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Abstract

In Online Convex Optimization (OCO), when the stochastic gradient has a finite variance, many
algorithms provably work and guarantee a sublinear regret. However, limited results are known if the
gradient estimate has a heavy tail, i.e., the stochastic gradient only admits a finite p-th central moment
for some p € (1,2]. Motivated by it, this work examines different old algorithms for OCO (e.g., Online
Gradient Descent) in the more challenging heavy-tailed setting. Under the standard bounded domain
assumption, we establish new regrets for these classical methods without any algorithmic modification.
Remarkably, these regret bounds are fully optimal in all parameters (can be achieved even without
knowing p), suggesting that OCO with heavy tails can be solved effectively without any extra operation
(e.g., gradient clipping). Our new results have several applications. A particularly interesting one is the
first provable convergence result for nonsmooth nonconvex optimization under heavy-tailed noise without
gradient clipping. Furthermore, we explore broader settings (e.g., smooth OCO) and extend our ideas
to optimistic algorithms to handle different cases simultaneously.

1 Introduction

This paper studies the online learning problem with convex losses, also known as Online Convex Optimiza-
tion (OCO), a widely applicable framework that learns under streaming data [5, [I1} 29, 38]. OCO has
tons of implications for both designing and analyzing algorithms in different areas, for example, stochastic
optimization [10, 25, [17], PAC learning [4], control theory [I}, 12], etc.

In an OCO problem, a learning algorithm A would interact with the environment in 7' rounds, where
T € N can be either known or unknown. Formally, in each round round ¢, the learner A first decides an
output &, € X from a convex feasible set X C R?, then the environment reveals a convex loss function
¢ X — R, and A incurs a loss of ¢;(x;). After T many rounds, the quantity measuring the algorithm’s
performance is called regret, defined relative to any fixed competitor x € X as follows:

RAT(:E) e Zﬁt(mt) — ly(x).

In the classical setting, instead of observing full information about ¢;, the learner A is only guaranteed
to receive a subgradient VI, (x;) € 0¢(x:) at its decision, where 9¢;(x;) denotes the subdifferential set
of ¢; at a; [36]. This turns out to be enough for our purpose of minimizing the regret, since any OCO
problem can be reduced to an Online Linear Optimization (OLO) instance via the inequality £;(a;) — £ () <
(Ve(xt), ¢+ — x), which holds due to convexity. Under the standard bounded domain assumption, i.e., X
has a finite diameter D, many classical algorithms, e.g., Online Gradient Descent (OGD) [54], guarantee
an optimal sublinear regret GD+/T for G-Lipschitz ¢;. Even better, in the case that computing an exact
subgradient is intractable, and one could only query a stochastic estimate g, satisfying E [g, | x| € 0¢;(x¢),
the OGD algorithm can still solve OCO effectively with a provable (G +¢)D+/T regret bound in expectation
if the stochastic noise g, — V/;(x;) has a bounded second moment o2 for some o > 0, which is called the
finite variance condition.

However, many works have pointed out that even for the easier stochastic optimization (i.e., ¢; = F for
a common F'), the typical finite variance assumption is too optimistic and can be violated in different tasks
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[13] [ 40, [49], and their observations suggest that the stochastic gradient only admits a finite p-th central
moment upper bounded by oP for some p € (1, 2], which is named heavy-tailed noise. This new assumption
generalizes the classical finite variance condition (p = 2) and becomes challenging when p < 2. A particular
evidence is that the famous Stochastic Gradient Descent (SGD) algorithm [35] (which is exactly OGD for
stochastic optimization) provably diverges [49].

Though heavy-tailed stochastic optimization has been extensively studied [2T], 28] B7], limited results
are known for OCO with heavy tails. The only work under this topic that we are aware of is [5I], which
established a parameter-free regret bound in high probability (more discussions provided later). However,
their algorithm includes many nontrivial modifications like gradient clipping and significantly deviates from
the existing simple OCO algorithms used in practice. Especially, consider OGD as an example. Though
the heavy-tailed issue is known, OGD (or just think of it as SGD) still works (sometimes very well) in
practice even without gradient clipping and is arguably one of the most popular optimizers, which seemingly
contradicts the theory of unconvergence mentioned before. This indicates that, for classical OCO algorithms
under heavy-tailed noise, a huge gap exists between the empirical convergence (or even the effective practical
performance) and theoretical guarantees. Therefore, we are naturally led to the following question:

In what context can old OCO algorithms work under heavy tails, in what sense, and to what extent?

1.1 Contributions

Motivated by the above question, we examine three classical algorithms for OCO: Online Gradient Descent
(OGD) [54], Dual Averaging (DA) [27, [47], and AdaGrad [10 25], and answer it as follows:

Under the standard bounded domain assumption, the in-expectation regret E [Ré(w)} is finite and optimal
for any A € {OGD, DA, AdaGrad}, without any algorithmic modification.

In detail, our new results for heavy-tailed OCO are summarized here:

e We prove the only and the first optimal regret bound E [R}(z)] < GDVT + oDT'Y?P YV € X for any
A € {OGD,DA,AdaGrad}. Remarkably, AdaGrad can achieve this result without knowing any of the
Lipschitz parameter G, noise level o, and tail index p.

e We extend the analysis of OGD to Online Strongly Convex Optimization with heavy tails and establish
2 —
the first provable result E [R%GD(w)} < % —+ UPGTZPT27P,V:1} € X, where g > 0 is the modulus of
strong convexity and T° should be read as log T.

Based on the new regret bounds for OCO with heavy tails, we provide the following applications:

e For nonsmooth convex optimization with heavy tails, we show the first optimal in-expectation rate
GD/ VT + oD / T'=1/P achieved without gradient clipping, which applies to both the average iterate and
last iterate, demonstrating that SGD does converge once the domain is bounded.

e For nonsmooth nonconvex optimization with heavy tails, we show the first provable sample complexity of
G?5 e 3 4+ oF 16 e 5T for finding a (4, €)-stationary point without gradient clipping. In addition, we
also establish the first lower bound for nonsmooth nonconvex optimization under heavy tails, matching our
sample complexity in the high accuracy and noisy regime (i.e., € is small enough with o > 0). These two
results together provide a nearly complete characterization of the complexity of finding (0, €)-stationary
points in the heavy-tailed setting. Moreover, we give the first convergence result when the problem-
dependent parameters (like G, o, and p) are unknown in advance, resolving a question asked by [20].

Furthermore, we explore broader settings. For example, when each ¢; is H-smooth, we present new regrets
that extend the classical L* bounds [29] to the heavy-tailed noise case. As an important implication, we
show that SGD converges at a rate of HD?/T +o0D/T'~'/P for smooth convex optimization with heavy tails.
Finally, we extend our ideas to optimistic algorithms to address various cases simultaneously and employ
optimistic algorithms to give the first provable result for Hélder smooth nonconvex optimization under heavy
tails, where the problem-dependent parameters can be either known or unknown.



1.2 Discussion on [51]

As noted, [51] is the only work for OCO with heavy tails, as far as we know. There are two major discrepancies
between them and us. First, they consider the case where the feasible set X is unbounded and aim to
establish a parameter-free regret bound, i.e., the regret bound has a linear dependency on ||x| (up to
an extra polylog ||z|) for any competitor & € X. Second, they focus on high-probability rather than in-
expectation analysis. As such, their regret is in the form of R}\(x) < (G + o) ||z T'/P,Vz € X (up to extra
polylogarithmic factors) with high probability. Without a doubt, their setting is harder than ours implying
their bound is stronger as it can convert to an in-expectation regret E [R}(x)] < (G + o)DT'/P for any
bounded domain X with a diameter D.

We emphasize that the motivation behind [51I] differs heavily from ours. They aim to solve heavy-
tailed OCO with a new proposed method that contains many nontrivial technical tricks, including gradient
clipping, artificially added regularization, and solving the additional fixed-point equation. However, their
result cannot reflect why the existing simple OCO algorithms like OGD work in practice under heavy-tailed
noise. In contrast, our goal is to examine whether, when, and how the classical OCO algorithms work under
heavy tails, thereby filling the missing piece in the literature.

Moreover, we would like to mention two drawbacks of [51I]. First, though the T'/P regret seems tight as
it matches the lower bound [26] [32], [45], this may not be the best, since an optimal bound should recover
the standard /T regret in the deterministic case (i.e., o = 0), as one can imagine. This suggests that
their bound is not entirely optimal. Second, we remark that they require knowing both problem-dependent
parameters G, o, p and time horizon T in the algorithm, which may be hard to satisfy in the online setting.
In comparison, our regret bound GD+/T + o DT'/? is fully optimal in all parameters. Importantly, AdaGrad
can achieve it while oblivious to the problem information.

2 Preliminary

Notation. N denotes the set of natural numbers (excluding 0). [T] £ {1,...,T},VT € N. aAb £ min {a,b}
and a Vb = max{a,b}. We write a < b (resp., a > b) if a < Cb (resp., a > Cb) for a universal constant
C > 0. |-] and [-] respectively represent the floor and ceiling functions. (-,-) denotes the Euclidean inner
product and [|-|| £ \/{-, ) is the standard 2-norm. Given € R? and D > 0, B%(x, D) is the Euclidean ball
in RY centered at = with a radius D. In the case z = 0, we use the shorthand B¢(D). Given A C R?, intA
stands for the interior points of A. For nonempty closed convex A C R? II, is the Euclidean projection
operator onto A. For a convex function f, 9f(x) denotes its subgradient set at x.

Remark 1. We choose the Euclidean norm only for simplicity. Extending the results in this work to any
general norm via Bregman divergence is straightforward.

This work studies OCO in the context of Assumption
Assumption 1. We consider the following series of assumptions:
o X C R? is a nonempty closed conver set bounded by D, i.e., Sup, yex |12 =yl < D.

o /X = R is closed convex for all t € [T1].

Uy is G-Lipschitz on X, i.e., |Vl(x)| < G,V € X,Vl(x) € 0 (x), for allt € [T).

e Given a point x; € X at the t-th iteration, one can query g, € R? satisfying Vii(xs) = Elg, | Fi—1] €
0l (zy) and E [||&|°] < 0P for some p € (1,2] and o > 0, where F; £ o(gy,...,g,) denotes the natural
filtration and €; = g, — Vi(x;) is the stochastic noise.

Remark 2. D is recognized as known, like ubiquitously assumed in the OCO literature. Moreover, x; denotes
the decision/output of the online learning algorithm by default.

In Assumption I} the first three points are standard, and the fourth is the heavy-tailed noise assumption.
In particular, p = 2 recovers the standard finite variance condition.



3 0OId Algorithms under Heavy Tails

In this section, we revisit three classical algorithms for OCO: OGD, DA, and AdaGrad, whose regret bounds
are well-studied in the finite variance case but remain unknown under heavy-tailed noise.

The basic idea of proving these algorithms work under heavy tails is to leverage the boundness property
of X. We will describe it in more detail using OGD as an illustrated example. The analysis of DA follows
a similar way at a high level, but differs in some details. However, though AdaGrad can be viewed as OGD
with an adaptive stepsize, the way to utilize the boundness property is entirely different. All formal proofs
are deferred to the appendix due to space limitations.

3.1 New Regret for Online Gradient Descent

Algorithm 1 Ounline Gradient Descent (OGD) [54]
Input: initial point &, € &, stepsize n; > 0
fort=1to T do

ziv1 = la (e — mgy)
end for

We begin from arguably the most basic algorithm for OCO, Online Gradient Descent (OGD).
A well known analysis. The regret bound of OGD has been extensively studied [11], 29, [38]. The most
well known analysis is perhaps the following one: for any & € X, there is

2 2 2
@41 — 2l = [y (z: — neg,) — Mx (@) < |2 —mg, — ||,

where the inequality holds by the nonexpansive property of IIy. Expanding both sides and rearranging
terms yield that

2 2
< Mz —2|” — [lee — ]

2
g
(g, xy —x) < +77t\| el” o
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If g, admits a finite variance, i.e., p = 2 in Assumption [} taking expectations on both sides, then following
. o D o D . . . .

a standard analysis for n; = @rolvi (or my = Gro VT if T is known) gives the regret

E [R?P(z)] < (G + 0)DVT.Vz € X.

However, the step of taking expectations on the R.H.S. of crucially relies on the finite variance condition
of g,. Therefore, one may naturally think OGD would not guarantee a finite regret if p < 2.

A less well known analysiﬂ As discussed, the failure of the above proof under heavy-tailed noise is
due to . Therefore, if a tighter inequality than exists, then it might be possible to show that OGD
still works for p < 2. However, does it exist?

Actually, there is another less well known analysis to produce a better inequality than . That is, first
showing for any x € X', by the optimality condition of the update rule,

(Tt — ®iy1, Tyg1 — @) _ e — 93||2 — [|®e1 — 93||2 — |z — fﬂt+1H2
us 2

<gtawt+1 —$> S )

and then obtaining

|z — 2|* = [|®es1 — x|
2n

|z — f'ft+1H2
2n;

<gtamt - 113> < + <gt7$t - wt+1> - (2)

Note that is tighter than as (g, e — @ry1) < ||l | — Teg1]] < m”g‘HQ + ”mt_;t“w, where the

n
first step is due to Cauchy-Schwarz inequality and the second one is by AM-GM inequality.t

1To clarify, the phrase “less well known” is compared to the first one. This analysis itself is also well known.



Handle p < 2 in a simple way. Though we have tightened into , can inequality help
to overcome heavy tails? The answer is surprisingly positive, and our solution is fairly simple. Instead
of directly applying AM-GM inequality in the second step, we recall g, = V¢ (x:) + € and use triangle
inequality to obtain

(g, e — 1) < gl lzr — e |l < (VO ()] + [lecd) 2 — 2] 3)

On the one hand, by [|[Vl:(x:)|| < G and AM-GM inequality, there is

2
ry —
IVe@O e — zesa ]| < G llze — rpa]) < G2 + 12— Tl

4ny
On the other hand, let p, £ pE1 and C(p) £ %, we have
1 9 1
4dn,\ Pr 2 .z — o
wﬂmrwwl=($)|qum—aﬂwm~0”fMj“”>
4n; W P _ p—22
g(m ledlP e = et — gy
p 4me
®) p—1 p m2—p , Tt — ety
< Clppn e 2 4 12 et g
nt
where (a) is by Young’s inequality and (b) is due to [[@; — @ia]| < D, p. = 5%, and C(p) = (4p7p%)p71
Next, we plug and back into , then combine with to know
|z — 3'3||2 — [|zir1 — 3'3||2 2 p—1 P H2—p
9y, — ) < +mG” + Clp)n e D77 (6)

27775

Notably, the term ||€||” has a correct exponent p. Thus, we can safely take expectations on both sides.
Finally, a standard analysis yields the following Theorem (1| (see Appendix [A| for a formal proof).

Theorem 1. Under Assumption taking n; = GL\/Z A =L~ in OGD (Algorithm , we have

otl/p
E [ROP(x)] < GDVT + o DT'/? v € X.

As far as we know, Theorem [I] is the first and the only provable result for OGD under heavy tails.
Remarkably, it is not only tight in T' [26, [32] [45] but also fully optimal in all parameters, in contrast to the
bound (G + o) DT'/P of [51]. This reveals that OCO with heavy tails can be optimally solved as effectively
as the finite variance case once the domain is bounded, a classical condition adapted in many existing works.

Strongly convex functions. We highlight that the above idea can also be applied to Online Strongly
Convex Optimization and leads to a sublinear regret T72~P better than 7*/P. This extension can be found in

Appendix [A]

3.2 New Regret for Dual Averaging

Algorithm 2 Dual Averaging (DA) [27, [47]
Input: initial point ;1 € X, stepsize n; > 0
fort=1to T do

T =y(z— Y1 9.)
end for

Remark 3. It is known that DA is a special realization of the more general Follow-the-Regularized-Leader
(FTRL) framework [24]. To keep the work concise, we only focus on DA. The key idea to prove Theorem
can directly extend to show new regret for FTRL under heavy-tailed noise.



We turn our attention to the second candidate, the Dual Averaging (DA) algorithm, which is given in
Algorithm [2 Though DA coincides with OGD when X = R% and 7, = 7, these two methods in general are
not equivalent and can have significant performance differences in practice. Therefore, it is also important
to understand DA under heavy tails.

Despite the proof strategies for OGD and DA are in different flavors (even for p = 2), the basic idea
presented before for OGD still works here, i.e., apply the boundness property of X to make the term | €|
have a correct exponent. Armed with this thought, we can prove the following new regret bound for DA
under heavy-tailed noise. We refer the reader to Appendix [B] for its proof.

Theorem 2. Under Assumptz'on taking n; = GL\/E A % in DA (Algorithm @), we have

E [R?A ()] < GDVT +oDTYP ¥z € X.

As far as we know, Theorem [2] is the first provable and optimal regret for DA under heavy tails. It
guarantees the same tight bound as in Theorem [I] up to different constants.

3.3 New Regret for AdaGrad

Algorithm 3 AdaGrad [10, 25]
Input: initial point &, € X, stepsize n > 0
fort=1to T do
—1/2 t 2
me=nV; " where Vi = Y0 llg. |
x1 = lx (@ — migy)
end for

Remark 4. Algorithm [3]is also named AdaGrad-Norm (e.g., [46]). We simply call it AdaGrad. It is straight-
forward to generalize Theorem [3| below to the per-coordinate update version.

Although Theorems [1| and [2| are optimal, they both suffer from an undesired point. That is, the stepsize
N = GL\/Z A =L requires knowing all problem-dependent parameters. However, it may not be easy to obtain
them in an online setting. Especially, it heavily depends on the prior information about the tail index p,
which is hard to know (even approximately) in advance. In other words, they both lack the adaptive property
to an unknown environment.

To handle this issue, we consider AdaGrad, a classical adaptive algorithm for OCO. As can be seen,
AdaGrad is just OGD with an adaptive stepsize. However, it is this adaptive stepsize that can help us to
overcome the above undesired point.

Theorem 3. Under Assumption taking n = D/+/2 in AdaGrad (Algorithm @, we have
E [R}%Cd(z)] < GDVT + o DT/? vz € X.

Remark 5. We also establish a similar result for DA with an adaptive stepsize. See Theorem [9]in Appendix
[Bl for details.

Theorem [3| provides the first regret bound for AdaGrad under heavy tails. Impressively, it is optimal
even without knowing any of G, o, and p. This surprising result once again demonstrates the power of the
adaptive method, indicating it is robust to an unknown environment and even heavy-tailed noise, which
may partially explain the favorable performance of many adaptive optimizers designed based on AdaGrad
like RMSProp [44] and Adam [17].

We point out that the key to establishing Theorem [3| differs from the idea used before for OGD and
DA. Actually, Theorem [3| can be obtained in an embarrassingly simple way. It is known that AdaGrad with
n = D/+/2 on a bounded domain guarantees the following path-wise regret




Observe that \/S°2 lg,1° < /XL, IVE(2)]° +/SL, el < GVT + (ST lledl?)”, where the last
step is due to [|-l, < |||, for any p € [1,2]. After taking expectations on both sides of and applying

1 1
Hoélder’s inequality to obtain E [(ZtT_l Het||p) p] < (Zz;l E [||et||p]) * < 6T, we conclude Theorem To

make the work self-consistent, we produce the formal proof of Theorem [3]in Appendix [C}

4 Applications

We provide some applications based on the new regret bounds established in Section [3] The basic problem
we study is optimizing a single objective F', which could be either convex or nonconvex.

4.1 Nonsmooth Convex Optimization

In this section, we consider nonsmooth convex optimization with heavy tails.
Convergence of the average iterate. First, we focus on convergence in average. By the classical
online-to-batch conversion [4], the following corollary immediately holds.

Corollary 1. Under Assumption |1| for {;(x) = (VF(x),x) and let zp = %23:1 x¢, for any A €
{OGD, DA, AdaGrad}, we have

E [R} D D
Si[ 1)) <GD L 9D e
T VT 1%

Proof. By convexity, F(zr) — F(x) < EtT=1F(;t)_F(m) < R/;T(m) is valid for any OCO algorithm A. We

conclude from invoking Theorems and O

To the best of our knowledge, Corollary [1| gives the first and optimal convergence rate for these three
algorithms in stochastic optimization with heavy tails. Especially, it implies that once the domain is bounded,
the widely implemented SGD algorithm provably converges under heavy-tailed noise without any algorithmic
change considered in many prior works, e.g., gradient clipping [21], 28].

We are only aware of two works [22], [45] based on Stochastic Mirror Descent (SMD) [26] that gave
convergence results without clipping. However, they share a common drawback, i.e., their bounds are both
in the form of (G'+ o)D/T'~'/?, which cannot recover the optimal rate GD/v/T when ¢ = 0.

Lastly, we highlight that for A = AdaGrad, Corollary [1|is not only optimal but also adaptive to the tail
index p. As far as we know, no result has achieved this property before. This once again evidences the
benefit of adaptive gradient methods.

Convergence of the last iterate. Next, we consider the more challenging last-iterate convergence,
which has a long history in stochastic optimization and fruitful results in the case of p = 2 (see, e.g.,
[30, 39, 53]). However, less is known about heavy-tailed problems. So far, only two works [22] BI] have
established the last-iterate convergence. The former is based on SMD, and the latter employs gradient
clipping in SGD. Unfortunately, their rates are both in the suboptimal order (G + ¢)D/T*~/P.

We will provide an optimal last-iterate rate based on the following lemma, which reduces the last-iterate
convergence to an online learning problem.

Lemma 1 (Theorem 1 of [9]). Suppose x1,...,x1 and yy,...,yr are two sequences of vectors satisfying
x, € X, 1 =1y, and

i = Ui T (T — @), (8)
Given a convez function F(x), let by(x) = (VF (y,),x). Then for any online learner A, we have
R (x)
T

F(yp) — F(x) < Ve e X.



We emphasize that the stochastic gradient g, received by A is an estimate of VF (y,) instead of VF(x;).
This flexibility is due to the generality of the OCO framework. Moreover, for OGD, suppose there is no
projection step, then is equivalent to ¥y, | =y, — %ntgt, which can be viewed as SGD with a stepsize
T—tp,. For proof of Lemma [1} we refer the interested reader to [9].

Corollary 2. Under Assumptz'onfor l(x) = (VF(y,),x), wherey, satisfies (@), for any A € {OGD, DA, AdaGrad},

we have
E [R’%(m)] GD oD
1

E[F(yr) — F(z)] < T §W+E,Vw€2(.

Proof. Combine Lemma [T and Theorems [T} 2] and [3] to conclude. O

As far as we know, Corollary [2]is the first optimal last-iterate convergence rate for stochastic convex
optimization with heavy tails, closing the gap in existing works.

One may notice that y, itself is not the decision made by the online learner and naturally may ask whether
x; ensures the last-iterate convergence if we simply pick ¢, = F'. The answer turns out to be positive at least
for OGD (which is equivalent to SGD now). However, to prove this result, we rely on a technique specialized
to stochastic optimization recently developed by [22] 48]. To not diverge from the topic of OCO, we defer the
last-iterate convergence of OGD to Appendix [D] in which Theorem [10] gives a general result for any stepsize
n; and Corollary [5| shows a last-iterate rate similar to Corollary [2| (up to an extra logarithmic factor) under
the same stepsize 1, = GL\/{ A as in Theorem

otl/p

4.2 Nonsmooth Nonconvex Optimization

This section contains another application, nonsmooth nonconvex optimization with heavy tails. Due to
limited space, we will provide only the necessary background. For more details, we refer the reader to
[8L 15], 18] [T9) 42}, [43] for recent progress. We start with a new set of conditions.

Assumption 2. We consider the following series of assumptions:

e The objective F is lower bounded by Fy = inf cpe F(z) € R.
o F is differentiable and well-behaved, i.e., F(x) — F(y) = fol (VE(y +tlx—y)),z—y)dt.
e F is G-Lipschitz on R?, i.e., |[VF(z)| < G,Vx € R%.

o Given z; € R? at the t-th iteration, one can query g, € R? satisfying Elg, | Fi_1] = VF(z) and
E [|l&”] < oP for some p € (1,2] and o > 0, where F; denotes the natural filtration and €, = g, — VF(z,)
is the stochastic noise.

Remark 6. The second point is a mild regularity condition introduced by [7] and becomes standard in the
literature [2] 20, [52]. See Definition 1 and Proposition 2 of [7] for more details. In the fourth point, we use
the same notation z; as in the algorithm being studied later. In fact, it can be arbitrary.

In nonsmooth nonconvex optimization, we aim to find a (, €)-stationary point [50] (see the formal Defi-
nition [2|in Appendix [E). This goal can be reduced to finding a point € R? such that |[VF(z)||; < €, where
[VF(x)||s is a quantity introduced by [7] as follows.

Definition 1 (Definition 5 of [7]). Given a point * € RY a number § > 0 and an almost-everywhere
differentiable function F, define ||VF(z)|; £ nfscp(a,0) ﬁ > yes VF(y)H .

The only existing sample complexity under Assumption [2|is (G +0) P15 15T in high probability [20],
where we only report the dominant term and hide the dependency on the failure probability.

However, on the theoretical side, their result cannot recover the optimal bound G?§~1e=3 [7] in the deter-
ministic case. On the practical side, their method also employs the gradient clipping step, which introduces
a new clipping parameter to tune. In fact, as stated in their Section 5, they observed in experiments that
their algorithm without the clipping operation (exactly the algorithm we study next) still works under heavy
tails. In addition, in their Section 6, they also explicitly ask whether the requirement to know G and A can
be removed.

As will be seen later, we can address these points with the new regret bounds presented before.

1 _
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4.2.1 Online-to-Nonconvex Conversion under Heavy Tails

Algorithm 4 Ounline-to-Nonconvex Conversion (02NC) [7]
Input: initial point y, € R, K € N, T € N, online learning algorithm A.
for n=1to KT do
Receive x,, from A
Yp =Yp_1 +Tn
Zpn = Y,,_1 + Snx, where s, ~ Uniform [0, 1] i.i.d.
Query a stochastic gradient g,, at 2z,
Send g,, to A
end for

Remark 7. Note that O2NC is a randomized algorithm. Therefore, the definition of the natural filtration is
adjusted to F,, = (51,81, -, 5n,Gn, Sni1) accordingly.

We provide the Online-to-Nonconvex Conversion (O2NC) framework in Algorithm [4] which serves as a
meta algorithm. Roughly speaking, Algorithm [4] reduces a nonconvex optimization problem to an OCO (in
fact, OLO) problem, for which the K-shifting regret (see @) of the online learner A crucially affects the
final convergence rate. However, the existing Theorem 8 of [7], a general convergence result for the above
reduction, cannot directly apply to heavy-tailed noise, since its proof relies on the finite variance condition
on g,, (see Appendix [E| for more details).

kT
Theorem 4. Under Assumption and let vj, £ —DH§”_E: 1):: zii: ik ,Vk € [K] for arbitrary D > 0,

then for any online learning algorithm A in O2NC (Algorithm |4)), we have

K kT A
1 1 F(y())_F* E[RT(vlv"'7vK)] g
E|S — = Flz)|| <
D >, VPG| S =prp DKT o
k=1 n=(k—1)T+1

R2(v1,...,vx) in Theorem [|is called K -shifting regret [T], defined as follows:

K kT
R} (v1,...,vk) 2 Z Z lo(xy) — ln(vy) where £,(x) = (g,,T). (9)

k=1n=(k—1)T+1

Theorem [4 here provides a new and the first theoretical guarantee for O2NC under heavy tails. Especially, it
recovers Theorem 8 of [7] when p = 2. A remarkable point is that the O2NC algorithm itself does not need
any information about p. The proof of Theorem [4] can be found in Appendix [E]

4.2.2 Convergence Rates

Theorem |4 enables us to apply the results presented in Section 3| Concretely, for X = BY(D) and any A €
{OGD, DA, AdaGrad}, if we reset the stepsize in A after every T iterations, there will be E [RAT(vl, . ,vK)] <

GDKWT + cDKT'/? by our new regret bounds, since v, € X. With a carefully picked D, we obtain the
following Theorem [B] Its proof is deferred to Appendix [E]

Theorem 5. Under Assumption and let A £ F(y,) — F, and 21, = + Z —(k—1)T+1 Zns Yk € [K], setting

any A € {OGD, DA, AdaGrad} in O2NC (Algorzthml) with a domain X = B4(D) for D =46/T and resetting
the stepsize in A after every T iterations, we have

A G o
lKZHVF ||5] < 5K+T+ﬁ'

Notably, this is the first time confirming that gradient clipping is indeed unnecessary for the O2NC
framework, matching the experimental observation of [20].



Corollary 3. Under the same setting of Theorem [3, suppose we have N > 2 stochastic gradient budgets,
taking K = |[N/T| and T = [N/2] A ([(6GN/A)§—‘ v [((SUN/A)QP%—‘ , we have

K

=S IVEGE);

k=1

P p—1
o221 A2—1

(SN

<i_|_ _|_£_|_GA
VN N'"% 06N (5N)

=] cl=

E +

E (5N) %1

wl

Corollary [3| is obtained by optimizing K and T in Theorem It implies a sample complexity of
G25_1 -3 —|— Uﬁé_ —%1 for finding a (4, €)-stationary point, improved over the previous bound (G +
)p 15 le . Furthermore, leveraging the adaptive feature of AdaGrad, Corollary |§| in Appendix

shows how to set K and T without G, o, and p, resulting in the first provably rate for O2NC when no
problem information is known in advance, which solves the problem asked by [20].

4.2.3 Lower Bounds

In this part, we provide the first lower bound for nonsmooth nonconvex optimization under heavy tails in
the following Theorem |§|, the proof of which follows the framework first established in [3] and later developed
by [7] but with some necessary (though minor) variation to make it compatible with heavy-tailed noise.
Theorem 6. For any given A > 0, G > 0, p € (1,2], 0 >0, >0 and 0 < ¢ < 4 A G 5, there
exists a dimension d > 0 depending on the previous parameters such that, for any randomized ﬁrst order
algorithm (see Deﬁm’tionfor a formal description), there exists a G-Lipschitz differentiable function F :
R? — R satisfying F(O) — F, < A and a function g : R? x {0,1} — R satisfying E, [g(z,7)] = VF(x)
and E, [||g(x,r) — VF(z)||’] < oP where r follows a certain probability distribution over {0,1} such that the
algorithm requires > A6~ et + Agi10 e -5 queries of g to find a point z such that E[||VF(z)|s] <€

For small enough € and o > 0, Theoremlacan be further simplified into a lower bound of AT~ le ot ,
matching the leading term in the sample complexity derived from the previous Corollary Therefore,
Theorem [6] suggests that our Corollary [3]is tight in the high accuracy and noisy regime. As such, Corollary
and Theorem |§| together provide a nearly complete characterization of the complexity of finding (9, €)-
stationary points in the heavy-tailed setting.

However, for any general € > 0 or the case o = 0, there is still a gap between the upper and lower bounds.
Closing this gap could be an interesting direction for the future.

5 Further Extensions

So far, we revisit three classical OCO algorithms, OGD, DA, and AdaGrad, show that they all guarantee
optimal regrets, and provide some applications based on their new bounds. However, all the results are
restricted to the Lipschitz case, which is standard in the literature, but sometimes inadequate to derive a
better bound. For example, if ¢; is smooth (i.e., the gradient of ¢; is Lipschitz), then one could establish a
bound depending on the cumulative competitor loss, i.e., 2321 4 ().

In this section, we first show that our idea presented in Section [3] can be directly extended to the smooth
case, then discuss what more we can do. Formally, we need the following condition.

Condition 1. ¢; is H-smooth on R?, i.e., |Vl(z) — Vi (y)| < H ||z — y||,YVx,y € R?, for all t € [T].

Remark 8. Strictly speaking, Condition [I| may not be well-defined, since Assumption [T]only requires ¢; to be
defined on X. To avoid any further complications, this section recognizes ¢; as a real-valued convex function
defined on R, and X is the constraint set, i.e., the domain of the problem.

5.1 New Regrets for Old Algorithms under Smooth ¢; and Applications

Theorem 7. Under Assumption (with replacing the third point by C’onditz’on and additionally assuming
¢, >0 on RY:
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otl/p

o taking n; = 7 A \’Y/—% AL for any v > 0 in A € {OGD, DA}, we have
1 T
E[R}(z)] S HD*+VHD (7 + 72&(:13)) +oDTYP Yz € X.
t=1

e taking n = D/\/2 in A = AdaGrad, we have

E[R}(x)] S HD>+D\|H> (li(x)+oDT/P Vo € X.

t=1

Theorem |z| provides new regrets that extend the classical L* bounds [29] to the heavy-tailed noise case,
under an additional nonnegative condition ¢; > 0 that is widely used in the literature [41]. The full version
without such a requirement is provided in Theorem [13]in Appendix [F]

As one can see, the optimal value of v for OGD and DA should be in the order of 1/ Zthl 4 (x),
which is however not possible to take as the competitor « is not fixed here. In contrast, AdaGrad contains

the improved term D4/ H Ethl £i(x), which once again suggests the benefit of adaptive methods. More
importantly, the regret for AdaGrad also indicates that it can be oblivious to the problem class and adapt to
the best-possible bound automatically, even under heavy tails.

Theorem [7] could be particularly useful for smooth convex optimization when a global minimizer is
contained in X, as given in the following corollary.

Corollary 4. Under Assumption (1| (with replacing the third point by Condition |1)) for £,(x) = F(x) and
additionally assuming that X contains a global minimzer ** of F (i.e., x* € arginf,cpaF(x)), let 7 =
* Zle T, taking my = 75 A ﬁ in A € {OGD,DA} or n = D/+/2 in A = AdaGrad, we have

A CI}* o
E[F(zr) — F(x*)] < £ [RTT( ) S Hf2 + Tf%'

Proof. Equivalently, we can redefine /;(z) = F(z) — F(x*), then ¢; is nonnegative on R%. By convexity,
T * A *

F(zr)— F(z*) < i F(th)_F(w ) = RT(Tw ) is valid for any OCO algorithm A. We conclude from invoking

Theogem with v = 4Di/ﬁ for A € {OGD,DA} and n = D/v/2 for A = AdaGrad and combining the fact

ft(:n* =0. O

An important implication of Corollary [4]is the first to show that SGD can converge at the optimal rate
of HD?/T 4 oD /T*~'/? for heavy-tailed smooth convex optimization (though under an extra condition).
In fact, a valid but worse bound without assuming the existence of * € X is possible, which we defer to
Corollary [7] in Appendix [F]

5.2 Optimistic Algorithms for Broader Cases

As presented, we have successfully handled smooth OCO with heavy tails for classical OGD, DA, and AdaGrad.
In fact, our ideas can also be applied to another famous family of methods known as optimistic algorithms
[6, 16, B3] to deal with broader cases. Specifically, we will study an optimistic version of AdaGrad called
OAdaGrad in Appendix [F| to address various cases simultaneously (see Theorems and and provide
more applications for stochastic optimization in Appendix [G]

For example, in the special case of heavy-tailed Holder smooth optimization (i.e., | VF () — VF(y)|| <

H ||z — y||” for some H > 0 and v € (0,1]), Corollary ﬁ provides a rate HT’?;V + 2B,

for convex prob-

T
lems, Corollaries [11] and [I2] establish provable results for nonconvex problems, where the problem-dependent
parameters may be known or unknown. All of these results are new to the best of our knowledge.

11



6

Conclusion and Limitation

This paper shows that three classical OCO algorithms, OGD, DA, and AdaGrad, can achieve the optimal in-
expectation regret under heavy tails without any algorithmic modification if the feasible set is bounded, and
provides some applications in stochastic optimization. The main limitation of our work is that all the proof
crucially relies on the bounded domain assumption, which may not always be suitable in practice. Finding
a weaker sufficient condition, under which the classical OCO algorithms work with heavy tails provably, is
a direction worth studying in the future.
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A Missing Proofs for Online Gradient Descent

This section provides missing proofs for regret bounds of OGD. Before showing the formal proof, we recall
the following core inequality that holds for any « € X' given in @:

|z — 93||2 — lzts1 — 33||2

(g o — ) < o +m G+ Cp)nf " [le|P D> (10)
The key to establishing the above result is showing
2
T — _ _
(g1 — i) — 22l <o oy e D2 ()

2n;
the proof of which is by combining , , and established in the main text.

A.1 Proof of Theorem [I]
Proof. For any € X, sum up from ¢ = 1 to T and drop the term —”:”Tgn%m”z to obtain

T
E gt7wt —13
t=1

le—wH ( )Ilwm—wll 2 1y e 2
+ —_—+ G°+C €| D°7P 12
}j )T }jn ()~ el (12)
D? 2 p—1 P H2—p
S—nT +§ nG"+Cp)n; |lell” D=7, (13)
t=1

where the last step is due to ||z — x| < D,Vt € [T] and m41 < ¢, Vt € [T —1).
Taking expectations on both sides of yields that

D2
E [RO(2)] < Py ZmGz + Clp)PoP D2, (14)
t=1

where for the L.H.S., we use E [(g,, z: — x)] = E [E [{g;, z: — =) | F;_1]] and
Elgyz —a) | Foa] = (Elg, | Fra], z — ) = (Vl(21), @0 — @) = b)) — l(), (15)

for the R.H.S., we use E [[|&[”] < o®.

Finally, we plug n; = G?/ Utl/P,Vt € [T] into , then use Zt 1 \/ < VT and Zt 1= s STYP to
conclude

E [R2°°(z)] < GDVT + o DT*/P.

O
A.2 Extension to Online Strongly Convex Optimization
Next, we extend Theorem [I|to the strongly convex case, i.e., Iu > 0 such that for all ¢ € [T],
Slle = yl® + (Ve(y).@ — y) + (y) < l(@). Ve, y € X, V(y) € I (y). (16)

In this setting, it is well known that OGD achieves a logarithmic regret bound when p = 2 [11] 29]. Theorem
[B below provides the first provable result for p < 2.

Theorem 8. Under Assumptzon 1| and additionally assuming @) taking n: = - in OGD (Algomthm I)
we have
2(1+4logT PG2—P T?-°P 1,2
E [ROSD(g)] < (L 1loeT) | oPCTP pe(’),\mex.
Y v 1+logT p=2
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Theorem [8| shows that under strongly convexity, OGD for p € (1,2) achieves a better sublinear regret
T2~P than T'/? in Theorem |l{as 2—p < 1/p,Vp > 0. One point we highlight here is that the stepsize n; = ﬁ
is commonly used in the OCO literature and is independent of the tail index p.

However, in contrast to Theorem |1} we suspect Theorem [§]is not tight in T for p € (1,2). The reason is
that for nonsmooth strongly convex optimization with heavy tails (i.e., £, = F,Vt € [T] where F is strongly
convex), Theorem [§ I can convert to a convergence rate only in the order of 1/TP~1, which is worse than the
lower bound 1/72~2/P [49]. Therefore, we conjecture that a way to obtain a better regret bound than 72-P
exists, which we leave as future work.

Proof of Theorem[§ For any & € X, we take expectations on both sides of to have

+Z7ltG2+C( Pt oP D2 P, (17)
t=1

where for the L.H.S., we follow a similar step of reasoning out but instead using
(Vi) 2o — @) > (@) — (@) + 5 o — 2|,

for the R.H.S., we use E [[|&”] < o®.
Next, we plug n; = ﬁ,Vt € [T] into 1j to obtain

T G? oPD?-P
i —14p—1
t=1 pt - PP

_ GP(l+logT)  oPD*® [T pe(12)
~ w pp—t 1+logT p=2

E [RP°(x)] <

~

Lastly, it is known that if ¢; is G-Lipschitz and p-strongly convex on a domain A with a diameter D, then
it satisfies D < % (e.g., see Lemma 2 of [34]). Therefore, when p € (1, 2),

G? (1+1ogT) N oPG?P
7 7

T3P,

E [R7(2)] <

B Missing Proofs for Dual Averaging

This section provides missing proofs for regret bounds of DA.

B.1 Proof of Theorem [2|

Proof. Let Li(x) = Hw2mm11\| + 3 (g, ®) ,Vt € [T +1], where 19 £ 7;. Then DA can be equivalently
written as
x; = argmingc Ly (), Vt € [T +1].

By Lemma 7.1 of [29], for any x € X,

T
r — X
S tgpame—a) = B ) L)+ Y L) + (g0 @) - Lo (@)

=1 2nr
T
el S,
= o + Z (@) = Lt (@ey1) + (gy, @)
=1
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where the inequality holds by Lri1(z7r41) < Lrii(x), Ve € X due to xpy1 = argmingc Ly (x). Note
that for any t € [T,

Li(xy) — L1 (i41) + (g, )

|Zes1 — 2]” [|@eer — a1
211 2n

=Li(x¢) — Li(Te41) + (9y, Tt — Try1) +

<Li(xy) — Li(xi1) + (g4, T — Ty1)

() T — T 2
< <gt7£L‘t — th+1> - Ht2mtl+1”

where (a) is by n; < m,—1, V¢ € [T] and (b) holds because L; is ml_l -strongly convex and x; = argmingc » (),
which together imply

2 2
T, — T T —x
Li(x¢) — Li(i11) < (VLi(24), 6 — 1 41) — I = @es| <- e = @i .
2np—1 2mp—1

Therefore, we have

-1 2ne—1

~~

= ||a: - mlu o | — @i ||
E gtvmt*m = + E gt,mt*$t+1>* . (18)
t=1

By the same argument as proving but replacing n; with n,_1, there is

2
|2 — @41

(g @ — wepa) — < 01 G® + C(p)f=y lledl|” D>

2m4 1
As such, we know
- Ce—alP 2 o1 (1o (1P 1y2—P
> gy Y ma G Cp)nE T le|P DR (19)
=1 27 =1

Finally, following similar steps in proving Theorem [I] in Appendix [A] we conclude

E [RPA(®)] S GDVT + o DT/,

B.2 Dual Averaging with an Adaptive Stepsize
We show that DA with an adaptive stepsize can also achieve the optimal regret GDv/T + o DT/P.

Theorem 9. Under Assumption taking n, = QDVt_l/2 and V; = 22:1 llg.ll* in DA (Algorithm @, we
have

E [RPA(x)] < GDVT + oDT'? Va € X.

Proof. For any x € X, we have

a @@ |z - T —x 2
S (g — @) < llz — . ||” 1|| 3 gt7xt_mt+1>_”t27t+1”7 (20)
t=1 t=1 Nt—1

where 79 £ 77;. On the one hand, we can use AM-GM inequality to bound

2 2
lz: — x| < N1 [l g
201 - 2

<Qt, Ty — th+1> -
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On the other hand, we know

|+ *9Bt+1||2

oy = Gem @) < gz =@l < gl D, (21)

(9 —x441) —

where the second step is by Cauchy-Schwarz inequality. Therefore, for any ¢ > 2,

|z =zl _ me-1 llgell® (@) 2
<gt7xt - wt+1> - 9 < 9 A ”gtH D < 2 T 1
-1 m—illg.* " Tg.TD
2 2
(e)
w__2lgl’ 9 _2Dlal’ )
t—1 2 t 2
>t lgsll” + llg:| 2 s llgsll
where (a) is due to z Ay < W,Vm y >0, (b) is by g1 = ﬁ» and (c) holds because of
\/Zi:l lg, | < \/22;11 lg.lI> + llg; |- Note that is also true for t = 1 by 1)
Combine and and use || — z1]| < D to obtain
T T 2 T
D? 2D gl D? 2
P e Dy e i i) DL L1
=1 =1 /> =1 195l =1
which only differs from by a constant. Hence, by a similar proof for , there is
1
T T T 0
2
> s 50 || S wGal+ ()|
t=1 t=1 t=1
implying
E [RPA(2)] < GDVT + oDT'/P.
O
C Missing Proofs for AdaGrad
This section provides missing proofs for regret bounds of AdaGrad.
C.1 Proof of Theorem [3
Proof. As mentioned, AdaGrad can be viewed as OGD with a stepsize 1, = \/’% = W Therefore,
é:l 9gs
we can use for AdaGrad to know for any x € &,
2 2 2
o — oy <zl =l —al” e
tr &t ~ 27]1‘, D)
Sum up the above inequality from ¢t = 1 to T" and drop the term _MT;?%W to have
- oy — ) = (1 b i, 5l i
11— t+1 ¢ 119
B ST
T it
D? | ~nelgl?
<« = 23
<o T ; S (23)

where the last step is by ||z; — || < D, V¢ € [T] and ne1 < n, VE € [T — 1].
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Next, observe that for any ¢ € [T,

2 2 2
> M n 1 1 1 1 2n 1 1
gl =57 3 :772(— )<+ < — | == )
un MNi—1 e Me—1 M -1 N\t T—1

where 1/79 should be read as 0. The above inequality implies

i e llgll” i 7 (24)
~ 2 — M -1 T
Combine and to have
T D2 772
S lgem—wy < 2T
t=1 2nr

Note that there is

T T T T
> g, < > 2 Ve (o) II” + 2 |e]|* < 2y IV () |* + 2> et
t=1 t=1 t=1

)

IN
[\
]
4
&
§
+
S
/—\
ngh
)
—

where the last step is due to ||-[|, < [|-[|, for any p € [1,2]. Hence, we obtain

t=1

T T %
Yo IVee)|® + <Z ||6tp> - (25)

We take expectations on both sides of , then apply Hélder’s inequality to have

<é IIGtP)

and finally plug in n = D/v/2 to conclude

1

T p
< <ZE [||et||"]> <oT%,
t=1

o=

E [R}¥¢d(2)] < GDVT + o DT/P.

O

D Missing Proofs for Applications: Nonsmooth Convex Optimiza-
tion

We prove the following last-iterate convergence result for SGD (i.e., OGD for stochastic optimization) under
heavy-tailed noise. The proof of Theorem [10|is inspired by [22] 48].

Theorem 10. Under Assumptionfor li(x) = F(x), for any stepsize ny > 0 in OGD (Algorithm , we
have

9 T
+G*Y ——t—— + 0D PZ vz € X.
Dot t=1 Zs (t+1)AT Ms t=1 2us= (t+1)/\T Ms

E[F(zr) - F(x)] S
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Proof. Given « € X, we recursively define

Wy
yo=x and y, = (1 - 1) T+ ——y, 1, Vt € [T], (26)
we W
in which
wtéTL,VtE{O}U[T—l] and wr 2 wr_; = 1. (27)
Zs:t+1 Ns
Equivalently, y, can be written into a convex combination of @, x1,...,x; as
w L wy —w
0 s — Ws—1
= — —x,,Vt € {0} U |T]. 28
v e 3 e v e (0} U] (28)

Therefore, y, also falls into X and satisfies y, € F;_1.
We invoke for y, to obtain

2 2
x; — — [J&i — - -
(o) < IR W G2y e D (29)

Since x¢,y, € Fi_1, there is
E[(gy, @ —y,)] =E[E|g, | Fe1] , @ — y,)] = E[(VE(2e), 2 — yy)] = E[F(@:) — F(y,)],

where the last step is due to the convexity of F. As such, we can take expectations on both sides of to
have

E|lle: - y.l°] — E [llees — v

+mG? 4+ C(p)pP~ 'oPD?P

N 2m
1 2
B[22 o -y |’] B [loen - wl®] I
< o +n G+ Clp)n; oPD7P, - (30)
where the second step is due to ||z¢ — y,]|* < (1 e 1) [l —th +wt L\ - ytleQ = 2=t H93t yt—l“2
by and the convexity of |lx; — || . Mutiply both sides of (30) by w;n; and sum up from t=1toT to
obtain

T
E lz wene (F(xe) — F(y,))

2 2
wo llz1 = yol* ~ E [wr lers1 -yl

T
+ Z wn; G* + C(p)winfo® D*7P

a 2 t=1
woD? <
< 02 + Z win?G? 4 C(p)winfoP D*P. (31)
t=1
Now observe that
28 wo Wy — Ws—1
F(y,) - F(x) < — (F(z)-F(x))+ ) (F(zs) — F(x))

22



which implies
t
Z — Ws— 1 uiz (F(ws) - F(SC))

— Wi-1 (Z%) — F(x)).

E

Zwﬂlt (F(y,) —
t=1

o~
Il

Mq

t

I
—

Thus, we can lower bound the L.H.S. of by
T T
> weny (F(ae) = F(y,) = > wene (F(me) — F(®)) — wene (F(y,) — Flx))
t=1 t=1

T
Eloe o)
= wrnr (F(CET) - F(x)) )

where the last step is due to, for ¢t € [T' — 1],

T
127) nr nr
wtnt_(wt_wt—1)<§ 773) = =r '77t—< T ) (E 775>
s=t Zs:t+1 TNs Es:t+1 Ns Z =¢ls s=t

= = ¥ p— “ne =0
- T T -
Zs:t+1 TNs Zs:t-i—l TNs

127)
and wr ! wT 1 =1.

We plug (32]) back into and divide both sides by wrnrto obtain

T

woD? wn? o wyny 9
E|F(xr) — F(x)] < + —G*+C(p)—=0PD"7P
\F(@r) (@)] 2wrnr ;wTﬁT (p)wTﬁT
@ p2 T
by e pz |
D1 t=1 Ze +1yaT s t=1 2us= (t+1)/\T773

(32)

O

Equipped with Theorem we show the following anytime last-iterate convergence rate for SGD/OGD.
As far as we know, this is the first and the only provable result demonstrating that the last iterate of SGD
can converge in heavy-tailed stochastic optimization without gradient clipping. Compared to Corollary [2]

the difference is up to an extra logarithmic factor. Therefore, it is nearly optimal.

Corollary 5. Under Assumption || for {i(x) = F(x), taking n, =

G\/
have GD (1 +logT D(1+1logT
E[F(or) - F(a)) g 20 H10eT)  oDU+1eT) )
VT %
Proof. By Theorem [T0} we have
E[F(zr) — F(z)]
oyt oyt
<__— 4G — 't 4 gPDP
ST
D=1 t=1 E t+1)/\TT]5 (t+1)/\TT]5

D2 ) T-1 77t2 - T-1 p
e+ P+ Y e 40D [ e Y ).
D1 M t=1 Zs:tJrl Ns t=1 2us=t+1"ls
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For any ¢t € {0} U [T — 1], observe that by Cauchy-Schwarz inequality

9 d 1 Zsttli
w3 L) () <

s=tt1 s s=t+1 s=t+17ls

Thus, there is

2 T T N
E[F(zr) - F(@)] S71 n+G2<nT+Z”tZs—t+lm>

~T2 — 2
= = (T=1
1
M 2us
+ P D2 p(T +Zt2tt+)“7> (33)
We first bound
SO Loy OV ot G GVE ot Gy O
m D D D D ~D D
t=1 t=1 t=1
which implies
D21 _GD oD
e D = (34)
% = T T %
Next, we know
77T+Z 229 t+1ng i D Tzl D Ze t+1f O_D.Zs‘ t+1s/p
—02 S avr HT—6)2 G2 (T —t)?
Factl D +D(l—HogT)JrUD(l—HogT)
~GVT GVT G2t
where (a) is by n; < GL\/E and ni < Gl‘)/g vV ”Sl;/p. Hence, there is
, S| - GD(1+logT) oD (1+1logT)
HUEDY I . (35)
P (T —1) VT T=%
Similarly, we can bound
- 1
Do D(1+1logT D(1+logT
oPD2~P Z t+1 s 5 G ( + log ) + g ( j_ 10g ) (36)
— VT T %
Finally, we plug 7 and back into to conclude. O

E Missing Proofs for Applications: Nonsmooth Nonconvex Opti-
mization

E.1 (§,¢)-Stationary Points

Definition 2 (Definition 4 of [7]). A point € R? is a (J,€)-stationary point of an almost-everywhere
differentiable function F if there is a finite subset S C B%(a, §) such that for y selected uniformly at random
from S, E[y] =« and ||[E[VF(y)]| <e.

The concept of the (J, €)-stationary point presented here is due to [7], which is mildly more stringent than
the notion of [50], since the latter does not require E [y] = . For more discussions, see Section 2.1 of [7].

24



E.2 Proof of Theorem 4

In this section, our ultimate goal is to prove Theorem [ for the O2NC algorithm, extending Theorem 8 of
[7] from p = 2 to any p € (1,2]. Notably, our new result does not require any modification to the O2NC
method, but is obtained only from a more careful analysis, indicating that O2NC is a robust and powerful
algorithmic framework.

We begin with Lemma [2| which lies as the cornerstone for establishing the convergence of O2NC.

Lemma 2 (Theorem 7 of [7]). Under Assumption|q (only need the second point and the unbiased part in
the fourth point), for any sequence of vectors uy, ..., ugr € R%, 02NC (Algom'thm guarantees

KT KT
E[F(Yrr) = Fyo) + E | > (g @n —un) | +E [ <gmun>] : (37)
n=1 n=1

To relate Lemmato the concept of K-shifting regret introduced before (see @), SUppose Now a sequence
of vectors vy,...,vk is given, if we set u,, = vy for all n € {(k—1)T +1,...,kT} and k € [K], then the
second term on the R.H.S. of 1) can be written as E [Ré(vl, e ,’UK)] , and the third term can be simplified

. K kT

into Y, E [<Zn:(k—l)T—0—l In> vkﬂ :

Zﬁi(k—l)T+l VF(zn)
||Zﬁ£(k—1)T+l VF(z")H

kT kT kT
E < Z gn,vk> =K < Z en,vk> — DE Z VF(z,)
n=( T+1

Same as [7], we pick v, £ —D for some constant D > 0, which gives us

k—1)T+1 n=(k—1) n=(k—1)T+1
kT kT
< DE > el|| -DE > VF(zn)
n=(k—1)T+1 n=(k—1)T+1

If €, has a finite variance (i.e., p = 2), then like [7], one can invoke Holder’s inequality and use the fact
E [(€m, €n)] = 0,¥Ym # n € [KT] to obtain for any k € [K],

2

kT kT kT
Ell X wl[<|B]] X af|-y X Elld]<ovT
n=(k—1)T+1 n=(k—1)T+1 n=(k—1)T+1

However, this argument immediately fails when p < 2 as E [an\ﬂ can be +oo. To handle this potential

issue, we require the following Lemma [3]

Lemma 3 (Lemma 4.3 of [23]). Given a vector-valued martingale difference sequence wy, ..., wr, there is

E

]sm@ (lewtll">p Vpe[l,2].

T
D w
t=1

Equipped with Lemmas [2] and [3] we are ready to formally prove Theorem [ demonstrating that the
0O2NC framework provably works under heavy-tailed noise.

Proof of Theorem [} We invoke Lemma [2| with w, = v, r,Vn € [KT] (equivalently, u, = vy if n €
{(k—=1)T +1,...,kT}) and use the definition of K-shifting regret (see (9)) to obtain

K kT
E[F(yxr)] = F(yo) + E[R} (v1,...,vk)] + Y _E < > gn,vk> . (38)
k=1 T+1

n=(k—1)
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Recall that g, = VF(z,) + €,, which implies for any k € [K],

kT [ kT kT
E < Z gn,vk> =K < Z en,vk> +E < Z VF(zn),vk>

n=(k—1)T+1 | \n=(k—1)T+1 n=(k—1)T+1

kT i kT
<zl Y el +E< > VF<zn>,vk>

L|[n=(k—D)T+1 | \n=(k—1)T+1
kT kT
— DE > el|| -DE > VF(z)||| (39)
n=(k—1)T+1 n=(k—1)T+1

where the second step is by Cauchy-Schwarz inequality and the last equation holds due to
Z]:L:C(k yr41 VE(zn)

HEn- k—1)T+1 VF(zy,)

Combine and (39), apply F(yxy) > F, and rearrange terms to have

K kT

,Vk € [K]. (40)

11
E|Y =7 > VF(zp)
k=1 n=(k—1)T+1
<F(y0)—F* E [R} (Ul,...,vK)] Zk 1 [HZn (k=1)T+1 €n } (41)
— DKT DKT KT '
For any fixed k € [K], we apply Lemmal with w; = €(z—1)74+, Yt € [T] to know
kT kT
E Y || <2V2E llen |
n=(k—1)T+1 n—(k 1)T+1
1
kT P
<2V2 S E[lelf]] <2v20T7, (42)
n=(k—1)T+1

where the second step is by Holder’s inequality (note that p > 1). Finally, we conclude the proof after

plugging back into . O

E.3 Proof of Theorem [5
Proof. By Theorem [4] there is

K kT A
1 1 F(yo)—F* ]E[RT(’Ul,...,'l)K)] o
E|Y == F(za)||| S : 4
2l 2 VFE)|| STt DKT = (43)
k=1 n=(k—1)T+1

Note that A has the domain X = B4(D) and s,, ~ Uniform [0, 1]. Thus, for any n € [KT],
lzn]l <D and s, €[0,1]. (44)

We first lower bound the L.H.S. of (43). Given k € [K], for any m < n € {(k—1)T +1,...,kT}, observe
that

n—1
||zn - zmH = ||yn_1 + spxy — Ym—1 — Smme = ||$n®Tpn — SmTm + Z Z;
i=m
n—1
< sp @] + (1= sm) [Tml + D @l < (n—m+1)D < DT.
i=m—+1

26



Recall that z = % ZkT(k DT+41 Zn and D = 6/T now, then the above inequality implies
lzn — zk|| <K DT =6,Yne{(k—1)T+1,...,kT}, (45)

which means
z, € BY(zy,0),Yne {(k—1)T +1,...,kT}.

By the definition of ||VF(zy)||s (see Definition , there is

kT

IVFEOIs< |5 Y VFE)|. (46)

n=(k—1)T+1
Next, we upper bound the R.H.S. of . By the definition of K-shifting regret (see @D), there is

kT

K
E[R%(vl,...,vK)] :Z]E Z (s T, — V)

k=1 |n=(k—1)T+1

Note that we reset the stepsize in A after every T iterations and vy € B%(D) by its definition (see )
Then for any A € {OGD, DA, AdaGrad}, we can invoke its regret boun(ﬂ (i.e., Theorems and |3) to obtain

kT
E| Y (gum.—vi)| SGDVT +0DTVP vk € K],
n=(k—1)T+1
which implies
E [R/}(vl, cvE)] S GDKVT + oDKT'P. (47)

Finally, we plug and back into , then use D = 6/T and A = F(y,) — F4 to have

[ Z IVEE)5| S

A G o
N(SK f

E.4 Proof of Corollary
Proof. Recall that we pick

=[] [T

where A = F(y,) — Fx. We invoke Theorem [5| and use KT > N/4 (see Fact [2)) to obtain

AT G o
F(z —_— 4 —.

By the definition of T, we know

L (5GN §+ SN\ 1
A A

2A minor point here is that the current function £, (x) = (g,,, ) does not entirely fit Assumption We clarify that one
does not need to worry about it, since all results proved in Section [3] hold under this change. For example, in the proof of

Theorem we can safely replace the L.H.S. of with E [Zthl (94, ®t — :z:)]

AT A
ON s ON
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and

G G Gab o g g ommabw
VI~ VN (GN)sT T TONYTR O (5N) e
Therefore, there is
K 2 1 _p . b=l
1 G g A G§A§ o 2p—1 A2p—l
E|—= VF(z < —+ 4+ — 4 -
KICE::IH ( k)||5‘| \/ﬁ Nl*% 5N (6]\7)% (5N)2prll

E.5 Extension to the Case of Unknown Problem-Dependent Parameters

In Corollary [6] we show how to set K and T when all problem-dependent parameters are unknown. It is
particularly meaningful for AdaGrad. As in that case, the rate is achieved without knowing any problem-
dependent parameter. This kind of result is the first to appear for nonsmooth nonconvex optimization with
heavy tails. However, the rate is not as good as Corollary [3] It is currently unclear whether the same bound

1/(6N );p;*ll as in Corollary [3[ can be obtained when no information about the problem is known.
Corollary 6. Under the same setting of Theorem [J, suppose we have N > 2 stochastic gradient budgets,
taking K = |[N/T| and T = [N/2] A [(5N)%-‘, we have

A G o
VF(z N T+ T+ :
Z” |5‘| (5N)/\(5N)§ \/N/\((SN)E Nl % (5N)2(p 1)

Proof. We invoke Theorem [5| and use K'T' > N/4 (see Fact [2) to obtain

AT G o
F(z — .
K Z |v ||6‘| ~ 5N + f + Tl_l

By the definition of T, we know

and

Therefore, there is

5] s—=2 L+ ¢ .

E.6 Proof of Theorem

In this section, our ultimate goal is to prove Theorem[6] The analysis follows the framework first established
in [3] and later developed by [7] but with some necessary (though minor) variation to make it compatible with
heavy-tailed noise. In the following, we will slightly abuse the notation A to denote any possible randomized
first-order algorithm instead of an online learning algorithm.
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E.6.1 Basic Definitions
To begin with, we introduce some basic definitions given in [3].

Definition 3 (stochastic first-order oracle). Given a differentiable function F': R? — R, a tuple (g, R,P,.)
is called a stochastic first-order oracle of F' if P, is a probability distribution on the measurable space R and
g : R4 x R — R? satisfies E,wp, [g(x,7)] = VF(z),Vx € R,

Remark 9. When the context is clear, we will omit F', R and PP,., and simply call g as a stochastic first-order
oracle.

Definition 4 (randomized algorithm). A randomized algorithm A consists of a probability distribution P
over a measurable space S and a sequence of measurable mappings A, Vt € N such that every A; takes a
common random seed s € S and the first ¢t — 1 oracle responses to produce the t-th query. Concretely, given
a differentiable function F' equipped with a stochastic first-order oracle (g, R,P,), the sequence x;, Vi € N
produced by A to optimize F' is recursively defined as

xy = Ai(s,g(xi—1,7¢-1),...,9(x1,71)),Vt €N,

where s ~ P; is drawn a single time at the beginning of the algorithm and r, ~ P,.,Vt € N is a sequence of
i.i.d. random variables. Moreover, A;.ng denotes the set containing all randomized algorithms.

Next, we require a useful concept named probability-¢q zero-chain. Before formally stating what it is, we
need some notations. Given z € R? and « € [0, 1], prog, (z) denotes the largest index whose entry is a-far
from 0, i.e.,

prog, (z) = max{i € [d] : |z [i]] > a} where max@ = 0.
In addition, for any j € {0} UN, let z<; [i] £ 2 [i] 1 [i < j],Vi € [d] be the truncated version of . Now we
are ready to provide the definition of the probability-g zero-chain.

Definition 5 (probability-¢g zero-chain). A stochastic first-order oracle (g, R,P,) is called a probability-q
zero-chain if and only if

P, {Vw e R?: progy(g(z,r)) < prog1/4(:c) and g(x,r) = g(wgprogIM(Z), r)} >1—g,

and
P, [Vw e R?: progy(g(x, 1)) < prog1/4(m) + 1 and g(x,r) = g(mgprog1/4(a})+laT):| =1.

E.6.2 Useful Existing Results

In this part, we list some useful existing results from [3] and [7].

Given d > T € N and a differentiable function Fr : RT — R with a stochastic first-order oracle
gr that is a probability-g zero-chain, their rotated variants parametrized by a matrix U € Ortho(d,T) =
{UeR™T :UTU = Ir} (where I is the T-dimensional identity matrix) are defined as

FT,U(JJ) £ FT(UT:c) and gT’U(:B,T') £ UgT(UT:c,r). (48)

Clearly, g 1y is a stochastic first-order oracle of Fr . In addition, we emphasize that the input variable
is from ]Rdiinstead of R” now.
With Fry and gr g, we state the following lemma due to [3].

Lemma 4 (Lemma 5 of [3]). Given ¢,c € (0,1), R>0, T € N, d € N satisfying d > T + 32R?log 2%2 and
a randomized algorithm A € Apand, suppose the output of A always has a norm bounded by R, let x;, ¥Vt € N
be the trajectory produced by applying A to optimize Fry interacting with the stochastic first-order oracle
gr.u, where U is drawn from Ortho(d,T') uniformly, then there is

T —log(2/¢)
2

Pr |prog, 4 (Uth) <T,Vt <
q

>1—1.

Here Pr takes into account all randomness over A, gy, and U.
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Note that Lemma [4] can be only applied to a randomzied algorithm with bounded outputs. To overcome
this issue, we need the following variants of Frr;y and g, introduced by [7]:

Fry(x) £ Fry(pra(®) + 0z’ ppa(z), (49)
Gru(@,r) £ Tna(@) gru(pra(@),r) + 1V (@ pga(@)), (50)
where pp () = W is a bijection from R? to inth(R JRr,a denotes the Jacobian of pp ;, and

R,n > 0 are two constants being determined later.
Before moving on, we state some useful properties of pp 4 here.

Lemma 5 (Lemma 13 of [3] and Proposition 29 of [7]). Let |||, denotes the operator norm, then for

PR " R? 5 R ¢+ ——2_ there are

V1itl=|?/Rr?’

1. V(@ pra(@) = (2= |ora@)| /) pral@),

NS}

Nlpra(®) = pra®)| < llz - yll,

_ Id*PR,d(w)PR,d(w)T/R2
5 Tralx) = Vitle|?/R?

1
. = <
4 | Tr,a(®)]]op T S 1,
5. | Tra(®) = Tra()llop < 3 llz —yl|-
We then can combine , , and Lemma to have

)

Pru(@) = Pru(pra(@) + 12" ppa(@) = Fr(U pr (@) + 12" pp a(@), (51)
VEru(®) = Tna(@) VEru(pra@) + 1 (2~ pra(@)]|* /B pra(@) (52)
= Tna@) UVFr(U p (@) +1 (2~ | pra@)|” /B pral@), (53)

Gr0@.1) = Tna(@) 910 (Pra@). ) +1 (2 |pra@)|* /) pr.a() (54)
= Tna(@) Ugr(U ppa(@),r) +1 (2= [|lpra@|” /B) pra@), (55)

Now we are ready to give the following Lemma@ which is almost identical to Lemma 25 in [7] by differing
up to numerical constants. Since Lemmallfis particularly important, we therefore provide its full proof here.

Lemma 6 (Lemma 25 of [7]). For T € N, suppose that Fr satisfies the following two requirements:

1. For allx € RT, |[VFr(z)|| < vWT where v > 0 is a constant satisfying % -3 >0 % &y >

506
Toavbs51 590

2. For all x € RT, if prog,(z) < T, then |[VFr(z)|| > |V Fr(x) [prog, (x) + 1]| > 1.

Given q,0 € (0,1), n = % -3 R= TwWT, d € N satisfying d > T + 32R?log 2312 and a randomized

algorithm A € Arand, let x4, Vt € N be the trajectory produced by applying A to optimize ﬁT,U interacting with
the stochastic first-order oracle gr 1;, where U is drawn from Ortho(d, T') uniformly, then there is

T —log(2/¢)

>1—1.
2q - t

Pr [HvﬁT,U(mt)H > %,w <

Here Pr takes into account all randomness over A, g; and U.

3As one can check, pgld(m) s intB4(R) — R? exists and equals

I S
Vi-|=|?/R?
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Proof. By definition of randomized algorithms (see Definition , we have
ry = At (S,§T7U($t_1,7“t_1), AN agT,U(xlv’rl» ,Vt e N. (56)

Now let us consider another sequence

T

Y = pralT) = ————es
’ VA [l ]| /B2

€ intBY(R),Vt € N. (57)

Note that

~ (54) _ 2
ar.u(xe, ) ! jR,d(wt)TgT,U(PR,d(mt)’ re) + (2 - HPR,d(wt)H /RQ) Pr.a(@t)

7 _ _
D Fraoraw) oo +u (2= lwl /B2) v,

= g(ytagT,U(yt7rt))7 (58)

where G(u,v) : intB4(R) x RY — R? is a measurable mapping defined as
G(w,v) £ Tna(pria(w) Tv+n (2 Jul* /B u.

Thus, we can write

(56),7),(58) _ _
y, O, oA (5.6 Gr0 W), Gy e (yym))) e €N,

By a simple induction, there exists a sequence of measurable mappings AY,Vt € N such that

Yy = Aty(sagT,U(yt—la Tt-1),- - - ;QT,U(Z‘/177“1))7W eN.

The above reformulation implies y,, V¢t € N can be viewed as a sequence produced by a randomized algorithm

AY € Aung interacting with stochastic first-order oracle g ;. Note that d > T+32R? log quf and ||ly,|| < R,

we hence have by Lemma [4]

Pr |prog; /4 (UTy,) < T, Vvt < T_lgjm/b)} >1—u. (59)
Now we recall
VEry (@) D Tna@) VEru(pra(@)) +1 (2= [pr.a(@)]|” /R2) pr.a(@:)
Tra(@) VFro(y) +n(2 ly.l* /R?) y. (60)
Moreover, by the first requirement on Fr, there is
IVEro ()| [UVE@ Ty |V E | VE U Ty, < VT (61)

We fix t < %ﬁm and consider the following two cases:

Case 1. ||x¢|| > £&. In this case, we first have

[VEru@ | =0 (2 Il ) il = [ Tated TV et

Note that 122l _ ll=ell/R [ 1

— 1} when ||z;|| > £, implying

R Ll /B2 LV5
. IR
0 (2= Iwel® /R2) Iy, | = R min (2 a?)a= 2.
Js<a<lt 5\/5
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In addition, there is

Y1+ llze]* /B2

| Tr,a(ze) "V Eru(y,)|| < | Tr.a(w:)| lop ||V F0 (9) |

Hmtlz% 2||VEru(y,)|| /T

< NG S
As such, by our choices of  and R,
MR 29T _ 1
VEru(@)| = > -
|V Fro e 55 V6 2
Case 2. || < & . In this case, we introduce

ji £ progy (U'y,) +1< Prog; 4 (UTy,) +1 < T.

Let uj, € R? denotes the j;-th column of U. By the definiton of j;, there is

[(wj,, yp)| = |(UTyt) [jt” <1 (62)
In addition, we have
— _ Ty=
(s VEru )] = (U7 VEru(y) il B =" |vEr 0Ty il > 1. (63)

where the last step is by the second requirement on Fp. Now we compute

‘ - [, [|=1

FT,U(wt)H > ‘<Uj”VﬁT,U($t)>’

(e, Ta(@e) "V Pru(y,)) +1 (2= lyil* /R2) (wi,w,)

I

LcménaEl <ujf, ) VF‘T,U(yt)> <u]1 ) yt <yta VFT U yt

V1 e /R? R2\J1 + ||| / R

i VEro(y,))| [(ye, VEru(y,))]

> (g, )] L
\/1+||:ct|\ /R BJ1+ | /2

A IVEru(y,)| o (Q i 29vT (©)

1
— 4 =5
\/1+\|mt|\ /B2 R2\/1+ |a|? /R bR 2

where (a) is due to 1 ﬁ Cauchy-Schwarz inequality and 1 > 0, (b) is by ————=— > 2
L ’ Vitle?/R2 = V5

1yl [l | 2R R .
= when ||z 2 and (61), and (¢) holds under our choices
Vit |2 /R2 1+Hmf,\|2/R2 <% 2]l < 3 7 (c)

of n and R.

0 (2= llyel® /R (s )

2 |y /R?)

and
We combine two cases to conclude

o

Lastly, we recall the following hard instance and its stochastic first-order oracle studied in [3].

> %,Vt < Tlog@m} >1—1

2q

‘VﬁT,U(mt)
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Lemma 7 (Lemma 2 of [3]). For any T € N, there exists a differentiable function Fr : RT — R satisfying
the following properties:

1. Fr(0) =0 and inf ,crr Fr(x) > —fT, where f = 12.
Fr is £-smooth, where £ = 152.

For allz € RT, |VFr(x)||, <7, where v = 23.

™

For all € RT, prog,(VFr(z)) < prog, j»(z) + 1.
5. For allz € R" and i = prog, j5(x), VFr(x) = VFr(z<iy1) and [VFr(z)); = [VFPr(z<i)];
6. For all x € RT, if prog,(z) < T, then |[VFr(z)| > |VFr(z) [prog, (x) + 1]| > 1.

Lemma 8 (Lemma 3 of [3]). For any T € N and Fr in Lemma@ the following g : RT x R — RT | where
R = {0, 1}, is a stochastic first-order oracle of Fr:

VFr(z)[i] i+ prog, () +1 Vi e [T],

gr(z,r)[i] = {;VFT(-'B) [{] i = progyy(z) +1

where r = Bernoulli(q) for some q € (0,1). Moreover, g is a probability-q zero-chain.

E.6.3 Analysis under Heavy-Tailed Noise

From now on, we need to diverge from [3] and [7], since both of which are under the finite variance case (i.e.,
p = 2) instead of heavy-tailed noise (i.e., p € (1, 2]).

Lemma 9 (variation of Lemma 7 in [3] and Lemma 26 in [7]). The instances F\T7U and gr; (see and

) constucted based on Fr in Lemmaﬂ and g in Lemma@ under 1 = % - % and R = TyWT for

v = 23 satisfy the following properties:
1. ﬁT7U(O) —inf,cpa ﬁnU(m) < fT, where f: 12.
2. ﬁT,U 18 Z—smooth, where { = 154.

3. For all x € RY, ’

VﬁﬂU(x)H < AVT, where 7 = 53.

P p(1_,,p1
4. Forallz € R and p € (1,2},]ET[ } < %.

‘VﬁT,U(‘B) —3gru(z,T)

Proof. First, we know

=~ . =~ (51) .
Fro(©)— inf Pro(@) @ Fr(0) = inf (FrUT pra(@) + 12" pra())
xR xR
prR,d(w)zo Lemma [7] ~
~ FT(O) — inf FT(HT) S fT = fT
xeRT

Next, for any & € R,

V@) E Tra(@) TUVFr (U pga@) + 1 (2= lra@)||” /R2) pr.al@).
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By Lemma 14 in [3] and LemmaH Tr,d(®) "UVFp(U T pg 4(x)) is £ + 3”‘F R=TyvT

¢ = 152. Moreover, we have

(2= llora@)|* /R2) pra(@) ~ (2= |pra@)]” /B2) praw)|

p
w H PR.d (y) — pR,d(m)H

{+ ? Lipschitz for

<2||pr.a(®) — pra(y)| +

lpra@)* = lora()]]
+ 2 HpR,d(w)H

(@)
<2[je -yl + ly — | + 2[ly —z[| =5z -y,

39
140

Lemma 3 n=
where (a) is by ||PRd x) — pra(y)| |z — y|| and ||PRd )|| < R. So FTU( ) is £+ = +57

4339 ++5 <154 = /-smooth.
Moreover, we observe that

s

HVFTU H | Tr,a(x ||UVFT de || +1n (2 - Hde )H2 /RQ) HPR,d(w)H'

Note that for v = 23,
Lemma@

| Tr.a(@)lo, [UVFr (U pg o)) UV Er(UT pp ()|
Lemma [
<

VI |V R (U ppa())| WT,

and

lor.aO)||<R 4 /2
1 (2= lona@? /72) lonat@)| S ok a2 —at)a = g 2

1 39 4 [2
= (= - 2 ) 7 2L VT < 139WT.
<\/5 140) ’ 3\[3 WT < 13yVT

We hence have HVﬁTU(w)H < 2.3vVT < 53VT = AVT.
Lastly, still for v = 23, we compute

[9Fr0(@) ~ 0| O | Tn a(@) UV (U pja(@) ~ Tnale) Vg (U ppala), )|
< | Ir,a(x ||OPHU(VFT(UTPR(1( ))*QT(UTPRd(“f'),T))H

Lemma B

HU(VFT(U PRra(T)) — gr(U" Pra(T )H
Uymtr IVEr(UT pp (@) = 92(UT pp (= H
Lemmam

(@) [rogs a(e) +1]| T

71_57

Lem_ma &l ‘
q

1=
q

which implies

£ [[oFrote) - arnaten] <o (10 ) = (T )
FactB P22 (1 - ¢°71) w21 (29)° (1 —g” )
B i L i O
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Next, inspired by [7], we first prove a lower bound for heavy-tailed smooth nonconvex optimization, as
presented in the following Theorem

Theorem 11. For any A >0, H > 0, p € (1,2], 0 > 0,0 < e < ,/m, let d be in the order of

( (1 + ( )2(" 2 )) (see proof for the precise definition), there exists a distribution over functions

F : RY — R and stochastic first-order oracles g such that with probability 1, F(0) — F, < A, F is H-

smooth and %\/ HA-Lipschitz, and g has a finite p-th centered moment oP. Moreover, for any randomized

A € Anng employed to optimize a randomly selected F' interacting with g, to output a point x such that
3p—2

E[||VE(z)|] <€, the number of queries of g by A satisfies > AHe 2 + AHowTe o1,

Remark 10. The reader familiar with the literature may find that a similar lower bound (in fact, exactly
the same order) has been established by [23] [49] before, and hence may wonder about the difference. Here,
we note that the lower bounds in [23] 49] are shown for a special algorithmic class known as zero-respecting
algorithmsﬂ However, our Theorem is proved for a broader family, i.e., randomized algorithms. This fact
is important because Algorithm [4]is a randomized algorithm but not a zero-respecting algorithm.

Proof. For T € N and ¢ € (0,1) being determined later, let « = 1/2, n = % — %, R = 7yV/T where
v =23 and d = [T 1 32R?log %W - [T +32R? log %W = ©(T'log %), we construct Fr.y : R? - R and

gru(@,r) : RT x R — R* based on Fr in Lemmaljand gr in Lemma

By Lemma [6] (note that Fr satisfies the requirements of Lemma [6] due to Lemma [7), for any A € Apang
employed to optimize FT7U interacting with the stochastic first-order oracle gy, where U is drawn from
Ortho(d, T') uniformly, we have

~ 1
Pr {HVFT’U(@) > 5V < T (64)

By Lemma@ ﬁT7U( 0) —inf cpa Fr u(x) f T for f = 12 FTU is Z-smooth for £ = 154 and Av/T-Lipschitz
<

<
~ =~ (2 -1
for ¥ = 53, E, H‘VFT,U x) —grulz,r ‘ } ’Yp 1)q,, - ) Vo € R
Now we set
4?6 > 1
NeSr TE[E] s — (65)

For any U € Ortho(d, T, we introduce

H)? ~ HX\
FU(CC) = TFT v(z/A) and gy(z) = TQT,U(CC/)HT)'

We observe that

H)\QA @

HA\?
T

Fb(O)-— inf Fb(x):: Z‘ (j%tU(O)—-;é%di%yU(w/A)>

zeRY

~ 5 A
Moreover, VFy(x) = HTA)‘VFTp(:c/)\), which implies Fy; is H-smooth and H)‘%ﬁ < 3YHA Lipschitz. In
addition, there is

B, (19Fu(@) - g0 (@) = () . [|[Prutein - gro oo

- / (

p—1)gp~t

4A first-order algorithm is called zero-respecting if it satisfies ¢+ € Us<tsupport(g,),Vt € N. For more details, see Definition
1 of [3].
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For any A € A.ng used to optimize Fyy with StocGrady when U is drawn from Ortho(d, T') uniformly, we

can view as @/ as the output of another A* € Arang interacting with ﬁT,U and §T,U (a similar argument is
used in the proof of Lemma @ As such, by ,

1 T —log4 1
p ‘ P H >Vt < > 2
r{v T.u(Te/N) _QVt_ 5 ]_2
which implies with probability at least 1/2
H\ ~ H\ T —log4
VE :THVF )\H>—A,Vt<7
IVEy ()] ; (e /)| > 7S T
Therefore, we have
H\ HX H)\ (3) T —log4
IV Fs(enl] = 52 Pr |19 Fs (a0l > 22| = 22 =

Lastly, we compute

T —log4 1 ({ AA{I J —10g4)
2q 2 \L16f¢e?

o\
g
L) (MA) ]

-~ P71 =1
@1 ( AH ) lo ’
> - — —3) [1+(p—1
2 \16fte? (P )<27HAH
P
® AH o [ o \7
(p—1)7=
64f0e2 2vHA
(65) P pP—2
> AHe ? 4+ AHovTe o1

where the (a) isby |-] > -—1and log4 < 2, and (b) holds due to the condition €2 < %f% = Q—%,

a1 1 .
1??];62 -3> 3;}%27 and (1 +z)7T > 1+ 2z for x > 0 when p € (1,2]. So to achieve E[||VEy(x;)]|]] <€,

it requires at least AHe 2 + AHoot e 51 many iterations. In particular, we note that d = ©(T log %2) =
P
O (& 10g (A2 (14 (2)77))). 0

Equipped with Theorem we can show the lower bound on the distributional complexity [26] for
nonsmooth nonconvex optimization with heavy tails in the following Theorem

implying

Theorem 12. For any given A >0, G >0, p€ (1,2, 0 > 0,6 >0 and 0 < e < M/\%, let

P
d be in the order of % log (% (1 + (%) 2“””)), there exists a distribution over functions F' : R* — R, and
stochastic first-order oracles g such that with probability 1, F(0) — Fy, < A, F is G-Lipschitz and g has a
finite p-th centered moment oP. Moreover, for any randomized A € Ajang employed to optimize a randomly

selected F' interacting with g, to output a point x such that E[||VF(x)|;] < €, the number of queries of g by
A satisfies 2 Ad~tet + AgrT1§le™ 2=l

Proof. Let H = ¢/§ in the following. Note that ¢ < \/% due to our requirement on €. So we can

consider the same distribution on F' and g as in Theorem Importantly, F' is H-smooth and %\/H =

3 % < G-Lipschitz (again due to the condition on €) with probability 1.

2
If A € Anand finds a point @ such that E[||[VF(x)|s] < € (i.e., a (0, €)-stationary point of F'), then by
Proposition 14 of [7H0r v = 1 in Lemma [12] given later), it also satisfies E[|VF(z)|]] < ¢ + H§ = 2e.

3p—2

Therefore, Theorem [11| implies the number of queries of g by A is at least > AHe 2 + AHowie p i =
2p—1

ASle ! + AgiTd—le w1, O
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Finally, we are able to prove Theorem [6]

Proof of Theorem[l We recall the fact that lower bounds on the distributional complexity imply lower
bounds on the minimax complexity [26]. Thus, Theorem [f] can be directly concluded from Theorem O

F More Details about Further Extensions

This section contains more details of Section Bl

F.1 Full Results for Smooth /,
We present the full version of Theorem [7] and Corollary [}

Theorem 13 (full version of Theorem . Under Assumption 1| (with replacing the third point by Con-
dition 1) and let Sp(@) & (H Y, (@) ) A (H S (@) — £+ S0, [IVa(@)|*) where 7 2

inf cpa b (), wt* £ argminge v 0 (), and €f £ {,(x}):

e taking ny = ;5 N YD A for any v > 0 in A € {OGD, DA}, we have

a'tl/P

E [R}(z)] S HD?*+ D ( +~Sr(x )) +oDTYP Yz € X.

e taking n = D/\/2 in A = AdaGrad, we have

E [R} ()] S HD? + D\/Sr(x) + o DT/P Vo € X.

Remark 11. First, 7 must exist since X’ is a nonempty compact convex set and ¢; is closed convex. Next,
when £; > 0 on R?, we have Sp(x) < HZthl by(x) — 0inf < HZtT:1 ¢i(x). This fact, together with the
replacement of v by v/ V'H for OGD and DA, recovers Theorem

Proof. Under Condition (1} the following famous inequality holds (regardless of the convexity of ¢;)
Ve (@)]]* < 2H (L (x) — €M), Vo € RY. (66)
For convex ¢;, another similar inequality is also true
IVl () — Viee(ap)|? < 2H (b(x) — €)Y € X,
which implies
Ve (a (\/mzt——e*+ Ve () ||) < 3H(Cy(x) — 1) + 3| Ve(x)|? Ve e X (67)
By and 7 there is

Z Vi@l <33 |H (@) — ) A (H (Col@o) = ) + [V

SHRMe +3i[mt )= ) A (H(t@) - ) + 9@

< 3HR} (x) + 357 (x). (68)

With on hand, we can extend the regret bound of A € {OGD, DA, AdaGrad} to smooth ¢;.
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For OGD, note that still holds up to the change of G by ||V{,(x;)||, meaning that for any x € X,
T 2

T
D - -
> (g @) < o S Vhe)|* + Cop el D (69)
t=1 t=1

For DA, note that E still holds up to the change of G by ||V¥:(x;)||, meaning that for any x € X,

D?
Z 91, @ — ) <777+Zm LIV + Cp)nPt P D277, (70)
t=1

t=1

where 19 = 77. Now we write 7, = n A

for n = 75 AvD. For A € {OGD, DA}, taking expectations on
both sides of (69) or (69) implies

tl/p

T

> IV ()|

t=1

1)2
E [R}(2)] < el oDTYP + K

) D?
S r +oDTYP 4 3nHE R} ()] + 3nSt(x)
Since n = 4H AyD =1-3nH > > ,n<~D and <4H + D, we hence conclude

E [Rp(x)] <

D? 3nSr(x) aDTl/
< HD?+D S DT/,
(1—377H) T —8yH " 1—39H ~ + <7+7 r(@ )>+J

For A = AdaGrad, note that still holds, i.e., for any « € X,

T T %
Yo IVee)|® + <Z ||6tp> - (71)

1
We take expectations on both sides of , then apply Holder’s inequality to have E [(Zt 1 el ) p}

=

(23:1 E [Heth]) P < oT%, and plug in n = D/+/2 to obtain

E [R}(z)] < DE +oDTYP,

T
S IVt | +oDT? < D
=1

T
Z [V (z4)]?

where the last step is again by Holder’s inequality. Combine the above inequality with to conclude

E [R3(2)] < D\/HE [R}(2)] + Sr(a) + o DT'/?
= E [R}(z)] < HD?+ D\/Sr(z) + o DT/P.
O
Corollary 7 (full version of Corollary . Under Assumption (with replacing the third point by Condition
for ty(z) = F(x) and let x* £ argminge y F(x) and &p £ £ Zthl X, taking ny = NivFe *)H\F/\ t[f/p
in A € {OGD,DA} or n = D/+/2 in A = AdaGrad, we have
E [R}M(z*)] _ HD?* |VF(z*)|D oD
E[F(zr) — F(z*)] < EX < + + _.
Far) - Fat) <~ 2l < 0 2 22

Remark 12. When z* € X is also a global minimizer (i.e., * € arginf g« F(x)), we have [|[VF(x*)|| =0
since F' is differentiable. This fact recovers Theorem

Proof. By convexity, F(&r) — F(x*) < i F(mT‘)_F(m*) = R/;;m*) is valid for any OCO algorithm A.
. . . _ 1 —
We conclude from invoking Theorem (13 with v = TS F@ITVT for A € {OGD,DA} and n = D/v/2 for

A = AdaGrad and combining the fact Sy (x*) < H Y[_, F(z*) — F(2*) + 31—, |[VF(z*)|> = |[VF(2*)|* T
in this case. O
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F.2 An Optimistic Algorithm under Heavy Tails

As discussed in Section [5] our goal is to handle broader cases with optimistic algorithms. To do so, we first
introduce the following new Assumption [3}

Assumption 3. We consider the following series of assumptions:

o X C R? is a nonempty closed conver set bounded by D, i.e., Sup, yex |2 —yll < D.
o /X = R is closed convex for all t € [T1].

o (U is (Gy, Hy,v)-general nonsmooth on X, i.e., there exists Gy > 0, Hy > 0 and v € (0,1] such that
Gy + Hy > 0 and ||[Vl(x) — Vi(y)|| < 2G + Hy ||lx —y||” ,Vz € X, Vl(2) € 0ly(2),z € {x,y}, for all
te[T].

o Given a point x; € X at the t-th iteration, one can query g, € R? satisfying Vii(x;) = Rlg, | Fi_1] €
Oly(x;) and E [||e||°] < of for some p € (1,2] and o, > 0, where F; = o(gy,...,g;) denotes the natural
filtration and €, = g, — Vl(x;) is the stochastic noise.

Assumption [3| generalizes Assumption [I| since the latter is a special case of the former, i.e., when
(Gy, Hy,v) = (G,0,v) (for any v € (0,1]) and oy = 0. When G; = 0, this new assumption means that
each ¢; is locally Holder smooth with time-varying parameters (H;,v) on X. If we further let v = 1, then
each /; is standard smooth with a parameter H;.

F.2.1 Optimistic AdaGrad

Algorithm 5 Optimistic AdaGrad (OAdaGrad)
Input: initial point z; € X, initial hint h; € R, stepsize n > 0 and v; > 0
fort=1to T do

Query a hint hyyq

me =V ? Ay where Ve = Y0 llg, — bl

o 2

Xyp1 = argminge v (g, + hey1 — he, @) + %

end for

Following the famous idea of optimism, we consider an optimistic version of AdaGrad named OAdaGrad in
Algorithm [5| To start with, we give the following Lemma As a sanity check, one can take h; = 0 and
v¢ = +00, then OAdaGrad reduces to the standard AdaGrad method, and Lemma [10| recovers the path-wise
regret in . Therefore, the following result can be viewed as a further extension of AdaGrad, meaning that
we can apply our idea described before (see the paragraph under or the proof around ) to overcome
heavy-tailed noise.

Lemma 10. Under Assumption @ taking any hint sequence hy € R, n = D/v/2, and any nonincreasing
stepsize 7y in OAdaGrad (Algorithm @), we have

2

ZT D e -z

L —
(g @t —x) S (hy, oz —x) + - +D E llg: — htH E t+47 L vz e X.
t=1 t

Proof. Given t € [T], by the optimality condition of the update rule in Algorithm [5| for any x € X,

LTt41 — Ly

<gt+ht+1 —h; + y Lt —$> <0,

which implies
<wt — L1, L1 — $>
uiz
_ e =2’ — |2 — et |* — |41 — ol
2T]t

IA

(g + hiy1 — hy, i1 — )

b
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Therefore, we know

(9, e —x) =(g; + hey1 — hy,xep1 — ) + (g, — by, @ — Tq1) + (B, @ — @) — (higr, T — )
< |z — 2| — || — zeia ]

277t
+ (hi, e — ) — (hey1, o1 — )

) |2es1 — @)

+ <gt —hy, @ — T 2,

2 2 2
<||$—f‘3t\| — [lz — @411 2 [Ter1 — x|
< ol = ———

+ntllg; — h

27775 47715
+ (hi, p — ) — (hey1, 01 — ),
sum up which from ¢t =1 to T and drop the term —HET%%EHQ to have
- le—al’ (RS [E 1 — @)
— T t+1 2 t+1 — Xy
9u Tt — - g -
t=21< o ; <77t+1 t> ZTI g = 4ny
<h17$1 x) — (hry1, Try1 — T)
x T
§27+Z77t g, — kel — M + (h1,z1 — @) — (hry1, @741 — @)
-

® D> DVVr  ~nlg. - ht||2 e — )|

S AL - hi,z1 — ) — (h -

=9, + +Z SV 1, + (h1, 21 — @) — (hr41, @741 — @)

(°) D? D? a Y L

49 RS e T E iy e 2) — (h -
S (ot o) | Sl mlt = S I o) - o) s, - 2),

where (a) is by ||z — x| < D,Vt € [T] and ng41 < n, Vt € [T — 1] (since 7, is assumed to be nonincreasing),
(b) is due to n = \/Lvﬁ Ay = n% = ‘/W v 1 < ‘/W + 77 and (c) follows a similar step as proving
. Finally, we drop the term —%, use n = D/v/2, and set hry1 = 0 to obtain the desired

bound (this step is without loss of generality, otherwise, one can simply change the x741 used above to be

) _h Jz—r|? O
argminge y (g — hr, x) + =5-).

F.2.2 New Regret for OAdaGrad

Equipped with Lemma [I0] we first prove the following Theorem [I4] which establishs the regret of OAdaGrad
under heavy tails.

Theorem 14. Under Assumption@ taking hy = g,_, where g, £0,9= D/ﬁ, and v = % n
OAdaGrad (Algorithm [5]), we have

1
T S\ 2w T T P
E [R%AdaGrad(w)] < DLt (Z HE") +D,|Ar + Z G% +D (Z J?) )

t=1 t=1 t=1

where Ap 2 ||V ()] + 31—y supge 1 | V() — Ve 1 ()] and €5 2 0.

We briefly discuss Theorem [14] before proving it. First, the quantity Ar is standard and well-known in
the literature as gradient variation [6]. Next, let us consider the case Hy = 0, then the bound degenerates to

1/p
Dy Ar + Zthl G?+D (Zthl Jf) , which further reduces to the optimal regret GDv/T + o DT/ under

1—v
2—v

2-v
Assumption! In the case G; = 0, i.e., locally Hélder smooth /;, it gives a regret D*¥ (ZtT_l Htl”) +
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1/p
DA + D (ZtT:l of) . In the special situation, deterministic OCO under standard smoothness (i.e.,

oy =0, H, = H, and v = 1), this matches the classical result HD? + \/ArD [6]. But as one can see, our
Theorem is more general and, as far as we know, is the first bound containing gradient variation for
heavy-tailed OCO.

Proof. By Lemma [T0| with h; = g,_,, we have

T T-1 2
> igm—o s e p zugt g~ Y I —ml (72)
t=1 =1 Tt
Let €9 £ 0, we can find
T
Z lg: — g, 1|| Z IVl (21) — V1 (24) + V1 (21) = V1 (211) + € — €1

T
Ve (@e) — Ve (z0)|* + Z V€1 () — Ve (me1)||” + Z e

1 t=1

MH\

H
Il

T
AT + Z ||V£t 1 wt V@t 1 wt 1 + Z ||€t|| (73)

t=2

where the last step is by the definition of A7 and £y = 0. Now by Assumption IVl_1(xt) — V1 (Te1) H2 <

~

G2 |+ HZ | ||l& — x4 ||, which implies

T T T-1
S NVls(@) = V(e )|* S GEy + HE o — @ | =) GF + HE |lwgs — 2. (74)

t=2 t=1

Combine 1) and and use va+ b < /a+ \/l;, Va,b > 0 to have

2
el

[M]=

T ) T—1 T—1
Sllgi =gl Sy Ar+ DG+ ZHwatﬂ—thqur
t=1 t=1 t=1

t=1

1
P

||€t||p> , (75)

B

T—1 T—1
SNRRD SR SRR (
t=1 t=1

where the last step is due to || o < [[Il, for any p € [1,2].
Therefore, by (72)) and (75)), the followmg inequality holds

t=1

o D? - 2 |@e1 — 2
D g —x) S+ Dy Y HP |z — 27
t=1 T t=1 t=1 Ayt

o=

+D AT+ZG2+D<ZQHP> : (76)

t=1 t=1

We use Hélder’s inequality to bound

T-1 T-1 T sz T-1 T-1 |0 — H2 v
H2 lzsr 1 — xi||2 = H2 (9, ) 12t — 2l - HT7 (9p~,)Tov e+l — el ’
S o~ = 32 1 e < (e e ) (3 L
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which implies

cht+1 - $t||
2vy

v 2—v
v T = 2
t=1 2v7y4

=
8
+
—
|
8
AN
S
S
H
g
~
N
ﬁ
\_/
N
7\
H

<
= 22 =) + 20
s (= . = T i1 — x|
< Dz <Z Htl_u%l_y> + Z t+117 ¢ 7 (77)
t=1 t=1 ¢

where the second step is due to Young’s inequality. Plug back into to know

T D2 T-1 5 e 2—v T-1 %
th,wt—m <7+D2”<ZH1V tl_"> +D AT+ZG2+D<Z||€t|p) :
t=1 T t=1

t=1 t=1

1—v

Recall that v = mnj?ﬁv we hence have
aAdse(t s

T T-1 ., b= T-1 0
Z (g;, i — ) < DYV (Z H;") +D AT—i—ZGQ—l—D <Z||et||p> .
t=1

t=1 t=1 t=1

Finally, we conclude by taking expectations on both sides of the above inequality and using Holder’s inequality
again to obtain
T T O T 0
(Z ||€t|p> < (E ZHQ”}) <D <ZU1§)>
t=1 t=1 t=1

An undesired point of the above Theorem [4] is requiring the knowledge of both v and H; to set the
stepsize ;. In the following, we show that under a slightly variant nonsmooth notion, one can relax this
requirement. To do so, we consider Condition [2| to substitute the third point in Assumption

o=

O

Condition 2. ¢; is (Gy, Hy, v, *)-general nonsmooth on X, i.e., there exists G; > 0, H; > 0 and v € (0, 1]

such that G + H, > 0 and ||Vl(x) — VLl (x})|| S G+ H ((xz) — £) T YV € X, V() € dly(x) where
x; £ argming. ol (x) and 0 £ (y(z}), for all t € [T].

To gain some intuition of the new Condition [2] we first let H, = 0 to have |V (z) — Vi (x})|| < Gy,
which is similar to [|Vl(x) — Vi (y)|| S G, Ve, y € X in Assumptlonl Next, we consider the case Gy = 0,

where Condition I 2| states an 1nequahty |Vl () — Vi (x])] < H”” (¢;(z) — £r) 7 , which is known to hold
if ¢; is (Hy,v)-Holder smooth on R? and convex, which can be viewed as a generalization of Assumption
(though strictly speaking, we only require ¢; to be Holder smooth on X in Assumption . For general Gy,
Hy, and v, whether Condition [2]is strictly general than the thrird point in Assumption [3]is unclear. Thus,
we consider it as a separate condition here.

Now, we prove a new regret for OAdaGrad under Condition [2] which no longer needs to know H; and v.

Theorem 15. Under Assumptwn@ (with replacing the third point by C’ondztzon@) taking hy = g,_, where
9o 20,1 =D/\2, and v; = +oc in OAdaGrad (Algomthm@ we have

T ) =N T, ) T T
E [R%AdaGrad(m)] < pitv (Z Htl—u> D (Z Htl—u> [Cr(z)] T v 4D, |Br+ ZG2+D (Z Ut)

t=1 t=1 t=1 t=1

where By 2 Y7 | ||Ve(}) = Vi1 (zi_)||°, Cr(x) 2 S5, i) — €, and £, 2 0.
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Note that Theorem and the previous Theorem are not directly comparable due to different
assumptions. But we can consider some special cases to better understand the difference. For exam-

1
ple, let H; = 0, Theorem degenerates to Dy/Br + Zle G?+ D (Z?Zl af) *, similar to the regret
1/p
Dy Ar + ZZ;I G?+D (23:1 of) by Theorem [14]in this case (note that both By and Ar are at most

in the same order of T'). Next, if Gy = 0, then these two bounds are hard to compare due to the extra
1—v
_2 \ 2(0+v) v
term D 23:1 Htl“) [Cr(x)] ™ in Theorem But as one will see later, in convex optimization,

Theorem [15] possibly leads to a better rate than Theorem

Proof. By Lemma [T0| with h; = g,_; and ; = +00, we have

T
Z (9, ze —x) S D ZHgt g 1” (78)
t=1 t=1

Let €9 £ 0, we can find

a 2
Z ||gt - gtle

~+
[

Ve (@) — Ve(@]) + VEi(a]) — Vi1 (@]_y) + Ve (@_,) — Vi1 (z 1) + & — €11

-

5
Il
_

T T
IVeu(@h) = Vo @ )| + Y IV — Ve@) | + Y lle’

t=1 t=1

M*ﬂ

t

Il
_

T

T
=Br + Y IVE(@:) = V(@) + Y lledl”. (79)
t=1 =

2 v
By Condition we know ||V, () — Ve (a)|* < G2 + HI (6y(xy) — Z;‘)ETU, which implies

T T
STV () — Ve@)|® <30 G+ HT (G(ay) — 67)75. (80)
t=1

t=1

Combine 1] and and use vVa +b < \/a + Vb, Ya,b > 0 to have

2

Me

Ktwt —K)

T
ZHgt gi- 1H N\BT+ZGt2+\
t=1

2

T T T :
<\|Br+) Gi+ Z (o) — £) T + <Z ||6tllp> ; (81)
=1 t=1

where the last step is due to [|-[|y < [|-[|, for any p € [1,2].
Therefore, by (78 and (| . the follovvlng inequality holds

T p
> (gpm—a) SD ZH”” (by(zy) — )T + D BT+ZG2+D<Z||Q||”> :
t=1

t=1 t=1 t=1

We use Hélder’s inequality to bound

1—v 2v

(ZHl ) o (th@ct) —@) o
t=1

43

gt a:t —E

HMH



which implies

v

o=

T T, Ty /T e T T
z<gt,wt—m>5D<zﬂ;v) (zmt)—ez) D BHZG%D(zetup)
=1

t=1 t=1 t=1 t=1

1
Now take expectations on both sides of the above inequality and use the fact E {(Z?_l ||et|\p) p} <

(]E {zle ||et||'°} ) " <D (zle a;’) * (due to Holder’s inequality) to find for A = OAdaGrad

1—v

T T

T , \ ZF0 T T 5
E [Ry(z)] < D (Z H#‘”) E (Z Ci(e) — é;) +D\|Br+>.G?+D (Z of>

t=1 t=1

1—v

T 5 2(1+v)
<D (Z H;"> (IE

T , \ 2 3 T T 5
=D ( HE”) (E[R}(x)] + Cr(x)) ™ + D\ |Br+> G} +D (Zof) o (82)

t=1 t=1 t=1

.
1+v

T T %
+D BT+ZG§+D<ZUE>

t=1 t=1

> bilme) - f?] )
t=1

where the second step is due to Holder’s inequality.
IfE [Ré(%< 0, we are done. Hence, we only need to consider the case E [R}(x)] > 0. If E [R(z)] <

Cr(x), then (82) implies
T, B , T T D
E [R)Mz)] <D (ZH;“> [Cr(x))™ +D,|Br+Y G}+D (Za;’> .
t=1 t=1 t=1
Otherwise, we have
T s ﬁ e T T B
E[R}M=)] S D (Z Hi”) (B [R3(@)]) ™" + Dy | Br+) Gt +D (Z 05) )
t=1 t=1 t=1

which implies

o=

T ) 3 T, 0\ T ) T T
E [Ry ()] < D' (Z H;”> +D <Z H,J”) [Cr(®)]™% +D\|Br+> G2+ D (Z gg>
t=1 t=1

t=1

So in all three cases, we have

o=

T 5 2 T e ﬁ 5 T T
E [R7(x)] < D' (Z H;"> +D (Z H;"> [Cr(2)]™ +D\|Br+Y G+ D (Z af)
t=1 t=1

t=1

G More Applications

Based on the results for OAdaGrad given in Appendix [F] we provide more applications in this section.
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G.1 General Nonsmooth Convex Optimization

With Theorems [14] and [I5] we immediately obtain the following convergence rates for convex optimization.
The proof of which is omitted to save space.

Corollary 8. Under Assumption[3 for {,(z) = F(z) (meaning that Gy = G, Hy = H, and 0, = 7) and let
* A . _ A1 T
x* = argmingc y F(x) and 1 = 7>, x4

e considering the same setting for A = OAdaGrad as in Theorem[T]}, we have

A * * 14+v
E [R}(z*)] < IVF@")| D, HD'™*"  GD oD

E[F(zr) — F(x*)] < —_— 4+ —.

e replacing the third point in Assumption [J by Condition [3 and considering the same setting for A =
OAdaGrad as in Theorem [15, we have

E [Rf(z*)] < ||VF(:B*)||D+HD1+” GD oD

E[F(zr) — F(z¥)] < _
[F(zT) (x")] < T T T \/T+T1_%

If we consider Assumption [l (i.e., H = 0 and ||VF(2)| < G), Corollary [§|is as fast as Corollary [1| and
hence optimal. Under the same assumption used in Corollary (i.e., G = 0and v = 1), both rates degenerates

to ”VF(;*)”D + qu?z + fi and are faster than the bound HTD2 + ”VF(ET*)”D + ff’l given in Corollary
T P T P
If we specialize in globally Hélder smooth functions (i.e., |[VF(z) — VF(y)|| < H ||z — y||",¥,z,y € R?),

then both bounds are new under heavy tails and the second one is faster.

G.2 General Nonsmooth Nonconvex Optimization

In this section, we move back to the nonsmooth nonconvex optimization studied before in Section But
instead of assuming F is Lipschitz as in Assumption 2] we will use the following general Assumption @ Note
that a function satisfying Assumption [2] with a Lipschitz parameter G also fits Assumption [ for H = 0.

Assumption 4. We consider the following series of assumptions:

e The objective F is lower bounded by Fy = infcpe F(z) € R.
o F is differentiable and well-behaved, i.e., F(x) — F(y) = fol (VE(y +tlx—y)),z —y)dt.

o Fis (G, H,v)-general nonsmooth on RY, i.e., there exists G > 0, H > 0 and v € (0,1] such that G+H >0
and |VF(z) — VF(y)|| < 2G + H ||z — y||” , Y&,y € R™.

e Given z, € R? at the t-th iteration, one can query g, € RY satisfying Elg, | Fi—1] = VF(z) and
E [|le||°] < oP for some p € (1,2] and o > 0, where F; denotes the natural filtration and €, = g, — VF(z;)
is the stochastic noise.

Our goal is still to find a (6, €)-stationary point, but under Assumption 4| this time. Fortunately, we can
still start from the O2NC framework (Algorithm , since the proof of Theorem 4| only relies on the first two
and the last one conditions in Assumption [2} which are the same as Assumption[d] In other words, Theorem
[ holds under this more general Assumption [4
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G.2.1 OAdaGrad with Reset

Algorithm 6 OAdaGrad with Reset (OAdaGradR)

Input: initial point x; € B%(D), parameter D > 0.
Set go=0and Vo =0
forn=1to KT do )
Vo=Vl [’I’L mod T 7& 1] + Hgn - gn71||
— ~ 2g. — llz—=n|®
Tn+1 argming e gd(p) < 9n —9n—1> CB> + 21n
if n+1 mod T =1 do
Tni1 = —Dpgy
end if
end for

With Theorem [ on hand, our next task is naturally to find an online learning algorithm A that has a proper
K-shifting regret under Assumption 4| (especially the third point in which). Thanks to the framework
presented in Appendix [F] we already have some clues, i.e., employing an optimistic algorithm. In fact, such
an idea has also been studied in [7] but only for the deterministic smooth case, i.e., c =G =0and v =1 in
Assumption [4]

To handle the more general case, particularly including heavy-tailed noise, we first present a new method
called OAdaGrad with Reset (OAdaGradR) in Algorithm @ which can be viewed as running OAdaGrad for T’
iterations with the hint h; = g,_; and then resetting in total of K times.

We clarify that the idea of reset is not new, which was originally suggested by [7], as also used previously
in Theorem However, the step of how to reset in OAdaGradR, i.e., ;11 = —Dl‘gﬁ ifn4+1 modT =1,
is critical and novel as far as we know. Why is it important? This is because the hint h; is not reset to O.
Hence, if we reset x,1 to an arbitrary point in B%(D), then one can imagine that we will face a redundant
term Zszl <h(k_1)T,a:(k_1)T+1 — 'vk> in total (see Lemma , which is however undesired. Instead, our
specially designed way of resetting x,,;1 can resolve this potential issue, as reflected in the following Lemma

it}

Lemma 11. For any initial point x1 € BY(D) and any sequence v, . .., v satisfying v, € BY(D),Vk € [K],
the online learning algorithm A = OAdaGradR (Algorithm@ guarantees

K kT 9
RO (v1,...,vx) SDY S gn—gnll
k=1 \ n=(k—1)T+1

where Ry (v1,...,v) is the K-shifting regret defined in (@

Proof. Given k € [K], for n € {(k—1)T +1,...,kT}, OAdaGradR (Algorithm [6) is the same as running
OAdaGrad (Algorithm for T iterations with the feasible set X = B%(D) (which implies sup,, ,cx [|2 — y| <
2D), initial point @ _1)r11, hint sequence hy = gx_1yr44_1, stepsize = 2D/\/2 and v; = +o0, and the
stochastic gradient sequence g(;_1yr¢. Therefore, Lemma |10 implies that for any vy, € B4(D),

kT T 2
Z (GnTn — Vi) S <g(k71)T7w(kfl)T+1 - 'Uk> +D Z Hg(k—l)Tth - g(kfl)Tthle :
n=(k—1)T+1 t=1
kT )
= <g(k—1)T7m(k—1)T+1 = 'Uk> +D S lgn—gnll (83)
n=(k—1)T+1

Observe that if £ = 1, we have

<g(k71)T7w(k—1)T+1 - 'Uk> = (go,x1 —v1) = (0,21 —v1) = 0.
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If k # 1, we use T(p_1)r41 = —DHz(k;”T” and ||Jvg|| < D to have
(k—1)T

<g(k71)Tv(L'(k—1)T+1 - Uk> =-D Hg(kfl)TH + <g(k,1)T, —vk> <0.

Thus there is always
<g(k71)T’a:(k—1)T+1 - vk> <0. (84)

Finally, we combine and to know for any k € [K],

kT kT

Z <gn7mn *’Uk) SD Z ||gnfgn71{|27vvk GBd(D)v

n=(k—1)T+1 n=(k—1)T+1

sum up which from k£ =1 to K to obtain the following desired result

K kT K kT )
Ré(vlv"'avK):Z Z <g'mmn_vk>§DZ Z Hgn_gn—lH .
k=1n=(k—1)T+1 k=1 \ n=(k—1)T+1

G.2.2 Convergence Rates

Equipped with Lemma[T1]for OAdaGradR, we are ready to show convergence rates under the new Assumption
[ First, we prove the following Theorem [I6] which can be viewed as a generalization of Theorem

Theorem 16. Under Assumption and let V £ [|[VF(yo)|l, A £ F(yo)—Fy, and zj, = % Zfi(k,l)prl zZn, Yk €
[K], setting A = OAdaGradR (Algorithm [6) in O2NC (Algorithm [f]) with D = 6/T, we have

K
1 vV A H G o
E|=> IVF(z S— b — ——F — + —.
[K —~ Iv (Z""‘)”‘?] SEr ek T T3+v + VT * =%

P

Proof. By Theorem [] and Lemma [T1] there is

K kT 2
E K 1 1 kT VF < F(yo) _ F* Zk‘:lE [\/Zn_(k—l)T—i-l Hgn - gn*1||
2 x|z 2 @S —prr T KT T
k=1 n=(k—1)T+1
(85)
We first lower bound the L.H.S. of . Same as , we still have
z, € BY(2y,0),Yn e {(k—1)T +1,...,kT}.
By the definition of [|[VF(2)l|; (see Definition [I]), there is

kT
_ 1
IVEGEIs < || D VF(za)|- (86)
n=(k—1)T+1

Next, we upper bound the R.H.S. of . Before moving on, we list two facts that will be frequently
used later, i.e., for any n € [KT],

lzn|| <D and s, €][0,1]. (87)

Now, let us upper bound ||gn — g,kl||2 on the R.H.S. of as follows.

47



e n = 1. In this case, we recall g, = 0 and hence have

2
19, = gni]l” = g1 = llex + VE(z1) = VF(yo) + VF(yo)|I”
Slell® + IVE(z1) = VE(yo)|* + IV F (yo)II”

Assumption @ y
S el + G+ B |z —yol™ + IVF(yo)|I”
(a)
S el +G% + H*D™ + | VF(yo)|”, (83)

where (a) is by ||z1 — Yol = s1 ||z1]] < D.
e n # 1. In this case, we have

2 2

Hgn - gn—l” = ”En —€p—1 + VF(Z’II) - VF(zn—l)H
2 2 2
Sllenll” + llenall” + IVF(z0) = VE(zn )|

Assumption @
. H€n||2+ ||€nfl||2+GQ+Hv2 ||zn_znfl||2u
® 2 2 2 212
S llenll” + llenll” + G+ H° D™, (89)
. (87)
where (b) is by ||z — 2n-1]l = [sn@n + (1 = sp-1)@aot | s [l2all + (1 = $01) [2as]| < 2D,
Thus, we can find for any k € [K],
kT ). E9) kT
2 1%
Yo lgn—gunll” TS IVE@IPLE=1+(G*+HD*)T+ Y e,
n=(k—1)T+1 n=(k-1)T
where €y = 0 for simplicity. As such, we obtain
kT ) kT
Yo gn = guall SIVF(yo)I L[k = 1]+ (HD" + G) VT + o el
n=(k—1)T+1 n=(k-1)T
kT 0
<IVEyo)[ L[k =1+ HD +OVT+ | > el | .
n=(k—-1)T
where the last step is by ||-[[, < [|-[|, for p € [1,2]. By Hélder’s inequality, there is
kT b B kT o B Assumption@ 1
E Yo lleall <| > Ellelr] S o+
n=(k—1)T n=(k—1)T
Thus, we know
kT 2' )
E > gn =gl | SIVF)IIL[k=1]+ (HD" + G)VT + oT?,Vk € [K].  (90)
n=(k—1)T+1

Finally, we plug and back into (85)), then use D = §/T, V = ||[VF(y,)||, and A = F(y,) — F.

to have

< IVE@o)ll | Flyo) = F  Ho" +£+%,

E
~ KT 5K Ti+v T 7%

1 K
= 2 V&5
k=1
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Similar to before, we can consider two situations where problem-dependent parameters are known or
unknown, corresponding to the following Corollaries [0] and respectively. To save space, the proofs are
omitted since they can be easily checked.

Corollary 9. Under the same setting in Theorem suppose we have N > 2 stochastic gradient budgets,

taking K = |[N/T| and T = [N/2] A ([(W)M-‘ \Y R(SGTN)%—‘ v [(&’AN)Z"L—D, we have

YN Nty N N'F 0N
H¥m A5 G3AS  omoi A%t
1 1+2u + 1 + p—1
§3¥2r N3+2v  (6N)3 (ON)2o=1

_V , H G A
ZHVF IIJ b

Corollary 10. Under the same setting in Theorem[I6, suppose we have N > 2 stochastic gradient budgets,
taking K = |[N/T| and T = [N/2] A [(5N)%—‘, we have

v n H H

~N N3 *" SN
n A G n o

N AGN)E VN RGN N A o)

KZHVF s

1+2u

G.2.3 A Special Case: Hélder Smooth Nonconvex Functions

We now consider a special case of G = 0 in Assumption [4] meaning that F is Holder smooth. Now, due to
the smoothness, finding an e-stationary point instead of a (4, €)-stationary point is more reasonable. In the
following Lemma [T2] we connect these two notions. Especially, when v = 1, Lemma [I2] recovers Proposition
14 of [1].

Lemma 12. If F is (H,v)-Holder smooth, i.e., there exists H > 0 and v € (0, 1] such that ||VF(x) — VF(y)|| <
H |z —y|" ,Vz,y € R, then |VF(z)|| < ||VF(x)|s + HS",Vz € R, 6 > 0.

Proof. For any fixed x € R% and 6, e > 0, by the definition of | VF(z)|;, there exists a finite set S C B(x, §)
such that ﬁ Y yesy =@ and HI%I Yyes VF(y)H <||VF(z)||s + e Hence, we know

|IVE(z)| < |S‘ZVF +||VF(x) ‘S|ZVF

yeSs yEeS
< |VFE(z)||s+ e+ |VF(z |S|ZVF
yeS
S IVE@)|; +e+ |5| Z VF(z) - VF(y)|

yeSs

<|VE@)s + e+ Z le —ylI” < [VF (@)l + €+ Ho".

S| o=
Take € — 0 to conclude. O

Armed with Lemma [T2] we can prove the following Theorem

Theorem 17. Under Assumption (with G = 0) and let V = ||[VF(y,)|l, A = F(yy) — F., and z;, =
7 Zn (k—1)T41Zn, Yk € [K], setting A = OAdaGradR (Algom'thmé/ in O2NC (Algom'thm with D =§/T,
we have

\Y A

< v 4= Ho".
NKT+5K+ +

| K
K Z IVE(zk)
k=1
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Proof. We first invoke Lemma [12] and Theorem [16] with G' = 0, then use 7" > 1 to conclude. O

Note that now § should also be viewed as a parameter decided by the user. Therefore, we will also
choose the value of § in the following two corollaries, corresponding to the cases where problem-dependent
parameters are known and unknown, respectively. Again, the proofs are omitted to save space, and they are
easy to check.

Corollary 11. Under the same setting in Theorem let r 2 pv+ (p— 1)(1 + v), suppose we have N > 2

p(1+v) pv 1
stochastic gradient budgets, taking K = |[N/T|, T = [N/2] A {"HTPA.I,VVT + 1-‘ ,and § = (H%) ™, we have

(p— l)u

v 1 1)v
N1+,, Nl_E N(P )

T

HT AT EHE A
ZHVF ]<+ + 42

Corollary 12. Under the same setting in Theorem[I7, suppose we have N > 2 stochastic gradient budgets,
taking K = |[N/T|, T = [\/]v—‘, and § = 1/N'*, we have

\% A+H+ o
~ N N% Ni N%'

As a sanity check, when v = 1 (i.e., the standard smooth case), using the fact V IVE(yo)ll <

VH(F(y,) — F.) = VHA, Corollary

ATH |

o1 2, both of which match the best possible results in the respective situations [14], [23].
1 N 2
For general v € (0,1), as far as we know, no previous works consider heavy-tailed noise. Hence, both

Sp 2
reduces to a rate |/ Z& + Ni% + (JPJIVHA> and Corollary [12

gives a rate

these Corollaries are the first and new.

H Algebraic Facts

We give three useful algebraic facts in this section.

Fact 1. For any T € N and a € (0,1), there is

Tzlzs 415" < LtlogT

_ ~ l—a
2 H(T —1)? T

Proof. Note that ZST:tH s% < (T —t)T*, which implies

TﬁlZST:t+1s“<T71 e 1 §1+ 1 il 1+logT.
Lo WT—1)2 ~ & (T —t) Tieist T- Lot
O
Fact 2. Given2 < N €N, K = |[N/T| and T € N satisfying T < [N/2], there is KT > N/4.
Proof. Note that KT = |[N/T|T >N -T > (N —-1)/2> N/4. O

p—1

. _ — 2 1—
Fact 3. Given p € (1,2] and g € (0,1), there are ¢°"1 + (1 —q)P"1 <227 P and 1 — ¢ < -

Proof. Note that zP~! is concave when p € (1, 2], we hence have qp_1+(;q)p_l < (q+é_q)p7 ¢+ (1-
q)P~1 < 227P, Next, let z =1 — ¢ € (0,1), we have

1—¢P !

1-g¢<
15—

S(1-z)P <1 (p—1)a,

which is true by Bernoulli’s inequality. O
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