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Abstract. This paper aims to seek the performative stable solution and the stationary point
of the distributed stochastic optimization problem with decision-dependent distributions, which
is a finite-sum stochastic optimization problem over a network and the distribution depends on
the decision variables. For the performative stable solution, we propose a distributed algorithm,
DSGTD-GD, which combines the distributed stochastic gradient tracking descent method with
the greedy deployment scheme. Under a constant step size policy, we show that the iterates
generated by DSGTD-GD converge linearly in expectation to a neighborhood of the performative
stable solution. Under a diminishing step size policy, we show that the iterates generated by
DSGTD-GD converge to the performative stable solution with a rate of O (k%), where a € (%, 1].
Moreover, we establish that the deviation between the averaged iterates of DSGTD-GD and
the performative stable solution converges in distribution to a normal random vector. For
the stationary point, we propose a distributed algorithm, DSGTD-AG, which combines the
distributed stochastic gradient tracking descent method with the adaptive gradient scheme.
Under a constant step size, we show that the iterates generated by DSGTD-AG converge to a

In K
2

stationary point with a rate of O(®3 ), where K is the number of iterates. The effectiveness of
3

DSGTD-GD and DSGTD-AG is further demonstrated numerically with synthetic and real-world
data.

Key words. Stochastic optimization with decision-dependent distributions, gradient tracking
method, performative stable solution, optimal solution, asymptotic normality.

1 Introduction

Distributed stochastic optimization problems have attracted considerable attention in re-
cent years due to their wide range of applications, including large-scale machine learning [4], [5],
sensor networks [3, 9], and parameter estimation [56]. Traditional stochastic optimization prob-
lems typically rely on the assumption that data follow a static distribution. However, in many
real-world applications, the data can be influenced by the decision [13, [I8], which may be char-
acterized by the following distributed stochastic optimization problem with decision-dependent
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distributions (distributed SO-DD)

n

min > " Eg,p, ) [6i(;6)] (1)

x€R4 =1

where 4; : R? x R™ — R is a smooth function of the decision vector z and the random vector
&, the distribution map D;(-) : R — P(R™) maps the decision variable 2 to a probability
distribution and E [-] denotes the expectation with respect to the distribution D;(z) supported
on Z C R™. Different from traditional distributed stochastic optimization problems, there is
an interactive mechanism between the decision vectors and data: the i-th agent draws samples
from D;(x) to update the decision variable, while the distribution D;(x) itself depends on the
decision variable.

The study of SO-DD dates back to early stochastic programming [I}, 16, 26]. We refer the
interested reader to [19] for a more comprehensive overview on the taxonomy and various models
of decision-dependent uncertainties. The dependence of the distribution on the decision variable
makes SO-DD substantially more challenging than conventional stochastic optimization and may
lead to a non-convex objective. Recently, [46] propose the concept of two solutions, namely, the
performative stable solution

xps = arg mxin E§~D(zps) [£(x7 5)] ) (2)

and the optimal solution
Lop 1= alg Hb}in E{ND(I) [0(x;€)] - (3)

Under some mild conditions, the authors show that the performative stable solution is close to the
optimal solution of SO-DD. Moreover, they propose two algorithms, repeated risk minimization
and repeated gradient descent, to seek the performative stable solution.

Since the seminal work [46], there is a growing literature [6l, 14, 25, 29, 35, 38 [39] 53]
58] in studying SO-DD. Most existing works [6, 14} 29, 38| 53| 58] focus on the performative
stable solution. Building on the repeated gradient descent method [46], [38] propose the greedy
deployment method and the lazy deployment method. The algorithm with greedy deployment
draws a sample from the current distribution as independent samples and performs an update
at each iteration. Different from the one with greedy deployment, the algorithm with lazy
deployment starts from a decision z, and performs ni > 1 updates using samples from the
distribution D(zy). For the standard stochastic gradient method with decreasing step size, [38]
show that the algorithm with greedy deployment converges to performative stable solution at
a rate of (9(%), while the one with lazy deployment achieves a rate of O(k_%) provided that
O(k''%) samples are drawn between the k-th and (k + 1)-th iteration, where a > 0. [I4]
show that typical stochastic algorithms originally tailored for static problems can be directly
applied for finding the performative stable solution with little loss in efficiency. [58] consider a
time-varying stochastic saddle point problem with decision-dependent distributions and propose
an online stochastic primal-dual algorithm for tracking the performative stable solution. As
opposed to the setting in [38], where samples are independently drawn from the distribution
induced by the current decision, [29] consider a state-dependent setting in which the samples
depend on both the learner’s and the agents’ previous states. They propose a stochastic gradient



descent algorithm, which can be modeled with biased stochastic gradients driven by a controlled
Markov chain, and show that the algorithm converges to the performative stable solution at
a rate of O(1). [6] propose a theoretical framework in which the population-provided samples
are modeled as a function of both the deployed decision and the current state (distribution)
of the population. They establish the necessary and sufficient conditions for the convergence
of repeated risk minimization method to the performative stable solution. [53] study decision-
dependent risk minimization in a dynamic environment where data distribution is decision-
dependent and evolves dynamically with time according to a geometric decay process. They
propose two versions of the stochastic gradient descent algorithm for the setting in which the
decision-maker has a first-order gradient oracle or simply a loss function oracle.

Under standard assumptions, the performative stable solution and the optimal solution lie
within a small neighborhood of each other [46]. In general, however, the performative stable
solution may be far from the optimal solution [25]. Therefore, several recent studies propose
algorithms to seek the optimal solution. [25] assume the distribution can be approximately
expressed to a mixture of Gaussian distribution and introduce a performative gradient descent
algorithm with a finite difference method to estimate the part of the gradient with distribution
shift. [39] assume that the distribution map is a global linear structure with respect to the
decision variable and develop a two-stage algorithm, where the distribution map is estimated via
the least squares method in the first stage and then the algorithm directly solves the performative
risk with the estimated distribution map in the second stage. [35] consider SO-DD without
imposing a global parametric structure on the distribution map D(z). They develop a coupled
learning-enabled optimization method in which the distribution map is locally approximated
using linear regression around the current iterate and a candidate solution is then sought by
a trust region method. Without imposing structural assumptions on the distribution map,
zeroth-order methods provide a feasible approach for seeking the optimal solution [20H22]. [22]
consider non-convex stochastic optimization with unknown decision-dependent distributions and
propose zeroth-order methods with one-point and two-point gradient estimators. [20] further
develop guided zeroth-order methods that exploit partial gradient information from the known
loss function to generate more effective search directions. Moreover, [21] provide a unified sample
complexity analysis of zeroth-order methods with different gradient estimators and show that
averaging over multiple random directions can improve the sample complexity.

More recently, several studies consider the multi-agent stochastic optimization problems
with decision-dependent distributions [30}, 42| [47], [57] to address the substantial computational
demands induced by large-scale datasets and provide privacy guarantees. [30] consider the case
where n agents collaboratively seek a common decision vector that minimizes the sum of loss
functions over an undirected and connected communication network, while the agents draw
samples from local distribution that depends on the decision deployed by the corresponding
agent, which is precisely the distributed SO-DD considered in this paper. They propose a
distributed stochastic gradient descent method with greedy deployment (DSGD-GD) and show
that the proposed method with a diminishing step size achieves convergence rate of O(%) to
the performative stable solution of distributed SO-DD. On the other hand, [42], [57] and [47]
consider a game with decision-dependent distributions. [42] consider the distribution map of
each player is a global linear structure and propose a stochastic gradient descent algorithm with



the adaptive gradient method, which alternately runs an adaptive gradient step for learning the
distribution map and a stochastic gradient descent step for updating the decision variable at
each iteration, to seek the Nash equilibrium of the game with decision-dependent distributions.
[47] consider a slightly different setting in which samples that react to the global decisions are
drawn from the same distribution. They introduce learning dynamics to study the dynamical
behavior of the system, where the players use reinforcement learning algorithms. Moreover, [57]
study the game with decision-dependent distributions over multiplex networks, where agents
cooperate over an agent network while each local distribution can be influenced by the decisions
of neighboring agents over a population network, and propose a stochastic gradient method with
greedy deployment for seeking the performative stable equilibrium.

Compared with standard distributed gradient methods, the gradient tracking method in-
troduces agent-based auxiliary variables to dynamically track the averaged stochastic gradient,
thereby incorporating global gradient information into local updates, which is more robust to
heterogeneous data and maintains the stability of the performance. In recent years, the gradi-
ent tracking technique has been extensively studied in distributed optimization [28] [36] 43, [45]
49, 52]. This motivates us to propose two gradient tracking-based methods to seek the perfor-
mative stable solution and a stationary point of distributed SO-DD, respectively. The setting
with decision-dependent distributions introduces additional technical challenges beyond those
arising in standard distributed stochastic optimization. The contributions of the paper can be
summarized as follows.

e We propose a distributed stochastic gradient tracking descent method with the greedy de-
ployment scheme, termed DSGTD-GD, to seek the performative stable solution. The key
difficulty lies in the endogenous feedback between the optimization dynamics and the data-
generating process. Unlike standard distributed stochastic optimization, the stochastic
gradient available to each agent is generated from a local decision-dependent distribution.
Consequently, the algorithm does not merely suffer from stochastic noise and network dis-
agreement; changes in the iterates simultaneously induce changes in the decision-dependent
distributions, which in turn perturb the stochastic gradients and feed back into the opti-
mization dynamics. This introduces a fundamentally different error-propagation structure
in which the optimization error, consensus error, gradient tracking error are coupled with
an additional error induced by distribution shift. To overcome this challenge, we bound
the endogenous distribution-shift effect in terms of the evolution of the agents’ decisions by
leveraging the Lipschitz regularity of the decision-dependent distribution maps, allowing
the resulting coupled system to be closed under appropriate network and problem condi-
tions. Moreover, we derive a unified system of recursive inequalities that jointly tracks the
four error items and characterize how distributional perturbations propagate through the
gradient tracking dynamics.

e Under a constant step size, we show that the iterates generated by DSGTD-GD achieve a
linear convergence rate to a neighborhood of the performative stable solution, where the
neighborhood size depends on both the step size and the connectivity of the communica-
tion network. Under a diminishing step size policy, we show that the expected squared
distances between the iterates generated by DSGTD-GD and the performative stable so-
lution converge to zero at a rate of O (k%), where a € (%, 1]. These results demonstrate
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that, under both constant and diminishing step size policies, DSGTD-GD achieves con-
vergence rates of the same order as those established for standard distributed stochastic
gradient tracking methods in [49], despite the additional distribution-shift error arising
from the decision-dependent distributions. Furthermore, we show that the deviation be-
tween the averaged iterates of DSGTD-GD and the performative stable solution converges
in distribution to a normal random vector. To the best of our knowledge, this provides the
first asymptotic normality for a stochastic-approximation-based method in distributed SO-
DD, thereby extending the theoretical scope from optimization guarantees to asymptotic
statistical characterization.

e We propose a distributed stochastic gradient tracking descent method with the adaptive
gradient, termed DSGTD-AG, to seek a stationary point of non-convex distributed SO-DD.
The main difficulty is that the optimization error, the consensus error, and the gradient
tracking error are coupled with the additional estimation error induced by learning the
parameters of the distribution map. To address this difficulty, we incorporate the esti-
mation error into the descent recursions to jointly control these coupled errors, thereby
establishing a convergence guarantee for non-convex distributed SO-DD. Under a constant
step size policy, we show that the iterates of DSGTD-AG converge to a stationary point at
a rate of 0(1;]%(), where K is the number of iterates. Compared with the rate of O(é)

in [27], the additional logarithmic factor arises from learning the parameters of the distri-
bution maps. The effectiveness of DSGTD-GD and DSGTD-AG is further demonstrated
numerically with synthetic and real-world datasets.

The rest of this paper is organized as follows. Section 2]introduces DSGTD-GD and DSGTD-
AG for the distributed SO-DD. Section [3| studies the convergence of DSGTD-GD, where Sub-
section focuses on DSGTD-GD with a constant step size and Subsection focuses on
DSGTD-GD with the diminishing step sizes. The convergence analysis of DSGTD-AG is pre-
sented in Section [l Numerical experiments are provided in Section [f] In Section [, we provide
concluding remarks. Some auxiliary results can be found in the Appendix [A]

Throughout this paper, vectors are column vectors unless otherwise specified. R? denotes
the d-dimensional Euclidean space endowed with norm ||z|| = \/{(x,z). The vectors 1 and 0
denote the all-ones and all-zeros vectors, respectively, whose dimensions are clear from context.
I € R™*™ denotes the identity matrix. For two matrices A and B of the same size, the inner
product is denoted by (A, B). For matrices, || - || and | - |2 denote the Frobenius norm and the
spectral norm, respectively. Denote f;(z;2') := B¢, op, (2 [li(2; )], fz;2") = Y00 filw;af),
fi(z) = Beap, (o) [li(z; )] and f(x) = Y71, fi(z). For clarity, Vii(x;&), Vfi(x;2’) and
V f(x; ") denote the gradients with respect to x, respectively, while V¢/;(x;§) denotes the gra-
dient with respect to £&. Moreover, define V,, ¢f;(x; &) := [Vl (z;€), Veli(2;€)] T, and V f(x) and
V fi(z) denote the gradients with respect to x, respectively. For the given o-algebra F, E[-|F] is
conditional expectation given F. For a sequence of random vectors {£;} and a random vector &,
&k A ¢ denotes the convergence in distribution and Cov(§) denotes the covariance matrix of the
random vector . N (z,3) denotes the normal distribution with mean z and covariance matrix .
Finally, we use bold letters to represent the matrix with rows z;, i.e. z := [z1,- - ,zn]—r e R4,
and denote z := 231 | ;.



2 Preliminaries and algorithms

In this section, we introduce DSGTD-GD and DSGTD-AG in Subsections and re-
spectively. Throughout this paper, we consider a set of agents V = {1,--- ,n} connected over a
communication network G = (V, &), where £ C V x V denotes the set of communication links
among the agents. The corresponding weight matrix W = [w;j],,xn satisfies that w;; > 0 if
(1,7) € € and w;; = 0 otherwise for i # j. We assume the communication network and the
weight matrix satisfy the following condition.

Assumption 1. [49] [Networks and weight matrices| The network is undirected and con-
nected. The nonnegative matrix W is doubly stochastic, i.e., W1 = W1 = 1, and the diagonal
entries of W are positive.

Assumption [1] is a standard condition on the communication network and the matrix W
[24, 49, 59] and implies that 11TW = W11" = 117, the spectral norm p of the matrix
W — 1117 satisfies p € (0,1) [49, Lemma 1].

2.1 DSGTD-GD

DSGTD-GD is designed to seek the performative stable solution x4 satisfying

n
Tps = arg ;EliRl}i ; E¢, D, (2ps) [0i(75 )] -

In what follows, we present DSGTD-GD in Algorithm

Algorithm 1 DSGTD with Greedy Deployment (DSGTD-GD):
Require: initial values ;0 € R, &1~ Di(xio), yio = Vli(2i0;&,1) for any i € V; step size

sequence {7 }x>0, where 7 > 0 can be constant or diminishing; non-negative weight matrices
W = [wij]nxn-

1: For k. =0,1,2,--- do

2: The i-th agent’s decision vector update: for any ¢ € V,

n
Tik+1 = Zwij (Tjk — VeYjik) - (4)
j=1

3: The i-th agent’s sample update: for any i € V, draw &; k12 ~ D;(; g+1)-

4: Gradient tracking update: for any i € V,

Yiktl = Z Wi Yk + Vi (Ti gy & kr2) — V(T3 13 & kg1 )- (5)

j=1

5: end for




At each iteration k, DSGTD-GD consists of three steps: (i) the i-th agent updates its decision
vector x; ;; by mixing its intermediate variable and ones from its neighbors, the current decisions
adjusted along the direction of average gradient estimates y;, j € {i} UN;, with specific
weights, where N; denotes the set of neighbors of the i-th agent; (ii) the i-th agent draws a
new sample & py2 ~ Dj(x; r41); (iil) each agent updates its gradient tracking variable y; 141 by
combining its own and its neighbors’ gradient tracking variables y;, j € {i} UN;, with specific
weights and adding a stochastic gradient-difference term V;(2; p41; & kt2) — V(@i k3 & k1),
where V4;(x; p41;& k+2) is evaluated using the updated decision vector and the newly drawn
sample. Since the stochastic gradient evaluated at the previous iterate is already available from
the preceding iteration and is reused in the gradient tracking update, each agent draws only one
fresh sample per iteration. Therefore, over K iterations, DSGTD-GD requires K fresh samples
per agent and nK fresh samples across the network.

For ease of presentation, we write Algorithm [1]in the following compact form:

Xp41 := W (X — MYE) 5
Vit+1 = Wyr + L(xp115 Ept2) — L(xk; Err1)s

where W = [w;;]nxn denotes the coupling matrix of agents and

Vil (z1 ;€1 pe1)
L(xg; {pt1) :=
Vi, ($n,k; gn,k—&-l)T

Obviously, by the double stochasticity of W, we have
1 n
Tg41 = Tk — Yk, Uk = - z; V(@i g &ikt1)s (7)
1=
where 7}, := %Z?:l xip and gy = %Z?:l Yi k-

2.2 DSGTD-AG

DSGTD-AG is tailored for seeking a stationary point x,, of problem satisfying

vf(xsp) =0,
as detailed in Algorithm

At each iteration k, DSGTD-AG consists of four steps: (i) based on the current estimation
D; 1,(-), the decision variables z; ;, and a sample generated from the real distribution map D;(z; 1),
the i-th agent forms a new estimation of the distribution map D; j11(-) via a generic distribution-
map update operator m, which will be specified later; (ii) the i-th agent updates its vector x;
using the same gradient-tracking descent step as in Algorithm [1} (iii) the i-th agent draws a
new sample & py2 ~ D;i(x; k+1); (iv) the i-th agent updates its gradient tracking variable v; p41
by combining its own and its neighbors’ gradient tracking variables y;, j € {i} UN; with



Algorithm 2 DSGTD with Adaptive Gradient (DSGTD-AG):

Require: initial values z;¢ € R, &1 ~ Di(xip), yio = vio and initial distribution-map esti-

mates D; o(-), for any ¢ € V; step size v > 0; non-negative weight matrices W = [w;;]nxn.
1: For £ =0,1,2,--- do
2: The i-th agent’s distribution map update: for any i € V,

Digt1(-) =7 (Dik(); ks Sishr1) - (8)

3: The i-th agent’s decision vector update: for any i € V,
n
Tikr1 =D wij (Tjk — VYjk)- (9)
j=1
4: The i-th agent’s sample update: for any i € V, draw & py2 ~ D; (@ k+1)-
5: Gradient tracking update: for any i € V,

n
Yik+1 = Zwijyj,k + Vi k+1 — Vik- (10)
j=1

6: end for

specific weights and adding the adaptive gradient difference v; 341 — v; 1, where v; . denotes
an adaptive gradient constructed using the current estimate of distribution map D; x(-), whose
formal definition is given in . Under the adaptive-gradient implementation specified below,
each agent draws two fresh samples per iteration: one is used for estimating the parameter of
the distribution map, and the other is &; 4o drawn from the distribution corresponding to the
updated decision. The sample available from the previous iteration is reused in the adaptive
gradient and gradient tracking updates. Hence, over K iterations, DSGTD-AG requires 2K
fresh samples per agent and 2nK fresh samples across the network.

Similar to (6) and (7)), we write (9) and in Algorithm [2in the following compact form:

Xpq1 = W (Xp — 7Y%)
Yit1 = Wyp + Vi1 — vy,

(11)

and then

_ _ _ 1
L1 = Tk — Yk, Uk = > vig, (12)

where W = [wj;]nxn denotes the coupling matrix of agents.

For both algorithms, the total number of fresh samples scales linearly with the number of
agents, while the per-agent sampling requirement at each iteration is independent of the network
size and sampling can be performed in parallel across agents. Therefore, over K iterates, the
proposed algorithms require O(K) samples per agent and O(nK) samples across the entire
network.



3 Convergence of DSGTD-GD

In this section, we study the convergence of DSGTD-GD, where Subsection focuses on
DSGTD-GD with constant step size and Subsection [3.2] focuses on DSGTD-GD with diminishing
step size. Under the constant step size policy, we show that DSGTD-GD converges linearly, in
expectation, to a neighborhood of the performative stable solution. Under the diminishing step
size policy, we show that DSGTD-GD achieves a convergence rate O (k%), where a € (%, 1], and
establish the asymptotic normality of the deviation between the averaged iterates of DSGTD-GD
and the performative stable solution.

To study the convergence of Algorithm [I], we first impose the following assumptions.
Assumption 2. [30] [Objective function and stochastic gradient| Let x,, be the perfor-
mative stable solution of problem ([I)).

(a) For any fixed Z € R?, the function f(z;Z) is p-strongly convex (u > 0), that is,

(Vf(@:7) = VI 7)x— ') > ulle — 2|2, V.ol € R

(b) For all i € V, the loss function ¢;(x; &) is L-smooth (L > 0), that is,
IVei;€) = V(e )| < L{llz — /| + [|€ = €'}, Va2’ € RY &€ € 2.
(c) There exists a constant ¢ > 0 such that, for all i € V and x € R?,
E¢.op,) [IVE(2:&) = Vil 2)[?] < 0®(1+ [lo — zps?).-

(d) There exist constants p > 2 and ¢, > 0 such that, for all i € V,

B py(o) V62 ) 7] < e (1+ [l = ps ).
(e) VR(xps) is positively stable, i.e., every eigenvalue of VR(xp,) has a strictly positive real

part, where R(x) := Y1 | V fi(x; z).

Assumption 3. [30] [Lipschitz distribution] For any i € V, there exists a constant ¢; > 0
such that
Wi (Dyi(2), Di()) < ¢ ||z —2'||, Vz,2’ € R,

where Wi (D, D) denotes the Wasserstein-1 distance between the distributions D, D'

Assumption 4. [I1] [Joint smoothness] Let x,, be the performative stable solution of prob-
lem (I). The map z — Vf(z;z) is smooth and has a Lipschitz continuous Jacobian on a
neighborhood of z,.

In Assumption [2) conditions (a) and (b) are widely used for the SO-DD [14, [30] B8] and
require the loss functions to be strongly convex and smooth; condition (¢) bounds the variance
of the stochastic gradient V/¢;(z;¢;); conditions (d) and (e) are for establishing the asymptotic
normality of the averaged iterates generated by DSGTD-GD for each agent [I1),48]. Assumption



implies that the amount of distribution shift resulting from the reaction of data to the decision
increases linearly with the difference in decision, where ¢; characterizes the sensitivity of the
decision-dependent distributions for the i-th agent [30, 38, 46]. Under Assumptions [2| (a), (b)
and a sufficiently small distribution sensitivity, e.g., €wg < p/L Wwith €ag = %Z?:l €,
guarantees the existence and uniqueness of the performative stable solution [30]. We should
note that the strong convexity in Assumption [2] is not only sufficient for finding the unique
performative stable solution, but also essential for the convergence of DSGTD-GD [30, [46].
Again, Assumption |4 is for studying the asymptotic normality of DSGTD-GD [I1] [4§].

Next, we provide a technical result that plays a key role in analyzing the convergence of
DSGTD-GD in Subsections B.1] and 3.2

Lemma 1. Let zps be the performative stable solution of problem . Denote

n

1 _
€max = MAXE;, €avg ‘= E ZQv Moi= = (1 + Q)eang7

i€V =1
20° L
c1 1= 2L (1 + €pmaz)® + i, co 1= (14 €maz)?, c3 = L(1 + €maz), (13)
n 2n0€qug
2

o

my 1= T, (377 + 2ne L(1 + €avg) + 2n + 20797 ],
where o is a positive constant. Suppose that €,,q < (1+ T and vy, < L, then under Assumptions

(23
(i):

2,2

_ _ _ vk + 1} - o
E [[Eke1 — 2l 21F0] < (1= )3k — apell® + ZE e - e+ =R (14)
(ii):
_ 1 + P 1+ p%)p? _
I — Rl < 5 e =l ? 2 e — sl (15)
(iii):
E [||ye+1 — ¥rt1 1?1 Fr]
1
<7 . (372 (02 + c3) + 2nykeso® +no?(2 — i) 1Tk — 2ps||* + T, [(3+p*)o?
2v%(ne1o? + c2(o? + 3 _
+27,02(2¢3 + ¢2) + c3(1 + )HW—IH2 i - 3 3)) %k — x|
i 2L te -
+ [ 22+ 016+ 2021+ 5] B [y = 9?1 + (16)
where B is any positive constant.
Proof. For ease of analysis, we denote,
1 n
fi(ziy) == Egop, ) [li(z;:&)], h(xk) = ;ZVfi(wi,kW,k)a (17)
i=1
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where V f;(z; x) denotes the gradient taken with respect to the first argument x.
Part (i). By the updating recursion (7)),
E [|Zr41 — 2pslIP1Fk] = 12k — 2ps|® — 2% E [(Zr — 2ps, U) [ Fi]l + %E [0l 7], (18)

where Fj, denotes the o-algebra generated by {&;, -+ ,&;}. According to the definition of h(xy)

in (79,

E[yk| Fr] = h(x).

Note also that zj is Fj measurable,

E [Hj;kJrl - ﬂ'7117<9H2|-7:k]
=[|1Zk — zpsll® — 27k (Zk — Tps, B(xk)) + VR (E |G — h(xi) 121 F%] + 1A (x0)[1%). (19)

For the third term on the right-hand side of ,
E [||gx — h(x)||?| Fi]

1 n
=3 Z E [|IVC(2ik; &ikr1) — Vi@ zin) |1 F]
=1

U
; + *22 ik — xps|?,

where the equality follows from the fact that yr = = > 1" | V(2 ;& kt1) in and the defini-
(d).

1
n
tion of h(xy), the inequality is due to Assumption I On the other hand,
2
17 (xk) |

1 n
=l1h(ek) =~ >V filwps; o) |12
=1
<1 " YV filx: 1. x: \va'2 . 2
—n.zl” fi@ins i) = il@psi ops)|
K3
n
Z L+ ) [l — aps
=1

where the equality and the last inequality follow from the fact that %Z?zl Vfi(zps; xps) = 0
and [30, Lemma 2], respectively. Then

[Ilﬂk— R 171F%] + (1R () 12
2 n

2
< L
<47 Z ik = @psll” + = D2 (1+ €0) ik — 2l
=1 =1
2 2 2
o 2(0° +c _ :
S; + (nzg) R ps| + [k — Xk”ﬂ ) (20)

where 3 := L(1 + €mqz) and the last inequality follows from the fact that Y"1 [lz;x — ps||? <
2[nl|Z — wpsl|* + [Ixr — Rel|?].

11



For the inner product term on the right-hand side of ,
<ik — Tps, h(xk)>

1 n
= Z<3_3k: — Tps, V fi(@i ks T k)
i—1

:% Z (<jk — Tps, vfl(xl,ka xi,k) - Vf’l(‘fkv xps)> + <=fk — Tps, vfl(jka xps) - vfi(xps; xps»)
=1

L|x, —x " _ _
T e P | N L
i=1

_ L —~ _
> (1= Leavg) |2 = psl|* = —(1+ €maz) Y 155 — zpsl i — 7
i=1

2n

al
> |:M - Leavg — o Ina

L
(1+ emax)] Tk — xp5H2 — 5— (1 + €maz) lIxk — )_(kHQ’ (21)

where « is any positive constant, the first inequality follows from the Cauchy-Schwarz inequality
and [I4, Lemma 2.1], the last inequality follows from the Young’s inequality.

Substituting and back to the equation gives us the following desired result,

E [||Z41 — @ps|*|Fk]

alL _
< |:1 - 2716(/1' - Lﬁavg - %(1 + emaac)) + 01713 ka - xpsHQ
L 17 - L
+ [ (14 €maz) + —2 | [|xp — %p||? + —2&
no n n

<(1 — )| — ps | +

27k + 017;3 - 12 02%%
20TV 1%, — — Tk 22
- %k — Xg||” + , (22)

2
where i := p—(140)€aqngL, c1 := 2L2(1+6mag:)2+2%, co 1= ZnQIelavg(l"i'emam)Q’ c3 := L(1+€maz),

a= ?iii::fc and the last inequality follows from the fact that v, < %

Part (ii). By the definition of x441 in (6]) and the update recursion (7)),

|Xps1 — Kot ||
=|Wxp, — Wy — Zx + 15
<P|Ixk — Zill? + 2vk0%1xk — el [Wyn — 1k]| + 120 |l yr — il

1—p? _ 2, 2w’
,02 ||Xk - Xk” + 1 _ pg

<p?||xk — Xk ||* + P lye — 5,l1?| + V207 lye — il

2k
14 p? _ 1+ p*)p? _
-l 4 2 - P, (23)

2

where p € (0,1), the first inequality and the last inequality follow from [49, Lemma 1] and the
Young’s inequality, respectively.

Part (iii). Denote

Ly := L(x;&41), Fro=[VA@igzik), Vi@ tnp)] (24)

12



we have by the definition of yx,1 in @ that
Yi+1 — Yk+1
1
=(I—-11"
( n )Y k41
1
=(I- EllT)(W}’k + Lgy1 — Ly)
_ 1
=Wy — ¥+ (I~ EllT)(Llﬁ—l —Ly),

where the last equality follows from the fact that W is a doubly stochastic matrix. Thus, for
any n > 0,

¥kt — Frrl?
— 2 1 1 T 2
<(1+n)[Wy, — 3l + (1 + 5)”(1 -1 )(Lg41 — L) ||
_ 1 1
<L+ lye — Fell* + (1 + E)H(I - EllT)(Lk—H —Ly)|I?
1 1
= 2 T 2
—ollyi — (T = 11T (L, — L
pllyr — ¥ell” + 1_pH( - ) (L1 — L) [I5,

where the first inequality is due to the Young’s inequality, the second inequality is due to [49,
Lemma 1], the equality follows by setting n = 1;/)’) and the fact that p € (0,1) by [49, Lemma
1].

By the definition of Ly,

E [||(Lys1 — L) [|*Fk]

=E [|Fs1 — Fel*[Fi] + E [||Lis1 — L — Frpr + Fi|*[ Fi
+ 2E [(Frt1 — Fi, L1 — L — Frpq + Fi) | F

=E [|Frt1 — Fel?*|Fx] + E [|Les1 — Frga |*)Fx]
+E [|Ly, — Fil*|Fi] + 2E [(Fiy1, —Lig + Fi)| Fi]

<E [[|Frt1 — Fil?|Fr] + 2E [(Frp1, —Lg + Fi) | 7]

n n
+0%2n+ Y B [z — apsllP1F] + D i — 2psl?),
i=1 i=1

where the second equality and the inequality follow from Assumption [2|(c) and (d), respectively.
Then

E [|lye+1 — Tt F]

_ 1
<pE [y — ¥xll*|F] + i, [2E [(Fiq1, —Li + Fi) | Fi] + E [[|[Frp1 — Fil|*| ]
n n
+0? (20 4+ Y B [@ipir — 2psl?I1FR] + D ik — wpsl*) | - (25)
i—1 i=1

For the second term on the right-hand side of ,

E [(Fiy1, =Ly + Fp) | Fy]

13



n

= Z E [(V fi(@igs15 Tigr1)s — V(x5 13 & k1) + Vfil@i s wip)) | Fr)
=1

n

n n n n
=Y E <Vfi(z WiTik = Yk D Wij Y Witkik—1 — Ve P Wisls (25 k3 Eika1)
i=1 =1 =1 =1 j=1

n n n n
Fye Y wiili (@13 &5.0)5 Tika1) — VEO  wiie — W Y wij Y Wihie—1
j=1 j=1 =1 =1

n n
Y Y Wil (k5 1) — Vewii V(@i g Tok) + 9 D wigli (5 0-158k); Tigr),
j#i j=1

—Vli(zip; Cipr1) + Vi(@igs zig)) | Fr]

< Z%L(l + &) E [IV( @i & pr1) — Vi@ Tin) 17 Fw]

=1
n
<vio?L Z(l +e)(1+ ||zip — $p8H2)
=1
<2950 L(1 + €maz) [10]|Z — 2ps||* + 3% — Rl|?] + 210’ L(L + €avg), (26)

where the second equality follows from the formulas and in Algorithm [1} the first in-
equality is due to [I4, Lemma 2.1] and Assumption [2| (b), and the second inequality is due to
Assumption [2| (d).

By the definitions of x;y in @ and c3 in , for any 8 > 0, we have

[Fri1 — Fill?
n
= IV fil@ipr1: Tirr) — Vi@ ps 2|
i=1

<3 llxpp1 — x|

=c||(W = I)(xj, — Xi,) — %eWysl”

=c3 [IW = I|I3lIxk — Re||> — 27k ((W — I)(x1, — &), Wy) — F)
% (IWyk = F5ll* + nllgl*)]

1 - _ _
<ci |1+ E)HW — T3 lxk — %ell* + (1 + B)ip*lye — 7l +vinllael?| (27)

where the first inequality follows from [14], Lemma 2.1] and the last inequality follows from [49]
Lemma 1] and the Young’s inequality.

Combining , , , , with the inequality , we arrive at . The proof

is complete. ]

3.1 DSGTD-GD with constant step size

The stochastic gradient descent (SGD) method with constant step size is widely used in
practice as it may achieve an exponentially fast convergence rate [12, [54]. In this subsection,

14



we show that DSGTD-GD with constant step size inherits the properties of converging to a
neighborhood of the optimal solution of SGD in linear convergence rate.

Theorem 1. Let x,5 be the performative stable solution of problem . Denote

cay+e1y?

1—yp =2 0
L 1+ 2 (1+ 2) 2.2
A=l o G ,
N 2 2.2
azam p+((L+0)d+ 2020
(1-p)* 2 2
1+ p? . —cwyp
92 2 — 2
cw =20 e +c3, Bi= 726§p2 ,
2
o
Mg =77 p [c%'yQ +2nyL(1 + €qug) +2n + 20272]
2
asy ::ﬂ [72c§(02 + ¢3) + 2nye30? + no? (2 — )]
1 2v%(nero? + (0% + c3)c3
ags = [cgu + )W —I|3 + ( ( 3)5)
1—p B n (28)

+27(2¢3 + c2)0” + (3 + p*)o?]
where [i, c1, co and c3 are defined in . Suppose that the constant step size

[N

< min (1-p)*(1+p)
B 4 [M 4+ 2n02 + no(1-p) (2nes — ﬁ)} * Rl Dle Ci/(Qlc;vf)

njils — 1) }
2ew CV2ew )

(1-p*)(A~-p) 1—p (20)
\/m03\|w—1\|2 \/(nc o2+c2(02+c2)) 802(1—p)(2c3+c2) ’ V2ew ’
2\/ 2K HlaX{ 30 ) (1 - p) - ncdw : ? \/7’ 40

where k> 1 is arbitrarily chosen. Then under the conditions of Lemma[1],

(1):

supE [||Z; — zps®],  sup B [[lx; — %] (30)
>k >k

converge to a neighborhood of 0 at the linear rate O(p(A)F), where p(A) < 1 is the spectral
radius of the matriz A.

(ii):
2 2 9 2
. , Yo (k+1) 4y p mo(k + 1)(c2 + ye1)(1 + p7)
limsupE |||z — zps 2l < — + — , 31
mowp B [I2 — ol < 0 mils— (1 — p)(1— 7P Y
4 2 2 (1 2 2 = -
limsup E [ka —ikHQ] < vop (s + D{A + o) (asyo” + finme) (32)

k300 ni(k —1)(1 - p)(1 — p?)?

Proof. Part (i). By the definition of ¢y in ([28),

1— 2
- % — 2 p2cw - (1-p) 1+ p)ew _ 40? 0
p= 2.2 ,2 = 2 2 > — >0
e3P C3p ]
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where the first inequality follows from the fact that v <

= \/1% in ‘) Taking expectation on
both sides of — with g = B and constant step size 7y, we obtain the following linear system
of inequalities

_ _ 2 2
E [[[Z41 — zps]?] E [||zx — xps?] -
E [[[xp41 = K1 [IP] | S A JE[xe —%[P] [ +] 0 | (33)
E [|yit1 — Frr1l?] E [llyx — ¥&l?] Me
where m, and the matrix A = (a;j)3x3 are defined in and , respectively. Then,
E [|Zx — 2|2 E [||Zo — ]2 1o
[ka xpSH ] [HCUO xpSH ] b1 Py
.21 | < AF %o2] | + DA (34)
E [||xp — % |°] | < E [[|x0 — %o?] 0
E [[lyr — ¥xl] E [[lyo — Fol/*] Mo
By some calculations,
k—1 k— o)
(1—p(A)")B]
I3 ABI < X lA) B < 3 oAV = im NI
1=0 1=0 1=0

where B := [AYQT‘;Z,O,mg]T

. Obviously, if p(A) < 1, we may conclude that

supE [[|Z; — wps®],  sup B [Ilx; — =4[] ,
>k >k

sup E [HYt — }_’t”2]
t>k

converge to a ”/])3(“ Ay neighborhood of 0 at the linear rate O(p(A)¥).

Next, we employ Lemma [4|in Appendix to show p(A) < 1, where we just need to verify the
conditions of Lemma By the fact that o > 0 and p € (0,1), a11 < 1, ags < 1 and

2 2 2
_ P Ay 2 ol +p7| _14p
a33—p+1_ (1+ﬁ)c3+201_p2 =—3 < 1. (35)
By (29,
23032
2.2 2 2 2, 20,2 2
v p* (14 p*) 1 29°(c1no” + c3(0° + ¢3))
:W[Cg(l‘?T)HW—IH%*‘ : .
(1—=p*)(1=p) B n
+ 2y02(2¢3 + c2) + (3 + p*)o?
2p°(1+0%) [BIW —T]5(40” + c3) N p)*(c1no® + c3(0? + c3))
“(1=p2)(1-p) 402 new
+20’2(1 —p)(2¢3 + ¢2)
\/2CW
(1 —an)(1 — az)
H )
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where c1, co, c3 are defined in , k > 1 is arbitrarily chosen, and the first inequality follows

- 2 1—
from the fact that 5 > 40% and v < \/ﬁ. Then

120230431
2029 (ca +ver) (1 + p?) [Y2e3(0° + ¢3) + 2yez0®n + no®(2 — fiy)]
a n(1+p)(1—p)?
iv(1—p)?(1+p)(k—1)

= 4k(k + 1)

(I —a1n)(1 —a)(l —ass)(k—1)

- k(k+1)

- (1 —a11)[(1 —a)(l —ass) — 023(132]7 (37)
k+1

where i, c1, c2, c3 are defined in (13)), p € (0,1) due to [49, Lemma 1], the first inequality and
the last inequality follow from and , respectively. Subsequently, by , and ,

we have
det(I— A)

=(1—a11)(1 —ag)(l —asz) — (1 — ai1)azase — ar2a23as;

Zn 1 (1 —a11)[(1 —az)(1 — as3) — azsass]
_:1(1—an)(1—a22)(1—a33) > 0. (38)

Summarizing the above, the conditions of Lemma [4| in Appendix hold and then p(A) < 1.

Part (ii). In what follows, we give a more precise bound on the convergence neighborhoods

of E [||Z — zps||?] and E [||xx — Xx[|*]. Denoting [(I— A)~'B]; as the jth element of the vector
[(I— A)~!B], we have

limsup E [||J?“k - ﬂfpsHQ]

k—o00

<[@1-A)"'B]

7202[(1*022)(1;(133)7(123(132} + a12a23Mo
= det(I— A)
<’>’02(f<c +1) a12093Me (K + 1)
- Kjin (1 —a11)(1 — ag)(1 — ass)(k — 1)
_')’02(1% +1) | 4°pme (ks + 1)(e2 +7c1)(1 + p°)
T kni nfi(k —1)(1—p)(1—p?)2 '

where [i, ¢1, ca, m, are defined in , v is defined in , the first inequality follows from
and the second inequality follows from and . Similarly, we have

limsup E [||x; — X%
k—o0
= [(I - A)_IB]Q

; 222
a31a237"0 + a23(1 _ all)mo

det(I— A)

17



a23(/£ + 1) "}/2026131

< + (1 —ay)m
(/i— 1)(1—a11)(1—a22)(1—a33) n ( 11)
dyP(k + D)(L+ p?)(as10%9? + yEinmy)
nia(s — 1)1 - p2)2(1 - p)
The proof is complete. ]

Theorem achieves a convergence rate similar to that established in [49], that is, the iterates
generated by DSGTD-GD converge to a neighborhood of the performative stable solution at the
linear rate when the step size satisfies . By the definitions of ¢3 and i in ,

2neg — = L(2n(1 + €maz) + (1 + 0)€avg) — 1 > 0.

Combined with the fact that p € (0,1), all the terms in are positive, which means the step
size v is obtainable. On the other hand, in light of and ,

limsup E [||xk — xps||2] < limsup 2nE [Hﬂ_fk - xps||2} + lim sup 2E [ka — )’(kHZ]
k—o00

k—o0 k—o0

which means the distance E [||xj, — xps||?] is proportional to the step size and the spectral norm
p. In other words, the smaller step size and spectral norm lead to better accuracy.

3.2 DSGTD-GD with diminishing step size

Different from the constant step size policy, a diminishing step size policy may guarantee
that SGD converges to the optimal solution rather than a neighborhood of an optimum [33] [41].
In what follows, we study DSGTD-GD with a diminishing step size policy.

Theorem 2. Let x)s be the performative stable solution of problem . Suppose that the time-
varying step sizes {Vi}r>1 in Algorithm satisfy v = r(k + b)~™* where a € (%, 1] and r, a, b
satisfy

92 (1Irngp2 +r2dp? < an(IQ—p)Q
r> P02 : (39)
v (1-p*)(1=p) (_b2* 14p? K173 (cab®+rer) 2
2(1—|—pp2)p s ((b+1)2a - =) ban(grfqu)chba) + Kor
with
X (d-p)* p) — 2920 2(1;rpp) — y2c2p?
B = 2 o )
'chgp
2
K, ::W [r Ab"(0? + c2) + 2rezo’n + 2nb* o 2] (40)
1 1 2r(cino? + (02 +c3))  2ro?(2c3 + c2)
Ky := 201+ —)|IW — 1|2 3 3
251, cz(1+ BO)H 12 + b2 + m

+(3+ p2)02]
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and [i, c1, c2, and cs as defined in . Then under the conditions of Lemma
E [[|Zk — zps[?] = O(w),  E[llxk —%i[?] = O(37). (41)

Moreover, Ty, converges to xps almost surely.

Proof. By the definition of B,

14p2 b2e(1— 1
R (1=p)? /J) 2%02( ;rfp% chzpz (2 p)? _9p2452( +pp) _ r2c§p2
Ve3P r2c3p?

where the first inequality is due to 4, = r(k +b)~® with a € (3,1) and the second inequality
follows from the definitions of r, a and b in (39)). Taking expectation on both sides of —
with g = Bk and v = 7, we have

E [[Zks1 — 2ps?] E [z - opl?]| |25
E [[[xp41 — R [P] | = An | E[llx —%?] | | 0 | (42)
E [|yes1 — e+ ?] E [|lyx — ¥x|?] my,
where
LT 0
N e ’
dy dhy p+ 5 (4 BO)S + 20218

2
asq :1 P [c%’y,%(o2 + c%) + 2'7k03(72n + n02(2 - ﬂ’)’k)] )

1 292 (cino? + (% + 2
ahy = [+ w1 ¢ DEERT LG S)
p Bk n
—{—2%02(203 +c)+B+p )0 ] ,
2
U_ ) (V2 (c3 +20%) + 29knL(1 + €q0g) + 21]

mp :1

and [i, ¢1, co, cg are defined in .

Before formally proving the results, we first denote

1-p? e L+’ 2 2 = 112 112
Aq = — Ny =—"—" [K-b a _ b a
1 1+ p2)p2((b 1% 5 ), 2 = p)b2a[ 167 |x0 — Xo||” + b**my],
2Kor? 9 Kqr2o?
Az = ———- Ny =
B s e R
2r? Kir(cab® +req)
A5 = i + K2 )
(1= e nar + 6= 1) — ) )
a 24N 2p2a] poll 7, — 5 2
Ny - max{r[(TCQb_—i-?“ c1)Na + 0°b ]’ |Zo — @ps| s
b2en(pr + (b — 1) — b%) r
b*||xo — %o||> E[llyo —Foll’] A A4
Ny =
9 1= max{ 2 5 A ’Al—Ag’Al—A5}’
1—p rK1N Ky Nor?
N3 = maX{E U|YO - }_’0||2] — p( bla L + szj + mo)},
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where [i, c1, co are defined in , K1, K5 are defined in , the relations between r, a, b are
defined in .

In what follows, we show that
E [[|75 — 2psl®] < Ny, E[llx = %el”] < Novi, E [llys = 9l?] < N3 (44)

by induction. Obviously, when & = 0, holds. Next, we show that holds for k£ + 1
provided that holds for some k > 0.

By (42) and the fact that p+ 12 ((1+ i) + 207144,

)= #, we have

2 2
VO

E [|zkr1 — 2psl®] < (1= p)E [[125 — 2ps )] + e ek = Rill] + =5,

1+p° (1+ p*)p? 2
TP B |y —
92 1— p2 [HYk Yk” ] ’

1+p
2

(c2 + c1vk) E [
mn

E [|xp11 — Rep1|l?] < E [|Ix — %] + 7

E [lyrr1 — rr1l?] < asiE (|12 — zpsl”] + asoE [[Ixk — %l*] + E (|lyx — ¥&l1%] + mu.
Then

E [kaJrl - xpSHQ}

_ c2 +c1ve)No  yio?
g'Yk(l_M’Yk)Nl‘f"Ylg( nv) + -k

n
(c2 + c1vk) N2 n Vio?
n

=v(1 — k) N1 + 71 — N1Yg41 + N1Ye41

fir2 2 2
" BT r 3(ca+70c1)Na | 50
< _ _ N N
_((k:+b)“ (k+b)20  (E+b+ 1)a) 1+7% " + o + N1Vk41
SleYkJrlv

where r, a and b are defined in and the first inequality, the second inequality and the last
inequality follow from the fact that holds for some k& > 0, the definition of 4 and the
definition of Ny in , respectively. Similarly, we have

E [||xe41 — Rig1]?]

o (1+p°) N 42 (14 p*)p* N3
<Yk 9 R
(1+p*)r? r’ 2 (14 p*)p* N3 2
< — N. RS/ o - AN V)
_(Z(k +0)2 (k+1+ b)2a) L
§N2’Yl%+17
and
E [|lyr+1 — Fe1?]
14 p)N:
<YK 1Ny + 7 KoNs + (2'0)3 +mg
T‘KlNl K2N2T2 (p— 1)N3
< ba + p2a + 5 + mg + N3

§N37
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where mg = ﬁ [12(20% + ¢3) + 2rnL(1 4 €ang)b® + 2nb**]|, K1, K> are defined in .

Summarizing the above, we can conclude that holds for any k£ > 0. Obviously, N1, Na,
and N3 are bounded constants and then E [[|Z), — 2ps||?] and E [||x) — Xj||?] converge to 0 at
rate O(vy) and O(v}), respectively.

Next, we use Lemma in Appendix to show that Zj converges to x,, almost surely.

Choosing v = 7, in , we have

_ _ _ cavk + 17} _ o?q?
E [[|Zrs1 — 2ps |2 Fi] < (1= i) B — zps|)® + ————E x5 — Ry + T’“ (45)
Denote
_ 9 C2Yk + 01'7]% - 2 027]3 _ = 2
Crk = 1Tk — ps|®, Dr =0, Ep = ———%||xp, — Xp|* + , B = pel|Zr — ps |7,

falls into the setting of Lemma
In what follows, we verify the conditions of Lemma

Obviously, Y 72, Dy < oo and we have

i E[E}]
=0

[e'e] 2 0 2.2
2k + a1 — 12 e
= — — FE||xr — X R,
g_o ~ % — X |” + ;;—o -
o0 2 0 2.2
Ykt 1Y), o 0™k
< E No—=—~ 'k g —= < o0,
a k=0 ’ n o ! k=0 n

where the first inequality and the second inequality follow from and the fact that v, =
r(k 4+ b)~% with a € (4,1), respectively. Monotone convergence theorem implies Y 3 o Ej < oc.
Then the conditions of Lemma [5| hold, which implies that there is a non-negative finite random
variable C such that C, — C and ), F}, < oo almost surely which implies

oo
1Zk — 2ps|® = Coor D YkllZk — 2ps® < 00
k=0

almost surely. Noting that Y o, vk diverges, we conclude that limg e [|Zx — 2ps||? = 0 almost
surely. The proof is complete. O

Theorem [2] shows that, under diminishing step size, the averaged iterates of DSGTD-GD
converge to the performative stable solution at rate O(y;) and the consensus errors of iterates
converge to 0 at rate O(7), which achieves the similar convergence rate as [49, 61]. Moreover,

we have by that
E [|x — %55]12] < 20E (|| — 2pell?] + 2B [l — Rel2] = O(),
which means DSGTD-GD with diminishing step size achieves the convergence rate of O(vx).
Next, we establish the asymptotic normality of the time-averaged iterates generated by

DSGTD-GD.
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Theorem 3. Let xps be the performative stable solution of problem . Under the conditions
of Theorem@ with a € (%, 1) and Assumption the average iterates %Zf:_ol x; ¢ generated by
DSGTD-GD satisfy

k—1
1
\/E(%E Tit — l’ps) —>d N(O, VR(:UPS)_lX:VR(xPS)_T)» Vi € V? (46)
t=0

where R(x) =Y i Vfi(z;z) and ¥ := Cov(} i, Vli(ps; &))-

Proof. By , we have

1 k—1 1 k—1
E H\/E(% Lit xpS) - \/E(% Ty — xpS)”
t=0 t=0
1 k—1 B
— B[ Y (@i~ 1)
t=0
1 k—1
< E|(xt —%¢)|1?
t=0
~— k—
< N2 1%
~VE D

\/\/%Zfz_ol ~v¢ converges to 0. Then Slutsky’s

By the definition of +; and Kronecker lemma,
theorem implies if

N

-1

Vk( Tt — Tps) = N(0, VR(2ps) 'SV R(2ps) 1), (47)

| =

t

Il
=)

Next, we show by Lemma [3| in Appendix.

Firstly, we rewrite the recursion Zj — x,s in the form of in Lemma By the update
recursion in 1) and the fact g = %Z?:l V(% 15 & k1), We have

Th+1
=Tk — Y&k
T 1 ¢ . .
=Ty, — ;R(xk) | (Vli(z5 15 &i k1) — Vi(migi zig))
i=1
1 n
— Yk [ > (Y filwigs zin) — V fi(@k; xk))] : (48)
e
Denote
1< 1 @ o
er = > (Vli(wig; Ginr) = Viilwigizin)),  dip = - > (Viilwigs wik) — Vi@ Tn)
i1 i=1

22



the recursion (48)) can be rewritten as
_ _ 1
i1 = T — W | - R(Tx) +ep +di |

which falls into the setting of Lemma
In what follows, we verify the conditions (a)-(f) of Lemma

By the definition of e, {ex} is a martingale difference sequence and thus condition (a)
Lemma |3 hold. Moreover, by Assumption [2| (¢)

E [llex]* | Fi]

1 n
= Y B[V Gur) = Vhilwams zin)l |

i=1
2 0t & 9
<—+ = Z @ik — zps]|”
noon

Taking expectations on both sides, we obtain
2 2 2
o (o2 _ g _
Ellexl|” < — + 5E[x), — %> + —E|z) — 2],
n o n n

which implies that sup;>q El|ey||* < co by Theorem [2| Then condition (b) of Lemma (3| holds.

Next, we verify condition (c) of Lemma [3| Define
Vila) = Cov (VAi(x:&)), E|ene] | Fi| == Z (i),

By the fact that Y 7 ;7% < oo and (41)), we have Y32 E|jx; — X¢||* < co. Tonelli’s theorem
further implies that 7o ||xx —Xx||? < oo almost surely, and then we have ||x; —X| — 0 almost
surely. Together with Z}, — ), almost surely from Theorem this yields that z; j, — x,s almost
surely, for all ¢ € V. Therefore,

1
— —Y, a.s.

E [ekekT | fk} -

where ¥ = Cov(} 1" | Vl;i(zps;&)). Consequently, by Cesaro’s lemma,
k—

ZE [etetT | ]-"t] — %E, a.s.
=0

—_

1
K

Moreover, since Assumption [2f (d) holds for some p > 2, the conditional p-th moments of ej are
uniformly bounded along the sample paths for all sufficiently large k. Hence, for any € > 0,

E
—_

k—

1 1
- - - p
B |l evmy | 7| < 573 E_O: llecll? | o) — 0

| =
o
Il
(e

Then condition (c) of Lemma [3| holds.
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On the other hand, by [I4, Lemma 2.1] and Theorem

L(l + 6max)

E[[|dgl] < RV

E [llxx — xx[[] = O(7)- (49)

Then,

E

k—1 k—1
1 1
3| =0 ( Z%> — Ok —5 0
vk t=0 vk t=0
Markov’s inequality further implies that ﬁ Zf;ol |dy|| & 0, thereby condition (d) of Lemma
holds.

According to the definition of VR(z) and -y, conditions (e) of Lemma [3| hold with G :=
VR(xps)/n.

Finally, we verify condition (f) of Lemma (3l By Assumption {4| and R(z,s) = 0, there exists
a constant ¢ > 0 such that, in a neighborhood of x,;,

1
SR(@) = Gz — 2ps) || < cflz — ps|®.
Then,
=1 o kel =
E|— —R(z) — G(Ty — xps < — E|z; — 25> = O | —= v | = o(1).
\/E;n(t) (Z¢ p)] \/E; 12 — @ps]| <\/E;t> (1)

Thus, condition (f) of Lemma |3 holds by Markov inequality.
Summarizing the above, all the conditions of Lemma [3|in Appendix hold. Then

k—1
VE(E 3 01— t30) ~5 N0V R(ay) S Rlape) 7).
t=0

The proof is complete. ]

Theorem [3]shows that the deviation between the averaged iterates generated by DSGTD-GD
and the performative stable solution converges in distribution to a normal random vector with
the covariance matrix VR (7ps) 'SV R(zps)~ ', where

n n d
VR(-Tps) = Z vzfi(ajps; xps) + Z @vfi(xps; y)|y=xps'
i=1 =1

Comparing with the asymptotic normality results of stochastic approximation method for stan-
dard stochastic optimization problems [7, 10} [I'7, 48], the second term ) ;" , d%v Ji(Tps: ¥)ly=zps
captures the performative effects of distributional shift. To the best of our knowledge, Theo-
rem (3| seems to be the first result on the asymptotic normality of the stochastic approximation
method for distributed SO-DD.
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4 Convergence of DSGTD-AG

In this section, we study the convergence of DSGTD-AG. Under the constant step size policy,
we show that DSGTD-AG converges sublinearly to a stationary point based on the technical
lemma.

To study the convergence of Algorithm [2, we first impose the following assumptions.

Assumption 5. [42] [Objective function and gradient]

(a) For any i € V, the gradient V f;(x) are L;-Lipschitz continuous (L; > 0), that is,

IV fi(x) = Vfi(2)| < Li||z — 2’|, Va,2’ € R
(b) There exists a constant § > 0 such that, for all i € V and x € R?,
E¢,op, () Ve li(a:; &)l] < 6.
(c) There exists a constant o > 0 such that, for all i € V and x € R?,

E¢,op,(2) |V li(2:&) — Egap, () Vx,gggi(iﬂ;ég)} Hﬂ <o’

Assumption 6. [42] [Distribution map| For any i € V, there exists a probability measure P;
such that
§i~Di(z) =& =Aix+ G, G~

where A; € R™*4, 11, := E¢,op,[¢] and 2 == E¢,op, (G — 1) (G — i) T

In Assumption condition (a) requires the objective functions to be smooth, while conditions
(b) and (c) bound the expected norm of the stochastic gradient and its variance, respectively.
Assumption [6]imposes an additive linear structure on how the distribution changes with the deci-
sion variable, rather than restricting the random variable &; to a particular distributional family.
Specifically, (; ~ P; represents the decision-independent random variable, while A;x character-
izes the distributional shift induced by the decision variable z. For example, if ; ~ N (u;, ),
then under Assumption @, we have & = A;z + (; and consequently & ~ N (A;x + u;, ¥;). Under
this Assumption, problem can be rewritten as the following standard stochastic optimization

problem:
n

min Z E¢,p, [li(z; Ax + ()],

d
reRTIT

which may be non-convex, and then by using the chain rule, we can derive the gradient of f;(z),
sz(x) = Eﬁz‘NDi(x) [V@A%, fl) + AIV&&(x, fl)] .

Again, under the linear structure of the distribution map, we may estimate the distribution map
D;(-) by estimating the parameter A; with A; ; dynamically using the adaptive gradient method
n [42]. Specifically, at the k-th iteration, the i-th agent updates its A, ; with

.
Aikr1 = Aik + k(i1 — Sikr1 — Ai kWi k) U s
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where v, = %, Gik+1 ~ DilTik + uik), g1 ~ Di(zix) and uip ~ N(0,14). Furthermore,
an unbiased stochastic gradient of f; at x; 3 can be computed as

V(% ks Eiprr) + A Ve, oo li(@iks Sikr1)s

where & 11 ~ Di(z;), and with initial 4, € R™*? and the estimation A; i, we form its
estimator as

Uik = V(T3 & k1) + AZ Ve Li(Tik; Sikr1), (50)
which is used as a biased stochastic gradient by DSGTD-AG.

Next, we state a descent lemma when the objective function is non-convex and the stochastic
gradient is biased, which plays a key role in analyzing the convergence of DSGTD-AG.

Lemma 2. Suppose that v < g, Assumptions @ and@ hold. Then, for Vk, the averaged

iterates Ty, generated by DSGTD-AG satisfy
E [f(Zg41)|F%]

3y L2
<F@) - LIVFEIP+ - Zuxk—mn

3L6%? 3Lo?~? 3Lo? 'y 3Lo%~?
+( +70% + )| Ax — Al* + 1)1 + + (51)
n n
where A :=[Ay, -, Ap] and Ay := [A1 g, Ap ).
Proof. By the updating recursion and the definition of vy,
E [f(Zg+1)|F%]
B |- IS,
=E | f(Z - ;vz,k)\fk]
<f(@x) - va |Fie| + ” "R ||fzvzk|| |Fi
g 2, Ly? Ly 2
=f(zx) — 5!\Vf(9‘ck)ll E |[(Vf(zy szk | Fr| + — B Hﬁzvi,kzu | F
i=1
1 n
<f@) - 5oV F@IP+ 5 Z Vi) ~ Blosl 12+ 2B {12 Zm,ku?m] . (52)
i=1

where L = Y7 | L;, Fi denotes the o-algebra generated by (i, ui1),_q .. _1.% € V, the first
inequality and the last inequality follow from the smoothness of the objective function and the

Young’s inequality, respectively. For the last term on the right-hand side of ,

1 n
anvz‘,k|l2|fk]

i=1

n

H%Zvi,k+%vf(f )f—Vf ZEUW**

=1

=E
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1 & 1 & 3 B 1 & 1 -
<3E ||~ > vk - - > Bl F| + ﬁ“vf(fﬂk)HQ +3]- > Euip— ﬁVf(ﬂfk)||2
i=1 =1 =1

302 3 — B 3 -
ST max{1, | A||°} + - Z |Bv; e — Vfi(Zn)||* + ﬁHVf(xk)HQ,

i=1
where the last inequality is due to the definition of v;; in and Assumption 5| (c). Then
E [f(Zt1)| %]
_ 3Ly~ N
< _
<@+ G~ )Vl
3L’y

3Lo? ’y

4 2y
Z IV fi(z) = Bfoipl Pl 17+ — -

max{1, || Ag[*}.
Again, by the definition of v; j in ,
i: IV fi(@x) — E [vg k] Fe] |12
=1
= Zn: IV fi(@r) = E [vi| Fi] + V filzig) =V filaig)|®
=1

<2 V(@) = Vilwi) | +2 ) B vkl Fi) = Vi)
=1

i=1

n
<22 |l@ — sl + 267 A — AP,
=1

where the last inequality is due to Assumption [5| (a) and (b). Then

E [f(Zrt1)|Fi]

_ 3y _ 3y2L3 .
<) + (g = 5 MVF@IIF + (5 +~L%) > oz — wigl)?
=1

3L'y

3Lo?~?

+( )0 A — All* +

max{L, || A4}

_ ¥ _ 37L L
<f(@k) — @va(ivk)ll2 t > o lzk — 2kl
i=1

L 3Lo%+? 3Lo%~? 3L6%4? 3Lo%~?

Al + ==+ (— — + 10" +

)| Ax — AP,

where the last inequality follows from the fact v < &%, max{1, || Ax[|*} < 1+ Ax||* and || Ax[* <
2||A||? + 2||Ax — A||2. The proof is complete. O

Different from the descent lemma [27, Lemma 27], the last term on the right-hand side of
depends on the error between the true distribution parameter A and the estimated distribution
parameter Ay. In other words, with A; gradually tending to A, the term tends towards 0.

Now, we are ready to study the convergence of DSGTD-AG.
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Theorem 4. Let C; = 2560, Cy = 12000, ¢; := max{7||4o — A|%, 831 tr(Z))}, f* =
min,cga f(z) and denote
6102(202 + 52) + 20202“AH2 + 02(72

2 2 2
T +C1o? + 2010%|| A

cy:=8n, c5:= 12nL%7?

12V10F
e = 24c;L(6% + 0?) 4+ 24Lo?| A||* + 12Lo?%, ¢7 = w + 768¢0 L,
) . . (1-p) (53)
= l 1+1 1, Fy:= f(zo) — f*
T 1—p0g(1—0( +Ogl—p)>+ ) 0 f(l‘o) f>

24~

b0 := 16]|x0 — Ro||* + e lyo — Foll*.

Suppose that (i) K > 1= plog( (1 +logT- )), (i1) Assumptions @ @ hold, (iii) the step size

satisfies
1 2
:= min ( c1Fo )3 ( cako )3 L= (54)
v s(K+1)) "\e(K+1)) " 6avioLr [

Then the averaged iterates Ty generated by DSGTD-AG satisfy

KHZEHW Ik

<20% < ey Fy >§ 5 <C466F0>§ ntLer  8ncd? In(K + 6d) 16(C5C4F0)3 ln(K + 6d)
—TOA\K 41 K+1 K+1 K+1 75(K +1)3

Proof. Define ¢, := |:Xk — R, v(yr — yk)} , we have

E [f(Zr11)Fx]

_ Y )12 +
< _
<f(n) — LIV F@R)I? +
3L6%~? 3L0'y

37L
5 El|v?

3Lo%?
2n

where the inequality is due to Lemma [2 Rearranging it and summing up, we have

3Lo2~?

+ +70° + AR = AP + = A[I* +

i ZEHW P

< 47”LFO
(K +1)

A(3LA62 + nd? + 3Ly0?) o 6nl? & ;
E||4A,— A E
K+l 2B (e = AIP) + 277 DBl (55)

+ 12L~0?|| A||? + 6 Lyo?

where Iy := f(Zg) — f*. Note that the first three terms on the right-hand side of do not
depend on iteration k, we may provide the bound for them by selecting the step size, that is,

2
dnFy 200 A2 9 9 9 < caFy >3 32v10c4 LT Fy
————— + 12Lvo?||A||* + 6Lyo® < 6Lo” (2||Al]* +1) | ———— it St
KT 10t A+ 670" < 6Lo” (241 + 1) { =55 ) + T e )

(56)
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where ¢4 and cg are defined in , the inequality is due to the definition of v in . Similarly,
as the fourth term on the right-hand side of only depends on the error of |4, — A||?, we
may bound it with [42) Lemma 21],

4(3L16” + n8® + 3Ly0?) 2
- SUE [4x - A
k=0
<4cl(3L'752 +nd? + 3Lyo?) i 1
= K+1 — k + 6d
< 12¢; Ly (6% + 0%) In(K + 6d) N 4ncd? In(K + 6d), (57)
K+1 K+1

where ¢; := max{7|[Ag — A||?>,8 Y., tr(3;)} and the last inequality follows from the definition
of v in .
Next, we derive the bound of Zszo E||y*

Define
_ T
W 0 0 - 1
Ji=| |, Ep:= , Wi =W 11",
-W W (Vi1 —vie)I = 1117) "
we may rewrite Algorithm [2|in the form as
Vi1 = YiJ + 7k, (58)

where Yy, = [Xk — X, Yk — }_’k)] - By unrolling 1| for 7 < ¢ < 27 steps with 7 = 125log(2% (14
1
lOngp)) + 1,

¢
Ukt = Ued +7 Y Sk I

m=1

Then,

E ||

t
3 < 4
<SEINGE® + 57 B Y Viem = Vigm—) W2

m=1
t—1 _
+ 5Bl D (Viam — Vigm-1)(t —m)WT %, (59)
m=1

where the inequality follows from Young’s inequality, Lemmaand the fact that [|[I-2117[|, < 1.

In what follows, we give the upper bounds for the last two items on the right-hand side of
(9.

Denote
Fk = [vfl(ml,k)7 T 7vfn(xn,k)]a Fk = [Vfl(jk), e ,an(fi‘k)}
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For the second term on the right-hand side of ,

¢
E| Z (Vitm — Vkerfl)Wt_mH2

m=1
t t t

<3B| " Vet — Fip) 2+ 3B1 . (Vitmt = From )2 + 3B S (P — Frpmn)IP

m=1 m=1 m=1

t t t
<3B| " Vet — Firn) 2+ 3B1 S ikt = P 1) 12+ 36 3 BJ[Frsr, — P |

m=1 m=1 m=1

t t t
§3EH Z (Vk+m - Fk-l—m)HQ + 3EH Z (Vk+m—1 - Fk+m—1)|‘2 + 9t Z EHFk-i-m - Fk-l—m”2

m=1 m=1 m=1
t t

+96 S BllF e — Framoa |2+ 496 > B[ — Fromi |

m=1 m=1

t t t
SBE( DY Vigm — Fram) 12+ 3B D Viem—1 — Fapm-1) I + 9L > E|[Xppm — Ripm |

m=1 m=1 m=1

t t
+ 9L Y Elxkim-1 = Reymo1|? + 9L Y B Zhgm — Trpm |, (60)

m=1 m=1

where the first inequality and the last inequality follow from the fact that ||[W7|| < 1, for Vj > 1,
and Assumption [5| (a), respectively. For the third term on the right-hand side of ,

t—1
Ell " (Vitm — Viem-1)(t — m)W™ |2
m=1
t—1
<BEI Y (Vkem — Frpm = Viim—1 + Frpmo1)(t = m)W| 2
m=1
t—1
+ 3E|| Z (Fram — From — From1 + Frrm1)(t — m)wt—mHQ
m=1
t—1 )
+ 3E| Z (Frpm — Frym—1)(t —m)W|?
m=1
:3E||(Vk+t—1 — Fk+t_1)W - (Vk — Fk)(t _ 1)Wt—1
t—2

+ Z (Vitm — Frym) [(t —m)W'™ — (t—m — 1)Wt—m71} 2
m=1

+ 3E||(Frrt—1 — Frpeo1)W — (F — Fp) (¢ — W' !
t—2

+ Z (Fk+m - Fk—l—m) [(t — m)Wt—m _ (t —m = 1)Wt—m—1] H2
m=1

t—1
+3E| Y (Frrm — Fram-1)(t —m)W|?

m=1

<BE| (Virt-1 — Frpe1) W + 3E| (vie — Fi)(t = HW' 2
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t—2
+ 3t Z | (Vitm — Frtm) [(t - m)Wt_m —(t—m— 1)V”Vt—m—1} ”2

m=1
+ 3B (Fryr1 — P )W|* + 3B (Fr — Fy) (1 — HW' 1|2
t—2

+ 3t Z |(Frtm — Frgm) {(t - m)VVt*m —(t—m— 1)Wtfm—1} I2
m=1
t—1 i
+ 3E|| Z (Fk+m — Fk+m71)(t _ m)Wtfm”Q
m=1
t—1 1
12t 19¢
(1 _ 2 Z E||Viim — Fk+m” + =, 2 Z E||Fiirm — Fk+mH
3(t—1) _ _
t 1(_ 2 Z E|[Fim — Frpm-1]?
(1—=p)? =
t—1 i1
12t 12t12
S72 Z E|[Vitm — Frm|* + YRRV Z E|[Xptm — Zprml|?
(1=p) (1-p)
3n L2 t—1
# Z E||Zktm — Zhtm— 1|| (61)

(1—p)?

where the third inequality is due to Lemma |§|, Lemma |7} the fact that |[W7|| < 1, for Vj > 1,
and the last inequality is due to Assumption [5[ (a). By the updating recursion in ,

E||fk+m - i'k—&-m—lu2

1 n
:72E||H ;Ui,mm—lHQ
1=

Z’YQE”; z; Vierm—1 ~ Z; V fi( @i krm—1) + - Z; V fi(zi krm—1)
1= 1= 1=
1 & - 1 & B )
- > Vil @rymo1) + - > Vi@ rgma)|
i—1 i1

1 o 1
S?WQEHE Z Vikm—1 ~ Z V fi(@i grm—1)|1?

i=1 =1

37 — 2 372 - 2
+ Y IV Si@ikem—1) = Vi@am-)IF + T IV @) |
i=1

1 & 1 &
§372EH; D vikimo1— = > Vil@igrm-1)[?
i=1 e
3L2'y2 . 372 _
Zsz k4+m—1 — Z; Jk+m— lH + — 2 ”Vf(xk-l-m—l)”Qa (62)
=1

_|_

where the last inequality is due to Assumption [5| (a)
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Combining , , with the inequality , we have
E|| ¢k

t t
3
Bkl +59% [ 3B Y Vhom — From) I + 3B S (Vhem-1 — Frim 1)

m=1 m=1
t t

+9tL? > " Bl Xppm — Rpam | + 9L D ElXpsm-1 — K1

m=1 m=1

t n n
1 1
+27tn Ly Z:l E|~ z; e Z; V fil@igrm-1)|?
m= 1= 1=

! 2TtL242
2767 LYY [ Xhm—1 — R [+ W S AV @rim-1)l

m=1 m=1
t—1 t—1
12t 12tL2
M Z E(Vigm — Frml® + 3 Z E||Xg1m — Kipml|”
In t—l L2 2 ] 1
Lot = DIy Z E|- Zw,k+m_1 - ZVfi(xmm_l)Hz
—
9(t—1 2L4t1 9(t — 1)1.242 =L
+¥ D Iksm1 = Kiym|* + % Z IV f @t
(1=p)? = n(l—
7"}/2 t—1
EHw I + ﬁ Z B tpsm|” + = Z IV £ (Z g ||
= 300772
+6479% > B[ Vit — Frpml® + (7 Z E[Viim — Framl?
m=0

where the last inequality follows from the fact v < o WL and t < 27. By the definition of
Vi4+m and Fk+m7

E|[Vitm — Fregm|?
=E|Vitm — EVisml® + [EVerm — Friml?
<(20% + 6°)E [|| Apsm — A[?] +20°(|A|* + 0
c(202 + 62)
“k+m+6d
where ¢; := max{7|[Ag — A|%,8Y 1, tr(%;)}, the first inequality follows from Assumption
(b), (c), the second inequality follows from the fact max{1,[|Ax||?} < 1+ [|A%]|? and || A% <
2||A||? + 2||Ax — A||?, and the last inequality follows from [42, Lemma 21]. Then, by the fact
that t < 27,

E|[ ¢4/

277
EHT/%HZ + ﬁ Z E|¢rml* + Z IV f (Zkgm) |

01(20 +5 )
k + 6d

+ 202||A||* + o2, (63)

+207|4]7 + 0* |,

600722 [¢;(20% + 62%)
)2

12 2 2
+ 12877 [ = k+6d

+ 202 A% + 02} +
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which falls into the similar form to the recursion in [27, Lemma 7]. Subsequently, unrolling this
recursion with the technique in [27, Lemma 8|, we have

E|[¢[|*

1\* 4472 = 1\ 9 5 o [c1(20% +62)
<(1--—— 1——— T =g Te)
(1) o T (1) IS e [0

Cot?y? [ (202 4 62)
2 2 2 2777 1 2 2 2
+20° || Al +a]+(1_p)2{ b6 + 207 || Al —i—a],

where C) = 2560, Co = 12000 and ¢ = 16||xg — Xo||* + 247 by |l¥o = ol|*. Then

> Blul?
k=0
K k 44 K k-1 k—m
S (15 ) @+ IS Y (1-50) sl
k=0

k=0 m=0

(20% + 62
+ C172y Z [CZ I:+JES ) +202HAH2+02}

2.2 K
CQT 722[@ 20 +5)+20_2HAH2_’_0,2:|

K

1 2 2 2 al 2‘7 +52) 2 2 2
<64 4+ — E V +C E + 207 A|l* +

CQT’}’ c(20° +6%) 20 AN2 4 2
20°||A 64
2§:[k+1+6d+ou 2402 (69

where the last inequality follows from the fact v < - 4\1/_—'0LT, S (1- 64%)’C < 647 and

K k-1 k—m
S5 (1o o) st oY 19 s

k=0 m=0 k=0
Combining , , with and rearranging, we have
] X
e E|Vf(zy)|?
71 BV @)l

9 2
2 5 64v10c,LTF calfy  \°

<12L 2 92 A 2 1 C4L0 24L 62 2 T AN

<12Lo” (2||A|]* + )<C w+n) tha- kL T (6% +07) c6(K + 1)

8nc;6? In(K + 6d)  12nL?
K+1 K+1

c1(202% + 62)
k + 6d

K
!64T¢0 + 017272 [ + 202||A||2 + 01
k=0

C'QT’y c(20? + 62)
QZ[ T 6d +202||AH2+02

2 2

F 3 64+/10¢c4 L7 F{ cq F{ 3
<12Lo* 2 @70 aLrbo  ouris? 4oy (Cato
<12Lo” (2[|A|* + 1) <C6(K+1) + (1_p)(K+1)+2 (0% +07) ol L 1)
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8nc;02In(K +6d)  768nTpgL?

+ 12n¢,C1 L*7242 (20 4 6%) In(K + 6d)

K+1 K+1
12Conc L2 12~%(202 + 62) n 12Cyn L2722 (202 Al|* + 0?)
(1—p)? (1—p)?

+ 1201 n LA 1%? (202||A||2 + 0?)

<2C% < ey Fy >§ 5 <C406F0>§ ntLer  8ncd? In(K + 6d) N 16(0503F3)% In(K + 6d)
=T A\K+1 K+1 K+1 K+1 75(K—|—1)%

where ¢4, cs5, cg, 7, Fy are defined in , the first inequality and the last inequality are due to
[42, Lemma 21] and the definition of ~ in (54), respectively. The proof is complete. O

Theorem [4] shows that the averaged iterates generated by DSGTD-AG converge to the sta-

)

tionary point with rate O( , where K is the number of iterates. Notably, compared to the
K3

rate of O(é) in [27], the rate in Theorem [4| includes an additional logarithmic factor due to
3
learning the parameters of the distribution maps. On the other hand, all the terms in (54]) are

positive as p € (0, 1), which means the step size 7 is obtainable.

5 Numerical experiments

To show the performance of the proposed algorithms, we conduct experiments on two syn-
thetic multi-agent problems with Gaussian decision-dependent distributions and a strategic bi-
nary classification problem with a real dataset [23]. The two synthetic experiments provide
controlled settings with closed-form solutions, which facilitate comparison of the convergence
behaviors of the algorithms. Specifically, the first experiment considers a case where the per-
formative stable solution coincides with the optimal solution, while the second considers a case
where the two solutions differ. The strategic binary classification experiment further evaluates
the algorithms on a real-world data.

In all experiments, we compare the proposed algorithms with four distributed variants based
on DSGD [31], 50] and EXTRA [40, 55]. Specifically, we combine each framework with the
greedy deployment scheme [38] and the adaptive gradient [42], resulting in DSGD-GD [30],
DSGD-AG, EXTRA-GD and EXTRA-AG. To the best of our knowledge, theoretical conver-
gence guarantees for DSGD-AG, EXTRA-GD, and EXTRA-AG in the distributed SO-DD have
not been established in the existing literature. These algorithms represent three classes of dis-
tributed optimization methods: stochastic-gradient type methods, primal-dual type methods,
and gradient-tracking type methods; see Table[ll For the greedy-deployment variants, stochastic
gradients are evaluated using samples drawn from the current local decision-dependent distri-
butions under the greedy deployment scheme. For the adaptive-gradient variants, the adaptive
gradient is employed to account for the effect of the decision variable on the distribution. We
consider a ring communication network with n = 25 agents, where the mixing weight W is given
by wi; = % for all (i,j) € £ and w;; = 0 otherwise. For EXTRA-GD and EXTRA-AG, the
I+W

2

second mixing matrix is chosen as . All algorithms are initialized from the same starting

point. In all figures, the orange and green lines denote DSGTD-GD with constant and diminish-
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Table 1: Distributed algorithms compared in the numerical experiments.

Method class Greedy-deployment variant | Adaptive-gradient variant
Stochastic-gradient type DSGD-GD [30] DSGD-AG

Primal-dual type EXTRA-GD EXTRA-AG
Gradient-tracking type DSGTD-GD (our algorithm) DSGTD-AG (our algorithm)

ing step sizes, respectively, the red line denotes DSGTD-AG, the blue and magenta dashed lines
denote DSGD-GD and DSGD-AG, respectively, and the brown and cyan dashed lines denote
EXTRA-GD and EXTRA-AG, respectively.

5.1 Multi-agent Gaussian Mean Estimation I

Consider the following distributed stochastic optimization problem with decision-dependent
distributions [30]

25
. (z —&)?
E: p. —
zeR Zz’:l €~Dil) [ 2 |

where for all i € [25], D;(z;) = N(2 + ez;,0%), 2 =10, 02 = 10, €; = €40y = 0.1. Obviously, the
objective value can be computed as 125 with the performative stable solution and the optimal
solution zps = x,p = 100/9.

In the experiment, we run all algorithms with & = 10% iterates, where the i-th agent draws
one sample from Dj(x; ) to calculate the gradient. We set the step sizes of DSGTD-GD as
v =1/(k+ 100)%, ~ = 0.01 and the step size of DSGTD-AG as v = 0.001. In particular, we set
the step sizes for DSGD-GD and DSGD-AG to ~; = 50/(10000 + k), as described in [30], the
step size for EXTRA-GD to v = 0.01 and the step size for EXTRA-AG to v = 0.001. All the
parameters of the setting are chosen the same as that in [30]. Moreover, we do 100 simulations
for the test on asymptotic normality.

In Figure [I, we report the convergence of DSGTD-GD and DSGTD-AG, where Figure
(a), (b), (c), (d) record the performance on solution error, consensus error, objective value and
the asymptotic normality of iterates, respectively. From Figure [1| (a), we can observe that the
performative stable error of DSGTD-GD with constant step size tends to stabilize around 0.01
after thousands of iterates, which matches the conclusion of Theorem [1| that DSGTD-GD with
constant step size converges to a neighborhood of the performative stable solution. At the
same time, the performative stable error of DSGTD-GD with diminishing step size tends to 0,
which implies under diminishing step size, DSGTD-GD converges to the performative stable
solution and coincides exactly with Theorem 2} EXTRA-GD, using the same constant step size
as DSGTD-GD, exhibits a comparable convergence rate and also approaches a neighborhood of
the performative stable solution. This stable convergence behavior under a constant step size is
consistent with that of EXTRA in deterministic decentralized optimization [55]. On the other
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Figure 1: Multi-agent Gaussian Mean Estimation under the ring graph.

hand, the solution error of DSGTD-AG tends to 0, which implies DSGTD-AG can converge to
the optimal solution as demonstrated in Theorem [ when Ay, sufficiently tend to A. DSGD-AG
and EXTRA-AG exhibit the same convergence behavior, with their solution errors also tending
to 0. These results indicate that DSGTD-GD and DSGTD-AG have comparable rates to those of
the other algorithms. From Figure [1| (b), we may observe that the consensus errors of DSGTD-
GD with constant step size, EXTRA-GD and EXTRA-AG consistently stabilize around 1072,
10! and 1073, respectively. The underlying reason may be that DSGTD-GD with constant step
size, EXTRA-GD and EXTRA-AG converge to the neighborhoods of the performative stable
solution or the optimal solution. On the other hand, DSGTD-GD with diminishing step size and
DSGTD-AG reach agreement. Similarly, DSGTD-GD with diminishing step size has comparable
rate with DSGD-GD, DSGD-AG. From Figure 1| (c), we can observe that the objective value of
all algorithms reach similar values, which verifies the performative stable solution is close to the
optimal solution. Overall, the comparable convergence behavior of DSGTD-GD with a constant
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step size and EXTRA-GD is consistent with the close relationship between gradient-tracking
and EXTRA-type methods, which can be represented as different special cases of a unified
decentralized optimization framework [2, [60]. Similar convergence behavior is also observed
between DSGTD-AG and EXTRA-AG. Figure [1] (d) seems to confirm Theorem [3| since we
can see that the estimated density is close to the density of a normal distribution and is also
confirmed by a Kolmogorov-Smirnov test. Moreover, we can observe that the red curve closely
overlaps with the blue dashed curve, which supports that DSGTD-GD with diminishing step
size achieves consensus faster than O(k%a) in Theorem [2| where a € (3, 1].

5.2 Multi-agent Gaussian Mean Estimation 11

We consider the distributed stochastic optimization problem with decision-dependent distri-

butions as follows,
25

I;lelqul : EWiNDi(x) [wzx] ) (65)
=1
where for all i € [25], D;i(xz) = N(Z + €x,0%), Z = 10, 0% = 10, € = €qpy = 0.1. The
performative stable solution and the optimal solution can be computed as z,;, = —100 and
ZTop = —50, respectively, with the corresponding objective values 0 and —6250.

In experiments, we run all algorithms with & = 10° iterates. Because of the similar setting
of the experiment, we adopt the same parameters as in the first experiment.
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Figure 2: Multi-agent Gaussian Mean Estimation under the ring graph.

In Figure|2, we report the performance of DSGTD-GD and DSGTD-AG, where Figures|2 (a)
and (b) record the performance on objective function value and consensus error. From Figure
(a), we can observe that the objective function value of DSGTD-AG, DSGD-AG and EXTRA-
AG approaches optimal. In contrast, the objective function values generated by DSGTD-GD,
DSGD-GD and EXTRA-GD first decrease and then increase as the iterates, eventually approach
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the objective value associated with the performative stable solution. Moreover, this verifies that
the performative stable solution may be far from optimal without strong convexity. From Figure
(b), we may observe that DSGTD-GD with diminishing step sizes, DSGTD-AG, DSGD-GD
and DSGD-AG asymptotically reach consensus, while the consensus errors of DSGTD-GD with
constant step size, EXTRA-GD and EXTRA-AG consistently stabilize around 1072, 10~! and
1073, respectively. Similar to the first experiment, DSGTD-GD with constant step size and
EXTRA-GD exhibit comparable convergence behavior, as do DSGTD-AG and EXTRA-AG,
which is consistent with the structural relationship discussed above.

5.3 Logistic Regression

Consider the following logistic regression problem:

n N
. ]. nﬁ 2
R & e ) o
with

U(x; ag;, bij) = log(1 + exp({aij, x))) — bij{ay, x),

where /() is the logistic loss function, x represents the classifier parameter, 5 > 0 is a regular-
ization parameter, N is the number of training samples for each agent, a;; is the feature vector
of the j-th sample for the i-th agent and b;; € {0,1} is the corresponding label.

In what follows, we conduct the experiments on the spambase, a dataset [23] with m = 4601
samples and d = 57 features, which contains a collection of spam and valid emails. Given the
base dataset SY = {agj, bgj é\le for the i-th agent, following the linear utility formulation in [30],
we set a;; = a?j +e;x; and b;; = bgj. We note that €; corresponds to the special case with A; = ¢1
of the general distribution map considered in Assumption [6] Each server has access to training
data from m; = 138 samples from spambase modeling the different sets of users; the remaining
samples are taken as testing data. The servers aim to seek a common spam filter classifier via
with 8 = 107%. The sensitivity parameters are set as ¢; € {0.4€4pg,0.45€a0g, - -+ , 1.6€a0g}
with €4,y = 0.1. In experiments, we run all algorithms with & = 6 x 10% iterates where the
i-th server draws one sample from the corresponding dataset at each iteration, the step sizes of
DSGTD-GD are v, = 1/(k+ 100)%, v = 0.001, the step size of DSGTD-AG and EXTRA-AG is
v = 0.0001, the step sizes of DSGD-GD and DSGD-AG are 7, = 50/(100000 + k), the step size
of EXTRA-GD is v = 0.001.

In Figure [3| we report the convergence of DSGTD-GD and DSGTD-AG, where Figure |3 (a),
(b), (c) and (d) record the performance on the train gradient ||V f(Z; Zx)||?, the consensus error
Ix — X&||?, the objective value on the training dataset, the accuracy on the testing dataset,
respectively. From Figure 3| (a), we can observe that the train gradient norms of DSGTD-GD
and DSGTD-AG tend to 0 at a comparable rate to those of the other algorithms. From Figure 3]
(b), we may observe the consensus errors of DSGTD-GD with constant step size, DSGTD-AG,
EXTRA-GD and EXTRA-AG consistently stabilize around 1074, 1076, 1073 and 10, which
are similar to the results of synthetic data. Moreover, DSGTD-GD with diminishing step size
reaches consensus at a comparable rate with DSGD-GD and DSGD-AG. Figure 3| (c), we can
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Figure 3: Spam Email Classification under the ring graph.

observe that the objective values of DSGTD-GD, DSGD-GD and EXTRA-GD increase and then
decrease as the iteration, reaching slightly bigger values than those of DSGTD-AG, DSGD-AG
and EXTRA-AG. This further verifies that DSGTD-AG, DSGD-AG, EXTRA-AG converges to
the stationary point and DSGTD-GD, DSGD-GD, EXTRA-GD converge to the performative
stable solution, where the performative stable solution may be far from the stationary point. In
Figure (d), we evaluate the performance on the trained classifier z; j, on the testing dataset with
shifted distribution due to x; ;. As observed, the test accuracy of DSGTD-GD and DSGTD-AG
increases as iterates k and achieves the comparable level of accuracy with DSGD-GD, DSGD-AG
and EXTRA-AG. In contrast, EXTRA-GD attains a noticeably lower test accuracy than the
other methods, which is consistent with its relatively large consensus error observed in Figure
(b). Consistent with the observations in the synthetic experiments, DSGTD-GD with constant
step size and EXTRA-GD exhibit comparable convergence behavior, as do DSGTD-AG and
EXTRA-AG. Overall, these results indicate that the adaptive gradient method can be effectively
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incorporated into different distributed optimization algorithms for distributed SO-DD, with the
corresponding AG variants empirically converging to the optimal solution.

6 Conclusion

In this paper, we propose two stochastic gradient tracking descent methods, DSGTD-GD and
DSGTD-AG, to seek the performative stable solution and the stationary point of distributed SO-
DD. For DSGTD-GD, we establish its convergence to a neighborhood of the performative stable
solution under a constant step size and to the performative stable solution under diminishing
step sizes. We further establish the asymptotic normality of the averaged iterates, characterizing
the effect of decision-dependent distributions. For DSGTD-AG, we establish its convergence to
a stationary point of non-convex distributed SO-DD under a constant step size. Moreover, we
compare the proposed algorithms with representative distributed methods in two synthetic-data
experiments and one real-data experiment. Across the numerical experiments, the stochastic-
gradient type and primal-dual type methods exhibit empirical convergence rates comparable
to those of our algorithms under their corresponding greedy-deployment and adaptive-gradient
variants. These results demonstrate that the greedy deployment scheme and adaptive gradient
can be effectively incorporated into different distributed optimization algorithms for distributed
SO-DD. Meanwhile, the three classes of methods differ in their algorithmic structures and com-
munication requirements. Specifically, EXTRA-based methods employ two compatible symmet-
ric mixing matrices, whereas gradient-tracking type methods introduce an auxiliary variable
to track the averaged stochastic gradient and do not inherently require symmetric mixing ma-
trices, which allows gradient-tracking methods to be extended to a broader range of network
structures, including directed and time-varying networks. A systematic theoretical compari-
son of different distributed optimization algorithms for distributed SO-DD therefore remains an
interesting direction for future research.

Beyond the development of other distributed optimization algorithms, several other interest-
ing directions remain for future research. Building on the asymptotic normality established for
DSGTD-GD, it would be valuable to develop statistical inference for distributed SO-DD. Con-
sistent estimators of the asymptotic covariance matrix could be constructed to obtain confidence
regions for the performative stable solution [8, 6I]. Another promising direction is to develop
zeroth-order methods for distributed SO-DD. Existing zeroth-order methods can solve central-
ized SO-DD without requiring an explicit structural model of the distribution map [20-22], and
extending these methods to distributed settings may provide a useful approach for seeking sta-
tionary or optimal solutions under more general decision-dependent distributions. In addition,
incorporating mini-batch strategies, which have been studied in distributed stochastic optimiza-
tion [32], [34], into the proposed algorithms is expected to reduce the variance of the stochastic
gradient and further improve the convergence performance of algorithms for distributed SO-
DD. Finally, exploring distributed distributionally robust optimization with decision-dependent
ambiguity sets is also a worthwhile research direction. Several studies [37, 44, [51] extend distri-
butionally robust optimization to decision-dependent settings by allowing empirical distributions
or radii of ambiguity set to depend on the decision variable and derive tractable reformulations.
Extending these formulations to distributed settings could improve robustness against distribu-
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tional uncertainty in distributed SO-DD. We leave these extensions for future research.
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Appendix

A Preliminary Results and Technical Lemmas

In this appendix, we provide some classic results on stochastic approximation and technical
lemmas.

Lemma 3. [I1, Theorem 26] Let (2, F,P) be a probability space equipped with a non-decreasing
sequence of o-algebras (Fi). Let {x1}, {&}, and {Cx} be sequences of random vectors in R?,
and let {ni} be a deterministic sequence of positive step sizes. Consider the recursion

Tht1 = Tk — Nk (R(:Ek) + fk + C}g), (67)

where R : R* — RY satisfies R(z*) = 0. Suppose that the following conditions hold:

(a) xy is Fi-measurable, while & and (. are Fii1-measurable. Moreover, {&} is a martingale
difference sequence satisfying E[& | Fi] = 0.

(b) The noise sequence {&} is L*-bounded, i.e., supy>q B & |* < oo.

(¢) There exists a deterministic positive semidefinite matriz ¥ such that

e
—_

E|ag | 7| L.

| =
-
Il
o

Moreover, for all € > 0,

o
—_

p
B |l6°1 ¢, evmy | 7] =5 0.

x| =
-
Il
=)

(d) The residual sequence {Cx} satisfies ﬁ Zf:_ol ¢ 2 0.

(e) There ezists a positively stable matriz G € RYX4 and the step-size sequence satisfies
Mk = o(1),

(f) The sequence {xz} satisfies the linear approzimation condition

Ed
—

1

* p
Uk - [1R(z:) — G — ™) — 0.

Il
=)

Then, we have

V(@ — 1) -5 N (o, G*IEG*T) :

where Ty, 1= %Zle Ty.
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Lemma 4. [49, Lemma 5| Let S = [s;;] € R¥*3 be a non-negative, irreducible matriz with
Sii < X* for some \* >0 for all i =1,2,3. Then p(S) < X* if f det(A\*I—S) > 0.
Lemma 5. [I5, Theorem 1.3.12] Let (Ag), (Bg), (Ck), (Dy) be sequences of non-negative finite
random variables on a filtered probability space (2, F,F,P) adapted to the filtration F = (Fy)
and satisfying

E [Ap1|Fk] < (1 + Bi) Ay, + C — Dy,
for Vk. Then on the event {>, By < 00,> , Cp < 0o}, there is a non-negative finite random
variable As such that Ay — Ao and )y, Dy, < 0o almost surely.

Lemma 6. Let W and p be the communication weight matriz and the spectral norm of W —

1117, respectively. Then, for Vk >0, |[k(W — 1117)¥||2 < (1_1p)2.

Proof. By the definition of p, we have

MW — T11T)P < 2 o

where p € (0,1) is due to [49, Lemma 1]. The proof is complete. O

0)2’

Lemma 7. Under the conditions of Lemma @ for vk >0, ||(k+1)(W — 111 T)FH — (W —
SILDFI2 < 2.

Proof. Let W =W — %llT. By the triangle inequality and the submultiplicativity of the
spectral norm, we have

2
H(k+1)W’““ kW’“H (k+1) HWHIH +kHWkH (k+1)pF 4 kph < T
—p
where the last inequality follows from LemmaH Therefore, ‘ (k4 1)WHk+1 — kaH < 4p)
The proof is complete.
Lemma 8. For 7 = 1og (1—0 < + log 1= p)) + 1, we have
1
1745 < 5 TSt<om
where
1 W 0
W:=W-—11", Je=1 _ |,
" -W W

and p = |[W||z € (0,1).

Proof. For any integer t > 1, direct calculation gives

Jt =
—tW't

Since [|[Wi|y < [[W], = pt, we have || Jt]]2 < (t + 1)pf. The definition of 7 guarantees that
(t+1)2p? < 1/2 for 7 <t < 27. Hence, we have |J*|3 < 3. The proof is complete. O
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