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Abstract In this paper, we investigate the partial inverse knapsack problem, a bilevel
optimization problem in which the follower solves a classical 0/1-knapsack problem
with item profit values comprised of a fixed part and a modification determined by the
leader. Specifically, the leader problem seeks a minimal change to given item profits
such that there is a follower optimum selecting or discarding items according to two
given disjoint subsets. Based on the bilinear value-function reformulation, we develop
a single-level linear mixed-integer model for the problem and propose a branch-and-cut
solution algorithm. Our computational experiments demonstrate the overall viability of
our approach and that utilizing a new exponential-size class of valid inequalities for the
leader allows to substantially reduce the overall solution times.

1 Introduction

A partial inverse combinatorial problem (PICP) is a bilevel problem in which the leader
modifies the cost parameters of the combinatorial follower problem (FP) such that an
optimal follower solution includes or excludes specified elements, respectively. Thus,
in the partial inverse knapsack problem (PIKP), the leader modifies item profits (by
as little as possible) in order to entice the follower to select or disregard certain items
in an optimal solution of their knapsack problem. Generally, PICPs arise, e.g., in eco-
nomics when a planner may adjust incentives so that rational agents choose a prescribed
outcome [3], or to model parameter estimation tasks to explain partially observed deci-
sions [9]. A complete inverse combinatorial problem (CICP) is a special case of a PICP
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in which a unique follower solution has to be optimal. For polynomial-time solvable
follower problems, CICPs are also solvable in polynomial time [1], whereas PICPs can
be NP-hard, see [7] and references therein. The complete inverse knapsack problem
(CIKP) is coNP-complete [2, 10], while PIKP can be shown to be Eé’-complete, in a
similar way as for other PICPs in [5]. Moreover, the bilinear follower objective in PIKP
makes the problem unsuitable for general-purpose methods for bilevel mixed-integer
linear problems (see, e.g., [6]).

In the following Sect. 2, we first formally state the PIKP as a bilevel mixed-integer
problem with an integer follower problem and recast it as an exponential-size single-level
mixed-integer linear program (MIP). We then develop problem-specific cutting planes,
a corresponding separation problem, and our overall solution approach. In Sect. 3, we
report on numerical experiments, and provide some concluding remarks in Sect. 4.

This work is based on and extends the second author’s Master’s thesis [8].

2 Problem Formulation and Solution Approach

Givenanitemset E == {1,2,...,n}, weightsw € IN", profits ¢ € IN" and budget b € IN,
the PIKP with forbidden items ' C E and required items R C E can be stated as

rero Ty F (o
st. y.=0 Ve e F (1b)

Ve =1 Ve € R (Ic)

ye arg max {(c+x)Ty:w"y < b,y €{0,1}"}. (1d)

(The choice of the £;-norm objective is somewhat arbitrary, cf. Sect. 4.) We first rewrite
this bilevel problem by means of an exact linearization of the bilinear value-function
reformulation (see, e.g., [6]), utilizing a standard variable split and implicit variable
bounds. To that end, let U := E \ (F U R) be the set of unrestricted items and denote
the feasible set of the follower problem variables y by Y := {y €e{0,1}" :w'y < b}.
Moreover, let k := max{c¢"y : y € Y} and kK’ := max{c"y : §. =0Ve € F, §. =
1Vee R,y € Y} denote the optimal values for the unrestricted and restricted follower
problem without profit modifications (i.e., x = 0), respectively.

Theorem 1 The PIKP (1) is equivalent to the following single-level MIP (2):

min Xo + Xe e
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xr=0 Yee F  (2f)
x, =0 Ve € R 2g)
x5 < (k=k)ye. YVeeU  (2h)
x, <ce(1-ye) Ve e U (21)

Proof. In the value-function reformulation of (1), we replace (1d) by w"y < b and
(c+x)Ty>(c+x)"y Vy €Y,

which constitutes an (exponentially large) family of bilinear constraints. Replacing
x =x*—x~ withx* > 0, we apply [7, Lemma 2.5] to infer that in any optimal solution,
it holds that x} = 0 (i.e., x, < 0) for all e € E with y, =0, and x; = 0 (i.e., x, = 0)
for all e € E with y, = 1. Hence, we have y.x, = 0 = x} if y, = 0, and y.x. = x} if
ve = 1. In order to linearize the model, we need to explicitly enforce the implications
Ye =0=x} =0andy, = 1 = x_ = 0. To that end, we can exploit the restrictions (1b)
and (lc) directly, along with big-M-type constraints enforcing, for e € U, the implicit
upper bounds k — k’ for x} and c, for x_, respectively, yielding (2f)—(2i). To see the
validity of the upper bounds (2h) and (2i), consider some ¢ € U with y(x), = 1 in an
optimum y(x) of the FP w.r.t. x, F and R. Increasing x} to at most k — k’ will lead
to y. = 1 in the selected (optimistic) follower optimum without restrictions (2c), (2d).
Similarly, setting x} = O and x_ > c, forany e € U makes item e unprofitable, so y, = 0
in any unrestricted follower optimum y. Putting it all together, we arrive at (2). |

Since the MIP (2) has exponentially many inequalities (2e), we start with Y’ = 0
instead of Y and dynamically append optimal follower problem (FP) solutions; we refer
to the correspondingly relaxed problem as the master problem (MP). Solving the FP for
some x amounts to generating a follower cut (inequality of type (2e)), which cuts off the
current MP solution unless it is already optimal for the PIKP. Moreover, the polyhedral
description underlying (2) can be improved by virtue of the following results.

Theorem 2 [8, Thm. 4.9] Let F C Fand R C R If Yycp We < Ypcit We, then the
inequality Y, ,cp(Ce +Xe) < Y e (Ce +Xe) is valid for any feasible solution of PIKP.

Proof. Let (x,y) be feasible for the PIKP. Define j by §, = 1 —y, fore € RU F,
Pe = ye otherwise. Then, w'§ =wTy + Y, cpWe — DpcpWe S W'y < b,ie.,§ €Y.
Therefore, (1d) implies 0 > (¢ +x) T (P —y) = X cp(Ce + Xe) = Doci(Ce + Xe). O

As the family of inequalities from Theorem 2 is also exponentially large, we period-
ically solve the following separation problem to generate such FR-cuts dynamically:

max Cot+Xe)lle — Ce+Xe)le © Welle — va0}3
ue{O,l}"‘,ve{O,l}R{;( e e) e Z( e e) e Z elle Z ele ( )

eeR ecF eeR

Specifically, if and only if any violated FR-cut exists for a given (x,y), then (3) has
a positive optimal value, achieved by some & € {0, 1} and & € {0, 1}® (in fact, by
integrality of ¢, it then holds than ), ¢ Celle — X pcr CeDe = 1). In this case, we add
the corresponding cut
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D ocemx) < D (eoxd) @)

to the MP. In spite of the following intractability result (we omit its straightforward
proof by reduction from the standard knapsack problem), problem (3) turned out to be
solvable very quickly in all our experiments, as did the follower problems.

Proposition 1 The FR-cut separation problem (3) is NP-hard, even for integral ¢, x.
Finally, we also consider adding the following inequalities to our initial model:

Proposition 2 [8, Cor. 4.28] Let s,t € F or s,t € Rwith s #t, wy < w; and c5 > ¢;.
Then, the dominance inequality x; > x4 is valid for at least one optimum of PIKP.

Proof. Let s and t be given as specified, and let (x,y) be an optimal PIKP solution
with x; < x,. Consider (£, y) defined by %, = %(xx +x;) for e € {s,t}, and £, = x,
otherwise. Clearly, (%, y) satisfies £; > %, and has the same objective value as (x,y),
so it remains to show that (£, y) fulfills (1d). As long as c¢s + x5 > ¢; + x; (which holds
for both x and %), s dominates ¢, i.e., s is both more profitable and has smaller weight.
Thus, the same selection y; = y, as for x must still be optimal under % (since packing
both s and ¢ changes nothing and only packing s has become less attractive). |

To solve PIKP, we generally proceed as follows: We start with the high-point-
relaxation as the MP (i.e., MIP (2) with Y replaced by a possibly empty initial subset
Y’ C Y in (2e)) and iterate, either proving optimality of the current solution or adding
a “most violated” cutting plane that cuts it off. These cuts are generated by solving the
FP w.r.t. the current modification x and/or the FR-cut separation problem (3). We have
tested several variants of this overall algorithm, differing in linearization type, the order
and frequency of cut separation, and the inclusion or omittance of dominance and/or an
initial set of FR-inequalities (4); the details are given in the next section.

3 Computational Experiments

For each number |E| € {50,100,...,500} of items, we created three 10-instance
groups with |U| € {%, |£2‘, %}, and for each group, randomly generated |R| €
{1,...,|E| = |U| = 1}. The sets U and R C E \ U were chosen uniformly at random,

and we set F = E \ (R U U). For the budget b, we need b > } ,cr W, to ensure
PIKP feasibility, and further want }},cg we < b < 3, cruy We to avoid implicit CICP
instances. Thus, we generated @ € {0.1,0.2, ...,0.8,0.9} uniformly at random and set
b =3 g We + @ Y pcpy We- The profit values and weights were drawn i.i.d. uniformally
at random from the integer interval {1,...,100}. We ended up with 30 instances per
item number, for a total of 300 instances.

We implemented our algorithm in Python 3.10.12, using Gurobi 12.0.2 [4] to solve
the MIPs, with a time limit of 900 s per instance. All experiments were carried out on a
32-core Linux PC with 3.1 GHz Intel Core i9-14900 CPUs and 128 GB main memory.

We compare the following variants of the algorithm, all based on the MIP model (2)
and using an initial Y” = 0 (i.e., no inequalities of type (2¢) in the first MP):



Solving the Partial Inverse Knapsack Problem 5

Table 1: Summary of computational experiments on all 300 instances

algo. variant solved time-out (fails) runtime nodes gap % follower cuts FR-cuts
I 267 33 (33) 53.3 38,304.8 - 2,412.6 0
I(a) 248 52 (50) 1049  4,843.5 0.2 6,468.0 0
1(b) 255 45 (44) 1032  4,645.0 <0.1 6,441.8 0
I 286 14 (11) 29.1 27,979.8 2.1 1,083.0 787.8
II(a) 298 2 (0) 298 1,754.0 <0.1 2,061.0 1,600.9
1(b) 299 1 (0) 232  1,378.2 0.1 1,199.0 961.9

I: follower cut separation at each new MP incumbent,
II: FR- and follower cut separation at each new MP incumbent,

both in these basic versions as well as extended by (a): the respective cut separation
also for every LP relaxation solution and (b): like (a) with additionally including the
dominance inequalities from Prop. 2 in the initial model. (Further variants combining
the above with initially adding all inequalities (4) for singleton sets F and R, dominance
inequalities, only separating follower cuts if no violated FR-cut was found, McCormick
linearization of originally bilinear terms, and more were also tested, but inferior.)

The computational results are summarized in Table 1, where we report average
running times (in seconds) and branch-and-bound node numbers as shifted geometric
mean values (shifts 10 and 100, resp.). We also report the number of solved instances
and failures (when the solver did not find a feasible solution for the full PIKP within
the time limit) as well as the average (arithmetic mean) optimality gap on timed-out
non-failure instances. All decimals are rounded to the first significant digit.

From Table 1, we see that any variant of II substantially outperforms all I-variants in
terms of solved instance count and solver runtimes, showing that separation of FR-cuts
significantly improves the basic version that only employs the (required) follower cuts.
Moreover, enriching the initial MIP model (2) with the dominance inequalities can also
help when combined with cut separation at every intermittent LP solution (compare
variants (b) with the basic and (a) variants, resp.). Overall, variant II(b) stands out as
the fastest and most reliable algorithm version. Fig. 1 shows that the above-described
behavior persists on the larger instances with at least 350 items: II(b) solves more
instances more quickly than all other variants, followed by II(a); these two are also the
only variants that find feasible solutions for every instance within the given time limit,
cf. Table 1. While almost all time-outs occur on this subset of 120 instances, the mean
runtimes amount to, in particular, roughly 211 s for II, 75 s for II(a) and 51 s for II(b).

4 Concluding Remarks

We proposed a branch-and-cut algorithm for solving the partial inverse knapsack prob-
lem using a novel linearization of bilinear constraints and the dynamic separation of
model inequalities as well as new cutting planes. Evaluating various variants of our



6 Eva Ley and Nikolas Lykourinos and Maximilian Merkert and Andreas M. Tillmann

120 120 T T DO J OXX ¥
; R ot T
100 - B 100 ## o t -
80 |- + #o¥ah 80 ” 8
e d x X3
60 8 60 |4 .
40 +1 40 8 +11
20 x I(a) 20 I x II(a)
oI(b) oII(b)
0 (IR R B [ N
0 300 600 900s 0 300 600 900
a variants of I b variants of 11

Fig. 1: Comparison of the algorithm variants on instances with |E| > 350; depicted are
the numbers of instances (vertical axis) solved within a given runtime (horizontal axis)

algorithm on a large testset, the most effective one included dominance inequalities and
separation of both types of cuts in all solving nodes. In the future, one could consider
other leader objectives (e.g., ||x|| or the cardinality of x, which simplifies the PIKP
or makes it more difficult, resp.); note that follower and FR-cuts remain valid for those
as well. Moreover, benchmarking and analysis w.r.t. different instance properties could
lead to further algorithmic improvements. For instance, here, weights and profits were
drawn i.i.d. uniformally at random, but using correlated values could yield more difficult
PIKP instances given that it leads to harder knapsack problems, cf. [11].
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