) > p*\ (s|uk, =5).

(ii) By Proposition 5, we have

GG IO
e = CallslP+ Collsl+ €.

Thus, combining both bounds, we obtain

[pE = Phjal < 2Cq]s]* +2C5 Isl| +2C5.

The error bounds for the mean and covariance estimates are derived in (Wang et al. 2022, Lemma

9):

N o+t p
oo~ ol < (24 1) 6 252 (lsl + e
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sk sk < B\
|| &|s 5\5”— €s-

(0%

Thus, the claim follows. U
LEMMA 5. If 2~ N(u, %) is a Gaussian vector in RP then Eng, 5[ (2 — p)|] < VD=7

Proof of Lemma 5 Let zZ ~ N(u,X). Then, E_%(E — p) ~ N(0,I), and thus 7'z — p) ~
N(0,=7"). We have

Enun[1Z71 (2 = w)] = Eno 21 [IZ11] < /Exo =) (|17 = y/tx(Z7") < VD=7

where we use Jensen’s inequality to upper bound the expectation of a norm. This completes the

proof. O

LEMMA 6. If 2 ~N(u,X) is a Gaussian vector in R” then

B [5G~ )G — @) 72— 1) < DI,

Proof of Lemma 6 Let z ~ N(u,X). Then, 7'(2 — p) ~ N(0,27"). By (Koltchinskii and

Lounici 2017, Theorem 4) we have:

U oo ) (=) (3
EN(M,E) [”2 1(z_u)(z_u)72 1_2 1H] S HE 1”maX{ ”271” ’ ||271”

max{ HE_lﬂtr(E_l),tr(Z_l)}
< max {VDI="'||, D=7 }
= DJ="|

Thus, the claim follows. U

Proof of Theorem 1 Let f and f be the density functions of M and M, respectively. We have
B, [t(0.8)] ~ s, [12.8)]| = | [ @) 116006 - [t ©)Felo1a
— | [0 (stelo) - teto)) ag
<7 [ |#tels) - frels)| ae.
We next bound the difference of conditional densities:

f(€ls)— f(€]s)
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= Z p£|s €’”’§|sa g\s) - Z ﬁ’g\s/\/ (5’[125722\5)

ke[K]

IN

Z Pg|s €|I”l’£|sa Eg\s Z pg\ f‘ﬂg\sa 2§|s)

ke[K]

| Y PN (Elnge Be) — D PN (E‘Ne\svzas)

ke[K] ke[K]

< Z ‘p£|s —]55|s N(E\Mlé\sﬁgs Z p§|s‘ E’l‘bg\.wzﬂs) <€|ﬂ§|572§\s> .

ke[K] ke[K]

Hence,

Eueg, [02.8)] g, [(2.8)]|
<f/ Z ’Pgs p§|s‘N(£“"’§\s’ £ls dﬁﬂ%/ngs €|Ng\sv §|s) (§|Hg|sa 5\3)

ke[K] ke[K]

(1) (ii)

de.

We analyze each integral separately:

(i) Using Proposition 6, we obtain

/Z |PE)s — Dejs| NV (€l gy St) A€

ke[K]

( ’“k Ek ) ﬁ ( |IJ’S7
< (Cqllsll* +Colisll + C5 + -
( Q Q Q) keZ[K] f(s) f(s

= 2(Cqlls|> + CplIsl|+C3) -

/N E“’l’g\sa §|s) d£

(ii) Using Lemma 4, we have

‘N (€!u’§|s, 225) <£W5|37 £|s>

< N(£|l“l‘]g|s72§|s) (GLH(ZIES)I(ﬁ—HQS)”

Rez H

§\s (5_“§|s)(€_“§|s)—r(2§|s) (zg\s 1H +0(6u+62)>a
where €], = (2+1)ep+ 2L (||s]|+7) ex and g = (g) es by Proposition 6. Hence,
ok
/ Z Ps N

< Zpgls k2 ) [ () 7 € — ] +olen + ex)

(5‘#2\57 2'§|s) -N (6!%3, 2§\s>

dg
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REéS 1 -1
Y B, |2 (B4 € ) € - )T (25 - (207
kE[K]

By Lemma 5, we have

EN(ulng,E’E‘s) [II(EQS)‘I(E - NE\S)H] < \/EH(EZS)‘IH )

and by Lemma 6, we have

it ||| (B0 E— M) E — )T (Bg) T - (Bh)

}<RH g0) -

In addition, since 2§|s = E’gg - 228(253)712’;5 constitutes a Schur complement of ¥ we

must have Anax ((Zfs) ") < Amax((E*)7) < 2 (Zhang 2006, Lemma 2.3). This yields:

/ Z Peys IV

ke[K)]

dg

§|Hg|s» g\s)— (£|Ng\sa §|s)

1 p—
< Zpﬁ\ < Re, +2 269:) H(Ezs) 1H+0(6u+62)
ke[K]
1 2, 1
< Zpﬁ\ Re +2R a—FO(E#—i-EE)
ke[K]

= <\fe + R2 > + o€, +ex).

Combining both bounds, we obtain

’EMQS [f(m,é)} _EM§|5 [f(m,é)”
_ 1 .
<t (2 (ColllP+ Collsll + C) + (VR + 57265 ) 7).
which proves the claim. -

Proof of Proposition 1 The conditional density of E/|s’ is given by

fP(Slvsl)
fe(s)

Applying the change-of-variables formula to both the numerator and the denominator yields:
fir (T3 (s, €))) |det Iy (5',€))
fie (T k()

Since T, (s, &) = < 0. (s 3 )), the ratio of densities reduces to the conditional density:

fu (T (5.€)) T (8:Tod (5:€)
fM(Os’( ) Ju (s)

fP(E,ISI) =

fe(€']s") =

detJ -1 (8)
0,s!

— fie (Tyi(5.€)]s

). (20)
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Next, using the block-lower-triangular structure of the Jacobian:

Ty, (8) 0
[P AN 8 /
JTe_l(S,f)— 8T9£,( 3(/)751) 95/( s,&)
s’ o¢'
we have
8T ( )-det 95/(35)

el 0,s’
detJT(;1(s , €)= det e oF

= detJ, 1 (s') - det Jr (3,5/)
0,s’ 0,¢'
Hence, the ratio of determinants simplifies to

’det JTJ1(S’,£')

= |det J ;-1 (3,5/)‘. (21)
0.¢/
detJ -1 (s')
9,s’
Combining (20) and (21) yields the desired result. O

Appendix B: Proofs of Section 3

Proof of Proposition 2 Under the prescribed piecewise affine loss function, the formulation (10)

becomes

1
: 2 T 2

A= > bi(z) — Ajw—&,, |1
pein EA+ Mme[M]f;lgRgg?ﬁaJ( T) w+bj(x) — Alw =&,

Introducing epigraphical variables v € RM to bring the summands into the constraint system, we
get:

min & )\—i- Z Y

meM] 22
st. zcX, \eR,,vyeRM (22)

aj(m)Tw +bi(x) = A|lw =€, 1°<ym VYweR? Vje[J] Vme[M]
Each semi-infinite constraint is equivalent to a semidefinite constraint:
a;j(@) € +b;(@) ~A|w—&,[> <7 YweR"
= 0< —aj(z) w—bi(z) + A|lw—&, > +7m YweR"E
—= 0<—a;(z) w—bj(x) + \w w22\ wH+ N € 4, VweERE
AL - (2, +22)
(M + ) AL b (@)
By the Schur complement, this constraint is equivalent to the hyperbolic constraint:

(Agm n “J‘%"”)T (Agm + “%"“)
: ,

0=

M€+ Ym —bj(x) > NELE, +m—bj(z) >0
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2X8,, +a;(x) T T
- < b, —b;(x) > 0.
Substituting this constraint back into (22) yields the desired formulation. O

We then present the proof of Theorem 2. To this end, we first derive several auxiliary results.

PROPOSITION 7. The 2-Wasserstein distance between two Gaussians N(p,X) and N(ji, %) in RP

admits the following upper bound:

WE(N(p, 2),N(f2, £)) < || — ] + D)= — .

Proof of Propostion 7 The 2-Wasserstein distance between two Gaussians N and N (Givens and
Shortt 1984, Proposition 7) has the closed form formula given by
WA(N(, 2),N(f, 2)) = || — P + 0 (S48 - 2((mhExh)h).

It remains to upper bound the trace term. From (Bhatia et al. 2019, Theorem 1), we have
1

tr <E +3- 2((2%$2%)%> = ming ey (a) HE% - Z%UHF, where U(D) is the set of all D x D uni-

tary matrices. Setting U =1, we get

N

A 1o l.1)\? 1 &l 1ol
tr<2+2—2((22222) ) <X -2 <D|n? - BF 2

Since ||E% - E%HQ <||Z — 3| (Phillips 1987), we thus obtain
- 1o 1.1)\2 N
tr (2 +3- 2((2?22@)5) <D|=-3.
Combining the bounds yields the desired result. ([l
PROPOSITION 8. Let M=}, P"N(p*, 2F) and M = > ke[K] PPNk, 2F) be two GM distribu-

tions in RP. If |u* — pi¥| < e, and |=* — 3F| < ex for all k € [K], then

W3(M,M) < ¢, + Dex + (49° +2DB) > |p' —§'l.

1€[K]

Proof of Proposition 8 From (Delon and Desolneux 2020, Section 4) and (Chen et al. 2018b,
Section 3), we find that for any two GM distributions M and M their 2-Wasserstein distance is

upper bounded by:
Wg(M’ M) < min Z WZJW§(N(M1, 21)7 N(ﬂja ﬁ]j))

1,j€[K]

st. me AKX x AK
Y my=p Vje[K] (23)
i€[K]
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Suppose that p* = p* + §,, for 6, € [-1,1]. By construction, we must have Zkem 0r =0 in order for
both p and p to be probability mass functions. Consider now the solution
Pif =
Tig = 6; - £ .
& if i# 5.
One can verify that this solution is feasible to (23), which implies that

Wi MM < Y <pk+;)WS(N<uk,2k>,N<uk,z’“>>+ > EWHNG, ), NG, )

k€E[K] i,j€[K]:i#]

A ST 0, N
= > PWHN(u, ), N(EH 2 + Y S W', ), N, 5).
ke[K] i,j€[K]

Using Proposition 7 and by our assumptions, we thus arrive at

WZMI\\/JI ( Pk k k) ( |2 i_Aj>
<Y i 2+ Dz - 54) + 32 2 (I - )P+ DI -3V
kE[K] i,j€[K]
|5i| 2
<N (e +Deg)+4z S (49" +2Dp)
ke(K) 1,j€[K]
=Y P (s + Des) + (497 +2DB) > [
ke(K) i€[K]
This completes the proof. ]

Equipped with these preliminary results, we now present the proof of Theorem 2.

Proof of Theorem 2 By Proposition 6, we have

N (slt Bty) | PN (sl 2L)
f(s) f(s)

) B
H,’l’]as_l’l’gs” S <a+1 €u

2
||2r|s ZA}f\GH < <§> €x.

Hence, Proposition 8 implies that

[P — Pejsl < (Callsll* + Colisll +C5)

B (sl +7) ex

W3 (M), M)
2 2
< <<B + 1) €+ a+26 (IIs]| +’Y>62) +D </B> €s
(6] « «

N (sl 3y BN (sl S
+ (4% +2D L Sl 4 - Collsl* +Cq sl + C
(" +2D9) 2 | = 75) 7o) (Callsl® + Collsll + Co)

2 2
< <<§+1>6#+a;—2ﬁ(”8”+’}’)62> +D<§> €x

+2 (47 +2Dg) (Colls|* + Cq sl + C3) -

This completes the proof. O
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Proof of Corollary 1 Since Mgs € P., we must have

EMQS[E(:B;E)] < sup Eq [ﬂ(cc,é)} Ve e X.
QePe

In particular, substituting the solution & into both sides of the inequalities yields the desired

guarantee. O

Proof of Proposition 3 By the triangle inequality for the Wasserstein distance, we obtain

K/

K ~ K
W (Mg, My,) < Wy (M, e|s)+W2(Me|s’Me|s)

From Theorem 2, we have WQ(M£|87M£IS> < ¢. Furthermore, from (Delon and Desolneux 2020,

Section 4) and (Chen et al. 2018b, Section 3), we obtain that WQ(M Mgs) is upper bounded by

gls

the optimal value of the following linear program:

~ K’ ~ i N N
W3 (Mg\vas\s) <W (Mg\saMg\s) ‘= min Z Z i W N(I"’ﬂs’2&\8)7N(u2|s722\s))

i€[K] je[K'] )
st. mwe A x AKX

Zﬂ-ij_ﬁj VJG[K/]

1€[K]

Y my=p VielK],

JEIK']
Where W%(N(l‘l’lﬂs?22\3)7N([1‘2|s’22\3)) = |ﬂ2|s_llé\s”2+tr (Slﬂs =+ gas - 2(((22\ )222|s(2§\ )%)7>
(Givens and Shortt 1984 Proposition 7). Since K € K, we must have Wy(M IS,M&S) <

€ + maxrex WQ(M&INMﬁIs) The result then follows from optimizing for the best mixture size

K’ € K that minimizes the bound. O

Appendix C: Proofs of Section 4

Proof of Theorem 8 We decompose the error as follows:

o)~ %Zne[N] g(m7€n)f(s‘€n)
Eyv |l(x,&)|s=s| — =
B
| S f(s,0d8 XX U €D F(sIE)
f(s) f(s)
| s U 0)s16)7©)d] | | [l &) f(sl€)f©)d N Tneim (@ &S (sl6) |
B f(s) f(s) f(s) f(s)

(a) (b)

We analyze each term separately:
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(a): Using Lemma 2, we have:

J (@, 8)f(s,6)d [ (&) (s]€)f(£)dé

f(s) f(s)
_ 4@ 056,606 - [ 1.0 f(s1) f(€)0¢] NERC] ()l | (., €)f(sle) F(€)ag
) /() f<s>f<s>
U |H6.0) ~ FIO1©] € 1)~ fis)1 T Fsle)s)c
- /(s) ) 1(s)f(s)

We now bound each term:

(i) We use Proposition 5 to write

1£(5,€) — f(s|€)F(&) < | f(5,€) — F(5,€)| + F(s|€)| (&) — f(&)]
< £(5,8) (Corrll(s.)I* + Chnll (s, Ol + Co. 1)
+1£(&) (CrIEN? + CRIIEN+CF)

Integrating and applying the assumptions yields:

(i) < E/f(élé’) (Casrll(s,8)I1” + Coupll (s, Ol + CGy ) dE

H 2 ’ "
_|_f/f(§) (CrlE|l* + CrllEl + ) de

< B, [Carnl(3. €)1 + Clyonll (5. + C
i

. —But [Crll€]* + CRlIElN+ CF] -

Now note:
By, 105, 8)1] < I8 +Eurg,, [1€)7]
=1Isl+ 3" PheEnga, zg ) |I1€1°]

kE[K]

=llsl*+ > PhuBugu, =) |tr(EED)]
kE[K]

= ”'SH + Z p§|s tr §|s +||I“'§\s|| )
ke[K]

In addition, since
k k E bk \—1xk
tr (Bgp,) = tr (Bge — B (Bee) ' Xie) <8
and

leaggall® = lleg + Sea(Be0) ™ (s — ) I
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< (s+ 2o +)

Evg, [I(s.&)I] < lls]” +5+ (w (HSHW)Q,

we obtain

Next, by Jensen’s inequality
Burge 18] < B, 16D
= \/Hsl!2 + 6+ <7+ g(HsH —i—’y)) .

Euvgo |Casnll(5, &) +Clprll (5, 8) + C5.r

Hence,

2

5 i 5
< Corr (Hs\P+B+ <v+a(HsH ) )|+ Coumy [P+ 8+ (v + (sl +7) | +Coun
For the marginal expectation:

u [CrIEI* + CrlIEl + CF]

<CR<Zp (tr(=") + [lae]® >+0' > pF (e (Z) + |p)?) + O

ke[K) ke[K]

<Cr(B+7%) +CrvVB+12+Ck.

(ii) Again using Proposition 5, we obtain

—f(s)
5 <Calsl’+Cqllsl + €3,

and so

56) = F T HSONOIE T (oo ooy
)

f(s)f(s) f
Combining both bounds gives:

@)= 7| Carn (Isl?+ 8+ (v+£(Isl +7)°)

i 2 1"
+Chn/Isl2+ B+ (7+ 2(l1sll +7))” + Cl

+ (Cr(B+7%) + CrVB 72+ Ok + Calls|? + Collsl +C5)
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(b): By Hoeffding’s inequality, we have with probability at least 1 —¢
. 1 . 4
[HeoiGcls@ae - 3t fele) <t o (5).
n€([N]
Thus,
[ U@, 8) (6101 (©)de ¥ e U@ &) f(sl€)| 77 [ 1 (4)
f(s) f(s) AR 0
Finally, combining (a), (b), and applyingthe union bound with Assumption (D), we have
1 .
Eu |(x,€)|5=5| — = U(x,€,,)f(s]€,)
< 7| Caun (Islf+ 8+ o+ 2(1al +))") + Cloa/ Il + 5+ (-4 Elsl+2))” + Clyn
+5 (Cr(B+792) + CrV/B+7 +Ch+ Colls|* + Cy sl + Cg)
O

+zf log( )
holds with probability at least 1-2J. Setting 20 — § completes the proof

The proof of Theorem 4 relies on the following preliminary result
LEMMA 7. Let & € R? be a random vector drawn from M =3, _ K p"N(uk, E"). Then, the centered
2 : .

vector & —E[€] is sub-Gaussian, and its squared sub-Gaussian parameter o* satisfies
(24)

K
—_ 12
7 <=l + 2o |t -l

where i =E[€] = Zk PRk is the global mean of the mizture.
Proof of Lemma 7 To establish the sub-Gaussian property, we bound the moment generating
function (MGF) of the projection uT(é — ) for any unit vector u € R%. By the law of total

expectation, the MGF can be written as a convex combination of the component MGF's

E [exp (tuT(é )} Z:pk]E [exp <tu (&F — ﬁ))}
e (T~ )+ G (0TS ).

k—1
2w < ||X||,, where ||-[|, is the

Mm

where &€* ~ N(u*,2%). We can bound the quadratic form w

- ,
spectral norm. This allows us to factor out a uniform bound for the variance terms
5 K
1) (oo (o) ).

E [exp (tuT(E—ﬂ))} gexp<2 max >

(25)
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The remaining sum is the MGF of uT(é’ — ), where ¢ is an auxiliary random vector that takes
value p* with probability p*. As wT (¢ — ) is a zero-mean, bounded random variable, its MGF is
bounded by the MGF of a Gaussian with the same variance. By applying Jensen’s inequality to

the convex exponential function, we have:

ipk exp (tu' (u* —p)) <E [eXp <t22V (uT(& N ﬂ)))}

k=1

& 2
_ k||, k_ =
o (5 3ot -2
k=1
where the first inequality is based on the definition of sub-Gaussian random variables (Rigollet and

Hiitter 2023, Definition 1.2), and the second equality comes from the fact that w” (¢ — fz) has a
mean of zero. Substituting this back into inequality (25) yields:

T t? j 2 Il k12
E{exp (tu (E—u))] <exp 5111;1}(“2 H2 exp EZp Hu —qu
k=1
t? i K el & —n2
=exp | o [ max||=,+ > ot -2, ) |-

k=1
Since this bound holds for any unit vector u, the result follows from the definition of a sub-Gaussian

random vector. OJ

We now proceed to show the derivation of Theorem 4.

Proof of Theorem 4 We first establish a high probability bound on the 2-norm of the sample
points {&, . }ie(r)nepn- Since &, € RF sampled from a sub-Gaussian distribution with variance
proxy o? < max;e(x] HEjH2 Dyl 1T —ﬁH; , then by (Rigollet and Hiitter 2023, Theorem
1.19), we have with probability at least 1 — 4,

1€, ]| <& =40VR+20,/2log XL+~ V¥ne[N] Vte [T]. (26)

Next, we ensure that the bound in (12) holds uniformly for all « € X,(+). To simplify the exposition,

we define

=/ [CQ+R <§TQ + 8+ (’Y+ §(5+’Y))2> JFCéHR\/g2 +B+ (’YJF §(5+7))2 *Cain
+7 (Cr(B+77) + Cpv/BH+77 + O+ Cof” + Cof + CF)
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Note that by construction, 7 upper bounds the error expression in (12) for all sample points

satisfying (26). Thus, by (12), we have

—2

if /2 8
< —— /=1 -
<7+ i2 N0g<5>

‘E [W-&-l(m?ét-&-l)‘ét :Et] ~E {‘ftﬂ(%étﬂ)‘ét th}

with probability at least 1 —§. Using a covering number argument, we obtain the uniform bound

§7‘+£f‘€\/;log <(9(D/77)R> +2Ln

‘E |:‘/;+1(m7ét+l)’ét = gt:| - E [V;erl(mvéHl)‘ét = ét}

0

for all ¢, € X;(x,_1,&,) with probability at least 1 — §. Following the recursive induction argument
in the proof of (Park et al. 2022, Theorem 1), we propagate the stagewise approximation errors

backward from t =T to t =1, yielding:

E@iv,smvz@iﬁel)—( wmin e<w1,sl>+v2<m1,sl>)

z1€X1(20.€1)
(CWN D)

i
iQ

with probability at least 1 — (7'—1)d. Finally, applying the union bound with (26) and Assumption

2
—log

<2AT—1)r+4(T—1)In+2) ~

T
§

t=2

(D), we conclude that the result holds with probability at least 1 — (7' 4 1)d. Finally, setting

(T'+1)6 — 6 completes the proof. O

Appendix D: Details of Experiments
D.1. Inventory Management

For the contextual newsvendor problem, the distributionally robust optimization model derived

from Proposition 2 is formulated as the following SOCP:

1
: 2
inf A\e —I—M E Sm
me[M]

st. \€R,,s€R? cR,,gcR,

H[ 2X +0—h ]

2_
A2~ hg+ s — A <N —hg+Sm+ A Vme [M]

2

22\ + 0+ ,
H[Aﬁiﬁbqﬂm—x] SAL bt st Yme (M)
Ao =R+ 5 2 0 Vm € [M]
A& +bg+ 5, >0 v e [M]

The implementation of our framework requires tuning of several hyperparameters. The num-

ber of mixture components K in the GMM is selected using the Akaike Information Criterion
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(AIC)(Akaike 2025), which is particularly well-suited for predictive tasks with moderate sample
sizes(Chakrabarti and Ghosh 2011). Compared to alternatives such as the Bayesian Information
Criterion (BIC), AIC favors models with better predictive accuracy in finite-sample settings. Once

K is determined, we estimate the GMM parameters.

To determine the Wasserstein radius hyperparameter ¢, we adopt a hold-out validation approach.
Specifically, we reserve 10% of the training data as a validation set. For a given candidate value of
e from the set {0.01,0.05,0.1,0.5,1}, the model is trained on the remaining 90% of the data. The

value of € that yields the minimum average validation loss is then selected for the final model.

For the GMM-NF model designed to handle general distributions, we employ an Autoregressive
Rational Quadratic Spline (ARQS) flow, which is known for its strong expressiveness and ability
to approximate complex, high-dimensional distributions (Durkan et al. 2019). The number of com-
ponents for the latent GMM is also selected via AIC. To prevent overfitting, particularly when the
training data is sparse, we adopt a lightweight ARQS architecture consisting of 64 hidden nodes, a
single hidden layer, a single block size, and 8 spline bins. The flow is trained for a maximum of 200
epochs, and we implement early stopping based on the validation loss, calculated on a random 20%
split of the training data. Training is halted if the validation loss fails to improve for 30 consecutive
epochs. This design balances model flexibility and generalization, ensuring stable training even

with limited in-sample data.

D.2. Portfolio Optimization

First, we detail the preprocessing of the side information. We employ a Gaussian kernel bandwidth
selection procedure for the contextual factors. Using data from the initial training period (January
1, 2017, to December 31, 2020), we treat each of the five financial indicators as a predictor variable in
a Nadaraya-Watson regression, with the unweighted average stock return across the asset universe
serving as the response variable. The optimal Gaussian kernel bandwidth for each predictor is then
determined via least-squares cross-validation. Subsequently, the raw values of each side information
index are scaled by dividing them by their corresponding optimal bandwidth. This scaling ensures
that each factor contributes appropriately to the model without being dominated by differences in

their native scales.
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By applying the 2-Wasserstein robust formulation from Proposition 2, our model can be formu-

lated as the following SOCP:

1
inf A4+ — ,
AI,E,B c +M Z Vi
me[M]
st. AeRy, zeRP, ~yeRM*P BeR

20— (L +
[ S Z)w ] §A£l£m+7m+§—6+/\ Vm € [M]

Ao + Y+~ =B =2

2XE,, —nx
[A€;£m+7m+f—5_>\] SAE TV — BHA Vm € [M]
A§;§m+'ym2—§+5 vme [M]
MNpbon+7, > 8 Vm e [M]
> e
de[D]

For training the Normalizing Flow, we use an Autoregressive Rational Quadratic Spline (ARQS)
flow to model the latent data distribution, leveraging its strong expressiveness for complex, high-
dimensional data (Durkan et al. 2019). The number of clusters for the latent GMM is determined
by AIC. To mitigate the risk of overfitting in a data-sparse, high-dimensional setting, we adopt
a lightweight ARQS architecture with 32 hidden nodes, 1 hidden layer, 1 block, and 8 spline
bins for low, medium dimensions, and 64 hidden nodes, 1 hidden layer, 1 block, and 8 spline
bins for high dimensions. Training is conducted for up to 200 epochs with an early stopping
mechanism: on a random 80/20 split of the training data, if the validation loss does not improve
for 30 consecutive epochs, the training is halted. This setup ensures a balance between model

flexibility and generalization.

Finally, the hyperparameter tuning for the Wasserstein radius € is performed using a cross-
validation procedure. We utilize the designated validation period (January 1, 2019, to December
31, 2020) and randomly sample 50 days from this horizon. For each of these 50 validation days, we
construct a corresponding training set using a rolling window of the preceding two years of data.
The model is trained for each candidate value of € from the set {0.01,0.05,0.09,0.1,0.5,0.9}. The
validation loss is then computed based on the next day’s return. The optimal € is chosen as the
one that achieves the lowest average validation loss across these 50 days, ensuring our final model

is well-calibrated for out-of-sample performance.
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D.3. Wind Energy Multi-Stage Optimization

We adopt the multistage framework of Park et al. (2022). Consider three storage units indexed by
¢ € [3], each characterized by a capacity 5¢, leakage rate v*, and charging/discharging efficiencies ~’
and v5. We let e, |, el ;, el | € R%* denote, respectively, the wind energy allocated to commitments,
the unmet demand, and the curtailled energy. Furthermore, e;" Jﬁ and e, f; represent the charging

and discharging flows for storage ¢, and s;,, its state of charge.

Under these definitions, and taking the random parameter as wind generation & = w;, the
dynamic programming recursion is written as
Q¢(81,§,) = max PtTut - QPIE[E?H‘&] +E[Qt+1(st+17£t+l‘£t)]
{u,s,d {+,—

s.t. ug, ey be R, e} s }’z,sfﬂ eRr? Ve € [3]

_ s +,1 +,2 +,3 d
Weirn =€y pt e nt e, t e e, Vhe(24]

Uph = €rpqp T e;ﬁ,h + et_Jﬁ,h + et_f{,h +ein Vh € [24]
1
) .y
Sf«H,h = ’)’f+1,h71 -+ 7£€:r+1,h - ?et-&-l,h Vh € [24],VL € [3]
d
Siip <5 Vh € [24],V/ € [3]

To model temporal dependence in wind energy generation, we build a Gaussian mixture over
consecutive daily generated wind energy vectors. Let &, € R3* denote the 24-hour wind vector on

day t. This yields closed-form density—ratio transition weights

FE1EL)

f(&)

, where ¢ and j are the scenario at each stage t and ¢+ 1. For robustness, we scale the ambiguity

W;; X

radius 7 by the empirical 90" percentile and test different values of the scaled parameter nycaeq to
identify the most effective setting. In our experiments, we use n = 100 for the GMM-based model
with K =4 components in both Ohio and North Carolina, n = 2000 for the Nadaraya—Watson
scheme in Ohio, and 7= 1000 for the Nadaraya—Watson scheme in North Carolina.

We run 10 iterations of the forward-backward procedure. The initial storage capacities are
set to {5000, 2000, 1000}, with leakage rates v* = {0.98, 0.99, 0.995}, charging efficiencies ~‘ =
{0.8, 0.9, 1.0}, and discharging efficiencies 74 = {0.8, 0.9, 1.0}. All storage units are initialized at
full capacity.
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