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Abstract. This paper aims to seek the performative stable solution and the stationary point

of the distributed stochastic optimization problem with decision-dependent distributions, which

is a finite-sum stochastic optimization problem over a network and the distribution depends on

the decision variables. For the performative stable solution, we propose a distributed algorithm,

DSGTD-GD, which combines the distributed stochastic gradient tracking descent method with

the greedy deployment scheme. Under a constant step size policy, we show that the iterates

generated by DSGTD-GD converge linearly in expectation to a neighborhood of the performative

stable solution. Under a diminishing step size policy, we show that the iterates generated by

DSGTD-GD converge to the performative stable solution with a rate of O
(

1
ka

)
, where a ∈ (12 , 1].

Moreover, we establish that the deviation between the averaged iterates of DSGTD-GD and

the performative stable solution converges in distribution to a normal random vector. For

the stationary point, we propose a distributed algorithm, DSGTD-AG, which combines the

distributed stochastic gradient tracking descent method with the adaptive gradient scheme.

Under a constant step size, we show that the iterates generated by DSGTD-AG converge to a

stationary point with a rate of O( lnK

K
2
3
), where K is the number of iterates. The effectiveness of

DSGTD-GD and DSGTD-AG is further demonstrated numerically with synthetic and real-world

data.

Key words. Stochastic optimization with decision-dependent distributions, gradient tracking

method, performative stable solution, optimal solution, asymptotic normality.

1 Introduction

Distributed stochastic optimization problems have attracted considerable attention in re-

cent years due to their wide range of applications, including large-scale machine learning [4, 5],

sensor networks [3, 9], and parameter estimation [56]. Traditional stochastic optimization prob-

lems typically rely on the assumption that data follow a static distribution. However, in many

real-world applications, the data can be influenced by the decision [13, 18], which may be char-

acterized by the following distributed stochastic optimization problem with decision-dependent
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distributions (distributed SO-DD)

min
x∈Rd

n∑
i=1

Eξi∼Di(x) [ℓi(x; ξi)] , (1)

where ℓi : Rd × Rm → R is a smooth function of the decision vector x and the random vector

ξi, the distribution map Di(·) : Rd → P(Rm) maps the decision variable x to a probability

distribution and E [·] denotes the expectation with respect to the distribution Di(x) supported

on Ξ ⊆ Rm. Different from traditional distributed stochastic optimization problems, there is

an interactive mechanism between the decision vectors and data: the i-th agent draws samples

from Di(x) to update the decision variable, while the distribution Di(x) itself depends on the

decision variable.

The study of SO-DD dates back to early stochastic programming [1, 16, 26]. We refer the

interested reader to [19] for a more comprehensive overview on the taxonomy and various models

of decision-dependent uncertainties. The dependence of the distribution on the decision variable

makes SO-DD substantially more challenging than conventional stochastic optimization and may

lead to a non-convex objective. Recently, [46] propose the concept of two solutions, namely, the

performative stable solution

xps := argmin
x

Eξ∼D(xps) [ℓ(x; ξ)] , (2)

and the optimal solution

xop := argmin
x

Eξ∼D(x) [ℓ(x; ξ)] . (3)

Under some mild conditions, the authors show that the performative stable solution is close to the

optimal solution of SO-DD. Moreover, they propose two algorithms, repeated risk minimization

and repeated gradient descent, to seek the performative stable solution.

Since the seminal work [46], there is a growing literature [6, 14, 25, 29, 35, 38, 39, 53,

58] in studying SO-DD. Most existing works [6, 14, 29, 38, 53, 58] focus on the performative

stable solution. Building on the repeated gradient descent method [46], [38] propose the greedy

deployment method and the lazy deployment method. The algorithm with greedy deployment

draws a sample from the current distribution as independent samples and performs an update

at each iteration. Different from the one with greedy deployment, the algorithm with lazy

deployment starts from a decision xk and performs nk > 1 updates using samples from the

distribution D(xk). For the standard stochastic gradient method with decreasing step size, [38]

show that the algorithm with greedy deployment converges to performative stable solution at

a rate of O( 1k ), while the one with lazy deployment achieves a rate of O( 1
ka ) provided that

O(k1.1a) samples are drawn between the k-th and (k + 1)-th iteration, where a > 0. [14]

show that typical stochastic algorithms originally tailored for static problems can be directly

applied for finding the performative stable solution with little loss in efficiency. [58] consider a

time-varying stochastic saddle point problem with decision-dependent distributions and propose

an online stochastic primal-dual algorithm for tracking the performative stable solution. As

opposed to the setting in [38], where samples are independently drawn from the distribution

induced by the current decision, [29] consider a state-dependent setting in which the samples

depend on both the learner’s and the agents’ previous states. They propose a stochastic gradient
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descent algorithm, which can be modeled with biased stochastic gradients driven by a controlled

Markov chain, and show that the algorithm converges to the performative stable solution at

a rate of O( 1k ). [6] propose a theoretical framework in which the population-provided samples

are modeled as a function of both the deployed decision and the current state (distribution)

of the population. They establish the necessary and sufficient conditions for the convergence

of repeated risk minimization method to the performative stable solution. [53] study decision-

dependent risk minimization in a dynamic environment where data distribution is decision-

dependent and evolves dynamically with time according to a geometric decay process. They

propose two versions of the stochastic gradient descent algorithm for the setting in which the

decision-maker has a first-order gradient oracle or simply a loss function oracle.

Under standard assumptions, the performative stable solution and the optimal solution lie

within a small neighborhood of each other [46]. In general, however, the performative stable

solution may be far from the optimal solution [25]. Therefore, several recent studies propose

algorithms to seek the optimal solution. [25] assume the distribution can be approximately

expressed to a mixture of Gaussian distribution and introduce a performative gradient descent

algorithm with a finite difference method to estimate the part of the gradient with distribution

shift. [39] assume that the distribution map is a global linear structure with respect to the

decision variable and develop a two-stage algorithm, where the distribution map is estimated via

the least squares method in the first stage and then the algorithm directly solves the performative

risk with the estimated distribution map in the second stage. [35] consider SO-DD without

imposing a global parametric structure on the distribution map D(x). They develop a coupled

learning-enabled optimization method in which the distribution map is locally approximated

using linear regression around the current iterate and a candidate solution is then sought by

a trust region method. Without imposing structural assumptions on the distribution map,

zeroth-order methods provide a feasible approach for seeking the optimal solution [20–22]. [22]

consider non-convex stochastic optimization with unknown decision-dependent distributions and

propose zeroth-order methods with one-point and two-point gradient estimators. [20] further

develop guided zeroth-order methods that exploit partial gradient information from the known

loss function to generate more effective search directions. Moreover, [21] provide a unified sample

complexity analysis of zeroth-order methods with different gradient estimators and show that

averaging over multiple random directions can improve the sample complexity.

More recently, several studies consider the multi-agent stochastic optimization problems

with decision-dependent distributions [30, 42, 47, 57] to address the substantial computational

demands induced by large-scale datasets and provide privacy guarantees. [30] consider the case

where n agents collaboratively seek a common decision vector that minimizes the sum of loss

functions over an undirected and connected communication network, while the agents draw

samples from local distribution that depends on the decision deployed by the corresponding

agent, which is precisely the distributed SO-DD (1) considered in this paper. They propose a

distributed stochastic gradient descent method with greedy deployment (DSGD-GD) and show

that the proposed method with a diminishing step size achieves convergence rate of O( 1k ) to

the performative stable solution of distributed SO-DD. On the other hand, [42], [57] and [47]

consider a game with decision-dependent distributions. [42] consider the distribution map of

each player is a global linear structure and propose a stochastic gradient descent algorithm with
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the adaptive gradient method, which alternately runs an adaptive gradient step for learning the

distribution map and a stochastic gradient descent step for updating the decision variable at

each iteration, to seek the Nash equilibrium of the game with decision-dependent distributions.

[47] consider a slightly different setting in which samples that react to the global decisions are

drawn from the same distribution. They introduce learning dynamics to study the dynamical

behavior of the system, where the players use reinforcement learning algorithms. Moreover, [57]

study the game with decision-dependent distributions over multiplex networks, where agents

cooperate over an agent network while each local distribution can be influenced by the decisions

of neighboring agents over a population network, and propose a stochastic gradient method with

greedy deployment for seeking the performative stable equilibrium.

Compared with standard distributed gradient methods, the gradient tracking method in-

troduces agent-based auxiliary variables to dynamically track the averaged stochastic gradient,

thereby incorporating global gradient information into local updates, which is more robust to

heterogeneous data and maintains the stability of the performance. In recent years, the gradi-

ent tracking technique has been extensively studied in distributed optimization [28, 36, 43, 45,

49, 52]. This motivates us to propose two gradient tracking-based methods to seek the perfor-

mative stable solution and a stationary point of distributed SO-DD, respectively. The setting

with decision-dependent distributions introduces additional technical challenges beyond those

arising in standard distributed stochastic optimization. The contributions of the paper can be

summarized as follows.

• We propose a distributed stochastic gradient tracking descent method with the greedy de-

ployment scheme, termed DSGTD-GD, to seek the performative stable solution. The key

difficulty lies in the endogenous feedback between the optimization dynamics and the data-

generating process. Unlike standard distributed stochastic optimization, the stochastic

gradient available to each agent is generated from a local decision-dependent distribution.

Consequently, the algorithm does not merely suffer from stochastic noise and network dis-

agreement; changes in the iterates simultaneously induce changes in the decision-dependent

distributions, which in turn perturb the stochastic gradients and feed back into the opti-

mization dynamics. This introduces a fundamentally different error-propagation structure

in which the optimization error, consensus error, gradient tracking error are coupled with

an additional error induced by distribution shift. To overcome this challenge, we bound

the endogenous distribution-shift effect in terms of the evolution of the agents’ decisions by

leveraging the Lipschitz regularity of the decision-dependent distribution maps, allowing

the resulting coupled system to be closed under appropriate network and problem condi-

tions. Moreover, we derive a unified system of recursive inequalities that jointly tracks the

four error items and characterize how distributional perturbations propagate through the

gradient tracking dynamics.

• Under a constant step size, we show that the iterates generated by DSGTD-GD achieve a

linear convergence rate to a neighborhood of the performative stable solution, where the

neighborhood size depends on both the step size and the connectivity of the communica-

tion network. Under a diminishing step size policy, we show that the expected squared

distances between the iterates generated by DSGTD-GD and the performative stable so-

lution converge to zero at a rate of O
(

1
ka

)
, where a ∈ (12 , 1]. These results demonstrate
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that, under both constant and diminishing step size policies, DSGTD-GD achieves con-

vergence rates of the same order as those established for standard distributed stochastic

gradient tracking methods in [49], despite the additional distribution-shift error arising

from the decision-dependent distributions. Furthermore, we show that the deviation be-

tween the averaged iterates of DSGTD-GD and the performative stable solution converges

in distribution to a normal random vector. To the best of our knowledge, this provides the

first asymptotic normality for a stochastic-approximation-based method in distributed SO-

DD, thereby extending the theoretical scope from optimization guarantees to asymptotic

statistical characterization.

• We propose a distributed stochastic gradient tracking descent method with the adaptive

gradient, termed DSGTD-AG, to seek a stationary point of non-convex distributed SO-DD.

The main difficulty is that the optimization error, the consensus error, and the gradient

tracking error are coupled with the additional estimation error induced by learning the

parameters of the distribution map. To address this difficulty, we incorporate the esti-

mation error into the descent recursions to jointly control these coupled errors, thereby

establishing a convergence guarantee for non-convex distributed SO-DD. Under a constant

step size policy, we show that the iterates of DSGTD-AG converge to a stationary point at

a rate of O( lnK

K
2
3
), where K is the number of iterates. Compared with the rate of O( 1

K
2
3
)

in [27], the additional logarithmic factor arises from learning the parameters of the distri-

bution maps. The effectiveness of DSGTD-GD and DSGTD-AG is further demonstrated

numerically with synthetic and real-world datasets.

The rest of this paper is organized as follows. Section 2 introduces DSGTD-GD and DSGTD-

AG for the distributed SO-DD. Section 3 studies the convergence of DSGTD-GD, where Sub-

section 3.1 focuses on DSGTD-GD with a constant step size and Subsection 3.2 focuses on

DSGTD-GD with the diminishing step sizes. The convergence analysis of DSGTD-AG is pre-

sented in Section 4. Numerical experiments are provided in Section 5. In Section 6, we provide

concluding remarks. Some auxiliary results can be found in the Appendix A.

Throughout this paper, vectors are column vectors unless otherwise specified. Rd denotes

the d-dimensional Euclidean space endowed with norm ∥x∥ =
√

⟨x, x⟩. The vectors 1 and 0

denote the all-ones and all-zeros vectors, respectively, whose dimensions are clear from context.

I ∈ Rn×n denotes the identity matrix. For two matrices A and B of the same size, the inner

product is denoted by ⟨A,B⟩. For matrices, ∥ · ∥ and ∥ · ∥2 denote the Frobenius norm and the

spectral norm, respectively. Denote fi(x;x
′) := Eξi∼Di(x′) [ℓi(x; ξi)], f(x;x

′) :=
∑n

i=1 fi(x;x
′),

fi(x) := Eξi∼Di(x) [ℓi(x; ξi)] and f(x) :=
∑n

i=1 fi(x). For clarity, ∇ℓi(x; ξ), ∇fi(x;x′) and

∇f(x;x′) denote the gradients with respect to x, respectively, while ∇ξℓi(x; ξ) denotes the gra-

dient with respect to ξ. Moreover, define ∇x,ξℓi(x; ξ) := [∇ℓi(x; ξ),∇ξℓi(x; ξ)]
⊤, and ∇f(x) and

∇fi(x) denote the gradients with respect to x, respectively. For the given σ-algebra F , E[·|F ] is

conditional expectation given F . For a sequence of random vectors {ξk} and a random vector ξ,

ξk
d→ ξ denotes the convergence in distribution and Cov(ξ) denotes the covariance matrix of the

random vector ξ. N (z,Σ) denotes the normal distribution with mean z and covariance matrix Σ.

Finally, we use bold letters to represent the matrix with rows zi, i.e. z := [z1, · · · , zn]⊤ ∈ Rn×d,

and denote z̄ := 1
n

∑n
i=1 zi.
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2 Preliminaries and algorithms

In this section, we introduce DSGTD-GD and DSGTD-AG in Subsections 2.1 and 2.2, re-

spectively. Throughout this paper, we consider a set of agents V = {1, · · · , n} connected over a

communication network G = (V, E), where E ⊆ V × V denotes the set of communication links

among the agents. The corresponding weight matrix W = [wij ]n×n satisfies that wij > 0 if

(i, j) ∈ E and wij = 0 otherwise for i ̸= j. We assume the communication network and the

weight matrix satisfy the following condition.

Assumption 1. [49] [Networks and weight matrices] The network is undirected and con-

nected. The nonnegative matrix W is doubly stochastic, i.e., W1 = W⊤1 = 1, and the diagonal

entries of W are positive.

Assumption 1 is a standard condition on the communication network and the matrix W

[24, 49, 59] and implies that 11⊤W = W11⊤ = 11⊤, the spectral norm ρ of the matrix

W − 1
n11

⊤ satisfies ρ ∈ (0, 1) [49, Lemma 1].

2.1 DSGTD-GD

DSGTD-GD is designed to seek the performative stable solution xps satisfying

xps := arg min
x∈Rd

n∑
i=1

Eξi∼Di(xps) [ℓi(x; ξi)] .

In what follows, we present DSGTD-GD in Algorithm 1.

Algorithm 1 DSGTD with Greedy Deployment (DSGTD-GD):

Require: initial values xi,0 ∈ Rd, ξi,1 ∼ Di(xi,0), yi,0 = ∇ℓi(xi,0; ξi,1) for any i ∈ V; step size

sequence {γk}k≥0, where γk > 0 can be constant or diminishing; non-negative weight matrices

W = [wij ]n×n.

1: For k = 0, 1, 2, · · · do

2: The i-th agent’s decision vector update: for any i ∈ V,

xi,k+1 =

n∑
j=1

wij (xj,k − γkyj,k) . (4)

3: The i-th agent’s sample update: for any i ∈ V, draw ξi,k+2 ∼ Di(xi,k+1).

4: Gradient tracking update: for any i ∈ V,

yi,k+1 =

n∑
j=1

wijyj,k +∇ℓi(xi,k+1; ξi,k+2)−∇ℓi(xi,k; ξi,k+1). (5)

5: end for
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At each iteration k, DSGTD-GD consists of three steps: (i) the i-th agent updates its decision

vector xi,k by mixing its intermediate variable and ones from its neighbors, the current decisions

adjusted along the direction of average gradient estimates yj,k, j ∈ {i} ∪ Ni, with specific

weights, where Ni denotes the set of neighbors of the i-th agent; (ii) the i-th agent draws a

new sample ξi,k+2 ∼ Di(xi,k+1); (iii) each agent updates its gradient tracking variable yi,k+1 by

combining its own and its neighbors’ gradient tracking variables yj,k, j ∈ {i} ∪Ni, with specific

weights and adding a stochastic gradient-difference term ∇ℓi(xi,k+1; ξi,k+2) − ∇ℓi(xi,k; ξi,k+1),

where ∇ℓi(xi,k+1; ξi,k+2) is evaluated using the updated decision vector and the newly drawn

sample. Since the stochastic gradient evaluated at the previous iterate is already available from

the preceding iteration and is reused in the gradient tracking update, each agent draws only one

fresh sample per iteration. Therefore, over K iterations, DSGTD-GD requires K fresh samples

per agent and nK fresh samples across the network.

For ease of presentation, we write Algorithm 1 in the following compact form:

xk+1 := W (xk − γkyk) ,

yk+1 := Wyk + L(xk+1; ξk+2)− L(xk; ξk+1),
(6)

where W = [wij ]n×n denotes the coupling matrix of agents and

L(xk; ξk+1) :=


∇ℓ1(x1,k; ξ1,k+1)

⊤

...

∇ℓn(xn,k; ξn,k+1)
⊤

 .
Obviously, by the double stochasticity of W, we have

x̄k+1 = x̄k − γkȳk, ȳk =
1

n

n∑
i=1

∇ℓi(xi,k; ξi,k+1), (7)

where x̄k := 1
n

∑n
i=1 xi,k and ȳk := 1

n

∑n
i=1 yi,k.

2.2 DSGTD-AG

DSGTD-AG is tailored for seeking a stationary point xsp of problem (1) satisfying

∇f(xsp) = 0,

as detailed in Algorithm 2.

At each iteration k, DSGTD-AG consists of four steps: (i) based on the current estimation

Di,k(·), the decision variables xi,k and a sample generated from the real distribution map Di(xi,k),

the i-th agent forms a new estimation of the distribution map Di,k+1(·) via a generic distribution-
map update operator π, which will be specified later; (ii) the i-th agent updates its vector xi,k
using the same gradient-tracking descent step as in Algorithm 1; (iii) the i-th agent draws a

new sample ξi,k+2 ∼ Di(xi,k+1); (iv) the i-th agent updates its gradient tracking variable yi,k+1

by combining its own and its neighbors’ gradient tracking variables yj,k, j ∈ {i} ∪ Ni with
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Algorithm 2 DSGTD with Adaptive Gradient (DSGTD-AG):

Require: initial values xi,0 ∈ Rd, ξi,1 ∼ Di(xi,0), yi,0 = vi,0 and initial distribution-map esti-

mates Di,0(·), for any i ∈ V; step size γ > 0; non-negative weight matrices W = [wij ]n×n.

1: For k = 0, 1, 2, · · · do

2: The i-th agent’s distribution map update: for any i ∈ V,

Di,k+1(·) = π (Di,k(·), xi,k, ξi,k+1) . (8)

3: The i-th agent’s decision vector update: for any i ∈ V,

xi,k+1 =

n∑
j=1

wij (xj,k − γyj,k) . (9)

4: The i-th agent’s sample update: for any i ∈ V, draw ξi,k+2 ∼ Di(xi,k+1).

5: Gradient tracking update: for any i ∈ V,

yi,k+1 =

n∑
j=1

wijyj,k + vi,k+1 − vi,k. (10)

6: end for

specific weights and adding the adaptive gradient difference vi,k+1 − vi,k, where vi,k denotes

an adaptive gradient constructed using the current estimate of distribution map Di,k(·), whose
formal definition is given in (50). Under the adaptive-gradient implementation specified below,

each agent draws two fresh samples per iteration: one is used for estimating the parameter of

the distribution map, and the other is ξi,k+2 drawn from the distribution corresponding to the

updated decision. The sample available from the previous iteration is reused in the adaptive

gradient and gradient tracking updates. Hence, over K iterations, DSGTD-AG requires 2K

fresh samples per agent and 2nK fresh samples across the network.

Similar to (6) and (7), we write (9) and (10) in Algorithm 2 in the following compact form:

xk+1 := W (xk − γyk) ,

yk+1 := Wyk + vk+1 − vk,
(11)

and then

x̄k+1 = x̄k − γȳk, ȳk =
1

n

n∑
i=1

vi,k, (12)

where W = [wij ]n×n denotes the coupling matrix of agents.

For both algorithms, the total number of fresh samples scales linearly with the number of

agents, while the per-agent sampling requirement at each iteration is independent of the network

size and sampling can be performed in parallel across agents. Therefore, over K iterates, the

proposed algorithms require O(K) samples per agent and O(nK) samples across the entire

network.
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3 Convergence of DSGTD-GD

In this section, we study the convergence of DSGTD-GD, where Subsection 3.1 focuses on

DSGTD-GD with constant step size and Subsection 3.2 focuses on DSGTD-GD with diminishing

step size. Under the constant step size policy, we show that DSGTD-GD converges linearly, in

expectation, to a neighborhood of the performative stable solution. Under the diminishing step

size policy, we show that DSGTD-GD achieves a convergence rate O
(

1
ka

)
, where a ∈ (12 , 1], and

establish the asymptotic normality of the deviation between the averaged iterates of DSGTD-GD

and the performative stable solution.

To study the convergence of Algorithm 1, we first impose the following assumptions.

Assumption 2. [30] [Objective function and stochastic gradient] Let xps be the perfor-

mative stable solution of problem (1).

(a) For any fixed x̄ ∈ Rd, the function f(x; x̄) is µ-strongly convex (µ > 0), that is,

⟨∇f(x; x̄)−∇f(x′, x̄), x− x′⟩ ≥ µ∥x− x′∥2, ∀x, x′ ∈ Rd.

(b) For all i ∈ V, the loss function ℓi(x; ξ) is L-smooth (L > 0), that is,

∥∇ℓi(x; ξ)−∇ℓi(x′; ξ′)∥ ≤ L{∥x− x′∥+ ∥ξ − ξ′∥}, ∀x, x′ ∈ Rd, ξ, ξ′ ∈ Ξ.

(c) There exists a constant σ > 0 such that, for all i ∈ V and x ∈ Rd,

Eξi∼Di(x)

[
∥∇ℓi(x; ξi)−∇fi(x;x)∥2

]
≤ σ2(1 + ∥x− xps∥2).

(d) There exist constants p > 2 and cg > 0 such that, for all i ∈ V,

Eξi∼Di(x) [∥∇ℓi(x; ξi)∥
p] ≤ c

p
2
g (1 + ∥x− xps∥2).

(e) ∇R(xps) is positively stable, i.e., every eigenvalue of ∇R(xps) has a strictly positive real

part, where R(x) :=
∑n

i=1∇fi(x;x).

Assumption 3. [30] [Lipschitz distribution] For any i ∈ V, there exists a constant ϵi > 0

such that

W1

(
Di(x),Di(x

′)
)
≤ ϵi ∥x− x′∥, ∀x, x′ ∈ Rd,

where W1(D,D
′
) denotes the Wasserstein-1 distance between the distributions D, D′

.

Assumption 4. [11] [Joint smoothness] Let xps be the performative stable solution of prob-

lem (1). The map x 7→ ∇f(x;x) is smooth and has a Lipschitz continuous Jacobian on a

neighborhood of xps.

In Assumption 2, conditions (a) and (b) are widely used for the SO-DD [14, 30, 38] and

require the loss functions to be strongly convex and smooth; condition (c) bounds the variance

of the stochastic gradient ∇ℓi(x; ξi); conditions (d) and (e) are for establishing the asymptotic

normality of the averaged iterates generated by DSGTD-GD for each agent [11, 48]. Assumption
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3 implies that the amount of distribution shift resulting from the reaction of data to the decision

increases linearly with the difference in decision, where ϵi characterizes the sensitivity of the

decision-dependent distributions for the i-th agent [30, 38, 46]. Under Assumptions 2 (a), (b)

and 3, a sufficiently small distribution sensitivity, e.g., ϵavg < µ/L with ϵavg := 1
n

∑n
i=1 ϵi,

guarantees the existence and uniqueness of the performative stable solution [30]. We should

note that the strong convexity in Assumption 2 is not only sufficient for finding the unique

performative stable solution, but also essential for the convergence of DSGTD-GD [30, 46].

Again, Assumption 4 is for studying the asymptotic normality of DSGTD-GD [11, 48].

Next, we provide a technical result that plays a key role in analyzing the convergence of

DSGTD-GD in Subsections 3.1 and 3.2.

Lemma 1. Let xps be the performative stable solution of problem (1). Denote

ϵmax := max
i∈V

ϵi, ϵavg :=
1

n

n∑
i=1

ϵi, µ̄ := µ− (1 + ϱ)ϵavgL,

c1 := 2L2(1 + ϵmax)
2 +

2ϱ2

n
, c2 :=

L

2nϱϵavg
(1 + ϵmax)

2, c3 := L(1 + ϵmax),

mk :=
σ2

1− ρ

[
c23γ

2
k + 2nγkL(1 + ϵavg) + 2n+ 2σ2γ2k

]
,

(13)

where ϱ is a positive constant. Suppose that ϵavg <
µ

(1+ϱ)L and γk ≤ µ̄
c1
, then under Assumptions

1–3,

(i):

E
[
∥x̄k+1 − xps∥2|Fk

]
≤ (1− µ̄γk)∥x̄k − xps∥2 +

c2γk + c1γ
2
k

n
∥xk − x̄k∥2 +

σ2γ2k
n

. (14)

(ii):

∥xk+1 − x̄k+1∥2 ≤
1 + ρ2

2
∥xk − x̄k∥2 + γ2k

(1 + ρ2)ρ2

1− ρ2
∥yk − ȳk∥2. (15)

(iii):

E
[
∥yk+1 − ȳk+1∥2|Fk

]
≤ 2

1− ρ

[
c23γ

2
k(σ

2 + c23) + 2nγkc3σ
2 + nσ2(2− µ̄γk)

]
∥x̄k − xps∥2 +

1

1− ρ

[
(3 + ρ2)σ2

+2γkσ
2(2c3 + c2) + c23(1 +

1

β
)∥W − I∥22 +

2γ2k(nc1σ
2 + c23(σ

2 + c23))

n

]
∥xk − x̄k∥2

+

[
ρ2γ2k
1− ρ

((1 + β)c23 + 2σ2
1 + ρ2

1− ρ2
) + ρ

]
E
[
∥yk − ȳk∥2|Fk

]
+mk, (16)

where β is any positive constant.

Proof. For ease of analysis, we denote,

fi(x; y) := Eξi∼Di(y) [ℓi(x; ξi)] , h(xk) :=
1

n

n∑
i=1

∇fi(xi,k;xi,k), (17)

10



where ∇fi(x;x) denotes the gradient taken with respect to the first argument x.

Part (i). By the updating recursion (7),

E
[
∥x̄k+1 − xps∥2|Fk

]
= ∥x̄k − xps∥2 − 2γkE [⟨x̄k − xps, ȳk⟩|Fk] + γ2kE

[
∥ȳk∥2|Fk

]
, (18)

where Fk denotes the σ-algebra generated by {ξ1, · · · , ξk}. According to the definition of h(xk)

in (17),

E[ȳk|Fk] = h(xk).

Note also that x̄k is Fk measurable,

E
[
∥x̄k+1 − xps∥2|Fk

]
=∥x̄k − xps∥2 − 2γk⟨x̄k − xps, h(xk)⟩+ γ2k(E

[
∥ȳk − h(xk)∥2|Fk

]
+ ∥h(xk)∥2). (19)

For the third term on the right-hand side of (19),

E
[
∥ȳk − h(xk)∥2|Fk

]
=

1

n2

n∑
i=1

E
[
∥∇ℓi(xi,k; ξi,k+1)−∇fi(xi,k;xi,k)∥2|Fk

]
≤σ

2

n
+
σ2

n2

n∑
i=1

∥xi,k − xps∥2,

where the equality follows from the fact that ȳk = 1
n

∑n
i=1∇ℓi(xi,k; ξi,k+1) in (7) and the defini-

tion of h(xk), the inequality is due to Assumption 2 (d). On the other hand,

∥h(xk)∥2

=∥h(xk)−
1

n

n∑
i=1

∇fi(xps;xps)∥2

≤ 1

n

n∑
i=1

∥∇fi(xi,k;xi,k)−∇fi(xps;xps)∥2

≤L
2

n

n∑
i=1

(1 + ϵi)
2∥xi,k − xps∥2,

where the equality and the last inequality follow from the fact that 1
n

∑n
i=1∇fi(xps;xps) = 0

and [30, Lemma 2], respectively. Then

E
[
∥ȳk − h(xk)∥2|Fk

]
+ ∥h(xk)∥2

≤σ
2

n
+
σ2

n2

n∑
i=1

∥xi,k − xps∥2 +
L2

n

n∑
i=1

(1 + ϵi)
2∥xi,k − xps∥2

≤σ
2

n
+

2(σ2 + c23)

n2
[
n∥x̄k − xps∥2 + ∥xk − x̄k∥2

]
, (20)

where c3 := L(1 + ϵmax) and the last inequality follows from the fact that
∑n

i=1 ∥xi,k − xps∥2 ≤
2[n∥x̄k − xps∥2 + ∥xk − x̄k∥2].

11



For the inner product term on the right-hand side of (19),

⟨x̄k − xps, h(xk)⟩

=
1

n

n∑
i=1

⟨x̄k − xps,∇fi(xi,k;xi,k)⟩

=
1

n

n∑
i=1

(⟨x̄k − xps,∇fi(xi,k;xi,k)−∇fi(x̄k;xps)⟩+ ⟨x̄k − xps,∇fi(x̄k;xps)−∇fi(xps;xps)⟩)

≥− L∥x̄k − xps∥
n

n∑
i=1

(∥xi,k − x̄k∥+ ϵi∥xi,k − xps∥) + µ∥x̄k − xps∥2

≥(µ− Lϵavg)∥x̄k − xps∥2 −
L

n
(1 + ϵmax)

n∑
i=1

∥x̄k − xps∥∥xi,k − x̄k∥

≥
[
µ− Lϵavg −

αL

2n
(1 + ϵmax)

]
∥x̄k − xps∥2 −

L

2nα
(1 + ϵmax)∥xk − x̄k∥2, (21)

where α is any positive constant, the first inequality follows from the Cauchy-Schwarz inequality

and [14, Lemma 2.1], the last inequality follows from the Young’s inequality.

Substituting (20) and (21) back to the equation (19) gives us the following desired result,

E
[
∥x̄k+1 − xps∥2|Fk

]
≤
[
1− 2γk(µ− Lϵavg −

αL

2n
(1 + ϵmax)) + c1γ

2
k

]
∥x̄k − xps∥2

+

[
γkL

nα
(1 + ϵmax) +

c1γ
2
k

n

]
∥xk − x̄k∥2 +

σ2γ2k
n

≤(1− µ̄γk)∥x̄k − xps∥2 +
c2γk + c1γ

2
k

n
∥xk − x̄k∥2 +

σ2γ2k
n

, (22)

where µ̄ := µ−(1+ϱ)ϵavgL, c1 := 2L2(1+ϵmax)
2+ 2ϱ2

n , c2 :=
L

2nϱϵavg
(1+ϵmax)

2, c3 := L(1+ϵmax),

α =
2nϱϵavg
1+ϵmax

and the last inequality follows from the fact that γk ≤ µ̄
c1
.

Part (ii). By the definition of xk+1 in (6) and the update recursion (7),

∥xk+1 − x̄k+1∥2

=∥Wxk − γkWyk − x̄k + γkȳk∥2

≤ρ2∥xk − x̄k∥2 + 2γkρ
2∥xk − x̄k∥∥Wyk − 1ȳk∥+ γ2kρ

2∥yk − ȳk∥2

≤ρ2∥xk − x̄k∥2 + γkρ
2

[
1− ρ2

2γkρ2
∥xk − x̄k∥2 +

2γkρ
2

1− ρ2
∥yk − ȳk∥2

]
+ γ2kρ

2∥yk − ȳk∥2

=
1 + ρ2

2
∥xk − x̄k∥2 + γ2k

(1 + ρ2)ρ2

1− ρ2
∥yk − ȳk∥2, (23)

where ρ ∈ (0, 1), the first inequality and the last inequality follow from [49, Lemma 1] and the

Young’s inequality, respectively.

Part (iii). Denote

Lk := L(xk; ξk+1), Fk := [∇f1(x1,k;x1,k), · · · ,∇fn(xn,k;xn,k)]⊤, (24)

12



we have by the definition of yk+1 in (6) that

yk+1 − ȳk+1

=(I− 1

n
11⊤)yk+1

=(I− 1

n
11⊤)(Wyk + Lk+1 − Lk)

=Wyk − ȳk + (I− 1

n
11⊤)(Lk+1 − Lk),

where the last equality follows from the fact that W is a doubly stochastic matrix. Thus, for

any η > 0,

∥yk+1 − ȳk+1∥2

≤(1 + η)∥Wyk − ȳk∥2 + (1 +
1

η
)∥(I− 1

n
11⊤)(Lk+1 − Lk)∥2

≤(1 + η)ρ2∥yk − ȳk∥2 + (1 +
1

η
)∥(I− 1

n
11⊤)(Lk+1 − Lk)∥2

=ρ∥yk − ȳk∥2 +
1

1− ρ
∥(I− 1

n
11⊤)(Lk+1 − Lk)∥2,

where the first inequality is due to the Young’s inequality, the second inequality is due to [49,

Lemma 1], the equality follows by setting η = 1−ρ
ρ and the fact that ρ ∈ (0, 1) by [49, Lemma

1].

By the definition of Lk,

E
[
∥(Lk+1 − Lk)∥2|Fk

]
=E

[
∥Fk+1 − Fk∥2|Fk

]
+E

[
∥Lk+1 − Lk − Fk+1 + Fk∥2|Fk

]
+ 2E [⟨Fk+1 − Fk,Lk+1 − Lk − Fk+1 + Fk⟩|Fk]

=E
[
∥Fk+1 − Fk∥2|Fk

]
+E

[
∥Lk+1 − Fk+1∥2|Fk

]
+E

[
∥Lk − Fk∥2|Fk

]
+ 2E [⟨Fk+1,−Lk + Fk⟩|Fk]

≤E
[
∥Fk+1 − Fk∥2|Fk

]
+ 2E [⟨Fk+1,−Lk + Fk⟩|Fk]

+ σ2(2n+

n∑
i=1

E
[
∥xi,k+1 − xps∥2|Fk

]
+

n∑
i=1

∥xi,k − xps∥2),

where the second equality and the inequality follow from Assumption 2 (c) and (d), respectively.

Then

E
[
∥yk+1 − ȳk+1∥2|Fk

]
≤ρE

[
∥yk − ȳk∥2|Fk

]
+

1

1− ρ

[
2E [⟨Fk+1,−Lk + Fk⟩|Fk] +E

[
∥Fk+1 − Fk∥2|Fk

]
+σ2(2n+

n∑
i=1

E
[
∥xi,k+1 − xps∥2|Fk

]
+

n∑
i=1

∥xi,k − xps∥2)

]
. (25)

For the second term on the right-hand side of (25),

E [⟨Fk+1,−Lk + Fk⟩|Fk]

13



=
n∑

i=1

E [⟨∇fi(xi,k+1;xi,k+1),−∇ℓi(xi,k; ξi,k+1) +∇fi(xi,k;xi,k)⟩|Fk]

=
n∑

i=1

E

〈∇fi( n∑
j=1

wijxj,k − γk

n∑
j=1

wij

n∑
l=1

wjlyl,k−1 − γk

n∑
j=1

wijℓj(xj,k; ξj,k+1)

+γk

n∑
j=1

wijℓj(xj,k−1; ξj,k);xi,k+1)−∇fi(
n∑

j=1

wijxj,k − γk

n∑
j=1

wij

n∑
l=1

wjlyl,k−1

−γk
n∑

j ̸=i

wijℓj(xj,k; ξj,k+1)− γkwii∇fi(xi,k;xi,k) + γk

n∑
j=1

wijℓj(xj,k−1; ξj,k);xi,k+1),

−∇ℓi(xi,k; ξi,k+1) +∇fi(xi,k;xi,k)⟩ |Fk]

≤
n∑

i=1

γkL(1 + ϵi)E
[
∥∇ℓi(xi,k; ξi,k+1)−∇fi(xi,k;xi,k)∥2|Fk

]
≤γkσ2L

n∑
i=1

(1 + ϵi)(1 + ∥xi,k − xps∥2)

≤2γkσ
2L(1 + ϵmax)

[
n∥x̄k − xps∥2 + ∥xk − x̄k∥2

]
+ γknσ

2L(1 + ϵavg), (26)

where the second equality follows from the formulas (4) and (5) in Algorithm 1, the first in-

equality is due to [14, Lemma 2.1] and Assumption 2 (b), and the second inequality is due to

Assumption 2 (d).

By the definitions of xk+1 in (6) and c3 in (13), for any β > 0, we have

∥Fk+1 − Fk∥2

=

n∑
i=1

∥∇fi(xi,k+1;xi,k+1)−∇fi(xi,k;xi,k)∥2

≤c23∥xk+1 − xk∥2

=c23∥(W − I)(xk − x̄k)− γkWyk∥2

=c23
[
∥W − I∥22∥xk − x̄k∥2 − 2γk⟨(W − I)(xk − x̄k),Wyk − ȳk⟩

+γ2k(∥Wyk − ȳk∥2 + n∥ȳk∥2)
]

≤c23
[
(1 +

1

β
)∥W − I∥22∥xk − x̄k∥2 + (1 + β)γ2kρ

2∥yk − ȳk∥2 + γ2kn∥ȳk∥2
]
, (27)

where the first inequality follows from [14, Lemma 2.1] and the last inequality follows from [49,

Lemma 1] and the Young’s inequality.

Combining (20), (22), (23), (26), (27) with the inequality (25), we arrive at (16). The proof

is complete.

3.1 DSGTD-GD with constant step size

The stochastic gradient descent (SGD) method with constant step size is widely used in

practice as it may achieve an exponentially fast convergence rate [12, 54]. In this subsection,
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we show that DSGTD-GD with constant step size inherits the properties of converging to a

neighborhood of the optimal solution of SGD in linear convergence rate.

Theorem 1. Let xps be the performative stable solution of problem (1). Denote

A :=


1− γµ̄ c2γ+c1γ2

n 0

0 1+ρ2

2
(1+ρ2)ρ2γ2

1−ρ2

a31 a32 ρ+ ((1 + β̂)c23 + 2σ2 1+ρ2

1−ρ2
)ρ

2γ2

1−ρ

 ,

cW :=2σ2
1 + ρ2

1− ρ2
+ c23, β̂ :=

(1−ρ)2

2 − cWγ
2ρ2

γ2c23ρ
2

,

mσ :=
σ2

1− ρ

[
c23γ

2 + 2nγL(1 + ϵavg) + 2n+ 2σ2γ2
]

a31 :=
2

1− ρ

[
γ2c23(σ

2 + c23) + 2nγc3σ
2 + nσ2(2− µ̄γ)

]
,

a32 :=
1

1− ρ

[
c23(1 +

1

β̂
)∥W − I∥22 +

2γ2(nc1σ
2 + (σ2 + c23)c

2
3)

n

+2γ(2c3 + c2)σ
2 + (3 + ρ2)σ2

]
,

(28)

where µ̄, c1, c2 and c3 are defined in (13). Suppose that the constant step size

γ ≤ min

 (1− ρ)2(1 + ρ)

4
[
(1−ρ)2c23(σ

2+c23)
2cW

+ 2nσ2 + nσ2(1−ρ)√
2cW

(2nc3 − µ̄)
] 1

2

 nµ̄(κ− 1)

κ(κ+ 1)(c2 +
c1(1−ρ)√

2cW
)

 1
2

,

(1− ρ2)(1− ρ)

2
√
2κmax

{√
4σ2+c23c3∥W−I∥2

σ , (1− ρ)
√

(nc1σ2+c23(σ
2+c23))

ncW
,
√

8σ2(1−ρ)(2c3+c2)√
2cW

, 4σ

} , 1− ρ√
2cW

 , (29)

where κ > 1 is arbitrarily chosen. Then under the conditions of Lemma 1,

(i):

sup
t≥k

E
[
∥x̄t − xps∥2

]
, sup

t≥k
E
[
∥xt − x̄t∥2

]
(30)

converge to a neighborhood of 0 at the linear rate O(ρ(A)k), where ρ(A) < 1 is the spectral

radius of the matrix A.

(ii):

lim sup
k→∞

E
[
∥x̄k − xps∥2

]
≤ γσ2(κ+ 1)

κnµ̄
+

4γ2ρ2mσ(κ+ 1)(c2 + γc1)(1 + ρ2)

nµ̄(κ− 1)(1− ρ)(1− ρ2)2
, (31)

lim sup
k→∞

E
[
∥xk − x̄k∥2

]
≤ 4γ2ρ2(κ+ 1)(1 + ρ2)(a31γσ

2 + µ̄nmσ)

nµ̄(κ− 1)(1− ρ)(1− ρ2)2
. (32)

Proof. Part (i). By the definition of cW in (28),

β̂ =
(1−ρ)2

2 − γ2ρ2cW

γ2c23ρ
2

≥ (1− ρ)(1 + ρ)cW
c23ρ

2
>

4σ2

c23
> 0,
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where the first inequality follows from the fact that γ ≤ 1−ρ√
2cW

in (29). Taking expectation on

both sides of (14)-(16) with β = β̂ and constant step size γ, we obtain the following linear system

of inequalities 
E
[
∥x̄k+1 − xps∥2

]
E
[
∥xk+1 − x̄k+1∥2

]
E
[
∥yk+1 − ȳk+1∥2

]
 ≤ A


E
[
∥x̄k − xps∥2

]
E
[
∥xk − x̄k∥2

]
E
[
∥yk − ȳk∥2

]
+


γ2σ2

n

0

mσ

 , (33)

where mσ and the matrix A = (aij)3×3 are defined in (13) and (28), respectively. Then,
E
[
∥x̄k − xps∥2

]
E
[
∥xk − x̄k∥2

]
E
[
∥yk − ȳk∥2

]
 ≤ Ak


E
[
∥x̄0 − xps∥2

]
E
[
∥x0 − x̄0∥2

]
E
[
∥y0 − ȳ0∥2

]
+

k−1∑
l=0

Al


γ2σ2

n

0

mσ

 . (34)

By some calculations,

∥
k−1∑
l=0

AlB∥ ≤
k−1∑
l=0

ρ(A)l∥B∥ ≤
∞∑
l=0

ρ(A)l∥B∥ = lim
k→∞

(1− ρ(A)k)∥B∥
1− ρ(A)

,

where B := [γ
2σ2

n , 0,mσ]
⊤. Obviously, if ρ(A) < 1, we may conclude that

sup
t≥k

E
[
∥x̄t − xps∥2

]
, sup

t≥k
E
[
∥xt − x̄t∥2

]
, sup

t≥k
E
[
∥yt − ȳt∥2

]
converge to a ∥B∥

1−ρ(A) neighborhood of 0 at the linear rate O(ρ(A)k).

Next, we employ Lemma 4 in Appendix to show ρ(A) < 1, where we just need to verify the

conditions of Lemma 4. By the fact that µ̄ > 0 and ρ ∈ (0, 1), a11 < 1, a22 < 1 and

a33 = ρ+
γ2ρ2

1− ρ

[
(1 + β̂)c23 + 2σ2

1 + ρ2

1− ρ2

]
=

1 + ρ

2
< 1. (35)

By (29),

a23a32

=
γ2ρ2(1 + ρ2)

(1− ρ2)(1− ρ)
[c23(1 +

1

β̂
)∥W − I∥22 +

2γ2(c1nσ
2 + c23(σ

2 + c23))

n

+ 2γσ2(2c3 + c2) + (3 + ρ2)σ2]

≤ γ2ρ2(1 + ρ2)

(1− ρ2)(1− ρ)

[
c23∥W − I∥22(4σ2 + c23)

4σ2
+

(1− ρ)2(c1nσ
2 + c23(σ

2 + c23))

ncW

+
2σ2(1− ρ)(2c3 + c2)√

2cW

]
≤(1− a22)(1− a33)

κ
, (36)
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where c1, c2, c3 are defined in (13), κ > 1 is arbitrarily chosen, and the first inequality follows

from the fact that β̂ > 4σ2

c23
and γ ≤ 1−ρ√

2cW
. Then

a12a23a31

=
2ρ2γ3(c2 + γc1)(1 + ρ2)

[
γ2c23(σ

2 + c23) + 2γc3σ
2n+ nσ2(2− µ̄γ)

]
n(1 + ρ)(1− ρ)2

≤ µ̄γ(1− ρ)2(1 + ρ)(κ− 1)

4κ(κ+ 1)

=
(1− a11)(1− a22)(1− a33)(κ− 1)

κ(κ+ 1)

≤(1− a11)[(1− a22)(1− a33)− a23a32]

κ+ 1
, (37)

where µ̄, c1, c2, c3 are defined in (13), ρ ∈ (0, 1) due to [49, Lemma 1], the first inequality and

the last inequality follow from (29) and (36), respectively. Subsequently, by (35), (36) and (37),

we have

det(I−A)

=(1− a11)(1− a22)(1− a33)− (1− a11)a23a32 − a12a23a31

≥ κ

κ+ 1
(1− a11) [(1− a22)(1− a33)− a23a32]

≥κ− 1

κ+ 1
(1− a11)(1− a22)(1− a33) > 0. (38)

Summarizing the above, the conditions of Lemma 4 in Appendix hold and then ρ(A) < 1.

Part (ii). In what follows, we give a more precise bound on the convergence neighborhoods

of E
[
∥x̄k − xps∥2

]
and E

[
∥xk − x̄k∥2

]
. Denoting [(I−A)−1B]j as the jth element of the vector

[(I−A)−1B], we have

lim sup
k→∞

E
[
∥x̄k − xps∥2

]
≤[(I−A)−1B]1

=
γ2σ2[(1−a22)(1−a33)−a23a32]

n + a12a23mσ

det(I−A)

≤γσ
2(κ+ 1)

κµ̄n
+

a12a23mσ(κ+ 1)

(1− a11)(1− a22)(1− a33)(κ− 1)

=
γσ2(κ+ 1)

κnµ̄
+

4γ2ρ2mσ(κ+ 1)(c2 + γc1)(1 + ρ2)

nµ̄(κ− 1)(1− ρ)(1− ρ2)2
,

where µ̄, c1, c2, mσ are defined in (13), γ is defined in (29), the first inequality follows from (33)

and the second inequality follows from (36) and (38). Similarly, we have

lim sup
k→∞

E
[
∥xk − x̄k∥2

]
≤
[
(I−A)−1B

]
2

=
a31a23γ2σ2

n + a23(1− a11)mσ

det(I−A)

17



≤ a23(κ+ 1)

(κ− 1)(1− a11)(1− a22)(1− a33)

[
γ2σ2a31

n
+ (1− a11)mσ

]
=
4γρ2(κ+ 1)(1 + ρ2)(a31σ

2γ2 + γµ̄nmσ)

nµ̄(κ− 1)(1− ρ2)2(1− ρ)
.

The proof is complete.

Theorem 1 achieves a convergence rate similar to that established in [49], that is, the iterates

generated by DSGTD-GD converge to a neighborhood of the performative stable solution at the

linear rate when the step size satisfies (29). By the definitions of c3 and µ̄ in (13),

2nc3 − µ̄ = L(2n(1 + ϵmax) + (1 + ϱ)ϵavg)− µ > 0.

Combined with the fact that ρ ∈ (0, 1), all the terms in (29) are positive, which means the step

size γ is obtainable. On the other hand, in light of (31) and (32),

lim sup
k→∞

E
[
∥xk − xps∥2

]
≤ lim sup

k→∞
2nE

[
∥x̄k − xps∥2

]
+ lim sup

k→∞
2E
[
∥xk − x̄k∥2

]
= γO(

σ2

µ̄
) +

γ2

(1− ρ)4
O(

c2σ
2

µ̄
),

which means the distance E
[
∥xk − xps∥2

]
is proportional to the step size and the spectral norm

ρ. In other words, the smaller step size and spectral norm lead to better accuracy.

3.2 DSGTD-GD with diminishing step size

Different from the constant step size policy, a diminishing step size policy may guarantee

that SGD converges to the optimal solution rather than a neighborhood of an optimum [33, 41].

In what follows, we study DSGTD-GD with a diminishing step size policy.

Theorem 2. Let xps be the performative stable solution of problem (1). Suppose that the time-

varying step sizes {γk}k≥1 in Algorithm 1 satisfy γk = r(k + b)−a where a ∈ (12 , 1] and r, a, b

satisfy 
2r2σ2 (1+ρ2)ρ2

1−ρ2
+ r2c23ρ

2 < b2a(1−ρ)2

2

r > ba−(b−1)a

µ̄
b2a(1−ρ2)(1−ρ)

2(1+ρ2)ρ2
( b2a

(b+1)2a
− 1+ρ2

2 ) > K1r3(c2ba+rc1)
ban(µ̄r+(b−1)a−ba) +K2r

2

, (39)

with

β̂k :=

(1−ρ)2

2 − 2γ2kσ
2 (1+ρ2)ρ2

1−ρ2
− γ2kc

2
3ρ

2

γ2kc
2
3ρ

2
,

K1 :=
2

(1− ρ)b2a
[
r2c23b

a(σ2 + c23) + 2rc3σ
2n+ 2nb2aσ2

]
, (40)

K2 :=
1

1− ρ

[
c23(1 +

1

β̂0
)∥W − I∥22 +

2r2(c1nσ
2 + c23(σ

2 + c23))

nb2a
+

2rσ2(2c3 + c2)

ba

+(3 + ρ2)σ2
]
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and µ̄, c1, c2, and c3 as defined in (13). Then under the conditions of Lemma 1,

E
[
∥x̄k − xps∥2

]
= O(γk), E

[
∥xk − x̄k∥2

]
= O(γ2k). (41)

Moreover, x̄k converges to xps almost surely.

Proof. By the definition of β̂k,

β̂k =

(1−ρ)2

2 − 2γ2kσ
2 (1+ρ2)ρ2

1−ρ2
− γ2kc

2
3ρ

2

γ2kc
2
3ρ

2
≥

b2a(1−ρ)2

2 − 2r2σ2 (1+ρ2)ρ2

1−ρ2
− r2c23ρ

2

r2c23ρ
2

> 0,

where the first inequality is due to γk = r(k + b)−a with a ∈ (12 , 1) and the second inequality

follows from the definitions of r, a and b in (39). Taking expectation on both sides of (14)-(16)

with β = β̂k and γ = γk, we have
E
[
∥x̄k+1 − xps∥2

]
E
[
∥xk+1 − x̄k+1∥2

]
E
[
∥yk+1 − ȳk+1∥2

]
 ≤ Ak


E
[
∥x̄k − xps∥2

]
E
[
∥xk − x̄k∥2

]
E
[
∥yk − ȳk∥2

]
+


γ2
kσ

2

n

0

mk

 , (42)

where

Ak =


1− γkµ̄

c2γk+c1γ2
k

n 0

0 1+ρ2

2 γ2k
(1+ρ2)ρ2

1−ρ2

a′31 a′32 ρ+
ρ2γ2

k
1−ρ ((1 + β̂k)c

2
3 + 2σ2 1+ρ2

1−ρ2
)

 ,
a′31 =

2

1− ρ

[
c23γ

2
k(σ

2 + c23) + 2γkc3σ
2n+ nσ2(2− µ̄γk)

]
,

a′32 =
1

1− ρ

[
c23(1 +

1

β̂k
)∥W − I∥22 +

2γ2k(c1nσ
2 + c23(σ

2 + c23))

n

+2γkσ
2(2c3 + c2) + (3 + ρ2)σ2

]
,

mk =
σ2

1− ρ

[
γ2k(c

2
3 + 2σ2) + 2γknL(1 + ϵavg) + 2n

]
,

and µ̄, c1, c2, c3 are defined in (13).

Before formally proving the results, we first denote

△1 :=
1− ρ2

(1 + ρ2)ρ2
(

b2a

(b+ 1)2a
− 1 + ρ2

2
), △2 :=

2

(1− ρ)b2a
[K1b

2a∥x0 − x̄0∥2 + b2am0],

△3 :=
2K2r

2

(1− ρ)b2a
, △4 :=

2

1− ρ
[

K1r
2σ2

ban(µ̄r + (b− 1)a − ba)
+m0],

△5 :=
2r2

(1− ρ)b2a
[

K1r(c2b
a + rc1)

ban(µ̄r + (b− 1)a − ba)
+K2],

N1 := max{r[(rc2b
a + r2c1)N2 + σ2b2a]

b2an(µ̄r + (b− 1)a − ba)
,
ba∥x̄0 − xps∥2

r
},

N2 := max{b
2a∥x0 − x̄0∥2

r2
,
E
[
∥y0 − ȳ0∥2

]
△1

,
△2

△1 −△3
,

△4

△1 −△5
},

N3 := max{E
[
∥y0 − ȳ0∥2

]
,
1− ρ

2
(
rK1N1

ba
+
K2N2r

2

b2a
+m0)},

(43)
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where µ̄, c1, c2 are defined in (13), K1, K2 are defined in (40), the relations between r, a, b are

defined in (39).

In what follows, we show that

E
[
∥x̄k − xps∥2

]
≤ N1γk, E

[
∥xk − x̄k∥2

]
≤ N2γ

2
k , E

[
∥yk − ȳk∥2

]
≤ N3 (44)

by induction. Obviously, when k = 0, (44) holds. Next, we show that (44) holds for k + 1

provided that (44) holds for some k > 0.

By (42) and the fact that ρ+ γ2ρ2

1−ρ ((1 + β̂k)c
2
3 + 2σ2 1+ρ2

1−ρ2
) = 1+ρ

2 , we have

E
[
∥x̄k+1 − xps∥2

]
≤ (1− µ̄γk)E

[
∥x̄k − xps∥2

]
+ γk

(c2 + c1γk)

n
E
[
∥xk − x̄k∥2

]
+
γ2kσ

2

n
,

E
[
∥xk+1 − x̄k+1∥2

]
≤ 1 + ρ2

2
E
[
∥xk − x̄k∥2

]
+ γ2k

(1 + ρ2)ρ2

1− ρ2
E
[
∥yk − ȳk∥2

]
,

E
[
∥yk+1 − ȳk+1∥2

]
≤ a′31E

[
∥x̄k − xps∥2

]
+ a′32E

[
∥xk − x̄k∥2

]
+

1 + ρ

2
E
[
∥yk − ȳk∥2

]
+mk.

Then

E
[
∥x̄k+1 − xps∥2

]
≤γk(1− µ̄γk)N1 + γ3k

(c2 + c1γk)N2

n
+
γ2kσ

2

n

=γk(1− µ̄γk)N1 + γ3k
(c2 + c1γk)N2

n
+
γ2kσ

2

n
−N1γk+1 +N1γk+1

≤(
r

(k + b)a
− µ̄r2

(k + b)2a
− r

(k + b+ 1)a
)N1 + γ30

(c2 + γ0c1)N2

n
+
γ20σ

2

n
+N1γk+1

≤N1γk+1,

where r, a and b are defined in (39) and the first inequality, the second inequality and the last

inequality follow from the fact that (44) holds for some k > 0, the definition of γk and the

definition of N1 in (43), respectively. Similarly, we have

E
[
∥xk+1 − x̄k+1∥2

]
≤γ2k

(1 + ρ2)N2

2
+ γ2k

(1 + ρ2)ρ2N3

1− ρ2

≤(
(1 + ρ2)r2

2(k + b)2a
− r2

(k + 1 + b)2a
)N2 + γ20

(1 + ρ2)ρ2N3

1− ρ2
+N2γ

2
k+1

≤N2γ
2
k+1,

and

E
[
∥yk+1 − ȳk+1∥2

]
≤γkK1N1 + γ2kK2N2 +

(1 + ρ)N3

2
+m0

≤rK1N1

ba
+
K2N2r

2

b2a
+

(ρ− 1)N3

2
+m0 +N3

≤N3,
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where m0 =
σ2

(1−ρ)b2a

[
r2(2σ2 + c23) + 2rnL(1 + ϵavg)b

a + 2nb2a
]
, K1, K2 are defined in (40).

Summarizing the above, we can conclude that (44) holds for any k ≥ 0. Obviously, N1, N2,

and N3 are bounded constants and then E
[
∥x̄k − xps∥2

]
and E

[
∥xk − x̄k∥2

]
converge to 0 at

rate O(γk) and O(γ2k), respectively.

Next, we use Lemma 5 in Appendix to show that x̄k converges to xps almost surely.

Choosing γ = γk in (14), we have

E
[
∥x̄k+1 − xps∥2|Fk

]
≤ (1− µ̄γk)∥x̄k − xps∥2 +

c2γk + c1γ
2
k

n
∥xk − x̄k∥2 +

σ2γ2k
n

. (45)

Denote

Ck = ∥x̄k − xps∥2, Dk = 0, Ek =
c2γk + c1γ

2
k

n
∥xk − x̄k∥2 +

σ2γ2k
n

, Fk = µ̄γk∥x̄k − xps∥2,

(45) falls into the setting of Lemma 5.

In what follows, we verify the conditions of Lemma 5.

Obviously,
∑∞

k=0Dk <∞ and we have

∞∑
k=0

E[Ek]

=
∞∑
k=0

c2γk + c1γ
2
k

n
E∥xk − x̄k∥2 +

∞∑
k=0

σ2γ2k
n

≤
∞∑
k=0

N2
c2γk + c1γ

2
k

n
γ2k +

∞∑
k=0

σ2γ2k
n

<∞,

where the first inequality and the second inequality follow from (44) and the fact that γk =

r(k + b)−a with a ∈ (12 , 1), respectively. Monotone convergence theorem implies
∑∞

k=0Ek <∞.

Then the conditions of Lemma 5 hold, which implies that there is a non-negative finite random

variable C∞ such that Ck → C∞ and
∑

k Fk <∞ almost surely which implies

∥x̄k − xps∥2 → C∞,

∞∑
k=0

γk∥x̄k − xps∥2 <∞

almost surely. Noting that
∑∞

k=0 γk diverges, we conclude that limk→∞ ∥x̄k − xps∥2 = 0 almost

surely. The proof is complete.

Theorem 2 shows that, under diminishing step size, the averaged iterates of DSGTD-GD

converge to the performative stable solution at rate O(γk) and the consensus errors of iterates

converge to 0 at rate O(γ2k), which achieves the similar convergence rate as [49, 61]. Moreover,

we have by (44) that

E
[
∥xk − xps∥2

]
≤ 2nE

[
∥x̄k − xps∥2

]
+ 2E

[
∥xk − x̄k∥2

]
= O(γk),

which means DSGTD-GD with diminishing step size achieves the convergence rate of O(γk).

Next, we establish the asymptotic normality of the time-averaged iterates generated by

DSGTD-GD.
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Theorem 3. Let xps be the performative stable solution of problem (1). Under the conditions

of Theorem 2 with a ∈ (12 , 1) and Assumption 4, the average iterates 1
k

∑k−1
t=0 xi,t generated by

DSGTD-GD satisfy

√
k(

1

k

k−1∑
t=0

xi,t − xps)
d−→ N (0,∇R(xps)−1Σ∇R(xps)−⊤), ∀i ∈ V, (46)

where R(x) =
∑n

i=1∇fi(x;x) and Σ := Cov(
∑n

i=1∇ℓi(xps; ξi)).

Proof. By (44), we have

E

[
∥
√
k(

1

k

k−1∑
t=0

xi,t − xps)−
√
k(

1

k

k−1∑
t=0

x̄t − xps)∥

]

=
1√
k
E

[
∥
k−1∑
t=0

(xi,t − x̄t)∥

]

≤ 1√
k

k−1∑
t=0

√
E∥(xt − x̄t)∥2

≤
√
N2√
k

k−1∑
t=0

γt.

By the definition of γk and Kronecker lemma,
√
N2√
k

∑k−1
t=0 γt converges to 0. Then Slutsky’s

theorem implies (46) if

√
k(

1

k

k−1∑
t=0

x̄t − xps)
d−→ N(0,∇R(xps)−1Σ∇R(xps)−⊤). (47)

Next, we show (47) by Lemma 3 in Appendix.

Firstly, we rewrite the recursion x̄k − xps in the form of (67) in Lemma 3. By the update

recursion in (7) and the fact ȳk = 1
n

∑n
i=1∇ℓi(xi,k; ξi,k+1), we have

x̄k+1

=x̄k − γkȳk

=x̄k −
γk
n
R(x̄k)− γk

[
1

n

n∑
i=1

(∇ℓi(xi,k; ξi,k+1)−∇fi(xi,k;xi,k))

]

− γk

[
1

n

n∑
i=1

(∇fi(xi,k;xi,k)−∇fi(x̄k; x̄k))

]
. (48)

Denote

ek :=
1

n

n∑
i=1

(∇ℓi(xi,k; ξi,k+1)−∇fi(xi,k;xi,k)) , dk :=
1

n

n∑
i=1

(∇fi(xi,k;xi,k)−∇fi(x̄k; x̄k)) ,
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the recursion (48) can be rewritten as

x̄k+1 = x̄k − γk

(
1

n
R(x̄k) + ek + dk

)
,

which falls into the setting of Lemma 3.

In what follows, we verify the conditions (a)-(f) of Lemma 3.

By the definition of ek, {ek} is a martingale difference sequence and thus condition (a)

Lemma 3 hold. Moreover, by Assumption 2 (c),

E
[
∥ek∥2 | Fk

]
=

1

n2

n∑
i=1

E
[
∥∇ℓi(xi,k; ξi,k+1)−∇fi(xi,k;xi,k)∥2 | Fk

]
≤σ

2

n
+
σ2

n2

n∑
i=1

∥xi,k − xps∥2.

Taking expectations on both sides, we obtain

E∥ek∥2 ≤
σ2

n
+
σ2

n2
E∥xk − x̄k∥2 +

σ2

n
E∥x̄k − xps∥2,

which implies that supk≥0E∥ek∥2 <∞ by Theorem 2. Then condition (b) of Lemma 3 holds.

Next, we verify condition (c) of Lemma 3. Define

Vi(x) := Cov (∇ℓi(x; ξi)) , E
[
eke

⊤
k | Fk

]
=

1

n2

n∑
i=1

Vi(xi,k).

By the fact that
∑∞

k=0 γ
2
k < ∞ and (41), we have

∑∞
k=0E∥xk − x̄k∥2 < ∞. Tonelli’s theorem

further implies that
∑∞

k=0 ∥xk−x̄k∥2 <∞ almost surely, and then we have ∥xk−x̄k∥ → 0 almost

surely. Together with x̄k → xps almost surely from Theorem 2, this yields that xi,k → xps almost

surely, for all i ∈ V. Therefore,

E
[
eke

⊤
k | Fk

]
−→ 1

n2
Σ, a.s.

where Σ = Cov(
∑n

i=1∇ℓi(xps; ξi)). Consequently, by Cesàro’s lemma,

1

k

k−1∑
t=0

E
[
ete

⊤
t | Ft

]
−→ 1

n2
Σ, a.s.

Moreover, since Assumption 2 (d) holds for some p > 2, the conditional p-th moments of ek are

uniformly bounded along the sample paths for all sufficiently large k. Hence, for any ε > 0,

1

k

k−1∑
t=0

E
[
∥et∥21{∥et∥≥ε

√
k} | Ft

]
≤ 1

εp−2k(p−2)/2

1

k

k−1∑
t=0

E [∥et∥p | Ft] −→ 0.

Then condition (c) of Lemma 3 holds.
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On the other hand, by [14, Lemma 2.1] and Theorem 2,

E [∥dk∥] ≤
L(1 + ϵmax)√

n
E [∥xk − x̄k∥] = O(γk). (49)

Then,

E

[
1√
k

k−1∑
t=0

∥dt∥

]
= O

(
1√
k

k−1∑
t=0

γt

)
= O(k1/2−a) −→ 0

Markov’s inequality further implies that 1√
k

∑k−1
t=0 ∥dt∥

p−→ 0, thereby condition (d) of Lemma 3

holds.

According to the definition of ∇R(x) and γk, conditions (e) of Lemma 3 hold with G :=

∇R(xps)/n.

Finally, we verify condition (f) of Lemma 3. By Assumption 4 and R(xps) = 0, there exists

a constant c > 0 such that, in a neighborhood of xps,∥∥∥∥ 1nR(x)−G(x− xps)

∥∥∥∥ ≤ c∥x− xps∥2.

Then,

E

[
1√
k

k−1∑
t=0

∥∥∥∥ 1nR(x̄t)−G(x̄t − xps)

∥∥∥∥
]
≤ c√

k

k−1∑
t=0

E∥x̄t − xps∥2 = O

(
1√
k

k−1∑
t=0

γt

)
= o(1).

Thus, condition (f) of Lemma 3 holds by Markov inequality.

Summarizing the above, all the conditions of Lemma 3 in Appendix hold. Then

√
k(

1

k

k−1∑
t=0

xi,t − xps)
d−→ N (0,∇R(xps)−1Σ∇R(xps)−⊤).

The proof is complete.

Theorem 3 shows that the deviation between the averaged iterates generated by DSGTD-GD

and the performative stable solution converges in distribution to a normal random vector with

the covariance matrix ∇R(xps)−1Σ∇R(xps)−⊤, where

∇R(xps) =
n∑

i=1

∇2fi(xps;xps) +

n∑
i=1

d

dy
∇fi(xps; y)|y=xps .

Comparing with the asymptotic normality results of stochastic approximation method for stan-

dard stochastic optimization problems [7, 10, 17, 48], the second term
∑n

i=1
d
dy∇fi(xps; y)|y=xps

captures the performative effects of distributional shift. To the best of our knowledge, Theo-

rem 3 seems to be the first result on the asymptotic normality of the stochastic approximation

method for distributed SO-DD.
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4 Convergence of DSGTD-AG

In this section, we study the convergence of DSGTD-AG. Under the constant step size policy,

we show that DSGTD-AG converges sublinearly to a stationary point based on the technical

lemma.

To study the convergence of Algorithm 2, we first impose the following assumptions.

Assumption 5. [42] [Objective function and gradient]

(a) For any i ∈ V, the gradient ∇fi(x) are Li-Lipschitz continuous (Li > 0), that is,

∥∇fi(x)−∇fi(x′)∥ ≤ Li∥x− x′∥, ∀x, x′ ∈ Rd.

(b) There exists a constant δ > 0 such that, for all i ∈ V and x ∈ Rd,

Eξi∼Di(x) [∥∇ξiℓi(x; ξi)∥] ≤ δ.

(c) There exists a constant σ > 0 such that, for all i ∈ V and x ∈ Rd,

Eξi∼Di(x)

[
∥∇x,ξiℓi(x; ξi)−Eξ′i∼Di(x)

[
∇x,ξ′i

ℓi(x; ξ
′
i)
]
∥2
]
≤ σ2.

Assumption 6. [42] [Distribution map] For any i ∈ V, there exists a probability measure Pi

such that

ξi ∼ Di(x) ⇐⇒ ξi = Aix+ ζi, ζi ∼ Pi,

where Ai ∈ Rm×d, µi := Eζi∼Pi
[ζi] and Σi := Eζi∼Pi

[(ζi − µi)(ζi − µi)
⊤].

In Assumption 5, condition (a) requires the objective functions to be smooth, while conditions

(b) and (c) bound the expected norm of the stochastic gradient and its variance, respectively.

Assumption 6 imposes an additive linear structure on how the distribution changes with the deci-

sion variable, rather than restricting the random variable ξi to a particular distributional family.

Specifically, ζi ∼ Pi represents the decision-independent random variable, while Aix character-

izes the distributional shift induced by the decision variable x. For example, if ζi ∼ N (µi,Σi),

then under Assumption 6, we have ξi = Aix+ ζi and consequently ξi ∼ N (Aix+ µi,Σi). Under

this Assumption, problem (1) can be rewritten as the following standard stochastic optimization

problem:

min
x∈Rd

n∑
i=1

Eζi∼Pi
[ℓi(x;Aix+ ζi)] ,

which may be non-convex, and then by using the chain rule, we can derive the gradient of fi(x),

∇fi(x) = Eξi∼Di(x)

[
∇ℓi(x; ξi) +A⊤

i ∇ξiℓi(x; ξi)
]
.

Again, under the linear structure of the distribution map, we may estimate the distribution map

Di(·) by estimating the parameter Ai with Ai,k dynamically using the adaptive gradient method

in [42]. Specifically, at the k-th iteration, the i-th agent updates its Ai,k with

Ai,k+1 = Ai,k + νk(qi,k+1 − ξi,k+1 −Ai,kui,k)u
⊤
i,k,
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where νk = 2
k+6d , qi,k+1 ∼ Di(xi,k + ui,k), ξi,k+1 ∼ Di(xi,k) and ui,k ∼ N (0, Id). Furthermore,

an unbiased stochastic gradient of fi at xi,k can be computed as

∇ℓi(xi,k; ξi,k+1) +A⊤
i ∇ξi,k+1

ℓi(xi,k; ξi,k+1),

where ξi,k+1 ∼ Di(xi,k), and with initial Ai,0 ∈ Rm×d and the estimation Ai,k, we form its

estimator as

vi,k = ∇ℓi(xi,k; ξi,k+1) +A⊤
i,k∇ξi,k+1

ℓi(xi,k; ξi,k+1), (50)

which is used as a biased stochastic gradient by DSGTD-AG.

Next, we state a descent lemma when the objective function is non-convex and the stochastic

gradient is biased, which plays a key role in analyzing the convergence of DSGTD-AG.

Lemma 2. Suppose that γ ≤ n
6L , Assumptions 1, 5 and 6 hold. Then, for ∀k, the averaged

iterates x̄k generated by DSGTD-AG satisfy

E [f(x̄k+1)|Fk]

≤f(x̄k)−
γ

4n
∥∇f(x̄k)∥2 +

3γL2

2

n∑
i=1

∥x̄k − xi,k∥2

+ (
3Lδ2γ2

n
+ γδ2 +

3Lσ2γ2

n
)∥Ak −A∥2 + 3Lσ2γ2

n
∥A∥2 + 3Lσ2γ2

2n
, (51)

where A := [A1, · · · , An] and Ak := [A1,k, · · · , An,k].

Proof. By the updating recursion (12) and the definition of vk,

E [f(x̄k+1)|Fk]

=E

[
f(x̄k −

γ

n

n∑
i=1

vi,k)|Fk

]

≤f(x̄k)−E

[
⟨∇f(x̄k),

γ

n

n∑
i=1

vi,k⟩|Fk

]
+
Lγ2

2
E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]

=f(x̄k)−
γ

n
∥∇f(x̄k)∥2 +

γ

n
E

[
⟨∇f(x̄k),∇f(x̄k)−

n∑
i=1

vi,k⟩|Fk

]
+
Lγ2

2
E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]

≤f(x̄k)−
γ

2n
∥∇f(x̄k)∥2 +

γ

2

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] ∥2 +
Lγ2

2
E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]
, (52)

where L =
∑n

i=1 Li, Fk denotes the σ-algebra generated by (xi,l, ui,l)l=0,··· ,k−1 , i ∈ V, the first

inequality and the last inequality follow from the smoothness of the objective function and the

Young’s inequality, respectively. For the last term on the right-hand side of (52),

E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]

=E

[
∥ 1
n

n∑
i=1

vi,k +
1

n
∇f(x̄k)−

1

n
∇f(x̄k) +

1

n

n∑
i=1

Evi,k −
1

n

n∑
i=1

Evi,k∥2|Fk

]
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≤3E

[
∥ 1
n

n∑
i=1

vi,k −
1

n

n∑
i=1

Evi,k∥2|Fk

]
+

3

n2
∥∇f(x̄k)∥2 + 3∥ 1

n

n∑
i=1

Evi,k −
1

n
∇f(x̄k)∥2

≤3σ2

n
max{1, ∥Ak∥2}+

3

n

n∑
i=1

∥Evi,k −∇fi(x̄k)∥2 +
3

n2
∥∇f(x̄k)∥2,

where the last inequality is due to the definition of vi,k in (50) and Assumption 5 (c). Then

E [f(x̄k+1)|Fk]

≤f(x̄k) + (
3Lγ2

2n2
− γ

2n
)∥∇f(x̄k)∥2

+ (
3Lγ2

2n
+
γ

2
)

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] ∥2 +
3Lσ2γ2

2n
max{1, ∥Ak∥2}.

Again, by the definition of vi,k in (50),

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] ∥2

=

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] +∇fi(xi,k)−∇fi(xi,k)∥2

≤2

n∑
i=1

∥∇fi(x̄k)−∇fi(xi,k)∥2 + 2

n∑
i=1

∥E [vi,k|Fk]−∇fi(xi,k)∥2

≤2L2
n∑

i=1

∥x̄k − xi,k∥2 + 2δ2∥Ak −A∥2,

where the last inequality is due to Assumption 5 (a) and (b). Then

E [f(x̄k+1)|Fk]

≤f(x̄k) + (
3Lγ2

2n2
− γ

2n
)∥∇f(x̄k)∥2 + (

3γ2L3

n
+ γL2)

n∑
i=1

∥x̄k − xi,k∥2

+ (
3Lγ2

n
+ γ)δ2∥Ak −A∥2 + 3Lσ2γ2

2n
max{1, ∥Ak∥2}

≤f(x̄k)−
γ

4n
∥∇f(x̄k)∥2 +

3γL2

2

n∑
i=1

∥x̄k − xi,k∥2

+
3Lσ2γ2

n
∥A∥2 + 3Lσ2γ2

2n
+ (

3Lδ2γ2

n
+ γδ2 +

3Lσ2γ2

n
)∥Ak −A∥2,

where the last inequality follows from the fact γ ≤ n
6L , max{1, ∥Ak∥2} ≤ 1+∥Ak∥2 and ∥Ak∥2 ≤

2∥A∥2 + 2∥Ak −A∥2. The proof is complete.

Different from the descent lemma [27, Lemma 27], the last term on the right-hand side of (51)

depends on the error between the true distribution parameter A and the estimated distribution

parameter Ak. In other words, with Ak gradually tending to A, the term tends towards 0.

Now, we are ready to study the convergence of DSGTD-AG.
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Theorem 4. Let C1 = 2560, C2 = 12000, cl := max{7∥A0 − A∥2, 8
∑n

i=1 tr(Σi)}, f⋆ :=

minx∈Rd f(x) and denote

c4 := 8n, c5 := 12nL2τ2
[
clC2(2σ

2 + δ2) + 2C2σ
2∥A∥2 + C2σ

2

(1− ρ)2
+ C1σ

2 + 2C1σ
2∥A∥2

]
,

c6 := 24clL(δ
2 + σ2) + 24Lσ2∥A∥2 + 12Lσ2, c7 =

512
√
10F0

(1− ρ)
+ 768ϕ0L,

τ :=
2

1− ρ
log(

50

1− ρ
(1 + log

1

1− ρ
)) + 1, F0 := f(x̄0)− f⋆,

ϕ0 := 16∥x0 − x̄0∥2 +
24γ2

(1− ρ)2
∥y0 − ȳ0∥2.

(53)

Suppose that (i) K > 2
1−ρ log(

50
1−ρ(1 + log 1

1−ρ)), (ii) Assumptions 1, 5, 6 hold, (iii) the step size

satisfies

γ := min

{(
c4F0

c5(K + 1)

) 1
3

,

(
c4F0

c6(K + 1)

) 2
3

,
1− ρ

64
√
10Lτ

}
. (54)

Then the averaged iterates x̄k generated by DSGTD-AG satisfy

1

K + 1

K∑
k=0

E∥∇f(x̄k)∥2

≤2c
1
3
5

(
c4F0

K + 1

) 2
3

+ 2

(
c4c6F0

K + 1

) 2
3

+
nτLc7
K + 1

+
8nclδ

2 ln(K + 6d)

K + 1
+

16(c5c
2
4F

2
0 )

1
3 ln(K + 6d)

75(K + 1)
2
3

.

Proof. Define ψk :=

[
xk − x̄k, γ(yk − ȳk)

]
, we have

E [f(x̄k+1)|Fk]

≤f(x̄k)−
γ

4n
∥∇f(x̄k)∥2 +

3γL2

2
E∥ψk∥2

+ (
3Lδ2γ2

n
+ γδ2 +

3Lσ2γ2

n
)∥Ak −A∥2 + 3Lσ2γ2

n
∥A∥2 + 3Lσ2γ2

2n
,

where the inequality is due to Lemma 2. Rearranging it and summing up, we have

1

K + 1

K∑
k=0

E∥∇f(x̄k)∥2

≤ 4nF0

γ(K + 1)
+ 12Lγσ2∥A∥2 + 6Lγσ2

+
4(3Lγδ2 + nδ2 + 3Lγσ2)

K + 1

K∑
k=0

E
[
∥Ak −A∥2

]
+

6nL2

K + 1

K∑
k=0

E∥ψk∥2, (55)

where F0 := f(x̄0) − f⋆. Note that the first three terms on the right-hand side of (55) do not

depend on iteration k, we may provide the bound for them by selecting the step size, that is,

4nF0

γ(K + 1)
+ 12Lγσ2∥A∥2 + 6Lγσ2 ≤ 6Lσ2

(
2∥A∥2 + 1

)( c4F0

c6(K + 1)

) 2
3

+
32
√
10c4LτF0

(1− ρ)(K + 1)
,

(56)
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where c4 and c6 are defined in (53), the inequality is due to the definition of γ in (54). Similarly,

as the fourth term on the right-hand side of (55) only depends on the error of ∥Ak − A∥2, we
may bound it with [42, Lemma 21],

4(3Lγδ2 + nδ2 + 3Lγσ2)

K + 1

K∑
k=0

E
[
∥Ak −A∥2

]
≤4cl(3Lγδ

2 + nδ2 + 3Lγσ2)

K + 1

K∑
k=0

1

k + 6d

≤12clLγ(δ
2 + σ2) ln(K + 6d)

K + 1
+

4nclδ
2 ln(K + 6d)

K + 1
, (57)

where cl := max{7∥A0 − A∥2, 8
∑n

i=1 tr(Σi)} and the last inequality follows from the definition

of γ in (54).

Next, we derive the bound of
∑K

k=0E∥ψk∥2.

Define

J :=

 W̃ 0

−W̃ W̃

 , Ξk :=

 0

(vk+1 − vk)(I− 1
n11

⊤)


⊤

, W̃ := W − 1

n
11⊤,

we may rewrite Algorithm 2 in the form as

ψk+1 = ψkJ + γΞk, (58)

where ψk =

[
xk − x̄k, γ(yk − ȳk)

]
. By unrolling (58) for τ ≤ t ≤ 2τ steps with τ = 2

1−ρ log(
50
1−ρ(1+

log 1
1−ρ)) + 1,

ψk+t = ψkJ
t + γ

t∑
m=1

Ξk+m−1J
t−m.

Then,

E∥ψk+t∥2

≤3

4
E∥ψk∥2 + 5γ2E∥

t∑
m=1

(vk+m − vk+m−1)W̃
t−m∥2

+ 5γ2E∥
t−1∑
m=1

(vk+m − vk+m−1)(t−m)W̃t−m∥2, (59)

where the inequality follows from Young’s inequality, Lemma 8 and the fact that ∥I− 1
n11

⊤∥2 ≤ 1.

In what follows, we give the upper bounds for the last two items on the right-hand side of

(59).

Denote

Fk := [∇f1(x1,k), · · · ,∇fn(xn,k)], F̄k := [∇f1(x̄k), · · · ,∇fn(x̄k)].
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For the second term on the right-hand side of (59),

E∥
t∑

m=1

(vk+m − vk+m−1)W̃
t−m∥2

≤3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 3E∥
t∑

m=1

(Fk+m − Fk+m−1)∥2

≤3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 3t
t∑

m=1

E∥Fk+m − Fk+m−1∥2

≤3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 9t
t∑

m=1

E∥Fk+m − F̄k+m∥2

+ 9t
t∑

m=1

E∥Fk+m−1 − F̄k+m−1∥2 ++9t
t∑

m=1

E∥F̄k+m − F̄k+m−1∥2

≤3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 9tL2
t∑

m=1

E∥xk+m − x̄k+m∥2

+ 9tL2
t∑

m=1

E∥xk+m−1 − x̄k+m−1∥2 + 9tnL2
t∑

m=1

E∥x̄k+m − x̄k+m−1∥2, (60)

where the first inequality and the last inequality follow from the fact that ∥W̃j∥ ≤ 1, for ∀j ≥ 1,

and Assumption 5 (a), respectively. For the third term on the right-hand side of (59),

E∥
t−1∑
m=1

(vk+m − vk+m−1)(t−m)W̃t−m∥2

≤3E∥
t−1∑
m=1

(vk+m − Fk+m − vk+m−1 + Fk+m−1)(t−m)W̃t−m∥2

+ 3E∥
t−1∑
m=1

(Fk+m − F̄k+m − Fk+m−1 + F̄k+m−1)(t−m)W̃t−m∥2

+ 3E∥
t−1∑
m=1

(F̄k+m − F̄k+m−1)(t−m)W̃t−m∥2

=3E∥(vk+t−1 − Fk+t−1)W̃ − (vk − Fk)(t− 1)W̃t−1

+
t−2∑
m=1

(vk+m − Fk+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3E∥(Fk+t−1 − F̄k+t−1)W̃ − (Fk − F̄k)(t− 1)W̃t−1

+

t−2∑
m=1

(Fk+m − F̄k+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3E∥
t−1∑
m=1

(F̄k+m − F̄k+m−1)(t−m)W̃t−m∥2

≤3tE∥(vk+t−1 − Fk+t−1)W̃∥2 + 3tE∥(vk − Fk)(t− 1)W̃t−1∥2
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+ 3t
t−2∑
m=1

∥(vk+m − Fk+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3tE∥(Fk+t−1 − F̄k+t−1)W̃∥2 + 3tE∥(Fk − F̄k)(t− 1)W̃t−1∥2

+ 3t
t−2∑
m=1

∥(Fk+m − F̄k+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3E∥
t−1∑
m=1

(F̄k+m − F̄k+m−1)(t−m)W̃t−m∥2

≤ 12t

(1− ρ)2

t−1∑
m=1

E∥vk+m − Fk+m∥2 + 12t

(1− ρ)2

t−1∑
m=1

E∥Fk+m − F̄k+m∥2

+
3(t− 1)

(1− ρ)2

t−1∑
m=1

E∥F̄k+m − F̄k+m−1∥2

≤ 12t

(1− ρ)2

t−1∑
m=1

E∥vk+m − Fk+m∥2 + 12tL2

(1− ρ)2

t−1∑
m=1

E∥xk+m − x̄k+m∥2

+
3n(t− 1)L2

(1− ρ)2

t−1∑
m=1

E∥x̄k+m − x̄k+m−1∥2, (61)

where the third inequality is due to Lemma 6, Lemma 7, the fact that ∥W̃j∥ ≤ 1, for ∀j ≥ 1,

and the last inequality is due to Assumption 5 (a). By the updating recursion in (12),

E∥x̄k+m − x̄k+m−1∥2

=γ2E∥ 1
n

n∑
i=1

vi,k+m−1∥2

=γ2E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1) +
1

n

n∑
i=1

∇fi(xi,k+m−1)

− 1

n

n∑
i=1

∇fi(x̄k+m−1) +
1

n

n∑
i=1

∇fi(x̄k+m−1)∥2

≤3γ2E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+
3γ2

n

n∑
i=1

∥∇fi(xi,k+m−1)−∇fi(x̄k+m−1)∥2 +
3γ2

n2
∥∇f(x̄k+m−1)∥2

≤3γ2E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+
3L2γ2

n

n∑
i=1

∥xi,k+m−1 − x̄i,k+m−1∥2 +
3γ2

n2
∥∇f(x̄k+m−1)∥2, (62)

where the last inequality is due to Assumption 5 (a).
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Combining (60), (61), (62) with the inequality (59), we have

E∥ψk+t∥2

≤3

4
E∥ψk∥2 + 5γ2

[
3E∥

t∑
m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2

+9tL2
t∑

m=1

E∥xk+m − x̄k+m∥2 + 9tL2
t∑

m=1

E∥xk+m−1 − x̄k+m−1∥2

+27tnL2γ2
t∑

m=1

E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+27tγ2L4
t∑

m=1

∥xk+m−1 − x̄k+m−1∥2 +
27tL2γ2

n

t∑
m=1

∥∇f(x̄k+m−1)∥2

+
12t

(1− ρ)2

t−1∑
m=1

E∥vk+m − Fk+m∥2 + 12tL2

(1− ρ)2

t−1∑
m=1

E∥xk+m − x̄k+m∥2

+
9n(t− 1)L2γ2

(1− ρ)2

t−1∑
m=1

E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+
9(t− 1)γ2L4

(1− ρ)2

t−1∑
m=1

∥xk+m−1 − x̄k+m−1∥2 +
9(t− 1)L2γ2

n(1− ρ)2

t−1∑
m=1

∥∇f(x̄k+m−1)∥2
]

≤7

8
E∥ψk∥2 +

1

128τ

t−1∑
m=0

E∥ψk+m∥2 + 2τγ2

n

t−1∑
m=0

∥∇f(x̄k+m)∥2

+ 64τγ2
t−1∑
m=0

E∥vk+m − Fk+m∥2 + 300τγ2

(1− ρ)2

t∑
m=1

E∥vk+m − Fk+m∥2,

where the last inequality follows from the fact γ ≤ 1−ρ

64
√
10Lτ

and t < 2τ . By the definition of

vk+m and Fk+m,

E∥vk+m − Fk+m∥2

=E∥vk+m −Evk+m∥2 + ∥Evk+m − Fk+m∥2

≤(2σ2 + δ2)E
[
∥Ak+m −A∥2

]
+ 2σ2∥A∥2 + σ2

≤cl(2σ
2 + δ2)

k +m+ 6d
+ 2σ2∥A∥2 + σ2, (63)

where cl := max{7∥A0 − A∥2, 8
∑n

i=1 tr(Σi)}, the first inequality follows from Assumption 5

(b), (c), the second inequality follows from the fact max{1, ∥Ak∥2} ≤ 1 + ∥Ak∥2 and ∥Ak∥2 ≤
2∥A∥2 + 2∥Ak − A∥2, and the last inequality follows from [42, Lemma 21]. Then, by the fact

that t < 2τ ,

E∥ψk+t∥2

≤7

8
E∥ψk∥2 +

1

128τ

t−1∑
m=0

E∥ψk+m∥2 + 2τγ2

n

t−1∑
m=0

∥∇f(x̄k+m)∥2

+ 128τ2γ2
[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]
+

600τ2γ2

(1− ρ)2

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]
,
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which falls into the similar form to the recursion in [27, Lemma 7]. Subsequently, unrolling this

recursion with the technique in [27, Lemma 8], we have

E∥ψk∥2

≤
(
1− 1

64τ

)k

ϕ0 +
44τγ2

n

k−1∑
m=0

(
1− 1

64τ

)k−m

∥∇f(x̄m)∥2 + C1τ
2γ2

[
cl(2σ

2 + δ2)

k + 6d

+2σ2∥A∥2 + σ2
]
+
C2τ

2γ2

(1− ρ)2

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]
,

where C1 = 2560, C2 = 12000 and ϕ0 = 16∥x0 − x̄0∥2 + 24γ2

(1−ρ)2
∥y0 − ȳ0∥2. Then

K∑
k=0

E∥ψk∥2

≤
K∑
k=0

(
1− 1

64τ

)k

ϕ0 +
44τγ2

n

K∑
k=0

k−1∑
m=0

(
1− 1

64τ

)k−m

∥∇f(x̄m)∥2

+ C1τ
2γ2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6
+ 2σ2∥A∥2 + σ2

]

+
C2τ

2γ2

(1− ρ)2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 1 + 6d
+ 2σ2∥A∥2 + σ2

]

≤64τϕ0 +
1

12nL2

K∑
k=0

∥∇f(x̄k)∥2 + C1τ
2γ2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]

+
C2τ

2γ2

(1− ρ)2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 1 + 6d
+ 2σ2∥A∥2 + σ2

]
, (64)

where the last inequality follows from the fact γ ≤ 1−ρ

64
√
10Lτ

,
∑K

k=0

(
1− 1

64τ

)k ≤ 64τ and

K∑
k=0

k−1∑
m=0

(
1− 1

64τ

)k−m

∥∇f(x̄m)∥2 ≤ 64τ
K∑
k=0

∥∇f(x̄k)∥2.

Combining (56), (57), (64) with (55) and rearranging, we have

1

K + 1

K∑
k=0

E∥∇f(x̄k)∥2

≤12Lσ2
(
2∥A∥2 + 1

)( c4F0

c6(K + 1)

) 2
3

+
64
√
10c4LτF0

n(1− ρ)(K + 1)
+ 24L(δ2 + σ2)

(
c4F0

c6(K + 1)

) 2
3

+
8nclδ

2 ln(K + 6d)

K + 1
+

12nL2

K + 1

[
64τϕ0 + C1τ

2γ2
K∑
k=0

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]

+
C2τ

2γ2

(1− ρ)2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]]

≤12Lσ2
(
2∥A∥2 + 1

)( c4F0

c6(K + 1)

) 2
3

+
64
√
10c4LτF0

(1− ρ)(K + 1)
+ 24L(δ2 + σ2)

(
c4F0

c6(K + 1)

) 2
3
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+
8nclδ

2 ln(K + 6d)

K + 1
+

768nτϕ0L
2

K + 1
+ 12nclC1L

2τ2γ2(2σ2 + δ2) ln(K + 6d)

+
12C2nclL

2τ2γ2(2σ2 + δ2)

(1− ρ)2
+

12C2nL
2τ2γ2

(
2σ2∥A∥2 + σ2

)
(1− ρ)2

+ 12C1nL
2τ2γ2

(
2σ2∥A∥2 + σ2

)
≤2c

1
3
5

(
c4F0

K + 1

) 2
3

+ 2

(
c4c6F0

K + 1

) 2
3

+
nτLc7
K + 1

+
8nclδ

2 ln(K + 6d)

K + 1
+

16(c5c
2
4F

2
0 )

1
3 ln(K + 6d)

75(K + 1)
2
3

,

where c4, c5, c6, c7, F0 are defined in (53), the first inequality and the last inequality are due to

[42, Lemma 21] and the definition of γ in (54), respectively. The proof is complete.

Theorem 4 shows that the averaged iterates generated by DSGTD-AG converge to the sta-

tionary point with rate O( lnK

K
2
3
), where K is the number of iterates. Notably, compared to the

rate of O( 1

K
2
3
) in [27], the rate in Theorem 4 includes an additional logarithmic factor due to

learning the parameters of the distribution maps. On the other hand, all the terms in (54) are

positive as ρ ∈ (0, 1), which means the step size γ is obtainable.

5 Numerical experiments

To show the performance of the proposed algorithms, we conduct experiments on two syn-

thetic multi-agent problems with Gaussian decision-dependent distributions and a strategic bi-

nary classification problem with a real dataset [23]. The two synthetic experiments provide

controlled settings with closed-form solutions, which facilitate comparison of the convergence

behaviors of the algorithms. Specifically, the first experiment considers a case where the per-

formative stable solution coincides with the optimal solution, while the second considers a case

where the two solutions differ. The strategic binary classification experiment further evaluates

the algorithms on a real-world data.

In all experiments, we compare the proposed algorithms with four distributed variants based

on DSGD [31, 50] and EXTRA [40, 55]. Specifically, we combine each framework with the

greedy deployment scheme [38] and the adaptive gradient [42], resulting in DSGD-GD [30],

DSGD-AG, EXTRA-GD and EXTRA-AG. To the best of our knowledge, theoretical conver-

gence guarantees for DSGD-AG, EXTRA-GD, and EXTRA-AG in the distributed SO-DD have

not been established in the existing literature. These algorithms represent three classes of dis-

tributed optimization methods: stochastic-gradient type methods, primal-dual type methods,

and gradient-tracking type methods; see Table 1. For the greedy-deployment variants, stochastic

gradients are evaluated using samples drawn from the current local decision-dependent distri-

butions under the greedy deployment scheme. For the adaptive-gradient variants, the adaptive

gradient is employed to account for the effect of the decision variable on the distribution. We

consider a ring communication network with n = 25 agents, where the mixing weight W is given

by wij = 1
3 for all (i, j) ∈ E and wij = 0 otherwise. For EXTRA-GD and EXTRA-AG, the

second mixing matrix is chosen as I+W
2 . All algorithms are initialized from the same starting

point. In all figures, the orange and green lines denote DSGTD-GD with constant and diminish-

34



Table 1: Distributed algorithms compared in the numerical experiments.

Method class Greedy-deployment variant Adaptive-gradient variant

Stochastic-gradient type DSGD-GD [30] DSGD-AG

Primal-dual type EXTRA-GD EXTRA-AG

Gradient-tracking type DSGTD-GD (our algorithm) DSGTD-AG (our algorithm)

ing step sizes, respectively, the red line denotes DSGTD-AG, the blue and magenta dashed lines

denote DSGD-GD and DSGD-AG, respectively, and the brown and cyan dashed lines denote

EXTRA-GD and EXTRA-AG, respectively.

5.1 Multi-agent Gaussian Mean Estimation I

Consider the following distributed stochastic optimization problem with decision-dependent

distributions [30]

min
x∈R

25∑
i=1

Eξi∼Di(x)

[
(x− ξi)

2

2

]
,

where for all i ∈ [25], Di(xi) = N (z̄ + ϵixi, σ
2), z̄ = 10, σ2 = 10, ϵi = ϵavg = 0.1. Obviously, the

objective value can be computed as 125 with the performative stable solution and the optimal

solution xps = xop = 100/9.

In the experiment, we run all algorithms with k = 106 iterates, where the i-th agent draws

one sample from Di(xi,k) to calculate the gradient. We set the step sizes of DSGTD-GD as

γk = 1/(k+100)
3
4 , γ = 0.01 and the step size of DSGTD-AG as γ = 0.001. In particular, we set

the step sizes for DSGD-GD and DSGD-AG to γk = 50/(10000 + k), as described in [30], the

step size for EXTRA-GD to γ = 0.01 and the step size for EXTRA-AG to γ = 0.001. All the

parameters of the setting are chosen the same as that in [30]. Moreover, we do 100 simulations

for the test on asymptotic normality.

In Figure 1, we report the convergence of DSGTD-GD and DSGTD-AG, where Figure 1

(a), (b), (c), (d) record the performance on solution error, consensus error, objective value and

the asymptotic normality of iterates, respectively. From Figure 1 (a), we can observe that the

performative stable error of DSGTD-GD with constant step size tends to stabilize around 0.01

after thousands of iterates, which matches the conclusion of Theorem 1 that DSGTD-GD with

constant step size converges to a neighborhood of the performative stable solution. At the

same time, the performative stable error of DSGTD-GD with diminishing step size tends to 0,

which implies under diminishing step size, DSGTD-GD converges to the performative stable

solution and coincides exactly with Theorem 2. EXTRA-GD, using the same constant step size

as DSGTD-GD, exhibits a comparable convergence rate and also approaches a neighborhood of

the performative stable solution. This stable convergence behavior under a constant step size is

consistent with that of EXTRA in deterministic decentralized optimization [55]. On the other

35



(a) Solution error (b) Consensus error

(c) Objective value (d) Estimated probability density

Figure 1: Multi-agent Gaussian Mean Estimation under the ring graph.

hand, the solution error of DSGTD-AG tends to 0, which implies DSGTD-AG can converge to

the optimal solution as demonstrated in Theorem 4 when Ak sufficiently tend to A. DSGD-AG

and EXTRA-AG exhibit the same convergence behavior, with their solution errors also tending

to 0. These results indicate that DSGTD-GD and DSGTD-AG have comparable rates to those of

the other algorithms. From Figure 1 (b), we may observe that the consensus errors of DSGTD-

GD with constant step size, EXTRA-GD and EXTRA-AG consistently stabilize around 10−2,

10−1 and 10−3, respectively. The underlying reason may be that DSGTD-GD with constant step

size, EXTRA-GD and EXTRA-AG converge to the neighborhoods of the performative stable

solution or the optimal solution. On the other hand, DSGTD-GD with diminishing step size and

DSGTD-AG reach agreement. Similarly, DSGTD-GD with diminishing step size has comparable

rate with DSGD-GD, DSGD-AG. From Figure 1 (c), we can observe that the objective value of

all algorithms reach similar values, which verifies the performative stable solution is close to the

optimal solution. Overall, the comparable convergence behavior of DSGTD-GD with a constant
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step size and EXTRA-GD is consistent with the close relationship between gradient-tracking

and EXTRA-type methods, which can be represented as different special cases of a unified

decentralized optimization framework [2, 60]. Similar convergence behavior is also observed

between DSGTD-AG and EXTRA-AG. Figure 1 (d) seems to confirm Theorem 3 since we

can see that the estimated density is close to the density of a normal distribution and is also

confirmed by a Kolmogorov-Smirnov test. Moreover, we can observe that the red curve closely

overlaps with the blue dashed curve, which supports that DSGTD-GD with diminishing step

size achieves consensus faster than O( 1
k2a

) in Theorem 2, where a ∈ (12 , 1].

5.2 Multi-agent Gaussian Mean Estimation II

We consider the distributed stochastic optimization problem with decision-dependent distri-

butions as follows,

min
x∈R

25∑
i=1

Eωi∼Di(x) [ωix] , (65)

where for all i ∈ [25], Di(x) = N (z̄ + ϵix, σ
2), z̄ = 10, σ2 = 10, ϵi = ϵavg = 0.1. The

performative stable solution and the optimal solution can be computed as xps = −100 and

xop = −50, respectively, with the corresponding objective values 0 and −6250.

In experiments, we run all algorithms with k = 106 iterates. Because of the similar setting

of the experiment, we adopt the same parameters as in the first experiment.

(a) Objective value (b) Consensus error

Figure 2: Multi-agent Gaussian Mean Estimation under the ring graph.

In Figure 2, we report the performance of DSGTD-GD and DSGTD-AG, where Figures 2 (a)

and (b) record the performance on objective function value and consensus error. From Figure 2

(a), we can observe that the objective function value of DSGTD-AG, DSGD-AG and EXTRA-

AG approaches optimal. In contrast, the objective function values generated by DSGTD-GD,

DSGD-GD and EXTRA-GD first decrease and then increase as the iterates, eventually approach
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the objective value associated with the performative stable solution. Moreover, this verifies that

the performative stable solution may be far from optimal without strong convexity. From Figure

2 (b), we may observe that DSGTD-GD with diminishing step sizes, DSGTD-AG, DSGD-GD

and DSGD-AG asymptotically reach consensus, while the consensus errors of DSGTD-GD with

constant step size, EXTRA-GD and EXTRA-AG consistently stabilize around 10−2, 10−1 and

10−3, respectively. Similar to the first experiment, DSGTD-GD with constant step size and

EXTRA-GD exhibit comparable convergence behavior, as do DSGTD-AG and EXTRA-AG,

which is consistent with the structural relationship discussed above.

5.3 Logistic Regression

Consider the following logistic regression problem:

min
x∈Rd

1

N

n∑
i=1

N∑
j=1

ℓ(x; aij , bij) +
nβ

2
∥x∥2, (66)

with

ℓ(x; aij , bij) = log(1 + exp(⟨aij , x⟩))− bij⟨aij , x⟩,

where ℓ(·) is the logistic loss function, x represents the classifier parameter, β > 0 is a regular-

ization parameter, N is the number of training samples for each agent, aij is the feature vector

of the j-th sample for the i-th agent and bij ∈ {0, 1} is the corresponding label.

In what follows, we conduct the experiments on the spambase, a dataset [23] with m = 4601

samples and d = 57 features, which contains a collection of spam and valid emails. Given the

base dataset S0
i = {a0ij , b0ij}Nj=1 for the i-th agent, following the linear utility formulation in [30],

we set aij = a0ij+ϵixi and bij = b0ij . We note that ϵi corresponds to the special case with Ai = ϵiI

of the general distribution map considered in Assumption 6. Each server has access to training

data from mi = 138 samples from spambase modeling the different sets of users; the remaining

samples are taken as testing data. The servers aim to seek a common spam filter classifier via

(66) with β = 10−4. The sensitivity parameters are set as ϵi ∈ {0.4ϵavg, 0.45ϵavg, · · · , 1.6ϵavg}
with ϵavg = 0.1. In experiments, we run all algorithms with k = 6 × 106 iterates where the

i-th server draws one sample from the corresponding dataset at each iteration, the step sizes of

DSGTD-GD are γk = 1/(k+100)
3
4 , γ = 0.001, the step size of DSGTD-AG and EXTRA-AG is

γ = 0.0001, the step sizes of DSGD-GD and DSGD-AG are γk = 50/(100000 + k), the step size

of EXTRA-GD is γ = 0.001.

In Figure 3, we report the convergence of DSGTD-GD and DSGTD-AG, where Figure 3 (a),

(b), (c) and (d) record the performance on the train gradient ∥∇f(x̄k; x̄k)∥2, the consensus error
∥xk − x̄k∥2, the objective value on the training dataset, the accuracy on the testing dataset,

respectively. From Figure 3 (a), we can observe that the train gradient norms of DSGTD-GD

and DSGTD-AG tend to 0 at a comparable rate to those of the other algorithms. From Figure 3

(b), we may observe the consensus errors of DSGTD-GD with constant step size, DSGTD-AG,

EXTRA-GD and EXTRA-AG consistently stabilize around 10−4, 10−6, 10−3 and 10−5, which

are similar to the results of synthetic data. Moreover, DSGTD-GD with diminishing step size

reaches consensus at a comparable rate with DSGD-GD and DSGD-AG. Figure 3 (c), we can
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(a) Train gradient (b) Consensus error

(c) Objective value (d) Test accuracy

Figure 3: Spam Email Classification under the ring graph.

observe that the objective values of DSGTD-GD, DSGD-GD and EXTRA-GD increase and then

decrease as the iteration, reaching slightly bigger values than those of DSGTD-AG, DSGD-AG

and EXTRA-AG. This further verifies that DSGTD-AG, DSGD-AG, EXTRA-AG converges to

the stationary point and DSGTD-GD, DSGD-GD, EXTRA-GD converge to the performative

stable solution, where the performative stable solution may be far from the stationary point. In

Figure 3 (d), we evaluate the performance on the trained classifier xi,k on the testing dataset with

shifted distribution due to xi,k. As observed, the test accuracy of DSGTD-GD and DSGTD-AG

increases as iterates k and achieves the comparable level of accuracy with DSGD-GD, DSGD-AG

and EXTRA-AG. In contrast, EXTRA-GD attains a noticeably lower test accuracy than the

other methods, which is consistent with its relatively large consensus error observed in Figure 3

(b). Consistent with the observations in the synthetic experiments, DSGTD-GD with constant

step size and EXTRA-GD exhibit comparable convergence behavior, as do DSGTD-AG and

EXTRA-AG. Overall, these results indicate that the adaptive gradient method can be effectively

39



incorporated into different distributed optimization algorithms for distributed SO-DD, with the

corresponding AG variants empirically converging to the optimal solution.

6 Conclusion

In this paper, we propose two stochastic gradient tracking descent methods, DSGTD-GD and

DSGTD-AG, to seek the performative stable solution and the stationary point of distributed SO-

DD. For DSGTD-GD, we establish its convergence to a neighborhood of the performative stable

solution under a constant step size and to the performative stable solution under diminishing

step sizes. We further establish the asymptotic normality of the averaged iterates, characterizing

the effect of decision-dependent distributions. For DSGTD-AG, we establish its convergence to

a stationary point of non-convex distributed SO-DD under a constant step size. Moreover, we

compare the proposed algorithms with representative distributed methods in two synthetic-data

experiments and one real-data experiment. Across the numerical experiments, the stochastic-

gradient type and primal-dual type methods exhibit empirical convergence rates comparable

to those of our algorithms under their corresponding greedy-deployment and adaptive-gradient

variants. These results demonstrate that the greedy deployment scheme and adaptive gradient

can be effectively incorporated into different distributed optimization algorithms for distributed

SO-DD. Meanwhile, the three classes of methods differ in their algorithmic structures and com-

munication requirements. Specifically, EXTRA-based methods employ two compatible symmet-

ric mixing matrices, whereas gradient-tracking type methods introduce an auxiliary variable

to track the averaged stochastic gradient and do not inherently require symmetric mixing ma-

trices, which allows gradient-tracking methods to be extended to a broader range of network

structures, including directed and time-varying networks. A systematic theoretical compari-

son of different distributed optimization algorithms for distributed SO-DD therefore remains an

interesting direction for future research.

Beyond the development of other distributed optimization algorithms, several other interest-

ing directions remain for future research. Building on the asymptotic normality established for

DSGTD-GD, it would be valuable to develop statistical inference for distributed SO-DD. Con-

sistent estimators of the asymptotic covariance matrix could be constructed to obtain confidence

regions for the performative stable solution [8, 61]. Another promising direction is to develop

zeroth-order methods for distributed SO-DD. Existing zeroth-order methods can solve central-

ized SO-DD without requiring an explicit structural model of the distribution map [20–22], and

extending these methods to distributed settings may provide a useful approach for seeking sta-

tionary or optimal solutions under more general decision-dependent distributions. In addition,

incorporating mini-batch strategies, which have been studied in distributed stochastic optimiza-

tion [32, 34], into the proposed algorithms is expected to reduce the variance of the stochastic

gradient and further improve the convergence performance of algorithms for distributed SO-

DD. Finally, exploring distributed distributionally robust optimization with decision-dependent

ambiguity sets is also a worthwhile research direction. Several studies [37, 44, 51] extend distri-

butionally robust optimization to decision-dependent settings by allowing empirical distributions

or radii of ambiguity set to depend on the decision variable and derive tractable reformulations.

Extending these formulations to distributed settings could improve robustness against distribu-
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tional uncertainty in distributed SO-DD. We leave these extensions for future research.
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Appendix

A Preliminary Results and Technical Lemmas

In this appendix, we provide some classic results on stochastic approximation and technical

lemmas.

Lemma 3. [11, Theorem 26] Let (Ω,F ,P) be a probability space equipped with a non-decreasing

sequence of σ-algebras (Fk). Let {xk}, {ξk}, and {ζk} be sequences of random vectors in Rd,

and let {ηk} be a deterministic sequence of positive step sizes. Consider the recursion

xk+1 = xk − ηk
(
R(xk) + ξk + ζk

)
, (67)

where R : Rd → Rd satisfies R(x⋆) = 0. Suppose that the following conditions hold:

(a) xk is Fk-measurable, while ξk and ζk are Fk+1-measurable. Moreover, {ξk} is a martingale

difference sequence satisfying E[ξk | Fk] = 0.

(b) The noise sequence {ξk} is L2-bounded, i.e., supk≥0E∥ξk∥2 <∞.

(c) There exists a deterministic positive semidefinite matrix Σ such that

1

k

k−1∑
t=0

E
[
ξtξ

⊤
t | Ft

]
p−→ Σ.

Moreover, for all ε > 0,

1

k

k−1∑
t=0

E
[
∥ξt∥21{∥ξt∥≥ε

√
k} | Ft

]
p−→ 0.

(d) The residual sequence {ζk} satisfies 1√
k

∑k−1
t=0 ∥ζt∥

p−→ 0.

(e) There exists a positively stable matrix G ∈ Rd×d, and the step-size sequence satisfies

ηk = o(1),
ηk − ηk+1

ηk
= o(ηk).

(f) The sequence {xt} satisfies the linear approximation condition

1√
k

k−1∑
t=0

∥R(xt)−G(xt − x⋆)∥ p−→ 0.

Then, we have √
k(x̄k − x⋆)

d−→ N
(
0, G−1ΣG−⊤

)
,

where x̄k := 1
k

∑k
t=1 xt.
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Lemma 4. [49, Lemma 5] Let S = [sij ] ∈ R3×3 be a non-negative, irreducible matrix with

sii < λ⋆ for some λ⋆ > 0 for all i = 1, 2, 3. Then ρ(S) < λ⋆ iff det(λ⋆I− S) > 0.

Lemma 5. [15, Theorem 1.3.12] Let (Ak), (Bk), (Ck), (Dk) be sequences of non-negative finite

random variables on a filtered probability space (Ω,F ,F,P) adapted to the filtration F = (Fk)

and satisfying

E [Ak+1|Fk] ≤ (1 +Bk)Ak + Ck −Dk

for ∀k. Then on the event {
∑

k Bk < ∞,
∑

k Ck < ∞}, there is a non-negative finite random

variable A∞ such that Ak → A∞ and
∑

kDk <∞ almost surely.

Lemma 6. Let W and ρ be the communication weight matrix and the spectral norm of W −
1
n11

⊤, respectively. Then, for ∀k ≥ 0, ∥k(W − 1
n11

⊤)k∥2 ≤ 1
(1−ρ)2

.

Proof. By the definition of ρ, we have

∥k(W − 1

n
11⊤)k∥2 ≤ (kρk)2 ≤ (

k−1∑
m=0

ρm)2 ≤ 1

(1− ρ)2
,

where ρ ∈ (0, 1) is due to [49, Lemma 1]. The proof is complete.

Lemma 7. Under the conditions of Lemma 6, for ∀k ≥ 0, ∥(k + 1)(W − 1
n11

⊤)k+1 − k(W −
1
n11

⊤)k∥2 ≤ 4
(1−ρ)2

.

Proof. Let W̃ := W − 1
n11

⊤. By the triangle inequality and the submultiplicativity of the

spectral norm, we have∥∥∥(k + 1)W̃k+1 − kW̃k
∥∥∥
2
≤ (k + 1)

∥∥∥W̃k+1
∥∥∥
2
+ k

∥∥∥W̃k
∥∥∥
2
≤ (k + 1)ρk+1 + kρk ≤ 2

1− ρ
,

where the last inequality follows from Lemma 6. Therefore,
∥∥∥(k + 1)W̃k+1 − kW̃k

∥∥∥2
2
≤ 4

(1−ρ)2
.

The proof is complete.

Lemma 8. For τ = 2
1−ρ log

(
50
1−ρ

(
1 + log 1

1−ρ

))
+ 1, we have

∥J t∥22 ≤
1

2
, τ ≤ t ≤ 2τ,

where

W̃ := W − 1

n
11⊤, J :=

 W̃ 0

−W̃ W̃

 ,
and ρ = ∥W̃∥2 ∈ (0, 1).

Proof. For any integer t ≥ 1, direct calculation gives

J t =

 W̃ t 0

−tW̃ t W̃ t

 .
Since ∥W̃ t∥2 ≤ ∥W̃∥t2 = ρt, we have ∥J t∥2 ≤ (t + 1)ρt. The definition of τ guarantees that

(t+ 1)2ρ2t ≤ 1/2 for τ ≤ t ≤ 2τ . Hence, we have ∥J t∥22 ≤ 1
2 . The proof is complete.
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