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Abstract. This paper aims to seek the performative stable solution and the optimal solution of

the distributed stochastic optimization problem with decision-dependent distributions, which is

a finite-sum stochastic optimization problem over a network and the distribution depends on the

decision variables. For the performative stable solution, we provide an algorithm, DSGTD-GD,

which combines the distributed stochastic gradient tracking descent method with the greedy

deployment scheme. Under the constant step size policy, we show that the iterates generated

by DSGTD-GD converge linearly, in expectation, to a neighborhood of the performative stable

solution. Under the diminishing step size policy, we show that the iterates generated by DSGTD-

GD converge to the performative stable solution with rate O
(
1
k

)
. Moreover, we establish that

the deviation between the averaged iterates of DSGTD-GD and the performative stable solution

converges in distribution to a normal random vector. For the optimal solution, we provide an

algorithm, DSGTD-AG, which combines the distributed stochastic gradient tracking descent

method with the adaptive gradient scheme. Under the constant step size policy, we show that

the iterates generated by DSGTD-AG converge to a stationary solution with rate of O( lnK√
K
),

where K is the number of iterations. The effectiveness of DSGTD-GD and DSGTD-AG is

further demonstrated numerically with synthetic and real-world data.

Key words. Stochastic optimization with decision-dependent distributions, gradient tracking

method, performative stable solution, optimal solution, asymptotic normality.

1 Introduction

Distributed stochastic optimization problems have attracted much attention in recent years

due to their many applications such as large-scale machine learning [3, 4], sensor networks

[2, 7] and parameter estimation [42]. Traditional stochastic optimization problems crucially

rely on the assumption that data follows a static distribution. However, many real-world tasks

are dynamical, involving data that could be influenced by the decision [11, 17], which may

be characterized by the following distributed stochastic optimization problem with decision-
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dependent distributions (distributed SO-DD)

min
x∈Rd

n∑
i=1

Eξi∼Di(x) [li(x; ξi)] , (1)

where Eξi∼Di(x) [li(x; ξi)] is the cost of the ith agent with respect to the samples from the ith

population of users and li : Rd×Ξ → R is measurable function parameterized by decision vector

x ∈ Rd and random variable ξi. Different from the traditional distributed stochastic optimization

problems, there is an interactive mechanism between agents and the populations of users: the

ith agent draws samples from the ith population of users, while the samples are characterized by

the distribution map Di(x) supported on Ξ ⊆ Rp. In other words, the samples are parameterized

by the agent’s decision vector.

SO-DD can be traced to early stochastic programming [1, 15, 21]. Since the distribution

depends on the argument x, SO-DD is usually a non-convex problem and difficult to minimize.

More recently, [35] propose the concept of two solutions, namely performative stable solution

xps := argmin
x

Eξ∼D(xps) [l(x; ξ)] , (2)

and optimal solution

xop := argmin
x

Eξ∼D(x) [l(x; ξ)] . (3)

Under some mild conditions, the authors show that the performative stable solution is close to the

optimal solution of SO-DD. Moreover, they propose two algorithms, repeated risk minimization

and repeated gradient descent, to compute the performative stable solution.

Since the seminal work [35], there is a growing literature [5, 12, 20, 24, 27, 29, 30, 40, 43] in

analyzing SO-DD. Most works [5, 12, 24, 29, 40, 43] focus on the performative stable solution.

Based on the repeated gradient descent method [35], [29] propose two stochastic approximation-

based algorithms, one is the greedy deployment method and another is the lazy deployment

method. The algorithm with greedy deployment performs an update at each iteration where

data is from the current distribution. Contrary to the one with greedy deployment, the algo-

rithm with lazy deployment starts from a decision xk and performs nk > 1 updates using samples

from the distribution D(xk). For the standard stochastic gradient method with decreasing step

size, [29] show that the algorithm with greedy deployment converges to performative stable so-

lution at rate O( 1k ), while the one with lazy deployment converges at rate O( 1
ka ) provided that

drawing O(k1.1a) samples between the kth and (k + 1)th iterate, where a is any positive con-

stant. [12] show that typical stochastic algorithms—originally designed for static problems—can

be applied directly for finding such equilibria with little loss in efficiency. As opposed to the

setting in [29] with independent and identically distributed samples taken from the shifted dis-

tribution, [24] consider the setting that the population-provided samples adapted to the agent’s

and users’ previous states. They propose a stochastic gradient descent algorithm, which can

be modeled with biased stochastic gradients driven by a controlled Markov chain, and show

that the algorithm converges to the performative stable solution with rate O( 1k ). [5] propose a

theoretical framework where the population-provided samples are modeled as a function of the

agent and the current state (distribution) of the population. The authors analyze the necessary

and sufficient conditions that repeated risk minimization method converges to the performative
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stable solution. [40] propose two versions of the stochastic gradient descent algorithm for the

setting in which the decision-maker has a first-order gradient oracle or simply a loss function

oracle, where data distribution is decision-dependent and evolves dynamically with time accord-

ing to a geometric decay process. [43] consider a time-varying stochastic saddle point problem

with decision-dependent distributions and propose an online stochastic primal-dual algorithm

for tracking the performative stable point.

Under some standard assumptions, the performative stable point and the optimal point lie

in a small neighborhood around each other [35]. In general, the performative stable point may

be far from optimal and even fail to converge at all [20]. In the past years, some algorithms are

proposed to seek the optimal solution. [20] introduce a performative gradient descent algorithm

with a finite difference method to estimate the part of the gradient with distribution shift

under a parametric condition that the distribution can be approximately expressed to a mixture

of Gaussian distribution. [30] develop a two-stage algorithm, where the distribution map is

estimated via the least squares method in the first stage and then the algorithm directly solves the

performative risk with the estimated distribution map in the second stage, under the assumption

that the distribution map is a global linear structure with respect to the decision variable. [27]

consider the SO-DD without the global structure of the distribution map D(x). They develop

a two-step derivative-free method for seeking the optimal point, where the distribution map is

predicted by using local linear regression at the current iterate and then a candidate solution is

sought by the trust region method. [32] study the decision-dependent game with the condition

that D(x) is a global linear structure. Different from [30], they propose a stochastic gradient

descent algorithm with the adaptive gradient method, which alternately runs a adaptive gradient

step for learning the distribution map D(x) and a stochastic gradient descent step for updating

the decision variable at each iteration.

More recently, the multi-agent stochastic optimization problems with decision-dependent

distributions are studied [25, 32, 36]. [25] consider the case where n agents seek a common

decision vector that minimizes the sum of loss functions over an undirected and connected

communication network, while the agents acquire data that react to the agent’s decisions from

different population of users, which is precisely the distributed SO-DD (1). On the other hand,

[36] and [32] reformulate the multi-agent problems as the non-cooperative games. Theoretically,

[25] provide the necessary and sufficient condition that distributed SO-DD admits a unique

performative stable solution. Numerically, they propose a distributed stochastic gradient descent

method with greedy deployment (DSGD-GD) and show that the proposed method achieves

convergence rate O( 1k ).

Compared with distributed gradient method, the gradient tracking descent method aims

to track the averaged stochastic gradient via the agent-based auxiliary variables instead of the

local gradient in the distributed stochastic gradient descent method, which is more robustness

to heterogeneous data and maintains the stability of the performance. In the past few years,

the gradient tracking technique has been extensively adopted in distributed optimization [23,

28, 33, 34, 38, 39]. This motivates us to propose two gradient tracking-based methods to seek

the performative stable solution and the optimal solution of distributed SO-DD. As far as we

are concerned, the contribution of the paper can be summarized as follows.
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• We provide a distributed stochastic gradient tracking descent method with the greedy

deployment (DSGTD-GD) scheme to seek the performative stable solution. Under the

constant step size policy, we show that the iterates of DSGTD-GD achieve a linear conver-

gence rate to a neighborhood of the performative stable solution, where the neighborhood

size is proportional to both the step size and the spectral norm related to the communi-

cation network.

• Under the diminishing step size policy, we show that the square of the distances between

the iterates generated by DSGTD-GD and the performative stable solution converges to

zero with rate O
(
1
k

)
. Furthermore, we show that the deviation between the averaged

iterates of DSGTD-GD and the performative stable solution converges in distribution to

a normal random vector. As far as we know, the result seems to be the first asymptotic

normality of stochastic approximation-based method for the distributed SO-DD.

• We provide a distributed stochastic gradient tracking descent method with the adaptive

gradient (DSGTD-AG) scheme to seek the optimal solution of non-convex distributed SO-

DD. Under the constant step size policy, we show that the iterates of DSGTD-AG converge

to the optimal solution with rate of O( lnK√
K
), where K is the number of iterations. The

effectiveness of DSGTD-GD and DSGTD-AG is further demonstrated numerically with

synthetic and real-world data.

The rest of this paper is organized as follows. Section 2 introduces DSGTD-GD and DSGTD-

AG for the distributed SO-DD and presents some standard assumptions. Section 3 studies the

convergence of DSGTD-GD, where Subsection 3.1 focuses on DSGTD-GD with constant step size

and Subsection 3.2 focuses on DSGTD-GD with diminishing step size. The convergence analysis

of DSGTD-AG is presented in Section 4. Numerical experiments are provided in Section 5.

Throughout this paper, vectors default to columns if not otherwise specified. Rd denotes the

d-dimension Euclidean space endowed with norm ∥x∥ =
√

⟨x, x⟩. Denote 1 := (1 1 . . . 1)⊺ ∈ Rd

and 0 := (0 0 . . . 0)⊺ ∈ Rd. I ∈ Rn×n stands for the identity matrix. The inner product of

two matrices A,B is denoted by ⟨A,B⟩. For matrices, ∥ · ∥ and ∥ · ∥2 represent the Frobenius

norm and 2-norm. Denote f(x;x′) :=
∑n

i=1Eξi∼Di(x′) [li(x; ξi)] and f(x) :=
∑n

i=1 fi(x), where

fi(x) := Eξi∼Di(x) [li(x; ξi)]. To clarify the expression, we denote ∇li(x; ξ), ∇f(x;x′) as the

gradients taken with respect to the first argument x, ∇ξli(x; ξ) as the gradients taken with

respect to the second argument ξ and ∇f(x), ∇fi(x) as the gradient taken with respect to x.

For the given σ-algebra F , E[·|F ] is conditional expectation on F . For a sequence of random

vectors {ξk} and a random vector ξ, ξk
d→ ξ denotes the convergence in distribution and Cov(ξ)

denotes the covariance matrix of random vector ξ. N (z,Σ) is normal distribution with mean

z and covariance matrix Σ. For kth iteration of ith agent, we use the notation xi,k, yi,k ξi,k to

denote the iterates, the auxiliary variables and the samples, respectively. Finally, we use bold

letter to represent the matrix with rows zi,k, i.e.

zk :=


z⊺1,k
...

z⊺n,k

 ∈ Rn×d, (4)
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where zi,k could be xi,k, yi,k, ξi,k, x̄k, ȳk and x̄k := 1
n

∑n
i=1 xi,k, ȳk := 1

n

∑n
i=1 yi,k.

2 Preliminaries and algorithms

In this section, we introduce DSGTD-GD and DSGTD-AG in Subsection 2.1 and Subsection

2.2, respectively. In Subsection 2.3, we give assumptions to support the algorithms. Moreover,

throughout this paper, we consider a set of agents V = {1, ..., n} connected on a communication

network G = (V, E), where E ⊆ V × V represents links or edges among the agents. The corre-

sponding weight matrix W = [wij ]n×n satisfies that wij > 0 if (i, j) ∈ E , otherwise wij = 0. We

assume the communication network and the weight matrix satisfy the following condition.

Assumption 1. [38] [Networks and weight matrices] The network is undirected and strongly

connected. The matrix W is symmetric and doubly stochastic, i.e., W1 = W⊺1 = 1, and the

diagonal entries of W are positive.

Assumption 1 is a standard condition on the network and the matrix W [19, 38, 44] and

implies that 11⊺W = W11⊺ = 11⊺, the spectral norm ρ of the matrix W − 1
n11

⊺ satisfies

ρ ∈ (0, 1) [38, Lemma 1].

2.1 DSGTD-GD

DSGTD-GD is to seek the performative stable solution

x⋆ := argmin
x

n∑
i=1

Eξi∼Di(x⋆) [li(x; ξi)] . (5)

In what follows, we present DSGTD-GD in Algorithm 1.

For each iteration k, the scheme includes three phases: (i) the ith agent updates its vector xi,k
by mixing its intermediate variable and ones from its neighbors, the current decisions adjusted

along the direction of average gradient estimates yj,k, j ∈ {i} ∪Ni, with specific weights, where

Ni denotes the set of all neighbors of the ith agent; (ii) the ith population of users reveals a

sample ξi,k+2 to the ith agent; (iii) each agent updates its gradient tracker yi,k+1 by mixing its

own and its neighbors’ gradient trackers yj,k, j ∈ {i} ∪ Ni, with specific weights and adding

stochastic gradient-difference term ∇li(xi,k+1; ξi,k+2)−∇li(xi,k; ξi,k+1), where ∇li(xi,k+1; ξi,k+2)

takes into account only the new information.

For ease of presentation, we write Algorithm 1 in a compact form as

xk+1 := W (xk − γyk) ,

yk+1 := Wyk + L(xk+1; ξk+2)− L(xk; ξk+1),
(8)

where W = [wij ]n×n denotes the coupling matrix of agents and

L(xk; ξk+1) :=


∇l1(x1,k; ξ1,k+1)

⊺

...

∇ln(xn,k; ξn,k+1)
⊺

 . (9)
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Algorithm 1 DSGTD with Greedy Deployment (DSGTD-GD):

Require: initial values xi,0 ∈ Rd, ξi,1 ∼ Di(xi,0), yi,0 = ∇li(xi,0; ξi,1) for any i ∈ V; step size

γ > 0 can be either constant or diminishing; non-negative weight matrices W = [wij ]n×n.

1: For k = 0, 1, 2, · · · do

2: The ith agent’s decision vector update: for any i ∈ V,

xi,k+1 =

n∑
j=1

wij (xj,k − γyj,k) . (6)

3: The ith agent’s sample update: for any i ∈ V, draw ξi,k+2 ∼ Di(xi,k+1).

4: Gradient tracking update: for any i ∈ V,

yi,k+1 =

n∑
j=1

wijyj,k +∇li(xi,k+1; ξi,k+2)−∇li(xi,k; ξi,k+1). (7)

5: end for

Obviously, by the double stochasticity of W, we have

x̄k+1 = x̄k − γȳk, ȳk =
1

n

n∑
i=1

∇li(xi,k; ξi,k+1), (10)

where x̄k := 1
n

∑n
i=1 xi,k and ȳk := 1

n

∑n
i=1 yi,k.

2.2 DSGTD-AG

DSGTD-AG is to seek the optimal solution

x⋆⋆ := argmin
x

n∑
i=1

Eξi∼Di(x) [li(x; ξi)] . (11)

Since the problem (1) is potentially a nonconvex optimization problem, we resort to seeking a

stationary solution to the problem (1). In what follows, we present DSGTD-AG in Algorithm

2.

For each iteration k, the scheme includes four phases: (i) the ith agent forms a new estima-

tion of the distribution map Di,k+1(·) based on the current estimation Di,k(·) and the decision

variables xi,k by making use of the data samples generated from the real distribution map; (ii)

the ith agent updates its vector xi,k in the same way as the first phase in Algorithm 1; (iii) the

ith population of users reveals sample ξi,k+2 to the ith agent; (iv) the ith agent updates its gra-

dient tracker yi,k+1 by mixing its own and its neighbors’ gradient trackers yj,k, j ∈ {i}∪Ni, with

specific weights and adding stochastic gradient-difference term vi,k+1−vi,k, where vi,k takes into

account the complete gradient information of the loss function li(xi,k, ξi,k+1) based on Di,k(xi,k).
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Algorithm 2 DSGTD with Adaptive Gradient (DSGTD-AG):

Require: initial values xi,0 ∈ Rd, ξi,1 ∼ Di,0(xi,0) and yi,0 = ∇li(xi,0; ξi,1), for any i ∈ V; step
sizes γ > 0; non-negative weight matrices W = [wij ]n×n.

1: For k = 0, 1, 2, · · · do

2: The ith agent’s distribution map update: for any i ∈ V,

Di,k+1(·) = π (Di,k(·), xi,k, ξi,k+1) . (12)

3: The ith agent’s decision vector update: for any i ∈ V,

xi,k+1 =

n∑
j=1

wij (xj,k − γyj,k) . (13)

4: The ith agent’s sample update: for any i ∈ V, draw ξi,k+2 ∼ Di(xi,k+1).

5: Gradient tracking update: for any i ∈ V,

yi,k+1 =

n∑
j=1

wijyj,k + vi,k+1 − vi,k. (14)

6: end for

Similar to (8) and (10), we write (13) (14) in Algorithm 1 in a compact form as

xk+1 := W (xk − γyk) ,

yk+1 := Wyk + vk+1 − vk,
(15)

and then

x̄k+1 = x̄k − γȳk, ȳk =
1

n

n∑
i=1

vi,k, (16)

where W = [wij ]n×n denotes the coupling matrix of agents, x̄k := 1
n

∑n
i=1 xi,k and ȳk :=

1
n

∑n
i=1 yi,k.

2.3 Assumptions

For studying the convergence of Algorithms 1 and 2, we need the following assumptions.

Assumption 2. [25] [Objective function and stochastic gradient] Let x⋆ be the perfor-

mative stable solution of problem (1).

(a) Fix any x̄ ∈ Rd , function f(x; x̄) is µ− strongly convex (µ > 0), that is,

⟨∇f(x; x̄)−∇f(x′, x̄), x− x′⟩ ≥ µ∥x− x′∥2, ∀x, x′ ∈ Rd. (17)

(b) For any i ∈ V, the loss function li(x; ξ) is L− smooth (L > 0), that is,

∥∇li(x; ξ)−∇li(x′; ξ′)∥ ≤ L{∥x− x′∥+ ∥ξ − ξ′∥}, ∀x, x′ ∈ Rd, ξ, ξ′ ∈ Ξ. (18)
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(c) Fix any x ∈ Rd,

Eξi∼Di(x) [∇li(x; ξi)] = ∇Eξi∼Di(x) [li(x; ξi)] , ∀i ∈ V. (19)

(d) For any i ∈ V and x ∈ Rd, there exists σ > 0 such that

Eξi∼Di(x)

[
∥∇li(x; ξi)−∇Eξ′i∼Di(x)

[
li(x; ξ

′
i)
]
∥2
]
≤ σ2(1 + ∥x− x⋆∥2). (20)

(e) There exist constants p ≥ 2 and cg > 0 such that

Eξi∼Di(x⋆) [∥∇li(x⋆; ξi)∥p] ≤ c
p
2
g . (21)

(f) ∇R(x) is positive definite, where R(x) :=
∑n

i=1∇fi(x;x).

Assumption 3. [25] [Lipschitz distribution] For any i ∈ V, there exists ϵi > 0 such that

W1

(
Di(x),Di(x

′)
)
≤ ϵi ∥x− x′∥, ∀x, x′ ∈ Rd, (22)

where W1(D,D
′
) denotes the Wasserstein-1 distance between the distributions D, D′

.

Assumption 4. [9] [Joint smoothness] Let x⋆ be the performative stable solution of problem

(1). The map x 7→
∑n

i=1∇Eξi∼Di(x) [li(x; ξi)] is smooth and has a Lipschitz continuous Jacobian

on a neighborhood of x⋆.

Assumption 5. [32] [Objective function and gradient]

(a) For any i ∈ V, the gradient ∇fi(x) are L− Lipschitz continuous (L > 0), that is,

∥∇fi(x)−∇fi(x′)∥ ≤ L∥x− x′∥, ∀x, x′ ∈ Rd. (23)

(b) For any i ∈ V and x ∈ Rd, there exists δ > 0 such that

Eξi∼Di(x) [∥∇li(x; ξi)∥] ≤ δ. (24)

(c) For any i ∈ V and x ∈ Rd, there exists σ > 0 such that

Eξi∼Di(x)

[
∥∇x,ξi li(x; ξi)−Eξ′i∼Di(x)

[
∇x,ξ′i

li(x; ξ
′
i)
]
∥2
]
≤ σ2. (25)

Assumption 6. [32] [Distribution map] For any i ∈ V, there exist probability measures Pi

such that

ξi ∼ Di(x) ⇐⇒ ξi = Aix+ ζi, ζi ∼ Pi, (26)

where Ai ∈ Rm×d, µi := Eζi∼Pi
ζi and Σi := Eζi∼Pi

[(ζi − µi)(ζi − µi)].

In Assumption 2, conditions (a) and (b) are widely used for the SO-DD [12, 25, 29] and

require the loss functions to be strongly convex and smooth; (c) is an unbiasedness condition

and (d) bounds the variance of the stochastic gradient ∇li(x; ξi); conditions (e) and (f) are for

establishing the asymptotic normality of the averaged iterates generated by DSGTD-GD for

each agent [13, 37]. Assumption 3 implies that the amount of distribution shift resulting from
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the reaction of the ith population to the agent’s decision increases linearly with the difference

in decision, where ϵi denotes the sensitivity of decision-dependent data distributions for the ith

agent [25, 29, 35]. Again, Assumption 4 is for studying the asymptotic normality of DSGTD-

GD [9, 37]. We should note that the strong convexity of Assumption 2 is not only necessary for

finding the unique performative stable solution, but also essential for the convergence of repeated

gradient descent method [35]. In Assumption 5, condition (a) requires the objective functions

to be smooth, while conditions (b) and (c) bound the norm of the stochastic gradient and its

variance, respectively. Assumption 6 implies that the problem (1) has a standard stochastic

optimization formulation as follows

min
x∈Rd

n∑
i=1

Eζi∼Pi
[li(x;Aix+ ζi)], (27)

which is equivalent to a non-convex stochastic optimization problem, and by using the chain

rule, we can derive the gradient of fi(x),

∇fi(x) = Eξi∼Di(x) [∇li(x; ξi) +A⊺
i∇ξi li(x; ξi)] . (28)

Again, under the linear structure of the distribution map, we estimate the distribution map

Di(·) by estimating the parameter A with Ak dynamically. More specifically, for kth iteration

of ith agent, we form the new estimation making use of the data sample from Di(x) with the

adaptive gradient method [32], that is

Ai,k+1 = Ai,k + νk(qi,k+1 − ξi,k+1 −Ai,kui,k)u
⊺
i,k,

where νk = 2
k+6d , qi,k+1 ∼ Di(xi,k + ui,k), ξi,k+1 ∼ Di(xi,k) and ui,k ∼ N (0, 1). Note that the

choice of the distribution for ui,k and step size νk, [32, Lemma 21] holds. Furthermore, at each

iteration in Algorithm 2, we can have the following true stochastic gradient of li(x)

∇li(xi,k; ξi,k+1) +A⊺
i∇ξi,k+1

li(xi,k; ξi,k+1), (29)

and with the estimation Ai,k, we form its estimator as

vi,k = ∇li(xi,k; ξi,k+1) +A⊺
i,k∇ξi,k+1

li(xi,k; ξi,k+1), (30)

which is used as a biased stochastic gradient by the algorithm.

3 Convergence of DSGTD-GD

In this section, we study the convergence of DSGTD-GD, where Subsection 3.1 focuses on

DSGTD-GD with constant step size and Subsection 3.2 focuses on DSGTD-GD with diminishing

step size. Under the constant step size policy, we show that DSGTD-GD converges linearly, in

expectation, to a neighborhood of the performative stable solution. Under the diminishing step

size policy, we show that DSGTD-GD achieves convergence rateO
(
1
k

)
and the deviation between

the averaged iterates of DSGTD-GD and the performative stable solution is asymptotically

normal.

We first provide a technical result that plays a key role in analyzing the convergence of

DSGTD-GD in Subsections 3.1 and 3.2.
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Lemma 1. Let x⋆ be the performative stable solution of problem (1). Denote

ϵmax := maxi=1,2,...,nϵi, ϵavg :=
1

n

n∑
i=1

ϵi, µ̄ := µ− (1 + δ)ϵavg L,

c1 := 2L2(1 + ϵmax)
2 +

2δ2

n
, c2 :=

L

2nδϵavg
(1 + ϵmax)

2, c3 := L(1 + ϵmax),

mσ :=
σ2

1− ρ

[
c23γ

2 + 2nγ L(1 + ϵavg) + 2n+ 2σ2γ2
]
,

(31)

where δ is a positive constant. Suppose that ϵavg <
µ

(1+δ)L
and γ ≤ µ̄

c1
, then under Assumptions

1, 2, and 3,

(i):

E
[
∥x̄k+1 − x⋆∥2|Fk

]
≤ (1− µ̄γ)∥x̄k − x⋆∥2 + c2γ + c1γ

2

n
∥xk − x̄k∥2 +

σ2γ2

n
. (32)

(ii):

∥xk+1 − x̄k+1∥2 ≤
1 + ρ2

2
∥xk − x̄k∥2 + γ2

(1 + ρ2)ρ2

1− ρ2
∥yk − ȳk∥2. (33)

(iii):

E
[
∥yk+1 − ȳk+1∥2|Fk

]
≤ 2

1− ρ

[
c23γ

2(σ2 + c23) + 2nγc3σ
2 + nσ2(2− µ̄γ)

]
∥x̄k − x⋆∥2

+
1

1− ρ

[
c23(1 +

1

β
)∥W − I∥22 +

2γ2(nc1σ
2 + c23(σ

2 + c23))

n

+2γσ2(2c3 + c2) + (3 + ρ2)σ2
]
∥xk − x̄k∥2 +

[
ρ2γ2

1− ρ
((1 + β)c23

+2σ2
1 + ρ2

1− ρ2
) + ρ

]
E
[
∥yk − ȳk∥2|Fk

]
+mσ, (34)

where β is any positive constant.

Proof. For easy of analysis, we denote,

fi(x; y) := Eξi∼Di(y) [li(x; ξi)] ,

h(xk) :=
1

n

n∑
i=1

∇fi(xi,k;xi,k),
(35)

where ∇fi(x;x) denotes the gradient taken with respect to the first argument x.

Part (i). By the updating recursion (10),

E
[
∥x̄k+1 − x⋆∥2|Fk

]
= ∥x̄k − x⋆∥2 − 2γE [⟨x̄k − x⋆, ȳk⟩|Fk] + γ2E

[
∥ȳk∥2|Fk

]
, (36)

where Fk denotes the σ-algebra generated by {ξ1, ..., ξk}. According to the unbiasedness condi-

tion (c) in Assumption 2 and the definition of h(xk) in (35),

E[ȳk|Fk] = h(xk).
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Note also that x̄k is Fk measurable,

E
[
∥x̄k+1 − x⋆∥2|Fk

]
=∥x̄k − x⋆∥2 − 2γ⟨x̄k − x⋆, h(xk)⟩
+ γ2(E

[
∥ȳk − h(xk)∥2|Fk

]
+ ∥h(xk)∥2). (37)

For the third term on the right-hand side of (37),

E
[
∥ȳk − h(xk)∥2|Fk

]
=

1

n2

n∑
i=1

E
[
∥∇li(xi,k; ξi,k+1)−∇fi(xi,k;xi,k)∥2|Fk

]
≤σ

2

n
+
σ2

n2

n∑
i=1

∥xi,k − x⋆∥2,

where the equality follows from the fact that ȳk = 1
n

∑n
i=1∇li(xi,k; ξi,k+1) in (10) and the

definition of h(xk), the inequality is due to Assumption 2 (d). On the other hand,

∥h(xk)∥2 = ∥h(xk)−
1

n

n∑
i=1

∇fi(x⋆;x⋆)∥2

≤ 1

n

n∑
i=1

∥∇fi(xi,k;xi,k)−∇fi(x⋆;x⋆)∥2

≤ L2

n

n∑
i=1

(1 + ϵi)
2∥xi,k − x⋆∥2,

where the equality and the last inequality follow from the fact that 1
n

∑n
i=1∇fi(x⋆;x⋆) = 0 and

[25, Lemma 2], respectively. Then

E
[
∥ȳk − h(xk)∥2|Fk

]
+ ∥h(xk)∥2 ≤

σ2

n
+
σ2

n2

n∑
i=1

∥xi,k − x⋆∥2 + L2

n

n∑
i=1

(1 + ϵi)
2∥xi,k − x⋆∥2

≤ σ2

n
+

2(σ2 + c23)

n2
[
n∥x̄k − x⋆∥2 + ∥xk − x̄k∥2

]
, (38)

where c3 := L(1 + ϵmax) and the last inequality follows from the fact that
∑n

i=1 ∥xi,k − x⋆∥2 ≤
2[n∥x̄k − x⋆∥2 + ∥xk − x̄k∥2].

For the inner product term on the right-hand side of (37),

⟨x̄k − x⋆, h(xk)⟩ =
1

n

n∑
i=1

⟨x̄k − x⋆,∇fi(xi,k;xi,k)⟩

=
1

n

n∑
i=1

⟨x̄k − x⋆,∇fi(xi,k;xi,k)−∇fi(x̄k;x⋆)⟩

+
1

n

n∑
i=1

⟨x̄k − x⋆,∇fi(x̄k;x⋆)−∇fi(x⋆;x⋆)⟩

≥ −L∥x̄k − x⋆∥
n

n∑
i=1

(∥xi,k − x̄k∥+ ϵi∥xi,k − x⋆∥) + µ∥x̄k − x⋆∥2

11



≥ (µ− Lϵavg)∥x̄k − x⋆∥2 − L

n
(1 + ϵmax)

n∑
i=1

∥x̄k − x⋆∥∥xi,k − x̄k∥

≥
[
µ− Lϵavg −

αL

2n
(1 + ϵmax)

]
∥x̄k − x⋆∥2 − L

2nα
(1 + ϵmax)∥xk − x̄k∥2, (39)

where α is any positive constant, the first inequality follows from the Cauchy-Schwarz inequality

and [12, Lemma 2.1], the last inequality follows from the Young’s inequality.

Substituting (38) and (39) back to the equation (37) gives us the following desired result,

E
[
∥x̄k+1 − x⋆∥2|Fk

]
≤

[
1− 2γ(µ− Lϵavg −

αL

2n
(1 + ϵmax)) + c1γ

2

]
∥x̄k − x⋆∥2

+

[
γL

nα
(1 + ϵmax) +

c1γ
2

n

]
∥xk − x̄k∥2 +

σ2γ2

n

≤ (1− µ̄γ)∥x̄k − x⋆∥2 + c2γ + c1γ
2

n
∥xk − x̄k∥2 +

σ2γ2

n
, (40)

where µ̄ := µ−(1+δ)ϵavgL, c1 := 2L2(1+ϵmax)
2+ 2δ2

n , c2 :=
L

2nδϵavg
(1+ϵmax)

2, c3 := L(1+ϵmax),

α =
2nδϵavg
1+ϵmax

and the last inequality follows from the fact that γ ≤ µ̄
c1
.

Part (ii). By the definition of xk+1 in (8) and the update recursion (10),

∥xk+1 − x̄k+1∥2 = ∥Wxk − γWyk − x̄k + γȳk∥2

≤ ρ2∥xk − x̄k∥2 + 2γρ2∥xk − x̄k∥∥Wyk − 1ȳk∥+ γ2ρ2∥yk − ȳk∥2

≤ ρ2∥xk − x̄k∥2 + γρ2
[
1− ρ2

2γρ2
∥xk − x̄k∥2

+
2γρ2

1− ρ2
∥yk − ȳk∥2

]
+ γ2ρ2∥yk − ȳk∥2

=
1 + ρ2

2
∥xk − x̄k∥2 + γ2

(1 + ρ2)ρ2

1− ρ2
∥yk − ȳk∥2, (41)

where ρ ∈ (0, 1), the first inequality and the last inequality follow from [38, Lemma 1] and the

Young’s inequality, respectively.

Part (iii). Denote

Lk := L(xk; ξk+1), (42)

Fk := [∇f1(x1,k;x1,k),∇f2(x2,k;x2,k), ...,∇fn(xn,k;xn,k)]⊺, (43)

we have by the definition of yk+1 in (8) that

yk+1 − ȳk+1 = (I− 1

n
11⊺)yk+1

= (I− 1

n
11⊺)(Wyk + Lk+1 − Lk)

= Wyk − ȳk + (I− 1

n
11⊺)(Lk+1 − Lk),

12



where the last equality follows from the fact that W is a doubly stochastic matrix. Thus, for

any η > 0,

∥yk+1 − ȳk+1∥2 ≤ (1 + η)∥Wyk − ȳk∥2 + (1 +
1

η
)∥(I− 1

n
11⊺)(Lk+1 − Lk)∥2

≤ (1 + η)ρ2∥yk − ȳk∥2 + (1 +
1

η
)∥(I− 1

n
11⊺)(Lk+1 − Lk)∥2

= ρ∥yk − ȳk∥2 +
1

1− ρ
∥(I− 1

n
11⊺)(Lk+1 − Lk)∥2,

where the first inequality is due to the Young’s inequality, the second inequality is due to [38,

Lemma 1], the equality follows by setting η = 1−ρ
ρ and the fact that ρ ∈ (0, 1) by [38, Lemma

1].

By the definition of Lk,

E
[
∥(Lk+1 − Lk)∥2|Fk

]
= E

[
∥Fk+1 − Fk∥2|Fk

]
+E

[
∥Lk+1 − Lk − Fk+1 + Fk∥2|Fk

]
+ 2E [⟨Fk+1 − Fk,Lk+1 − Lk − Fk+1 + Fk⟩|Fk]

= E
[
∥Fk+1 − Fk∥2|Fk

]
+E

[
∥Lk+1 − Fk+1∥2|Fk

]
+E

[
∥Lk − Fk∥2|Fk

]
+ 2E [⟨Fk+1,−Lk + Fk⟩|Fk]

≤ E
[
∥Fk+1 − Fk∥2|Fk

]
+ 2E [⟨Fk+1,−Lk + Fk⟩|Fk]

+ σ2(2n+

n∑
i=1

E
[
∥xi,k+1 − x⋆∥2|Fk

]
+

n∑
i=1

∥xi,k − x⋆∥2),

where the second equality and the inequality follow from Assumption 2 (c) and (d), respectively.

Then

E
[
∥yk+1 − ȳk+1∥2|Fk

]
≤ρE

[
∥yk − ȳk∥2|Fk

]
+

1

1− ρ
[2E [⟨Fk+1,−Lk + Fk⟩|Fk]

+E
[
∥Fk+1 − Fk∥2|Fk

]
+ σ2(2n+

n∑
i=1

E
[
∥xi,k+1 − x⋆∥2|Fk

]
+

n∑
i=1

∥xi,k − x⋆∥2)

]
. (44)

For the second term on the right-hand side of (44),

E [⟨Fk+1,−Lk + Fk⟩|Fk] =
n∑

i=1

E [⟨∇fi(xi,k+1;xi,k+1),−∇li(xi,k; ξi,k+1) +∇fi(xi,k;xi,k)⟩|Fk]

=

n∑
i=1

E

〈∇fi(
n∑

j=1

wijxj,k − γ

n∑
j=1

wij

n∑
l=1

wjlyl,k−1

−γ
n∑

j=1

wijlj(xj,k; ξj,k+1) + γ
n∑

j=1

wijlj(xj,k−1; ξj,k);xi,k+1)

−∇fi(
n∑

j=1

wijxj,k − γ

n∑
j=1

wij

n∑
l=1

wjlyl,k−1 − γ

n∑
j ̸=i

wijlj(xj,k; ξj,k+1)

13



−γwii∇fi(xi,k;xi,k) + γ
n∑

j=1

wijlj(xj,k−1; ξj,k);xi,k+1),

−∇li(xi,k; ξi,k+1) +∇fi(xi,k;xi,k)⟩ |Fk]

≤
n∑

i=1

γ L(1 + ϵi)E
[
∥∇li(xi,k; ξi,k+1)−∇fi(xi,k;xi,k)∥2|Fk

]
≤ γσ2 L

n∑
i=1

(1 + ϵi)(1 + ∥xi,k − x⋆∥2)

≤ 2γσ2 L(1 + ϵmax)
[
n∥x̄k − x⋆∥2 + ∥xk − x̄k∥2

]
+ γnσ2 L(1 + ϵavg), (45)

where the second equality follows from the formulas (6) and (7) in Algorithm 1, the first in-

equality is due to [12, Lemma 2.1] and Assumption 2 (b), and the second inequality is due to

Assumption 2 (d).

By the definitions of xk+1 in (8) and c3 in (31), for any β > 0, we have

∥Fk+1 − Fk∥2 =
n∑

i=1

∥∇fi(xi,k+1;xi,k+1)−∇fi(xi,k;xi,k)∥2

≤ c23∥xk+1 − xk∥2

= c23∥(W − I)(xk − x̄k)− γWyk∥2

= c23[∥W − I∥22∥xk − x̄k∥2 − 2γ⟨(W − I)(xk − x̄k),Wyk − ȳk⟩
+ γ2(∥Wyk − ȳk∥2 + n∥ȳk∥2)]

≤ c23[(1 +
1

β
)∥W − I∥22∥xk − x̄k∥2 + (1 + β)γ2ρ2∥yk − ȳk∥2 + γ2n∥ȳk∥2], (46)

where the first inequality follows from [12, Lemma 2.1] and the last inequality follows from [38,

Lemma 1] and the Young’s inequality.

Combining (38), (40), (41), (45), (46) with the inequality (44) gives us the desired result,

E
[
∥yk+1 − ȳk+1∥2|Fk

]
≤ 2

1− ρ

[
c23γ

2(σ2 + c23) + 2nγc3σ
2 + nσ2(2− µ̄γ)

]
∥x̄k − x⋆∥2

+
1

1− ρ

[
c23(1 +

1

β
)∥W − I∥22 +

2γ2(nc1σ
2 + c23(σ

2 + c23))

n

+2γσ2(2c3 + c2) + (3 + ρ2)σ2
]
∥xk − x̄k∥2 +

[
ρ2γ2

1− ρ
((1 + β)c23

+2σ2
1 + ρ2

1− ρ2
) + ρ

]
E
[
∥yk − ȳk∥2|Fk

]
+mσ,

where µ̄, c1, c2, c3, mσ are defined in (31) and β is any positive constant.

3.1 DSGTD-GD with constant step size

The stochastic gradient descent (SGD) method with constant step size is often used in

practice as it may achieve an exponentially fast convergence rate [10, 41]. In this subsection,
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we show that DSGTD-GD with constant step size inherits the properties of converging to a

neighborhood of the optimal solution of SGD in linear convergence rate.

Theorem 1. Let x⋆ be the performative stable solution of problem (1). Denote

A :=


1− γµ̄ c2γ+c1γ2

n 0

0 1+ρ2

2
(1+ρ2)ρ2γ2

1−ρ2

a31 a32 ρ+ ((1 + β̂)c23 + 2σ2 1+ρ2

1−ρ2
)ρ

2γ2

1−ρ

 ,

cW := 2σ2
1 + ρ2

1− ρ2
+ c23, β̂ :=

(1−ρ)2

2 − cWγ
2ρ2

γ2c23ρ
2

,

a31 :=
2

1− ρ

[
γ2c23(σ

2 + c23) + 2nγc3σ
2 + nσ2(2− µ̄γ)

]
,

a32 :=
1

1− ρ

[
c23(1 +

1

β̂
)∥W − I∥22 +

2γ2(nc1σ
2 + (σ2 + c23)c

2
3)

n
+ 2γ(2c3 + c2)σ

2

+(3 + ρ2)σ2
]
,

(47)

where µ̄, c1, c2 and c3 are defined in (31). Suppose that the constant step size

γ ≤ min

 (1− ρ)2(1 + ρ)

4
[
(1−ρ)2c23(σ

2+c23)
2cW

+ 2nσ2 + nσ2(1−ρ)√
2cW

(2c3 − µ̄)
] 1

2

 nµ̄(κ− 1)

κ(κ+ 1)(c2 +
c1(1−ρ)√

2cW
)

 1
2

,

(1− ρ2)(1− ρ)

2
√
2κmax

{√
4σ2+c23c3∥W−I∥2

σ , (1− ρ)
√

(nc1σ2+c23(σ
2+c23))

ncW
,
√

8σ2(1−ρ)(2c3+c2)√
2cW

, 4σ

} , 1− ρ√
2cW

 , (48)

where κ > 1 is arbitrarily chosen. Then under the conditions of Lemma 1,

(i):

sup
t≥k

E
[
∥x̄t − x⋆∥2

]
, sup

t≥k
E
[
∥xt − x̄t∥2

]
(49)

converge to a neighborhood of 0 at the linear rate O(ρ(A)k), where ρ(A) < 1 is the spectral radius

of the matrix A.

(ii):

lim sup
k→∞

E
[
∥x̄k − x⋆∥2

]
≤ γσ2(κ+ 1)

κnµ̄
+

4γ2ρ2mσ(κ+ 1)(c2 + γc1)(1 + ρ2)

nµ̄(κ− 1)(1− ρ)(1− ρ2)2
, (50)

lim sup
k→∞

E
[
∥xk − x̄k∥2

]
≤ 4γ2ρ2(κ+ 1)(1 + ρ2)(a31γσ

2 + µ̄nmσ)

nµ̄(κ− 1)(1− ρ)(1− ρ2)2
, (51)

where mσ is defined in (31).

Proof. Part (i). By the definition of cW in (47),

β̂ =
(1−ρ)2

2 − γ2ρ2cW

γ2c23ρ
2

≥ (1− ρ)(1 + ρ)cW
c23ρ

2
>

4σ2

c23
> 0, (52)
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where the first inequality follows from the fact that γ ≤ 1−ρ√
2cW

in (48). Taking expectation on

both sides of (32)-(34) with β = β̂ and constant step size γ, we obtain the following linear system

of inequalities 
E
[
∥x̄k+1 − x⋆∥2

]
E
[
∥xk+1 − x̄k+1∥2

]
E
[
∥yk+1 − ȳk+1∥2

]
 ≤ A


E
[
∥x̄k − x⋆∥2

]
E
[
∥xk − x̄k∥2

]
E
[
∥yk − ȳk∥2

]
+


γ2σ2

n

0

mσ

 , (53)

where mσ and the matrix A = (aij)3×3 are defined in (31) and (47), respectively. Then,
E
[
∥x̄k − x⋆∥2

]
E
[
∥xk − x̄k∥2

]
E
[
∥yk − ȳk∥2

]
 ≤ Ak


E
[
∥x̄0 − x⋆∥2

]
E
[
∥x0 − x̄0∥2

]
E
[
∥y0 − ȳ0∥2

]
+

k−1∑
l=0

Al


γ2σ2

n

0

mσ

 . (54)

By some calculations,

∥
k−1∑
l=0

AlB∥ ≤
k−1∑
l=0

ρ(A)l∥B∥ ≤
∞∑
l=0

ρ(A)l∥B∥ = lim
k→∞

(1− ρ(A)k)∥B∥
1− ρ(A)

, (55)

where B := [γ
2σ2

n , 0,mσ]
⊺. Obviously, if ρ(A) < 1, we may conclude that

sup
t≥k

E
[
∥x̄t − x⋆∥2

]
, sup

t≥k
E
[
∥xt − x̄t∥2

]
, sup

t≥k
E
[
∥yt − ȳt∥2

]
converge to a ∥B∥

1−ρ(A) neighborhood of 0 at the linear rate O(ρ(A)k).

Next, we employ Lemma 4 in Appendix to show ρ(A) < 1, where we just need to verify the

conditions of Lemma 4. By the fact that µ̄ > 0 and ρ ∈ (0, 1), a11 < 1, a22 < 1 and

a33 = ρ+
γ2ρ2

1− ρ
((1 + β̂)c23 + 2σ2

1 + ρ2

1− ρ2
) =

1 + ρ

2
< 1. (56)

By (48),

a23a32 = γ2
(1 + ρ2)ρ2

(1− ρ2)(1− ρ)
[c23(1 +

1

β̂
)∥W − I∥22 +

2γ2(c1nσ
2 + c23(σ

2 + c23))

n

+ 2γσ2(2c3 + c2) + (3 + ρ2)σ2]

≤ γ2
(1 + ρ2)ρ2

(1− ρ2)(1− ρ)
[
4σ2 + c23

4σ2
c23∥W − I∥22 +

(1− ρ)2(c1nσ
2 + c23(σ

2 + c23))

ncW

+ 2σ2
(1− ρ)(2c3 + c2)√

2cW

≤ (1− a22)(1− a33)

κ
, (57)
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where c1, c2, c3 are defined in (31), κ > 1 is arbitrarily chosen, and the first inequality follows

from the fact that β̂ > 4σ2

c23
and γ ≤ 1−ρ√

2cW
. Then

a12a23a31 = 2γ3
(c2 + γc1)(1 + ρ2)ρ2

n(1 + ρ)(1− ρ)2
[
γ2c23(σ

2 + c23) + 2γc3σ
2n+ nσ2(2− µ̄γ)

]
≤ κ− 1

4κ(κ+ 1)
µ̄γ(1− ρ)2(1 + ρ)

=
κ− 1

κ(κ+ 1)
(1− a11)(1− a22)(1− a33)

≤ (1− a11)[(1− a22)(1− a33)− a23a32]

κ+ 1
, (58)

where µ̄, c1, c2, c3 are defined in (31), ρ ∈ (0, 1) due to [38, Lemma 1], the first inequality and

the last inequality follow from (48) and (57), respectively. Subsequently, by (56), (57) and (58),

we have

det(I−A) = (1− a11)(1− a22)(1− a33)− (1− a11)a23a32 − a12a23a31

≥ κ

κ+ 1
(1− a11)[(1− a22)(1− a33)− a23a32]

≥ κ− 1

κ+ 1
(1− a11)(1− a22)(1− a33) > 0. (59)

Summarize above, the conditions of Lemma 4 in Appendix hold and then ρ(A) < 1.

Part (ii). In what follows, we give a more precise bound on the convergence neighborhoods

of E
[
∥x̄k − x⋆∥2

]
and E

[
∥xk − x̄k∥2

]
. Denoting [(I−A)−1B]j as the jth element of the vector

[(I−A)−1B], we have

lim sup
k→∞

E
[
∥x̄k − x⋆∥2

]
≤ [(I−A)−1B]1

=
(1− a11)[(1− a22)(1− a33)− a23a32]

γ2σ2

n + a12a23mσ

det(I−A)

≤ κ+ 1

κ

γσ2

µ̄n
+
κ+ 1

κ− 1

a12a23mσ

(1− a11)(1− a22)(1− a33)

=
γσ2(κ+ 1)

κnµ̄
+

4γ2ρ2mσ(κ+ 1)(c2 + γc1)(1 + ρ2)

nµ̄(κ− 1)(1− ρ)(1− ρ2)2
,

where µ̄, c1, c2, mσ are defined in (31), γ is defined in (48), the first inequality follows from (53)

and the second inequality follows from (57) and (59). Similarly, we have

lim sup
k→∞

E
[
∥xk − x̄k∥2

]
≤ [(I−A)−1B]2

=
a31a23

γ2σ2

n + a23(1− a11)mσ

det(I−A)

≤ κ+ 1

κ− 1

a23
(1− a11)(1− a22)(1− a33)

[
γ2σ2a31

n
+ (1− a11)mσ]

=
4γρ2(κ+ 1)(1 + ρ2)(a31σ

2γ2 + γµ̄nmσ)

nµ̄(κ− 1)(1− ρ2)2(1− ρ)
.

The proof is complete.
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As shown in Theorem 1, the iterates generated by DSGTD-GD converge to a neighborhood

of the performative stable point at the linear rate when the step size satisfies (48). By the

definitions of c3 and µ̄ in (31),

2c3 − µ̄ = L(2(1 + ϵmax) + (1 + δ)ϵavg)− µ > 0.

Combined with the fact that ρ ∈ (0, 1), all the terms in (48) are positive, which means the step

size γ is obtainable. On the other hand, in light of (50) and (51),

lim sup
k→∞

E
[
∥xk − x⋆∥2

]
≤ lim sup

k→∞
2nE

[
∥x̄k − x⋆∥2

]
+ lim sup

k→∞
2E

[
∥xk − x̄k∥2

]
= γO(

σ2

µ̄
) +

γ2

(1− ρ)4
O(

c2σ
2

µ̄
),

which means the distance E
[
∥xk − x⋆∥2

]
is proportional to the step size and the spectral norm

ρ. In other words, the smaller the step size and the spectral norm lead to better accuracy.

3.2 DSGTD-GD with diminishing step size

Different from the constant step size policy, a diminishing step size policy may guarantee

that SGD converges to the optimal solution rather than a neighborhood of an optimum [26, 31].

In what follows, we study DSGTD-GD with a diminishing step size policy.

Theorem 2. Let x⋆ be the performative stable solution of problem (1). Suppose that the time-

varying step sizes {γk}k≥1 in Algorithm 1 satisfy γk = r(k + b)−a with a ∈ (12 , 1) and r, a, b

satisfy 
2r2σ2 (1+ρ2)ρ2

1−ρ2
+ r2c23ρ

2 < b2a(1−ρ)2

2

r > ba−(b−1)a

µ̄
b2a(1−ρ2)(1−ρ)

2(1+ρ2)ρ2
( b2a

(b+1)2a
− 1+ρ2

2 ) > K1r3(c2ba+rc1)
ban(µ̄r+(b−1)a−ba) +K2r

2

, (60)

where

β̂k :=

(1−ρ)2

2 − 2γ2kσ
2 (1+ρ2)ρ2

1−ρ2
− γ2kc

2
3ρ

2

γ2kc
2
3ρ

2
,

K1 :=
2

(1− ρ)b2a
[
r2c23b

a(σ2 + c23) + 2rc3σ
2n+ 2nb2aσ2

]
, (61)

K2 :=
1

1− ρ

[
c23(1 +

1

β̂0
)∥W − I∥22 +

2r2(c1nσ
2 + c23(σ

2 + c23))

nb2a
+

2rσ2(2c3 + c2)

ba

+(3 + ρ2)σ2
]

and µ̄, c1, c2, and c3 are defined in (31). Then under the conditions of Lemma 1,

E
[
∥x̄k − x⋆∥2

]
, E

[
∥xk − x̄k∥2

]
(62)

converge to 0 at rate O(γk) and O(γ2k), respectively. Moreover, x̄k converges to x⋆ almost surely.
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Proof. By the definition of β̂k,

β̂k =

(1−ρ)2

2 − 2γ2kσ
2 (1+ρ2)ρ2

1−ρ2
− γ2kc

2
3ρ

2

γ2kc
2
3ρ

2
≥

b2a(1−ρ)2

2 − 2r2σ2 (1+ρ2)ρ2

1−ρ2
− r2c23ρ

2

r2c23ρ
2

> 0, (63)

where the first inequality is due to γk = r(k + b)−a with a ∈ (12 , 1) and the second inequality

follows from the definitions of r, a and b in (60). Taking expectation on both sides of (32)-(34)

with β = β̂k and γ = γk, we have
E
[
∥x̄k+1 − x⋆∥2

]
E
[
∥xk+1 − x̄k+1∥2

]
E
[
∥yk+1 − ȳk+1∥2

]
 ≤ Ak


E
[
∥x̄k − x⋆∥2

]
E
[
∥xk − x̄k∥2

]
E
[
∥yk − ȳk∥2

]
+


γ2
kσ

2

n

0

mk

 , (64)

where

Ak =


1− γkµ̄

c2γk+c1γ2
k

n 0

0 1+ρ2

2 γ2k
(1+ρ2)ρ2

1−ρ2

a′31 a′32 ρ+
ρ2γ2

k
1−ρ ((1 + β̂k)c

2
3 + 2σ2 1+ρ2

1−ρ2
)

 ,
a′31 =

2

1− ρ

[
c23γ

2
k(σ

2 + c23) + 2γkc3σ
2n+ nσ2(2− µ̄γk)

]
,

a′32 =
1

1− ρ

[
c23(1 +

1

β̂k
)∥W − I∥22 +

2γ2k(c1nσ
2 + c23(σ

2 + c23))

n
+ 2γkσ

2(2c3 + c2)

+(3 + ρ2)σ2
]
,

mk =
σ2

1− ρ

[
γ2k(c

2
3 + 2σ2) + 2γknL(1 + ϵavg) + 2n

]
and µ̄, c1, c2, c3 are defined in (31).

Before formally proving the results, we first denote

△1 :=
1− ρ2

(1 + ρ2)ρ2
(

b2a

(b+ 1)2a
− 1 + ρ2

2
), △2 :=

2

(1− ρ)b2a
[K1b

2a∥x0 − x̄0∥2 + b2am0],

△3 :=
2K2r

2

(1− ρ)b2a
, △4 :=

2

1− ρ
[

K1r
2σ2

ban(µ̄r + (b− 1)a − ba)
+m0],

△5 :=
2r2

(1− ρ)b2a
[

K1r(c2b
a + rc1)

ban(µ̄r + (b− 1)a − ba)
+K2],

N1 := max{r[(rc2b
a + r2c1)N2 + σ2b2a]

b2an(µ̄r + (b− 1)a − ba)
,
ba∥x̄0 − x⋆∥2

r
},

N2 := max{b
2a∥x0 − x̄0∥2

r2
,
E
[
∥y0 − ȳ0∥2

]
△1

,
△2

△1 −△3
,

△4

△1 −△5
},

N3 := max{E
[
∥y0 − ȳ0∥2

]
,
1− ρ

2
(
rK1N1

ba
+
K2N2r

2

b2a
+m0)},

(65)

where µ̄, c1, c2 are defined in (31), K1, K2 are defined in (61), the relations between r, a, b are

defined in (60).
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In what follows, we show that

E
[
∥x̄k − x⋆∥2

]
≤ N1γk, E

[
∥xk − x̄k∥2

]
≤ N2γ

2
k , E

[
∥yk − ȳk∥2

]
≤ N3 (66)

by induction. Obviously, when k = 0, (66) holds. Next, we show that (66) holds for k + 1

provided that (66) holds for some k > 0.

By (64) and the fact that ρ+ γ2ρ2

1−ρ ((1 + β̂k)c
2
3 + 2σ2 1+ρ2

1−ρ2
) = 1+ρ

2 , we have

E
[
∥x̄k+1 − x⋆∥2

]
≤ (1− µ̄γk)E

[
∥x̄k − x⋆∥2

]
+ γk

(c2 + c1γk)

n
E
[
∥xk − x̄k∥2

]
+
γ2kσ

2

n
,

E
[
∥xk+1 − x̄k+1∥2

]
≤ 1 + ρ2

2
E
[
∥xk − x̄k∥2

]
+ γ2k

(1 + ρ2)ρ2

1− ρ2
E
[
∥yk − ȳk∥2

]
,

E
[
∥yk+1 − ȳk+1∥2

]
≤ a′31E

[
∥x̄k − x⋆∥2

]
+ a′32E

[
∥xk − x̄k∥2

]
+

1 + ρ

2
E
[
∥yk − ȳk∥2

]
+mk.

Then

E
[
∥x̄k+1 − x⋆∥2

]
≤ γk(1− µ̄γk)N1 + γ3k

(c2 + c1γk)N2

n
+
γ2kσ

2

n

= γk(1− µ̄γk)N1 + γ3k
(c2 + c1γk)N2

n
+
γ2kσ

2

n
−N1γk+1 +N1γk+1

≤ (
r

(k + b)a
− µ̄r2

(k + b)2a
− r

(k + b+ 1)a
)N1 + γ30

(c2 + γ0c1)N2

n

+
γ20σ

2

n
+N1γk+1

≤ N1γk+1,

where r, a and b are defined in (60) and the first inequality, the second inequality and the last

inequality follow from the fact that (66) holds for some k > 0, the definition of γk and the

definition of N1 in (65), respectively. Similarly, we have

E
[
∥xk+1 − x̄k+1∥2

]
≤ γ2k

(1 + ρ2)N2

2
+ γ2k

(1 + ρ2)ρ2N3

1− ρ2

≤ (
(1 + ρ2)r2

2(k + b)2a
− r2

(k + 1 + b)2a
)N2 + γ20

(1 + ρ2)ρ2N3

1− ρ2
+N2γ

2
k+1

≤ N2γ
2
k+1,

E
[
∥yk+1 − ȳk+1∥2

]
≤ γkK1N1 + γ2kK2N2 +

(1 + ρ)N3

2
+m0

≤ rK1N1

ba
+
K2N2r

2

b2a
+

(ρ− 1)N3

2
+m0 +N3

≤ N3,

where m0 =
σ2

(1−ρ)b2a

[
r2(2σ2 + c23) + 2rnL(1 + ϵavg)b

a + 2nb2a
]
, K1, K2 are defined in (61).

Summarize above, we can conclude that (66) holds for any k ≥ 0. Obviously, N1, N2, and

N3 are bounded constants and then E
[
∥x̄k − x⋆∥2

]
and E

[
∥xk − x̄k∥2

]
converge to 0 at rate

O(γk) and O(γ2k), respectively.
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Next, we use Lemma 5 in Appendix to show that x̄k converges to x⋆ almost surely.

Choosing γ = γk in (32), we have

E
[
∥x̄k+1 − x⋆∥2|Fk

]
≤ (1− µ̄γk)∥x̄k − x⋆∥2 +

c2γk + c1γ
2
k

n
∥xk − x̄k∥2 +

σ2γ2k
n

. (67)

Denote

Ak = ∥x̄k − x⋆∥2, Bk = 0, Ck =
c2γk + c1γ

2
k

n
∥xk − x̄k∥2 +

σ2γ2k
n

, Dk = µ̄γk∥x̄k − x⋆∥2,

(67) falls into the setting of Lemma 5.

In what follows, we verify the conditions of Lemma 5.

Obviously,
∑∞

k=0Bk <∞ and we have

∞∑
k=0

E[Ck] =
∞∑
k=0

c2γk + c1γ
2
k

n
E∥xk − x̄k∥2 +

∞∑
k=0

σ2γ2k
n

≤
∞∑
k=0

N2
c2γk + c1γ

2
k

n
γ2k +

∞∑
k=0

σ2γ2k
n

<∞,

where the first inequality and the second inequality follow from (66) and the fact that γk =

r(k + b)−a with a ∈ (12 , 1), respectively. Monotone convergence theorem implies
∑∞

k=0Ck <∞.

Then the conditions of Lemma 5 hold, which implies that there is a non-negative finite random

variable A∞ such that Ak → A∞ and
∑

kDk <∞ almost surely which implies

∥x̄k − x⋆∥2 → A∞,

∞∑
k=0

γk∥x̄k − x⋆∥2 <∞

almost surely. Noting that
∑∞

k=0 γk diverges, we conclude that limk→∞ ∥x̄k − x⋆∥2 = 0 almost

surely.

Theorem 2 shows that under diminishing step size, the averaged iterates of DSGTD-GD

converge to the performative stable solution at rate O(γk) and consensus errors of iterates

converge to 0 at rate O(γ2k). Moreover, we have by (66) that

E
[
∥xk − x⋆∥2

]
≤ 2nE

[
∥x̄k − x⋆∥2

]
+ 2E

[
∥xk − x̄k∥2

]
= O(γk),

which means DSGTD-GD with diminishing step size achieves the convergence rate O(γk).

Next, we move to study the asymptotic normality of DSGTD-GD.

Theorem 3. Let x⋆ be the performative stable solution of problem (1). Under the conditions of

Theorem 2, the average iterates 1
k

∑k−1
t=0 xi,t generated by DSGTD-GD satisfy

√
k(

1

k

k−1∑
t=0

xi,t − x⋆)
d−→ N (0,∇R(x⋆)−1 · Σ · ∇R(x⋆)−1), ∀i ∈ V, (68)

where R(x) :=
∑n

i=1∇fi(x;x) and Σ := Cov(
∑n

i=1∇li(x⋆; ξi,k)).
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Proof. By (66) and the fact that
∑∞

k=0
γk√
k
<∞, we have

E

[
∥
√
k(

1

k

k−1∑
t=0

xi,t − x⋆)−
√
k(

1

k

k−1∑
t=0

x̄t − x⋆)∥

]
=

1√
k
E

[
∥
k−1∑
t=0

(xi,t − x̄t)∥

]

≤ 1√
k

k−1∑
t=0

√
E∥(xt − x̄t)∥2

≤
√
N2√
k

k−1∑
t=0

γt,

where the last term converges to 0 due to Kronecker lemma. Then Slutsky’s theorem implies

(68) if

√
k(

1

k

k−1∑
t=0

x̄t − x⋆)
d−→ N(0,∇R(x⋆)−1 · Σ · ∇R(x⋆)−1). (69)

Next, we show (69) by Lemma 3 in Appendix.

Firstly, we rewrite the recursion x̄k − x⋆ in the form of (91) in Lemma 3. By the update

recursion in (10) and the fact ȳk = 1
n

∑n
i=1∇li(xi,k; ξi,k+1), we have

x̄k+1 − x⋆ = x̄k − γkȳk − x⋆

= (I− γk
n
∇R(x⋆))(x̄k − x⋆)− γk

[
1

n

n∑
i=1

∇li(xi,k; ξi,k+1)−
1

n

n∑
i=1

∇li(x̄k; ξi,k+1)

]

− γk

[
1

n
∇f(x̄k; x̄k)−

1

n
∇R(x⋆)(x̄k − x⋆)

]
− γk

[
1

n

n∑
i=1

∇li(x̄k; ξi,k+1)

− 1

n
∇f(x̄k; x̄k)

]
, (70)

where R(x) :=
∑n

i=1∇fi(x;x).

Denote

Θk = x̄k − x⋆, G =
1

n
∇R(x⋆), αk = γk, µk = − 1

n

n∑
i=1

∇li(x̄k; ξi,k+1) +
1

n
∇f(x̄k; x̄k)

and

ηk = −(
1

n
∇f(x̄k; x̄k)−

1

n
∇R(x⋆)(x̄k − x⋆))− (

1

n

n∑
i=1

∇li(xi,k; ξi,k+1)−
1

n

n∑
i=1

∇li(x̄k; ξi,k+1)),

the recursion (70) can be rewritten as

Θk+1 = (I− αkG)Θk + αk(µk + ηk),

which falls into the setting of Lemma 3.

In what follows, we verify the conditions (a)-(d) of Lemma 3.
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According to the definition of γk and the strong convexity of f(· ;x), conditions (a), (b) of
Lemma 3 hold obviously.

Denote

µ
(1)
k := − 1

n

n∑
i=1

∇li(x⋆; ξi,k+1),

µ
(2)
k := − 1

n

n∑
i=1

∇li(x̄k; ξi,k+1) +
1

n
∇f(x̄k; x̄k) +

1

n

n∑
i=1

∇li(x⋆; ξi,k+1).

Obviously, {µ(1)k } and {µ(2)k } are martingale difference sequences and µk can be decomposed into

µk = µ
(1)
k + µ

(2)
k . By Assumption 2 (d) and (e), there exists constant c such that

E[∥µ(2)k ∥2|Fk] ≤ c∥Θk∥2, E[∥µ(1)k ∥2|Fk] ≤ c.

Moreover, we apply [6, Lemma 3.3.1] to verify (92) in condition (c) of Lemma 3. Denote

ζk,t =
µ
(1)
t√
k
, Hk,t = E[ζk,tζ

⊺
k,t], Kk,t = E[ζk,tζ

⊺
k,t|ζk,0, ..., ζk,t−1], Hk =

k−1∑
t=0

Hk,t.

Noting that {µ(1)t } is a martingale difference sequence, we have

E[ζk,t|ζk,0, ..., ζk,t−1] = 0,

which implies the condition (3.3.1) of [6, Lemma 3.3.1]. Next, we verify the conditions (3.3.2)-

(3.3.3) of [6, Lemma 3.3.1]. By the definition of ζk,t,

E[∥ζk,t∥p] = Eξi,t+1∼Di(x⋆)[∥
1
n

∑n
i=1∇li(x⋆; ξi,t+1)√

k
∥p] ≤

∑n
i=1E[∥∇li(x⋆; ξi,k+1)∥p]

nk
p
2

≤ c
p
2
g

k
p
2

,

where the last inequality follows from Assumption 2 (e). Then

sup
k≥1

k−1∑
t=0

E[∥ζk,t∥2] ≤ sup
k≥1

k−1∑
t=0

(E[∥ζk,t∥p])
2
p ≤ sup

k≥1

kcg
k

= cg.

Note that

Hk =

k−1∑
t=0

Hk,t =

k−1∑
t=0

1

kn2
Cov(

n∑
i=1

∇li(x⋆; ξi,k)) =
1

n2
Σ,

and then condition (3.3.2) of [6, Lemma 3.3.1] holds. Moreover, the fact that Hk,t = Kk,t almost

surely implies the condition (3.3.3) of [6, Lemma 3.3.1] directly. By Assumption 2 (e), we have

for any τ > 0,

E[∥ζk,t∥21{∥ζk,t∥≥τ}] ≤ (E[∥ζk,t∥p])
2
p (E[1q{∥ζk,t∥≥τ}])

1
q

= (E[∥ζk,t∥p])
2
pP

1
q (∥ζk,t∥ ≥ τ)

≤ (E[∥ζk,t∥p])
2
p (

E[∥ζk,t∥]
τ

)
1
q

≤ c
1+ 1

2q
g

k
1+ 1

2q τ
1
q

,
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where p > 2 is defined in Assumption 2 (e), constant q satisfies 2
p + 1

q = 1, the first inequality

and the second inequality follow from Hölder inequality and Markov inequality, respectively.

Then

lim
k→∞

k−1∑
t=0

E[∥ζk,t∥21{∥ζk,t∥≥τ}] ≤ lim
k→∞

kc
1+ 1

2q
g

k
1+ 1

2q τ
1
q

= 0,

which means the condition (3.3.4) of [6, Lemma 3.3.1] holds. Summarizing above, all the condi-

tions of [6, Lemma 3.3.1] hold and then

1√
k

k∑
t=1

µ
(1)
t

d−→ N (0,
1

n2
Σ),

where Σ := Cov(
∑n

i=1∇li(x⋆; ξi,k+1)). Then condition (c) of Lemma 3 holds.

Next, we verify condition (d) of Lemma 3.

By the definition of the performative stable point, R(x⋆) = 0. By Assumption 4, ∇R(x) is
Lipschitz on a neighborhood of x⋆ implying

R(x̄k)−∇R(x⋆)(x̄k − x⋆) = O(∥x̄k − x⋆∥2), as x̄k → x⋆.

Then, by the definition of ηk, there exists constant c′ > 0 such that

E[∥ηk∥] ≤ c′E[∥x̄k − x⋆∥2] + L(1 + ϵmax)√
n

E[∥xk − x̄k∥] = O(γk),

where the second term in the right of the inequality is due to [12, Lemma 2.1]. Subsequently,

we have
∑∞

t=0
E[∥ηk∥]√

t+1
< ∞. Monotone convergence theorem further implies

∑∞
t=0

∥ηk∥√
t+1

< ∞,

thereby condition (d) of Lemma 3 holds by Kronecker lemma.

By the fact that x̄t − x⋆ → 0 almost surely in Theorem 2, monotone convergence theorem

implies
∞∑
t=0

∥x̄t − x⋆∥2√
t+ 1

<∞

almost surely. Then Kronecker lemma induces the condition (e) of Lemma 3.

Summarize above, all the conditions of Lemma 3 in Appendix hold. Then

√
k(

1

k

k−1∑
t=0

xi,t − x⋆)
d−→ N (0,∇R(x⋆)−1 · Σ · ∇R(x⋆)−1).

The proof is complete.

Theorem 3 shows that the deviation between the averaged iterates generated by DSGTD-GD

and the performative stable solution converges in distribution to a normal random vector with

the covariance matrix ∇R(x⋆)−1 · Σ · ∇R(x⋆)−1, where

∇R(x⋆) =
n∑

i=1

∇2fi(x
⋆;x⋆) +

n∑
i=1

d

dy
∇fi(x⋆; y)|y=x⋆ . (71)

24



Comparing with the asymptotic normality results of stochastic approximation method for stan-

dard stochastic optimization problems [6, 8, 16, 37], the second term
∑n

i=1
d
dy∇fi(x

⋆; y)|y=x⋆

captures the performative effects of distributional shift. To the best of our knowledge, Theo-

rem 3 seems to be the first result on the asymptotic normality of the stochastic approximation

method for distributed SO-DD.

4 Convergence of DSGTD-AG

In this section, we study the convergence of DSGTD-AG. Under the constant step size policy,

we show that DSGTD-AG converges sublinearly to a neighborhood of the optimal solution based

on the technical lemma.

We first state the descent lemma when the objective function is non-convex and the stochastic

gradient is biased, which plays a key role in analyzing the convergence of DSGTD-AG.

Lemma 2. Suppose that γ ≤ n
6L , Assumptions 1, 5 and 6 hold. Then, for ∀k, the averaged

iterations x̄k generated by DSGTD-AG satisfy

E [f(x̄k+1)|Fk] ≤f(x̄k)−
γ

4n
∥∇f(x̄k)∥2 +

3γL2

2

n∑
i=1

∥x̄k − xi,k∥2

+ (
3Lδ2γ2

n
+ γδ2 +

3Lσ2γ2

n
)∥Ak −A∥2 + 3Lσ2γ2

n
∥A∥2 + 3Lσ2γ2

2n
, (72)

where A := [A1, ..., An] and Ak := [A1,k, ..., An,k].

Proof. By the updating recursion (16) and the definition of vk,

E [f(x̄k+1)|Fk] = E

[
f(x̄k −

γ

n

n∑
i=1

vi,k)|Fk

]

≤ f(x̄k)−E

[
⟨∇f(x̄k),

γ

n

n∑
i=1

vi,k⟩|Fk

]
+
Lγ2

2
E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]

= f(x̄k)−
γ

n
∥∇f(x̄k)∥2 +

γ

n
E

[
⟨∇f(x̄k),∇f(x̄k)−

n∑
i=1

vi,k⟩|Fk

]

+
Lγ2

2
E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]

≤ f(x̄k)−
γ

2n
∥∇f(x̄k)∥2 +

γ

2

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] ∥2

+
Lγ2

2
E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]
, (73)

where Fk denotes the σ-algebra generated by (xi,l, ui,l)l=0,...,k−1 , i ∈ V, the first inequality

and the last inequality follow from the smoothness of the objective function and the Young’s
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inequality, respectively. For the last term on the right-hand side of (73),

E

[
∥ 1
n

n∑
i=1

vi,k∥2|Fk

]
= E

[
∥ 1
n

n∑
i=1

vi,k +
1

n
∇f(x̄k)−

1

n
∇f(x̄k) +

1

n

n∑
i=1

Evi,k

− 1

n

n∑
i=1

Evi,k∥2|Fk

]

≤ 3E

[
∥ 1
n

n∑
i=1

vi,k −
1

n

n∑
i=1

Evi,k∥2|Fk

]
+

3

n2
∥∇f(x̄k)∥2

+ 3∥ 1
n

n∑
i=1

Evi,k −
1

n
∇f(x̄k)∥2

≤ 3σ2

n
max{1, ∥Ak∥2}+

3

n

n∑
i=1

∥Evi,k −∇fi(x̄k)∥2 +
3

n2
∥∇f(x̄k)∥2,

where the last inequality is due to the definition of vi,k in (30) and Assumption 5 (c). Then

E [f(x̄k+1)|Fk] ≤f(x̄k) + (
3Lγ2

2n2
− γ

2n
)∥∇f(x̄k)∥2

+ (
3Lγ2

2n
+
γ

2
)

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] ∥2 +
3Lσ2γ2

2n
max{1, ∥Ak∥2}.

Again, by the definition of vi,k in (30),

n∑
i=1

∥∇fi(x̄k)−E [vi,k|Fk] ∥2 =
n∑

i=1

∥∇fi(x̄k)−E [vi,k|Fk] +∇fi(xi,k)−∇fi(xi,k)∥2

≤ 2
n∑

i=1

∥∇fi(x̄k)−∇fi(xi,k)∥2 + 2
n∑

i=1

∥E [vi,k|Fk]−∇fi(xi,k)∥2

≤ 2L2
n∑

i=1

∥x̄k − xi,k∥2 + 2δ2∥Ak −A∥2,

where the last inequality is due to Assumption 5 (a) and (b). Then

E [f(x̄k+1)|Fk] ≤ f(x̄k) + (
3Lγ2

2n2
− γ

2n
)∥∇f(x̄k)∥2 + (

3γ2L3

n
+ γL2)

n∑
i=1

∥x̄k − xi,k∥2

+ (
3Lγ2

n
+ γ)δ2∥Ak −A∥2 + 3Lσ2γ2

2n
max{1, ∥Ak∥2}

≤ f(x̄k)−
γ

4n
∥∇f(x̄k)∥2 +

3γL2

2

n∑
i=1

∥x̄k − xi,k∥2

+
3Lσ2γ2

n
∥A∥2 + 3Lσ2γ2

2n
+ (

3Lδ2γ2

n
+ γδ2 +

3Lσ2γ2

n
)∥Ak −A∥2,

where the last inequality follows from the fact γ ≤ n
6L , max{1, ∥Ak∥2} ≤ 1+∥Ak∥2 and ∥Ak∥2 ≤

2∥A∥2 + 2∥Ak −A∥2. The proof is complete.
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Different from the descent lemma [22, Lemma 27], the last term on the right-hand side of (72)

depends on the error between the true distribution parameter A and the estimated distribution

parameter Ak. In other words, with Ak gradually tending to A, the term tends towards 0.

Now, we are ready to study the convergence of DSGTD-AG.

Theorem 4. Let C1 = 2560, C2 = 12000, cl := max{7∥A0 − A∥2, 8
∑n

i=1 tr(Σi)}, f⋆ :=

minx∈Rd f(x) and denote

c4 := 8n,

c5 := 12nL2τ2
[
clC2(2σ

2 + δ2) + 2C2σ
2∥A∥2 + C2σ

2

(1− ρ)2
+ C1σ

2 + clC1(2σ
2 + δ2) + 2C1σ

2∥A∥2
]
,

c6 := 24clL(δ
2 + σ2) + 24Lσ2∥A∥2 + 12Lσ2, τ :=

2

1− ρ
log(

50

1− ρ
(1 + log

1

1− ρ
)) + 1,

F0 := f(x̄0)− f⋆, ϕ0 := 16∥x0 − x̄0∥2 +
24γ2

(1− ρ)2
∥y0 − ȳ0∥2.

(74)

Suppose that (i) K > 2
1−ρ log(

50
1−ρ(1 + log 1

1−ρ)), (ii) Assumptions 1, 5, 6 hold, (iii) the step size

satisfies

γ := min

{(
c4F0

c5(K + 1)

) 1
3

,

(
c4F0

c6(K + 1)

) 1
2

,
1− ρ

64
√
10Lτ

}
. (75)

Then the averaged iterations x̄k generated by DSGTD-AG satisfy

1

K + 1

K∑
k=0

E∥∇f(x̄k)∥2 ≤2c
1
3
5

(
c4F0

K + 1

) 2
3

+ 2

(
c4c6F0

K + 1

) 1
2

+
64
√
10c4LτF0

(1− ρ)(K + 1)

+
768nτϕ0L

2

K + 1
+

8nclδ
2ln(K + 6d)

K + 1
. (76)

Proof. Define ψk :=

[
xk − x̄k, γ(yk − ȳk)

]
, we have

E [f(x̄k+1)|Fk] ≤f(x̄k)−
γ

4n
∥∇f(x̄k)∥2 +

3γL2

2
E∥ψk∥2

+ (
3Lδ2γ2

n
+ γδ2 +

3Lσ2γ2

n
)∥Ak −A∥2 + 3Lσ2γ2

n
∥A∥2 + 3Lσ2γ2

2n
, (77)

where the inequality is due to Lemma 2. Rearranging it and summing up, we have

1

K + 1

K∑
k=0

E∥∇f(x̄k)∥2

≤ 4nF0

γ(K + 1)
+ 12Lγσ2∥A∥2 + 6Lγσ2

+
4(3Lγδ2 + nδ2 + 3Lγσ2)

K + 1

K∑
k=0

E
[
∥Ak −A∥2

]
+

6nL2

K + 1

K∑
k=0

E∥ψk∥2, (78)
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where F0 := f(x̄0) − f⋆. Note that the first three terms on the right-hand side of (78) do not

depend on iteration k, we may provide the bound for them by selecting the step size, that is,

4nF0

γ(K + 1)
+ 12Lγσ2∥A∥2 + 6Lγσ2 ≤ 6Lσ2

(
2∥A∥2 + 1

)( c4F0

c6(K + 1)

) 1
2

+
32
√
10c4LτF0

(1− ρ)(K + 1)
,

(79)

where c4 and c6 are defined in (74), the inequality is due to the definition of γ in (75). Similarly,

as the fourth term on the right-hand side of (78) only depends on the error of ∥Ak − A∥2, we
may bound it with [32, Lemma 21],

4(3Lγδ2 + nδ2 + 3Lγσ2)

K + 1

K∑
k=0

E
[
∥Ak −A∥2

]
≤4cl(3Lγδ

2 + nδ2 + 3Lγσ2)

K + 1

K∑
k=0

1

k + 6d

≤12clL(δ
2 + σ2)

(
c4F0

c6(K + 1)

) 1
2

+
4nclδ

2ln(K + 6d)

K + 1
, (80)

where cl := max{7∥A1 − A∥2, 8
∑n

i=1 tr(Σi)} and the last inequality follows from the definition

of γ in (75).

Next, we derive the bound of
∑K

k=0E∥ψk∥2.

Define

J :=

 W̃ 0

−W̃ W̃

 , Ξk :=

 0

(vk+1 − vk)(I− 1
n11

⊺)


⊺

, W̃ := W − 1

n
11⊺,

we may rewrite Algorithm 2 in the form as

ψk+1 = ψkJ + γΞk, (81)

where ψk =

[
xk − x̄k, γ(yk − ȳk)

]
. By unrolling (81) for τ ≤ t ≤ 2τ steps with τ = 2

1−ρ log(
50
1−ρ(1+

log 1
1−ρ)) + 1,

ψk+t = ψkJ
t + γ

t∑
m=1

Ξk+m−1J
t−m.

Then,

E∥ψk+t∥2 ≤
3

4
E∥ψk∥2 + 5γ2E∥

t∑
m=1

(vk+m − vk+m−1)W̃
t−m∥2

+ 5γ2E∥
t−1∑
m=1

(vk+m − vk+m−1)(t−m)W̃t−m∥2, (82)
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where the inequality follows from the Young’s inequality, [22, Lemma 4] and the fact that

∥I− 1
n11

⊺∥2 ≤ 1.

In what follows, we give the upper bounds for the last two items on the right-hand side of

(82).

Denote

Fk := [∇f1(x1,k), ...,∇fn(xn,k)], F̄k := [∇f1(x̄k), ...,∇fn(x̄k)].

For the second term on the right-hand side of (82),

E∥
t∑

m=1

(vk+m − vk+m−1)W̃
t−m∥2

≤ 3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 3E∥
t∑

m=1

(Fk+m − Fk+m−1)∥2

≤ 3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 3t
t∑

m=1

E∥Fk+m − Fk+m−1∥2

≤ 3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 9t
t∑

m=1

E∥Fk+m − F̄k+m∥2

+ 9t
t∑

m=1

E∥Fk+m−1 − F̄k+m−1∥2 ++9t
t∑

m=1

E∥F̄k+m − F̄k+m−1∥2

≤ 3E∥
t∑

m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2 + 9tL2
t∑

m=1

E∥xk+m − x̄k+m∥2

+ 9tL2
t∑

m=1

E∥xk+m−1 − x̄k+m−1∥2 + 9tnL2
t∑

m=1

E∥x̄k+m − x̄k+m−1∥2, (83)

where the first inequality and the last inequality follow from the fact that ∥W̃j∥ ≤ 1, for ∀j ≥ 1,

and Assumption 5 (a), respectively. For the third term on the right-hand side of (82),

E∥
t−1∑
m=1

(vk+m − vk+m−1)(t−m)W̃t−m∥2

≤ 3E∥
t−1∑
m=1

(vk+m − Fk+m − vk+m−1 + Fk+m−1)(t−m)W̃t−m∥2

+ 3E∥
t−1∑
m=1

(Fk+m − F̄k+m − Fk+m−1 + F̄k+m−1)(t−m)W̃t−m∥2

+ 3E∥
t−1∑
m=1

(F̄k+m − F̄k+m−1)(t−m)W̃t−m∥2

= 3E∥(vk+t−1 − Fk+t−1)W̃ − (vk − Fk)(t− 1)W̃t−1

+

t−2∑
m=1

(vk+m − Fk+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3E∥(Fk+t−1 − F̄k+t−1)W̃ − (Fk − F̄k)(t− 1)W̃t−1
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+
t−2∑
m=1

(Fk+m − F̄k+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3E∥
t−1∑
m=1

(F̄k+m − F̄k+m−1)(t−m)W̃t−m∥2

≤ 3tE∥(vk+t−1 − Fk+t−1)W̃∥2 + 3tE∥(vk − Fk)(t− 1)W̃t−1∥2

+ 3t

t−2∑
m=1

∥(vk+m − Fk+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3tE∥(Fk+t−1 − F̄k+t−1)W̃∥2 + 3tE∥(Fk − F̄k)(t− 1)W̃t−1∥2

+ 3t

t−2∑
m=1

∥(Fk+m − F̄k+m)
[
(t−m)W̃t−m − (t−m− 1)W̃t−m−1

]
∥2

+ 3E∥
t−1∑
m=1

(F̄k+m − F̄k+m−1)(t−m)W̃t−m∥2

≤ 12t

(1− ρ)2

t−1∑
m=1

E∥vk+m − Fk+m∥2 + 12t

(1− ρ)2

t−1∑
m=1

E∥Fk+m − F̄k+m∥2

+
3(t− 1)

(1− ρ)2

t−1∑
m=1

E∥F̄k+m − F̄k+m−1∥2

≤ 12t

(1− ρ)2

t−1∑
m=1

E∥vk+m − Fk+m∥2 + 12tL2

(1− ρ)2

t−1∑
m=1

E∥xk+m − x̄k+m∥2

+
3n(t− 1)L2

(1− ρ)2

t−1∑
m=1

E∥x̄k+m − x̄k+m−1∥2, (84)

where the third inequality is due to Lemma 6, Lemma 7, the fact that ∥W̃j∥ ≤ 1, for ∀j ≥ 1,

and the last inequality is due to Assumption 5 (a). By the updating recursion in (16),

E∥x̄k+m − x̄k+m−1∥2

= γ2E∥ 1
n

n∑
i=1

vi,k+m−1∥2

= γ2E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1) +
1

n

n∑
i=1

∇fi(xi,k+m−1)

− 1

n

n∑
i=1

∇fi(x̄k+m−1) +
1

n

n∑
i=1

∇fi(x̄k+m−1)∥2

≤ 3γ2E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+
3γ2

n

n∑
i=1

∥∇fi(xi,k+m−1)−∇fi(x̄k+m−1)∥2 +
3γ2

n2
∥∇f(x̄k+m−1)∥2

≤ 3γ2E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2
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+
3L2γ2

n

n∑
i=1

∥xi,k+m−1 − x̄i,k+m−1∥2 +
3γ2

n2
∥∇f(x̄k+m−1)∥2, (85)

where the last inequality is due to Assumption 5 (a).

Combining (83), (84), (85) with the inequality (82), we have

E∥ψk+t∥2 ≤
3

4
E∥ψk∥2 + 5γ2

[
3E∥

t∑
m=1

(vk+m − Fk+m)∥2 + 3E∥
t∑

m=1

(vk+m−1 − Fk+m−1)∥2

+9tL2
t∑

m=1

E∥xk+m − x̄k+m∥2 + 9tL2
t∑

m=1

E∥xk+m−1 − x̄k+m−1∥2

+27tnL2γ2
t∑

m=1

E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+27tγ2L4
t∑

m=1

∥xk+m−1 − x̄k+m−1∥2 +
27tL2γ2

n

t∑
m=1

∥∇f(x̄k+m−1)∥2

+
12t

(1− ρ)2

t−1∑
m=1

E∥vk+m − Fk+m∥2 + 12tL2

(1− ρ)2

t−1∑
m=1

E∥xk+m − x̄k+m∥2

+
9n(t− 1)L2γ2

(1− ρ)2

t−1∑
m=1

E∥ 1
n

n∑
i=1

vi,k+m−1 −
1

n

n∑
i=1

∇fi(xi,k+m−1)∥2

+
9(t− 1)γ2L4

(1− ρ)2

t−1∑
m=1

∥xk+m−1 − x̄k+m−1∥2 +
9(t− 1)L2γ2

n(1− ρ)2

t−1∑
m=1

∥∇f(x̄k+m−1)∥2
]

≤ 7

8
E∥ψk∥2 +

1

128τ

t−1∑
m=0

E∥ψk+m∥2 + 2τγ2

n

t−1∑
m=0

∥∇f(x̄k+m)∥2

+ 64τγ2
t−1∑
m=0

E∥vk+m − Fk+m∥2 + 300τγ2

(1− ρ)2

t∑
m=1

E∥vk+m − Fk+m∥2,

where the last inequality follows from the fact γ ≤ 1−ρ

64
√
10Lτ

and t < 2τ . By the definition of

vk+m and Fk+m,

E∥vk+m − Fk+m∥2 = E∥vk+m −Evk+m∥2 + ∥Evk+m − Fk+m∥2

≤ (2σ2 + δ2)E
[
∥Ak+m −A∥2

]
+ 2σ2∥A∥2 + σ2

≤ cl(2σ
2 + δ2)

k +m+ 6d
+ 2σ2∥A∥2 + σ2, (86)

where cl := max{7∥A1 − A∥2, 8
∑n

i=1 tr(Σi)}, the first inequality follows from Assumption 5

(b), (c), the second inequality follows from the fact max{1, ∥Ak∥2} ≤ 1 + ∥Ak∥2 and ∥Ak∥2 ≤
2∥A∥2 + 2∥Ak − A∥2, and the last inequality follows from [32, Lemma 21]. Then, by the fact

that t < 2τ ,

E∥ψk+t∥2 ≤
7

8
E∥ψk∥2 +

1

128τ

t−1∑
m=0

E∥ψk+m∥2 + 2τγ2

n

t−1∑
m=0

∥∇f(x̄k+m)∥2

+ 128τ2γ2
[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]
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+
600τ2γ2

(1− ρ)2

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]
,

which falls into the similar form to the recursion in [22, Lemma 7]. Subsequently, unrolling this

recursion with the technique in [22, Lemma 8], we have

E∥ψk∥2 ≤
(
1− 1

64τ

)k

ϕ0 +
44τγ2

n

k−1∑
m=0

(
1− 1

64τ

)k−m

∥∇f(x̄m)∥2 + C1τ
2γ2

[
cl(2σ

2 + δ2)

k + 6d

+2σ2∥A∥2 + σ2
]
+
C2τ

2γ2

(1− ρ)2

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]
, (87)

where C1 = 2560, C2 = 12000 and ϕ0 = 16∥x0 − x̄0∥2 + 24γ2

(1−ρ)2
∥y0 − ȳ0∥2. Then

K∑
k=0

E∥ψk∥2 ≤
K∑
k=0

(
1− 1

64τ

)k

ϕ0 +
44τγ2

n

K∑
k=0

k−1∑
m=0

(
1− 1

64τ

)k−m

∥∇f(x̄m)∥2

+ C1τ
2γ2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6
+ 2σ2∥A∥2 + σ2

]

+
C2τ

2γ2

(1− ρ)2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 7
+ 2σ2∥A∥2 + σ2

]

≤ 64τϕ0 +
1

12nL2

K∑
k=0

∥∇f(x̄k)∥2 + C1τ
2γ2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6
+ 2σ2∥A∥2 + σ2

]

+
C2τ

2γ2

(1− ρ)2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 7
+ 2σ2∥A∥2 + σ2

]
, (88)

where the last inequality follows from the fact γ ≤ 1−ρ

64
√
10Lτ

,
∑K

k=0

(
1− 1

64τ

)k ≤ 64τ and

K∑
k=0

k−1∑
m=0

(
1− 1

64τ

)k−m

∥∇f(x̄m)∥2 ≤ 64τ

K∑
k=0

∥∇f(x̄k)∥2.

Combining (79), (80), (88) with (78) and rearranging, we have

1

K + 1

K∑
k=0

E∥∇f(x̄k)∥2 ≤ 12Lσ2
(
2∥A∥2 + 1

)( c4F0

c6(K + 1)

) 1
2

+
64
√
10c4LτF0

n(1− ρ)(K + 1)

+ 24L(δ2 + σ2)

(
c4F0

c6(K + 1)

) 1
2

+
8nclδ

2ln(K + 6d)

K + 1
+

12nL2

K + 1
[64τϕ0

+C1τ
2γ2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]

+
C2τ

2γ2

(1− ρ)2

K∑
k=0

[
cl(2σ

2 + δ2)

k + 6d
+ 2σ2∥A∥2 + σ2

]]

≤ 12Lσ2
(
2∥A∥2 + 1

)( c4F0

c6(K + 1)

) 1
2

+
64
√
10c4LτF0

(1− ρ)(K + 1)
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+ 24L(δ2 + σ2)

(
c4F0

c6(K + 1)

) 1
2

+
8nclδ

2ln(K + 6d)

K + 1
+

768nτϕ0L
2

K + 1

+ 12nclC1L
2τ2γ2(2σ2 + δ2) + 12C1nL

2τ2γ2
(
2σ2∥A∥2 + σ2

)
+

12C2nclL
2τ2γ2(2σ2 + δ2)

(1− ρ)2
+

12C2nL
2τ2γ2

(
2σ2∥A∥2 + σ2

)
(1− ρ)2

≤ 2c
1
3
5

(
c4F0

K + 1

) 2
3

+ 2

(
c4c6F0

K + 1

) 1
2

+
64
√
10c4LτF0

(1− ρ)(K + 1)

+
768nτϕ0L

2

K + 1
+

8nclδ
2ln(K + 6d)

K + 1
,

where c4, c5, c6, F0 are defined in (74), the first inequality and the last inequality are due to

[32, Lemma 21] and the definition of γ in (75), respectively. The proof is complete.

Theorem 4 shows that the averaged iterations generated by DSGTD-AG converge to the

stationary point with rate O( lnK√
K
), where K is the number of iterations. On the other hand, all

the terms in (75) are positive as ρ ∈ (0, 1), which means the step size γ is obtainable.

5 Numerical experiments

To show the performance of Algorithms, we conduct experiments on two multi-agent Gaus-

sian mean estimation problems with synthetic data and the strategic binary classification prob-

lem with a real dataset [25]. In all experiments, we compare Algorithms with DSGD-GD [25].

We consider a ring graph with n = 25 agents, the mixing matrix weights as wij = 1
3 for all

(i, j) ∈ E and wij = 0 if (i, j) /∈ E . Moreover, in all figures, the green line and the orange

line denote DSGTD-GD with constant step size and diminishing step size, the red line denotes

DSGTD-AG and the blue line denotes DSGD-GD with diminishing step size.

5.1 Multi-agent Gaussian Mean Estimation I

Consider the following distributed stochastic optimization problem with decision-dependent

distributions [25]

min
x

25∑
i=1

Eξi∼Di(x)

[
(x− ξi)

2

2

]
,

where for i = 1, ..., 25, Di(xi) = N (z̄ + ϵixi, σ
2), z̄ = 10, σ2 = 10, ϵi = ϵavg = 0.1. When µ = 1

and L = 1, the performative stable solution and the optimal solution can be computed in closed

form as x⋆ = x⋆⋆ = z̄
(1−ϵavg)

.

In Figure 1, we report the convergence of DSGTD-GD and DSGTD-AG, where Figure 1 (a),

(b), (c), (d) record the performance on solution error, consensus error, objective value and the

asymptotic normality of iterates, respectively. In the experiment, we run DSGTD-GD, DSGTD-

AG and DSGD-GD with k = 106 iterations, where the ith agent draws one sample from Di(xi,k)
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(a) Solution error (b) Consensus error

(c) Objective value (d) Estimated probability density

Figure 1: Multi-agent Gaussian Mean Estimation.

to calculate the gradient. We set the step sizes of DSGTD-GD as γk = 1/(k + 100)
3
4 , γ = 0.01

and the step size of DSGTD-AG as γ = 0.001, which satisfy constraints in the Theorem 1, 2 and

4 with the setting. In particular, we set the step sizes for DSGD-GD to γk = 50/(10000+ k), as

described in [25]. All the parameters of the setting are chosen the same as that in [25]. Moreover,

we do 100 simulations for the test on asymptotic normality.

From Figure 1 (a), we can observe that the performative stable error of DSGTD-GD with

constant step size tends to stabilize around 0.01 after thousands of iterations, which matches the

conclusion of Theorem 1 that DSGTD-GD with constant step size converges to a neighborhood

of the performative stable point. At the same time, the performative stable error of DSGTD-GD

with diminishing step size tends to 0, which implies under diminishing step size, DSGTD-GD

converges to the performative stable point and coincides exactly with Theorem 2. On the other
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hand, the solution error of DSGTD-AG tends to 0, which implies DSGTD-GD can converge to

the optimal solution as demonstrated in Theorem 4 when Ak sufficiently tend to A. Moreover,

DSGTD-GD and DSGTD-AG have comparable rates with DSGD-GD with diminishing step

size. From Figure 1 (b), we may observe that the consensus error of DSGTD-GD with constant

step size consistently stabilizes around 10−2. The underlying reason may be that DSGTD-GD

with constant step size converges to the neighborhoods of the performative stable solution in

Theorem 1. On the other hand, DSGTD-GD with diminishing step size and DSGTD-AG reach

agreement. Similarly, DSGTD-GD with diminishing step size has comparable rate with DSGD-

GD. From Figure 1 (c), we can observe that the objective value of DSGTD-GD, DSGTD-AG

and DSGD-GD reach similar values, which verifies the performative stable point is close to the

optimal point. On the other hand, DSGTD-GD has comparable rate with DSGD-GD to reach

the optimal objective value. Figure 1 (d) seems to confirm Theorem 3 since we can see that

the estimated density is close to the density of a normal distribution and is also confirmed by

a Kolmogorov-Smirnov test. Moreover, we can observe that the red curve closely overlaps with

the blue dashed curve, which supports that DSGTD-GD with diminishing step size achieves

consensus faster than O( 1k ) in Theorem 2.

5.2 Multi-agent Gaussian Mean Estimation II

We consider the distributed stochastic optimization problem with decision-dependent distri-

butions as follows,

min
x

25∑
i=1

Eωi∼Di(x) [ωix] , (89)

where for i = 1, ..., 25, Di(x) = N (z̄ + ϵix, σ
2), z̄ = 10, σ2 = 10, ϵi = ϵavg = 0.1. Specially,

the optimal solution can be computed in closed form as x⋆⋆ = −z̄
2ϵavg

. On the other hand, the

performative stable solution can be computed in closed form as x⋆ = −z̄
ϵavg

, if it exists.

In Figure 2, we report the performance of DSGTD-GD and DSGTD-AG, where Figures 2 (a)

and (b) record the performance on objective function value and consensus error. In experiments,

we run DSGTD-GD, DSGTD-AG and DSGD-GD with k = 106 iterations. Because of the similar

setting of the experiment, we adopt the same parameters as in the first experiment.

From Figure 2 (a), we can observe that the objective function value of DSGTD-AG reaches

optimal, which matches the conclusion of Theorem 4 that the iterates generated by DSGTD-AG

converge to the optimal point. On the other hand, the objective function values of DSGTD-GD

first decrease and then increase as the iterations, which matches the conclusion of Theorem 1

and 2 that DSGTD-GD converges to the performative stable point. Moreover, this verifies that

the performative stable point may be far from optimal without strong convexity. From Figure 2

(b), we may observe that DSGTD-GD with diminishing step size, DSGTD-AG and DSGD-GD

reach agreement, while the consensus error of DSGTD-GD with constant step size consistently

stabilizes around 10−2, which is similar to the results of the first experiment.
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(a) Objective value (b) Consensus error

Figure 2: Multi-agent Gaussian Mean Estimation.

5.3 Email Spam Classification

Consider the strategic binary classification problem [25], where the loss function is taken as

the logistic regression function

li(x;Zi) = log(1 + exp(⟨Y 1
i , x⟩))− Y 2

i ⟨Y 1
i , x⟩+

β

2
∥x∥2, (90)

where β > 0 is a regularization parameter and data tuple Zi = (Y 1
i , Y

2
i ) ∼ Di(xi) depends on

the ith decision xi. The users of the ith population provide samples that are modified via a

linear utility such that Y 1
i = Y 1 + ϵixi and Y

2
i = Y 2 with (Y 1, Y 2) ∼ D0

i , where D0
i is a base

data distribution of the ith population.

In what follows, we conduct the experiments on the spambase, a dataset [18] with m = 4601

samples and d = 57 features, which contains a collection of spam and valid emails. Each

server has access to training data from mi = 138 samples from spambase modeling the different

sets of users; the remaining samples are taken as testing data. The servers aim to seek a

common spam filter classifier via (90) with β = 10−4. The sensitivity parameters are set as

ϵi ∈ {0.4ϵavg, 0.45ϵavg, ..., 1.6ϵavg} with ϵavg = 0.1. In Figure 3, we report the convergence of

DSGTD-GD and DSGTD-AG, where Figure 3 (a), (b), (c) and (d) record the performance

on the train gradient ∥∇f(x̄k; x̄k)∥2, the consensus error ∥xk − x̄k∥2, the objective value on

the training dataset, the accuracy on the testing dataset, respectively. In experiments, we run

DSGTD-GD, DSGTD-AG and DSGD-GD with k = 6×106 iterations where the ith server draws

32 samples from the corresponding dataset at each iteration, the step sizes of DSGTD-GD are

γk = 1/(k + 100)
3
4 , γ = 0.001, the step size of DSGTD-AG is γ = 0.0001, and the step sizes of

DSGD-GD are γk = 50/(100000 + k).

From Figure 3 (a), we can observe that the train gradients of DSGTD-GD and DSGTD-

AG tend to 0 at a comparable rate with DSGD-GD. From Figure 3 (b), we may observe the
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(a) Train gradient (b) Consensus error

(c) Objective value (d) Test accuracy

Figure 3: Spam Email Classification.

consensus error of DSGTD-GD with constant step size and DSGTD-AG consistently stabilize

around 10−4 and 10−6, which are similar to the results of synthetic data. Moreover, DSGTD-

GD with diminishing step size reaches consensus at a comparable rate with DSGD-GD. Figure

3 (c), we can observe that the objective values of DSGTD-GD and DSGD-GD increase and

then decrease as the iteration, reaching slightly bigger values than one of DSGTD-AG. This

further verifies that DSGTD-AG converges to the optimal point and DSGTD-GD, DSGD-GD

converge to the performative stable point, where the performative stable point may be far from

the optimal point. In Figure 3 (d), we evaluate the performance on the trained classifier xi,k
on the testing dataset with shifted distribution due to xi,k. As observed, the test accuracy of

DSGTD-GD and DSGTD-AG overall increases as iterates k and achieves the comparable level

of accuracy with DSGD-GD.
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Appendix

We recall some classic results on stochastic approximation and distributed optimization

problems.

Lemma 3. [13, Proposition 2] Let (Ω,F ,P) be a probability space and (Fk) be a non-decreasing

sequence of σ-algebra. Let Θk, µk and ηk be sequences of random vectors in Rd, αk be the

non-negative scalars. If recursion

Θk+1 = (I− αkG)Θk + αk(µk + ηk) (91)

satisfies following conditions:

(a) αk = O( 1
ka ), a ∈ (12 , 1).

(b) G is a positive definite matrix.

(c) µk has the decomposable structure µk = µ
(1)
k +µ

(2)
k , where µ

(1)
k and µ

(2)
k are both martingale

sequences adapted to Fk+1. In addition,

1√
k

k∑
t=1

µ
(1)
t

d−→ N (0,Σ) (92)

where 0 = (0, 0, ...0)⊺ ∈ Rd, and there exists a constant c such that

E[∥µ(1)k ∥2|Fk] ≤ c E[∥µ(2)k ∥2|Fk] ≤ c∥Θk∥2

(d) ηk is adapted to Fk+1 and 1√
k

∑k
t=1 ∥ηk∥ → 0 almost surely.

(e) Θk is adapted to Fk, Θk → 0 and 1√
k

∑k
t=1 ∥Θk∥2 → 0 almost surely.

Then
√
k

k∑
t=1

Θt
d−→ N (0,G−1ΣG−1).

Lemma 4. [38, Lemma 5] Let S = [sij ] ∈ R3×3 be a non-negative, irreducible matrix with

sii < λ⋆ for some λ⋆ > 0 for all i = 1, 2, 3. Then ρ(S) < λ⋆ iff det(λ⋆I− S) > 0.

Lemma 5. [14, Theorem 1.3.12] Let (Ak), (Bk), (Ck), (Dk) be sequences of non-negative finite

random variables on a filtered probability space (Ω,F ,F,P) adapted to the filtration F = (Fk)

and satisfying

E [Ak+1|Fk] ≤ (1 +Bk)Ak + Ck −Dk

for ∀k. Then on the event {
∑

k Bk < ∞,
∑

k Ck < ∞}, there is a non-negative finite random

variable A∞ such that Ak → A∞ and
∑

kDk <∞ almost surely.

Lemma 6. Let W and ρ be the communication weight matrix and the spectral norm of W −
1
n11

⊺, respectively. Then, for ∀k ≥ 0, ∥k(W − 1
n11

⊺)k∥2 ≤ 1
(1−ρ)2

.
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Proof. By the definition of ρ, we have

∥k(W − 1

n
11⊺)k∥2 ≤ (kρk)2 ≤ (

k−1∑
m=0

ρm)2 ≤ 1

(1− ρ)2
,

where ρ ∈ (0, 1) is due to [38, Lemma 1].

Lemma 7. Under the conditions of Lemma 6, for ∀k ≥ 0, ∥(k + 1)(W − 1
n11

⊺)k+1 − k(W −
1
n11

⊺)k∥2 ≤ 4
(1−ρ)2

.

Proof. By the definition of matrix norm,

∥(k + 1)(W − 1

n
11⊺)k+1 − k(W − 1

n
11⊺)k∥2 = max

λ∈Λ
((k + 1)λk+1 − kλk)2,

where Λ denotes the set of the eigenvalues of W − 1
n11

⊺.

Next, we derive the bound with two cases.

If the maximum is attained for a positive λ > 0, we conclude

((k + 1)λk+1 − kλk)2 = (λk+1 − kλk(1− λ))2 ≤ 2λ2(k+1) + 2k2(1− λ)2λ2k ≤ 2λ2(k+1) + 2 ≤ 4,

where the second inequality and the last inequality follow from the fact kλk ≤ 1
1−λ and λ ≤ 1,

respectively. On the other hand, if the maximum is attained for a negative λ < 0,

((k + 1)λk+1 − kλk)2 ≤ 2((k + 1)λk+1)2 + 2(kλk)2 ≤ 2((k + 1)ρk+1)2 + 2(kρk)2 ≤ 4

(1− ρ)2
,

where the last inequality follows from Lemma 6.

Summing above, for ∀k ≥ 0, we have

∥(k + 1)(W − 1

n
11⊺)k+1 − k(W − 1

n
11⊺)k∥2 ≤ 4

(1− ρ)2
.
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