Zonmification and Pricing in Carsharing: Formulations and Exact Solutions

Jiali Deng®*, Giovanni Pantuso®

?Department of Mathematical Sciences, University of Copenhagen, Copenhagen, 2100, Denmark

Abstract

In this article we address the problem of partitioning a carsharing business area into pricing zones.
We formalize the problem mathematically showing that it forms a special set partitioning problem.
For this problem we propose a binary integer programming problem. Tighter reformulations can
then be obtained by reformulating certain constraints emerged in the literature as closed assignment
constraints. To solve the resulting mixed integer (possibly nonlinear) programming problem we
develop an ad-hoc integer Benders decomposition for which we propose effective problem-specific
improvements. Extensive tests based on a real-world carsharing system prove the method empir-
ically effective on instances of size comparable to real-life problems. An analysis of the solutions
shows that by jointly optimizing prices and pricing zones, the operator can observe a significant
profit increase as well as a higher service rate, compared to currently employed zip-code-based

partitions.

Keywords: transportation, one-way carsharing, pricing, zonification and tessellation, integer

Benders decomposition

1. Introduction

Carsharing pricing decisions have attracted significant attention in the research literature, see
e.g., Boyaci and Zografos| (2019)); [Zhang et al.| (2022); Huang et al.| (2020); Soppert et al.| (2022);
Jorge et al.| (2015)); Pantuso (2022); Miiller et al. (2023). They have been identified as a promising
instrument to resolve fleet imbalances, see e.g., Illgen and Hock| (2019), and improve profits and
service rates. The corresponding literature has offered optimization models and methods where
prices are considered either as a substitute or a supplement to vehicle rebalancing efforts. Prices are
commonly differentiated geographically, see e.g., Jorge et al. (2015); |Huang et al.| (2020)); Pantuso
(2022)), that is, they depend on the origin and/or destination of the rental. This typically implies
that the business area is partitioned into distinct pricing zones that are independent of pricing
decisions (Jorge et al.l 2015, Boyaci1 and Zografos, |2019; [Li et al., [2022)) and provided a priori (Lu
et al. 2021; Huang et al., [2020; Pantuso, [2022)). See also real-world instances such as|GreenMobility
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(a) Carsharing stations. (b) Acceptable partition. (c) Non-acceptable partition.

Figure 1: Carsharing stations, acceptable and non-acceptable partitions.

(2025)), ShareNow| (2025) and Free2move (2025). The decision of how to optimally divide a business
area into pricing zones has not been investigated in detail.

In this paper, we focus on the problem of partitioning a set of carsharing stations into dis-
tinct pricing zones. We call this a zonification problem. The problem, which is motivated by an
underlying industrial case, can be briefly described as follows. Consider a one-way station-based
carsharing system and assume a given fixed set of stations, see e.g., Figure The goal of the
service provider is to optimally adjust prices and pricing zones periodically during the day, and for
small intervals of time (e.g., every hour), in order to adapt to changes in demand patterns. The
prices may be differentiated by the origin and/or destination of the trip. This entails informing
customers about the current prices from their zone to every other zone upon booking. Thus, for
each time interval, the problem becomes that of partitioning the stations into pricing zones and
then assigning prices to such zones. The underlying motivation is to ensure a suitable geographical
distribution of the fleet as demand changes throughout the day. By periodically adjusting zones
and prices, the provider improves their ability to better adapt the service to changes in demand
and to influence demand. This would, in turn, help the company provide a suitable distribution
of the fleet without excessive use of relocation activities which tend to be expensive and prone to
inefficiency.

However, the definition of the zones must be done without compromising the ability of the
company to communicate the pricing mechanism in an easy and intuitive manner via mobile appli-
cations. In particular, the resulting partition must be such that the zones created form individual
“islands” or, in other words, they are “visually disjoint”. The partition illustrated in Figure [TD]
would be acceptable as the zones form detached islands. However, the partition in Figure [ld would
not be acceptable as the areas covered by the individual zones overlap. This particular requirement
gives rise to a rich set partitioning problem. As we illustrate in Section [2] it shares similarities
with tessellation and districting problems, though holding distinct characteristics.

In this paper, we give this special partitioning problem a precise mathematical interpretation

and express it as a combinatorial optimization problem. We show that this problem can be formu-



lated as a binary integer programming problem. A special set of constraints in this formulation is
known as closest assignment constraints. This allows us to obtain and evaluate different formula-
tions for the problem. We then combine the zonification problem with that of setting zone-to-zone
prices, hence obtaining a joint zonification and pricing problem. To address the computational
complexity of the resulting optimization model, we propose an ad-hoc integer Benders decompo-
sition for which we develop a number of effective improvements. Finally, we test the method on
instances derived from a real-life carsharing system.

The contribution and main findings of this paper can be stated as follows.

e We formalize mathematically the problem of partitioning a set of carsharing stations into
non-overlapping pricing zones. We begin with a rather abstract definition of the resulting
partitioning problem and prove that solutions to this problem ensure non-overlapping zones.
We then show that the set of partitions satisfying the given definition can be modeled using
binary variables and linear constraints. Further, we show that certain constraints in our

binary formulation allow tighter reformulations.

e We then augment the zonification problem to include pricing decisions. This extends the
available carsharing literature by providing the first joint zonification and pricing problem.
The resulting problem is formulated as a (possibly nonlinear) MIP problem. Linearity of
the problem depends on the specification of the measure of performance of zonification and
pricing decisions. The integrated zonification and pricing problem can be used to periodically

adjust prices and pricing-zones during the day as demand patterns evolve.

e We provide a tailored integer Benders decomposition to find exact solutions to the problem.
In addition, we develop a number of problem-specific improvements. Our choice of method-
ology was driven by the novelty of the problem at hand. We aimed to establish an exact
method to ensure availability of optimal solutions. This method may, in turn, provide a
useful benchmark potentially guiding future development of other, possibly heuristic, solu-
tion methods for the problem. In addition, the problem lends itself naturally to a Benders
decomposition, given the hierarchy of decisions, where pricing and zonification decisions are

followed by rental decisions.

e We provide empirical evidence on both the performance of the solution method and the
practical effect of joint zonification and pricing decisions. This is achieved by solving instances
generated from a real-world carsharing service based in Copenhagen. Our results show that
the method outperforms by far a commercial solver. This establishes the applicability of the
method in real-world practice. Furthermore, our results demonstrate that joint zonification
and pricing decisions yield higher profits and service rates compared to a non-partitioned

system and a pre-partitioned system using zip-codes.



The remainder of this paper is organized as follows. In Section we review the relevant
literature and give a more precise account of our contributions with respect to that. In Section
we formally introduce the zonification problem. In Section ] we extend the zonification problem
to account for pricing decisions yielding a (possibly nonlinear) MIP problem. In Section [5[ we
discuss reformulations of the problem and introduce efficient valid inequalities. In Section [6] we
present a tailored Benders decomposition, introducing specific efficiency measures. In Section [7]
we report on an extensive computational study. Particularly, we shed light both on the efficiency
of the proposed decomposition method and on the practical effect of joint zonification and pricing

decisions. Finally, we draw conclusions in Section

2. Literature Review

In this section we summarize the relevant literature. We start by providing some insights into
similar partitioning problems. Following, we summarize the relevant literature on pricing decisions
in carsharing. In each subsection we conclude the relevance and main differences of our problem

with respect to the available literature.

2.1. Spatial partitioning problems

The problem of partitioning the carsharing stations into pricing zones shares similarities with
well studied problems. These include, in particular, tessellation problems (Okabe and Suzuki, |1997;
Okabe et al., 2000) and districting problems (Duque et al., 2012; |Kalcsics and Rios-Mercado, [2019)).

Tessellation problems can be summarized as follows. Given a finite set of distinct, isolated
points in a continuous space, we associate all locations in that space with the closest member
of the point set (Okabe et al.. [2000). The result is a partition of a continuous space. This
problem has widespread application and is often referred to with different aliases. The term Voronos
diagram appears to be one of the most frequent terms used. Voronoi diagram is a proximity-based
partitioning method and provide a convex and compact partition of a continuous space. This
method has been widely applied in various logistics districting problems, see e.g., |Galvao et al.
(2006)); Novaes et al.| (2009).

Similar to tessellation problems, we are concerned with partitioning a service region into disjoint
areas. Nevertheless, there are at least two central differences between our problem and a tessellation
problem. First, we operate on a discrete space. That is, we need to partition a discrete set of points
in R? into sub-regions. Second, Voronoi diagrams start from a given set of points (generators) and
then assign the remaining points (typically in R?) to the closest generator. As it will be more
clear in Section [3] in our problem the set of generators is not given. Choosing the optimal set of
generators is thus a central task we need to address. Nevertheless, given the similarity between
tessellation problems and our problem, we will refer to a solution of our problem as a discrete

tessellation.



Districting problems are defined as partitioning all basic units in a geographic area into a
number of geographic clusters, named districts. Almost all districting approaches require districts
to be contiguous (Kalcsics and Rios-Mercado, 2019). The definition of contiguity can vary among
problems. If it is possible to identify, for every basic unit, an explicit neighborhood (e.g., all
geographic locations sharing the same zip code or connected by a transportation link), then one can
use a graph-based definition of contiguity. Particularly, given a graph that describes neighboring
relationships, a district is contiguous if the basic units that form a district induce a connected
subgraph. Districting problems are often formulated as MIP problems and there exists a wide range
of applications. These include, logistics community partition (Jarrah and Bardl 2012 |Carlsson
and Delage, [2013), commercial territory design (Salazar-Aguilar et al. 2011; Bender et al., [2016),
political districting (Bozkaya et al., 2003), electrical power districting (Bergey et al., [2003alb)).
Within these applications, the contiguity criteria is usually satisfied by incorporating an exponential
number of constraints (Hess et all 1965) based on a neighbourhood graph representation, though
polynomial formulations exist (Duque et all 2012)). In addition to contiguity, districts are often
required to be compact. Intuitively, a district is said to be geographically compact if it is undistorted
(preferably round-shaped) (Kalcsics and Rios-Mercado, [2019).

There is no uniformly accepted definition of compactness (Mehrotra et al., [1998). Mathemat-
ically, we observe compactness is ensured by minimizing metrics such as the moment of inertia
(Bard and Jarrah, [2009; Hess et al.l [1965). This measure is quantified by taking the squared sum
of the distances between the units in the district and center of the district, weighted by the popu-
lation of the units. Another example is provided by Salazar-Aguilar et al.| (2011]) which minimizes
the sum of distances between the units in the same district. However, in general, minimizing
distance-based measures may fail to deliver a partition with non-overlapping districts (Kalcsics
and Rios-Mercadol| 2019)).

Similar to districting problems we are also concerned with partitioning a geographical set of
locations in order to obtain somewhat compact subsets. In our case, the requirement of having
visually disjoint districts (zones in our case), see Section leads to our own specific interpretation of
compactness. Contrary to the vast majority of districting problems, we are however prevented from
ensuring compactness by minimizing a measure of compactness. In our problem a set of compact
(according to the definition we will give in Section |3]) districts or zones is the elementary building
block of a pricing problem which pursues maximization of a measure of business performance.
We will show that we are able to induce compact zones by means of binary variables and linear

constraints.

2.2. Carsharing pricing

The pricing policies considered in the literature can be classified along several dimensions. One
such classification is attempted by [Pantuso (2022) who divides pricing policies as either individual

or collective. Individual pricing policies are targeted to individual users and require an interaction
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between the service provider and the individual user. In such interaction, the final trip price is
agreed upon. Collective pricing policies are, instead, targeted to the entire user base. They have
the scope of influencing the cumulative rental demand by differentiating prices geographically or
across time. In this paper we focus on collective pricing policies.

Among the collective pricing policies, several devise spatially differentiated prices. In these
methods, the price changes according to the origin and/or destination of the trip. These methods
are, in general, aimed to hedge against potential geographical mismatch between supply and de-
mand. [Waserhole and Jost/| (2016) consider two origin-destination based pricing policies, namely
static and dynamic. The former disregards changes occurring in the carsharing system and set
prices based on average values. The latter adapts to the arrival of new information. Both pricing
policies set prices according to individual pairs of carsharing stations. Ren et al. (2019) assume
a fleet of shared electric vehicles and define prices that vary with time and with the origin and
destination of the trip. Particularly, prices are set between pairs of carsharing stations. Their
pricing mechanism also takes into account the profit obtained from the vehicle-to-grid interaction.
Xu et al.| (2018) study fleet sizing and trip pricing decisions for a station-based one-way carshar-
ing system. They assume demand is elastic with respect to price and define prices that can vary
according to the origin and destination station as well as the time and the specific user group.
Angelopoulos et al.| (2018) assume a pricing mechanism where price incentives are offered to users
traveling from stations with a surplus of vehicle to stations with a shortage of vehicles. [Zhang et al.
(2022) consider a station-based carsharing service and assume the price depends on the origin and
destination station. User may however receive a price incentive to pick up the car from a nearby
station. A common feature in Waserhole and Jost| (2016); [Ren et al.| (2019); Xu et al. (2018);
Angelopoulos et al.| (2018); [Zhang et al.| (2022) is that prices depend on the specific origin and
destination station of the rental.

Huang et al. (2020) consider a station-based carsharing service and explore a pricing mechanism
based both on the origin and destination of the rental. Additionally, their investigated pricing
mechanism incorporates penalties for leaving and arriving at specific stations. The two penalties
are independent on each other. Unlike in the previous studies, the authors assume that the business
area is partitioned into zones, and prices depend on the origin and destination zone (or both).
Pricing zones are also assumed in the work of Hansen and Pantuso| (2018)); Pantuso| (2020), later
extended by Pantuso| (2022)) and [Eilertsen et al.| (2024). They propose a pricing mechanism made
of a per-minute fee and a drop-off fee. The former is independent while the latter is dependent on
the origin and destination zone of the trip. |Golalikhani et al.| (2024]) consider practical carsharing
price plans. These involve both fixed costs (e.g., one-time registration fee) and variable costs that
are related to travel distance and time. The one-way car-sharing system is divided into different
areas according to their demand volume. They assume carsharing prices are dependent on the
origin zone and the starting time of trips. |[Soppert et al. (2022) differentiate prices for a free-

floating carsharing service according to the origin zone of the trip. Miiller et al. (2023]) consider a
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customer-centric pricing mechanims where prices can vary according to the origin and time of the
rental. They compare the pricing mechanisms to a number of benchmark location-based pricing
mechanisms. Among these we find pricing mechanisms where the business area is partitioned
into zones of 1Km x 1Km and the way the price is set for a given zone gives rise to different
pricing mechanisms. |Li et al.| (2022) consider a one-way station-based service. They assume prices
depend on the origin and destination station of the rental. However, to reduce the dimension of
the problem, they cluster carsharing stations into zones and assume that the same price applies
to any station within the same zone. Zones are determined prior to solving the pricing problem.
Boyac1 and Zografos (2019) consider a one-way, station-based, carsharing service. The pricing
mechanism entails offering incentives to users for flexibility in choosing the origin and destination
station. [Lu et al.| (2021) consider a one-way station-based carsharing service. They study the
problem of determining rental prices in a context of competition with private cars. Particularly,
they determine the prices between any pair of zones for each time. Zones are input to the problem.
Jorge et al.| (2015) consider a one-way station-based system. They start by determining the zones
of the city by clustering stations based on the similarity of their ideal demand and supply. This
is, in turn, computed assuming relocation activities have cost zero. Following, they determine the
prices which can vary with the origin and destination zone of the rental as well as with time.

In Table[I| we summarize the articles that consider a subdivision of the service area into pricing

zones. In particular, for each article we report
e whether prices adapt to the origin or to the destination of the trip, or to both,
e whether the method proposed in the article focuses on pricing and/or relocation decisions,

e whether pricing zones are given as input or are decided in the method proposed, as well as the
method used to generate the zones. Furthermore, we report whether pricing and zonification

decisions are integrated.

A common characteristic to these studies is that they all assume that the business area is partitioned
into zones. This is done with the purpose of determining either rental prices or relocations. Zones
are typically given a priori (Huang et al.,|2020; Hansen and Pantuso, 2018} |Pantuso, 2020; Lu et al.,
2021; |[Pantusol, 2022; [Soppert et al., [2022; Miiller et al., |2023; Eilertsen et al., [2024) based on, e.g.,
an existing real-world subdivision of the business area into districts. When zones are determined
by the authors, the decision is always made prior to, and independently of, pricing or relocation
decisions (Jorge et al., |2015; Boyaci and Zografos, 2019 Li et al., 2022). The method used to
determine zones is typically a clustering algorithm.

We extend the existing literature by jointly addressing zonification and pricing decisions. As
evident in Table [I| our work is the first to integrate these two critical aspects. Zonification deci-
sions provide operators an additional lever to better tailor pricing decisions to specific, optimized,

subregions of the business area. Predefined partitions may, in general, not serve this purpose as
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well. Since demand patterns change during the day, a subdivision of the city which works well e.g.,

early in the morning, may not adequately capture customer movements in other phases of the day.

This element emerged also in the context of ride-hailing services, where Shi et al. (2024)) pointed

out that fixed partition-based pricing may fail to accurately capture changes in supply and demand

over time, and opted for a dynamic zone-based pricing strategy. Hence, by integrating pricing and

zonification decisions, operators gain the ability to adjust services in response to changing demand

patterns, leveraging the granularity of their business area representation.

Table 1: Comparative analysis on zonification methods in existing literature and our study. In the “Pricing strategy”
column, we use (1), (2), and (3) to represent an origin- and destination-based, origin-based, and destination-based

flexible prices, respectively.

Authors Pricing Zone determination Purpose
strategy Input  Decision Integrated Method Pricing  Relocation

Di Febbraro et al.| (2012) (3) v Real-world data 4 V4
Jorge et al.| (2015) (1) Vv K-means VA

Hansen and Pantuso| (2018]) (1) Vv Evenly spread areas 4

Boyaci and Zografos| (2019) (2), (3) Vv MIP model VA
Huang et al.| (2020) (1), (2), (3) v Real-world data 4 4
Pantuso| (2020, 12022) (1) Vv Evenly spread areas Vv v
Lu et al.| (2021) (1) Vv Real-world data 4 4
Soppert et al.| (2022) (2) v Real-world data 4

Li et al.| (2022) (1) Vv K-means v Vv
Muller et al.| (2023) (2) v 1Km x 1K'm units 4

Eilertsen et al.|(2024) (1) Vv Real-world data v v
Golalikhani et al.| (2024]) (2) v Real-world data 4

This paper (1) Vv VA MIP model v

3. Zonification Problem

We start by introducing the problem in an abstract way. Later we show how this problem
relates to that of defining pricing zones as discussed in Section
Given a discrete metric space (Z,d) we are concerned with the problem of finding a special

partition of Z whose characteristics are described in Definition (3.1

Definition 3.1 (Discrete tessellation). Let G CZ. A collection V(G) C 2L of subsets of T is called
the discrete tessellation of I induced by G iff the following properties hold:

1. (Disjunction) For every two sets V.U € V(G) we have VNU =)

2. (Cover) UV(G) =T

3. (One generator) For every V € V(G) we have VNG| =1

4. (Closest to generator) For every setV € V(G) let ¢ € V be the element such that {c} =V NG.
Then, for every element v € V of the set we have that d(v,c) < d(v, k) for all k € G.

Properties 1 and 2 define a partition of Z (i.e., a disjoint cover). Property 3 ensures that

each set in the partition contains exactly one element of the set G. The elements of G are thus
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understood as the generators of the tessellation. Finally, property 4 characterizes the partition
as a tessellation. It states that each point in Z is assigned to the subset that contains its closest
generator from G in the sense of the metric d. Thus, each set of the partition V(G) contains the
points of Z that are closest to the single element of G in V than to any other element of G in the
sense of the metric.

We are particularly concerned with the problem of finding an optimal tessellation according to

some measure of performance. That is

gg)zc{R(V(g)) | Properties (1)-(4) hold} (1)
where R is a mapping from the set of all partitions of Z to the real numbers. Thus, the problem can
be seen as that of finding generators G C 7 whose induced tessellation maximizes R. Of particular
interest are the problems where we look for a partition made of exactly S subsets. That is, where
we restrict the maximization over the set G° := {G € 2%||G| = S}.

The abstract problem of finding an optimal discrete tessellation finds a concrete application in
the carsharing zonification problem as sketched in Section [T} This relates the zonification problem
specifically to the discrete tessellation as defined in Definition In the following, we may use the
terms “discrete tessellation” and “zonification” interchangeably. The partition of the carsharing
stations must be such that the subsets are “visually disjoint”, see Figure We interpret this
requirement mathematically as a partition that generates mutually non-overlapping convex hulls.
Proposition [3.1] shows that, by working with partitions of the type introduced in Definition [3.1} we
automatically satisfy this property.

Proposition 3.1. Let T be a finite subset of R™. Let V(G) C 2T be the discrete tessellation of T
induced by G C I as defined in Definition[3.1. Then, for all sets V,U € V(G) we have

iConv(V) NiConv(U) = ()

where iConv(V) (resp. iConv(U)) is the interior of the convex hull Conv(V) (resp. Conv(U)) of
the points in the setV (resp. U).

Proof. We prove Proposition by contradiction. Assume V(G) is a discrete tessellation and that
iConv(V) NiConv(U) # O for some V and U € V(G). Then, there exists either some v € V in
iConv(U) or some u € U in iConv(V). Assume, without loss of generality, that v € iConv(U).
Then, we also have that v € Conv(U) since iConv(U) C Conv(U). Furthermore, since iConv(U)
is open, there exists r > 0 such that B(v,r) = {u/ € R"|d(v/,v) < r} C iConv(U). Consequently,

there exists some v’ € B(v,r) (which may or may not be in U) such that

d(v, ") < d(u’, ¢")



where ¢ € G is the generator of .
Since iConv(U) C Conv(U) then we also have that u’ € Conv(U). Thus, there exist o; > 0 for
1=1,...,N, with Zf\ilai =1, such that v/ = Zf\ilaiui where u; € U for i =1,...,N. Then we

have

N
d(v,g") < d(z ajug, g1)
i=1
which is only possible if there exists some «; > 0 and u; such that
d(v, g) < d(us, g)

However, since d(u;, g') < d(u;, g) for all g € G, it follows that d(v, ¢*') < d(v, g) for all g € G. This
violates property 4 in Definition and contradicts that V(G) is a discrete tessellation. Hence,
we must have that iConv(V) NiConv(U) = 0. O

Proposition clarifies that solving problems of type (1)) automatically ensures that the re-
sulting partition generates convex hulls with disjoint interiors as required. The convex hulls may
however intersect on the boundary, which is acceptable. Observe that the proof of Proposition (3.1
works only in one direction. Hence, there may exist partitions which satisfy the claim but do not
agree with Definition [3.1

We proceed by showing that a discrete tessellation can be enforced by integer linear program-
ming constraints. We introduce binary variables a € {0, 1}Z1*/Zl. Variable a;; takes value 1ifi € T
is designated as a generator, while variable a;; takes value 1 if element j is a generator and element
1 belongs to the same subset as i. The set of all feasible discrete tessellations made of exactly S

subsets can be expressed using O(|Z|3) linear constraints as follows:

Zigl’azz S
T =< ae{0,1}FxH 2 jez %ij =1 VZ .6 ’
aij < agj, Vi,j el

d(iajl)aid'l < d(iij)anJé + d(iajl)(l - aj27j2) Vi, j1,52 €L

The constraints that define 7 ensure that (1) we choose exactly S points as generators, each
representing a subset, (2) each point ¢ € Z is assigned to exactly one subset (identified by a
generator), (3) a point i € Z can be assigned to a subset represented by point j € Z only when j
is chosen as a generator, and (4) given two subsets (represented by points j; and js), a node 7 is
always assigned to the generator that is no further than the other.

Then, the set of all feasible discrete tessellations is obtained as follows. For every a € T we
have G(a) ={i € Z:a; = 1} and

V(G@)={Vvi={i}u{jeZla; =1} VieGa)}
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Thus, we can rewrite problem as the following integer program

max R(a) (2)

where (with a slight abuse of notation) R : 7 — R is defined as R(a) := R(V(G(a))).

4. Pricing Problem

In this section, discrete tessellations of the type introduced in Section [3| are used to generate
pricing zones for a carsharing service. The pricing problem can be thus summarized as that of
finding a discrete tessellation of the carsharing stations and assigning prices between any pair of
subsets (henceforth zones). The measure of performance R(V(G)) is now understood as a measure
of business performance (e.g., profits) generated by the rentals occurred as a consequence of the
defined zones and prices.

We assume that the service provider may choose the price to apply between any pair of zones
from a discrete set. This is consistent, for example, with the mechanism proposed by [Soppert et al.
(2022)); Miiller et al.| (2023|) where the per-minute price is selected from a finite set of prices, or
by [Pantuso (2022)) where a drop-off fee is selected from a finite set of prices. We denote the set
of price levels by L. Binary variables A;;; take value 1 if price [ € £ is applied between the zones
generated by i € Z and j € Z (if i and j are chosen as generators), 0 otherwise. Following, we
define decision variables «;j;; to take value 1 if price level [ is adopted between stations 7 € Z and
J €I, 0 otherwise. Let o := (j1)ijeziec and A := (Nij1)ijeziec. The pricing problem can thus

be expressed as follows:

max Q(a, \, @) (3a)
st0) it > aii+ag; — 1, Vi,jeT (3b)
lel
> Xiji < aai, Vi,j €T (3c)
lel
> Xiji < ajj, Vi,j €T (3d)
lel
@iy gy + Qi jo + Aji o < Qigind + 2, Viv, i, j1,j2 € L,Vl€ L (3e)
Zaijl =1, Vi,jel (3f)
lel
aeT (3g)
A e {0, 1}1Zx/TIxI (3h)

The function Q(a, A\, ) represents the performance (e.g., profit or service rate) obtained by the

rentals occurred as a consequence of the prices set between each pair of stations. This function is
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general and can adapt to the specific configuration of the carsharing service. A possible specifica-
tion will be provided in Section Constraints ([3b)) state that if both ¢ and j are designated as
generators of a zone, then a price level must be assigned between the zones they generate. Con-
straints and ensure that at most one price level is chosen between any pair of zones, and
no price level is chosen if either ¢ or j are not designated as generators. Constraints ensure
that, if station 71 is assigned to zone j; and station 9 is assigned to zone jo, then the price level
between zones j; and jo applies to stations ¢; and i5. Constraints ensure that exactly one price
level is applied between each pair of stations. Finally, constraints ensure that the a variables

define a discrete tessellation. Observe that problem is, in general, a nonlinear MIP problem.

5. Reformulations and Valid Inequalities

We begin by improving the formulation of 7 by rewriting the constraints and identifying re-

dundant ones. In particular, consider constraints
d(i, j1)ai g, < d(i, j2)ag, jp + d(i, j1)(1 = aj,5,) Vi ji,j2 €T

We can scale down both sides by d(i,j1). That is, for each i, ji, jo € Z

d(i, j2)
d(l) jl)
Observe that, when d(i, j1) < d(i, j2), the right-hand side of constraints (4) is always larger than 1,
making constraints (4) redundant. When d(i, j1) > d(3, j2), the coefficient of aj, j, can be rounded

d(i, j1)ai g, < d(i,j2)az, 5, +d(i, j1)(1 — aj,4,) == aij < ( - 1>aj2,j2 +1  (4)

down to —1. Therefore, we obtain the following reformulation of 7, that is

D ier i = S
T := 1< a€ {0, 1}|I‘X|I| Zjez o =1 VZ .6 ’
a;; < ajj, Vi,j €1

Qi <1- Aja,525 Vi?jlaj2 €Zl: d(Z,jl) > d(za]2)

Constraints a; j, < 1—aj, ,Vi,j1,j2 € Z : d(i, j1) > d(i, j2) have appeared in the literature un-
der the name of closest assignment constraints in facility location problems. Various reformulations
of these constraints have been proposed. The version proposed above was introduced by [Dobson
and Karmarkar| (1987)). Particularly, the reformulations proposed by Wagner and Falkson (1975)
and |Canovas et al. (2007)) are of interest in our context. They are given in and (CGLM)),

respectively.

Y akta; <1 Vi,jel (WF)
k:d(i,k)>d(i,5)
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Y. Gt ) Gk taj; <1 Vinipje€I  (CGLM)
k:d(i1,k)>d(i1,5) k:d(i2,k)>d(i2,5),d(i1,k) <d(i1,5)

Constraints state that station ¢ can be assigned to a generator k further away than j only if
J is closed (i.e., aj; = 0). Constraints state that when j is not chosen as the generator,
once one of the stations, say i1, has be assigned to a certain generator k that is further away
than 7, then 72 cannot be assigned to a generator that is closer to i; than node j. We introduce
TWE as the set obtained by replacing the [Dobson and Karmarkar (1987)constraints by the
constraints in 7. In a similar manner we obtain 7¢“EM | respectively.

It is easy to see that constraints (WF]) and (CGLM]) dominate the[Dobson and Karmarkar| (1987)

constraints. These results are summarized and proven in [Espejo et al.| (2012). The relationship we

obtain is the following
LP(TCCIMy c Lp(TWFY C LP(T)

where LP(-) is the set obtained by relaxing integrality restrictions. Finally, observe that the size
of TCGEM and T is O(|Z|?) while the cardinality of 7 is only O(|Z|?). The empirical effect of

these results will be further investigated in our experiments.

5.1. Valid inequalities
Given a station ¢ and a generator j define the set Ig = {k € Z|d(i,k) < d(i,5)} to collect

the subset of generators that are closer to station ¢ than generator j. The following result from

Canovas et al.| (2007)) introduces the first valid inequality.

Proposition 5.1 (Cénovas et al.| (2007)). Let i1,i2,j € Z. If T2, C TP

19 = i1’

then it holds that
15 < gyj (VI-1)

Proof. Assume (VI-1) violated, hence a;;; = 1 and a;,; = 0. We then have a;; = 1, and ay;, =
0,V k € Ifj. In turn a;; = 1 and a;,; = 0 implies that there exists one generator k' € Igj such

that aypy = 1. However, since k' € Igj - Ifj and agr, =0,V k € Ifj, this leads to a contradiction

and proves the statement in Proposition [5.1 O

Proposition [5.1] gives rise to O(|Z|3) possible valid inequalities.

Additional valid inequalities can be obtained by examining the distance between each pair of
stations. Particularly, for each i € Z, let d(i,ji(l)) < d(i,ji@)) <. < d(z’,ji(m_l)) so that jz-(n) el
with n = 1,...,|Z| — 1 is the index of the n-th furthest station from i (assume ties are broken
arbitrarily). Define, for all i € Z, the set

gio= (S,

Hence, J; contains the indices of the S — 1 stations further from <.
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Proposition 5.2. Let a € T and jic be the complement of J;. Then a;; =1 for some j € .72-0.

Proof. Assume a;; = 0 for all j € jic. Hence a;; = 1 for some j € J;. Since |J;| = S — 1 there
exists some j € J¢ with aj; = 1. By definition of J; we have that d(i,j) < d(i,7) for all j € J;.
Hence, solution a ¢ T. O

Hence it is possible to set
ajj = 0 Viel, je; (VI—Q)

in practice removing all variables a;; for j € J;.

6. Tailored Integer Benders Decomposition

We propose a tailored integer Benders decomposition to obtain exact solutions to problem .

The method is based on the following assumption.
A1l Q(a, A\, «) can be computed for all a, A and «.

Observe that we do not make any restriction regarding the functional form of Q(a,\,«). The
method is thus general in the specification of the performance measure. In our experiments in
Section [7| we compute Q(a, A\, &) by solving a MILP problem.

We start by reformulating problem as follows:

< A 3b)) — (3 5

e e (B 1eier , (919 < Qa2 ), @) — @D} (5)

This, in turn, allows us to relax constraints ¢ < Q(a, A, «) and work with the following relazed
master problem (RMP):

max 3b) — (3 RMP
a€T Mae{0,1}ZIXIZIxI2] g {oIED - G} ( )

In (RMP)), ¢ overestimates the value of Q(a, A\, ). The overestimation is corrected by means
of the addition of optimality cuts. We devise integer optimality cuts of the type introduced in
Laporte and Louveaux| (1993). Let U be a constant such that

oo>U> ma

X (a, A\, a)
a€T \,ac{0,1}ZIXIZIxIL|

Given the k-th feasible solution (a”*, \¥, o), let .A;; CZxTand A, CZxZbethesetscontaining
the (i,7) pairs such that afj =1 and afj = 0, respectively. Similarly, let A} € T x T x £ and
A, €I x T x L be the sets of tuples (7,7,) for which )\fﬂ =1 and /\fjl = 0, respectively. Finally,
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let A; CIxIxLandA, CZIxTIxLbethesetsof tuples (4, j,1) for which afjl =1 and afjl =0,
respectively. Proposition defines the optimality cuts.

Proposition 6.1. Let (a*, \¥, o) be the k-th feasible solution to constraints - . The set

of cuts

¢ < (Q(a*, N+, a¥) = U) < Sooag— D> at+ D> A= > A
(i,§)EAS (i,§)EA, (i,4.) €A (63,0 €AL, (6)
+ Z Qjl — Z aijl> — (QUa* M, ) = U) (AL + 1A+ 1A = 1) +U

(ig.0)enl (L5, EAL

defined for all feasible (a®, \¥, a*) solutions to - makes (RMP)) a reformulation of .

Proof. Observe that, since a, A and « are binary, the number of feasible solutions to -
is finite, and so is the number of cuts @ Then, it is easy to see that when (a, A\, ) is the k-th

feasible solution the quantity

Yooai— > aii+ > A= > Xt Y. agi— Y. aijl)

(i,4)€AF (i,§) €A, (i) eA] (i, EAL (i3, EeA] (i) EAL

reduces to
AL+ AL+ 1AL

and @ reduces to
¢ < Q(aF, \F, o)

Otherwise it reduces to a generally valid upper bound larger than U. ]

Thus, optimality cuts @ are violated by (and thus cut off) solutions (a¥, \* aF, ¢*) for
which ¢ > Q(a*, \* a¥). They are however redundant, and thus safe, for solutions other than
(a® \F, aF, ¢) for any ¢. Convergence of the algorithm is then granted by the existence of only

finitely many such cuts.

6.1. Valid inequalities for integer Benders decomposition

For improving the computational efficiency of the integer Benders decomposition method de-
veloped, additional valid inequalities are constructed using the upper-bounds on the performance
measure (.

Such performance upper bounds can be evaluated on a zonification basis, i.e., for each possible
set of generators G € G°. Let Pg represent the performance upper bound for the tessellation

induced by G, i.e., when ay; = 1 for all i € G. To compute Pg observe that, given G, the allocation
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of stations to zones (i.e., a specification of a) can be found in O(|Z|?) operations which assign each

station to the closest generator ¢« € G. Given which, the following valid inequalities can be added.

(ﬁgpg—F(U—ﬁg) (S—Zajj) vgegS (7)

jEG

Observe that, when a given G of generators is enforced we have ) jeg Gij = S. Thus ¢ is bounded
by the corresponding Pg. When G is not enforced we have > jeg @i < S and the left-hand side of
(7)) reduces to a value that is greater than U. Finally, observe that it is possible to generate up to
(%l) valid inequalities .

One can also evaluate the performance upper bounds on the customer O-D basis, i.e., for each
station pair (,7). Let P;j indicate the performance upper bound for station O-D pair (i,7) at
pricing level [. In practice, ?iﬂ can be easily obtained through multiplying the maximal serviceable
demand from station i to j by the per-customer return (e.g., profit) at pricing level I. These upper
bounds can be computed in O(|Z|?|£]) operations. Based on which, another valid inequality can

be added as follows.

< D> > P (8)

i jE€T lEL

Observe that only one pricing level is applied to each station pair (i,j), i.e., > . ai = 1.
Consequently, the right-hand side of ends up with the accumulation of the performance upper
bounds for all station pairs at their respective pricing levels induced by a pricing decision «.

In Section we explain how upper bounds Pg and Fl-ﬂ can be computed for our specification
of Q(a, \, ).

6.2. Outline of the algorithm
The solution procedure is described in Algorithm (I Observe that (RMP]) is a MILP. For this

we solve it in a branch-and-bound (B&B) procedure. Optimality cuts are separated only upon
finding nodes in the tree with an integer solution, see [Laporte and Louveaux] (1993). This strategy
is generally preferable to building a new tree each time is solved.

Algorithm [} is essentially a B&B procedure with the addition of optimality cuts added every
time an integer feasible solution is found. The algorithm starts from selecting a pendant node and
solves the linear programming (LP) relaxation of corresponding to that node (i.e., with the
addition of all branching constraints). If the LP relaxation to is infeasible or it returns an
objective value not larger than best_objective, the current node node is pruned (see, line |§| and
line . If the solution returned by the LP relaxation of is fractional, two branches are
created and added to the set P. Otherwise (i.e., the solution is integer), the algorithm identifies
any violated optimality cuts (see, from line . The relaxation of for the same node is
then solved again.
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Compared to an ordinary B&B method, nodes are not pruned by integrality. On the contrary,
integrality triggers the separation of optimality cuts, see Algorithm [1] at line Furthermore, the
algorithm may return to the same node after adding optimality cuts, see Line The algorithm
leaves a node either when the corresponding (i) is infeasible, (ii) provides a bound worse
than the incumbent, (iii) returns a fractional solution or (iv) provides an integer solution which
satisfies all optimality cuts.

The algorithm terminates when either there is no pendant node in the B&B tree, or when the
optimality gap is within the required tolerance TOL. The optimality gap is computed as |best_bound-

objective value|/(e + |objective value|) where € is a sufficiently small constant, e.g., 10710,

Algorithm 1 Pseudocode of the algorithm for solving problem .

1: Input TOL: optimality tolerance
2: Initialize k < 0, best_bound < 0o, best_objective <— —oo
3. P« {P% > P is the set of open nodes, PO is to the initial .
4: while P # 0 or (Jbest_bound-objective_value)|/(e + |objective_value|) > TOL do
: Select a pendant node from set P

5
6: k<« k+1

7 Solve the linear programming relaxation of
8: if is infeasible then

9

: Remove the current node from P and return to Line > Prune by infeasibility.
10: else
11: Let (a®,\F, a*, ¢*) be the optimal solution to
12: if ¢* < best_objective then
13: Remove the current node from P and return to Line > Prune by bound.
14: else
15: best_bound < min{best_bound, ¢*} > Update the global upper bound.
16: if the solution (a®, \¥, a*) is not integer then
17: Branch on a fractional variable, produce two new nodes and add them to P
18: Remove the current node from P and return to Line[H]
19: else
20: Compute Q(a®, \*, aF)
21: best_objective + max{Q(a”, \*, a¥), best_objective} > Update incumbent.
22: if ¢F > Q(a®,\*,a*) then > Optimality condition is violated.
23: Add an optimality cut of form @ to and return to Line @
24: else
25: Remove the current node from P and return to Line > Prune by optimality.
26: end if
27: end if
28: end if
29: end if

30: end while

7. Numerical Experiments

We perform experiments on instances based on a real carsharing service in the city of Copen-
hagen, Denmark. The scope of the experiments is twofold. First, we provide empirical evidence
on the impact of the different formulations and valid inequalities described in Section |5 and on
the performance of the the decomposition method described in Section [6] Second, we discuss the
practical effect and potential benefits of joint zonification and pricing decisions.

In the remainder of this section, we begin with Section by explaining how we model
Q(a, A\, «), the rental profits occurred as a consequence of zonification and pricing decisions. In
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Section [7.2] we provide additional efficiency measures for accelerating the integer Benders decompo-
sition based on the specific model of Q(a, A, «). Following, in section we introduce the instances
we solve. Finally, in Section [7.4] we provide empirical evidence on the performance of the solution

method and in Section we discuss the impact of joint zonification and pricing decisions.

7.1. Model of rental profits

In this section we provide a potential specification Q(a, a, A) based on a “first-come-first-served”
demand fulfillment model, see e.g., [Pantuso| (2022). In particular, we assume that for the target
period of time (e.g., 14:00-15:00) the carsharing operator has full knowledge of the set of potential
customers in the system, denoted by IC. This set is, for example, the set of all registered users on the
platform. Furthermore, we assume the operator has a model of how users choose a transportation
service, given a list of their attributes, including price. We also assume that there are a number of
transport services that compete with carsharing, such as public transport and bicycle. Zonification
and pricing decisions are made before the beginning of the target period. Once decisions have been
made, each potential customer k € K decides, according to the choice model, whether or not to use
the carsharing service. This entails that the actual rental demand is determined by zonification and
pricing decisions. During the target period, the carsharing system operator fulfills rental requests
in the order of their arrival time, subject to the availability of shared vehicles.

To model customer choices in response to pricing and zonification decisions we use the discrete
choice model provided by Zheng et al. (2024). In this model, each potential customer k € I chooses
a transportation service by minimizing a generalized transport cost which is derived from travel
time and travel fares. Particularly, the Value of Time (VOT) is used to convert travel time into
an equivalent amount of money. VOT can vary across customers and transport mode, see e.g.,
Rossetti et al.|(2023)). In general, it is higher for the time spent on walking and waiting than that
for the time spent on a given transport means. Let M be the set of available transport modes
(e.g., public transit, carsharing and taxi). For simplicity, let mo € M be the carsharing mode. Let
K be the set of customers. Let ,ukvm be the in-vehicle VOT of customer £ taking mode m and ,uzv
be the walking-and-waiting VOT of customer k, respectively. Correspondingly, the travel time of
customer k£ with mode m is divided into in-vehicle time indicated by lem and walking-and-waiting
time indicated by T,g/n. The walking-and-waiting time includes the time to reach the transport
mode (e.g., station or carsharing station), to commute and possibly wait for the connection, and to
reach the final destination (e.g., walking from the station to the final destination). The generalized

transport cost can be expressed as
Chm = Pkm + 1oy T + 1l TV Yk € K,¥Ym € M

Here pg,, is the transport fare associated with each customer k € KC by taking mode m € M. For
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each k € K this is given as

Pkma Vm e M \ {mO}a

Pem =3 PESTL 4 Lo o m = mo.
lel

where, for all modes other than carsharing Py, is a fixed known fare. For carsharing (m = my),
the first term of the fare is the per-minute fee P¢* paid for the duration of the ride T,ym, while the
second term is the drop-off fee applied between the customer’s origin and destination station, i(k)
and j(k), respectively, where L; is the fee at level [ € L.

Then, a potential customer is identified as a request if there exists a price level [ € £ which
makes his/her transport cost for the carsharing service be the smallest among the transport modes.

Henceforth, we define the set of requests as follows
R={keK:3eL, st. crmy< Chm,Vm e M\ {mp}}

For each r € R we let i(r) and j(r) be the origin and destination station, respectively, of the
customer denoted by k(r). Let [(r) denote the highest acceptable price level of request r. A
potential customer k() is accounted for as an actual request only when the price level offered on
the pair (i(r), j(r)) is not larger than level /(). Furthermore, we let £, = {l € £ : L; < Ly}
denote the set of all acceptable price levels for request r.

Given a set of requests, the allocation of vehicles to requests is done according to a first-come-
first-served principle. For each request r € R, we let R, = {¢ € R : i(q) = i(r),k(q) < k(r)} be
the set of requests from the same station which have priority over request r. We assume that the
indices k of the customers represent the order of arrival at the carsharing station (i.e., customer k
arrives before customer k + 1). This is without loss of generality, as the ordering of the customers
can be arbitrary and represent different priority relationships.

Let V represent the set of available shared vehicles. For all r € R, v € V, and | € L, binary
variable y,,; indicates whether request r is served by vehicle v at pricing level [. Then, the profit

obtained as a result of zonification and pricing decisions is obtained by solving the following MILP:

Q(a, A\, @) = max Z Z Z R,{\{ywl (9a)

reRveEVIEL,
Z Z Yort < 1, Vre R (9b)
veEVIEL,
Z Z Yorl < 1, Yv eV (QC)
reRIEL,
Zym < Qi(r),(r) s VreR,le L, (9d)
veY
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Z Yort + Z Z Yorid < Guir)s Vre R,veV (9e)

lel, r€ERy 11 E[,rl

Yorl + Z Z Yoyl T Z Yvy,r,l > Q(r),5(r),1 + Gv,i(r) -1, VreRveV,le Ly (9f)
rER, ll €£r1 leV\{U}

Yort € {07 1}|V\><|R|><|£r\ (gg)

In objective function , Ri\l] represents the net revenue obtained from serving request r at price
level . It is calculated as

N __ U _ CS—mV U
B = curymo = Cir) gy = P77 Tirymo + L1 = Ciry i)

7

: U
with Gy ¢
between stations i(r) and j(r). Constraints ensure that each request is satisfied at most once,

- indicating the operating cost born by the carsharing operator when a vehicle is rented

while constraints ensure that each shared vehicle satisfies at most one request. Constraints
(9d]) state that a given request r can be satisfied at a price level [ only if the same price level
is set between its origin and destination. Constraints ensure that a shared vehicle v can be
used to satisfy request r only if it was not occupied by any other customers arriving at the same
station earlier. Here, parameter G,; takes value 1 if vehicle v is at station i, 0, otherwise. Finally,
constraints @ will force y,,,; to take value 1 if (i) the vehicle v has not been rented by any customer
with higher priority (i.e., the second term on the left-hand side is equal to 0), (ii) the request r has
not been satisfied by any other shared vehicles (i.e., the third term on the left-hand side is equal
to 0), (iii) the price level [ is offered to all trips between stations i(r) and j(r) (i.e., @) i) = 1),
and (iv) vehicle v is available at station i(r) (i.e., G, ;) = 1).

Observe that problem (9)) is always feasible. Its optimal solution can be found in O(|R||V|)
operations by the algorithm provided in Given this specification of Q(a, A\, «), model
becomes a MILP.

We stress model @[) represents only a proxy of the actual performance measure Q(a, A, @)
used for illustrative purposes. The model necessarily contains simplifications. As an example,
shared vehicles can only be assigned once during the target period. Nevertheless, model and
the solution algorithm are general and can be used under more extensive specifications of the

performance measure Q(a, \, «).

7.2. Further efficiency measures

In our implementation of the integer Benders decomposition algorithm, (RMP)) is solved in a
branch-and-bound framework where optimality cuts @ are identified and added upon reaching

integer feasible nodes in the tree.

Valid inequalities (VI-1f), (VI-2)), and are added statically to (RMP)) already at the root

node. For valid inequalities and we compute the necessary upper bounds Pg and Pijl as
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follows. Let V(G) be the tessellation induced by G, see Definition Observe that, given our
definition of Ri\lf in Section the profit for each request r depends solely on the origin and
destination of the request, i(r), j(r), as well as on [. That is, it is independent on the customers.

Let us refer to Rf,\lf as Rf}fl. Accordingly, the upper bound ?iﬂ in can be derived as follows.

Pij = Rf}[l min{’{?“ €ER:i(r) =1,j(r) =j,l(r) > 1}, }Vi|},Vi,j €eT,lel

That is, the upper bound is given by the profit obtained by all requests going from station 7 to
Jj, provided that there are sufficient vehicles at the origin station (i.e., limited by the number of
vehicles |V|).

Then, for each pair of zones V,U € V(G) and for each price level [ € £, an upper bound on
the profit between such zones at price level [ can be computed by taking the sum of the maximal
profits obtained by serving requests from stations in V to stations in U, that is Z(i, fevxu Fijl.
We identify the price level which gives the highest profit upper bound for zone pair (V,U) as
l\*/,u = argmax;c, {Z(i,j)EVXLI Fijl}. Then Pg is obtained by summing up the profit upper bounds

from all pairs of zones given the identified pricing levels, as illustrated in the following.

Fg = Z Z Rlz]\[lauﬁijl;,u’vg 6 gS

VUev(G) (i,j)evxu

In addition, we add classical duality-based Benders decomposition cuts generated from the
LP relaxation of problem @D

¢ < Z T+ Zﬂ-ﬁc + Z Z Qi) () ATtk + Z Z Goi(r)Tork

reR veY reRIEL, reRvey
+ Z Z Z (i), im)a + Gy — D gris (10)
veEVreRIeL,

e and ﬂ'vEle are the optimal dual solutions at iteration k corresponding to
constraints , , , , and @, respectively. Relaxation cuts define a non-trivial upper
bound on Q(a, A, «). They are generated and added to once an integer feasible solution
(a®, N} ok, oF) to violates the optimality condition ¢* < Q(a*, ¥, o).

Finally, since in our instances the fleet is homogeneous, a valid upper bound U for the expression

A B C D
where, 7, T, T, T

of the optimality cuts @ can be set as

U= Z maX{Ri\fl(r), O}
reR

It entails that all the requests contributing to a positive revenue are served, and only those, and

that these are served at the respective highest price level.

21



7.8. Instances

We build instances based on a real-world carsharing service operating in Copenhagen, Denmark.
The instances comprise the twenty stations illustrated in Figure [2 The transport modes available
in the city (set M) comprise public transport (a service offering busses, metro and superficial

trains) and taxi, in addition to carsharing.

C

-
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& f\n
N i % e
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Figure 2: Location of carsharing stations and distribution of POlIs.

For the carsharing service we set five drop-off fees, ranging from Euro —2 to 2 with Euro 1
intervals according to the values used in (Pantuso| [2022). The per-minute fee is set at Euro 0.30
consistently with ongoing practice. The tariffs for taxis and public transit are likewise set according
to current tariffs in Copenhagen. These are summarized in Table 2]

Customers are created based on the points of interest (POIs) located in an area of radius 800
meters centered around each station. POIs are locations such as schools, hospitals and museums
and we assume they represent the origins and destinations of the customers. Figure |2 provides a
heatmap of the POIs considered, thus of the origins and destinations of the customers. Particularly,
each customer is created by randomly sampling, without replication, an origin and destination pair
from the POls.

For any two POIs, we obtain real-world walking times and travel times and for the different
transport modes using Google Maps APIs. For the carsharing mode, the waiting time is set to
zero. For public transit, Google Maps APIs return the overall travel time including both walking-
and-waiting time and in-vehicle time. Thus, we assume the walking-and-waiting time is uniformly
distributed between 4 and 15 minutes and is subtracted from the overall travel time. This represents
the time necessary to walk to the a nearby public transit station, to switch between public transit
services (e.g., between bus and metro), to reach the next public transit station, and finally to walk
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Table 2: Transport prices.

Parameter Values
Carsharing drop-off fee -2, -1, 0, 1, 2 Euro for each pricing level
Carsharing per-minute fee | 0.30 Euro
Taxi pick-up fee 3.89 Euro
Taxi per-minute fee 2.55 Euro
Public transit ticket fee 3.22 Euro

0.06 - —— in-vehicle (shared car)

- in-vehicle (others)
0.05 - ——— walking/waiting

Probability
o ©
o o
w »

o

o
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Figure 3: Log-normal distributions of VOT values for different transport modes.

to the destination POI. Finally, the waiting time for a taxi is uniformly distributed between 4 and
8 minutes while the walking time is zero.

VOTs depend on the transport mode. Following Rossetti et al. (2023), we assume the VOT's are
distributed according to a log-normal distribution with standard deviation Euro 0.4 and different
mean values. Particularly, the mean values are Euro 2.86 for the in-shared-vehicle time, Euro 2.94
for the in-vehicle time of other transport modes, and Euro 4.25 for the walking-and-waiting time,
see Figure |3l Consequently, for each customer, we randomly sample a realization of the VOT's from
the distributions above.

We build two groups of instances. The first group comprises small instances with 10 stations.
The second group comprises larger instances with 20 stations. We control the parameters of
number of zones, customers and shared vehicles for generating instances with different problem
sizes. In both instance groups, we consider a number of zones S € {3,4,5} and varying vehicle-
to-customer ratios ranging from 1 : 4 to 1 : 2. Particularly, small instances are generated by
considering the following combinations of number of customers and number of vehicles, (|K[, |V|) €
{(100, 25), (100, 40), (100, 50), (200, 50), (200, 75), (200, 100), (300, 75), (300, 100), (300,
150)}. Larger instances are likewise created from the following configurations (||, |V]) € {(400,
100), (400, 150), (400, 200), (600, 150), (600, 200), (600, 300), (800, 200), (800, 300), (800,

400)}. The locations of shared vehicles are randomly generated according to the densities of
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customers across all origin stations. Given the randomness on generating customer O-Ds and
the vehicle locations, we set 5 different random seeds for generating multiple instances with the
same problem size. In overall, we create 270 instances, each of which is named based on the
values taken for control parameters. For example, K100V40I10S3-r0 indicates an instance with
100 customers, 40 vehicles, 10 stations, 3 zones, and generated at random seed 0. For the sake of
replicability, all generated instances and relevant data are made available in a public repository

with link https://github.com/AlexDengl/Instances_PricingZonification.

7.4. Computational performance

In this section we start by investigating the computational efficiency of the monolithic formu-
lations induced by different reformulations of the 7 set and valid inequalities (VIs) introduced
in section [5| for problem . The considered versions of are named “Original”, “WF” and
“CGLM” and constructed with using 7, T"F and TEEEM | respectively. All formulations give
rise to MILP problems. The extensive formulation of the “Original” formulation is provided as an
example in

On the basis of the most efficient formulation, we then report on the performance of the
integer Benders decomposition algorithm (BD in what follows). Such performance is compared to
that of commercial solver Gurobi 11.0.0 (the solver, in what follows) employed to solve the same
monolithic formulation of problem (3). The BD algorithm is implemented in Python 3.11 using
Gurobi’s callable libraries. The monolithic formulation is likewise solved using Gurobi’s Python
libraries. In all tests we set a time limit of 1800 seconds. All tests were executed on machines
equipped with 2.10GHz Intel(R) Xeon(R) Gold 6230 40 core CPU and 240 Gb RAM.

7.4.1. FEvaluation of monolithic formulations and valid inequalities

The three monolithic formulations, with and without valid inequalities, are compared on small
instances with 10 stations. The results are summarized in Table For each instance group, we
report the average solution time over five randomly generated instances.

Table [3|shows that the CGLM formulation outperforms the other two formulations. Specifically,
the CGLM formulation requires the least solution time in 19 out of 27 instance groups, and on
average, it reduces computational time by 8.66% and 6.02% compared to the Original and the WF
formulation, respectively. The inclusion of both (VI-1]) and (VI-2)) yields a sensible reduction of the
solution time for all formulations. The average reduction in computational time can be quantified
in 17.90% for the Original formulation, 11.32% for the WF formulation and 12.75% for the CGLM
formulation. Overall, the best performance is delivered by the CGLM formulation with and
(VI-2). Therefore, we adopt this formulation in our examination of the BD method.

7.4.2. Performance of the BD algortihm
Table {4 compares the performance of the BD algorithm (henceforth BD) to that of the mono-
lithic CGLM formulation on small instances. Valid inequalities (VI-1f) and (VI-2)) are always added
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Table 3: Average solution time in seconds on small instances for the Original, WF and CGLM formulations
with/without the additions of valid inequalities.

Original WF CGLM

Instance group

No VIs VI-1 VI-2 VI-1&2 No VIs VI-1 VI-2 VI-1&2 No VIs VI-1 VI-2 VI-1&2
K100V25S3 4.94 4.29 4.63 3.56 4.42 4.67 4.30 3.91 3.48 3.78 3.50 3.22
K100V40S3 5.24 5.26 5.11 4.50 5.07 4.77 4.64 3.96 4.20 4.17 3.98 3.76
K100V50S3 4.88 4.79 4.71 4.46 5.20 4.78 5.05 4.31 4.24 3.74 4.74 3.49
K200V50S3 20.42 16.39 23.10 16.94 22.29 17.60 20.07 20.93 19.58 23.08 17.32 11.84
K200V75S3 9.88 9.31 9.17 8.52 16.91 8.86 14.66 8.07 8.98 8.64 8.36 9.50
K200V100S3 9.67 12.91 10.48 10.15 11.36 12.76 10.21 11.22 10.46 8.10 9.94 9.47
K300V75S3 33.99 30.15 39.86 23.77 31.88 33.16 33.85 31.40 30.99 37.40 30.61 28.47
K300V100S3 26.21 17.35 19.36 19.93 29.06 15.64 20.07 15.96 22.16 23.15 21.00 17.16
K300V15083 16.54 16.71 18.98 13.88 17.99 15.54 13.76 14.04 20.34 23.27 21.66 15.43
S=3 Average 14.64 13.02 15.04 11.75 16.02 13.09 14.07 12.64 13.83 15.04 13.46 11.37
K100V25S4 3.92 4.16 3.25 3.70 4.14 3.45 3.48 3.44 3.50 2.65 2.73 2.70
K100V40S4 4.43 4.20 3.72 3.57 4.72 3.57 3.77 3.46 3.28 3.07 3.60 3.42
K100V5054 3.47 4.37 3.84 3.58 4.18 4.85 3.59 3.34 3.25 3.69 3.08 3.15
K200V5054 20.54 18.62 16.79 14.57 19.13 17.11 19.40 14.15 16.15 13.75 17.14 11.37
K200V7554 13.46 12.02 9.21 9.33 10.41 11.02 11.86 13.41 9.19 9.96 8.87 9.29
K200V100S4 12.80 13.93 11.92 13.83 9.23 15.35 11.15 8.78 10.46 11.97 12.26 12.82
K300V7554 30.97 33.03 31.52 30.05 32.33 31.07 30.53 31.39 31.30 22.06 23.77 20.62
K300V100S4 28.00 24.72 30.13 21.33 26.25 29.35 27.60 29.55 31.01 21.32 31.48 28.88
K300V15084 33.32 19.57 31.99 23.10 23.21 19.93 24.18 19.69 22.18 22.65 23.01 24.63
S=4 Average 16.77 14.96 15.82 13.67 14.84 15.08 15.06 14.13 14.48 12.35 13.99 12.99
K100V25S5 1.92 2.04 1.40 1.70 1.96 2.00 1.35 1.57 1.67 1.65 1.24 1.29
K100V40S5 2.54 2.20 1.64 1.82 2.07 2.12 1.65 1.72 1.95 1.99 1.62 1.51
K100V50S5 2.28 2.21 1.66 1.92 2.34 2.11 1.84 1.64 2.04 2.05 1.74 1.50
K200V50S5 11.15 8.22 10.05 5.06 9.78 8.04 7.94 9.36 7.76 6.33 6.35 7.92
K200V75S5 6.12 6.71 5.87 6.03 6.81 8.15 5.15 5.49 5.28 5.53 5.02 6.07
K200V100S5 7.06 9.08 6.35 8.26 9.35 7.92 8.80 6.76 8.56 6.70 7.66 7.33
K300V75S5 21.30 19.95 20.80 23.26 16.64 16.12 11.80 24.77 19.36 21.24 20.12 21.55
K300V100S5 19.85 17.35 14.60 14.78 17.74 12.43 22.94 15.49 15.79 13.61 13.79 15.51
K300V15085 20.74 20.40 21.37 16.70 20.62 17.60 17.24 16.05 25.93 15.06 14.06 17.49
S=5 Average 10.33 9.80 9.30 8.84 [ 9.70 8.50 8.75 9.20 [ 9.82 8.24 7.96 8.91
Overall Average 13.91 12.59 13.39 11.42 [ 13.52 12.22 12.63 11.99 [ 12.71 11.87 11.80 11.09

both in BD and in the monolithic formulation. For the BD algorithm we report the results with
and without the addition of BD-tailored VIs (i.e., and ) Valid inequalities are added
for all (%l) possible sets of generators. In both BD with and without VIs we add relaxation cuts
as explained in Section Table [4] does not report optimality gaps as all instances are solved to
Gurobi’s default precision (107%).

The first observation is that BD-specific VIs are effective. They decrease the solution time by
55.19% with S = 5, 46.68% with S = 4, and 42.35% with S = 3. On the instances with S = 3,4
BD, with the addition of Vs, significantly outperforms the solver both in terms of average solution
time and in terms of the number of instances solved faster. The results are essentially reversed
when S = 5. The average solution time with the solver decreases as the number of zones increases.

When increasing the number of zones we progressively relax the feasible region by including a larger
IZ|
S+1
|Z| > 2S5 + 1). At the same time the number of decision variables and constraints is unaffected.

number of partitions (observe that (I?) < ( ) always holds in our instances and in general when
Table 5] reports additional results on larger instances with 20 stations. Particularly, it reports
average optimality gap aggregated by instance group and number of zones. For BD we use BD-
specific VIs as they were proven effective on the small instances, see Section [7.4.2]
We observe that on these instances BD significantly outperforms the solver. The average
optimality gap of BD is 2.40% while that of the solver is 18.24%. The optimality gap reduction

is evident in all instance groups and becomes more pronounced when S decreases, thus when the
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Table 4: Solution time (in seconds) for the solver and the BD algorithms. Column “# Wins” reports the number of
instances that are solved faster by BD with VIs than the solver.

Instance group BD without VIs BD with Vs Solver # Wins

K100V25S3 5.23 4.05 3.22 2/5
K100V40S3 5.68 3.10 3.76 3/5
K100V5083 3.73 2.93 3.49 3/5
K200V5083 11.72 5.45 11.84 5/5
K200V75S3 9.32 3.85 9.50 5/5
K200V100S3 8.36 3.16 9.47 5/5
K300V7583 36.63 25.29 28.47 3/5
K300V100S83 44.45 30.96 17.16 4/5
K300V15083 17.84 3.60 15.43 5/5
S=3 Average 15.89 9.16 11.37 35/45
K100V2554 6.58 4.42 2.70 1/5
K100V4084 3.34 2.52 3.42 3/5
K100V5054 3.33 2.50 3.15 3/5
K200V5054 10.28 8.34 11.37 2/5
K200V7554 8.94 3.42 9.29 5/5
K200V10084 8.22 3.19 12.82 5/5
K300V7554 52.40 31.76 20.62 2/5
K300V10084 18.19 8.94 28.88 5/5
K300V150S4 17.68 3.63 24.63 5/5
S=4 Average 14.33 7.64 12.99 31/45
K100V25S5 5.92 5.57 1.29 0/5
K100V40S5 2.66 2.28 1.51 1/5
K100V50S5 2.73 2.28 1.50 0/5
K200V5085 8.24 6.36 7.92 2/5
K200V75S5 5.77 3.72 6.07 3/5
K200V100S5 6.62 2.81 7.33 5/5
K300V75S5 596.70 260.50 21.55 2/5
K300V100S5 14.16 8.97 15.51 4/5
K300V150S5 17.62 3.44 17.49 5/5
S=5 Average 73.38 32.88 8.91 22/45

feasible region is smaller. In particular, the optimality gap is decreased by 95.54% with S = 3,
87.00% with S = 4, and 81.28% with S = 5. Furthermore, BD successfully closes the optimality
gap in 95 out of 135 instances, while only 25 of these instances are solved to optimality by the
solver. For the instances that can be solved both by BD and the solver, the solution time is
significantly smaller with BD. On average, BD takes 707.44 seconds to solve the 95 instances to
optimality, while the solver takes 1495.46 seconds for the respective 25 instances.

Figure [d]reports the progression of upper and lower bounds for both BD with VIs and the solver
on three large instances with S = 3, where BD closes the optimality gap. In Figures [4a] to [dd we
observe a steady and rapid progression of both upper (dual) and lower (primal) bounds when using
BD. At the same time, Figures to [ illustrate that, for the same instances, the solver is able
to improve the primal bound but fails to improve the dual bound. Particularly, the solver finds
primal solutions of quality comparable to those found by BD. Nevertheless, BD typically obtains
such solutions faster. We further observe that the optimality gap of the solver tends to increase
with the number of customers. This indicates that part of the explanation of the gap is to be found

in the size of the LP relaxation. This further justifies the use of a decomposition method.

7.5. Analysis of the result and discussion

In this section, we provide evidence on how different parameters, such as the number of zones,

customers and fleet size affect profits. Furthermore, we compare the proposed optimal partition
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Table 5: Average optimality gap after 1800 seconds. Optimality gaps are computed as |best_bound-
objective_value|/(e+|objective_value|). The column “Reduction” reports the difference in optimality gap between
BD and the solver as a percentage. “Instances solved” reports the number of instances that are solved to a target
10~* optimality gap, and “Solution time” reports the average solution time of the instances solved to optimality.

Gap (%) Instance Solved Solution time (s)
Instance group
Solver BD Reduction (%) Solver BD Solver BD
K400V100S3 13.72 0.00 100.00 2/5 5/5 1629.05 779.45
K400V150S3 14.70 0.00 100.00 2/5 5/5 952.13 457.02
K400V200S3 15.64 0.00 100.00 2/5 5/5 1459.55 325.11
K600V150S3 31.34 6.20 80.20 0/5 2/5 - 738.90
K600V200S3 30.23 0.00 100.00 0/5 5/5 - 654.54
K600V300S3 6.05 0.00 100.00 4/5 5/5 1492.00 354.69
K800V200S3 32.21 6.54 79.70 0/5 1/5 - 1368.79
K800V300S3 12.65 0.00 100.00 3/5 5/5 1607.00 591.90
K800V400S3 14.35 0.00 100.00 3/5 5/5 1551.36 323.55
S=3 Average 18.99  1.42 95.54 16/45 38/45  1448.52  621.55
K400V100S4 13.79 6.48 52.99 1/5 2/5 1720.65 1016.65
K400V15054 19.35 0.00 100.00 0/5 5/5 - 739.24
K400V200S4 20.40 0.00 100.00 0/5 5/5 - 465.84
K600V15054 24.56 7.05 71.28 0/5 1/5 - 778.49
K600V200S4 24.99 0.00 100.00 0/5 5/5 - 814.03
K600V300S4 8.55 0.00 100.00 3/5 5/5 1473.66 392.57
K800V200S4 26.37 9.29 64.79 0/5 0/5 - -
K800V30054 10.21 0.62 93.94 2/5 3/5 1443.32 1016.74
K800V400S4 9.89 0.00 100.00 3/5 5/5 1431.97 619.26
S=4 Average 17.57 2.60 87.00 9/45 31/45 1517.40 730.35
K400V100S5 12.27 9.05 26.24 0/5 0/5 - -
K400V150S5 13.79 0.20 98.56 0/5 4/5 - 886.65
K400V200S5 15.00 0.00 100.00 0/5 5/5 - 501.27
K600V150S5 18.47 7.38 60.04 0/5 0/5 - -
K600V200S5 18.42 1.10 94.03 0/5 3/5 - 1112.87
K600V300S5 19.04 0.00 100.00 0/5 5/5 - 668.54
K800V200S5 22.89 10.34 54.84 0/5 0/5 - -
K800V300S5 21.44 0.47 97.80 0/5 4/5 - 842.40
K800V400S5 22.12 0.00 100.00 0/5 5/5 - 610.83
S=5 Average 18.16 3.17 81.28 0/45 26/45 - 770.43
Overall Average 18.24 2.40 87.94 25/135 95/135 1482.96 707.44
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Figure 4: Progression of upper and lower bounds for the large instances with three zones.
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strategy against a predefined zip-code based partition and against a system without zones. Finally,
we discuss the impact of the number of zones.

We begin by assessing how profits change with the number of customers and vehicles. The
results are obtained by solving the largest instances with 20 stations. Figure [b|reports the average
profit as a function of the number of customers and fleet size. Particularly, for || = 400 we consider
three fleet sizes, namely (100,150,200) which we refer to a low, medium and how availability.
Similarly, for |K| = 600, the three fleet sizes are (150,200, 300) and for |[K| = 800 the three fleet
sizes are (200,300,400). Figure [5| illustrates that the profit grows linearly with the number of
customers, regardless of the number of zones S. When the customers volume doubles from 400
to 800, the profit increases by 97.79%, 95.58%, and 94.60% for the 3-, 4-, and 5-zone partitions,
respectively. Profits grow also with the fleet size, though the pattern is less regular. In general, a
medium level of vehicle availability suffices to secure average profit returns, given a certain customer
volume. Finally, we observe that a finer partition of the carsharing stations (i.e., larger S) yields
an increase of the average profit. Technically, the average profit grows by 9.49% when a 5-zone
partition is applied compared to a 3-zone partition. A finer partition allows the service provider

to better adapt prices to the specific characteristics of the customers in different parts of the city.
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Figure 5: Carsharing system profits under various scales of zone numbers, customer volume, and vehicle availability.

In order to show the efficacy of the proposed model, we evaluate the performance of the car-
sharing system when using the optimal zonification determined by model (we assume S = 3
zones) compared to two benchmarks. The first benchmark is obtained by partitioning the carshar-
ing stations according to the zip codes and keeping that partition fixed when optimally setting
prices. Also in this case we use S = 3 zones. We refer to this benchmark as the zip-code partition
benchmark. The second benchmark consists of not partitioning the carsharing stations and thus
optimally choosing the one and only drop-off fee that must apply between all pairs of carsharing
stations. This benchmark is referred to as the no-partition benchmark. Table [6] reports profits
and service rates with 400, 600 and 800 customers assuming a fleet size of 200, 300, and 400,
respectively. Service rates are calculated as the number of customers served over the total number

of requests |R|.
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Table 6: Service rates and profits for the optimal partition compared to the zip-code partition and no-partition
benchmarks. The results are obtained with S = 3 zones.

Optimal Partition Zip-code Partition No-Partition
K] Service Rate (%)  Profit (Euro) Service Rate (%) Profit (Euro) Service Rate (%) Profit (Euro)
400 86.41 202.74 79.41 187.74 72.53 165.41
600 80.85 286.92 78.57 272.91 76.62 239.61
800 79.10 401.03 81.03 386.38 79.71 363.00
Avg. 82.12 296.90 79.67 282.34 76.29 256.01

The results illustrate that by implementing an optimal partition, and thus ensuring co-optimized
zones and prices, the profit increases substantially both with respect to the zip-code partition and
to the no-partition benchmark. Specifically, when compared to the zip-code partition benchmark,
the operating profit with the optimal partition increases by 7.99%, 5.13%, and 3.79% for cases with
400, 600, and 800 customers, respectively. The improvement becomes even more pronounced when
compared with the no-partition scenario. Particularly, the profit increases by 22.57%, 19.74%, and
10.48% for three different customer volumes.

When using the optimal partition, the average service rate is 82.12%, much higher than both the
service rate of the zip-code partition benchmark and that of the no-partition benchmark. We recall
that model is designed to maximize profits, while the service rate is simultaneously ensured
with flexible pricing zone partition decisions.

Finally, we analyze the impact of the number of zones. For this purpose, we test the zonification
and pricing model with the number of zones S set to values chosen from the set {1,2,3,4,5,|Z|}.
The scenario with S = 1 corresponds to a system where the business area is not partitioned (i.e.,
the “No-Partition” setting in Table @ Here, the same, optimized, price applies to all pairs of
stations. The scenario with |Z| zones is the most flexible. Here, the drop-off fee can optimally
adapt to each specific station pair. This scenario necessarily yields the highest profit.

We introduce the metric d,;, computed as profit/profit upper bound x 100. Here profit is
the profit obtained by means of an optimal pricing and zonification into S € {1,2,3,4,5} zones,
while profit upper bound is the profit obtained with S = |Z|. Hence, J,; determines the share
of the largest possible profit obtained by means of a zonification into S zones. Furthermore, we
analyze profitability rate, which is calculated as profit/cost for different values of S. In addition,
to assess the effect of zonification decisions on the customer side, we analyze the average drop-off
fee and rental fee. These statistics are reported in Table [7| for instances with 20 stations, 400, 600
and 800 customers, and 200, 300, and 400 vehicles.

We observe that, in our instances, S = 3 zones are typically sufficient to capture up to approx-
imately three-quarters of the largest possible profit. With S = 5, the d,; values further increase
to 87.05%, 83.70%, and 81.26% for |KC| = 400, 600, and 800, respectively. In addition, we observe
that the growth in terms of profitability slows down significantly as S increases. As offering more

flexible prices (i.e., with larger S) tends to induce more rentals from the request set R, this in turn
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Table 7: Economic effects of increased zonification granularity for carsharing service providers and customers.

Operator side Customer side
K| S Profit Oub Cost Profitability rate =~ Avg. Drop-off fee  Rental fee
(BEuro) (%) (Euro) (Euro) (Euro)
1 165.41 64.43 68.47 2.42 -0.15 4.45
2 189.70  73.89 78.50 2.42 -0.12 4.53
3 202.74  78.97 82.12 2.47 -0.07 4.58
400 4 212.89  82.92 80.23 2.65 0.17 4.87
5 223.50 87.05 84.30 2.65 0.16 4.82
|Z] =20  256.73 - 90.73 2.83 0.40 4.96
1 239.61 63.14 106.41 2.25 -0.29 4.33
2 268.88  70.86 110.32 2.44 -0.03 4.69
3 286.92 75.61 114.78 2.50 0.06 4.79
600 4 304.82  80.33  115.40 2.64 0.23 5.03
5 317.63 83.70 120.31 2.64 0.23 4.99
|Z| =20 379.48 - 134.90 2.81 0.48 5.12
1 363.00 67.77 158.96 2.28 -0.26 4.35
2 386.87 72.22 161.61 2.39 -0.12 4.53
3 401.03  74.87 161.39 2.48 0.02 4.73
800 4 418.58  78.14  162.20 2.58 0.12 4.83
5 435.27  81.26 169.91 2.56 0.12 4.81
|Z| =20 535.67 - 192.33 2.79 0.43 5.06

imposes higher operation costs on the service provider.

From the customer’s point of view, we observe that finer partitions and more flexible pricing
strategies generally lead to higher carsharing costs. Specifically, the average drop-off fee increases
by approximately 1.5, 1.1, and 2.6 times when comparing the fully-partitioned setup to the 5-zone
partition in scenarios with 400, 600, and 800 potential customers, respectively. Similarly, the total
rental fee rises by 2.90%, 2.61%, and 5.20% in these scenarios.

Therefore, it emerges that while optimized station-to-station prices are necessarily the best
strategy in terms of profits, they tend to generate higher costs for the customers. However, a
zonification into a few zones is typically sufficient to capture a large share of the potential profits

without excessively compromising profitability.

8. Concluding remarks

In this paper, we studied the problem of jointly deciding pricing zones and trip prices in a
carsharing service. To partition the carsharing stations into distinct pricing zones which should
be “visually disjoint” we introduced a special type of tessellation. We proved that such tessella-
tion ensures that the resulting partition generates mutually non-overlapping convex hulls. This
geometric property facilitates the design of user-friendly pricing strategies that ease price commu-
nication towards customers. The problem of choosing such a tessellation, and optimally assigning
prices has been formulated as a binary integer programming problem for which three formulations
have been proposed and compared. To solve the problem we designed a tailored integer Benders

decomposition, which incorporates a number of problem-specific improvements.
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We performed extensive experiments on instances based on a carsharing system operated in
Copenhagen. The results illustrate that the proposed Benders decomposition significantly outper-
forms a state-of-the-art solver on instances of size comparable with business practices. Particularly,
our method reports an average 2.40% optimality gap, which is significantly lower to that reported
by the solver (18.24%). Furthermore, our method closes the optimality gap in 95 out of 135 large
instances while only 25 instances in the same group are solved to optimality by the solver.

Furthermore, our results illustrate that the optimal zonification yields profits that are 5.16%
higher (on average) compared to the zonification determined by zip codes and 15.97% higher com-
pared to the prevailing practice of having only one pricing zone. Notably, the optimal zonification
yields also the highest service rates, by serving 82.12% of the customers, on average. When an-
alyzing the economic impact of the number of zones, we find that a few zones are sufficient to
capture a large share of the potential profit that can be obtained under the most flexible setup
(i.e., with station-to-station prices). At the same time, the rental cost born by customers remains
significantly lower compared to a fully optimized pricing scheme. These observations offer strategic
insight for carsharing operators on the effect of establishing optimized zone prices.

This research is not free from limitations, which leave room for future extensions. In our
problem, we assume that price affects carsharing demand in a deterministic way. In practice,
carsharing demand can be both stochastic and price-dependent. This gives rise to stochastic
optimization problem with decision-dependent uncertainty for which, to the best of our knowledge,
there are no general purpose solution methods. Moreover, given the novelty of the proposed
problem, we aimed to provide an exact algorithm in order to have both primal and dual bounds.
The development of heuristic algorithms may help provide primal solutions in shorter solution
times, if needed. In addition, other operational decisions, primarily staff-based relocations, might
have a significant impact on the managerial insights emerged from our study. The inclusion of such
decisions into the model would likely represent an improvement of our work. Finally, the proposed
methodology has been developed with a station-based system in mind. Clearly, similar arguments
would motivate the application of joint zonification and pricing in free-floating systems. The model
and method provided may directly apply provided that carsharing stations are replaced by suitable

demand points in a free-floating system.
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Appendix A. Algorithm for solving the subproblem

We present here Algorithm [2| to solve problem @]) to optimality. Algorithm [2| first initializes

Algorithm 2 Exact computation of Q(a, A, )

1: Input: a, \, «

2: VAV > V4 is the set of remaining available vehicles.
3 Yot — 0, Yo EV,reR,le L,

4: Qa,\,a) <0

5: Sort the requests R in non-decreasing order of customer index k(r)

6: for request r € R do

7
8

Litry,itr) = D L) i), 5(m) > The fee applied between i(r) and j(r).
if Li(r),j(ry) < I(r) then
9: for v € V4 do
10: if Gy i) = 1 then
11: VA VA {v} > Vehicle v becomes unavailable.
12: YorLitry. gy € 1
13: Qa, N\, a) + Qa, A\, o) + Ri\iji(T),j(T) > R"]‘\!]Li('r),j('r') is the net revenue of 7 at fee Ly, j(r)-
14: end if
15: end for
16: end if
17: end for

18: return Q(a, A\, a), and yury Yv € V,7 € R, 1 € L,

the set of available shared vehicles V4, the solution v,,; and the objective value Qa, A\, a). All
requests in the set R are sorted in a non-decreasing order of customer index k(r). Following the rule
of “first-come, first-served”, the algorithm iteratively checks whether the fee applied between the
origin and destination is accepted and whether there is a vehicle available in the origin zone. If the
fee level L;(,) ;) between request r’s origin station i(r) and destination station j(r) is lower than
the highest acceptable pricing level [(r) and there is at least one available vehicle v at customer’s
origin i(r) (i.e., a vehicle with G, ;) = 1), customer 7 will be served at pricing level L;( ;). We
then remove the used vehicle v from the available vehicles, set the value of y, . 1, to 1, and

update Q(a, A, a).

i(r),5(r)

Appendix B. Extensive MILP formulation

In this appendix, we provide the monolithic MILP formulation of problem when considering
the specific Q(a, A\, @) function defined in Section as follows

Zn)‘?‘ii Z Z Z Ri\;yvrl (Bla‘)

reRveEVIEL,
Zau‘ =S (B.1b)
JET
Zaij =1 VieZ (B.lc)
JET
a;; < ajj Vi,j € Z (B.1d)
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d(ivjl)a’i,h < d(i7j2)aj2’j2 + d(ivjl)(l - aj2sj2) Viajlva €z (B'le)

> N> ai g — 1 Vi,j €T (B.1f)

lec

Z)\ijl < ag Vi,j €Z (B.1lg)

lec

> Xiji < ajj Vi,j €T (B.1h)

lec

iy gy T Qi gy T Njy ol S Qi in 1 + 2 Vi1, i2, 41,52 € Z,Vl € L (B.1i)

D ai =1 Vi,j €T (B.1j)

lec

Z Z Yort <1 Vr e R (B.1k)

veEVIEL,

DY g <t YoeV (Bl

reRIEL,

> Yort < ity g VreR,l€ L, (B.1m)

veEV

Z Yorl + Z Z Yol < Goigr) Vre R,ve€V (B.ln)

leL, rMER, €L,

Yorl + Z Z Yv,ry,l1 + Z Yoy, > Qi (r),5(r),l + Gv,i(r) -1 Vr € R,U c V,l S ET (BlO)
T ER, 1€Ly v1€V\{v}

aij € {0,1} Vi,j € T (B.1p)

Aijis g € {0,1} Vi,j € I,Vl € L (B.1q)

Yort € {0, 1} Vre R,v eV, i€ L, (Blr)

Appendix C. Notation list

In Table we summarizes the notation.
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Table C.1: Notations in the zonification and pricing problem and extensive MILP formulation

Sets
T Set of carsharing stations
g Set of generators of the tessellation and a subset of stations G C 7
V(G) Collection of all subsets of station set Z led by G
V,U € V(G) Subsets of stations
Gg° Set of generators with a certain length S (i.e., the number of zones)
T Set of feasible discrete tessellation (or partition) solutions
TOGLM Set of feasible discrete tessellation (or partition) solutions with constraints
TWE Set of feasible discrete tessellation (or partition) solutions with constraints
L Set of pricing levels
Ig Subset of generators that are closer to station 7 than generator j
Ji Subset of stations that are further than the |Z| — S-th furthest station from ¢
K Set of potential customers
% Set of available shared vehicles
R Set of requests
Ly Set of acceptable price levels for request r € R
Parameters
d(i, j) Distance between stations 7 and j
S Number of zones
RY Net revenue of serving request r at pricing level [
Gloi Take value 1 if vehicle v is initially located at station i, 0 otherwise
L Drop-off fee at price level [ € L

Decision Variables

ajj Binary variable indicating whether element j € 7 is assigned as a generator

aij Binary variable indicating whether element i € Z belongs to the same subset as a generator j
Aiji Binary variable indicating whether a pricing level [ is applied between generators ¢ and j

gl Binary variable indicating whether a pricing level [ is applied between stations i and j

Yorl Binary variable indicating whether request r is served by vehicle v at price level [
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