
Extending the reflect flow formulation to variable-sized

one-dimensional cutting and skiving stock problems

Maxence Delorme(1), John Martinovic(2)

(1) Department of Econometrics and Operations Research, Tilburg University, The Netherlands

(2) Institute of Numerical Mathematics, Technische Universität Dresden, Germany

Corresponding author m.delorme@tilburguniversity.edu

Abstract

Flow formulations have been widely studied for the one-dimensional cutting stock problem and

several of its extensions. Among these, the so-called reflect model has shown the best empirical

performance when solved directly with a general-purpose integer linear programming solver due

to its reduced number of variables and constraints. However, existing adaptations of reflect for the

skiving stock problem (SSP), the variable-sized cutting stock problem (VSCSP), and the multiple

knapsack problem (MKP) leave room for improvement. In this work, we propose new reflect-

specific modeling strategies, both for the case where rolls have variable sizes (as in the VSCSP

and MKP) and where the objective is to maximize the number of rolls above a certain length

threshold (as in the SSP). In particular, we introduce new pattern representations for variable-

sized rolls and a new reduction procedure for the SSP. We also show that these strategies can be

extended and even combined when solving the variable-sized skiving stock problem, a combination

of the VSCSP and SSP that has never been studied in the literature.

Keywords: One-dimensional cutting and packing problems; Integer Linear Programming; Flow

formulations; Computational experiments.

1 Introduction

Over the last decades, one-dimensional Cutting and Packing (C&P) problems have attracted sig-

nificant interest from the research community. Despite their relatively simple structure, typically

centered around a set of capacity constraints and a set of demand constraints, C&P problems have

numerous practical applications, including areas as diverse as the paper industry [20], cloud comput-

ing [9], and group event seating [33]. Even though many of these problems are known to be NP-

hard, this has not stopped the research community from developing highly effective tailored exact

algorithms, including “combo” [26], a branch-and-bound (B&B) algorithm for the one-dimensional

knapsack problem, “VPSolver” [4], an algorithm that generates compressed flow-based Integer Linear

Programming (ILP) models for the multiple-choice vector packing problem that are then solved with

a general-purpose ILP solver, and “VRPSolver” [35], a branch-and-price (B&P) algorithm for the

vehicle routing problem that can also be used to solve the Cutting Stock Problem (CSP) and other

related one-dimensional C&P problems.

Although the landscape of exact algorithms is quite broad, many rely on an initial mathematical

formulation of the problem, typically an ILP model, which is then solved via a procedure whose

implementation complexity can vary significantly. At one extreme, we find approaches that simply
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call a general-purpose ILP solver such as Gurobi, CPLEX, or Xpress to solve the ILP model, whereas

at the other extreme, we find those in which the model is solved via a tailored, fully “home-made”

enumerative algorithm, with various levels of hybridization in between.

Whereas, in theory, there are countless ILP models for a given C&P problem, the research

community has mostly been interested in those that exhibit certain positively distinctive features. Let

us consider the example of the CSP, in which we are given a set of item types, each characterized by a

length and a demand, along with an unlimited supply of identical rolls of fixed length. The objective

is to determine the minimum number of rolls required to fulfill the demand for all item types. Over the

years, no fewer than six ILP formulations have been proposed for the CSP: textbook, set covering,

DP-flow, one-cut, arcflow, and reflect. Sometimes attributed to Kantorovich [21], the textbook

model—where a variable represents the number of items of a certain type cut from a given roll—is

usually regarded as the simplest one, and it has the particularity of involving a polynomial number of

variables and constraints. It is also at the basis of some historical B&B algorithms such as MTP [25].

Although it involves an exponential number of variables, the set covering formulation [17]—where a

variable represents the number of times a certain cutting pattern is used—is at the core of some of the

most effective B&P algorithms [35, 38]. If the patterns used in the formulation are restricted to the set

of proper patterns (i.e., if no pattern exceeding the item demands is generated), then the relaxation

of the resulting model, which is known as the proper relaxation [34], is the tightest among all six

models. As for the other four models—where a variable represents (what could be seen as an encoding

of) the cutting position of an item in the roll—they are all said to be pseudo-polynomial, because the

number of variables and constraints they involve is linear in the roll length, which is itself defined by

a single number L (or log2 L bits) in the input file describing the instance. These formulations have

the particularity of exhibiting a continuous relaxation as tight as that of the set covering formulation

while also involving a typically lower number of variables and constraints, resulting in models that

can often be handled by a general-purpose ILP solver for medium-sized roll lengths.

Among these, DP-flow [5] is the only pseudo-polynomial model whose continuous relaxation is

as tight as that of the proper relaxation [13], though it also involves more variables and constraints

than the others. Originally introduced by different sets of authors, one-cut [15] and arcflow [36] were

shown to be equivalent [13, 31], while also involving a similar number of variables and constraints

and exhibiting similar empirical performance when the same reduction procedures are applied. Due

to its good trade-off between simplicity and performance [14], the arcflow formulation has become

the source of extensive investigations, whether to reduce the number of necessary variables and con-

straints involved in the model [4, 6], or to develop competitive B&P algorithms [11]. Finally, while

it shares many similarities with the arcflow formulation, reflect [13] has the distinguishing feature of

containing two distinct types of arcs—reflected and standard—each with its own specific implications

in the constraints of the model. To date, reflect is the best-performing ILP formulation when solved

directly with a general-purpose ILP solver, which can be explained by the fact that its continuous

relaxation is close to that of arcflow while also requiring the fewest variables and constraints among

all pseudo-polynomial formulations.

Although tailored B&P algorithms have long achieved state-of-the-art results for the CSP [11,

35, 38], even sparking a healthy competition over which code will outperform the others—a battle

that is still ongoing [8]—the search for better pseudo-polynomial formulations remains relevant, as

these can easily be extended to related problems such as the parallel-batching processing machine

scheduling problem [39], the guillotine two-dimensional knapsack problem [16], or the ordered open-
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end bin packing problem [11], just to name a few. In fact, a recent survey [10] dedicated solely to

these pseudo-polynomial formulations highlighted dozens of applications, not only in C&P but also

in scheduling, routing, and other areas.

In this work, we show how to improve the performance of the reflect formulation for two specific

types of one-dimensional C&P problems: those involving rolls of variable sizes [3], and those where

the objective is to construct a maximum number of rolls whose length exceeds a given threshold using

a limited supply of items (as opposed to the CSP, where the goal is to cut all items using as few rolls

as possible) [27]. While a reflect formulation already exists for these problem types [12, 13, 32], we in-

troduce several modeling strategies that significantly reduce the number of variables and constraints

in the model, typically resulting in decreased running times when solved with a general-purpose ILP

solver compared to the original formulation. We demonstrate the impact of these strategies on three

well-known one-dimensional C&P problems: the Skiving Stock Problem (SSP), the Variable-Sized

Cutting Stock Problem (VSCSP), and the Multiple Knapsack Problem (MKP). In addition, we use

these strategies to develop effective reflect flow formulations for the Variable-Sized Skiving Stock

Problem (VSSSP), a problem that, to the best of our knowledge, has not previously been studied in

the literature.

The rest of the manuscript is organized as follows. In Section 2, we introduce the necessary

notation and provide a unified problem definition along with a descriptive ILP model, both of which

can be used to formulate each of the studied problems. In Section 3, we present a concise summary of

existing flow formulations for the CSP. In Section 4, we discuss existing and new modeling strategies

for the VSCSP and MKP, and do the same for the SSP in Section 5. In Section 6, we show how these

strategies can be combined to develop new flow formulations for the VSSSP. Finally, we empirically

demonstrate the performance of the resulting models in Section 7 and we conclude in Section 8.

2 Unified problem definition and descriptive ILP formulation

Using the cutting terminology, we are given in all our problems of interest (i) a set of item types J
and (ii) a set of roll types R. Then, depending on the problem studied, item and roll types are

associated with certain features, all of which are displayed in Table 1. For a given item type j ∈ J ,

the demand (resp. supply) indicates the minimum (resp. maximum) number of items of type j that

must be cut for a solution to be feasible. For a given roll type r ∈ R, the length (resp. threshold)

indicates the maximum (resp. minimum) total length of items that must be cut from a roll of type r

considered in the solution for it to be feasible. For each problem, we indicate in the table whether

each feature is part of the instance file (“inst.”) or the fixed value that it takes in all instances.

Table 1: Summary of item/roll type features and notation used according to the problem studied

Problem
Roll type r ∈ R Item type j ∈ J

length Lr(L∗) threshold Hr(H∗) supply Sr(S∗) profit Pr length lj demand bj supply sj profit pj

CSP inst. 0 ∞ -1 inst. inst. ∞ 0
SSP ∞ inst. ∞ 1 inst. 0 inst. 0

VSCSP inst. 0 inst. inst.∗∗ inst. inst. ∞ 0
MKP inst. 0 inst. 0 inst. 0 inst. inst.
VSSSP ∞ inst. inst. inst. inst. 0 inst. 0
∗We omit the index in the notation for the CSP and the SSP as there is only one roll type
∗∗If these values are expressed as costs, as is typically done in literature, a negative sign should be added to convert each cost into a (negative) profit

For example in the CSP, the (unique) roll type has its length specified in the instance file, while its

threshold is always zero and its supply is unlimited. The profit associated with using a roll is -1,
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which is equivalent to minimizing the number of rolls used. Regarding the item types, their length

and demand are defined in the instance file, whereas their supply is unlimited and their associated

profit is zero. In the VSSSP, each roll type has a given threshold, supply, and profit specified in the

instance file, while its length is unlimited. As for the item types, their length and supply are defined

in the instance file, whereas their demand and associated profit are both zero. In the following, we

assume that Lr, Hr, Sr ∈ N0 (r ∈ R) and lj , bj , sj ∈ N0 (j ∈ J ).

We now provide a descriptive ILP formulation that models all five problems when the parameter

values from Table 1 are plugged in. This model assumes an upper bound Sr on the supply of each roll

type r ∈ R, which can be set, for example, to
∑

j∈J bj for the CSP or ⌊
∑

j∈J sj lj
H ⌋ for the SSP. Given

such an upper bound, we define the set Sr = {1, 2, . . . , Sr} for each roll type r ∈ R, representing all

possible copies of the roll of type r. Using a set of binary decision variables yrs taking the value 1 if

the sth copy of the roll of type r is used in the solution (r ∈ R, s ∈ Sr), and a set of integer decision

variables xrsj indicating the number of times an item of type j is cut from the sth copy of the roll of

type r (r ∈ R, s ∈ Sr, j ∈ J ), the model is defined as follows:

max
∑
r∈R

∑
s∈Sr

Pryrs +
∑
r∈R

∑
s∈Sr

∑
j∈J

pjxrsj (1)

s.t. Hryrs ≤
∑
j∈J

ljxrsj ≤ Lryrs r ∈ R, s ∈ Sr, (2)

bj ≤
∑
r∈R

∑
s∈Sr

xrsj ≤ sj j ∈ J , (3)

yrs ∈ {0, 1} r ∈ R, s ∈ Sr, (4)

xrsj ∈ N0 r ∈ R, s ∈ Sr, j ∈ J . (5)

The objective function (1) maximizes the total profit, whether it comes from the items or the rolls

cut. Constraints (2) ensure that, for each copy of each roll type considered in the solution, the total

length of items cut from the copy is always at least as large as the threshold of the roll type, while

never exceeding its length. Constraints (3) ensure that, for each item type, the number of items cut

from the rolls is no less than the demand and no more than the supply.

3 Existing flow formulations for the CSP

In this section, we provide a concise summary of the arcflow and reflect formulations for the CSP.

As underlined in the literature [1], an algorithm using a flow-based ILP formulation is typically com-

posed of three phases: (i) a graph construction phase in which an instance I of the original problem is

transformed into an instance I ′ of a network flow problem; (ii) a solving phase, in which the instance

I ′ is solved (e.g., with an ILP solver); and (iii) a mapping phase, in which the solution of instance

I ′ is mapped back to a solution of instance I. In this work, we mostly focus on the first two phases,

as the last one amounts to a flow-decomposition algorithm (though not necessarily a trivial one,

especially for reflect-based formulations).

In the following, an arc a is either defined as a triplet (d, e, j) or a quadruplet (d, e, j, r). The first

element, d, always refers to the tail of the arc, denoted by t(a). The second element, e, always refers

to the head of the arc, denoted by h(a). The third element, j, either refers to the item type modeled

by the arc (when j ≥ 1) or to a model-specific information (typically labeled by some j ≤ 0). This
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is denoted by j(a). The fourth element (when present), r, always refers to the roll type modeled by

the arc (if any), denoted by r(a).

3.1 Arcflow formulation for the CSP

In the arcflow formulation, a roll is represented by a path. In the graph construction phase, we

consider a graph G = (V,A), where vertex set V = {0, 1, . . . , L} includes a vertex for each unit of

roll length, and where the arc set A is composed of:

• item arcs, where each arc is identified by a triplet (d, d+ lj , j) modeling the fact that one item

of type j is cut from position d to position d+ lj in a roll;

• loss arcs, where each arc is identified by a triplet (d, e, 0) modeling the fact that trim loss is

positioned from position d to position e in a roll;

In this work, we use Algorithm A.2 in Section A.1 of the appendix to generate V and A, which

includes the symmetry reduction procedures originally described by Valério de Carvalho [36].

In the model considered in the solving phase, we use integer decision variables fa to represent the

amount of flow going through arc a ∈ A in the solution. The arcflow formulation is as follows:

min
∑
a∈A

t(a)=0

fa (6)

s.t.
∑
a∈A

h(a)=v

fa =
∑
a∈A

t(a)=v

fa v ∈ V \ {0, L}, (7)

∑
a∈A

t(a)=0

fa =
∑
a∈A

h(a)=L

fa, (8)

∑
a∈A

j(a)=j

fa ≥ bj j ∈ J , (9)

fa ∈ N0 a ∈ A. (10)

Objective function (6) minimizes the amount of flow leaving node 0, which is equivalent to the

number of rolls used in the solution. Flow conservation constraints (7) ensure that the amount of

flow entering an intermediate node is equal to the amount of flow leaving that node. Constraint (8)

ensures that the amount of flow leaving node 0 is equal to the amount of flow entering L. Finally,

constraints (9) ensure that the demand for each item type is fulfilled.

3.2 Reflect formulation for the CSP

In the reflect formulation, a roll is represented by a pair of colliding subpaths, one of which contains

a reflected arc. In the graph construction phase, we consider a graph G = (V,A), where vertex set

V = {0, 1, . . . , L2 } includes a vertex for each unit up to half of the roll length, and where arc set A is

composed of:

• standard item arcs, where each arc is identified by a quadruplet (d, d + lj , j, 0) modeling the

fact that one item of type j is either cut from position d to position d + lj or from position

L− (d+ lj) to position L− d;
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• reflected item arcs, where each arc is identified by a quadruplet (d, L− (d+ lj), j, 1) modeling

the fact that an item of type j is cut from position d to position d+ lj in a roll;

• standard loss arcs, where each arc is identified by a quadruplet (d, e, 0, 0) modeling the fact that

trim loss is either positioned from position d to position e or from position L − e to position

L− d in a roll;

• reflected connection arc (L2 ,
L
2 , 0, 1), which only serves for modeling purpose to link two subpaths

colliding in node L
2 .

In this work, we use Algorithm A.3 in Section A.2 of the appendix to generate V and A, which

was initially proposed by Delorme and Iori [13]. It is worth noting that this algorithm includes a

reduction procedure (Step 12) that stems from the fact that there always exists an optimal solution

for the reflect formulation that does not contain any reflected item arc (d, L− (d+ lj), j, 1) such that

d > L− (d+ lj) [13].

Reusing integer decision variables fa to represent the amount of flow going through arc a ∈ A in

the solution, the reflect formulation is as follows:

min
∑
a∈A

r(a)=1

fa (11)

s.t.
∑
a∈A

h(a)=v, r(a)=0

fa =
∑
a∈A

t(a)=v

fa +
∑
a∈A

h(a)=v, r(a)=1

fa v ∈ V \ {0}, (12)

∑
a∈A

t(a)=0

fa +
∑
a∈A

h(a)=0

fa = 2
∑
a∈A

r(a)=1

fa, (13)

∑
a∈A

j(a)=j

fa ≥ bj j ∈ J , (14)

fa ∈ N0 a ∈ A. (15)

Objective function (11) minimizes the amount of flow circulating through reflected arcs, which cor-

responds to the number of rolls used in the solution. Constraints (12) ensure that the amount of

flow entering any node (besides 0) through a standard arc is equal to the amount of flow leaving

that node through any kind of arc plus the amount of flow entering that node through a reflected

arc. Constraint (13) ensures that two subpaths originate from node 0 for each roll considered in

the solution, except when a reflected arc enters node 0—in which case, the subpath is considered

self-sufficient and does not need to be completed by another subpath. The latter happens if and

only if lj = L holds for some j ∈ J , otherwise the second sum in constraint (13) is empty. Finally,

constraints (14) ensure that the demand for each item type is fulfilled. An example illustrating the

arcflow and reflect graph constructions is provided in Section A.3 of the appendix.

4 Existing and reduced flow formulations for the VSCSP and MKP

Both the arcflow and reflect formulations have been extended to tackle the VSCSP [13, 37] and the

MKP [12]. In this section, we first briefly describe the modifications these extensions require com-

pared to the previously described graph construction algorithms and ILP models, and then introduce

our new modeling techniques to reduce the size of the adapted reflect formulations.
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4.1 Existing arcflow and reflect formulations for the VSCSP and MKP

In the following, we consider that the roll types are preliminarily sorted in decreasing order of their

length (i.e., L1 = maxr∈R{Lr}). Intuitively, the presence of multiple roll sizes in flow formulations is

typically handled by considering a single roll type with length L1, along with |R| additional dummy

item types with length L1−Lr (r ∈ R). One must then ensure that each roll representation—whether

it is a path or a pair of subpaths colliding at the same vertex—includes exactly one of these dummy

items that encode the roll type.

In the arcflow formulation, this is implemented as follows. At first, a new target node T repre-

senting the end of a roll is created. The arcs in the arc set A are now represented as quadruplets,

with the fourth element in each arc indicating the roll type with which it is associated. Besides the

item arcs—now of the form (d, d+ lj , j, 0)—and the loss arcs—now of the form (d, e, 0, 0)—there are

roll arcs, where each arc (Lr, T, 0, r) models the usage of a roll of type r. Only minor modifications

to Algorithm A.2 are required for the graph creation: in addition to appending a fourth element to

the arcs in Steps 7, 8, and 11, all roll lengths must be added to vertex set V in Step 9, and the roll

arcs must be generated. An ILP model valid for both the VSCSP and the MKP once the values from

Table 1 are plugged in is described in Section B.1 of the appendix.

In the reflect formulation, it is not as easy to ensure that a roll representation (here, a pair of

colliding subpaths) includes exactly one of these dummy items: if one applies the same strategy as

in the arcflow formulation and creates standard roll arcs, then it becomes possible to obtain pairs of

colliding subpaths in which both subpaths contain such an arc, and preventing this situation from

occurring in the solution would appear to require an impractically large number of constraints. To

avoid this issue, Delorme and Iori [13] suggested including these dummy items within the reflected

(item or connection) arcs, as the model enforces that only one such arc is selected per pair of colliding

subpaths. The resulting graph can be constructed using Algorithm 1.

Algorithm 1 Graph construction for the reflect model for the VSCSP and MKP
Input: J and R
1: V ← {0}; A ← ∅ ▷ initialize a graph with only vertex 0
2: T ← {0} ▷ keeps track of the possible tails
3: for j ∈ J do ▷ for every item type
4: for k = 1, . . . , bj do ▷ for every unit of demand
5: T ′ ← T ▷ make a copy of the possible tails
6: for d ∈ T ′ do ▷ for every possible tail
7: if d+ lj ≤ L1

2
then ▷ if this is a standard item arc

8: V ← V ∪ {d+ lj} ▷ add the head to the original vertex set
9: T ← T ∪ {d+ lj} ▷ add the head to the possible tails

10: A ← A∪ {(d, d+ lj , j, 0)} ▷ create the standard item arc
11: for r ∈ R do ▷ for each roll type
12: if d < Lr

2
and d+ lj > Lr

2
then ▷ if this is a potential reflected item arc

13: if d ≤ Lr − (d+ lj) then ▷ and it is not eliminated by the reduction procedure
14: V ← V ∪ {Lr − (d+ lj)} ▷ add the head to the original vertex set
15: A ← A∪ {(d, Lr − (d+ lj), j, r)} ▷ create the reflected item arc

16: for r ∈ R do ▷ for each roll type
17: V ← V ∪ {Lr

2
} ▷ add Lr

2
to the vertex set as it may have not been done before

18: A ← A∪ {(Lr
2
, Lr

2
, 0, r)} ▷ create the reflected connection arc

19: for d ∈ V \ {L1
2
} do ▷ for every vertex in the set besides L1

2

20: A ← A∪ {(d, e, 0, 0)} where e = min{v ∈ V : v > d}} ▷ create the standard loss arc

Output: G = (V,A)

The associated ILP model (A.36)-(A.41), which is also valid for both the VSCSP and the MKP

once the values from Table 1 are plugged in, is described in Section B.2 in the appendix. As a final
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note on existing flow formulations for the VSCSP and MKP, we mention the inclusion of additional

dummy variables to model the number of times an item type or a bin type is included in the solution.

Delorme and Iori [13] used dummy variables ωr =
∑

a∈A
r(a)=r

fa (r ∈ R) in their reflect adaptation for

the VSCSP, whereas Dell’Amico et al. [12] used dummy variables tj ≤
∑

a∈A
j(a)=j

fa (j ∈ J ) in both

their arcflow and reflect adaptations for the MKP. When both sets of dummy variables are used, the

objective function becomes

max
∑
r∈R

Prωr +
∑
j∈J

pjtj . (16)

Whereas these dummy variables do not appear to serve any purpose from a modeling point of view, we

confirm in our computational experiments their necessity in flow models whose objective function in-

volves many arcs, and their dispensability in flow models whose objective function involves only a few.

4.2 Alternative pattern representations in the reflect formulation

The main issue with Algorithm 1 is that it may create a large number of reflected item arcs: O(lj |R|)
for a given item type j ∈ J . In fact, for some MKP instances with many roll types, there are more

arcs in the associated reflect graph than in the associated arcflow graph (although the number of

nodes is still greatly reduced). In the following, we describe three ways to significantly reduce the

total number of reflected item arcs required. This is achieved through the introduction of three new

types of arcs—each in a much smaller quantity, so that the trade-off remains favorable: (i) small-roll

reflected arcs, (ii) extended reflected connection arcs, and (iii) downgrade arcs.

Small-roll reflected arcs The first strategy replaces all reflected item arcs (d, Lr − (d+ lj), j, r)

associated with a roll r ∈ R such that Lr ≤ L1
2 by what we refer to as a small-roll (reflected) arc

of the form (0, Lr, 0, r). As per the ILP model described in Section B.2 of the appendix, if selected,

such an arc must be completed by a standard 0-Lr subpath composed of standard item and loss arcs,

which are already created in Step 10 of Algorithm 1. Hence, for each roll r (r ∈ R : Lr ≤ L1
2 ), we

remove O(lj) reflected item arcs per item type j ∈ J at the cost of a single new small-roll reflected

arc, a very favorable trade-off.

Extended reflected connection arcs The second strategy replaces all reflected item arcs (d, Lr−
(d+lj), j, r) whose corresponding standard item arc (d, d+lj , j, 0) is created in Step 10 of Algorithm 1

with what we refer to as an extended reflected connection arc of the form (d+ lj , Lr − (d+ lj), 0, r).

Indeed, observe that taking successively (d, d+ lj , j, 0) and (d+ lj , Lr − (d+ lj), 0, r) is the same as

taking (d, Lr − (d+ lj), j, r) directly. Intuitively, we “split” some reflected item arcs into a standard

item arc and an extended reflected connection arc. Observe that the latter is no longer associated

with an item type and can therefore be used to split multiple reflected item arcs. In practice, the

same extended reflected connection arc, say (d, Lr−d, 0, r), can be used to split all reflected item arcs

(d′, Lr − (d′ + lj′), j
′, r) such that d′ + lj′ = d. In other words, one extended reflected connection arc

replaces between 1 and |J | reflected item arcs. Regarding the name, it comes from the observation

that the previously defined reflected connection arc (Lr
2 , Lr

2 , 0, r) is a special case of extended reflected

connection arc (d, Lr − d, 0, r), where d = Lr
2 .
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Downgrade arcs The third strategy replaces all reflected item arcs (d, Lr − (d + lj), j, r) where

r ≥ 2 whose corresponding standard item arc (d, d+lj , j, 0) is not created in Step 10 of Algorithm 1—

meaning that reflected item arc (d, L1 − (d+ lj), j, 1) is created instead—with what we refer to as a

downgrade arc of the form (L1− (d+ lj), Lr− (d+ lj),−1, r). Indeed, observe that taking successively

(d, L1− (d+ lj), j, 1) and (L1− (d+ lj), Lr− (d+ lj),−1, r) is the same as taking (d, Lr− (d+ lj), j, r)

directly, if not for the extra roll of type 1 considered in the first arc. Intuitively, we replace some

reflected item arcs for roll type r ≥ 2 by their corresponding reflected item arc for roll type 1, which

we “downgrade” afterwards to roll type r. As with the extended reflected connection arcs, observe

that a downgrade arc is not associated with an item type and can therefore be used to replace between

1 and |J | reflected item arcs. Whereas neither the small-roll reflected arcs nor the extended reflected

connection arcs require changes to model (A.36)-(A.41) presented in Section B.2 of the appendix,

the presence of downgrade arcs requires an update in the mathematical expressions used in objective

function (A.36) and constraints (A.40) to count the number of rolls of type 1 cut in the solution,

which should be computed as: ∑
a∈A

r(a)=1

fa −
∑
a∈A

j(a)=−1

fa

so as to account for the downgrade arcs, as well as an update in flow constraints (A.37):∑
a∈A

h(a)=v, r(a)=0

fa =
∑
a∈A

t(a)=v
j(a)̸=−1

fa +
∑
a∈A

h(a)=v, r(a)≥1
j(a)̸=−1

fa +
∑
a∈A

h(a)=v
j(a)=−1

fa −
∑
a∈A

t(a)=v
j(a)=−1

fa v ∈ V \ {0}. (17)

The first two elements of the right-hand side are updated to exclude the downgrade arcs, with those

being handled by the last two newly added elements (note that no update is needed on the left-hand

side, as all downgrade arcs have r(a) > 0). Intuitively, a downgrade arc can be seen as an elongation

of a reflected item arc. Hence, a downgrade arc a removes one unit of flow coming from a reflected arc

from t(a) (fourth element) and transfers it to h(a) (third element). Finally, an additional set of con-

straints is needed to ensure that every downgrade arc is preceded by a reflected item arc for roll type 1:∑
a∈A

h(a)=v,r(a)=1

fa ≥
∑
a∈A

t(a)=v, j(a)=−1

fa v ∈ V \ {0}. (18)

The reflect graph using the three newly introduced arc types can be constructed using Algorithm A.4

in Section B.3 of the appendix.

4.3 Illustrative example

Consider a VSCSP instance composed of four item types with lengths l1 = 7, l2 = 6, l3 = 4, and

l4 = 3 and corresponding demands b1 = 1, b2 = 2, b3 = 2, and b4 = 2, with three roll types with

lengths L1 = 12, L2 = 11, and L3 = 6. The corresponding arcflow graph obtained after applying

the adaptation of Algorithm A.2 is shown at the top of Figure 1. The four graphs below are those

obtained after applying adapted versions of Algorithms 1 and A.4 to produce the graphs for reflect,

reflect with small-roll arcs, reflect with small-roll and extended reflected connection arcs, and reflect

with small-roll, extended reflected connection, and downgrade arcs. Item arcs are displayed as col-
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ored solid lines—red, blue, yellow, and green for item type 1, 2, 3, and 4, respectively. Loss arcs

are shown as black dotted lines, while the remaining arcs (roll for arcflow and small-roll, extended

reflected connection, and downgrade for reflect) are represented as black solid lines, with their cor-

responding roll type labeled at the midpoint of the arc. To improve visibility, each reflected graph is

divided into two subgraphs: the one on the right contains all the reflected items arcs and downgrade

arcs, while the one on the left contains the remaining arcs.

Figure 1: Arcflow and each of the four reflect graphs corresponding to the example

0 3 4 6 7 8 9 10 11 12 T

R1

R2

R3

0 2 3 4 5

5.5

6 0 2 3 4 5 6
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0 3 4 5

5.5

6 0 3 4 5 6

R3

R2

R1

0 3 4 5

5.5

6 0 3 4 5 6

R3

R2

R1

R2

0 3 4 5

5.5

6 0 3 4 5 6

R3

R2

R1

R2

R2 ← R1

In this example, the arcflow graph contains 24 arcs and 11 nodes whereas the reflect graph con-

tains only 22 arcs and 7 nodes. When using the small-roll arcs, the resulting graph has 19 arcs and 6

nodes: indeed, the two reflected item arcs (0, 2, 3, 3) and (0, 0, 2, 3) disappear, the reflected connection

arc (3, 3, 0, 3) is replaced by the small-roll arc (0, 6, 0, 3), and the loss arcs (0, 2, 0, 0) and (2, 3, 0, 0)

are merged into (0, 3, 0, 0) as vertex 2 no longer needs to be reached, having no incoming or outgoing

arcs. For example, a roll of type 3 that contains only an item of type 3 is represented by path

(0, 4, 3, 0), (4, 6, 0, 0), (6, T, 0, 3) in arcflow, by subpaths (0, 2, 3, 3) and (0, 2, 0, 0) colliding at node 2

in reflect, and by subpaths (0, 6, 0, 3) and (0, 4, 3, 0), (4, 5, 0, 0), (5, 112 , 0, 0), (
11
2 , 6, 0, 0) colliding at

10



node 6 in reflect with small-roll arcs.

When also using the extended reflected connection arcs, the resulting graph has 18 arcs and 6

nodes as the two reflected item arcs (0, 5, 2, 2) and (3, 5, 4, 2) are now replaced by the extended re-

flected connection arc (6, 5, 0, 2). For example, a roll of type 2 that contains one item of type 2 and

one item of type 3 is represented by path (0, 6, 2, 0), (6, 10, 3, 0), (10, 11, 0, 0), (11, T, 0, 2) in arcflow,

by subpaths (0, 5, 2, 2) and (0, 4, 3, 0), (4, 5, 0, 0) colliding at node 5 in reflect with small-roll arcs

only, and by subpaths (0, 6, 2, 0), (6, 5, 0, 2) and (0, 4, 3, 0), (4, 5, 0, 0) colliding at node 5 in reflect

with small-roll and extended reflected connection arcs.

Finally, when also using the downgrade arcs, the resulting graph has 17 arcs and 6 nodes, as the

two reflected item arcs (0, 4, 1, 2) and (4, 4, 4, 2) are now replaced by the downgrade arc (5, 4,−1, 2).

For example, a roll of type 2 that contains two items of type 3 and one item of type 4 is represented

by path (0, 4, 3, 0), (4, 8, 3, 0), (8, 11, 4, 0), (11, T, 0, 2) in arcflow, by subpaths (0, 4, 3, 0), (4, 4, 4, 2) and

(0, 4, 3, 0) colliding at node 4 in reflect with small-roll and extended reflected connection arcs only,

and by subpaths (0, 4, 3, 0), (4, 5, 4, 1), (5, 4,−1, 2) and (0, 4, 3, 0) colliding at node 4 in reflect with

small-roll, extended reflected connection, and downgrade arcs.

5 Existing and new flow formulations for the SSP

Both the arcflow and reflect formulations have also been extended to tackle the SSP [27, 32]. As

in the previous section, we first briefly summarize the key ideas behind these extensions, and then

introduce our new reflect-specific alternative modeling techniques. To highlight the similarities in

flow formulations for the CSP and the SSP, we will use L to denote the roll threshold from now on,

instead of H as defined in Section 2.

5.1 Existing arcflow and reflect formulations for the SSP

In the following, we assume that the item types are preliminarily sorted in decreasing order of their

length (i.e., l1 = maxj∈J {lj}). We also assume that lj ≤ L (j ∈ J )—if this is not the case, then

lj is set to L. The most intuitive adaptation of the arcflow formulation to the SSP simply removes

all loss arcs, while also allowing rolls of any length L′ such that L ≤ L′ ≤ L + l1 − 1. As for the

necessary updates in Algorithm A.2, besides removing Steps 9-11, the if-condition in Step 6 becomes

d+ lj ≤ L+ l1 − 1. The associated ILP model [27] is as follows:

max
∑
a∈A

t(a)=0

fa (19)

s.t.
∑
a∈A

h(a)=v

fa =
∑
a∈A

t(a)=v

fa v ∈ V : 0 < v < L, (20)

∑
a∈A

j(a)=j

fa ≤ bj j ∈ J , (21)

fa ∈ N0 a ∈ A, (22)

which is an adaptation of model (6)-(10) that accounts for the fact that V now includes several sink

nodes v such that v ≥ L, while also incorporating the necessary updates to the objective function

11



(which now maximizes the amount of flow leaving node 0) and to the demand constraints (which

now limit the supply of each item type).

Another arcflow adaptation was proposed by Martinovic et al. [32], who suggested that all item

arcs (d, d+ lj , j) for a given item type j ∈ J such that d+ lj ≥ L could be conveniently merged into a

unique item arc (L− lj , L, j), provided that the appropriate set of (what they referred to as) reversed

loss arcs was introduced. A reversed loss arc (e, d, 0), where e, d ∈ V and e > d, models the fact

that the sum of item lengths cut from the roll exceeds L by an additional e− d units (“additional”

because multiple reversed loss arcs may be included in the same subpath).

As observed in the previous section, allowing for multiple roll lengths is a significant burden on

the reflect formulation. Hence, the direction followed by Martinovic et al. [32] when adapting the

reflect formulation to the SSP was to fix the roll length to the threshold L and introduce reversed loss

arcs. From the modeling point of view, these reversed loss arcs could either be integrated before the

reflected arc (i.e., into the standard subpath), leading to what we refer to as backward loss arcs, or

after the reflected arc, leading to what could be seen as “reversed reversed loss arcs”, or more simply,

forward loss arcs, but with the constraint that such arcs must follow either other forward loss arcs or

reflected item arcs. Having observed that some patterns contain only reflected arcs, the authors opted

for the SSP reflect formulation with forward loss arcs, of the form (e, d,−1, 0)—to follow the unified

notation adopted in this work. Note that the resulting model also requires the reflected connection

arc (L2 ,
L
2 , 0, 1) to be allowed to take a negative value. For example, consider an instance with two

items of length 6 and a roll with threshold 10: a solution includes two reflected item arcs (0, 4, 1, 1),

each followed by a forward loss arc (4, 5,−1, 0). A negative flow on the reflective connection arc

(L2 ,
L
2 , 0, 1) then transforms one of these reflected subpaths into a standard subpath, resulting in the

desired pair of colliding subpaths, one of which with a reflected arc. The algorithm used to create

the reflect graph with forward loss arcs for the SSP is almost the same as Algorithm A.3 described

in Section A.2 the appendix, except for Step 12 that should be removed, as Martinovic et al. [32]

demonstrated that the reduction procedure does not hold for the SSP (e.g., consider an instance with

three items of length 9 and a roll with threshold 20: an optimal solution must use reflected item arc

(9, 2, 1, 1) whose tail, 9, is strictly greater than its head, 2). The associated ILP model [32] is:

max
∑
a∈A

r(a)=1

fa (23)

s.t.
∑
a∈A

h(a)=v, r(a)=0
j(a) ̸=−1

fa =
∑
a∈A

t(a)=v
j(a) ̸=−1

fa +
∑
a∈A

h(a)=v, r(a)=1

fa +
∑
a∈A

h(a)=v
j(a)=−1

fa −
∑
a∈A

t(a)=v
j(a)=−1

fa v ∈ V \ {0}, (24)

∑
a∈A

h(a)=v, r(a)=1

fa +
∑
a∈A

h(a)=v
j(a)=−1

fa ≥
∑
a∈A

t(a)=v
j(a)=−1

fa v ∈ V \ {0}, (25)

∑
a∈A

t(a)=0

fa +
∑
a∈A

h(a)=0

fa = 2
∑
a∈A

r(a)=1

fa, (26)

∑
a∈A

j(a)=j

fa ≤ bj j ∈ J , (27)

fa ∈ N0 a ∈ A \ {(L/2, L/2, 0, 1)}, (28)

fa ∈ Z a = (L/2, L/2, 0, 1). (29)
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In addition to incorporating the necessary changes to the objective function and the demand con-

straints, an update was also made in the flow constraints to handle the forward loss arcs. The existing

elements were updated so as to exclude the forward loss arcs (except for the second element in the

right-hand side as all forward loss arcs have r(a) = 0), with those being handled by the two newly

added elements. Since a forward loss arc a elongates a reflected item arc, it removes one unit of flow

coming from a reflected arc at t(a) (fourth element) and transfers it to h(a) (third element). Finally,

additional constraints (25) ensure that every forward loss arc is preceded by another forward loss arc

or by a reflected item arc. We highlight the similarities (from a modeling point of view) between

these forward loss arcs and the downgrade arcs introduced in the previous section.

5.2 Alternative pattern representations in the reflect formulation

We identified two main issues with the existing reflect formulation for the SSP. First, considering for-

ward loss arcs significantly increases the number of constraints in the model, and the fact that these

arcs must be positioned after a reflected item arc creates additional complications when trying to

extend the formulation to problems closely related to the SSP. For the VSSSP, we confirm that, while

feasible, an adaptation of the reflect formulation with forward loss arcs performs significantly worse

than an adaptation of the arcflow formulation. For the so-called “overflowing bin packing problem”,

Martinovic and Stradat [28] highlighted the difficulty of even designing a correct model based on

the reflect formulation with forward loss arcs. Second, the fact that the reduction procedure used

in Step 12 of Algorithm A.3 could not be extended in any form to the SSP naturally increases the

number of variables in the model compared to its corresponding CSP version. In the following, we

first describe a valid reflect formulation with backward loss arcs, then demonstrate how a reduction

procedure close to that of the CSP is also valid for the SSP, and finally show how such a procedure

can be fully utilized to significantly decrease the number of variables used in the model.

Backward loss arcs When backward loss arcs are used, it is now the standard subpath that

should be adjusted so that it collides at the vertex that is the head of the reflected subpath. As

there is no way to make a reflected subpath standard again in the absence of forward loss arcs,

the standard subpath should not include any reflected arc. This is problematic since, as previously

discussed, some patterns (e.g., those containing two items, each with a length greater than half the

threshold) need a reflected item arc in both subpaths. To solve this issue, we introduce a new set of

arcs, one per item type j ∈ J , of the form (max{0, L2 − lj}, L2 , j, 0). Note that such an arc is created

for an item j only if there also exists a reflected item arc for j. When the standard subpath would

have used reflected item arc (d, L − (d + lj), j, 1) followed by forward loss arcs and a negative flow

on the reflected connection arc, it now uses backward loss arcs from d to max{0, L2 − lj}, followed
by the newly introduced arc (max{0, L2 − lj}, L2 , j, 0), followed by more backward loss arcs from L

2

until the standard subpath collides with the reflected subpath. Reusing the example with two items

of length 6 and a roll with threshold 10: a solution now includes reflected item arc (0, 4, 1, 1), the

newly introduced standard item arc (0, 5, 1, 0), and a backward loss arc (5, 4, 0, 0). Unlike forward

loss arcs, backward loss arcs do not need to be treated separately from the other arcs, hence, we do

not use “−1” as a distinguishable third element. Using backward loss arcs instead of forward loss

arcs removes up to L constraints at the cost of up to |J | additional variables. It also removes the

need for the reflected connection arc to be allowed to take a negative value.
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Adapted reduction procedure As observed in the literature [32], some SSP patterns can only be

represented in the reflect formulation (independently of the kind of loss arcs used) by a pair of colliding

subpaths in which the reflected item arc a is such that t(a) > h(a), making the reduction procedure

used in Step 12 of Algorithm A.3 invalid for the SSP in its current form. In the following, we propose

a new theorem from which we derive a valid adaptation of the reduction procedure for the SSP. To

this end, we first provide a preparatory statement that will be used in the proof of the theorem.

Proposition 1. Any feasible SSP pattern that is represented in the reflect formulation by a pair of

colliding subpaths in which each subpath contains a reflected item arc whose head is lower than its

tail (i.e., a = (t(a), h(a), j(a), 1) with t(a) > h(a) and a′ = (t(a′), h(a′), j(a′), 1) with t(a′) > h(a′))

is a non-minimal pattern (i.e., it contains at least one redundant item).

Proof. Given in Section C.1 of the appendix.

Theorem 1. Any feasible minimal SSP pattern with length L′ = L + k (k ≥ 0) can be represented

in the reflect formulation with forward loss arcs by a pair of colliding subpaths in which either (I)

each subpath contains a reflected item arc, one satisfying t(a) ≤ h(a) and the other satisfying t(a′) ≤
h(a′)+k, or (II) only one subpath contains a reflected item arc, and this arc satisfies t(a) ≤ h(a)+k.

Proof. Given in Section C.2 of the appendix.

A similar theorem can be derived for the reflect formulation with backward loss arcs, although the

associated proof (which is analogous to the one provided in the appendix) no longer needs to consider

case (I). Observing that any network containing all minimal SSP patterns results in a correct ILP

formulation, a useful application of the theorem is the following: if a reflected item arc a ∈ A with

t(a) > h(a) is required, then it must be to create a pattern of length L′ ≥ L+ t(a)− h(a), that is, a

pattern that includes at least t(a)−h(a) units of loss. We therefore suggest incorporating this loss di-

rectly into the reflected item arc by setting h(a) to t(a) for every such arc. Reusing the example with

three items of length 9 and a roll of length 20, the reflected item arc (9, 2, 1, 1) becomes (9, 9, 1, 1),

and the solution is thus composed of arcs (0, 9, 1, 0) and (9, 9, 1, 1) for the reflected subpath, and arc

(0, 9, 1, 0) for the standard subpath, both of which collide at vertex 9. While this procedure does not

immediately remove any reflected item arc (though it may slightly reduce the number of loss arcs as

the original h(a) is not included in V anymore), we empirically observe that applying it is beneficial.

Conversion variables Our last strategy comes from the observation that, after applying the

adapted reduction procedure, multiple reflected item arcs associated with different item types may

have the same tail and head. When that situation occurs, we suggest keeping only the arc related

to the smallest item type j among those with the same tail and head, with the idea that, if the arc

was needed for a longer item type j′ < j, then one could always transform an item of type j′ into an

item of type j without violating the feasibility condition of the considered pattern. In practice, we

introduce a new set of integer decision variables τj (j ∈ J \ {|J |}) that we call conversion variables,

which indicate the number of times an item of type j is converted into an item of type j + 1. Using

conversion variables potentially merges up to |J | − 1 reflected item arcs for each vertex that is the

tail of a reflected arc, at the cost of |J |− 1 additional variables in the model. We also point out that

it is possible for the newly introduced arcs (max{0, L2 − lj}, L2 , j, 0), which are necessary for using

backward loss arcs, to have the same tail (0) and head (L2 ) while being associated with different item

types. If such a situation occurs, we also keep only the arc related to the smallest item type among
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those with tail 0 and head L
2 . Finally, we highlight that conversion variables could also be used

without the adapted reduction procedure, following an idea originally developed for dual optimal

inequalities in column generation based approaches [23], but this serves no purpose from a modeling

point of view, as it adds more variables and increases symmetry. Still, we also empirically evaluate

the impact of using conversion variables without the adapted reduction procedure.

The reflect graph incorporating all these procedures can be constructed using Algorithm A.5

in Section C.3 of the appendix, and the associated ILP model is described in Section C.4 of the

appendix.

5.3 Illustrative example

Consider an SSP instance composed of four item types with lengths l1 = 8, l2 = 5, l3 = 4, and l4 = 3

and corresponding demands b1 = 2, b2 = 2, b3 = 2, and b4 = 2, with a roll threshold L = 10. The

corresponding arcflow graph without loss arcs is shown at the top of Figure 2, followed by the arcflow

graph with reversed loss arcs. Note that the pseudocode used to construct these graphs is available

in the paper by Martinovic et al. [32], in which these two models were introduced. The four graphs

below are those obtained after applying adapted versions of Algorithms A.3 and A.5 to produce the

graph for reflect with forward loss arcs (also introduced by Martinovic et al. [32]), and the three new

graphs for reflect with backward loss arcs, reflect with backward loss arcs and the adapted reduction

procedure, and reflect with backward loss arcs, the adapted reduction procedure, and conversion

variables. Item arcs are displayed as colored solid lines—red, blue, yellow, and green for item type 1,

2, 3, and 4, respectively—whereas the other arcs are shown as black dotted lines. To improve visibility,

each reflected graph is divided into two subgraphs: the one on the right contains all the reflected items

arcs, connection arcs, and forward loss arcs, while the one on the left contains the remaining arcs.

In this example, the arcflow graph contains 17 arcs and 13 nodes, the arcflow graph with reversed

loss arcs contains 20 arcs (including 7 reversed loss arcs) and 10 nodes, and the graph associated

with the reflect formulation with forward loss arcs contains 11 arcs and 5 nodes. For example, a

roll that contains two items of type 1 is represented by path (0, 8, 1), (8, 16, 1) in arcflow, by path

(0, 8, 1), (8, 7, 0), (7, 6, 0), . . . , (3, 2, 0), (2, 10, 1) in arcflow with reversed loss arcs, and by subpaths

(0, 2, 1, 1), (2, 3, 0, 0), (3, 4, 0, 0), (4, 5, 0, 0), negative (5, 5, 0, 1) and (0, 2, 1, 1), (2, 3, 0, 0), (3, 4, 0, 0),

(4, 5, 0, 0) colliding at node 5 in reflect with forward loss arcs.

When using backward loss arcs, standard item arcs (0, 5, 1, 0), (1, 5, 3, 0), and (2, 5, 4, 0) must be

added, in addition to the swap from forward to backward loss arcs. While forward loss arcs start

from vertex 2 (the lowest vertex that is the head of a reflected arc), backward loss arcs end at vertex

1 (to reach the lower vertex that is either the head of a reflected arc or the tail of one of the newly

added standard item arcs). The same roll that contains two items of type 1 is now represented by

subpaths (0, 2, 1, 1) and (0, 5, 1, 0), (5, 4, 0, 0), (4, 3, 0, 0), (3, 2, 0, 0) colliding at node 2.

When using the adapted reduction procedure, reflected item arc (4, 2, 3, 1) becomes (4, 4, 3, 1) and

reflected item arc (4, 3, 4, 1) becomes (4, 4, 4, 1). For example, a roll that contains two items of type 3

and one item of type 4 is represented by subpaths (0, 4, 3, 0), (4, 3, 4, 1) and (0, 4, 3, 0), (4, 3, 0, 0)

colliding at node 3 without the adapted reduction procedure, and by subpaths (0, 4, 3, 0), (4, 4, 4, 1)

and (0, 4, 3, 0) colliding at node 4 with it.

Finally, when also using the conversion variables, reflected item arc (4, 4, 3, 1) is removed because

a corresponding arc for a smaller item type, (4, 4, 4, 1) already exists. Similarly, standard item arc
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Figure 2: The two arcflow and four reflect graphs corresponding to the example
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0 1 2 3 4 5 0 1 2 3 4 5

(0, 5, 1, 0) is removed because of the presence of (0, 5, 2, 0). For example, a roll that contains one item

of type 2 and two items of type 3 is represented by subpaths (0, 4, 3, 0), (4, 4, 3, 1) and (0, 5, 2, 0),

(5, 4, 0, 0) colliding at node 4 without the conversion variables, and by subpaths (0, 4, 3, 0), (4, 4, 4, 1)

and (0, 5, 2, 0), (5, 4, 0, 0) colliding at node 4 with them, together with the conversion of an item of

type 3 into an item of type 4.

6 New flow formulations for the VSSSP

Whereas it has never been formally studied in the literature, the VSSSP fits the unified problem

definition introduced in Section 2, and can be seen as the counterpart of the VSCSP where one aims

to construct rolls above certain thresholds, each with a certain profit, given a limited supply of items.

The VSSSP finds applications in cognitive radio networks for spectrum assignment. There, small

unused pieces (the item types) in a frequency band must be merged into communication channels

(the roll types) exceeding specific size thresholds [29, 30]. The VSSSP is also the basis of the opti-

mization problem faced by users of certain loyalty programs. There, the user has a list of items they

wish to purchase (the item types), and buying certain quantities earns them points (e.g., 1 point for

e10 spent, 2 points for e20). Buying all items at once is impossible (e.g., due to capacity issues).
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The goal is to split the items into bundles to maximize the number of points earned.

In the following, we first describe extensions of the arcflow, arcflow with reversed loss arcs,

reflect with forward loss arcs, and reflect with backward loss arcs formulations to the VSSSP. Next,

we discuss how the reflect-specific alternative pattern representations for the VSCSP/MKP and

SSP extend to the VSSSP, and highlight certain interactions to consider when applying particular

combinations of these new representations. As in the previous section, we will use Lr to denote the

threshold of roll type r ∈ R instead of Hr. The previously considered orderings on both the roll and

the item types also hold in this section. In addition, we assume lj ≤ L1 (j ∈ J ); if not, lj is set to L1.

6.1 Adapting the arcflow formulations

As in the VSCSP/MKP extension, a straightforward adaptation of the arcflow formulation to the

VSSSP adds a new target node T representing the end of a roll, along with a set of roll arcs. One

could think of (at least) two variants for these roll arcs:

• A unique set of |R| arcs (Lr, T, 0, r), together with a set of reversed loss arcs (e, d, 0, 0), where

e, d ∈ V and e > d, in order to allow path shortening towards one of the Lr vertices that is the

tail of a roll arc;

• one roll arc (d, T, 0, r) for each roll type r ∈ R and each vertex d ∈ V such that d ≥ Lr.

Because of the smaller number of resulting arcs, we opted for the first variant. A second choice

concerns merging all item arcs (d, d+ lj , j, 0) such that d < L1 and d+ lj ≥ L1 into a single item arc

(L1 − lj , L1, j, 0). Note that such a merging is not directly possible for shorter rolls, as the original

arcs may still be required in paths corresponding to the longest roll—and keeping both merged and

unmerged versions would defeat the purpose of arc merging, which is to reduce the total number

of arcs. In our experiments, we tested (i) a version without merging, corresponding to (what we

consider as) the adaptation of the standard SSP arcflow extension, and (ii) a version with merging,

corresponding to the adaptation of the SSP arcflow with reversed loss arcs.

6.2 Adapting the reflect formulations

Adapting the reflect formulation with forward loss arcs to the VSSSP can be done as follows: starting

from Algorithm 1, remove the reduction procedure in Step 13, as it is not valid for the VSSSP in

its current form, and update the arc definition in Step 15 to max{0, Lr − (d + lj)}, since the head

of a newly created arc may now be negative if lj > Lr. As for the definition of loss arcs in Steps

19-20, since they extend a reflected item arc, they must now carry the roll type information. Thus,

one should create a set of forward loss arcs for each roll type r ∈ R, allowing the reflected item arcs

associated with r to reach every vertex v ∈ V such that v ≤ Lr
2 . We note that this extension requires

O(Lr) additional variables per roll type r ∈ R corresponding to the roll-specific forward loss arcs,

and O(Lr) additional constraints per roll type to ensure that each forward loss arc associated with

r is preceded by another forward loss arc associated with r or a reflected item arc associated with r.

As the number of roll types |R| increases, these additional variables and constraints quickly become

prohibitive, the size of the resulting model becoming even larger than that of the arcflow formulations.

Adapting the reflect formulation with backward loss arcs to the VSSSP can be done as follows:

starting from Algorithm 1, remove Step 13 and update Step 15 as previously described, create the arc

(max{0, L1
2 − lj}, L1

2 , j, 0) for each item type j ∈ J as done in the SSP, and add the set of backward
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loss arcs linking every vertex v ∈ V \ {0} as done in Steps 23-24 of Algorithm A.5. Note that addi-

tional arcs are not needed for shorter rolls, as one can either use the corresponding standard item arc

created at Step 10 of Algorithm 1 followed by backward loss arcs, or use (max{0, L1
2 − lj}, L1

2 , j, 0) if

the standard item arc was not created. We note that this extension does not require any additional

constraints and only adds up to |J | new variables (as was the case for the SSP).

6.3 Adapting (and combining) the newly introduced pattern representations

If we consider the reflect formulation with backward loss arcs, the concepts of small-roll reflected arcs,

extended reflected connection arcs, and downgrade arcs naturally extend from the VSCSP/MKP to

the VSSSP. Similarly, the concepts of adapted reduction procedure and conversion variables naturally

extend from the SSP to the VSSSP.

It is worth highlighting that when all these are used simultaneously, the potential interactions

require a bit of attention. To illustrate this, let us consider a VSSSP instance composed of three

item types with lengths l1 = 5, l2 = 4, and l3 = 3 and corresponding demands b1 = 2, b2 = 1,

and b3 = 1, with two roll types with thresholds L1 = 18 and L2 = 12. The corresponding reflect

graph with backward loss arcs is depicted at the top of Figure 3, followed by a version using the

VSCSP/MKP-specific improvements, followed by a version using the SSP-specific improvements,

followed by a version using all improvements combined. We reuse the same convention for displaying

the arcs as in previous figures.

Figure 3: Four reflect graphs corresponding to the example
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Comparing the first two graphs, reflected item arc (5, 2, 1, 2) in the first graph is replaced by down-

grade arc (8, 2,−1, 2), and reflected item arcs (5, 3, 2, 2), (5, 4, 3, 2), and (4, 5, 3, 2) in the first graph

are replaced by extended reflected connection arcs (9, 3, 0, 2), (8, 4, 0, 2), and (7, 5, 0, 2), respectively.
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Comparing the first and the third graphs, reflected item arcs (5, 2, 1, 2), (5, 3, 2, 2), and (5, 4, 3, 2)

in the first graph become (5, 5, 1, 2), (5, 5, 2, 2), and (5, 5, 3, 2), respectively, of which only the arc for

the smallest item type, (5, 5, 3, 2), is kept because these three arcs are associated with the same roll

type and share the same head and tail. Note that reversed loss arcs terminate at vertex v = min{5, 4},
5 being the lowest vertex that is the head of a reflected item arc, here (4, 5, 3, 2), and 4 being the

lowest tail of one of the newly added standard item arcs (those ending at L1
2 ), here (4, 9, 1, 0).

Comparing the third and the fourth graphs, reflected item arcs (4, 5, 3, 2) and (5, 5, 3, 2) in the

third graph are both replaced by extended reflected connection arc (7, 5, 0, 2). For example, a roll of

type 2 that contains two items of type 1 and one item of type 3 is represented by subpaths (0, 5, 1, 0),

(5, 5, 3, 2) and (0, 5, 1, 0) colliding at node 5 in the third graph and by subpaths (0, 5, 1, 0), (5, 8, 3, 0),

(8, 7, 0, 0), (7, 5, 0, 2) and (0, 5, 1, 0) colliding at node 5 in the fourth graph. Observe that the units

of loss integrated in the reflected item arcs by the adapted reduction procedure, here (5, 5, 3, 2), are

replaced by reversed loss arcs inserted between the associated standard item arc, here (5, 8, 3, 0), and

the associated extended reflected connection arc, here (7, 5, 0, 2). From an algorithmic perspective,

one must ensure that the head of every corresponding extended reflected connection arc belongs to V
so that it can always be reached with reversed loss arcs. Another point of attention, which concerns

the downgrade arcs, is described in Section D.1 of the appendix.

7 Computational experiments

In this section, we empirically evaluate the performance of each of the proposed reflect-specific

alternative pattern representations, together with the usefulness of additional dummy variables to

model the number of times an item type or a roll type is included in the solution. Regarding

additional dummy variables, we tested three configurations: (i) not including them at all (V0), (ii)

including them (V1), and (iii) including them and giving them a higher branching priority using the

GRB IntAttr BranchPriority feature (V2). If additional dummy variables are included, it is always

for the element considered in the objective function (i.e., the item type for the MKP and the roll type

for the CSP, SSP, VSCSP, and VSSSP), and they are linked with the fa variables by an inequality,

as done by Dell’Amico et al. [12].

For each problem among the CSP, SSP, VSCSP, MKP, and VSSSP, we selected a set of widely

used datasets for which we provide: (i) the results of the existing arcflow and reflect formulations

as reported in the literature, (ii) the results of these formulations obtained from a rerun using our

computational environment, (iii) the results of the reflect formulation using the newly proposed al-

ternative pattern representations, and (iv) the results of the state-of-the-art (“SOTA”) approach

as reported in the literature. Elements (i) and (iv) are either recomputed from a source file made

available to us or taken directly from the relevant paper. Our algorithms were all implemented in C++

and can be downloaded from https://github.com/mdelorme2/Extending-the-reflect-flow-f

ormulation-to-variable-sized-1D-cutting-and-skiving-stock-problems. All computational

tests were executed on a virtual machine AMD EPYC-Rome Processor with 2.00 GHz and 64 GB of

RAM, running under Ubuntu 20. The ILP models were solved using Gurobi 12.0.2. A single core

was used for the tests and the barrier algorithm was used to solve the root nodes of the models. For

every run, a time limit of 3600 seconds was imposed. For the sake of conciseness, we sometimes refer

to “the performance of a model” in the following, which means the “performance obtained by solving

the model with the specified ILP solver”.
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7.1 Results for the CSP

For the CSP, we used the same datasets as those employed by Delorme and Iori [13], namely (1) a set

of 1615 instances proposed in various articles over the last decades, which from today’s perspective

can be considered “easily solvable”, (2) a set of 300 instances proposed by Delorme et al. [14]

characterized by their structural difficulty (it is either difficult to find an optimal solution—dataset

AI—or it is difficult to prove that a given solution is optimal—dataset ANI), and (3) two sets of 60

instances proposed by Gschwind and Irnich [18] characterized by very large roll lengths (the difficulty

here lies in the number of variables and constraints required by flow formulations).

We present in Table 2 the results reported in the literature and those obtained after rerunning the

flow formulations (reruns are denoted with attribute “(r)”). The first two columns of the table iden-

tify the name of the dataset and the number of instances it includes, whereas the following columns

provide, for each approach, the number of optimal solutions found (column “#opt”) and the average

CPU time in seconds over each run of the dataset, including the ones terminated within the time

limit (column “T(s)”). Note that because of rounding, it is possible for the solution time displayed in

the table to be equal to 0, which actually means that it was below 0.05 seconds. Columns highlighted

in gray are those for which the results were obtained with a different computational setup from the

one used in this work.

Table 2: Comparison of the CSP results with those reported in the literature

Dataset #inst.
arcflow V0 [13] arcflow V0 (r) reflect V0 [13] reflect V0 (r) SOTA [8]

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

Falkenauer U 80 80 0.1 80 0.1 80 0.0 80 0.0 80 0.0
Falkenauer T 80 80 1.3 80 0.5 80 0.3 80 0.4 80 0.1
Hard28 28 28 10.9 28 5.8 28 19.0 28 3.0 28 6.4
Scholl 1 720 720 0.1 720 0.1 720 0.0 720 0.0 720 0.1∗

Scholl 2 480 480 84.3 480 9.1 480 9.6 480 2.0 480 0.1∗

Scholl 3 10 10 324.2 10 367.4 10 8.6 10 6.1 10 0.1∗

Schwerin1 100 100 0.9 100 0.4 100 0.3 100 0.2 100 0.1∗

Schwerin2 100 100 0.7 100 0.4 100 0.2 100 0.2 100 0.1∗

Waescher 17 9 1780.5 17 305.0 17 555.5 17 135.4 17 0.3

Total (1) 1615 1607 46.2 1615 8.4 1615 9.1 1615 2.2 1615 0.2

AI 200 50 50 233.7 50 33.2 50 45.5 50 9.1 50 0.4
AI 400 50 19 2461.3 31 2132.5 21 2297.4 43 1077.4 50 5.0
AI 600 50 0∗∗ 3600.0 0 3600.0 0∗∗ 3600.0 10 3290.0 50 57.1
ANI 200 50 35 1397.7 47 508.7 50 67.2 50 49.8 50 0.4
ANI 400 50 3 3474.4 2 3520.3 10 3083.6 13 3134.4 50 2.2
ANI 600 50 0∗∗ 3600.0 0 3600.0 0∗∗ 3600.0 0 3600.0 50 11.8

Total (2) 300 107 2461.2 130 2232.5 131 2115.6 166 1860.1 300 12.8

GI AA 60 20 2699.3 20 2601.0 60 179.8 60 36.2 60 14.5
GI BA 60 20 2727.3 20 2637.1 60 380.1 60 37.6 59 102.0

Total (3) 120 40 2713.3 40 2619.1 120 280.0 120 36.9 119 58.3

Total (1,2,3) 2035 1754 559.5 1785 490.2 1866 335.6 1901 278.1 2034 5.4
∗We copied the averages over all 1210 Scholl and 200 Schwerin instances reported in [8].
∗∗These results were not directly reported in [13], but we assume that none of these instances could be solved at that time.

Although none of the contributions of this work directly relate to the CSP, these experiments allow

us to make a number of interesting observations. First, we find that using dummy variables to model

the number of rolls used in the solution has no impact on the performance of arcflow and reflect for

the CSP: the computing times were always within a fraction of a second for the three tested configu-

rations, which is why we do not report the results of the other two configurations in the table. Next,

both the arcflow and reflect formulations significantly benefit from the improvements made to the

computational setup. Differences in computing power are often highlighted in the literature, but one

should also acknowledge the significant improvements made to ILP solvers (for comparison, Delorme

and Iori [13] used Gurobi 6.5 in their experiments). In particular, we highlight that the arcflow

formulation can now solve all 1615 instances of the first dataset, that both the arcflow and the reflect

formulations now perform much better on the AI instances, and that reflect performs much better on
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the tested GI instances. On the other hand, it is also interesting to note that little improvement is ob-

served for the ANI instances. Finally, while we confirm the empirical advantage of reflect over arcflow,

we also acknowledge that the state-of-the-art approach, a sophisticated B&P algorithm proposed by

da Silva and Schouery [8], clearly outperforms both formulations. We further highlight that this B&P

algorithm is also able to solve GI, AI, and ANI instances that were not tested in our experiments

(preliminary experiments showed that none of these instances could be solved by arcflow or reflect).

7.2 Results for the SSP

For the SSP, we reused the exact same datasets as the ones tested for the experiments on the CSP. We

first report in Table 3 the results obtained by the reflect formulation with forward loss arcs (reflect+f)

introduced by Martinovic et al. [32], as well as those obtained by the three new variants: the reflect

formulation with backward loss arcs (reflect+b), the reflect formulation with backward loss arcs and

the adapted reduction procedure (reflect+b+red), and the reflect formulation with backward loss

arcs, the adapted reduction procedure, and conversion variables (reflect+b+red+con). Since there

are different ways to concatenate the reduction methods presented in Section 5, we also include the

reflect formulation with backward loss arcs and conversion variables alone (reflect+b+con). For each

model, we also report the average number of variables (column “#var”) and constraints (column

“#cons”) involved, in thousands.

Table 3: Detailed SSP results for the tested reflect formulations
Dataset #inst.

reflect+f V0 reflect+b V0 reflect+b+red V0 reflect+b+con V0 reflect+b+red+con V0

#opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons

Falkenauer U 80 80 0.1 1.5 0.2 80 0.0 1.6 0.2 80 0.0 1.6 0.1 80 0.0 1.7 0.2 80 0.1 0.9 0.1
Falkenauer T 80 80 0.4 9.0 1.0 80 0.4 9.1 0.6 80 0.4 9.0 0.4 80 0.3 9.2 0.6 80 0.7 2.9 0.4
Hard28 28 28 1.7 14.6 1.1 28 1.2 14.8 0.7 28 0.9 14.7 0.6 28 0.8 14.9 0.7 28 2.8 11.3 0.6
Scholl 1 720 720 0.0 0.9 0.2 720 0.0 0.9 0.1 720 0.0 0.9 0.1 720 0.0 1.0 0.1 720 0.1 0.6 0.1
Scholl 2 480 480 8.0 17.2 0.7 480 2.4 17.3 0.5 480 2.4 17.3 0.5 480 2.9 17.4 0.5 480 12.0 13.3 0.5
Scholl 3 10 10 24.9 120.3 41.6 10 10.7 120.7 21.1 10 4.2 110.7 11.1 10 10.1 120.9 21.1 10 2.5 33.8 11.1
Schwerin1 100 100 0.2 3.7 0.4 100 0.1 3.8 0.3 100 0.1 3.8 0.3 100 0.1 3.8 0.3 100 0.2 3.5 0.3
Schwerin2 100 100 0.2 4.0 0.5 100 0.1 4.0 0.3 100 0.1 4.0 0.3 100 0.1 4.1 0.3 100 0.1 3.8 0.3
Waescher 17 17 35.8 57.8 7.2 17 32.1 57.9 4.3 17 32.5 57.9 4.3 17 31.3 57.9 4.3 17 59.4 51.4 4.3

Total (1) 1615 1615 3.0 8.1 0.8 1615 1.2 8.2 0.5 1615 1.1 8.1 0.4 1615 1.3 8.3 0.5 1615 4.3 5.8 0.4

AI 200 50 50 8.5 48.8 2.0 50 11.2 49.1 1.1 50 8.8 49.1 1.1 50 9.7 49.3 1.1 50 12.0 43.2 1.1
AI 400 50 42 992.7 381.8 7.0 44 942 382.3 3.8 47 745.1 382.3 3.8 44 909.0 382.7 3.8 43 974.1 336.8 3.8
AI 600 50 6 3468.8 1211.3 14.5 3 3539.1 1212.2 7.7 7 3380.4 1212.2 7.7 5 3467.6 1212.7 7.7 4 3536.3 1066.2 7.7
ANI 200 50 50 106.4 48.0 2.0 50 61.7 48.3 1.1 50 45.5 48.3 1.1 50 61.0 48.4 1.1 50 102.7 42.4 1.1
ANI 400 50 11 3249.0 379.7 7.0 12 3263.9 380.2 3.8 20 2888.4 380.2 3.8 13 3121.5 380.6 3.8 15 3121.2 335.3 3.8
ANI 600 50 0 3600.0 1206.9 14.5 0 3600.0 1207.8 7.7 0 3600.0 1207.8 7.7 0 3600.0 1208.3 7.7 0 3600.0 1062.9 7.7

Total (2) 300 159 1904.2 546.1 7.8 159 1903.0 546.6 4.2 174 1778.0 546.6 4.2 162 1861.5 547.0 4.2 162 1891.1 481.1 4.2

GI AA 60 59 634.7 288.8 123.2 60 147.8 289.2 61.9 60 83.7 251.2 23.9 60 130.0 289.5 61.9 60 148.1 90.7 23.9
GI BA 60 59 566.4 364.8 230.6 60 144.3 365.2 115.6 60 68.2 289.8 40.1 60 133.4 365.5 115.6 60 162.6 110.4 40.1

Total (3) 120 118 600.5 326.8 176.9 120 146.1 327.2 88.8 120 76.0 270.5 32.0 120 131.7 327.5 88.8 120 155.4 100.6 32.0

Total (1,2,3) 2035 1892 318.5 106.2 12.2 1894 290.1 106.4 6.2 1909 267.5 103.0 2.8 1897 283.2 106.5 6.2 1897 291.4 81.5 2.8

First, we observe that swapping forward loss arcs with backward loss arcs has a positive effect,

especially on the average computing time for the GI instances. As expected, the number of constraints

is roughly halved, at the cost of only a few hundred extra variables on average. Using the adapted

reduction procedure also has a positive effect on average, again especially for the GI instances, for

which we observe a significant decrease in both the average number of variables and constraints. This

decrease is caused by a reduction in the number of vertices included in V, which results in fewer loss

arcs and flow-conservation constraints. Typically, a small vertex 0 < v ≪ L belongs to V only if (i) v

is the head of a standard item arc, which only occurs if the instance contains small item types, or (ii)

v is the head of a reflected item arc, which is less frequent when the adapted reduction procedure is

used. It is also interesting to observe that the adapted reduction procedure seems to have a positive

impact when solving the AI and ANI instances, which is not related to a reduction in the model

size at all. This could be due to the structure of these instances, whose best lower bound assumes

the absence of loss arcs in the solution, whereas the adapted reduction procedure integrates loss
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arcs into many reflected item arcs. Unsurprisingly, using conversion variables without the adapted

reduction procedure does not seem to bring any major improvement. What comes as a surprise is

that, despite a significant decrease in both the average number of variables and constraints, adding

conversion variables to the adapted reduction procedure seems to deteriorate the performance on

the tested instances. This suggests that not every reduction in model size directly translates into a

performance increase, highlighting the importance of extensive empirical evaluations.

We compare in Table 4 the results reported in the literature with those obtained after rerunning

the flow formulations. Approach “larcflow” corresponds to the arcflow with reversed loss arcs, whereas

“arcflow” corresponds to the version without. For the sake of comparison, we also include the results

of our best approach, reflect+b+red,

Table 4: Comparison of the SSP results with those reported in the literature

Dataset #inst.
arcflow V0 [32] arcflow V0 (r) larcflow V0 [32] larcflow V0 (r) reflect+f V0 [32] reflect+f V0 (r) reflect+b+red V0 SOTA [8]

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

Falkenauer U 80 80 0.2 80 0.1 80 0.2 80 0.1 80 0.1 80 0.1 80 0.0 80 0.0
Falkenauer T 80 80 4.9 80 1.5 80 1.1 80 0.7 80 0.9 80 0.4 80 0.4 80 0.5
Hard28 28 28 6.3 28 2.2 28 7.4 28 3.1 28 3.0 28 1.7 28 0.9 28 0.1
Scholl 1 720 720 0.1 720 0.1 720 0.1 720 0.0 720 0.0 720 0.0 720 0.0 720 0.2∗

Scholl 2 480 480 40.2 480 9.9 480 47.4 480 8.7 480 20.8 480 8.0 480 2.4 480 0.2∗

Scholl 3 10 0 3600.0 0 3600.0 9 2306.6 10 827.0 10 65.1 10 24.9 10 4.2 10 0.2∗

Schwerin1 100 100 0.5 100 1.2 100 0.4 100 0.7 100 0.1 100 0.2 100 0.1 100 0.0∗

Schwerin2 100 100 2.6 100 1.2 100 1.3 100 0.7 100 0.4 100 0.2 100 0.1 100 0.0∗

Waescher 17 17 83.0 17 234.1 17 117.6 17 264.3 17 257.3 17 35.8 17 32.5 17 0.0

Total (1) 1615 1605 35.7 1605 28.0 1614 30.0 1615 10.7 1615 9.4 1615 3.0 1615 1.1 1615 0.2

AI 200 50 50 99.2 50 37.4 50 117.5 50 74.8 50 26.3 50 8.5 50 8.8 50 0.5
AI 400 50 15 3219.5 34 2205.1 10 3298.2 25 2442.4 31 2016.9 42 992.7 47 745.1 50 8.9

AI 600 50 0† 3600.0 0 3600.0 0 3600.0 0 3600.0 1 3588.2 6 3468.8 7 3380.4 48 214.9
ANI 200 50 43 1036.7 48 459.5 18 2843.5 36 1643.1 50 238.5 50 106.4 50 45.5 50 0.7
ANI 400 50 0 3600.0 3 3508.9 0 3600.0 0 3600.0 0 3600.0 11 3249.0 20 2888.4 50 5.7

ANI 600 50 0† 3600.0 0 3600.0 0† 3600.0 0 3600.0 0† 3600.0 0 3600.0 0 3600.0 49 99.3

Total (2) 300 108 2525.9 135 2235.2 78 2843.2 111 2493.4 132 2178.3 159 1904.2 174 1778.0 297 55.0

GI AA 125 20 3 3376.4 6 3092.3 20 918.4 20 453.3 20 4.1 20 1.2 20 0.7 20 14.8∗∗

GI AA 250 20 0† 3600.0 0 3600.0 0† 3600.0 0 3600.0 20 103.9 20 18.7 20 14.5 20 34.6∗∗

GI AA 500 20 0† 3600.0 0 3600.0 0† 3600.0 0 3600.0 0 3600.0 19 1884.1 20 428.2 20 95.2∗∗

GI BA 125 20 4 2964.6 7 2751.8 19 1190 20 603.2 20 4.3 20 1.4 20 1.0 20 14.8∗∗

GI BA 250 20 0† 3600.0 0 3600.0 0† 3600.0 0 3600.0 20 112.2 20 33.0 20 15.2 20 34.6∗∗

GI BA 500 20 0† 3600.0 0 3600.0 0† 3600.0 0 3600.0 2 3536.7 19 1664.9 20 416.8 20 95.2∗∗

Total (3) 120 7 3456.8 13 3374.0 39 2751.4 40 2576.1 82 1226.9 118 600.5 120 76.0 120 48.2∗∗

Total (1,2,3) 2035 1720 604.5 1753 550.7 1731 605.2 1766 528.0 1829 400.9 1892 318.5 1909 267.5 2032 11.1
∗We copied the averages over all 1210 Scholl and 200 Schwerin instances reported in [8].

∗∗We copied the averages over all four GI datasets reported in [8], including GI AB and GI BB.

†These results were not directly reported in [32], but we assume that none of these instances could be solved at that time.

Interestingly, all the comments made regarding the results of flow formulations for the CSP also

apply to the SSP: (i) using dummy variables has no impact, (ii) improvements in the computational

setup can be observed for all formulations, especially reflect, (iii) these improvements are particularly

noticeable on the AI instances for all models and on the GI instances for reflect, (iv) it is confirmed

that reflect outperforms both arcflow formulations, and (v) the B&P of da Silva and Schouery [8]

clearly outperforms all the tested flow formulations.

7.3 Results for the VSCSP

For the VSCSP, we also used the same datasets as those employed by Delorme and Iori [13], namely:

(1) a set of 200 instances proposed by Belov and Scheithauer [3] where L1 ≤ 10 000,
∑

j∈J bj ≈
5000, |R| ≤ 16, and the roll types have a linear cost function;

(2) a set of 840 instances proposed by Crainic et al. [7] where L1 ≤ 300,
∑

j∈J bj ≤ 1000, |R| ≤ 12,

and the roll types have either a linear or a concave cost function;

(3) a set of 200 instances proposed by Hemmelmayr et al. [19] where L1 ≤ 250,
∑

j∈J bj ≤ 2000,

|R| ≤ 7, and the roll types have either a linear, a concave, or a convex cost function.
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We adopt the terminology used by Hemmelmayr et al. [19] to describe the cost function for the roll

types, which can always be written as Pr = kLα
r (k ∈ R, α ∈ R+, r ∈ R). This cost function is

said to be linear if α = 1, concave if α < 1, and convex if α > 1. In the tested instances, we have

α ∈ {0.5, 1, 1.5}.
We report in Table 5 the results obtained by the arcflow formulation introduced by Valério de

Carvalho [37], the reflect formulation introduced by Delorme and Iori [13], and our most complete

new variant—the reflect formulation with small-roll, extended reflected connection, and downgrade

arcs (reflect+sr+erc+d)—for all three configurations V0, V1, and V2.

Table 5: VSCSP results for the three configurations of arcflow and reflect formulations

Dataset #inst.
arcflow reflect reflect+sr+erc+d

V0 V1 V2 V0 V1 V2 V0 V1 V2

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

Belov 1 50 49 138.8 49 139.1 49 139.2 50 65.9 50 10.2 50 10.0 48 162.3 50 27.6 50 12.8
Belov 2 50 49 174.4 49 174.2 49 174.4 50 34.3 49 100.2 50 42.3 50 22.3 49 108.6 49 94.2
Belov 3 50 50 112.4 50 112.5 50 112.5 50 21.8 50 58.9 50 45.3 50 15.3 50 75.2 50 22.0
Belov 4 50 50 93.3 50 93.3 50 93.2 50 34.0 50 63.7 50 26.7 50 20.9 50 89.5 50 44.3

Total (1) 200 198 129.7 198 129.8 198 129.8 200 39.0 199 58.3 200 31.1 198 55.2 199 75.2 199 43.3

Crainic 1 300 300 0.1 300 0.1 300 0.1 300 0.1 300 0.1 300 0.1 300 0.0 300 0.1 300 0.1
Crainic 2 60 60 2.1 60 2.1 60 2.1 56 241.6 60 0.5 60 0.4 52 486.3 60 0.9 60 0.8
Crainic 3 480 480 0.1 480 0.1 480 0.1 419 458.4 480 0.1 480 0.1 418 472.2 480 0.1 480 0.1

Total (2) 840 840 0.3 840 0.3 840 0.3 775 279.2 840 0.1 840 0.1 770 304.6 840 0.1 840 0.1

Hemmelmayr 1 150 147 76.0 147 73.7 147 73.7 146 102.4 150 0.5 150 0.4 147 82.2 150 0.4 150 0.4
Hemmelmayr 2 50 50 0.3 50 0.3 50 0.3 50 0.1 50 0.1 50 0.1 50 0.1 50 0.1 50 0.1

Total (3) 200 197 57.1 197 55.3 197 55.3 196 76.8 200 0.4 200 0.4 197 61.7 200 0.4 200 0.3

Total (1,2,3) 1240 1235 30.3 1235 30.0 1235 30.0 1171 207.8 1239 9.5 1240 5.1 1165 225.2 1239 12.3 1239 7.1

These experiments clearly show that using dummy variables significantly improves the empirical

behavior of the reflect formulations, even though these variables do not serve any purpose from a

modeling point of view. Further analysis showed that every instance in datasets (2) and (3) that

could not be solved to optimality by configuration V0 of a reflect formulation has a concave cost

function, and that the solution found by the solver for all such instances except one turned out to

be optimal—the solver simply could not raise the lower bound and return a certificate of optimality.

In contrast, when one of the configurations of a reflect formulation could not solve an instance of

dataset (1) to optimality, it always had the correct lower bound—the solution found by the solver

was simply not the optimal one. Since the unsolved instances of dataset (1) were generally not the

same across the tested approaches, we believe that randomness plays a role in determining whether

an instance of the dataset is solved to optimality.

For the arcflow formulation, using dummy variables does not seem to have any significant impact.

To explain this difference, let us recall that the objective function in the arcflow formulation is

composed of only |R| elements—one per roll arc (Lr, T, 0, r)—whereas in reflect formulations, the

objective function is composed of many more elements—one per reflected arc. Hence, adding these

dummy variables simplifies the objective function of the reflect formulations, reducing it to |R|
elements, whereas it does not have the same effect for the arcflow formulation.

Let us also recall that instances of datasets (2) and (3) do not produce large graphs for flow

formulations (especially for reflect) since L1 is relatively small. Hence, solving a node in the B&B

tree is very fast for the solver. The issue seems to be that, while an optimal solution is almost always

quickly found for these instances, there appears to be a random component as to whether the solver

“gets lucky” (e.g., derives the right cut, performs the right branching, or expands the right node) and

eventually ends with a certificate of optimality, or instead spends all its computation time exploring

the search tree without raising the lower bound. This random component is also evidenced by
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the inconsistency with which instances remain unsolved across the different models: 44 out of the 73

instances of datasets (2) and (3) that could not be solved by reflect+rar+erc+d V0 could be solved by

reflect V0 (and 40 the other way around), indicating that these instances are not structurally difficult.

We therefore postulate that using dummy variables helps the solver improve the dual bound

when: (i) the objective function involves non-unit coefficients, which is the case for the VSCSP

but not for the SSP and the CSP, and (ii) it significantly reduces the number of elements in the

objective function, which is the case for reflect formulations but not for the arcflow formulation in

the VSCSP. The tested VSCSP instances did not demonstrate any advantage in assigning higher

branching priority to the dummy variables, as the results of configurations V1 and V2 are relatively

similar for all models.

We report in Table 6 the results and model size of all tested reflect formulations.

Table 6: Detailed VSCSP results for the tested reflect formulations

Dataset #inst.
reflect V2 reflect+sr V2 reflect+sr+erc V2 reflect+sr+erc+d V2

#opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons

Belov 1 50 50 10.0 36.7 4.3 50 10.0 36.7 4.3 50 8.5 35.3 4.3 50 12.8 35.2 4.4
Belov 2 50 50 42.3 44.8 4.4 50 27.9 44.7 4.4 49 87.3 40.4 4.4 49 94.2 40.1 4.7
Belov 3 50 50 45.3 48.5 4.5 50 29.2 48.0 4.5 50 25.7 40.7 4.5 50 22.0 40.2 4.8
Belov 4 50 50 26.7 53.7 4.4 50 36.1 53.0 4.4 50 98.9 41.7 4.4 50 44.3 40.9 4.8

Total (1) 200 200 31.1 45.9 4.4 200 25.8 45.6 4.4 199 55.1 39.5 4.4 199 43.3 39.1 4.7

Crainic 1 300 300 0.1 0.8 0.1 300 0.1 0.8 0.1 300 0.1 0.7 0.1 300 0.1 0.7 0.1
Crainic 2 60 60 0.4 2.9 0.2 60 0.8 2.7 0.2 60 0.8 2.5 0.2 60 0.8 2.5 0.2
Crainic 3 480 480 0.1 0.6 0.1 480 0.1 0.5 0.1 480 0.1 0.5 0.1 480 0.1 0.4 0.1

Total (2) 840 840 0.1 0.8 0.1 840 0.1 0.8 0.1 840 0.1 0.7 0.1 840 0.1 0.7 0.1

Hemmelmayr 1 150 150 0.4 6.2 0.3 150 0.4 5.9 0.3 150 0.3 4.4 0.3 150 0.4 4.2 0.4
Hemmelmayr 2 50 50 0.1 1.5 0.1 50 0.1 1.5 0.1 50 0.1 1.2 0.1 50 0.1 1.2 0.2

Total (3) 200 200 0.4 5.0 0.3 200 0.3 4.8 0.3 200 0.2 3.6 0.3 200 0.3 3.4 0.3

Total (1,2,3) 1240 1240 5.1 8.8 0.8 1240 4.3 8.7 0.8 1239 9.0 7.4 0.8 1239 7.1 7.3 0.9

As expected, we observe a decrease in the average number of variables when using small-roll arcs,

a further decrease when additionally using reflected connection arcs, and another decrease when also

using downgrade arcs, although the latter comes at the expense of additional constraints. However,

this decrease in model size does not translate into empirical improvements for the tested instances.

Our hypothesis is that the decrease is not significant enough to outweigh the (previously mentioned)

random component for dataset (1), whereas datasets (2) and (3) become very easy once dummy vari-

ables are included, so reducing the (already quite small) model size produces barely noticeable effects.

Finally, we compare in Table 7 the results reported in the literature with those obtained after

rerunning the flow formulations. Note that, since Delorme and Iori [13] presented the results of their

flow formulations in configuration V1, we also report the outcomes of our reruns in configuration V1.

For the sake of comparison, we include the best results obtained by one of our approaches, namely

those of reflect+sr (this time in configuration V2).

Also for the VSCSP, the improvements in the computational setup are observable, especially for

instances of dataset (1), which can now almost all be solved to optimality. A surprising behavior

is observed for three instances of dataset (3), which could be solved with the experimental setup

from a few years ago, but not with the one used in these experiments. While it could be interesting

to identify the reason for this behavior (e.g., a difference in the implementation, a change in the

solver parameters used, or a decrease in solver performance on these specific instances), the most

important takeaway from these experiments is that existing flow formulations can now solve these

three datasets, and that other (more challenging and widely available) instances are needed.
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Table 7: Comparison of the VSCSP results with those reported in the literature

Dataset #inst.
arcflow V1 [13] arcflow V1 (r) reflect V1 [13] reflect V1 (r) reflect+sr V2 (r) SOTA [13]

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

Belov 1 50 38 1230.6 49 139.1 48 258.5 50 10.2 50 10.0 50 6.1
Belov 2 50 34 1679.7 49 174.2 41 874.3 49 100.2 50 27.9 50 4.1
Belov 3 50 31 1673.3 50 112.5 44 786.0 50 58.9 50 29.2 50 1.6
Belov 4 50 27 2009.2 50 93.3 35 1613.1 50 63.7 50 36.1 50 4.0

Total (1) 200 130 1648.2 198 129.8 168 883.0 199 58.3 200 25.8 200 3.9

Crainic 1 300 300 1.1 300 0.1 300 0.3 300 0.1 300 0.1 300 0.3
Crainic 2 60 60 3.4 60 2.1 60 2.2 60 0.5 60 0.8 60 2.5
Crainic 3 480 480 0.6 480 0.1 480 0.2 480 0.1 480 0.1 480 0.2

Total (2) 840 840 1.0 840 0.3 840 0.4 840 0.1 840 0.1 840 0.4

Hemmelmayr 1 150 150 2.7 147 73.7 150 1.2 150 0.5 150 0.4 150 1.1
Hemmelmayr 2 50 50 1.5 50 0.3 50 0.5 50 0.1 50 0.1 50 0.8

Total (3) 200 200 2.4 197 55.3 200 1.0 200 0.4 200 0.3 200 1.0

Total (1,2,3) 1240 1170 266.9 1235 30.0 1208 142.9 1239 9.5 1240 4.3 1240 1.1

7.4 Results for the MKP

For the MKP, we considered the datasets used by Dell’Amico et al. [12], consisting of four sets of

480 instances each. In these instances, |J | ≤ 100α, |R| ≤ 30α, and the instance-specific average

number of items per roll,
∑

j∈J bj∑
r∈R Sr

, takes value in {2, 3, 4, 5, 6, 10}. These datasets were generated

such that (i) many bj (j ∈ J ) and Sr (r ∈ R) values are equal to 1, (ii) the profit pj of each item type

j ∈ J is either uncorrelated with, weakly correlated with, strongly correlated with, or equal to its

length lj , and (iii) the supply of rolls is sufficient to cut approximately half of the items. The latter

was enforced when determining the roll lengths, which vary for each instance (although L1 remains

of the same order of magnitude, typically a few thousand). Regarding α, it is equal to 1 in the first

dataset, 2 in the second, 3 in the third, and 5 in the fourth.

As for the VSCSP, we first report in Table 8 the results obtained by the arcflow and reflect

formulations of Dell’Amico et al. [12] and our most complete new variant, reflect+sr+erc+d, for all

three configurations.

Table 8: MKP results for the three configurations of arcflow and reflect formulations

Dataset #inst.
arcflow reflect reflect+sr+erc+d

V0 V1 V2 V0 V1 V2 V0 V1 V2

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

30 60 80 80 0.2 80 0.2 80 0.2 80 0.1 80 0.1 80 0.1 80 0.1 80 0.1 80 0.1
15 45 80 80 5.8 80 3.0 80 3.8 79 49.9 80 9.7 80 0.9 80 1.6 80 1.5 80 1.5
12 48 80 75 399.5 79 130.7 80 31.3 73 417.3 79 103.4 79 55.9 78 152.2 80 36.0 80 26.6
15 75 80 52 1371.0 76 682.4 78 384.8 49 1505.8 73 547.4 76 323.5 63 940.0 79 188.9 79 101.5
10 60 80 46 1623.5 72 643.9 78 310.1 51 1401.1 69 741.2 73 521.5 59 1091.1 78 249.3 78 166.4
10 100 80 23 2608.6 32 2503.2 46 2146.2 31 2329.3 59 1595.8 69 1148.7 38 2016.3 65 1288.8 69 997.0

Total (1) 480 356 1001.4 419 660.6 442 479.4 363 950.6 440 499.6 457 341.8 398 700.2 462 294.1 466 215.5

These experiments show that using dummy variables significantly improves the performance of

the reflect formulations for the MKP as well. Interestingly, this observation also holds for the arcflow

formulation this time. To explain this change, recall that, unlike in the VSCSP, the objective function

of the arcflow formulation for the MKP consists—like that of reflect—of many elements: one per item

arc. Therefore, using dummy variables reduces the objective function to |J | elements (one per item

type) in both the arcflow and reflect formulations. It is also worth noting that assigning a higher

branching priority to the dummy variables is beneficial for all formulations, as already observed by

Dell’Amico et al. [12].

We report in Table 9 the results and model size of all tested reflect formulations.

For the MKP as well, we confirm the expected decrease in the average number of variables each

time one of the newly introduced modeling features is added, but this time the reduction does trans-

late into a significant improvement in model performance. While using small-roll arcs brings only
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Table 9: Detailed MKP results for the tested reflect formulations
Dataset #inst.

reflect V2 reflect+sr V2 reflect+sr+erc V2 reflect+sr+erc+d V2

#opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons #opt T(s) #var #cons

30 60 80 80 0.1 3.2 0.6 80 0.1 2.2 0.5 80 0.1 2.2 0.5 80 0.1 2.2 0.5
15 45 80 80 0.9 2.4 0.5 80 1.2 2.3 0.5 80 1.9 2.1 0.5 80 1.5 2.0 0.5
12 48 80 79 55.9 4.2 0.5 80 18.3 4.2 0.5 80 18.3 3.3 0.5 80 26.6 3.1 0.6
15 75 80 76 323.5 17.0 0.8 75 368.7 16.6 0.8 77 179.8 10.8 0.8 79 101.5 9.7 0.9
10 60 80 73 521.5 12.9 0.8 72 575.3 12.8 0.8 78 130.5 9.3 0.8 78 166.4 8.5 0.9
10 100 80 69 1148.7 83.4 1.6 71 1104.1 82.0 1.6 70 974 55.3 1.6 69 997 47.4 1.8

Total (1) 480 457 341.8 20.5 0.8 458 344.6 20.0 0.8 465 217.4 13.8 0.8 466 215.5 12.1 0.9

60 120 80 80 0.7 19.5 0.8 80 0.3 9.8 0.7 80 0.2 8.3 0.7 80 0.2 8.3 0.7
30 90 80 77 246.1 14.6 0.8 76 251.6 12.3 0.8 77 216.1 8.4 0.8 75 342.4 8.3 0.8
24 96 80 79 217.7 21.5 0.7 79 212.6 21.4 0.7 80 57.1 11.8 0.7 80 74.7 9.6 0.9
30 150 80 66 1126.9 79.7 1.0 70 928.4 76.3 1.0 76 548.8 36.9 1.0 73 663.9 27.1 1.1
20 120 80 68 950.5 63.3 1.1 68 922.3 60.6 1.1 76 464.9 33.5 1.1 77 510.5 28.0 1.2
20 200 80 41 2272.5 336.3 1.8 41 2241.1 334.5 1.8 53 1908.7 155.6 1.8 51 1931.6 111.7 2.1

Total (2) 480 411 802.4 89.2 1.0 414 759.4 85.8 1.0 442 532.7 42.4 1.0 436 587.2 32.2 1.1

90 180 80 80 2.2 50.7 1.0 80 0.7 20.7 0.9 80 0.6 17.7 0.9 80 0.6 17.7 0.9
45 135 80 76 392.0 37.7 0.9 77 383.6 29.8 0.9 77 241.8 15.8 0.9 76 274.9 15.6 0.9
36 144 80 73 619.7 56.8 0.9 74 624.8 53.4 0.9 79 292.4 26.6 0.9 78 332.2 19.7 1.0
45 225 80 47 2039.2 201.6 1.2 47 2055.4 184.0 1.2 66 1227.2 80.1 1.2 62 1266.1 51.6 1.3
30 180 80 51 1819.1 151.2 1.2 48 1865.2 143.7 1.2 66 1166.3 67.2 1.2 63 1165.7 46.8 1.4
30 300 80 13 3262.7 809.0 2.1 18 3091.5 751.0 2.1 31 2527.4 318.5 2.1 32 2466.8 222.5 2.4

Total (3) 480 340 1355.8 217.8 1.2 344 1336.9 197.1 1.2 399 909.3 87.6 1.2 391 917.7 62.3 1.3

150 300 80 80 9.3 166.9 1.2 80 2.2 51.6 1.1 80 1.4 38.1 1.1 80 1.4 38.1 1.2
75 225 80 65 1292.6 125.1 1.1 66 1019.2 86.5 1.1 73 726.9 36.2 1.1 74 658.4 35.3 1.1
60 240 80 48 1940.5 183.4 1.1 50 1899.3 160.2 1.1 62 1387.9 65.7 1.1 61 1372.4 44.2 1.2
75 375 80 26 2668.0 648.6 1.6 28 2611.6 491.7 1.5 49 2062.2 203.2 1.5 47 2028.3 128.9 1.7
50 300 80 28 2643.3 464.0 1.4 29 2570.6 423.0 1.4 43 2119.4 164.7 1.4 53 1766.0 96.7 1.6
50 500 80 6 3535.4 2394.3 2.5 9 3398.9 2095.4 2.5 13 3106.7 708.4 2.5 16 3125.1 446.8 2.7

Total (4) 480 253 2014.8 663.7 1.5 262 1917.0 551.4 1.5 320 1567.4 202.7 1.5 331 1491.9 131.7 1.6

Total (1,2,3,4) 1920 1461 1128.7 247.8 1.1 1478 1089.5 213.6 1.1 1626 806.7 86.6 1.1 1624 803.1 59.6 1.2

a marginal gain in both the number of instances solved to optimality and the average number of

variables, using extended reflected connection arcs proves to be the most beneficial according to

both measures. The impact of downgrade arcs appears more nuanced: they seem advantageous

for instances with the highest number of roll types—where the reduction in the average number of

variables is most significant—but inconsequential or even detrimental for other instances.

As usual, we finish by comparing in Table 10 the results reported in the literature with those

obtained after rerunning the flow formulations. For the sake of comparison, we also include the best

results obtained by one of our approaches, namely those of reflect+sr+erc. Because the existing

literature [12, 24] used 1200s as a time limit in their experiments, we updated our results to simulate

what would have happened under this time limit (i.e., if an instance took longer than 1200s to

be solved, we considered the instance unsolved). We also mention that the flow formulations of

Dell’Amico et al. [12] include a few MKP-specific improvements, such as an upper bound on the

maximum number of items included in the solution and a set of preprocessing techniques (instance

reduction, capacity lifting, and item dominance), which are not integrated in our rerun.

Once again, the improvements in the computational setup are evident, especially for large-size

instances. However, the state-of-the-art approach—a tailored B&P algorithm proposed by Lalonde

et al. [24]—still outperform all the tested models.

7.5 Results for the VSSSP

As the VSSSP has never been studied in the literature, we created new benchmark instances derived

from known datasets for related problems. We first experimented with the datasets used for the

VSCSP (referred to as dataset (1)), which are directly applicable to the VSSSP, but these turned out

to be relatively easy (as was already the case for the VSCSP). Hence, we decided to also experiment

with the datasets used for the MKP. To construct a VSSSP instance from an MKP one, we removed

the profit of each item type and added a supply and a profit to each roll type. Given a roll type r
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Table 10: Comparison of the MKP results with those reported in the literature

Dataset #inst.
arcflow V2 [12] arcflow V2 (r) reflect V2 [12] reflect V2 (r) reflect+sr+erc V2 (r) SOTA [24]

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

30 60 80 80 0.4 80 0.2 80 0.4 80 0.1 80 0.1 80 0.0
15 45 80 80 13.5 80 3.8 80 3.0 80 0.9 80 1.9 80 2.0
12 48 80 80 70.1 80 31.3 80 14.8 79 25.9 80 18.3 80 1.5
15 75 80 66 397.0 72 261.9 73 238.1 73 190.2 77 89.8 80 1.1
10 60 80 70 390.1 76 234.4 78 156.2 66 279.3 78 70.5 80 0.3
10 100 80 7 1175.3 29 853.9 32 925.9 55 638.4 58 543.6 80 0.0

Total (1) 480 383 341.1 417 230.9 423 223.1 433 189.1 453 120.7 480 0.8

60 120 80 80 3.1 80 0.8 80 3.1 80 0.7 80 0.2 80 0.2
30 90 80 77 175.2 70 218.5 77 136.5 76 143.3 77 126.1 80 46.1
24 96 80 68 376.7 78 157.1 70 282.2 77 177.1 80 57.1 80 5.1
30 150 80 28 939.6 55 600.5 23 965.0 55 587.1 69 356.6 80 4.2
20 120 80 23 992.5 46 708.3 32 866.5 61 534.1 73 306.0 80 0.5
20 200 80 0 1200.0 24 947.2 0 1200.0 28 940.3 31 824.8 80 0.0

Total (2) 480 276 614.7 353 438.7 282 576.0 377 397.1 410 278.5 480 9.4

90 180 80 80 6.2 80 1.7 80 6.2 80 2.2 80 0.6 80 0.5
45 135 80 47 608.0 70 280.7 51 577.5 72 241.5 76 139.4 80 58.3
36 144 80 40 764.4 67 405.6 36 787.9 70 379.5 74 212.3 79 34.7
45 225 80 8 1219.5 39 813.1 10 1164.4 29 852.4 55 657.5 80 19.8
30 180 80 4 1242.5 28 847.6 11 1149.0 40 804.8 54 619.0 80 1.5
30 300 80 0 971.7 14 1066.9 0 217.8 5 1159.2 24 951.0 80 0.0

Total (3) 480 179 802.0 298 569.3 188 650.5 296 573.3 363 430.0 479 19.1

150 300 80 80 12.6 80 3.5 80 13.0 80 9.3 80 1.4 80 2.9
75 225 80 10 1137.5 61 526.5 12 1114.5 47 621.3 64 436.8 60 360.3
60 240 80 6 1166.9 34 819.3 5 1177.2 32 831.6 50 676.1 77 91.8
75 375 80 0 1200.0 20 975.5 0 1200.0 20 976.0 25 886.9 75 102.7
50 300 80 0 1200.0 18 957.1 0 1200.0 19 962.4 29 851.5 79 42.3
50 500 80 0 1200.0 7 1153.2 0 1200.0 1 1197.3 10 1080.9 80 0.0

Total (4) 480 96 986.6 220 739.2 97 986.2 199 766.3 258 655.6 451 100.0

Total (1,2,3,4) 1920 934 686.1 1288 494.5 990 609.0 1305 481.4 1484 371.2 1890 32.3

in an MKP instance with supply Sr and length Lr, the corresponding roll type r′ has supply Sr′ ∈
{3Sr, 10Sr,∞} and profit Pr′ ∈ {Lr, 100

√
Lr, 0.1L

1.5
r }. The three supply functions represent different

levels of heterogeneity in the roll types, whereas the three profit functions mimic those identified by

Hemmelmayr et al. [19] for the VSCSP (linear, concave, and convex, respectively). We took MKP

dataset (1), which is composed of 480 instances, kept only the instances with uncorrelated item profit

(bringing the number of instances to 120), and then applied each combination of roll supply and profit

functions, leading to a total of 120× 3× 3 = 1080 VSSSP instances (referred to as dataset (2)).

We first present in Table 11 (resp. Table A.13 in Section E.1 of the appendix) the results for

(resp. the model size of) all the flow formulations discussed in Section 6, namely:

• arcflow without (arcflow) and with (larcflow) merging of item arcs (d, d + lj , j, 0) such that

d < L1 and d+ lj ≥ L1 into a single item arc (L1 − lj , L1, j, 0);

• reflect with forward (reflect+f) and backward (reflect+b) loss arcs;

• reflect with backward loss arcs augmented with the SSP-specific improvements: the adapted

reduction procedure alone (rb+red), conversion variables alone (rb+con), and both combined

(rb+red+con);

• reflect with backward loss arcs augmented with the VSCSP/MKP-specific improvements: small-

roll arcs alone (rb+sr), combined with extended reflected connection arcs (rb+sr+erc), and

combined with both extended reflected connection and downgrade arcs (rb+sr+erc+d);

• reflect with backward loss arcs augmented with all SSP-specific and VSCSP/MKP-specific

improvements combined (rb+all).

As hinted earlier when motivating the backward-loss-arc version of reflect, the forward-loss-arc

variant is not competitive, performing even worse than the arcflow formulations due to its large num-

ber of constraints. For the SSP-specific features, the adapted reduction procedure slightly improves
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Table 11: VSSSP results for all tested flow formulations in configuration V2
Dataset #inst.

arcflow larcflow reflect+f reflect+b rb+red rb+con rb+red+con rb+sr rb+sr+erc rb+sr+erc+d rb+all

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

Belov 1 50 50 62.3 50 72.8 50 21.7 50 11.3 50 12.6 50 21.3 50 17 50 12.0 50 12.6 50 14.3 50 17.7
Belov 2 50 49 153.0 50 146.2 49 159.3 50 19.9 50 23.8 50 44.3 50 21.1 49 92.2 50 14.9 50 23.3 50 28.2
Belov 3 50 50 80.4 50 138.3 50 52.3 50 37.4 50 36.5 50 23.5 50 29.5 50 74.0 49 91.6 50 27.4 49 92.4
Belov 4 50 50 87.2 50 92.7 50 104.8 50 20.8 50 22.3 50 60.6 50 28.1 50 19.6 50 23.7 50 22.2 50 24.9
Crainic 1 300 300 0.2 300 0.1 300 0.2 300 0.1 300 0.1 300 0.1 300 0.1 300 0.1 300 0.1 300 0.1 300 0.1
Crainic 2 60 59 1.2 60 1.2 60 0.6 60 0.5 60 0.5 60 0.7 60 0.7 60 0.3 60 0.3 60 0.3 60 0.5
Crainic 3 480 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1 480 0.1
Hemmelmayr 1 150 150 1.1 150 0.7 150 0.8 150 2.9 150 0.8 150 0.7 150 0.4 150 11.2 150 0.4 150 0.4 150 0.4
Hemmelmayr 2 50 50 0.4 50 0.3 50 0.3 50 0.2 50 0.2 50 0.3 50 0.3 50 0.2 50 0.2 50 0.1 50 0.2

Total (1) 1240 1238 15.7 1240 18.4 1239 13.9 1240 4.0 1240 4.0 1240 6.2 1240 4.0 1239 9.4 1239 5.9 1240 3.6 1239 6.7

30 60 180 179 28.8 179 50.3 165 387.4 175 124.4 178 62.1 178 65.0 179 52.1 179 23.8 180 18.1 179 23.7 180 10.4
15 45 180 180 3.1 180 6.0 172 192.9 180 7.5 180 3.3 179 26.6 180 21.8 180 10.8 179 21.4 179 21.6 179 21.8
12 48 180 176 132.8 177 118.1 169 377.0 180 35.5 179 37.5 178 70.8 180 30.3 179 43.4 180 47.9 180 52.6 180 44.9
15 75 180 145 1107.0 137 1184.7 121 1554.1 159 756.9 165 600.2 162 648.6 160 599.8 159 763.5 166 630.8 173 467.4 179 178.3
10 60 180 152 919.3 153 911.9 151 977.6 176 332.2 178 276.5 178 227.4 177 198.5 176 334.1 179 244.2 177 264.2 178 162.7
10 100 180 52 3116.2 55 3008.9 73 2755.5 104 2141.2 105 2122.0 97 2206.6 126 1842.8 105 2171.9 109 2038.6 101 2139.1 131 1459.2

Total (2) 1080 884 884.5 881 880.0 851 1040.7 974 566.3 985 516.9 972 540.8 1002 457.5 978 557.9 993 500.2 989 494.8 1027 312.9

Total (1,2) 2320 2122 420.2 2121 419.5 2090 491.9 2214 265.8 2225 242.8 2212 255.1 2242 215.1 2217 264.7 2232 236.0 2229 232.3 2266 149.2

performance, while adding conversion variables on top improves it further. For the VSCSP/MKP-

specific features, small-roll arcs bring only a marginal improvement, extended reflected connection

arcs provide a more significant benefit, and downgrade arcs cause a slight performance decrease. In-

terestingly, the version of reflect that combines all features outperforms both the version using only

the SSP-specific features and the version using only the VSCSP/MKP-specific features. This can be

explained by the fact that the reduction in the average number of variables achieved by one set of

features is additive to that achieved by the other.

We display in Table 12 the results obtained by each of the tested flow formulations when the

instances are aggregated by the supply/profit function used for the roll types. For this table only,

we also report the results obtained by reflect+b in configurations V0 and V1.

Table 12: VSSSP results for Dataset (2) aggregated by supply and profit functions
Supply/profit

function
#inst.

arcflow larcflow reflect+f reflect+b rb+red rb+con rb+red+con rb+sr rb+sr+erc rb+sr+erc+d rb+all

V2 V2 V2 V0 V1 V2 V2 V2 V2 V2 V2 V2 V2

#opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s) #opt T(s)

Sr′ = 3Sr 360 288 972.8 289 949.2 277 1168.4 206 1602.0 298 915.1 319 680.2 322 634.1 321 633.9 332 512.1 318 674.0 325 592.5 329 551.7 343 316.3
Sr′ = 10Sr 360 296 871.8 292 895.7 283 1033.9 231 1360.1 314 689.8 323 578.0 330 498.9 319 566.1 331 482.6 327 565.6 328 519.3 325 519.9 341 312.2
Sr′ =∞ 360 300 809.1 300 795.1 291 920.0 243 1214.6 323 530.3 332 440.7 333 417.8 332 422.5 339 377.9 333 434.2 340 388.7 335 412.7 343 310.1

Pr′ = Lr 360 291 826.7 287 862.2 322 641.6 309 596.0 316 614.9 317 627.7 327 525.5 316 593.3 326 518.8 318 613.8 324 555.5 327 528.5 324 505.1
Pr′ = 100

√
Lr 360 279 1006.9 281 989.4 240 1413.0 210 1532.4 303 781.5 324 534.4 327 491.9 317 594.9 327 535.8 326 517.8 328 490.9 326 505.2 347 266.5

Pr′ = 0.1L1.5
r 360 314 820.1 313 788.3 289 1067.6 161 2048.2 316 738.7 333 536.8 331 533.4 339 434.4 349 318.0 334 542.2 341 454.1 336 450.7 356 167.1

A striking observation concerns the respective outcomes of the three tested configurations of

reflect+b depending on the profit function of the roll types: for concave and convex functions, not

using dummy variables (configuration V0) is hugely detrimental, and not giving these variables higher

branching priority (configuration V1) is also detrimental, but to a lesser extent. For linear profits

however, the configuration used seems to have only a marginal impact (if any) on performance over-

all: the number of optimal solutions found is slightly higher in configurations V1 and V2, but we

also observe a slight decrease in the average computation time in configuration V0.

Focusing now on the results for all formulations (in configuration V2), it appears that convex-

profit instances are easier to solve to optimality for all models except reflect+f, while concave-profit

instances usually come second. It is worth noting that convex and concave profits tend to have

opposite effects on the structure of an optimal solution. Convex profits tend to promote the use of

large rolls (instead of, say, two small rolls of the same total size), meaning that fewer roll arcs are

typically required in an optimal solution. In the network, this might lead to many active arcs, but

only a relatively small flow on each of them. Convex profits may also enable some preprocessing:

for example, since a set of items that forms two rolls with threshold L1
2 will always also be able to

form one roll with threshold L1, it is clear that at most one roll with threshold L1
2 can be included

in an optimal solution as long as the supply of rolls with threshold L1 is not exhausted. Conversely,

concave profits tend to favor the use of small rolls, which leads to a larger number of rolls being re-
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quired. This could mean that a smaller set of arcs is active, but each carries a larger flow. Regarding

the roll supply function, instances with very large supplies tend to be slightly easier to solve than

those with low supplies, although the difference is barely noticeable for rb+all, our best approach.

This is probably because the combinatorial hardness is slightly reduced when infinite supply is avail-

able: one highly effective roll type (typically the one with the highest profit-to-threshold ratio) can

be used extensively, usually resulting in an optimal solution that uses only a few roll types. This

phenomenon has also been observed, for example, in the knapsack problem, where the unbounded

variant is generally regarded as easier to solve than the 0-1 variant [2, 22].

8 Conclusions

We studied flow formulations for four extensions of the one-dimensional Cutting Stock Problem

(CSP): the Skiving Stock Problem (SSP), the Variable-Sized Cutting Stock Problem (VSCSP), the

Multiple Knapsack Problem (MKP), and the Variable-Sized Skiving Stock Problem (VSSSP). We

proposed both SSP-specific and VSCSP/MKP-specific features aimed at reducing the size of the

reflect formulation and showed that these features can all be combined to solve the VSSSP. In partic-

ular, we demonstrated that the reduction procedure stating that no reflected arc whose tail is higher

than its head needs to be created for the CSP can be adapted to the SSP. We also presented alter-

native ways—requiring fewer variables than the original reflect formulation—to represent patterns

when rolls have variable sizes.

Our work highlights the rich variety of modeling possibilities one encounters when designing a

flow formulation for a cutting and packing problem, and while formulations already exist for many

of these problems, there is still room for improvements in some cases. Another striking observation

is that the empirical behavior of a model does not always align perfectly with theoretical expecta-

tions. For example, the use of dummy variables, which serve no purpose from a purely modeling

perspective, proved essential for solving certain types of VSCSP and MKP instances. In contrast, the

use of conversion variables, which significantly reduce the number of variables and constraints when

used together with the adapted reduction procedure, was, on average, detrimental when solving SSP

instances, although it proved useful for VSSSP instances.

Another relevant aspect we emphasized is the general improvement of a model’s performance over

time. The literature often mentions advances in computing power but rarely highlights or measures

differences in solver performance. For example, we showed that significant improvements are observ-

able for previously introduced flow formulations across various datasets for all the studied problems.

Still, it is important to note that, for most of these problems, solving a flow formulation (even one that

uses our newly introduced features) with a general-purpose integer linear programming solver yields

results that are inferior to those produced by the most competitive algorithms in the literature. That

being said, the latter are often highly specialized and not easily adaptable (if they are even publicly

available), whereas flow formulations are generally considered more accessible while still delivering

competitive results for most datasets, striking a balance between performance and simplicity.
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APPENDIX

A Supplementary material for the CSP

A.1 Graph construction algorithm for the CSP arcflow model

Algorithm A.2 Graph construction for the arcflow model
Input: J and L
1: V ← {0}; A ← ∅ ▷ initialize a graph with only vertex 0
2: for j ∈ J do ▷ for every item type
3: for k = 1, . . . , bj do ▷ for every unit of demand
4: V ′ ← V ▷ make a copy of the vertex set
5: for d ∈ V ′ do ▷ for every possible tail
6: if d+ lj ≤ L then ▷ if the possible head does not exceed the roll length
7: V ← V ∪ {d+ lj} ▷ add the head to the original vertex set
8: A ← A∪ {(d, d+ lj , j)} ▷ create the item arc

9: V ← V ∪ {L} ▷ add L to the vertex set as it may not have been done before
10: for d ∈ V \ {0, L} do ▷ for every vertex in the set besides 0 and L
11: A ← A∪ {(d, e, 0)} where e = min{v ∈ V : v > d}} ▷ create the loss arc

Output: G = (V,A)

We highlight that (i) A and V are also sets in the algorithmic sense; therefore, duplicate entries

are automatically removed, and (ii) the order in which the item types are considered influences

the number of arcs in A; hence, as done in the literature, we preliminarily sort the item types in

decreasing order of their length. These comments also apply to all graph construction algorithms.

A.2 Graph construction algorithm for the CSP reflect model

Algorithm A.3 Graph construction for the reflect model
Input: J and L
1: V ← {0}; A ← ∅ ▷ initialize a graph with only vertex 0
2: T ← {0} ▷ keeps track of the possible tails
3: for j ∈ J do ▷ for every item type
4: for k = 1, . . . , bj do ▷ for every unit of demand
5: T ′ ← T ▷ make a copy of the possible tails
6: for d ∈ T ′ do ▷ for every possible tail
7: if d+ lj ≤ L

2
then ▷ if this is a standard item arc

8: V ← V ∪ {d+ lj} ▷ add the head to the original vertex set
9: T ← T ∪ {d+ lj} ▷ add the head to the possible tails

10: A ← A∪ {(d, d+ lj , j, 0)} ▷ create the standard item arc
11: else ▷ if this is a potential reflected item arc
12: if d ≤ L− (d+ lj) then ▷ and it is not eliminated by the reduction procedure
13: V ← V ∪ {L− (d+ lj)} ▷ add the head to the original vertex set
14: A ← A∪ {(d, L− (d+ lj), j, 1)} ▷ create the reflected item arc

15: V ← V ∪ {L
2
} ▷ add L

2
to the vertex set as it may have not been done before

16: for d ∈ V \ {L
2
} do ▷ for every vertex in the set besides L

2

17: A ← A∪ {(d, e, 0, 0)} where e = min{v ∈ V : v > d}} ▷ create the standard loss arc

18: A ← A∪ {(L
2
, L

2
, 0, 1)} ▷ create the reflected connection arc

Output: G = (V,A)

We highlight that the case where L is an odd number can be handled either by doubling every item

length and L (this scaling does not increase the size of V or A), or by explicitly introducing a dummy

(fractional) node L
2 , which is connected only to standard loss arcs (Steps 15-17) and to the reflected

connection arc (Step 18).
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A.3 Example for the arcflow and reflect graph constructions for the CSP

Consider a CSP instance composed of four item types with lengths l1 = 8, l2 = 5, l3 = 3, and l4 = 2,

and corresponding demands b1 = 1, b2 = 3, b3 = 1, and b4 = 1, with a roll length of L = 11. The

corresponding arcflow (resp. reflect) graph obtained after applying Algorithm A.2 (resp. Algorithm

A.3) is shown at the top (resp. bottom) of Figure A.4. Item arcs are displayed as colored solid

lines—red, blue, yellow, and green for item type 1, 2, 3, and 4, respectively—whereas the other

arcs are shown as black dotted lines. Reflected arcs are visually reflected. The arcs selected in the

optimal solution are highlighted with increased thickness. Unless indicated otherwise by a marker

(e.g., “2×”), each thick arc is selected once in the solution.

Figure A.4: Arcflow and reflect graphs corresponding to the example, along with their solutions

0 2 3 5 7 8 10 11
2×

2×

0 2 3 5 11
2

3×
4×

2×

An optimal solution uses three rolls, which are cut as follows: (i) one copy of item 1 and one copy

of item 3 in (what we arbitrarily considered as) the first roll, (ii) two copies of item 2 in the second

roll, leaving one unit of trim loss, and (iii) one copy of item 2 and one copy of item 4 in the third

roll, leaving four units of trim loss. The first roll corresponds to the path formed by arcs (0, 8, 1) and

(8, 11, 3) in the arcflow graph, and two subpaths that collide at vertex 3 in the reflect graph—one

formed by arc (0, 3, 1, 1), and the other by arc (0, 3, 3, 0). The second roll corresponds to the path

formed by arcs (0, 5, 2), (5, 10, 2), and (10, 11, 0) in the arcflow graph, and two subpaths that collide

at vertex 11
2 in the reflect graph—one formed by arcs (0, 5, 2, 0), (5, 112 , 0, 0), and (112 ,

11
2 , 0, 1) and

the other by arcs (0, 5, 2, 0) and (5, 112 , 0, 0). The third roll corresponds to the path formed by arcs

(0, 5, 2), (5, 7, 4), (7, 8, 0), (8, 10, 0), and (10, 11, 0) in the arcflow graph, and two subpaths that collide

at vertex 11
2 in the reflect graph—one formed by arcs (0, 5, 2, 0), (5, 112 , 0, 0), and (112 ,

11
2 , 0, 1) and the

other by arcs (0, 2, 4, 0), (2, 3, 0, 0), (3, 5, 0, 0), (5, 112 , 0, 0).

B Supplementary material for the VSCSP and the MKP

B.1 ILP model for the VSCSP/MKP arcflow formulation

max
∑
a∈A

r(a)≥1

Pr(a)fa +
∑
a∈A

j(a)≥1

pj(a)fa (A.30)

s.t.
∑
a∈A

h(a)=v

fa =
∑
a∈A

t(a)=v

fa v ∈ V \ {0, T}, (A.31)
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∑
a∈A

t(a)=0

fa =
∑
a∈A

h(a)=T

fa, (A.32)

bj ≤
∑
a∈A

j(a)=j

fa ≤ sj j ∈ J , (A.33)

∑
a∈A

r(a)=r

fa ≤ Sr r ∈ R, (A.34)

fa ∈ N0 a ∈ A, (A.35)

B.2 ILP model for the VSCSP/MKP reflect formulation

max
∑
a∈A

r(a)≥1

Pr(a)fa +
∑
a∈A

j(a)≥1

pj(a)fa (A.36)

s.t.
∑
a∈A

h(a)=v, r(a)=0

fa =
∑
a∈A

t(a)=v

fa +
∑
a∈A

h(a)=v, r(a)≥1

fa v ∈ V \ {0}, (A.37)

∑
a∈A

t(a)=0

fa +
∑
a∈A

h(a)=0

fa = 2
∑
a∈A

r(a)≥1

fa, (A.38)

bj ≤
∑
a∈A

j(a)=j

fa ≤ sj j ∈ J , (A.39)

∑
a∈A

r(a)=r

fa ≤ Sr r ∈ R, (A.40)

fa ∈ N0 a ∈ A. (A.41)
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B.3 Graph construction algorithm for the VSCSP/MKP reflect model using the

three newly introduced arc types

Algorithm A.4 Graph construction for the reflect model using the three newly introduced arc types
for the VSCSP and MKP
Input: J and R
1: V ← {0}; A ← ∅ ▷ initialize a graph with only vertex 0
2: T ← {0} ▷ keeps track of the possible tails
3: for j ∈ J do ▷ for every item type
4: for k = 1, . . . , bj do ▷ for every unit of demand
5: T ′ ← T ▷ make a copy of the possible tails
6: for d ∈ T ′ do ▷ for every possible tail
7: if d+ lj ≤ L1

2
then ▷ if this is a standard item arc

8: V ← V ∪ {d+ lj} ▷ add the head to the original vertex set
9: T ← T ∪ {d+ lj} ▷ add the head to the possible tails

10: A ← A∪ {(d, d+ lj , j, 0)} ▷ create the standard item arc
11: for r ∈ R \ {1} do ▷ for each roll type except the longest
12: if Lr > L1

2
then ▷ if this is not a small roll

13: if d < Lr
2

and d+ lj > Lr
2

then ▷ and it is a potential reflected item arc
14: if d ≤ Lr − (d+ lj) then ▷ and it is not eliminated by the reduction procedure
15: V ← V ∪ {Lr − (d+ lj)} ▷ add the head to the original vertex set
16: A ← A∪ {(d+ lj , Lr − (d+ lj), 0, r)} ▷ create the extended refl. connection arc

17: else ▷ create the reflected item arc for the largest roll
18: if d ≤ L1 − (d+ lj) then ▷ but only if it is not eliminated by the reduction procedure
19: V ← V ∪ {L1 − (d+ lj)} ▷ add the head to the original vertex set
20: A ← A∪ {(d, L1 − (d+ lj), j, 1)} ▷ create the reflected item arc
21: for r ∈ R \ {1} do ▷ for each roll type except the longest
22: if Lr > L1

2
then ▷ if this is not a small roll

23: if d < Lr
2

and d+ lj > Lr
2

then ▷ and it is a potential reflected item arc
24: if d ≤ Lr − (d+ lj) then ▷ and it is not eliminated by the reduction procedure
25: V ← V ∪ {Lr − (d+ lj)} ▷ add the head to the original vertex set
26: A ← A∪ {(L1 − (d+ lj), Lr − (d+ lj),−1, r)} ▷ create the downgrade arc

27: for r ∈ R do ▷ for each roll type
28: if Lr ≤ L1

2
then ▷ if this is a small roll

29: V ← V ∪ {Lr} ▷ add Lr to the vertex set as it may have not been done before
30: A ← A∪ {(0, Lr, 0, r)} ▷ create the small-roll reflected arc
31: else
32: V ← V ∪ {Lr

2
} ▷ add Lr

2
to the vertex set as it may have not been done before

33: A ← A∪ {(Lr
2
, Lr

2
, 0, r)} ▷ create the reflected connection arc

34: for d ∈ V \ {L1
2
} do ▷ for every vertex in the set besides L1

2

35: A ← A∪ {(d, e, 0, 0)} where e = min{v ∈ V : v > d}} ▷ create the standard loss arc

Output: G = (V,A)

C Supplementary material for the SSP

C.1 Proof of Proposition 1

Let us consider a feasible SSP pattern formed by two subpaths with the given properties. We

distinguish two cases, either t(a) < t(a′) or t(a) ≥ t(a′), but detail only the first case, as the reasoning

for the second is identical. In the first case, where h(a) < t(a) < t(a′), the item j(a′) represented by

the reflected item arc (t(a′), h(a′), j(a′), 1) is not required to meet the threshold condition. Instead,

after using the reflected item arc (t(a), h(a), j(a), 1), we can move from h(a) to t(a′) via forward

loss arcs (or from t(a′) to h(a) via backward loss arcs if those are used instead), so that the two

subpaths collide at t(a′) (or at h(a) if backward loss arcs are used). The pattern composed of these
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new subpaths is still feasible, because its length is given by

t(a′) +

[
t(a) +

(
L

2
− t(a)

)
+

(
L

2
− h(a)

)]
= L− h(a) + t(a′) > L.

An example using forward loss arcs is illustrated in Figure A.5, where two subpaths using only

standard item arcs (in black) arrive at t(a) and t(a′). For simplicity, the vertices between the

starting and ending points on these paths are not shown. One of these subpaths is continued by a

reflected item arc (t(a), h(a), j(a), 1) (in red), and the other by (t(a′), h(a′), j(a′), 1) (in blue). Note

that the head h(a′) of the blue arc is not drawn explicitly, because its position among the remaining

nodes is not clear from the assumptions.

Figure A.5: Schematic of the situation relevant to the first case of the proof.

0 h(a) t(a) t(a′) L/2

C.2 Proof of Theorem 1

We start by noting the correctness of the claim for k = 0. Indeed, any pattern in this case can also

be considered a CSP pattern (for the same instance), and it was shown by Delorme and Iori [13] that

t(a) ≤ h(a) is always possible for the associated reflected item arc.

Hence, k ≥ 1 can be assumed from now on, meaning that the length L′ = L + k of the considered

minimal SSP pattern is strictly larger than the threshold. In addition, the pattern must contain

more than one item since lj ≤ L holds for all j ∈ J . Any such pattern falls into one of the two cases

highlighted in the theorem:

(I) The pattern can be represented by two subpaths in which each subpath contains a reflected

item arc. In both subpaths, forward loss arcs are added to the node representing the head

of the reflected item arc until the node L
2 is reached. Then, a negative flow on the reflected

connection arc (L2 ,
L
2 , 0, 1) is used to merge the two subpaths.

(II) The pattern can be represented by two subpaths in which only one subpath contains a reflected

item arc. The other subpath consists of standard item arcs only. In that case, the reflected

connection arc (L2 ,
L
2 , 0, 1) is not needed.

Let us start with the first case, meaning that there is a decomposition of the pattern according to (I).

Thanks to the minimality of the pattern and Proposition 1, we know that at least one of these reflected

item arcs, say a′ = (t(a′), h(a′), j(a′), 1), satisfies t(a′) ≤ h(a′). For the sake of contradiction, let us

assume that the other reflected item arc, say a = (t(a), h(a), j(a), 1), is such that t(a) − h(a) > k.

Then, the length of the subpath containing that arc is given by

L

2
+

(
L

2
− t(a)

)
+ (t(a)− h(a)) >

L

2
+ (t(a)− h(a)) >

L

2
+ k.
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Since the second subpath also uses a reflected item arc, its length is strictly larger than L
2 . Hence, the

items represented in the two subpaths would form a pattern of total length larger than L′ = L+ k,

leading to a contradiction. As a consequence, the first case of the theorem is dealt with.

Let us now consider a pattern that falls exclusively into case (II), and let us refer to its items by

their lengths l′1 ≥ l′2 ≥ . . . ≥ l′q. Note that, for the sake of simplicity, items of equal length will be

treated separately. We again distinguish two cases:

• Let us assume that there is a subset I ′ ⊂ {1, . . . , q} with
∑

i∈I′ l
′
i =

L
2 . Then, the associated

standard item arcs (arranged in non-increasing order according to their item lengths) form

the first subpath. Since k ≥ 1, the second subpath must contain a reflected item arc, say

(t(a), h(a), j(a), 1). For the sake of contradiction, let us assume that t(a) − h(a) > k. Then,

the length of the second subpath is given by

L

2
+

(
L

2
− t(a)

)
+ (t(a)− h(a)) >

L

2
+ (t(a)− h(a)) >

L

2
+ k.

As in case (I), the contradiction now follows by merging the two subpaths and summing their

lengths.

• Let us assume that there is no subset I ′ ⊂ {1, . . . , q} with
∑

i∈I′ l
′
i =

L
2 . We now show how to

construct the two subpaths so that only one of them contains a reflected item arc, and this arc

satisfies t(a) ≤ h(a) + k. We initialize two (originally empty) subsets I1 and I2 of {1, . . . , q},
process the items one at a time in the given order, and partition them based on the following

rules with j ∈ {1, . . . , q} acting as the currently considered item:

– If ∑
i∈I1

l′i + l′j <
L

2
or

∑
i∈I1

l′i −
L

2
+

l′j
2
≤ k

2
(A.42)

holds, then item j is added to set I1.

– Otherwise, i.e., if

∑
i∈I1

l′i + l′j >
L

2
and

∑
i∈I1

l′i −
L

2
+

l′j
2
>

k

2
,

then item j is added to set I2.

According to (A.42), item j is added to I1 if this item would lead to an additional standard

item arc in the associated subpath (first option) or if this item would lead to a reflected item

arc satisfying t(a)− h(a) ≤ k. Indeed, note that
∑

i∈I1 l
′
i + l′j >

L
2 leads to a reflected item arc

with

t(a) =
∑
i∈I1

l′i and h(a) = L−
∑
i∈I1

l′i − l′j ,

meaning that t(a)− h(a) ≤ k holds if and only if

∑
i∈I1

l′i −

L−
∑
i∈I1

l′i − l′j

 = 2 ·
∑
i∈I1

l′i − L+ l′j ≤ k,

which is precisely the second option in (A.42), scaled by a factor of two.
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After applying this partitioning algorithm, there must be some item, say j, that is responsible

for a reflected item arc, either in set I1 or in set I2. Since we assumed that the pattern falls

exclusively into case (II), it is impossible for the total length of both item sets to exceed L
2 .

If j belongs to I1, then it immediately follows that the associated reflected item arc satisfies

t(a)− h(a) ≤ k, because j fulfilled the second option in (A.42). Otherwise, j belongs to I2 and

hence must have violated the second option in (A.42). Let us backtrack to the moment just

before j was included in I2 and, for the sake of contradiction, assume that inserting j into I2

would create a reflected item arc violating the condition t(a)− h(a) ≤ k, meaning that

∑
i∈I2

l′i −
L

2
+

l′j
2
>

k

2

using the same calculation as above. Combining this observation with the fact that j violated

the second option in (A.42), we obtain ∑
i∈I1∪I2

l′i + l′j

− L =

∑
i∈I1

l′i −
L

2
+

l′j
2

+

∑
i∈I2

l′i −
L

2
+

l′j
2

 >
k

2
+

k

2
= k,

which contradicts the fact that
∑q

i=1 li = L′ = L + k. Therefore, the reflected item arc

originating from I2 must satisfy the claim, and the proof is complete.

C.3 Graph construction algorithm for the SSP reflect model using the newly

introduced procedures

Algorithm A.5 Graph construction for the reflect model using the newly introduced procedures for
the SSP
Input: J and L
1: V ← {0}; A ← ∅ ▷ initialize a graph with only vertex 0
2: T ← {0} ▷ keeps track of the possible tails
3: for j ∈ J do ▷ for every item type
4: for k = 1, . . . , bj do ▷ for every unit of demand
5: T ′ ← T ▷ make a copy of the possible tails
6: for d ∈ T ′ do ▷ for every possible tail
7: if d+ lj ≤ L

2
then ▷ if this is a standard item arc

8: V ← V ∪ {d+ lj} ▷ add the head to the original vertex set
9: T ← T ∪ {d+ lj} ▷ add the head to the possible tails

10: A ← A∪ {(d, d+ lj , j, 0)} ▷ create the standard item arc
11: else ▷ if this is a reflected item arc
12: if d ≤ L− (d+ lj) then ▷ and it is of the form d ≤ e
13: V ← V ∪ {L− (d+ lj)} ▷ add the head to the original vertex set
14: A ← A∪ {(d, L− (d+ lj), j, 1)} ▷ create the reflected item arc
15: else ▷ if it is of the form d > e, we may add arc (d, d, j, 1)
16: if j = |J | or d < L− (d+ lj+1) then ▷ but only if (d, d, j + 1, 1) will not be created
17: A ← A∪ {(d, d, j, 1)} ▷ create the reflected item arc

18: d← max{0, L
2
− lj} ▷ Compute the origin of arc (max{0, L

2
− lj}, L

2
, j, 0)

19: if d ̸= 0 or j = |J | or L− lj+1 > 0 then ▷ but only add it if the same arc for j + 1 will not be created
20: V ← V ∪ {d} ▷ add d to the original vertex set as it may have not been done before
21: A ← A∪ {(d, L

2
, j, 0)} ▷ create the standard item arc

22: V ← V ∪ {L
2
} ▷ add L

2
to the vertex set as it may have not been done before

23: for d ∈ V \ {0, L
2
} do ▷ for every vertex in the set besides 0 and L

2

24: A ← A∪ {(e, d, 0, 0)} where e = min{v ∈ V : v > d}} ▷ create the standard loss arc

25: A ← A∪ {(L
2
, L

2
, 0, 1)} ▷ create the reflected connection arc

Output: G = (V,A)
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C.4 ILP model for the SSP reflect formulation using the newly introduced pro-

cedures

max
∑
a∈A

r(a)=1

fa (A.43)

s.t.
∑
a∈A

h(a)=v, r(a)=0

fa =
∑
a∈A

t(a)=v

fa +
∑
a∈A

h(a)=v, r(a)=1

fa v ∈ V \ {0}, (A.44)

∑
a∈A

t(a)=0

fa +
∑
a∈A

h(a)=0

fa = 2
∑
a∈A

r(a)=1

fa, (A.45)

∑
a∈A

j(a)=j

fa + τj ≤ bj j = 1, (A.46)

∑
a∈A

j(a)=j

fa + τj ≤ bj + τj−1 j ∈ J \ {1, |J |}, (A.47)

∑
a∈A

j(a)=j

fa ≤ bj + τj−1 j = |J |, (A.48)

fa ∈ N0 a ∈ A, (A.49)

τj ∈ N0 j ∈ J \ {|J |}. (A.50)

D Supplementary material for the VSSSP

D.1 Point of attention regarding downgrade arcs when combining the newly

introduced pattern representations for the VSSSP

Let us consider a VSSSP instance composed of three item types with lengths l1 = 8, l2 = 6, and

l3 = 4 and corresponding demands b1 = 1, b2 = 2, and b3 = 1, with two roll types with thresholds

L1 = 22 and L2 = 18. The same four reflect graphs are shown in Figure A.6.

Comparing the first two graphs, reflected item arc (8, 4, 2, 2) in the first graph is replaced by

(8, 4,−1, 2), reflected item arcs (6, 6, 2, 2) and (8, 6, 3, 2) are replaced by the same downgrade arc

(10, 6,−1, 2), and reflected item arc (6, 8, 3, 2) is replaced by extended reflected connection arcs

(10, 8, 0, 2).

Comparing the first and the third graphs, reflected item arcs (8, 4, 2, 2) and (8, 6, 3, 2) in the first

graph become (8, 8, 2, 2), and (8, 8, 3, 2), respectively, of which only the arc for the smallest item type

(8, 8, 3, 2), is kept because these two arcs are associated with the same roll type and share the same

head and tail. Note that reversed loss arcs terminate at vertex v = min{6, 5}, 6 being the lowest

vertex that is the head of a reflected item arc, here (6, 6, 2, 2), and 5 being the lowest tail of one of

the newly added standard item arcs, here (5, 11, 2, 0).

Comparing the third and the fourth graphs, reflected item arc (6, 8, 3, 2) is replaced by extended

reflected connection arcs (10, 8, 0, 2), reflected item arc (6, 6, 2, 2) in the third graph is replaced

by downgrade arc (10, 6,−1, 2), and reflected item arc (8, 8, 3, 2) should, in theory, be replaced by

downgrade arc (10, 8,−1, 2): indeed, taking successively (8, 10, 3, 1) and (10, 8,−1, 2) is conceptually

equivalent to taking (8, 8, 3, 2). However, since there is already a downgrade arc for roll type 2 starting

from vertex 10, (10, 6,−1, 2), we do not create (10, 8,−1, 2). From an algorithmic perspective, this
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Figure A.6: Four reflect graphs corresponding to the example
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means that downgrade arcs are not created immediately (as in Step 26 of Algorithm A.4). Instead,

we keep track of the minimum head associated with each combination of tail and roll type, and

generate the corresponding downgrade arcs only after all item arcs have been created.

E Supplementary material for the computational experiments

E.1 VSSSP size of all tested flow formulations

Table A.13: VSSSP size of all tested flow formulations
Dataset #inst.

arcflow larcflow reflect+f reflect+b rb+red rb+con rb+red+con rb+sr rb+sr+erc rb+sr+erc+d rb+all

#var #cons #var #cons #var #cons #var #cons #var #cons #var #cons #var #cons #var #cons #var #cons #var #cons #var #cons

Belov 1 50 184.5 9.3 137.9 9.3 48.8 11.7 45.9 4.4 45.8 4.3 46.0 4.4 37.8 4.3 45.8 4.4 42.9 4.4 42.2 5.0 35.9 4.4
Belov 2 50 193.0 9.4 146.1 9.4 68.0 17.5 59.6 4.6 59.5 4.4 59.7 4.6 46.6 4.4 59.3 4.6 50.9 4.6 48.6 5.6 40.9 4.7
Belov 3 50 192.8 9.5 144.6 9.5 86.5 25.5 70.3 4.6 70.1 4.5 70.4 4.6 51.1 4.5 69.1 4.6 54.2 4.6 50.5 6.0 41.1 4.9
Belov 4 50 194.1 9.4 144.8 9.4 107.8 33.2 83.9 4.7 83.6 4.4 84.0 4.7 57.2 4.4 82.4 4.7 60.2 4.7 53.6 6.3 41.9 4.9
Crainic 1 300 3.1 0.2 1.9 0.2 1.7 0.3 1.6 0.1 1.6 0.1 1.7 0.1 0.9 0.1 1.6 0.1 1.3 0.1 1.1 0.2 0.7 0.1
Crainic 2 60 5.2 0.3 5.1 0.3 3.3 0.3 3.3 0.2 3.3 0.2 3.3 0.2 2.9 0.2 2.9 0.2 2.5 0.2 2.5 0.2 2.5 0.2
Crainic 3 480 1.2 0.1 1.0 0.1 0.9 0.2 0.8 0.1 0.8 0.1 0.8 0.1 0.6 0.1 0.7 0.1 0.6 0.1 0.5 0.1 0.5 0.1
Hemmelmayr 1 150 21.6 0.4 11.5 0.4 12.4 0.9 12.2 0.3 12.2 0.3 12.4 0.3 6.5 0.3 11.3 0.3 8.5 0.3 6.3 0.4 4.5 0.4
Hemmelmayr 2 50 4.6 0.2 3.3 0.2 2.5 0.3 2.5 0.1 2.5 0.1 2.5 0.1 1.6 0.1 2.5 0.1 2.0 0.1 1.8 0.2 1.3 0.2

Total (1) 1240 35.1 1.7 25.7 1.7 15.1 3.8 12.9 0.9 12.9 0.8 13.0 0.9 9.2 0.8 12.6 0.8 10.2 0.8 9.3 1.1 7.5 0.9

30 60 180 11.9 1.0 12.3 1.1 13.1 8.1 6.3 0.7 6.3 0.7 6.4 0.7 3.9 0.7 3.7 0.6 3.5 0.6 3.5 0.6 2.6 0.6
15 45 180 7.3 0.9 8.1 1.0 8.3 5.7 3.7 0.6 3.7 0.5 3.8 0.6 2.6 0.5 3.5 0.6 3.1 0.6 3.0 0.7 2.1 0.6
12 48 180 10.1 1.0 10.4 1.0 11.4 5.7 7.0 0.6 6.9 0.5 7.0 0.6 4.5 0.5 6.9 0.6 5.4 0.6 4.5 0.8 3.1 0.6
15 75 180 35.0 1.5 26.2 1.5 38.5 9.3 30.9 0.9 30.9 0.8 31.0 0.9 17.4 0.8 29.8 0.9 19.4 0.9 13.9 1.3 9.4 0.9
10 60 180 33.4 1.7 25.2 1.7 28.0 7.5 22.3 0.9 22.2 0.9 22.3 0.9 13.6 0.9 21.7 0.9 15.9 0.9 12.0 1.4 8.6 1.0
10 100 180 162.5 3.1 133.2 3.1 145.9 9.3 139.8 1.6 139.6 1.6 139.9 1.6 82.3 1.6 134.8 1.6 87.7 1.6 57.2 2.2 46.0 1.9

Total (2) 1080 43.4 1.6 35.9 1.6 40.9 7.6 35.0 0.9 34.9 0.8 35.1 0.9 20.7 0.8 33.4 0.9 22.5 0.9 15.7 1.2 12.0 0.9

Total (1,2) 2320 38.9 1.6 30.5 1.6 27.1 5.6 23.2 0.9 23.1 0.8 23.3 0.9 14.6 0.8 22.3 0.9 15.9 0.9 12.3 1.1 9.6 0.9
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