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Abstract
This paper considers the problem of smoothing convex functions and sets, seeking
the nearest smooth convex function or set to a given one. For convex cones and
sublinear functions, a full characterization of the set of all optimal smoothings
is given. These provide if and only if characterizations of the set of optimal
smoothings for any target level of smoothness. Our constructed smoothings, by
virtue of their optimality, establish a fundamental limit on potential applications
of smoothing techniques. Optimal smoothings restricting to either inner or outer
approximations also follow from our theory. Finally, we apply our theory to
provide insights into smoothing amenable functions given by compositions with
sublinear functions and generic convex sets by expressing them as conic sections.
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1 Introduction

The smoothing of nonsmooth functions is a well-established tool in nonsmooth analysis
and nonsmooth optimization. Typically, smooth functions exist arbitrarily close to
a given nonsmooth but continuous function. Then, a key tradeoff is balancing how
smooth of a function one seeks versus how close it ought to be to the original. This
smoothing task has found widespread usage:



e Moreau envelopes [1] provide a smoothing by taking an infimal convolution with
a quadratic function. These have played key roles in the design and analysis of
proximal and subgradient first-order methods [2, 3].

® Moreau-type smoothings have been considered in several nonconvex settings:
Penot and Bougeard [4] provide infimal smoothings of functions expressed as a
difference of two convex functions, for use in optimization. Lasry and Lions [5] pro-
vided smoothings for bounded uniformly continuous functions, for use in studying
Hamilton-Jacobi equations. These smoothings were later generalized to a wider
class of functions by [6].

e Particularly friendly smoothings arise for so-called asymptotic functions [7]. For
example, one can replace minimizing a finite maximum max; G;(z) with minimiz-
ing the smooth function nlog(} ", exp(Gi(x)/n)) for some 1 > 0. Then, accelerated
gradient methods can be applied, leading to accelerated guarantees, see [8]. Such
approaches have been competitive in applications like max flows [9].

e Gaussian convolutional smoothing [10] provides a classic method of inducing
smoothness by introducing noise and has found much success in zeroth-order
methods, see [11] and the many references therein.

e Conditions closely related to the existence of nearby smooth functions have
been used as a novel “fine-grained” measure of the complexity of nonsmooth
optimization problems [12].

Smoothing techniques have also been applied to sets, but not as widely:

¢ Finding the smallest volume ellipsoid enclosing a finite set of points [13-15] pro-
vides a smoothing of their convex hull. More recently, the set interpolation theory
of Luner and Grimmer [16] provides a minimal set (not necessarily an ellip-
soid) of fixed smoothness that encloses the same convex hull as the solution to a
second-order cone program.

® Smooth approximations of convex bodies in Banach spaces were considered in
[17].

e Xu et al. [18] recently proposed an algorithm for minimization under conic con-
straints, indirectly smoothing the underlying cone. Their smoothing is done by
smoothing the support function of a compact base of the dual cone and taking
level sets of the smooth function.

In most of the existing literature, the choice of the smoothing is done in an ad hoc
manner. For example, one may choose the Moreau envelope because it is smooth and it
preserves minimizers. Note, however, the Moreau envelope does not generally minimize
distance to the original function among all equally smooth functions. Similarly, the
above-referenced max function smoothing of z — log(>_." , exp(z;)) is a 1-smooth and
convex over-estimator of the convex function z — max{zy,...,2,}, but is not the
nearest over-estimator with these properties. Although these approaches have found
practical success, they leave open whether yet stronger smoothing choices are possible.



Our Contributions.

This ad hoc nature of existing theory raises the following natural question:
How should one optimally smooth convex functions and sets?

In this paper, we resolve this question for all sublinear functions and convex cones,
characterizing the whole Pareto frontier of smooth functions and sets optimally trading
off smoothness and distance from the given function or set. By proving optimality, we
establish fundamental limits on the capabilities of the many above-mentioned appli-
cations of smoothings. Our theory at every step puts both function and set smoothing
on equal footing, highlighting fundamental symmetries between these two settings.

As an application of our function smoothing theory, we obtain well-motivated
smoothings for a subclass of amenable [19, Definition 10.23] functions that take
the form ¢ = o0 o G where ¢ is a sublinear function and G is a Lipschitz map-
ping with a Lipschitz continuous Jacobian. This class includes many nonsmooth
functions that arise naturally in optimization; for example, minimizing finite max-
imums max{G1(x),...,Gp(x)}, maximum eigenvalue optimization Apax(G(z)), and
nonlinear regression with an arbitrary norm ||G(z)]|.

As a concrete example, consider the nonsmooth minimization problem

;rel%@ max{G1(z),...,Gn(x)} = ;réerb o(G(x))

where o(z) = max{z1,...,2,} and G(x) = (G1(x),...,Gn(x)). Beck and Teboulle [8]
proposed solving this problem by replacing o o G with the smooth approximation
fnoG(x) =nlog (>, exp(Gi(x)/n)) and then applying an accelerated gradient method
to this smoothed problem. With an appropriate choice of 7, this approach yields an
e-minimizer of o o G within O(+/(Le + log(n)M?)/e) iterations, whenever each G; is
convex and G is M-Lipschitz with L-Lipschitz Jacobian (cf. Beck and Teboulle [8,
Theorem 3.1, Example 4.9, and Proposition 4.1], adapted to our smoothness assump-
tions on G). Our theory provides an optimal smoothing f2" (see Equation (23))
of ¢ = max. With appropriately chosen 7, minimizing our optimized smoothing
nfe"(G(z)/n) yields an e-minimizer of o o G within O(v/Le + M?/e) iterations.
Asymptotically, this is an improvement by a factor of 1/4/log(n)?.

As an application of our cone smoothings, we show in Theorem 19 that a generic
convex set can be decomposed into an intersection of an affine space and a cone that
is amenable to our theory. By replacing the cone with its optimal smoothings, we
obtain smooth approximations to the original C'. Such smoothing may be useful for
constrained optimization problems where recent algorithms have been developed that
benefit explicitly from the smoothness of constraint sets [16, 20, 21].

1We note that under different assumptions, the log-sum-exp approach may provide stronger guarantees
since the function log(>_,; exp(z;)) is also 1-smooth under the lo, norm. This nuance is discussed further in
Section 6.1.



Outline.

Section 2 introduces needed definitions from convex analysis, emphasizing symmetries
between quantities defined on functions and sets. Section 3 presents our core defi-
nitions for a (sublinear) function and (conic) set to be smoothable. Then our main
results about sublinear functions are stated and proven in Section 4, characterizing the
set of all optimal smoothings of any sublinear function. Section 5 mirrors Section 4 by
characterizing the set of all optimal smoothings of any convex cone. Finally, Section 6
applies our main results to smoothing amenable functions and convex sets, illus-
trating potential benefits from leveraging optimal smoothings over existing ad hoc
alternatives.

2 Preliminaries

We consider a finite-dimensional Euclidean space £ endowed with a norm |||/ that is
induced by an inner product (-, -).. We will drop the subscript on the inner product
as it will always be clear from context. We identify the dual space £* with £ itself in
the usual way. For a linear operator A : £ — £’ between two Euclidean spaces, we
denote its operator norm by ||A|c_ ¢/, ie.,

[Allg e = sup [ Az]g .

z|| <1

We denote the convex hull of a given set C' by conv C.

Cones, Normals, and Horizons.

We say a set K is a convex cone if it is closed under addition and positive rescaling.
Given a generic set C, for z € C, the associated normal and horizon cones of C' at = are

Ne(z)={Ce&|({{,y—z)<O0foralyeC},
C®@z)={uef|z+auecCforal a>0},

respectively. C°° denotes the set |J, .o C°°(x). We recall that when C is convex and
closed, C* is convex and closed and C*° = C*°(z) for all z € C, see [19, Theorem 3.6].

Distances and Projections.

Let € € & be nonempty. We denote the interior and boundary of C' by int C' and
bdry C respectively. We denote the Minkowski sum of two sets C' and C' by C + C :=

{x +z|zelC e C’} and the Hausdorff distance dist (C’, C’) by

dist (z,C) = inf ||z —
it (@,C) = inf [z~ .

d (é’, C) = 222 dist (z,C) ,

dist (€,C) = max {d (¢;¢) ,d (c;€)}



We denote the orthogonal projection onto C' by Pe(x) = argmin{|jz —y||c | y € C}.
For any € £ and r > 0, let B(xz,r) :={y € £ | ||z — y||¢ <7} denote the closed ball
of radius r around z. When x = 0, we sometimes write B, for B(0,r). Thus for any
closed C, B, +C ={z +u | |Jullg <r,x € C} ={y € & | dist (y,C) < r}. Note that if
C is closed and convex, then

Pperyrcly) =+ Pe(y —x) + Pp,(y — v — Po(y — 7)) (1)

for all z,y € £ and r > 0. To prove this, let («); denote max{0,a} from now on,
where @ € R. Then for u =y — 2 — Po(y — x), w € B(z,r), and z € C, we have

lullg (w = Pp,(u),w+ 2z -2 — Po(y —x) — Pp,(u))
= llullg {u = Pp, (u),w — 2 = Pp, (u)) + ([Jullg =), (w2 = Po(y — x))
<0

where the equality holds because ||v||¢ (v —Pg, (v)) = (||v||g —r)+v for all v € £, while
the inequality holds by normality conditions for the sets B, and C. Plugging in the
definition of u in the above inequality shows that 4+ Po(y—x)+ P, (y—x— Po(y—x))
satisfies the required normality conditions because w + z is an arbitrary element of
B(z,r) + C. This proves Equation (1).

Functions and Associated Sets.

Let f : & — (—o00,00] be an extended valued function. We denote the Fenchel
conjugate of f by f*. The domain and epigraph are denoted by

dom f:={x €| f(x) <o} and epif:={(z,a)e&XxR| f(z) <a}

respectively. f is proper if dom f # (). We say f is closed if epi f is closed?. The
subdifferential of f at z € dom f is

Of(x) :=={g € €| (g9,—1) € Nepi (=, f(x))} .

The distance between two functions f: &€ - Rand g: £ - R is

dist (f,g) := sup|f(z) — g(z)|. (2)

ze€

For such functions, we write f > g to denote that f(z) > g(z) for all z € £. A function
o: & — (—00,00] is sublinear if o(x + y) < o(z) + o(y) and o(Ax) = Ao(z) for all
z,y € € and A > 0. For real-valued sublinear functions, the following useful identities
hold (see [19, Theorem 8.13 and Corollary 8.25])

o(x)= sup (¢,x) and OJo(x)=argmax((,z) for all z € £. (3)
¢€do(0) ¢€do(0)

2We always take £ x R as a Euclidean space with inner product {(z, @), (z/,a')) = (z,2') + ac’.



Smooth Functions and Sets.

For any # > 0, we say a function f : & — R is f-smooth if |V f(z) = Vf(y)|s <
Bllz —yllg for all z, y € &, where Vf(x) is the gradient of f at x. The function
flz) = g Hx||z is the archetypal smooth function. In fact, a convex f is S-smooth if

and only if

F) < 1)+ (T F @)y —2) + 2y — a2 (@
for all z,y € £.

For sets, we say a closed convex set C'is S-smooth if | — ('[|¢ < Bz — 2'||¢ for
any x,2’ € C and any unit-norm normal vector ( € N¢o(x) and (" € Ng(2'). The ball
B(0,1/8) for 8 > 0 is the archetypal smooth set. The following analog to (4) holds
for a closed convex set C (see [20, Proposition 3]),

C'is B-smooth < B(x —(/B,1/8) C C for all unit norm ¢ € Ng(x). (5)
Relating these two notions of smoothness, [20, Lemma 7] ensures
fis B-smooth = epi f is B-smooth (6)

for all convex f : £ — R. Note that the converse to (6) is not true, see f3 in Figure 1 for
a counterexample. For a more detailed discussion on the smoothness of sets, see [20].

3 Smoothable Convex Functions and Sets

Our goal is to find smooth approximations of convex functions and sets. A con-
vex function f is a [-smoothing of another convex function ¢ if f is S-smooth and
dist (f, g) < co. Similarly, a convex set S is a S-smoothing of another convex set C' if
S is B-smooth and dist (S, C) < co. Here, our main interest is in understanding when
functions and sets admit smoothings and which smoothings minimize the distance
dist (f, g) as (B varies. The following definition formalizes this.

Definition 1 A convex function g : £ — R is (A, A)-smoothable if for any 8 > A, there
exists a S-smooth convex function f : & — R such that dist (f,g) < ﬁ Any such f is
called a B-smoothing of g with parameters (A, A) or a (A, A, 8)-smoothing for short.

Beck and Teboulle [8, Definition 2.1] introduced a very similar notion of function
smoothability, motivating our definition. The above definition differs from [8, Defini-
tion 2.1] in two ways: (i) we require the smooth approximation f to be globally smooth
and (ii) we only require bounds on dist (f, g) rather than enforcing separate tolerances
bounding the difference above g — f and the difference below f — g. We introduce the
following analogous definition for sets.

Definition 2 A closed convex set C' is (A, A)-smoothable if for any 8 > A, there exists a
(B-smooth convex set S such that dist (S, C) < ﬁ. Any such S is called a S-smoothing of
C with parameters (A, A), or a (A, A, §)-smoothing for short.



Note that not all functions are smoothable. Consider, for instance, g(z) = z*. Since
every (3-smooth function f is upper bounded by f(0)+f’(0)ac+§x2, the difference g— f
must diverge as x grows, making dist (f,g) = co. Similar reasoning also establishes
the necessity of restricting to 8 > A in the above definition. Consider, for instance
g(z) = %x2—|— |z| for any A > 0. The above reasoning establishes a 8-smoothing f with
dist (f, g) < oo can only exist for 8 > A. In contrast, every convex set is smoothable.
Indeed, for any closed, convex C' and 8 > 0, the set S := By,3 + C' is $-smooth and
satisfies dist (C, ) < 1/8. The fact that B;,3+C is smooth is a consequence of a more
general result: The (Minkowski) sum of two closed convex sets is smooth whenever
one of them is smooth, see [20, Lemma 9.

3.1 Smoothings of Sublinear Functions and Convex Cones

By restricting to sublinear functions ¢ and convex cones K, the above notions of
smoothability can be simplified, setting A = 0 without loss of generality. To see this,
consider the following simple rescaling operations: for any function f : £ — R, set C,
and n > 0, define

[f], (®) =nf(z/n)  [C],=nC={nz|zeC}. (7)

Note that epi [ ﬂn =mn-epi f = [epi f]n' Therefore, the functional and set rescal-
ings above are one and the same when viewing functions equivalently through their
epigraphs.

Leveraging positive homogeneity, the following lemma characterizes the smooth-
ness of [f], and [C], and how their distance to a given sublinear o and cone K scales
with 7.

Lemma 1 For any n > 0, function f and sublinear o, and set C and cone K,
dist ([ﬂn ,a) =n-dist(f,o) and dist ([C}n ,K) =n-dist (C, K). (8)
In addition, if f and C are (B-smooth, then [f]77 and [C’]77 are (3 /n-smooth respectively.

Proof We have
dist ([fL7 ,o) = sup [nf(x/n) — ()| = supn|f(z/n) — o(z/n)| = ndist (f,0)
el z€E
where the third equality uses that Ao(z) = o(Az) whenever A > 0. Similarly
dist ([C]n , K) = dist (nC, K) = dist (nC, nkK) = ndist (C, K)
where the third equality follows because AK = K whenever A > 0. For smoothness, we have

V£, @) = V1, @), = IV 5@/m) = VEw/mlle < B/m) = ylle

where the equality follows by the chain rule and the inequality by S-smoothness of f. Similarly,
for any unit norm (1 € Ni¢) (z) and (2 € N (y) we have
n n

€1 = Calle < Bllz/n—y/nlle = (B/n) Iz - yllg
where the inequality follows from B-smoothness of C' and the identity Ni¢) (2) = Ne(2/n).
n

O



From Lemma 1, it is clear that if a sublinear function o or a cone K is (A, A)-
smoothable, then it must be (A, 0)-smoothable. Hence, going forward in our study of
optimal smoothings of sublinear functions and convex cones, it suffices to fix A =
0. In this case, we will abuse notation and say o or K is A-smoothable to denote
(A, 0)-smoothability.

3.2 Inner and Outer Smoothings

In Definitions 1 and 2, there is no distinction on whether the approximation is from
above or below, or inside or outside. It can sometimes be useful in practice to make such
a distinction. This leads to the following definitions for function and set smoothing
from inside and from outside. When applying notions of “inner” /“outer” approxima-
tions to functions, we take the convention of identifying each function with its epigraph.
Hence, an inner approximation f of g is a function with epi f C epig. That is, f > g.

Definition 3 A convex function g is inner (or outer) (A, A)-smoothable if for any g > A,
there exists a (A, A, §)-smoothing f such that f > g (or f < g).

Definition 4 A convex set C is inner (or outer) (A, A)-smoothable if for any 8 > A, there
exists a (A, A, B)-smoothing S such that S C C (or S 2 C).

As noted in the previous subsection, for sublinear functions and convex cones,
A can be set to zero in all the above definitions without loss of generality. In such
settings, we abuse notation and omit A = 0 from our statements.

3.3 Example: Smoothing the Euclidean Norm and the Second
Order Cone

To illustrate these definitions, we briefly consider smoothing the standard Euclidean
norm o(x) = ||z||, and the second-order cone K := epi ||-||,. First, we focus on
smoothing o. Consider the following five candidate smoothings of the Euclidean norm

1 2 .
)zl it izl <1 _ 1
= . L
hie) {tz - % otherwise Falz) = hi(z) 4
2 .
faw) o (V- VB —lel} i Jal, <2
H$||2 —2(2 - \@) otherwise

fs(@) = /1 +|z]5 -1

where f; and fy are the Moreau envelope of o (known as a Huber function) and a
translation of it, f3 and f4 are functions whose epigraph is a translation of epic+ B, s,
and f5 is an ad hoc choice avoiding piecewise definitions. One can verify that f1, f3, f5
are all outer smoothings while fy and f4 are neither inner nor outer smoothings.



fi Bi D; Ai

i 1 1/2 1/2
21 fo 1 1/4 1/4
E 1 2(2 - V2) 2(2 - 2)
fa 1 V2(6v2-38) V2(6v2 - 8)
1 s 1 1 1
S; Bi D; A;
0 ‘ S 1 1/22 1/2v2
3 2 10 1 2 3 S; ) 14 14

Sy 1/2v2 2(v2-1) (V2-1)/v2
Sy 1/2v2  6v2-38 (V2-1)/(1+v2)
Ss 1 1/V2 1/v2

Fig. 1: Left: Five candidate smoothings of ||z, in 1D. Right: Smoothness and distance
bounds, and the implied smoothability bound for the two-norm and second-order cone
from each candidate.

For each i =1,2,...,5, Figure 1 computes constants for the 8;-smoothness of each
/i and the distance D; = dist (f;,0).> Since o = |-, is sublinear, Lemma 1 ensures
[fi],, is Bi/n smoothing with distance from o of nD;. As a result, each f; proves o
is \; = B;D;-smoothable. Among these choices, fo provides the best smoothability
constant in general and f; provides the best constant among the outer smoothings.
Our Theorems 3 and 5 establish that, in fact, these are the unique optimal smoothing
and outer smoothing of the Euclidean norm among all 1-smooth functions.

Each of these function approximations provides a smooth set approximating the
second-order cone K = epi o given by S; = epi f;. Each of these sets has some
associated smoothness constant 8 and distance D} = dist (S;, K), also computed in
Figure 1. Again by Lemma 1, we know [S;], is §;/n smoothing with distance from K
of nDj. Hence, each S; proves the second-order cone K is smoothable with constant
A, = B.Dj. Among these, S, provides the best smoothability constant in general and
Ss provides the best constant among the outer smoothings. Our Theorems 12 and 14
establish that these are the unique optimal smoothings.

After developing our theory for generic sublinear functions and convex cones, more
interesting examples are considered in Sections 4.3 and 5.3. Unlike our simple example
here, optimal smoothings in general are not unique; in such settings, we provide a
characterization of all optimal smoothings. The fact that the Moreau envelope of the
two-norm plus a constant was an optimal function smoothing is shared among norms
in general, but does not always provide optimal smoothings for sublinear functions.

3This can be verified for each function by noting in each case D; = max{ f;(0), lim 45— oo o(x)— fi(z)}.



4 Optimal Smoothings of Sublinear Functions

As one of our main results, we characterize the set of all optimal smoothings of any
sublinear function. Recall that o : £ — R is sublinear if

o(Ax) = Xo(z) if A >0, olx+y) <o(x)+o(y) foralzecf.

Assumption (Blanket Assumption about o) For the rest of the paper, we assume o is a
real-valued sublinear function.

Note that any sublinear function ¢ is S-smoothable for any 8 > 0 by, for example,
considering the Moreau envelope of o. Our focus here is not just demonstrating some
smoothing f with dist (o, f) < oo, but rather in functions minimizing this gap.

Definition 5 A convex function f : £ — R is an optimal S-smoothing of sublinear o : £ — R
if f is B-smooth and dist (o, f) < dist (a, f) for all B-smooth, convex f : € — R.

Recall that as an immediate consequence of Lemma 1, it suffices to characterize
all optimal smoothings of ¢ at the fixed smoothness level 8 = 1. To construct such
smoothings, we use the following key objects, which we call the functional core, center,
and width, respectively:

C, := {(x,r) €EXR| (z,7)+epii ||||‘2€ - epia},

(T5,75) := argmin r + % H:c||i ,
(z,r)eCo

2
Wo =10 + 3 |26z,
We focus on the epigraphical representation of ¢ in anticipation of the symmetry

that exists between smoothing sublinear functions and convex cones. The functional
core C, is the epigraph of the following closed, convex function:

., L2
00 () := (e (¢, z) + 5 <l - 9)

Lemma 2 For any sublinear function o, it holds that Co = epi 0o -

Proof Observe that it suffices to show that go(z) equals sup,cg o(y) — % |z — yH?; This is
sufficient since for any (z,r) € € X R,

1 1
(z,7) € Co = T+§||x—y||§ZU(y) forally € £ < rZsupo(y)—iﬂw—yHg
yee&

10



<~ (z,7) € epi go

where the first equivalence follows by definition of C, while the last one uses the claimed
equality. Now

1 2 1 2
supo(y) - » eyl =sup sup (C.y) — &l — w2
yee yEE C€Do(0)

1 2
= sup (Ga)+sup Gy — ) — 5 lly — ol

(€do(0) yel
1

= sup (o) + 5 I

(€00 (0)

where the first equality holds because sublinearity via (3) implies o(y) = SUP¢ 90 (0) ¢, y)
for all y € £. O

From Lemma 2, it follows that ( m)inc r+ % Hm||§ has a unique solution given by

x,T

. L2
Ty = argnin Qa(w) + 5 Hx”é‘ and 7, = Qa(wa) (10)
el 2
since
. ]- 2 . ]. 2
(%g,76) = argmin 74 - ||z|e = argmin o, (x) + < ||z -
(z,r)Eepi g5 2 (w,r),r=00(x 2

Noting 0, (x)+ 3 |||z is 1-strongly convex, this minimization has a unique minimizer.

4.1 Characterization of All Optimal Smoothings

We find that the set of optimal smoothings of a given sublinear o always takes
the structured form of all S-smooth convex functions lying pointwise between two
extremal smoothings. In particular, we consider the following minimal and maximal
1-smoothings:

FEr = (rg + 0(- —25)) O 12| = wo/2, F§e“=[gamél\~lli]—wa/2 (11)

where fOg denotes the infimal convolution between two functions f : £ — R and
g:& =R, ie.
(fHg)(z) = inf f(y) +g(z —y).

The following theorem establishes that these are 1-smoothings and, in fact, provide
the smallest and largest optimal 1-smoothings of o, and suffice to characterize the set
of all optimal smoothings.

Theorem 3 (Optimal Smoothings of o) A sublinear function o is A-smoothable if and only
if A > wo /2. In particular, for any target smoothness level 8 > 0, a B-smooth convex f is an
gen

optimal B-smoothing of o if and only if [Fg;en]l/ﬁ <f< [ > ]1/5. Further, any such f has

dist (f,0) = 35

11



We defer the proof of this theorem to Section 4.2.2 since it can be directly proved
from the following Theorem 4 characterizing optimal inner smoothings.

4.1.1 Characterizations for Optimal Inner and Outer Smoothings

Definition 6 A convex function f : £ — R is an optimal inner S-smoothing of sublinear
o: & — Rif fis B-smooth, f > o, and dist (o, f) < dist (U7 f) for all B-smooth, convex

f : &€ — R satisfying f>o. Analogously, a S-smooth convex f < o is an optimal outer
B-smoothing of o if dist (o, f) < dist (O’, f) for all B-smooth, convex f < o.

For any sublinear o, we find that all optimal inner 1-smoothings of o lie between
the following functions, defined as infimal convolutions

fP=lrotol—z))O5 M, FPr =005z (12)

Note that (see [19, Exercise 1.28])

1 1
epi 05 -2 = epi f + epi 3 -2 for all convex f: & — R (13)
and

epiry +o(- —xy) ={(x,r) | re + oz —z,) <r} ={(&,7) + (25,75) | 0(Z) < 7}

= (z,,75) +epio

via the change of variable (Z,7) = (x — 25,7 — r,). Therefore, combining (12), (13),
and the fact that epi 9, = C, by Lemma 2, we get

. pin . 1 2 . in 1 2
epi fo' = (¢4, 70) +epio) +epi g |l epl Fy' = Co + epig |lg - (14)

Thus, the functions in (12) have a simple geometric interpretation: fI* is obtained by
adding epi 3 ||H§ to a translation of epio while Fi" is obtained by adding epi 3 ||H‘2s to
the functional core C,,. Theorem 4 shows that these functions are optimal 1-smoothings
and any other optimal 1-smoothing must lie between them.

Theorem 4 (Optimal Inner Smoothings of o) Ewvery sublinear function o is inner A-
smoothable if and only if A\ > wq. In particular, for any target smoothness level B > 0, a

[-smooth convex f is an optimal inner B-smoothing of o if and only if [F,lfn] 18 <f<

in . — Wo
[ P ]1/6' Further, any such f has dist (f,0) = 7

12



Similarly, the set of optimal outer 1-smoothings of o lies between the following
functions

fe = [ra + o 2 ) DR IME] ~way  Fe = [0 DFIME] ~we  (15)

Theorem 5 formalizes this and is proven in Section 4.2.2.

Theorem 5 (Optimal Outer Smoothings of o) Every sublinear function o is outer A-
smoothable if and only if X > wq. In particular, for any target smoothness level 3 > 0, a
B-smooth convex f is an optimal outer 3-smoothing if and only if [Fé’ut] 18 < <] g‘“] 1/

Further, any such f has dist (f,0) = %

4.1.2 Two Remarks on Optimal Smoothings

First, we note that one can obtain general and outer smoothings by simply adding a
constant to inner smoothings, as
fgen — f;n _ WO-/Q, Fagen — Foi_n _ Wo’/2;
(16)

out __ rin out _ pin
fo _f(f - Wo, Fo _Fo - Wo.

These reformulations can easily be verified from definitions.
Second, we note that our theory provides an exact characterization of when optimal
smoothing of ¢ are unique:

o has unique smoothings <= f* = FI* <= r, +o(- — 25) = 0o (17)

where the first equivalence follows from our main theorems and the second uses the
elementary fact that two closed convex functions are equal if and only if their Moreau
envelopes are equal?.

4.2 Proofs of Characterizations of Optimal Smoothings

We begin with a simple technical lemma (Lemma 6) which will later help in creating
symmetric proofs for sets. Then we prove our main theorems by first proving the
result for inner B-smoothings, and then showing that characterizations of the optimal
general and outer smoothings follow from simple transformations.

Lemma 6 Let K be a nonempty closed convexr cone and C be a nonempty closed convez set.
Then K = C* whenever dist (C, K) < oo.

4This fact can be verified by considering conjugates through the following equivalences:
1 2 1 2 1 2 1 2
f=g = =g = PR =g+ MR = SO =05 2
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Proof Let r = dist (C, K). We have C*° C (K + B;)*° = K C (C + B,;)* = C* where the
inclusions follow because C C K + B, and K C C + By, while the equalities follow by [22,
Corollary 9.1.2] O

4.2.1 Proof of Theorem 4

Our proof is broken into several lemmas which combine together to immediately yield
the theorem. Recall, due to Lemma 1, it suffices to consider only S = 1. We begin by
showing in Lemma 7 that F!" is an inner 1-smoothing that lower bounds any other
inner 1-smoothing of o.

Lemma 7 F(i,n defined in (12) is an inner 1-smoothing of o with dist (F},n, a) > weo. Further,

FiM < f for any convez inner 1-smoothing f.

Proof Fcirn = QO’D% ||H?; is 1-smooth by [19, Proposition 12.60]. The inequality Ff,n >0
follows because

in

. . .1 .
epi F, :eplpo+ep1§\|'||?g§epw

where the equality follows by (13) and the inclusion follows because epigs = Cs by Lemma 2.
As a result, we have
dist (F},“, a) > Fi™0) — 0(0) = we

where the inequality holds because F},rl > o and the equality follows from Equation (10) and
the definition of Fy" and the fact that o(0) = 0. Now let f : £ — R be any 1-smooth convex
function such that f > o. Then f = g0 % HH? for some convex function g, by [19, Proposition
12.60]. Note that epig C Co as (13) ensures epig—l—epi% ||H?; =epif C epio. Since Cys = epigs
by Lemma 2, it follows that g > oo. Hence f = gD% HH?: > 00 D% ||||§ = Fin, O

We next show in Lemma 8 that f* is an inner 1-smoothing that upper bounds all
inner 1-smoothings f satisfying dist (f,o) < dist (f*, ). Since any optimal f satisfies
dist (f,0) < dist ( in 0) by definition, this proves that f* upper bounds optimal
smoothings.

Lemma 8 ff,n defined in (12) is an inner 1-smoothing of o with dist ( ,i,n, a) < wq. Further,

i > f for any conver, inner 1-smoothing f with dist (f,0) < wo.

Proof f},n is 1-smooth by [19, Proposition 12.60]. The inequality f},n > o follows because
. i . .1 . .1
bl [ = epi (ro + 0 — 2)) + epi 5 |2 = (w0, 7o) + epi o +epi 3 |13

Cepio+epio=epio
where the first equality follows by (13), the inclusion follows because (zo,7s) € Co ensures

(xo,75) + epi % ||||% C epi o, and the last equality follows because epi o is a convex cone.
Therefore

dist (fffn7 U) = sup fP (@) - o(2)
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1 1 2
= supra + 5 e~ wollf - 5 o =20 = Pog(o)(@ = z0)| = o(a)
1 | 2
=supro + 3 l2oll? = 5 [0 + Pao(oy (@ = 20)| . + (Pao(o) (@ = 20),2) — o(2)
z€E 2 2 £

<o+ 3 llaoll?
=Wy
where the second equality follows by Lemma 9 below, the inequality follows in part because
of the subgradient inequality o(z) > o(0) + <P@a(0)(m - Zs), :c>, and the last equality holds
by definition of w, .
For the second part of the Lemma, first note that

dist (epi f,epi o) = sup |(z,0(2)) = Pepi (2, 0(2)))]| ¢ r
< sup [[(z,0(x)) = (@, f(2)) e xr
zel

= sup | f(z) — o(z)]

zel
=dist (f,0)

where the first equality holds because (i) f is an inner smoothing, and (ii) only boundary
points matter in computing the distance. As a result, if dist (f,0) < wg, then

. i . .1 .1 .
epi [ = epi (1 + (- = 7)) +epi 3 [HIE = (0,7) +epi 5 |12 +epic

.12 .
= (,70) + opi 5 |z + (epi )
where the first equality follows by (13) and the last equality follows because Lemma 6 ensures
that epi o = (epi f)* as dist (epi f,epio) < dist (f,0) < we. Therefore, to prove that
epi fo' C epi f, it suffices to show that (zg,7s) + epi % ||||Z C epi f. We next show that this
inclusion holds. Note that

(-970.70) = 1T ) + epi 5 142 =epi (70) = 5 ITFOIE + 511+ T70)12 )

—epi (£0)+ (9500, + 3 1)

Cepif

Cepio (18)
where the first equality holds because epi (rg + g(- — z9)) = (z0,70) + epi g for any function
g: & — Rand any (zg,79) € £ X R, the second equality follows from completing the square,
the first inclusion holds because f(z) < f(0) + (Vf(0),z) + & ||a:||% for all z € € by (4),

while the second follows by assumption. Our desired inclusion (zs,7s) + epi % ||H?; Cepi f
then holds because of (18) and the next calculation, which shows that 2o = —V f(0) and

ro = £(0) — L [V (0)[|2. We have
1 1 1 1
ro+ 5 lzollz < £(0) = 5 IVSOIE + 5 IVFO)llz < 7o + 5 llzollz

where the first inequality holds because (—v £(0), £(0) = 3| f(o)nﬁ) € Cy by (18), while
the second follows because f(0) = |f(0)—o(0)| < dist (f,0) < ws. Equation (10) then ensures
2o = —V f(0) and 7o = f(0) — % HVf(O)H?; as claimed. O
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Now, by Lemmas 7 and 8, the necessity of the condition FI* < f < fi* is proved.
For sufficiency, we note that if f is a convex inner 1-smoothing satisfying F)" < f <
fin then

w, < dist (Ff,n,a) < dist (f,0) < dist ( ‘i,n,a) < wg

where the first inequality follows by Lemma 7, and the second and third inequali-
ties follow by assumption, while the last inequality by Lemma 8. Thus dist (f,0) =
dist (Ff,n, 0), hence f is optimal as Lemma 7 ensures F." is optimal. This concludes
the proof of the second statement of the theorem. In addition, since F}* is optimal
and the above chain of inequalities proves dist (F in 0) = W, the third statement is
also proved.

The first part of the theorem also follows directly from Lemmas 7 and 8. Note that
o is inner A-smoothable for all A > w, because [f] 1/8 is an inner (w,, 8)-smoothing
of o for all 8 > 0, by Lemma 8 and Lemma 1. On the other hand, if ¢ is A-smoothable,
then A > w, because w, < dist (f,0) < A for any (A, 1)-smoothing f, where the first
inequality follows because w, is the optimal distance.

4.2.2 Proof of Theorems 3 and 5

Without loss of generality, we assume 8 = 1. Two key claims are needed for these
proofs: for any convex, 1-smooth function f and any r > 0,

(A) If f > o, then f —r is 1-smooth and dist (f —r,0) < max {r, (dist (f,0) —r)+}.
(B) If dist (f,0) <, then f = fi" —r where fi* is an inner 1-smoothing with

dist (f™,0) < dist ((f — 0)4,0) + .

Before proving these statements, we show that they immediately yield the theorems.
We begin with smoothability claims. Since f > o and dist (fin,o) < w, for any
optimal inner l-smoothing by Lemma 8, (A) ensures that o is max {r, (w, — )4 }-
smoothable with the smoothing fi* — r. Further, for r > w,, this smoothing is an
outer smoothing. Therefore, taking r = *= we get that o is w, /2-smoothable. Simi-
larly, taking r = w, proves that o is outer w,-smoothable. We now show that these
parameters cannot be improved. For any 1-smoothing f, we have f = f* — dist (f, o)
where fi* = f +dist (f,0) and

wo < dist (f,0) < dist ((f — 0)4,0) +dist (f,0) < 2-dist (f,0)

where the first inequality follows by Theorem 4, the second holds by (B), while the
third holds because dist (f, o) = max {dist ((f — o)+, 0),dist ((¢ — f)4,0)}. Similarly,
noting that (f — o)+ = 0 if f is an outer smoothing, (B) ensures dist (f, o) > w, for
any outer 1-smoothing f. This concludes the proof of smoothability claims for both
Theorems 3 and 5. An immediate consequence of this is that dist (f&",0) = w,/2 if
f&m is an optimal general 1-smoothing, and dist (f°"%,0) = w, if f°"* is an optimal
outer 1-smoothing.
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We now prove the “if and only if” characterization of optimal smoothings. This
follows from Theorem 4, Equations (16) and the fact that (A) and (B) ensure that with
r = % and 7 = w,, the transformation f in 5 " _r maps optimal inner 1-smoothings
on to optimal general and outer 1-smoothings, respectively. Indeed, since the optimal
general distance is w,/2 and max {r, (w, — )1} = r for r = w,/2, (A) shows that
fi* — r is an optimal general 1-smoothing if ™ is an optimal inner l-smoothing,
while (B) shows that for any optimal general 1-smoothing f&", we must have f8" =
™ —w, /2 where £ is an optimal inner 1-smoothing. An entirely analogous argument
shows that with r = w,, the transformation fi* — f™ — ¢ maps optimal inner 1-
smoothings on to optimal outer 1-smoothings. By combining this with Theorem 4 and
Equations (16), the “if and only if” characterization follows.

We complete the proof by showing that (A) and (B) are true. For (A), clearly f—r
is as smooth as f. Further, if f > ¢ then

dist (f —r,0) = itellzg)max {r+o(z) = f(z), f(x) —o(z) — 1}

< max {r, (dist (f,0) —r)+}

where the inequality uses that f(z) > o(x) by assumption and dist (f, o) > f(x)—o(x)
for all x € £. For (B), if f is 1-smooth and dist (f,0) < 7, then clearly f* = f +r is
I-smooth and f* > o. Further

dist (f*,0) = sup (f(x)+7—0o(x)), < sup (f(x) —o(x), +7

— dist ((f —0)4,0) +7
where the first equality holds because f® = f+4r > ¢ while inequality uses that > 0.

4.3 Some Families of Optimal Smoothings

As an application of our theory, we present the optimal smoothings of the ReLU
function, an optimal smoothing of any norm based on its Moreau envelope (not nec-
essarily unique), and optimal, computationally tractable smoothings of the maximum
and maximum eigenvalue functions.

For these examples, the following lemma is useful, giving a formula for the infi-
mal convolution with %HH? (i.e., the Moreau envelope) of any sublinear function.
The minimal optimal smoothings f&%, fin fout are all translations of such functions.
(Note the maximal optimal smoothings F&®, Fin U generally are not translations
of Moreau envelopes of sublinear functions.)

Lemma 9 For any sublinear function o and xz € &,
1 2 1 2 1 .. 2
(05 1H1E)@) = 5 lal2 — Sdist (,00(0))* . (19)
More generally, it follows that
1 1 1.,
((ro + (- —20) O 5 [2)(@) = o + 5 llz — woll — Fdist (z —z0,00(0)*  (20)
for all x,x9 € € and rg € R.
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Proof First, we assert that
. 1 2
argmino(y) + 3 [|lz — yllg = 2 — Fyo (o) (2)- (21)
ye€

Let 2t =z — Pyo(0)(@). It suffices to show that = — xT € do(2h) as this is the necessary
and sufficient condition to attain the minimum in (21). For any ¢ € d5(0), we have

<$+7 C> = <$ — Pyo(0)(®), C> < <l’ — Pyo(0) (), Paa(o)($)> = <1’+»ﬂ3 - 1’+>
where the inequality follows by normality conditions. Since o is sublinear, this implies z—a+ €
do(zT). Hence ™ satisfies the first-order optimality condition establishing (21). Then the
claimed general formula for the Moreau envelope of o follows as
12 . 1 2
(003 12)) = L o) + 3 llo — ol

=0 (x - Pag(o)(l’)) + % HPMO)(“)HZ

= (2= Povtoy (@) Paotoy(@)) + 3 [ Powion @),

3

Ll = L e~ Pooioy @)

where the second equality follows by (21), the third because Pys(0) (z) € Oo(x — Pao(0) (z))
by normality conditions, and the last is just completing the square. Since dist (z, 95(0)) =
Hx — Pas(0) (m)HS, (19) follows. The general formula (20) follows immediately from (19) and
the following calculation

(ro + (-~ 20)) O 7 |112)(x)

. 1 2
£ _ e — _
;IEISTO‘FU(?J xo) + 5 |z —z0+x0 —yll2

1
ro+ (005 IH3)( — 20).

4.3.1 The Optimal Smoothings of the ReLU Function

As a simple first example of calculating optimal smoothing with our theory, consider
the ReLU (rectified linear unit) function denoted o(z) := max{0,z} defined with
xz € & = R. A wide range of ad hoc smoothings of this function have been used in
the machine learning literature [23-26]. Our theory provides principled alternatives.
Noting that do(0) = conv{0, 1}, the functional core can be computed as

1, 1, 1
o(x) = max (x+ =(°= max (r+ - =max<0,x+ - =0c(x+1/2).
0 (@) geaa(o)C 2C ce{o,1}< QC { 2} ( /2
The functional center is given by (z,,7,) = (—=1/2,0) and the functional width is
w, = 1/8. Observing that o, = 7, + 0(- — ), (17) ensures that the ReLU function
has a unique optimal smoothing. In particular, from Theorem 3, calculating an infimal

convolution of 1 ||||i with g, gives the unique optimal 1-smoothing as

L if < —1/2
@) = Q@ 1P - i —1/250<1)2 (22)
r— % otherwise.
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The error of approximation is dist (f&",0) = %wg = 1/16. More generally, % f&en(Bx)
1

gives the optimal S-smoothing for any 8 > 0, with approximation error of 5 5

4.3.2 An Optimal Smoothing for any Norm

For any norm o = ||-|| (not necessarily the Euclidean norm), we find that the function
center is very structured. Namely, z, = 0 and w, = 0,(0). From this, one can con-
clude that the Moreau envelope of the norm, o[ g ||-|2, provides an optimal outer
[B-smoothing. From this optimal outer smoothing, optimal smoothings in general and
inner smoothings are given by appropriately adding constants to this envelope via (16).

Proposition 10 For any norm o, it holds that ©o = 0 and wo = 00(0). As a result,
for any B > 0, the Moreau Envelope a[lg HH% is an optimal outer B-smoothing of o. An
optimal general smoothing and an inner smoothing are given by (UD% HHZ) + Bwo /2 and

(e % H'||‘2g) + Bwe, respectively.

Proof Since x5 = argmingc¢ 0o(x) + % HxH% by Equation (10), the first order condition
0 € 0oo(0) is sufficient to prove zo = 0. Observe that (i) argmax¢cgq (o) % ||§H?: C 005(0)
by Equation (9) and (ii) do(0) = —90(0) because o is a norm. Combining (i) and (ii) gives
0 = (¢ —¢)/2 € 0os(0) whenever { € argmax¢cp,(0) % ||CH§, by convexity of the subdif-
ferential. Since 00 (0) is compact, it follows argmax¢egq (o) % I H% is nonempty. Therefore
0 € 00s(0) and x5 = 0 is proved. Since wo = ro + % ||$g||§' by definition and ro = go(z4)
by Equations (10), it follows that wo = ro = 05(0) as claimed.
Now, note that

1 1 L
= [rotot 2D ] = e = [ot =)D 1] 47, = we =003 1R

where the first equality holds by definition, the second holds because (r+ f)Og = (fOg)+r
for any r € R and two functions f and g, while the last equality holds because x5 = 0

and wo = 7. Since UD% ||H?: = [gg% HH?:] 18 by positive homogeneity of o, this proves

optimality of o g ||||§, by Theorem 5. Optimal general and inner smoothings follow by
Equations (16).
]

Note that this result does not ensure that the Moreau envelope is the unique
optimal outer smoothing. Depending on the structure of the norm under consideration,
the optimal smoothing may or may not be unique. Below, we explicitly calculate two
examples (one of each type) via their functional core, center, and width.

First consider the one-norm o(z) = ||z||; := 2?21 |z;| defined in & = R?. Noting
that 9o (0) = conv {(£1,---+ 1)}, we can calculate the functional core as

_ 1 2 1 2 d
oole) = max (Ca) +5lCly = max (Gr) 45 G = o) + 5.
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Moreover, the functional center is given by z, = (0,...,0) and r, = % Hence o, =
re + 0(- — x,) and so (17) ensures the one-norm has a unique optimal smoothing.
Proposition 10 then gives the unique optimal outer 1-smoothing of

otherwise.

d
1) = (L O3 1HE) (2) = 3 (o) where Hifa) = {

i=1 il = 3

2

The error of approximation is dist (fo", o) = w, = %. The optimal general and inner
1-smoothings are then given by Zle Hi(z;) + % and Zle Hi(z;) + £, respectively.

Second, as a less structured example norm, consider the following weighted
infinity norm o(z) = max {|x1],2|z2|} defined in & = R2. Noting that do(0) =
conv {£(1,0),£(0,2)}, one can calculate the functional core as

1 1
00 () (Ga)+ 5 16l = max (ko] + 5,20l + 2.

= max
¢e{£(1,0),£(0,2)}

Moreover, the functional center is given by z, = (0,0) and r, = 2. Since o(x) +
re > 0o(x) whenever |z1| > 2 and |z3| = 0, we note that ¢ does not have unique
optimal smoothings, by (17). In this case, the largest (in function value) optimal outer
1-smoothing is given by

ou 1 2
2w = (205 15 @)
3l if |y | + Laa| < 1
1| = 3 else if 2[as| — |21] < —1
2|ws| - 2 else if 2|zs| — |z1| > 4

£ (4)z1] + 2wo| — 24 3(2lw2| — |#1])?) else
while the smallest optimal outer 1-smoothing is given by

1 O il <32
F2(o) = ((er = W) DS ) (0) = 2o+ 3/2.0)) i < 32
fout(z —(3/2,0)) else.

One can check these piecewise formulae for f € {foUt, FOUt} case-by-case over z € R?
by verifying that  — V f(z) is a minimizer for the corresponding infimal convolution.
For example, the four cases of foU' correspond to the minimizer occurring at the
origin, with only |z1| active, with only 2|z3| active, or with both active. Therefore, a
1-smooth convex function f is an optimal 1-smoothing of this weighted infinity norm
exactly if it lies between these two functions.
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4.3.3 The Optimal Smoothings of Maximum and Maximum
Eigenvalue Functions

Consider the max function o(r) := max {z1,...,74}, defined in & = R%. Noting that
0o (0) = conv {ey,...,eq}, where e; is the i-th standard basis vector, we have

1 2 1 2 1
o (2) = L) + = = L)+ 5 = + 5
0o() = mmax (Co) 5 K5 = _max (G <3 = 0(e) + 5

1 1
Ty = argmin = + o(z) + = |z|5 = —(1,...,1)/d,
z€ERA 2 2

1 1
Te = Qa(xa) = _a + 5

This implies 9, = 7, + o(- — 2,) and so ¢ has a unique optimal 1-smoothing. In
particular, it is given by®

J
en en 1 2 1 1
@) = P =t 5 Yo~ + g (14 ) (23)
. . 1 J
where the permutation 7 ensures ;) > Tr(j41) foralli < d, a = (3 71 vru) — 1),

andJ:maX{jG{l,...,de

imation is dist (f&",0) = 4w, = 3 (1— ). More generally, %f§e“(ﬂx) gives the

=) — %(Zle Trp — 1) > O}. The error of approx-
o 2
optimal S-smoothing for any 8 > 0, with approximation error of ﬁ (1 - %)
Entirely similar reasoning and formulas apply to give the unique optimal smoothing
of the maximum eigenvalue function o(A) := max,cga |z, =1 2T Az, defined in the
space of symmetric d x d matrices £ = S*¢. Appendix A provides the resulting parallel
formulas.

5 Optimal Smoothings of Convex Cones

We now characterize the set of all optimal smoothings of convex cones. Recall that
K C £ is a convex cone if

MeKifze K, A>0, r+yeKifz,ye K.

Assumption (Blanket Assumption about K) For the rest of the paper, we assume K is a
closed convex cone with a nonempty interior such that K # E.

Note that any closed convex cone K is S-smoothable for any 8 > 0 by, for example,
considering the simple Minkowski sum K + B(0,1/8). As in the function setting, our

5This can be verified by directly computing F&°*(z) = o, oi HH% -wo/2=(3+0)03 HH% - (1-
1/d)/4 using (21) and the formula for projecting on the unit simplex 8¢ (0) = conv {e1, ..., eq} given in [27,
Figure 1]. Further note from this projection formula, this optimal smoothing can be computed in (expected)
linear time in n [28].
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focus here is not just demonstrating some smoothing S with dist (S, K) finite, but
rather in sets minimizing this gap.

Definition 7 A closed convex set S is an optimal S-smoothing of a closed convex cone K if
S is B-smooth and dist (K, S) < dist (K, S) for all S-smooth, convex S.

As was the case for functions, Lemma 1 ensures that it suffices to characterize
all optimal smoothings of K at the fixed smoothness level 5 = 1. To construct such
smoothings, we use the following key objects, which we call the conic core, center, and
width, respectively:

Cx ={x €& |2+ B(0,1) C K},

rg = argmin ||z||.,
zeCyk

WK = ”:EK”E —1.
The conic core is closed and convex, as established by the following lemma which
reformulates the conic core as an intersection of halfspaces.

Lemma 11 For any convez cone K, Cix = {z € £ | ((,x) < -1,V € Ng(0),][¢|l¢ = 1}.

Proof Let € Ck. Then for any ( € Ni (0) with ||¢||¢ = 1, we have
where the first equality follows because (¢,{) = 1 and the inequality follows because = € Ck
implies  + ¢ € K since [|(||¢ < 1. Now suppose SUP e N (0), ¢l o =1 (¢,x) < —1. Then, for
any v with ||u|l¢ < 1, we have
sup (Cz+u) <lullg + sup (¢;z) <0
CENK(0),][¢llg=1 CENK(0),lI¢llg=1
where the first inequality follows from the Cauchy-Schwarz inequality and the last follows by

assumption. Since K is a closed convex cone, this implies = + u € K. Since u was arbitrary,
it follows that x € Ck. O

From Lemma 11, it is immediate that the conic center xx, defined above as the
projection of the origin onto C, exists and is unique. Lastly, we note that our conic
width wg is closely related to the conic width of Xiong and Freund [29, Section
1.3], which is an important quantity in the analysis of conic programming algorithms
(see [29, 30]). In fact, it can easily be shown that their conic width is equal to 1/(wg +

1) =1/llzklle-
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5.1 Characterization of All Optimal Cone Smoothings

For a closed convex cone K, to characterize all smoothings, we consider the following
minimal and maximal 1-smoothings:

sk = o [(ex + K) + B0 1+ )], K" = 775 [Cr + B0, 1+ %)) .
(24)

The following theorem establishes that these are 1-smoothings and in fact provide the
smallest and largest optimal 1-smoothings of K and suffice to characterize the set of
all optimal smoothings.

Theorem 12 (Optimal Smoothings of K) A convex cone K C £ with a nonempty interior is

A-smoothable if and only if A > 2_"‘_"751{ In particular, for any target smoothness level 5 > 0, a
B-smooth convex S is an optimal B-smoothing of K if and only if [s%(en] 1/8 cSC [S%(en] 18"

Further, any such S has dist (S, K) = 5775 %

We defer the proof of this result to Section 5.2.2 as it follows as a consequence of
Theorem 13.

5.1.1 Characterizations for Optimal Inner and Outer Cone
Smoothings

Definition 8 A closed convex set S is an optimal inner -smoothing of a closed convex
cone K if S is B-smooth, S C K, and dist (K,S) < dist (K, S’) for all S-smooth, convex

S C € satisfying S C K. Analogously, a S-smooth, closed convex S D K is an optimal outer
B-smoothing of K if dist (K, S) < dist (K, 5') for all S-smooth, closed convex S D K.

For any convex cone K, we find that all optimal inner 1-smoothings lie between
the following sets, defined as Minkowski sums

st = (e + K)+ BO,1), S =Ck +B(0,1). (25)

Theorem 13 formalizes this and is proven in Section 5.2.

Theorem 13 (Optimal Inner Smoothings of K') Every convex cone K C € with a nonempty
interior is inner A-smoothable if and only if A > wg . In particular, for any target smoothness
level B > 0, a [-smooth convexr S is an optimal inner [-smoothing of K if and only if

Rl CSC|SE| . Furth h S has dist (S, K) = Y.
[SK]l/,B_S_ [SK]l//B urther, any such S has dist (S, K) = ¥4

Similarly, the set of optimal outer 1-smoothings of K lies between the following sets

s = A [(ox + K) + B0, 1+ wg)],  SP'= 71— [Ck + B(0,1+w)].
(26)
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Theorem 14 formalizes this and is proven in Section 5.2.2.

Theorem 14 (Optimal Outer Smoothings of K) Every convex cone K C & with a nonempty

interior is outer A-smoothable if and only if A > 1-V|-VvI§K . In particular, for any target smooth-
ness level B > 0, a B-smooth conver S is an optimal outer S-smoothing of K if and only if

[s‘}}lth/ﬂ cSscC [Sf(“t]l/ﬁ. Further, any such S has dist (S, K) = 175 %

5.1.2 Symmetries between Function and Set Smoothings

First, we explicitly highlight the parallels between the optimal function and set
smoothings. Noting that epi o is a convex cone, we have the following symmetry
between the optimal inner smoothings of sublinear functions and convex cones.

. in . . 1 . in . 1
epi f5" = (¢4, 75) +epio) +epi 5 111z epi o' = Cy + epi g I
(rx +K) +B(0,1) S = Cx + B(0,1) .

The other optimal sets are generated from these inner smoothings. For functions, a
simple translation gives the other optimal smoothings, as shown in (16). The parallel
transformation for sets is a Minkowski addition together with a rescaling, giving

S = e [+ BO.Y)], S = e[S+ B0,)]

(27)

sy = 1+1NK [sg +B(O,wk)], Sp*= 1+1’VK [S& +B(0,wxk)] -

These reformulations are easy to verify from definitions.
Second, as was the case for functions, our theory provides an exact characterization
of when a unique optimal smoothing exists.

K has unique smoothings <= s = S = xx + K = Ck (28)

where the first equivalence follows from our main results for sets and the second notes
two closed convex sets C and Cs are equal if and only if Cy + B(0,1) = Cy + B(0,1).
This can be shown using support functions (see [19, Chapter 8E] for relevant concepts).

5.2 Proofs of Characterizations of Optimal Cone Smoothings

Our proofs follow the same pattern as the proofs in the function setting. We first prove
the result for inner S-smoothings, and then show that characterizations of the optimal
general and outer smoothings follow from simple transformations.

5.2.1 Proof of Theorem 13

The proof of this theorem follows the same style as that of Theorem 4. As in that
proof, we restrict to the case § = 1 without loss of generality and break the proof into
two key lemmas. The first, Lemma 15, proves the inclusion S C S% for any convex
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inner 1-smoothing S. The second, Lemma 16, proves the inclusion s C S for any
optimal smoothing S.

Lemma 15 SiKn defined in (25) is an inner l-smoothing of K with dist (SiKn7K) > Wi

Further, S C SiKn for any closed convex inner 1-smoothing S.

Proof Clearly Siﬁ = Ck + B(0,1) C K by definition of Ck. Since Ck is convex and closed,
S¥ is 1-smooth by [20, Proposition 3]. We also have

dist (SR K) = ||Psp (0)]|, = I1Pesc (0) + Po, (~Pey e = ok + Po, (~ox)lle

= |lzx]le — 1

where the inequality holds because 0 € K, the first equality holds by Equation (1), the second
equality holds by definition of z i, while the last equality holds because Pp, (—x k) = LK

lexlle
as K # & implies ||zk||g > 1. Since wg = |lzx||¢ — 1, the claimed dist (SiKn,K) > wi
holds. Now let S C K be l-smooth. Then there exists a closed convex set C' such that
S = C+ B(0,1), by [20, Proposition 3]. Since C'4+ B(0,1) = S C K, it follows that C C Cx
by definition of Ck. Therefore S = C + B(0,1) C Ck + B(0,1) = S§, and the proof is
complete. O

Lemma 16 silr(l defined in (25) is an inner l-smoothing of K with dist (si;%,K) < wg.

Further, si;} C S for any closed, convex optimal inner 1-smoothing S.
To prove Lemma 16, we use the following useful intermediate lemma.

Lemma 17 d(C;S + B(0,r)) = (d(C;S) — 7). for any closed, convex sets C' and S.

Proof of Lemma 17 This holds by direct calculation as

d(C; S+ B(0,7)) = sup |ly — Ps(y) — Pp,.(y — Ps(v))ll¢
yeC

=sup (ly — Ps@)llg — 7
yGC( 3 )+

=(d(C;8) —r) 4

where the first equality holds by (1), the second uses the simple fact that ||z — Pp (2)|ls =
(IIzllg = 7)4 for all z € &, while the last equality holds by continuity of the function a —
()4 = max {0, a}. O

Proof of Lemma 16 si}(’ is 1-smooth by [20, Proposition 3]. Noting that zx € Cgk by

definition of xf, we have

s =2 +BO1)+KCK+K=K

25



where the first equality follows by definition of si;% and the inclusion follows because xx €
Cg C K. We also have

dist (s, K ) = d (Ko + K + B(0,1)) = (d (K; 2 + K) = 1), < (lexlle = 1), = wk

where the first equality holds because sifé =zxg+K+B(0,1) C K, the second equality holds
by Lemma 17, the inequality holds because Hy - P(mK_,_K)(y)HE <lly—(zx +v)le = llzxlle
for all y € K, while the last equality holds by definition of wx and the fact that ||zx ||z > 1
aszg + B(0,1) C K #€&.

Now suppose S is a closed convex optimal inner l-smoothing. We will show that
B(zg,1) CS. This will imply s C S since

sE=ax+K+B(0,1)=B(zg,1)+S°CS
where the second equality holds by Lemma 6 as optimality of S ensures dist (S, K) <
dist (s}’%,K) < wg < oo. Let ¢ € Ng(Pg(0)) have |||l = 1. Such ¢ exists because
Pg(0) € bdry S since Pg(0) € int S would imply 0 € int S C int K, which contradicts the
assumption that K # &£. We have B(Ps(0) — ¢,1) C S by 1-smoothness of S. Therefore
B(zg,1) C S will be proved once we show that x g = Pg(0)—(. Observe that Pg(0)—¢ € Cx
because
Pg(0) = ¢+ B(0,1) = B(Pg(0) = ¢, 1) €S C K
where the first inclusion follows by 1-smoothness of S. Therefore
lexlle < 11Ps(0) =Cllg = [[Ps(0)llg +1 < dist (S, K) + 1 S wg +1 = [lzk|le (29)

where the first inequality holds because zx = Pc, (0) and Pg(0) — ¢ € Ck, while the first
equality follows because —Pg(0) = 0 — Pg(0) = ||P(0)||¢ ¢ since 0 — Pg(0) € Ng(Ps(0)) by
convexity of S and Ng(Pg(0)) = {af € £ | @ > 0} by smoothness of S; the last inequality
follows because dist (S, K) < dist (si]r(‘,K ) by optimality assumption. Now, (29) implies
[Ps(0) = ¢ —=0llg = llzxllg = [[Pcy (0) = 0||¢. Therefore Pg(0) — ¢ = xx by uniqueness of
orthogonal projections. This proves that B(z,1) C S, thereby concluding the proof. O

From Lemmas 15 and 16, we immediately get the necessity of the condition sl C
S C S% on optimal smoothings. For sufficiency, note that if S is a closed, convex inner
1-smoothing that satisfies s C S C S¥%, then

wi < dist (S, K) < dist (5, K) < dist (s}, K) < wg

where the first inequality follows by Lemma 15, the second and third inequalities hold
because dist (-, K') is monotone decreasing on subsets of K due to dist (-, K) = d (K ),
while the last inequality holds by Lemma 16. Thus dist (S, K) = dist (SiK“, K ), hence
S is optimal as Lemma 15 ensures S3% is optimal. This proves the second statement
of the theorem. In addition, since S is optimal and the above chain of inequalities
proves dist (Si}?, K ) = Wy, the third statement is also proved.

The first statement of Theorem 13 also follows immediately from Lem-
mas 15 and 16. Note K is inner A-smoothable for all A > wg because the set
[s}‘;] 18 is an inner (wg, )-smoothing, by Lemmas 16 and 1. On the other hand, if
K is inner A-smoothable, then A > wg as any inner (A, 1)-smoothing S of K has
wr < dist (S, K) < X where the first inequality follows from Lemma 15.
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5.2.2 Proof of Theorems 12 and 14

The proof mirrors the proof of Theorems 3 and 5. As in that proof, we assume
B = 1 with no loss in generality. We then show that the set transformation S —
[S+ B(0,7)]y /(14 (Which is analogous to f — f —r) is a surjective map from opti-
mal inner 1-smoothings and to general and outer optimal 1-smoothings when r = /<
and 7 = wg, respectively. The key observations are again that for any closed, convex,

1-smooth set .S and any r > 0,
(A) If S C K, then [S+ B(0,7)]; (14, is I-smooth and

max {r, (dist (5, K) — r)+}
147 '

dist ([S + B(0,7)]1/(14n) ,K) <

(B) If dist (S, K) < 1, then S = [Sin—i-B(O,r)]l/(HT), where S™ is an inner

1-smoothing of K with
dist (™, K) < (14 r)d (K;8) +r.

Proving that these statements are true is sufficient, for entirely symmetric argu-
ments as in the previous proof of Theorems 3 and 5: smoothability claims follows
from (A) by transforming an optimal inner 1-smoothing using the appropriate choice
of r € {WTK,WK}, while the if and only if characterizations follow because of
Theorem 4, Equations (27), and the fact that (A) and (B) together guarantee that
S = [S+B(0,7)l1(14r) is a surjective map from optimal inner 1-smoothings to
optimal general (with » = *f<) and outer (with r = wx) 1-smoothings.

For (A), note that S+ B (0, 7) is (147)~*-smooth by [20, Proposition 3]. Therefore,
by Lemma 1, [S + B(0,7)]y (1, is 1-smooth. Further

dist (S + B (0,7), K) = max {d (S + B (0,7); K),d (K;S + B (0,7))}
= max {d(S+ B(0,7); K), (dist (S, K) —r)__}
< max {r, (dist (S, K) — r)+}

where the second equality holds by Lemma 17 and the fact that
S C K ensures d(K;S) = dist(S,K); the inequality follows because
d(S+B;K) < d(K+B;K) = r due to S C K. Lemma 1 then ensures
dist ([S + B(0, T)]l/(lJrr) 7K) < max{r,(dlsltJ(j,K)—Tﬁ} )

We now prove (B). Suppose dist (S, K) < {7.. Then Lemma 1 ensures (1+7)S is
(1 + r)~t-smooth and dist ((1 +r)S, K) < r. Therefore, there exists a closed, convex
C such that (1+7)S = C + B(0,1+7), by [20, Proposition 3]. Let S = C + B(0, 1).
Clearly, (1+7)S = S™+ B(0,r). Further, S™ is 1-smooth by [20, Proposition 3]. Note
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that S™ C K holds by the contrapositive since every x ¢ K has

z — Pk (x) )
Iz — Prc ()]

v —Pg(z)
|z — Pr(z)lle
=7+ |z = Pr(2)¢
>d (5™ + B(0,r); K)

d(x+B(0,r); K)> |[z+7

Py (x+7‘

£

where the equality follows because Py (a:—l—r%) = Pk(x). The claimed

distance bound holds because

dist (5™, K) = d (K;8™) —r+7 < (d(K;8™) —=r), +r=d(K;(1+7)S) +r
=(1+7)d(K;8) +r

where the first equality follows from S™ C K, the inequality because o < () for all
a € R, the second equality follows by Lemma 17, while the last equality holds because
K is invariant to positive rescalings.

5.3 Some Families of Optimal Cone Smoothings

By applying our theory to convex cones, we present the unique optimal smoothings
of the nonnegative, second-order, and semidefinite cone and numerically identify the
set of all optimal smoothings of the exponential cone.

5.3.1 The Optimal Smoothings of Nonnegative, Second-Order, and
Semidefinite Cone

Perhaps the three most common cones are the nonnegative orthant R‘i = {zr e R?|
x > 0}, second-order cone K59€ = {(z,t) € R4 | ||z, < t}, and positive semidefi-
nite cone K5PP = {X € S | X = 0}. Optimization over these sets corresponds to
linear, second-order cone, and semidefinite programming. Table 1 states the conic cen-
ter and width for each of these cones. In each case, the conic core is exactly xx + K,
establishing that they each possess a unique optimal smoothing.

To illustrate the process of calculating these quantities, consider the non-

negative orthant K = RY := {z€R?|z; >0,i=1,...,d}. Then, Nk(0) =
cone {—ey,...,—eq} where e; denotes the i-th standard basis vector. Letting e =
(1,...,1) denote the all ones vector, we have that

CK:{xERd|(—ei7x>S—l,izl,...,d}ze—&—K,

rx = argmin ||z, =e,
zeCk

WKW:H$KH2—-1::VE—-L

From this, it follows, for example, that e + Ri + B(0,1) is the optimal inner 1-
smoothing with approximation error v/d — 1. Similar processes of calculating give the
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K Ck TK WK Unique?

R4 {(z1,...,2q) ER? | z; > 1,i=1,...,d} 1,...,1) Vd—1 Yes
KSOC {(x,t)65xR|t—\/§2 \|x|\2} (0,/2) V2-1  Yes
KSPP {zesi*d |z 14} Iy Vd—1 Yes
KEXP See Figure 2(c) (-1.11957, 1, 1.71471)  1.27897 No

Table 1: Classic cones with their conic core, center and width. Values for the expo-
nential cone are numerically computed. The final column indicates whether there is a
unique optimal smoothing.

claimed quantities for the second-order and semidefinite cones where Ng (0) is similarly
generated as the conic hull of all (u, —1)/v/2 or —uu” for unit vectors u, respectively.
We remark that more generally than these three examples, for any symmetric
cone K C &, the optimal smoothing is unique. We refer readers to [31] for a formal
introduction to symmetric cones and here provide only an illustrative proof sketch:
A symmetric cone K can be described as the cone of squares of a Euclidean Jordan
Algebra A with identity e. Accordingly, consider the algebra’s associated trace inner
product and induced norm, and let A, (z) denote the smallest eigenvalue of some
z. In this induced metric, the distance from any x € K to the boundary of K is its
smallest eigenvalue. Substituting this fact into the definition of the conic core,

Cxk={xe€f|z+B(0,1) CK}={z €& | Amin(z) > 1}.
Noting that Apin(x — €) = Amin(2) — 1, it follows that
2€CK <= Apn(—€) >0 < z—c€K.

Thus, Cx = e+ K. Since e € int(K) and symmetric cones are self-dual, the projection
of the origin onto the core is the identity xx = e. Hence, one can conclude K has a
unique optimal smoothing by (28).

5.3.2 Numerically Computing All Optimal Smoothings of the
Exponential Cone

Finally, providing a contrast to the previous three particularly nice cones, we consider
the exponential cone

KEXP — {(x,y,z) ERS|z2yez/y,y>0}u{(a:,y,z) 6R3|x§0,220,y20}.

This cone has found widespread use, providing representations for many applied opti-
mization problems in a standardized conic form. See the numerous references and
examples in [32].

To the best of our knowledge, the conic core of this cone does not possess a closed
form. Instead of an analytic solution, our definitions facilitate a numerical computation
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(d) si () S¥

Fig. 2: The exponential cone, its translation xx + K, its conic core, its minimal
optimal 1-smoothing, and its maximal optimal 1-smoothing.

of the conic core, center, and width for this set. A rendering of the numerically com-
puted conic core is given in Figure 2. An immediate observation from this is that the
conic core is not a translated copy of the exponential cone, implying by (28) that there
is not a unique optimal way to smooth the exponential cone. The set of all optimal
inner 1-smoothings is characterized by the minimal and maximal optimal 1-smoothing
s and S, respectively, as defined in Equations (25). Numerical renderings of these
extremal smoothings are also shown in Figure 2.

We numerically estimate the boundary of the core Ck by sampling points x
satisfying

sup (¢ ) =—1
CENK(0),[<lle=1

as Lemma 11 dictates. The supremum is numerically computed using a dense sample
from the set {¢ € Nk (0) | |||, = 1}. By computing a projection onto this computed
conic core, one can numerically estimate the exponential cone’s conic center and width.
These numerically computed values are given in Table 1. The smooth sets si% and S
are obtained by adding a ball to the points in zx + K and Cf, respectively.
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6 Applications: Nonsmooth Functions and Sets

Our theory can be used to handle nonsmoothness in more general settings. In this
section, we demonstrate how this can be done for nonsmooth composite functions and
nonsmooth sets with a nonempty interior.

6.1 Beyond Sublinear Functions: Application to Amenable
Functions

We consider the smoothing of convex functions g of the form g = o o G, where o is a
sublinear function, under the assumption that

I6(0) = GOl < b =l a0 1) = TWlere < Ll —alle¥mw e,
Here J(-) denotes the Jacobian of G : € — &’ and ||-||z_, . is the operator norm.
Nonsmooth functions of this type have been studied widely in optimization [33-35]
and analysis [19, 36]. Our class of functions is a special subclass of amenable functions
of Rockafellar and Wets [19, Definition 10.23], where o is not assumed to be sublinear
or finite everywhere and G is only required to have a continuous Jacobian. Our class
is also closely related to decomposable functions of Shapiro (see [36, Definition 1.1]).

This class includes many nonsmooth functions that arise naturally in optimiza-

tion; for example, minimizing finite maximums max{Gi(z),...,G,(z)}, maximum
eigenvalue optimization Apax(G(x)), and nonlinear regression with an arbitrary norm
1G()]-

Using our theory, amenable functions satisfying (30) can be smoothed by replacing
the sublinear component ¢ with any smoothing. Doing so optimally gives the following
guarantee on the smoothability of such functions.

Theorem 18 Consider any function g = o o G where o is sublinear and My -Lipschitz and
G : & — & satisfies (30). Then g is (M>wq /2, My L)-smoothable, given by the B-smoothing

M? — Mo L
v gt (R ee)

Proof First, we observe that for any convex B’-smoothing fy of o, f = fy 0 G is a MyL +
M?'-smooth approximation to g with dist (f5 o G,g) < dist (0, fo ). To see this, note that

dist (fo 0 G9) = sup |o(G(@)) — fo(Ga))| < dist (o, ).

Letting J(-)T denote the adjoint operator of J(-), which is also L-Lipschitz continuous, we
have

IV5@) = VIWle = |[1@) " VIa(G@) = T0) "V (GWw),
= [@)" = T IV o(G@)) + 1)V o(Glw)) = Vo (Gw))

<IVfa(G@Dlle 1@ = a@)"| |, +|l7w)"]

&
VI (G@) = Vo Gl

E'=E &’
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< (MoL+M°8') lo = yle

where the first equality follows by the chain rule, the first inequality uses the triangle
inequality and the definition of operator norm while the last inequality follows because
G, J(~)T and V f, are Lipschitz continuous. In particular, the M-Lipschitz continuity of G

ensures that HJ(y)THg ¢ < M. Moreover, the Ms-Lipschitz continuity of o ensures that
f—
|V fo(G(2))|lg < My since V fo(2) € 0o(0) for all z € £ by the following derivation.

(Vfg(z), 71) € Nepi fo ((27 fU(Z))) - N(epi fo)>® ((07 0)) = Nepi U((07 O))

where the ‘€’ holds because V f5(z) € 0f5(z) by convexity of fs, the inclusion holds because
we must have {(Vfo (2), —1), (0, fo(0)) + (57)) < {(Vfo(2),—1), (2, fo(2))) for all (y,r) €
(epi fo)°° since (0, fo(0)) + (y,r) € epi fo by definition of (epi f5)°°, while equality holds
because dist (o, fo) < oo implies epi o = (epi fo)>° by Lemma 6.

From this bound, for any target smoothness 8 > M, L, consider selecting f- as an optimal
B = (- MJL)/MQ—smoothing of o. This choice suffices to yield an f = fs o G proving the
claimed smoothability of g = o 0 G. O

Remark 1 By replacing f&" with f(i,n, the same arguments can be used to show that o o G

is inner (M?wg, My L)-smoothable. Similarly, fo"® can be used to show that o o G is outer

(MQWU, M L)-smoothable.

6.1.1 Example: Finite Maximums and Improving LogSumExp
Smoothing

An important application where smoothing enables accelerated convergence theory is
the minimization of a finite maximum

mzin max{G1(z),...,Gn(z)} .

Supposing each G; is convex and that G(z) = (G1(x),...,Gn(x)) is M-Lipschitz,
a subgradient method could be applied, giving a convergence guarantee of the form
M? ||zg — ,||2 /€2, where x¢ denotes the initial iterate and x, is an optimal solution.
Beck and Teboulle [8] considered replacing o(x) = max{y1,...,yn} above by the
smoothing nf*P(G(x)/n) for small n > 0, where

foP(y) = log (Z em(m))

Note that fP is l-smooth and dist (o, f*P) = log(n). Therefore, if the Jaco-
bian of G is L-Lipschitz, Lemma 1 and Theorem 18 ensure that nf*P(G(z)/n) is
L + M?/n-smooth with max,c¢ |o(G(z)) — nf>P(G(z)/n)| < nlog(n). By choosing
n = €/(2log(n)) and minimizing the smoothed objective to accuracy /2 using an

accelerated gradient method (see [37]), this yields an improved convergence guarantee
of

TPy vl ikl
S
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Note f*P is not the optimal inner 1-smoothing of o. Rather the optimal inner
smoothing is fit = fgen + %(1 — %) where f2°" is given by (23). Using this smoothing
and applying an accelerated gradient method to minimize efi"(G(x)/¢) to accuracy
£/2 gives an overall convergence guarantee of

VaLe gy oz 1o =2y
€

This is an improvement by a factor of 1/4/log(n) in iteration complexity of prior works
using the f*P smoothing. In terms of per-iteration computational complexity, these
methods are comparable: At each step, both methods must compute a Jacobian of G.
Although computing the optimal smoothing (23) and its gradient is somewhat more
complex than those of the logSumExp, it can still be done in (expected) linear time
in n [28].

We note that the above improvement is not universal. This is because fP is
also 1-smooth with respect to infinity norm, i.e |V f*P(z) — VP (y)|; < ||z — y| -
Therefore, in calculating the smoothness constant of f*P o GG, one could instead use
the M -Lipschitz and L-smooth constants under the infinity norm on R"™. Recall, our
smoothings are only optimal with respect to the two-norm. Since |||, < [|-]l5, it
follows that M < M and L < L. Using this potentially more refined smoothness
constant for f*P_our theory provides an improved rate whenever M/ M<\/2 log(n).

To attain a universal improvement on the f*P smoothing, new theory is needed
for optimal smoothings under general norms and, in particular, the infinity norm. We
leave open the question of designing optimal smoothings under norms that do not
have an inner product.

6.2 Beyond Convex Cones: Application to General Convex Sets

It is well-known that for any closed, convex set C' C &, there exists a cone K C
& =& xR and zg € £ such that C = {z € £ | (x — xp,1) € K}; for example, one
can take K to be the closure of the set {(z,r) € EXR|r > 0,z/r € C — x¢}, for any
xog € C. Therefore, by smoothing K optimally, our theory can be used to approxi-

mate generic convex sets C. The following Theorem 19 shows that K can be chosen to

be (1 - \/%)—smoothable whenever B(xg, R) C C. Doing so, our optimal smooth-

ings for K strictly improve upon the trivial 1-smoothing of C' + B(0,1/8), at the cost
of growing the problem dimension by one. These smoothings may be useful in opti-
mization, as recent works [16, 20, 21] have proposed algorithms that benefit from the
smoothness of constraints.

Theorem 19 Let C C & be a closed, convez set with B(xzg, R) C C for some R > 0. Then
C={ze&|(x—uxp,1) € K}
where K is the closure of the cone {(z,7) € E xR |r >0,2/r € C —xo}. Further, K is

closed, convex, and outer (1 — i) -smoothable.

V1+R?
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Proof We only prove smoothability since the other statements are obvious. By Theorem 14, it
suffices to show that 75— < 1——LL_ Tet & = ExR. Recalling that wx = || Po,. )¢ —1,

hwre =7 VITR?
and noting that 7E— <1 — \/% = wg < @
exists (Z,7) € Ck such that ||(:E,77)H€, —-1< @ Taking (z,7) = (0, \/W/R), we

have

, it suffices to show that there

V14 R? 1_\/1+R2—R

z,7) e — 1
@ 7)le =

Further, we have

2
V1 2
— [|w||§+<r—l—;R> <1 = (z,m)eK
2
A/ 2
— [||x||§+< —1;1{> <1 = r>0and %553

2
<:r2R2+(7"— 1+R—2) —1>0
VITRE 1
<:>(1+R2)r2—2r+R+ﬁ20

2
= (r\/1+R2— %) >0
where the first line follows by definition of C, the third line follows by definition of K and

2
the assumption that B(0, R) C C' — zg, and the fourth because ||m||% + (T —-V1+ R*2) <1

clearly implies 7 > v/1 + R—2 — 1 > 0. Therefore, (Z,7) € Ck and the proof is complete.
O

Appendix A Optimal Smoothing of the Maximum
Eigenvalue Function

Consider £ = S?*?_ the space of symmetric d x d matrices with the trace inner prod-
uct and Frobenius norm. Let 0(4) 1= Amax(4) 1= max,cpa ||z),=1 2T Az. Note that

90(0) = conv{zz” | 2 € R?,||z||, = 1}. Therefore, the functional core and center are

0o (A) = max (¢, A)+ 3 |CI2 = (A + 5 =o(A)+ 5,

max
¢€0a(0) ¢e{zaT|zeRY, ||z ,=1}
1 1
z, = argmin = +o(A) + = A2 = —Lu/d,
AeSdXd 2 2
1 1

o= Ta T3
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where I is the identity matrix for R<. This implies o, =7, + 0(- — z,) and so ¢ has
a unique optimal 1-smoothing. In particular, it is given by®

1 1 1 1< 1 1
Sen = ~I? Z 2= - § : CA) — )2 s 1
>\max (A) - )\ma‘x D 2 H ||£ (A) + 4 (1 + d) « + 2 j:1()\] (A) a) + 4 (1 + d)

where Aj(A4),...,Aq(A) are the eigenvalues of A sorted in descending order, a =
LS A4 = 1), and J = max {j € {1,....,d} | A;(4) = H(EI, (4) — 1) > 0}
The error of approximation is maxsegaxa |f5 (A) —o(A)| = 3wy = 7(1 = 3).

max

More generally, % 3" (BA) gives the optimal S-smoothing for any 8 > 0, with

approximation error of 1(1 — %)/8.
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