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Abstract

Current nonlinear model predictive control (NMPC) strategies are formu-
lated as finite predictive horizon nonlinear programs (NLPs), which maintain
NMPC stability and recursive feasibility through the construction of terminal
cost functions and/or terminal constraints. However, computing these terminal
properties may pose formidable challenges with a fixed horizon, particularly in
the context of nonlinear dynamic processes. Motivated by these issues, we in-
troduce an alternate moving horizon approach where the final element in the
horizon is constructed from an infinite-horizon time transformation.

The key feature of this approach lies in solving the proposed NMPC formu-
lation as an extended boundary value problem, using orthogonal collocation on
finite elements. Numerical stability is ensured through a dichotomy property
for an infinite horizon optimal control problem, which pins down the unstable
modes, extending beyond open-loop stable dynamic systems, and leads to both
asymptotic and robust stability guarantees. The efficacy of the proposed NMPC
formulation is demonstrated on three case studies, which validate the practical

application and robustness of the developed approach on real-world problems.
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1. Introduction

Model Predictive Control (MPC) has been widely deployed in the process
industries and elsewhere. By solving an optimization problem on-line , it
serves as a generic MIMO controller with direct handling of input and output
constraints and can be adapted to a broad class of dynamic models. MPC
is most widely developed for linear time invariant (LTT) models, either in step
response (DMC) and state-space form. In addition, data-driven models [I] along
with MPC variants with Hybrid Models [2] have been developed.

A particular development of MPC is the ability to incorporate nonlinear first
principle models which offer a direct link to off-line planning and optimization.
When successfully embedded within an on-line optimization framework, non-
linear model predictive control (NMPC) is able to operate over wide dynamic
ranges (e.g., startup and shutdown), and can serve as a vehicle for Dynamic
Real-time Optimization. On the other hand, fast NLP solvers and efficient im-
plementations are needed for time-critical, on-line optimization. This is essential
to reduce computational delay from on-line optimization, which may degrade
NMPC performance [3].

We consider the model predictive control (MPC) problem for a discrete dy-

namic system with pre-defined sampling times, given as follows:

N—1
min Z Y(z1, ) + P(2n) (la)
s.t. zl:rol =F(z,v), 1=0,...N—-1 (1b)
N € Xf, 20 = xp (1c)
zeX,veld, (=0,...N—-1 (1d)

The dynamic model can be derived from a continuous-time ODE model,



i.e.,

dz b
i flz,u,t) = 21401 =2 +/ f(z, v, t)adt (2)
ty

over a sampling time At = ¢;11 — t;. The plant state and control variables at
discrete time k = 0,...,00 are defined in their domains z; € X, u; € U with
z1,v; as the predicted states and controls indexed over the horizon [ =0,..., N
at time k. Here, we consider stage costs 1(z;,v;) of tracking type, typically
written as ||z — |3 + [|or — us||% with setpoints (x5, us), as well as a terminal
cost (P(zy)) and a terminal region X to ensure stable performance. Problem
is solved over a horizon of N sampling times to determine the control variable
ur = vg, which is injected at time k into the plant. Once uy is injected, time
advances with £ =k 4+ 1 and is solved again.

Both performance and stability properties on MPC depend strongly on the
length of the horizon N. Although generally considered intractable, it is well
known [4] that the infinite horizon MPC (N — oo) has strong stability proper-
ties for linear and large classes of nonlinear models. On the other hand, stable
performance can be ensured only if the states can be controlled within N finite
steps. As a result, problem dependent approaches commonly select a suffi-
ciently large IV to balance stable performance with on-line computation costs,
but without stability guarantees.

A number of approaches have been proposed to address these challenges.
Limon et al. [5] analyzed the stability of MPC without terminal constraints.
Instead, they show that by sufficiently weighting the terminal cost, the domain
of attraction of the MPC controller is enlarged to (practically) the same domain
of attraction of the MPC with terminal constraint, thus leading to an asymptot-
ically stable controller. Also, Alamir [6] proposed a contraction-based NMPC
formulation to accommodate short prediction horizons, also, without terminal

state constraints. Instead, the underlying optimization problem is solved using



a standard cost function together with a stability-dedicated penalty term and
no additional constraints. An interesting follow-on to this approach is presented
in [7], which uses a time-varying penalty, at a sufficiently high rate, to stabilize
an MPC horizon without terminal constraints. This concept was also extended
to Economic Model Predictive Control in [8], where terminal constraints are
avoided through penalization of increments between two successive states. Sta-
bility properties were shown and the size of the terminal region can be reduced
by decreasing the sampling period for the same design parameter settings. Pan-
nocchia et al. [9, [I0] also obtained stability results for finite horizon NMPC
without the need for terminal regions. Instead, a suitably large terminal cost
was chosen for the control “cost-to-go” beyond the finite horizon. These prop-
erties were subsequently extended to include turnpike features for dissipative
systems [IT].

More recently, a supervisory scheme is developed in [I2] that expands the
closed-loop region of attraction for constrained linear-quadratic MPC without
terminal constraints. Using the contraction concept, the controller dynami-
cally alters the setpoint for the MPC problem so that the current state remains
inside the region of attraction for the equilibrium point. Closed-loop stability
can then be achieved with smaller prediction horizons and weighting parameters
than with unsupervised MPC implementations. Moreover, contraction concepts
from [6] have been integrated with an input-to-state (practical) stability prop-
erty in [I3] to develop stabilizing robust contraction-based MPC with variable
prediction horizons. This approach is also free of terminal constraints, has easily
updated terminal cost functions, and selects the shortest prediction horizon for
closed-loop stability.

Moreover, related finite horizon formulations deal with the inclusion of ter-

minal regions Xy that relax the endpoint constraint. Embedded within the ter-



minal region, a well-defined controller (e.g., linear-quadratic regulator) drives
the state to its setpoint with a well-defined terminal cost. Once the state reaches
the terminal region at the end of a sufficiently long finite horizon (zy € X}), the
resulting MPC formulation inherits the stability properties of infinite horizon
MPC. Numerous approaches have been developed for the construction of termi-
nal regions, of various levels of accuracy [14} [15], [16] [I7] [I8]. Moreover, as shown
in [19] and [20], the presence of constructed terminal regions is also useful in the
development of NMPC strategies with adaptive finite horizons. Nevertheless, in
most of these studies, a sufficiently large finite horizon is needed to guarantee
reachability of the terminal region, often at the expense of added computational
cost.

In this study, we consider an alternative approach that approximates an
infinite horizon NMPC formulation based on the following NMPC subproblem

solved at time ¢, with plant state xy:

N—1
V(z)) = min (Z W(z,v) + P(zn))At (3a)
1=0
s.t. 2ie1 = F(z,v),20 =2 1=0,...N—1 (3b)
25 = F(2n,0) (3c)

zn,z1 € X0, eld, 1=0,...N—1 (3(1)

with the desired steady state z;. In the terminal segment the domain is t €

[t,00), where t = t;, + NAt and (z, ) are the states and controls with:

Flen,t) = 2y + /t " r(), 5(t))dt. (4)

As indicated in Problem (3] and illustrated in Figure[T] the terminal cost ®(zy)
in is constructed as an approximation to the infinite sum Y _,° \ ¥(z, v) At.

This approach is based on concepts developed in the following background stud-



ies and is derived in more detail in Section 2.
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Figure 1: Manipulated variables in moving horizon with a terminal segment (in red) from
l =N —1— N. This terminal segment approximates an infinite horizon with a time trans-

formation.

1.1. Background on Infinite Horizon Model Predictive Control

Keerthi and Gilbert [4] present the fundamental stability analysis for infinite
horizon nonlinear MPC. A key assumption for this analysis requires nonlinear
dynamics that have isolated state profiles along with unique linearizations that
can be described with linear time varying (LTV) models. Both Controllability
and Observability properties are assumed to prove asymptotic stability for in-
finite horizon problems with stage costs that are Ko, functions of the states.
Kunkel and Hagen [21I] develop solution strategies for infinite time nonlinear
optimal control problems. They introduce an exponential time transformation
T = exp(yt) with decay constant v > 0, and apply collocation at Gaussian
points to solve the resulting boundary value problem and determine optimal
trajectories. Marutani and Ohtsuka [22] propose a receding horizon algorithm

with infinite horizon optimal control using a general time transformation, and



demonstrate its effectiveness on several nonlinear systems including the inverted
pendulum problem. Wiirth and Marquardt [23], 24] apply a single shooting ap-
proach to infinite horizon NMPC problems that have open loop stable dynamics.
They specifically apply a hyperbolic tangent time transformation, 7 = tanh(vt)
with sampling times determined by wavelet adaptations. An extension of this
work is presented in [25], which contrasts the infinite horizon approach with
time transformation to a finite horizon turnpike approach.

Muehlebach and Andrea [26] consider an infinite horizon approach formu-
lated with Galerkin approximations with either Laguerre (continuous) or Kautz
(discrete) basis polynomials for dynamics on infinite horizons. An MPC formu-
lation with LTI dynamics is developed with asymptotic stability and recursive
feasibility properties. Their approach solves an inverted pendulum problem with
much less effort than with finite horizon MPC. In a followup paper [27] they
apply a fast active-set QP algorithm along with Bezier polynomials to deal with
bounded profiles. This approach is demonstrated on UAV systems with 100 Hz
performance. Also, Greer and Sultan [28] consider LTT MPC problems formu-
lated with finite horizon (using a barrier QP for constraints) and infinite horizon
parts, with no active constraints allowed in the latter. LQR control is used to
derive terminal costs for the infinite horizon. The approach is demonstrated on
fast helicopter control.

These previous studies develop infinite horizon MPC strategies that include
concepts of time transformation, recursive feasibility, asymptotic stability, along
with handling open loop instability. Our study combines all of these components
to develop a novel infinite horizon NMPC approach. The next section reviews
asymptotic stability properties for infinite horizon controllers, based on the dis-
crete dynamic models considered in [4] and continuous time models in [29]. The

infinite horizon NMPC formulation is derived and developed in Section 3, along



with an analysis of asymptotic and robust stability. Three NMPC case studies
are presented in Section 4 along with a demonstration of the proposed approach,
compared with finite horizon strategies. Section 5 summarizes the results of the

paper and discusses areas for future work.

2. Stability of Infinite Horizon Controller

To deal with more general, open loop unstable systems in Problem (1), con-

sider the dynamic optimization problem at time t; without terminal conditions:

N—1
min ; ¥ (21, v1) (5a)
s.t. zig1 = F(z,v), 1=0,...N—1,2 =y, (5b)
(z,u) e X xU, 1=0,...N—-1 (5¢)
Without loss of generality, we assume that (zs,v5) = (0,0). Moreover, we

assume that the constraints represented by can be replaced by modifying
the stage costs 1(z, v;) with suitable penalty terms. In addition, for the dynamic
system in , we invoke the assumptions from Keerthi and Gilbert [4], where
is represented by ‘linearized” LTV systems given by:

2141 = Az + By, (z,v) € X xU C R™™ (0,0) € int(X xU)  (6)

with 4; € R"*" B; € R™*™, which are uniformly completely controllable (UCC).

That is, for some u., N > 0, we have:

N—
> (N, j+1)BB]U(N,j+1)" > pl, ¥z € X. (7)

j=

[y



where W(i,7) is the state transition matrix given by ¥(i,7) = I and ¥(i,j) =
Ai_1xA;i_1...xAj for discrete times ¢ > j. Under UCC, the following theorem
holds.

Theorem 1. (Theorem 3.1 in [§|]) Assume that, for alll > 0, the matrices A;
and By are uniformly bounded and that the pairs (A;, By) are uniformly com-
pletely controllable for all k > 0. Then, there exists some p. > 0 such that: for
all k > 0 and ||zo|| € R™ there exists a sequence pair (xy,uy) which satisfies

(5), (6) for xo = 2z, and (z,ux) = (0,0) for k' > k+ N, and

N—

[u

[z, )|l < pellzoll- (8)
1=

Proof. From @ we obtain:

241 = Az + B = Ail(Ai—izi-1 + Bi—ivi—1) + By

\I/(l + 1,1 — 1)21_1 + \If(l + 1,1 — I)Bl—lvl—l + By
!
= U(1+1,0) 2%+ Y W(+1,5)Bjuv; 9)
§=0
with 2y = W(N,0) 2o + Do where ¢ = [vf,o],... .05 )T, ¥ + 1,j) =
AlAl—l [SPN Aj and
D = [U(N,0)Bo, ¥(N,1)By,..., (N, N — 1)By_1].

By choosing & = D*q and writing 0 = 2y = U(N,0) 29 + D%, we have from @

~U(N,0)2g = Dio=DDTq = q=—(DD")"'U(N,0)2  (10)



where DD is nonsingular from . As a result,

lll < 1ol = 1D qll < [IDIIDDT) [ (N, 0)[l][z0]l, 1=0,...N =1 (11)

and
-1 -1
Izl = (190020 + Y W(T,5)Bjvsl| < (@020l + Y 1% 5)B; ]|v;
j=0 3=0
-1
< (@) + Y I1w @ HB; IDIIIDDT) TN, 0)]) Izl (12)
=0

are uniformly bounded. Moreover, from and (12)), we have:

-1
IGzo)ll < lall+ ol < 1@ 0) 2ol + (14> 1%, 5)B; |]]vs]l
j=0
-1
< 1@+ 1+ D11 @ H)B; I IDIIDDT) (N, 0)]| | =l
=0

Summing this inequality over [ leads to with

-1

N-1
pe= Y [ IO+ 1+ D I 5)B; |1 IDII(DDT) [N, 0)]
=0

=0
O

For state feedback stage costs ¥(z;,v;), Theorem 1 leads to the following

asymptotic stability property for infinite horizon control.

Theorem 2. (paraphrase of Theorems 4.2 and 4.8 in [l]) In Problem @,
suppose that (@) can be represented by @ that satisfies UCC. Then for all
z(t) € X, there emist state feedback laws such that limpy_,o 2y = 0, which is the
only equilibrium state of zi41 = F(z,v;) and (@ s uniformly asymptotically

stable in the large. Moreover, if the stage cost ¥(z,v) is bounded below by a K

10



function a(||z||) with state feedback control, then (5) is exponentially stable.

Thus, for Problem with N — oo, we assume UCC for state feedback

stage costs, in order to guarantee well-posedness of Problem (1).

2.1. Ezistence and Well-posedness of Infinite Optimal Control in Continuous
Time

Problem includes a discrete time dynamic model as well as a terminal
cost that incorporates dynamic behavior over infinite time. In order to develop
the properties of , we also need to consider analogous stability properties in
continuous time, for the terminal segment in . These require the analysis of
nonlinear boundary value problems (BVPs) derived from optimality conditions
of the terminal segment.

In general, existence and uniqueness properties of nonlinear BVP solutions
can only be considered in a local sense [30], where the nonlinear system is
represented as the LTV system @ linearized about an isolated BVP solution
(2(t),(t)) that is assumed to exist. Existence and stability can then be shown
for neighboring solutions to (Z(t),o(t)). To this end, we consider the following
control problem in continuous time, where the system dynamics are lin-
earized about (2(t),9(¢)) and we redefine z < z — Z and v + v — ¥ for simplicity
of notation. This leads to the optimal control problem for the terminal segment

in Problem

min % /t :f T ())Q () = (t) + o™ (t) R (£) v ()] di (13a)
ot B =AM )+ BE ) (13b)
+(to) = 2n (13¢)
+(t;) = 0 (13d)

where we relabel ¢ in (4)) as ¢ty and denote ¢ty — oo as the terminal time. Through

11



suitable variable transformations, we assume that the terminal cost ®(zx) in (3]
can be rewritten as with @ (¢) and R (t) as symmetric positive semidefinite
and definite matrices, respectively, for all ¢ € [to,tf]. Also, A(t) = V.f(Z,0),
B(t) = V,f(%,0), and f(z,v) is a continuously differentiable function. These
LTV differential equations are related to the discrete difference equations @
given above.

The optimality conditions of Problem form a boundary value problem
(BVP) that satisfies the exponential dichotomy property and “pins down the
unstable modes.” As stated below in Definition [5] and analyzed in Theorem [6]
this property is essential to ensure well-posedness of the resulting BVP; this
does not require stable open-loop dynamics. To derive the BVP corresponding
to we apply Pontryagin’s maximum principle and define the Hamiltonian
function as follows:

H(z(t),v(t),A(t) = % [T (1) QW) 2 () +v" () R()v (1)
(14)

+AT O [A®) 2 () + B () v (1))

where the A (t) are costate variables. The first-order necessary conditions for

optimality lead to the optimal feedback control:

OH (2 (t),v(t),A ()
v

=0=0v"(t)=—R () BT (t) A (1) (15)
and a Hamiltonian BVP with the dynamics in the matrix form of:

0) BH (1) v(6) A(2)) At) =S 2 (t)
At) — 2R 0A0) —Q(t) —AT(@) | | A1)

where S (t) = B (t) R~! (t) BT (t). From [29, [31] we exploit the linear relation

between the optimal state and costate variables as A (t) = K (t) z (t), and obtain

12



the Riccati differential equation as follows:

Kit)=-AT®) K@) - K@) A@t)+K@#)S{t)K({t)—Q(t). (17)

The following definitions and theorems develop the stability properties of

the Hamiltonian BVP with separated boundary conditions.

Definition 3. (Controllability) The system is uniformly completely con-

trollable if and only if the symmetric matriz
tl _ _
Q(t,t) = / U (t,7) B (1) BT (r) 97 (t,7)dr (18)
t
is positive definite for some t; > t,Vt > to, where ¥ (-,-) denotes the (continuous

time) state transition matriz of the system (130}).

Note that this well-known condition is the continuous-time analog of UCC
(Mand leads to a boundedness property (Proposition 5.2 in [32]) analogous to

Theorem 1.

Theorem 4. Under the assumption of uniform complete controllability, the

solution set of contains

e a unique symmetric positive definite root P (t) such that the system & (t) =
[A(t) — S (t) P(t)] o (t) is uniformly asymptotically stable in forward time,

and

e a unique symmetric negative definite root N (t) such that the system p (t) =

[A(t) =S (t) N (t)] p(t) is uniformly asymptotically stable in reverse time.
Proof. See Appendix A for proof.

Definition 5. (Ezponential dichotomy) [29] The Hamiltonian BVP is said to

have exponential dichotomy if there exist positive constants oy, oy, By and B,

13



such that for all t > tg:

B0+ O] < agerew, | 700 oy (198)
A(to)

2 (O] + A (6)] = ape ), = (to) ¢y (19b)
A(to)

where Y is a linear subspace of R".

Exponential dichotomy implies that 0 < 7 < 2n solution modes are decreas-
ing and (2n — j) solution modes are increasing as t grows. The j decreasing
modes and (2n — j) increasing modes are controlled to moderate size by the
boundary conditions at ¢y and ty, respectively. Exponential dichotomy is a

necessary and sufficient condition for asymptotic stability of the Hamiltonian

BVP.

Theorem 6. Let the assumptions of Theorem |4] hold, then the Hamiltonian
BVP has exponential dichotomy and can be decomposed into asymptotically sta-
ble solutions in forward and reverse time by the dichotomy transformation given

as follows:

- . (20)

Proof. See Appendix A for proof.

Building upon Theorem [ the dichotomy transformation decomposes the
original Hamiltonian BVP into two independent problems, wherein the contract-
ing and expanding dynamics are decoupled. These solution modes are pinned
down by the prescribed initial and final conditions and are thus ensured to be
asymptotically stable in their corresponding time directions. Due to exponen-

tial dichotomy, van Keulen [31] showed that these results also hold for t; — oo,

14



and that path constraints can also be handled; since (0,0) € int(X x U), these
constraints will not be active beyond a finite horizon. In addition, for numer-

ical robustness, we can handle these as soft constraints with ¢; or quadratic

penalties as shown below in .

3. Formulation and Properties of Infinite Horizon NMPC

The previous section presents and analyzes the properties under which in-
finite horizon NMPC with the terminal segment is well-posed and robust; this
applies to a wide variety of dynamic systems [30]. In this section we formulate
our proposed NMPC approach that builds on these properties. While previous
studies have considered the construction of terminal regions for NMPC [33], [34],
few studies have considered infinite horizon concepts directly in NMPC imple-
mentations. Notable exceptions are [23][35] which consider infinite horizons with
the time transformation 7 = tanh(yt). However, these studies use the transfor-
mation for the entire time domain, consider only open loop stable systems and

do not explore stability properties.

3.1. Deriwvation of Terminal Cost
We extend Problem to the following NMPC subproblem solved at time

t; with plant state xg:

N—-1

Vizy) =min (Y v(z,v) + P(2n))At (21a)
=0
s.t. ziv1 = F(zi,u),z0 =2, 1=0,...N -1 (21b)

O:F(ZN,@),ZNEX (210)

zeXvyeld, [=0,...N—-1 (21d)

with the desired steady state defined at z; = 0, which follows from the exponen-

tial dichotomy property. In the terminal segment, the discrete dynamic model

15



(21c) typically stems from an index-1 DAE model, which can be simplified to
dz/dt = f(z,v). Here, the domain of the terminal segment in the horizon is

t € [t,00), where t = t;, + NAt, (z,0) are the states and controls, and

F(zn,v) = 2y + /too f(z(t),v(t))dt. (22)

We determine the terminal cost ®(zy)At in as an approximation to
the infinite sum Y ,° \ 1(Z, 0;)At, multiplied by a safety factor 8 > 1. This
allows calculation of ®(zy) from numerical quadrature of [ ¢ (Z(t),v(t))dt, as

described in Section [3:2] and leads to the following error bounds.

e First, we have:

where €; is the discretization error between the integral and the infinite

sum of the stage costs.

e Second, the terminal cost ®(zx) uses a numerical approximation of [ ¢ (2(t), v(t))dt,

with:

oo

]@m) _8 w<z<t>,v<t>>dt‘ < e

to:

O(2n) =B Y (z,)| < e (23)

where €, = €; + €2, and 5 > 1. Since the terminal cost incorporates a
quadrature approximation, the additional parameter 5 allows ®(zx) to

overestimate the infinite sum >,° \ ¥(z, 0;).

16



8.2. Incorporating the Time Transformation into the Terminal Segment

From and the transformation 7 = tanh(y(t — t)), where v > 0 is a

tuning parameter, we have the corresponding transformed equation:

Flen,o) — 2y = / " Fa0), w(0))dt = / F(2(0), () /(1 = 72))dr. (24)

This corresponds directly to the time-transformed differential equation:

dz

5, = FE(T),0(r))/(v(1 — ), #0) =2y (25)

which we solve numerically over 7 € [0, 1] using K-point orthogonal collocation

with N finite elements, i.e.,

K

YA =75)D 6(F)z = hif (Zabu); Z1o = 2n (26a)
=0

Tik = Tio + Tkhi, i=1L,N, k=1K (26Db)

]_( —

Zit1,0 = Zﬂj(l)zj, Ti+1,0 = Ti,0 + hi 1=1,N—-1 (26C)
J=0

T1,0 =0, TN,O-FhN =1 (26d)

where 7, € (0,1) are Gauss-Legendre roots, ¢;(7) are Lagrange basis poly-
nomials and h; > 0 are finite element lengths with 21111 h; = 1. The time
transformation ¢ — 7 leads to the solution of an optimization problem with
similar size and characteristics as Problem .

To determine the terminal cost numerically, we consider two options:

1. Riemann sum evaluated at collocation points used in (26):

P(2n)At =7 Z > (Zig, 0ig) (tij — tij1) (27)

17



2. Gaussian quadrature obtained through K-point orthogonal collocation

with N finite elements. Here ®(zx) = At@fv with:

o= [ s [ A

also satisfies the differential equation:

which is solved numerically with the following collocation equations, anal-

ogous to :

K
y(1 - 74, ZZJ Wei; = hib(Zivik); @10 =10 (29a)
=0
Tik = Tio + Trhi, i=1,N, k=1K (29Db)
K K
Pi+1,0 = Zgj(l)@ija w5 = ij(l)sﬂﬁj (29¢)
— =
Ti+1,0 = Ti,0 + P i=1,N—-1 (29d)
71,0 = 0, TvoThy =1 (29¢)

and ®(zy) = A%gof, which is applied in .

3.8. Nominal Stability of Infinite Horizon NMPC' Controller

Problem can be formulated to be recursively feasible. In shifting the
solution at horizon ¢ to the solution at horizon tx1; we still satisfy the steady
state constraints zy|x = zyjk41 = 2s, V(T = 1)py1 = v(7 = 1), = v,. To show

asymptotic stability, we also make the following assumptions.

Assumption 7. The stage costs and terminal segment satisfy the following

properties.

18



e The dynamic system is weakly controllable with
0 <¢(z,u) < ar(llz — zs]]) and 0 < (z) < as(||z — )

where ay (|| — x4|]), a2(||lx — xs||) are Koo functions of ||z — x|

e To preserve continuity for the shift into the terminal segment, v is chosen
so that the location of the first collocation point, e.g., 711 ~ 0.1 in the

terminal segment, satisfies tanh(yAt), as illustrated in Figure .
o The quadrature error €, is sufficiently small so that the inequality
Q(2nik) — Plenjrs1) — BY(ZN-1jk+1, UN=1k+1) = —€¥ (T, ur)  (30)

is satisfied with € € [0,1), and

A
€g < Tﬂtgw(xk’uk)' (31)

Inequality 1s derived by comparing at k and k+ 1, and can

be satisfied through an appropriate choice of collocation points in solving

, This choice can even be made adaptively on-line.
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Figure 2: Selection of v based on a sampling time At that corresponds to the first collocation

point, 71,1 = 0.1. In this figure, v ~ 0.1.

Under these assumptions, leads to the following descent conditions for

Problem :

(V(zk) = V(zk+1))/At = Nif Y (z1k, i) — %:11/) (Zik+1> Vijet1) + @(enie) — P(2njk41)
> :(;zﬁwc) (ZN—E:-hUN—llk+1)
+BY(2N - 1jkt 1, UN—1|k41) — EV(Tk, uk)
> Yok, ur) + (B = DY(eN—1jk+1, UN-1jkt1) — YTk, uk)
> (1 —e)(wp, ur) (32)

which follows from 8 > 1 and #(z,v) > 0. Summing over k leads to:

o0

> Vi@, ) = Vi(@gsr, ups)] > (1-¢) il/)(xmuk))m (33)

k=0

which implies

klim Y(xg, ux) = 0. (34)
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These relations prove the following theorem.

Theorem 8. Let be satisfied for somee € [0,1) and UCC and Assumptions
[7 hold, then the infinite horizon NMPC' is asymptotically stable with xj, — 0 and

ukﬁo.

Finally, from the definition of the terminal cost ®(zy), we note that 8 > 1

is essential for stability. To see this, let 8 < 1 and from (32)-(33) we obtain

V(zo) > Z[(l —e)P(wk, uk) — (1 = B)Y(en—1jkt1, UN—1|k+1)] AL

k=0

and

lim [(1 — &)Y (zr, ur) — (1 = B)Y(2n_1jkt1, UN-1k+1)] = O,

k—o0

but not limy_, 0o ¥(zk,ur) — 0. As a result we are unable to show that NMPC

is asymptotically stable with g < 1.

8.4. Robust Stability of Infinite Horizon NMPC

Robustness of NMPC requires the controller to operate in the presence of
bounded model uncertainty and unmeasured disturbances, such that the se-
quence of plant states xj are ensured to attract to a bounded neighborhood of
the set-point. Here we extend the asymptotic stability property from Theorem
to input-to-state stability (ISS), by establishing a uniform continuity property

for Problem .
We represent the feedback control law derived from solving as up =

#(x) and define the plant model as Fj (z,w) = F (z,k (x),w), with w as
the uncertain disturbance that accounts for the plant-model mismatch and

F,.(x,0) = F (z,k (z)) . The plant model is assumed to be uniformly continu-

ous in w such that there exists a K function o, with |Fy, (z,w) — F, (z,w')| <
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ay (|lw — w']). Since problem admits a Lyapunov function, we have

V(F‘,{(x,w))—V(x) - V(F,{(:E,w)) (F( ))+V( (x())) V (z)

~V (Fe(@.0))] - s () (35)

A
=

/N
=
&
g

C//

where follows from and a3(|z]) is a Ko function of |z|.

Using , input-to-state stability for the infinite horizon controller can be
proved if we can show that V(z) from is uniformly continuous in w. The
conditions for this property are detailed in Appendix B and are summarized
below.

First, we consider the reformulation of similar to the one proposed in

[20], given at time ¢ by:

V(E,(x—1, w)) = min (i: z/J(zl,vl)—i—(I)(zN)) At +p el ( Z +g€° )

1=0 =

(36a)

s.t. zip1 = F (z,v), 1=0,...N -1 (36b)
ze = F (2n,7) (36¢)

Ze + 2=z, 2o = ﬁ‘n(xk,l,w) (36d)
Zo—ele <y <24 1=0,...N (36¢)

210 <z < 2V (36f)
£<2<é (36g)

v,y €U, 1=0,...N—1 (36h)

g,e/P el° > 0. (361)

where the state and control sets X, U are represented by simple upper and

lower bounds and e’ = [1,1,...,1]. In addition, we introduce the variable
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2 € [—£,£€] to allow for a relaxation of the steady-state endpoint constraint,
and to accommodate the disturbance w. Correspondingly, ¢;” ,5%0 and €, are
nonnegative slack variables and p > 0 is a penalty parameter. By selecting
i > fi, the max-norm of the multipliers at the optimum of problem . If
is finite, then the slack variables will be driven to zero in the soft-constrained
problem and the solution of is identical to the solution of .

Next, the conditions under which the solution of is Lipschitz continuous
(and thereby uniformly continuous) with respect to perturbations w are the

following.
e Mangasarian-Fromovitz constraint qualification (MFCQ) (Definition 13)

o Generalized Strong Second-order Sufficient Condition (GSSOSC) (Defini-

tion 14)

at the optimal solution characterized by the Karush-Kuhn-Tucker (KKT) point
(Definition 12) [20]. In Appendix B, we show that satisfies both MFCQ
and GSSOSC at the optimal solution. Thus, the solution of is Lipschitz
continuous with respect to w.

Finally, combining the continuity property of V' (z) with respect to z and w,

the descent condition in (35)) now becomes

% (13’,€ (a:,w)) —Vi(x) <ay (

Fr(@w) = By (2,0)]) —aa(a)  (37a)

<ay o ay (|w]) - as (|2 (37D)

where ay (§) is a K function of £ € R>g. As shown in Definitions 9 and 10
in Appendix B, this implies that V (-) is an ISS-Lyapunov function and the
resulting system is input-to-state stable. Consequently, the following theorem

holds.
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Theorem 9. Let the assumptions for Theorem[§ hold, then MFCQ and GSSOC
are satisfied at KKT points of Problem @ and the corresponding infinite-

horizon NMPC is input-to-state stable.

4. Case Study Demonstrations of Infinite Horizon NMPC

This section presents case studies for three NMPC examples: a jacketed
continuous stirred tank reactor (CSTR), an inverted pendulum, and a rigor-
ous binary distillation column, in order to demonstrate the performance of the
proposed infinite horizon NMPC formulation.

For all three examples, the dynamic models were generated using Pyomo
[36], and all time points were initialized with steady state values before the
initial solve. According to standard NMPC practice, the controller solves the
optimization problem at time k. Then the plant model is simulated by
taking ug = vg from this solution to obtain the plant state variables at time
k+1. Then k := k+1, zy := x;, and problem is solved again. This approach
is used for the case studies in this section. For each case study, problem size
and solution time per horizon are recorded. All numerical results were obtained
on an AMD Ryzen 5 7600X 6-Core, 12-Thread processor.

A note on the plots — in the CSTR and inverted pendulum cases, only data
at the finite elements are plotted, not at the collocation points within each finite
element. In the distillation case, all plant data are plotted, including the data
with finite elements, which is why piecewise constant behavior is more clearly
observed for the manipulated variables. (Recall that the manipulated variables
are decisions made by the controller that only take effect at each plant sampling
time, but the state variables are continuously changing, and their behavior is
approximated by collocation points.) While piecewise constant input behavior

is part of all models, this can only be discerned in the distillation plots.

24



4.1. Non-isothermal CSTR

We first consider the non-isothermal CSTR (Example 13-3 in [37]), with the

following DAEs for the reaction A+ B — C in the presence of component M:

dCi 1%} 13 —18012
= D —C) +si ~ 1. 1
o v (Cio — C;) + 8;kCa, k 696 x 10 exp To8TT (38a)
s = (=1,-1,1,0),N; = GV, Vi € {A, B,C, M} (38b)
dT _ Qg - (er + QTQ)
i Ne. , (38¢)
18Fpy  19.5F 0 Fao Fpo  Funo
bc, = 35 = D40 B0 ZMO 38d
C T Fwe T Fa T 148 553 T 247 (38d)
Tay = T - <(T—TA1exp (—UA)>>, Cip = Fio Vie {A,B,M}
CP7W s Me Vo
(38¢)
Qr2 = me-Cpw - (Taz —Ta1), Qr1 = Fao-0c, - (T —Tp) (38f)
Q, = —kCx-V-AH, Ng =35Na+18Np+46No +19.5Ny  (38g)

with Fa9 > 100, m. < 250 as manipulated variables, and T, C. as controlled
variables, where F4q is the inlet molar flow rate of component A, m. is the
mass flow of cooling water through the CSTR jacket, T is the CSTR bulk
temperature, and C. is the concentration of product C' in the CSTR. V', Fpgy,
Funo, UA, Cpw, Tax, Ty, and AH, are constants reported in [37].

After discretization over the time domain, an algebraic system is obtained
and an optimization problem can be formulated according to , with the

stage cost defined as

¢(Zl7 vl) = (Cc,l7OC,SP)2+1072(E7T9p)2+1073(FA0,l7FA0,SS)2+1073(mC,l7mC,SS)2
(39)
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4.1.1. Finite/Infinite Horizon Comparison

We compare the infinite horizon NMPC formulation in with the base-
line NMPC formulation without terminal conditions, shown in . Here, the
baseline NMPC has N = 2 and N = 20, while infinite horizon NMPC has N = 2
Each controller uses 5 collocation points in each element, the sampling time is
0.0025 hours (9 seconds) and t, = At - N where t}, is the horizon time, At is
the sampling time. The terminal segment for infinite horizon NMPC has N = 3
finite elements and 5 Legendre collocation points with g = 1.2 and v = 6.

Figures [3]- [f| show C.. and T' (controlled variables), and Fao and m, (manip-
ulated variables) vs. time for the three controllers: Also plotted are the setpoint

values for the two controlled variables.
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4.5 -
=
S J
H 4.0
o
(S
3.5
—_ N=2
— N=20
30 —— N=400
' — N=2/o,N=3,K=5
—— N=10/w,N=50,K=5
0.0 0.2 0.4 0.6 0.8 1.0
Time (h)

Figure 3: Dynamic Product Concentration (CV) for Finite Horizon and Infinite Horizon Cases
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Figure 4: Dynamic Reactor Temperature (CV) for Finite Horizon and Infinite Horizon Cases
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Figure 5: Dynamic Reactant Inlet Flow (MV) for Finite Horizon and Infinite Horizon Cases
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Figure 6: Dynamic Coolant Flow (MV) for Finite Horizon and Infinite Horizon Cases

We observe from the above plots that the infinite horizon NMPC approaches
the steady state at a faster rate than with the baseline controllers with N = 2,20
and 400. Moreover, the performance of these controllers can be quantified as
cumulative error by integrating the stage cost over the total time (1 hour). The
number of variables, equality constraints, simulation time per horizon (CPU s)
for each case, and cumulative error are shown in Table Also, note that the
infinite horizon NMPC with N = 2 is 2.6 times faster than baseline NMPC
with N = 20. To observe limiting behavior as N — oo, we consider the baseline
case for N = 400 as well as infinite horizon NMPC with N = 10. Here we note
similar error reductions with increasing N and refinement of the terminal costs.
On the other hand, since the terminal cost in infinite horizon NMPC is only
an approximation to the infinite sum of stage costs (especially with g > 1), the
infinite horizon NMPC profiles may differ slightly from baseline NMPC with

large N.
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‘Variables Constraints CPUs  Error

Baseline, N =2 120 116 0.0046  4.818
Baseline, N = 20 1200 1160 0.0316  4.131
Baseline, N = 400 24000 23200 0.6407  3.837
oo horizon, N = 2 355 319 0.0119 4.154
oo horizon, N = 10 3767 3565 0.0994 3.9452

Table 1: NMPC problem sizes, CPU times, and performance for CSTR, example

4.1.2. Tuning Parameter Comparison

For further analysis of infinite horizon NMPC, we examine the effect of the
tuning parameters $ and -y on the model output. Recall that 5 > 1 is needed to
ensure an over-approximation of the terminal cost, which guarantees stability
as long as condition is satisfied, and we also note that if g = 0, there is
no penalty for setpoint deviation in the terminal infinite region. However, we
still have an endpoint constraint for the controller, driving the system to the
setpoints. Profiles for the infinite horizon cases (with N = 2), § = 1.2 with
v =6, v = 4000 and ~ = 0.0004, 8 = 10 with v = 6, and 8 = 0 with v = 6 are
included for analysis.

Plotted together, we have Figures [f{10| and note the following observations.
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Figure 7: Dynamic Product Concentration (CV) for Parameter Tuning Cases
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Figure 8: Dynamic Reactor Temperature (CV) for Parameter Tuning Cases
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Figure 9: Dynamic Reactant Inlet Flow (MV) for Parameter Tuning Cases
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Figure 10: Dynamic Coolant Flow (MV) for Parameter Tuning Cases

a) Increasing > 1 produces plots with weaker setpoint convergence than with

31



the base value. A higher 3 value overestimates the value of the stage costs in
the terminal segment, leading to satisfaction of condition [30} but performing
sub-optimally.

Elimination of the terminal cost (5 = 0) makes the behavior of the infinite
horizon NMPC revert to baseline NMPC. Note that the only difference in
the two formulations is the presence of endpoint constraints on the control
variables at the end of the terminal segment. The state profiles for 8 = 0
therefore trend more closely to the baseline NMPC profiles in Figures [3] and
4

Increasing the value of v to 4000 accelerates the time decay in the 7 domain,
so that state derivatives with respect to 7 are smaller for larger values of ~,

according to
A fz1)
dr (1 —72)’

This means the controller approaches the steady state earlier in the trans-
formed domain, and because of the endpoint constraints, the controller may
be more limited in its control actions by the dynamics of the system. In
Figures [9] and we observe significant numerical oscillations, and offline
calculations of € in condition [30|show consistent violations, as expected when
~ is too large.

Decreasing the value of v to 0.0004 has the opposite effect on relative mag-
nitudes of differential variable values. We observe in Figures[7]- [10] that with
small v the controller does not drive the system to setpoints. This is not due

to numerical oscillation, but as a result of violations of condition

In general, our observations show that a selection of v based on the first

collocation point according to Figure [2] provides satisfactory controller perfor-

mance.
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4.1.8. Alternate Terminal Cost Formulation for Terminal Infinite Horizon Seg-
ment

We now compare the collocation formulation for terminal cost with the Rie-
mann sum outlined in with N =2, § = 1.2 and v = 6 unless otherwise
noted. The resulting plots from this formulation are shown in Figures -
with different numbers of finite elements in the infinite region for each. In
general, the Riemann sum formulation is less accurate, but simpler to imple-
ment, approximation of the infinite sum, with only minor differences observed
in NMPC performance. Additionally, as the number of finite elements in both
the finite and infinite regions increase, the controller approaches N = 400 per-

formance. This is most clearly observed in Figures [[3] and [14]
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Figure 11: Dynamic Product Concentration (CV) for Terminal Cost Cases
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Figure 12: Dynamic Reactor Temperature (CV) for Terminal Cost Cases
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Figure 13: Dynamic Reactant Inlet Flow (MV) for Terminal Cost Cases

34



—— Collocation N =3
3201 —— Collocation N =10 i
—— Collocation N =10/«, N =50
—— RiemannN=3
315 —— Riemann N =10
— N=400
< 310
IS
S
53
v 305 4
RS
300 A
295 4

0.0 0.2 0.4 0.6 0.8 1.0
Time (h)

Figure 14: Dynamic Coolant Flow (MV) for Terminal Cost Cases

4.2. Inverted Pendulum

The inverted pendulum problem is a classic control example demonstrating
open loop instability, a challenge the infinite horizon approximation overcomes
by constraining the final values of the control variables to their setpoints. Phys-
ically, this system is a cart to which forces can be applied horizontally in either
direction in one dimension. On top of the cart is a hinged, massless rod, with
a point mass at its end. Here, the rod angle perpendicular to the ground is the
controlled variable, while the applied force is the manipulated variable. In this
study we only control the rod angle, though we include a terminal condition for

the position z as well. The differential equations shown below are taken from
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3.

L2 (i c0s2(0) — (1-+ k) omy + mo)

— mpgsin(9) cos(6) — (1 + k) <F +myl (ny sin(6) — ng) (40a)
% (14 k) (my + me)l — myl cos®(6))

= (my + me)gsin®) = cos() (7 (57 ) sinf®) = w57 ) (400

The corresponding optimization problem is formulated according to ,

with the stage cost defined as

Y(z,v) = (0 — Qsp)2 + (z — xsp)2 + (F; — FSS)Q. (41)

Initial values of zero for position, velocity, and angular velocity, and a starting
angle of the pendulum 6(0) = 10° were used to initialize the model. For infinite
horizon NMPC, g = 1.2 and v = 0.0375 were used. The time was discretized
with varying numbers of finite elements (corresponding to horizon length), 5
collocation points over each finite element and a sampling time of At = 0.2s.
Figures present the baseline controller results with NV = 5 and N = 50
steps and infinite horizon NMPC with N = 5 and a terminal segment with
N = 6 finite elements and K = 5 collocation points; these display plots of the
manipulated variable (force), and the controlled variables (position, pendulum
angle) with respect to time.

As seen in Figs. - the baseline NMPC with N = 5 does not reach
steady state in the time interval, while baseline NMPC with N = 50 and infinite
horizon NMPC quickly converge to zero setpoints. The number of variables and

constraints, and simulation times per horizon for each case are given in Table
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| Variables Equality Constraints ~Simulation Time/Horizon (CPU s)

Baseline, N =5 225 220 0.0077
Baseline, N = 50 2250 2200 0.0512
oo horizon, N =5 590 554 0.0171

Table 2: NMPC problem sizes and CPU times for inverted pendulum example
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Figure 15: Inverted Pendulum Cart Position (State Variable) for Finite and Infinite Horizon

Cases
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Figure 16: Inverted Pendulum Angle (CV) for Finite and Infinite Horizon Cases
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Figure 17: Inverted Pendulum Cart Force (MV) for Finite and Infinite Horizon Cases
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4.3. Binary Distillation

A binary distillation column model was formulated with manipulated vari-
ables of reflux ratio and reboiler heat duty. The controlled variables are the
composition of the light component in the distillate (x¢0p) and a bottom col-
umn temperature (Tz9). The NMPC problem was considered with and without
disturbance. Here we use a detailed DAE model based on the MESH equations
presented in [39].

The NMPC optimization problem is formulated according to , with the

stage cost defined as:

1/)(217 ’Ul) = 104(xtop,l - xtop,sp)Q + 103(T29,l - T29,sp)2- (42)

Infinite horizon NMPC has N = 2, N = 1. Baseline and infinite horizon NMPC
use 5 collocation points in each finite element, with a sampling time of 10 min.
The infinite horizon terminal cost approximation is formulated as a Riemann
sum with 5 steps (at the collocation points) according to For this model,
B =12, At = 0.167h and v = 0.3 based on 711 = tanh(yAt). Figures
compare infinite horizon NMPC without and with disturbances against baseline

NMPC with N =3 and N = 20.

4.3.1. Binary Distillation Without Disturbance

Figures [I8]21] compare the finite horizon approach with the infinite horizon
formulation. From the resulting plots of each of the manipulated variables
and controlled variables for the three controllers, we observe in Figure [I8] that
baseline NMPC with N = 3 cannot reach the setpoint for z.,,. This horizon
is inadequate because of its inability to predict the long-term behavior of the
system. On the other hand, baseline NMPC with N = 20 and infinite horizon

NMPC both drive the controlled variables to their setpoints, with slightly faster
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performance for the latter approach.
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Figure 18: 1 - Top Product Mole Concentration (CV) for Finite and Infinite Horizon Cases

- [aN
352.5 A
350.0
347.5 A
3
2 345.0 A
[
342.5 -
340.0 —-=—=- Setpoint
— N=3
337.5 1 N=20
— N=2/
0 200 400 600 800 1000
Time (min)

Figure 19: Tray 29 Temperature (CV) for Finite and Infinite Horizon Cases
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Figure 20: Reflux Ratio (MV) for Finite and Infinite Horizon Cases
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Figure 21: Reboiler Heat Duty (MV) for Finite and Infinite Horizon Cases
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4.3.2. Binary Distillation With Disturbance

Disturbances are introduced from nominal feed mole fraction values; these
are normally distributed with a relative standard deviation of 9%. For repro-
ducibility, a random number generator determines the disturbed values, using
the iteration number as a seed. This leads to the results in Figures In
Figures [22| and |23| we observe again that the baseline NMPC with N = 3 takes
longer to approach the setpoint while both infinite horizon NMPC and base-

line NMPC with N = 20 quickly drive and maintain their plants close to their

setpoints.
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Figure 22: 1 - Top Product Mole Concentration for Finite and Infinite Horizon Cases with

Disturbance
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Figure 23: Tray 29 Temperature (CV) for Finite and Infinite Horizon Cases with Disturbance
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Figure 24: Reflux Ratio (MV) For Finite and Infinite Horizon Cases with Disturbance
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Figure 25: Reboiler Heat Duty (MV) for Finite and Infinite Horizon Cases with Disturbance

Finally, the NLP problem sizes (number of variables, equality constraints,
and inequality constraints) for each case are shown in Table and average
run times per horizon are shown in Table [4] for each case, with and without
disturbances. We note that run times for infinite horizon NMPC are similar to
the (unsuccessful) N = 3 baseline NMPC and over an order of magnitude faster

than for the (successful) N = 20 baseline NMPC.

‘ Variables Equality Constraints Inequality Constraints

Baseline, N =3 3284 3278 1260
Baseline, N = 20 20471 20431 7686
oo horizon, N =2 3284 3274 1260

Table 3: NMPC problem sizes for binary distillation example
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‘ Without Disturbance With Disturbance

Baseline, N =3 1.3164 1.3429
Baseline, N = 20 17.8924 22.3808
oo horizon, N = 2 1.2855 1.5985

Table 4: NMPC run times (CPU s/horizon) for binary distillation example

5. Conclusions and Future Directions

Formulated and solved as nonlinear programs, NMPC strategies enjoy asymp-
totic and robust stability properties only if their horizon lengths are sufficient
to satisfy endpoint or terminal region constraints. On the other hand, stability
guarantees for infinite horizon NMPC are well known, but their practical im-
plementation generally leads to intractable optimization problems. This study
develops an alternate infinite horizon NMPC strategy that overcomes this com-
putational barrier. Here, an infinite-horizon time transformation is appended
as the terminal segment within a moving horizon NMPC framework. This infi-
nite segment is formulated as an optimal control problem in transformed time
that ensures satisfaction of the (steady state) setpoint. The resulting NMPC
approach is recursively feasible and inherits the stability guarantees of infinite
horizon NMPC.

Derived and analyzed as an extended boundary value problem, the terminal
segment satisfies an exponential dichotomy property that pins down unstable
modes, and therefore extends to open-loop unstable dynamic systems. The
problem formulation is solved directly with orthogonal collocation on finite ele-
ments.

For the proposed approach, both asymptotic and robust stability properties
are analyzed under reasonable assumptions, along with sufficient conditions on
the approximation error for the terminal segment. In addition, efficacy and

robustness of this approach are demonstrated on two process examples, as well
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as an unstable inverted pendulum problem.
Future work will extend the proposed approach to economic NMPC over
infinite horizons and will consider larger and more challenging applications in

dynamic real-time optimization and dynamic scheduling with rolling horizons.

Appendix A.

The proofs for Theorem || and Theorem |§| are adapted from [29, [31] and
summarized in this appendix, as they provide insight into how the BVP pins

down the unstable modes so that stable solutions can be ensured.

Proof of Theorem Conditions for existence and uniqueness of the
symmetric positive definite root P () of the Riccati differential equation subject
to a symmetric positive semidefinite condition K = I' at the endpoint ¢t = ¢
are well-known; see [32] for the stability proof. Here we derive the associated
property of the symmetric negative definite root N (t). Consider a distinct linear

optimal control problem that minimizes:

P
J = 5/ Er)Qto+ty—t)2({t)+0" ()R (to+ty—t)0 ()] dt’
to
(A.1)
subject to
P =—A(to+t; —t)2(t') = Btg+ty —t)o(t) (A.2)
with 2 specified at t’ = ¢y. The relevant Riccati differential equation
K(t)=AT (to+t; —t)K (') + K (t) Aty +t; — ') s

TRK{#)S (to+t; —t)K({#')—Q (to+t; —t')
has a unique symmetric positive definite solution K (¢') satisfying the end con-
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dition K (ty) = I'. By substituting ¢’ = ¢y + ¢ty — t, we have the symmetric
negative definite solution N (t) = —K (to +t; — t) that uniquely satisfies
with N (tg) = —I". Moreover, the linear optimal control problem formulated as
(A.1) and shows that p (t) = [A(t) — S (t) N (¢)] p (t) is uniformly asymp-
totically stable in reverse time.

Proof of Theorem@ Let y(t)T = [z)T AX®)T], )T = [o(t)T p(t)T] and

R, Alt)  —S@)
W) = , L(t) = ;
P N() -Q(t) —AM)T
by - A(t) — S(t)P(%) 0
0 A(t) — S(t)N(2)

Suppose the transformation y(t) = W (¢)( (t) maps y(t) = L(t)y(t) into
() = D ()¢ (¢), then

We consider the original system as the state-costate dynamics in and con-
struct W (t) as in the dichotomy transformation , which leads to the block

diagonal structure of D (¢). Substituting , 7 and into (A.4)), verifies

that the transformed system is given by:
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Let the general solutions associated with (A.5]) be expressed as:

o (t) = O (t) o (o) (A.6a)

p(t) =A(t)p(ty) (A.6b)

where © (t) and A (¢) are fundamental matrices. Then, for a particular set of

boundary conditions of (L6} we can write:

y(to) = o (to) +A(to) p(ty)

y(ty) = ©(tg)o(to) +p(ty)

Consider two cases:

1. I—O (ty) A (to) is singular with n, positive singular values, 7;, and ULIV7
from the singular value decomposition of I — © (t;) A (¢9). This leads to
y(to) = o (to) + A(to) p(ty) and y(ty) = O () o (to) + 3202, mugv] p (tr).

2. I — 0O (ty) A(to) is nonsingular, which yields:

-1

o (to) _ I A (to) y (to) . (A7)

p(ty) oy I y(ty)
For both cases, it can be concluded that the state-costate dynamics are trans-
formed into two solutions o (t) and p(t) that are uniformly asymptotically stable
in forward time and reverse time, respectively. Moreover, when I —© (t5) A (¢o)

is nonsingular, , (A.6)) and (A.7)) yield the following solution in terms of the
boundary conditions of the original Hamiltonian BVP :

-1

0 I I 0() 0 I Alto) 2 (to)
At) P(t) N(t) 0 AQ) O(ty) I z(ty)
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Appendix B.

In this appendix, the relevant definitions of ISS and nonlinear programming
properties for robust NMPC are given. Furthermore, the continuity property
of the optimal solutions for the reformulated robust NMPC problem will be
established, which in turn leads to the robustness of the infinite horizon NMPC

approach.

Definition 10. (Input-to-state stability) The system is 1SS in X if there exist

a KL function f and a IC function v such that for all zg € X and k > 0,

|lzk] < B (Jzol s k) + ([[wl]) - (B.1)

Definition 11. (ISS-Lyapunov function) A function V (-) is called an ISS-
Lyapunov function if there exist some Ko functions oy, as, as and a K function

o such that for all x € X and w € W,

ay (|2) <V (z) < az (|z))

A (B.2)
V(F (@,u,w)) = V(@) < —as (|al) + o (Ju]).
Consider the NMPC problem rewritten as:
min - ¢(y;p) (B.3a)
s.t. c(y;p) = (B.3b)
g(y;p) <0 (B.3¢c)
where y = (20,...,2N,%0,...,Un-1) and p = xj. The following nonlinear pro-

gramming properties are given to facilitate our analysis.

Definition 12. (KKT) A point y* is called a KKT-point for problem if
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there exist multipliers A and 1 which satisfy

Vo (y")+Ve(y ) A+ Vg (y)n=0 (B.4a)
c(y’sp) =0 (B.4b)

9(y"p) <0 (B.4c)

n"g(y*;p) =0 (B.4d)

n>0. (B.4e)

We also define the Lagrange function of as L= ¢ (y;p) + \Te(y;p) +
n"g (y;p), the set of all multipliers A and 1 which satisfy the KKT conditions
for a parameter p is M (p), and the active inequality constraint set is
given by J = {jlg; (y*;p) = 0}.

Definition 13. (MFCQ) For problem , the Mangasarian-Fromovitz con-
straint qualification (MFCQ) holds at the optimal point y* if and only if a)

Ve (y*;p) is linearly independent, and b) there exists a vector q such that

Ve(y*;p) g =0
(B.5)
Voi(y*sp) g <0Vje

Definition 14. (GSSOSC) The generalized strong second-order sufficient con-

dition (GSSOSC) holds at the optimal point y* if

¢ VL (y* s\ m;p) ¢ >0 Vg #0 (B.6)

such that

Vci(y*;p)Tq =0,i=1,...,n.

Vgi(y*;p) g =0, ¥j € {jlj € J,n; >0}
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holds for all multipliers \,n € M (p).

At the nonlinear programming solution, GSSOSC requires satisfaction of
the strong second-order sufficient condition for each pair of multipliers (A, 7) in
the bounded set defined under MFCQ. This can always be enforced by adding
a regularization term ||y — y*Hi, to the objective of 1) with the matrix )
sufficiently positive definite.

The infinite horizon NMPC problem is reformulated as to ensure that
the nonlinear programming problem solved online satisfies MFCQ, and therefore
the objective function V" used to show stability is uniformly continuous in x.
The proof for Theorem 9 is given as follows.

Consider the constraints of (36| rewritten as:

20 = T (B.8a)
zig1 = F (z,v), 1=0,...N =2 (B.8b)
ze = F (zn,0) (B.8¢)
Ze + 2 = 25 (B.8d)
Gy (2)<0,1=0,...N (B.Se)
Go(0))<0,1=0,...N 1 (B.8f)
Gy (0) <0,G; (2,,2) <0 (B.8g)

Linearizing the equality constraints and the active inequality constraints of (B.8))

at the optimum results in:

M.d. + M,d, =0 (B.9a)
N/ .d. <0 (B.9b)
N/ ,d, <0 (B.9¢)
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where d, and d, are search directions of the states and controls, and the related

matrices take the following form:

I
—F% T
—F! I
M, = (B.10a)
_FN T
I 1
0
_FO
_F1
M, = ! (B.10b)
_FN
0
NI, =diag{G¥,, G} ,...,GIN G} (B.10c)
NI, = diag {Glo, Gl o Gl Gl | (B.10d)

where F!, F!, F!, and F! denote the Jacobians of F (z;,v;) and F (2, v;) with
respect to the variables z; and vy, Ggfz is the Jacobian of the active constraints
of GG, at time step [, and G;ﬁv is the Jacobian of the active constraints of G, at
time step [. The submatrices G, and GJ!, may be of variable dimension or be
empty, depending on whether the associated inequality constraints are active
or inactive. It can be concluded that the submatrices F! and F! are square
and nonsingular, and the matrix Vel = [ M, M, 0 ] is full row rank,
which implies that the equality constraint gradients are linearly independent.

Moreover, the relaxation of the active state inequalities of at the optimum
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results in:

N].d.—Ej.d. <0 (B.11a)
—d. <0 (B.11b)
N ,dy, <0 (B.11c)

where € denotes the concatenation of the slack variables, and the gradients of

the active inequality constraints are given by:

Voi=1| o0 0 I (B.12)
0 N/, 0

where E; consists of the rows of the identity matrix corresponding to the active
state inequalities. Since the control set U is convex and has an interior, there
exists some d such that GJ, (v* +dJ) < 0Vj € J. As a result of Taylor’s

theorem, we have

Gl (0" +d)) = Gl (v) + VG, (v") d) + %(dS)TVQG{; (v* + sd%) d° < 0
(B.13)

for j € J and some s € [0,1]. Since G, (v*) = 0 and by convexity we have

1 T S

§(dg) V3G, (vt + sdd) dy > 0 (B.14)
then it follows from (B.13) that:

VG )T =G (0" +d°) — =(d0) VG (v* +5d%) do <0 (B.15)

1
2
u,v %

which implies N d% < 0. Next, we consider the vector g7 = [ df dr df }
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with d, = —M;1M,d° from and d, = d°. For a given d°, d. can be

selected in the following manner:

Ejd. > Nj .d.. (B.16)

The derivation shows that Vel'qg = 0 and Vgtq < 0 as required in Deﬁnitio

Consequently, MFCQ is satisfied for the reformulated problem (36]).
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