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Abstract

We introduce and study a novel generalization of the classical Bin Packing Problem (BPP), called the
Bin Packing Problem with Setups (BPPS). In this problem, which has many practical applications
in production planning and logistics, the items are partitioned into classes and, whenever an item
from a given class is packed into a bin, a setup weight and cost are incurred. We present a natural
Integer Linear Programming (ILP) formulation for the BPPS and analyze the structural properties
of its Linear Programming relaxation. We show that the lower bound provided by the relaxation
can be arbitrarily poor in the worst case. We introduce the Minimum Classes Inequalities (MCIs),
which strengthen the relaxation and restore a worst-case performance guarantee of 1/2, matching
that of the classical BPP. In addition, we derive the Minimum Bins Inequality (MBI) to further
reinforce the relaxation, together with an upper bound on the number of bins in any optimal BPPS
solution, which leads to a significant reduction in the number of variables and constraints of the ILP
formulation. Finally, we establish a comprehensive benchmark of 480 BPPS instances and conduct
extensive computational experiments. The results show that the integration of MCls, the MBI,
and the upper bound on the number of bins substantially improves the performance of the ILP
formulation in terms of solution time and number of instances solved to optimality.
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1. Introduction

Given an infinite number of identical bins with a positive integer capacity d € Z~q, and a set
7 =1{1,2,...,n} of n items, where each item i € Z has a positive integer weight w; € Z, the Bin
Packing Problem (BPP) consists of determining a partition of the items into the minimum number
of subsets such that the total weight of each subset does not exceed the bin capacity. This classical
packing problem is fundamental in Operations Research and has been extensively studied from
both theoretical and algorithmic perspectives; see Coffman et al. [13] and Delorme et al. [17] for

comprehensive surveys.

In this paper, we introduce and study a generalization of the BPP, which we call the Bin Packing
Problem with Setups (BPPS). In this new problem, the item set Z is partitioned into m item classes,
collectively denoted by P = {Z,Zs,...,Z,}, where, for each class c€ C ={1,2,...,m}, Z. C 7T is

the subset of items belonging to class c¢. Since the classes form a partition of Z, we have

I:UIC and Z.NZ, =0 forallec,geC withc#g,
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that is, each item belongs to exactly one class. For each class ¢ € C, we are also given a nonnegative
integer setup weight s. € Z>o and a nonnegative integer setup cost f. € Z>o. Whenever at least
one item of class ¢ is packed into a bin, we incur both a setup cost f. and a reduction in available
bin capacity equal to the setup weight s.. Each setup cost and weight is incurred only once per
bin—class pair, regardless of how many items of that class are placed in the same bin. Throughout
this paper, a class is said to be active in a bin if and only if the bin contains at least one of its
items. Finally, we are given a positive integer bin cost r € Z~q, which is incurred once for every
used bin. We assume that all input data are integers, since any rational values can be scaled to

integers without affecting the solution of the problem.

The BPPS consists of determining a minimum-cost partition of the items such that, in each subset(a
bin), the total weight of its items plus the setup weights of all the classes that are active in it does
not exceed the bin capacity. The cost of a partition is the sum, across all subsets, of the bin cost plus
the setup costs of the classes that are active in it. We denote by v the optimal solution value of the
BPPS, which corresponds to the minimum cost required to pack all items. An instance I(BPPS) of
the BPPS is defined by the tuple (n,w,d,m,P, s, f,r), where w € ZY, is the vector of item weights,
s € Y is the vector of setup weights, and f € ZZ is the vector of setup costs of the classes. To

ensure feasibility of a BPPS instance, we assume that, for each class ¢ € C, the combined weight of



any item ¢ € 7, and its setup weight does not exceed the bin capacity, i.e., w; + s, < d. Moreover,

we exclude the trivial case where all items can be packed in a single bin.

If f. =s. =0 for all ¢ € C, the BPPS is equivalent to the classical BPP. Since the BPP is strongly
NP-hard, the same complexity result applies to the BPPS. It is worth noticing that, when r = 0,
the objective coincides with the total setup cost. In this case, the problem is equivalent to solving

an instance of the BPP for each class ¢ € C, where the capacity of the bin is reduced to d — s..

The bin cost r plays an important role in shaping the structure of optimal BPPS solutions. A high
value of r discourages the use of multiple bins, promoting solutions that employ fewer bins packed
as tightly as possible—even at the expense of activating multiple classes within the same bin, which
increases the total setup cost. Conversely, when r is small, it becomes advantageous to use more
bins to avoid incurring high setup costs from combining items of different classes in the same bin.

This trade-off is illustrated by the two optimal BPPS solutions depicted in Figure 1.

d=6
S9 9 So 9

S1 S1 S1 S1 i 52

wWs We wy wg S1 S1 S1 S1 wsg

3 -

_ _ "

0 i wy wa w3 wy | wy wa w3 Wy ws
binl bin2 bin3d bin4 binl bin2 bin3d bind4d binb
(a) an optimal BPPS solution with r = 10 (b) an optimal BPPS solution with r =1

Figure 1: The figure considers a BPPS instance with bin capacity d = 6, number of items n = 8, and number of classes
m = 2. The item weights are wq = w2 = w3 = wa = 3 and ws = we = w7y = wg = 1, while the setup weights and costs
are s1 = s2 = 1, f1 = 2 and fo = 3. The items are partitioned into the classes 71 = {1,2, 3,4} and Z> = {5,6,7,8}.
The figure shows two optimal BPPS solutions for this instance for two different values of the bin cost r. Used bins are
shown along the horizontal axis, while the vertical axis represents the bin capacity d. For each bin, the figure displays
the total weight of the packed items and the setup weight associated with their classes. The height of each item and
setup block corresponds to its weight, visually illustrating bin utilization. The remaining empty space in each bin is
shown in gray. In part (a), with » = 10, the optimal solution consists of four used bins: {{1, 5},{2,6},{3,7}, {4, 8}},
yielding a total minimum cost of ¢ = 60. In part (b), with 7 = 1, the optimal solution consists of five used bins:

{{1},{2},{3},{4},{5,6,7,8}}, with a total minimum cost of 1) = 16.



1.1. Applications and motivations

To the best of our knowledge, the BPPS has not yet been addressed in the literature, despite its
high practical relevance. Setup costs and setup times are critical in many production planning
applications where production lines or plants must be configured for specific activities; see, e.g., the
books by Pochet and Wolsey [28] and Sawik [31] and the references therein. In such settings, products
(items) are typically grouped into families (classes), and specific setup operations are required before
manufacturing products of each family. A typical application of the BPPS in production planning
can be described as follows. Consider a set of identical production lines, each available for a fixed
amount of time (corresponding to the bin capacity), and a fixed cost incurred whenever a line is
activated. A set of products must be manufactured, where each product requires a given processing
time (item weight) and belongs to a single product class. Manufacturing items of a class on a
production line requires a setup operation that consumes a predefined amount of time (setup weight)
and incurs a monetary setup cost. These operations may represent, for example, the intervention of
specialized technicians or the reconfiguration of equipment for a particular product family. In this
context, the BPPS models the problem of determining a minimum-cost production plan. Consider,
for instance, a production setting involving bottles, flasks, and pots, as in Chebil and Khemakhem
[12], where machinery requires setup operations when switching from one product type to another
or a series of sewing production lines, where garments of different shapes and colors are produced

and color changes require specific setup actions; see, e.g., Focacci et al. [18].

Other important applications arise in logistics contexts where goods are distributed by vehicles
requiring special handling equipment, such as forklifts or conveyors, or by multi-compartment
vehicles that allow for transporting different types of goods in separate compartments [20, 29, 8].
In these applications, items represent customer orders to be delivered and are partitioned into
classes, each requiring a specific piece of handling equipment. Bins correspond to the vehicles
used for delivery. Assigning an order to a vehicle requires the corresponding equipment to be
available on board, which leads to both a capacity reduction and an equipment (setup) cost—e.g.,
due to renting a forklift or installing specialized loading systems. Similarly, in the chemical and
pharmaceutical industries [6], as well as in the distribution of perishable goods [8], certain products
require refrigerated or frozen compartments. This reduces the available space in the vehicle (e.g.,
due to the installation of a bulkhead separating frozen and dry goods) and incurs additional costs
(e.g., due to energy consumption for refrigeration). In such scenarios, the BPPS models the problem

of determining the optimal composition of the fleet and assignment of customer orders to vehicles in



order to minimize total distribution costs.

1.2. Literature review on related problems

The most closely related problem to the BPPS is the Knapsack Problem with Setups (KPS),
introduced by Chajakis and Guignard [11], Lin [22]. In this problem, items are partitioned into
classes, and a fixed setup cost is incurred for each class whose items are packed in the knapsack. The
objective is to select a subset of items that maximizes the total profit, defined as the sum of item
profits minus the setup costs of the activated classes. As in the BPPS, the setup associated with
each active class also consumes part of the knapsack capacity, thereby creating a trade-off between
item selection and class activation. Several exact and heuristic algorithms have been proposed for
the KPS, including MILP formulations, decomposition-based methods, and various combinatorial
approaches [1, 2, 12, 19, 14, 26, 27, 36]. Despite these similarities, the KPS differs fundamentally
from the BPPS in that it involves a single knapsack rather than multiple bins, and does not require

packing all items.

Our study also connects to the broader literature on generalizations of the classical Bin Packing
Problem (BPP), aimed at capturing features that arise in complex real-world applications—see,
e.g., [3, 10, 15, 16, 24, 30, 34]. Among the most relevant and related variants, the Class-Constrained
Bin Packing Problem (CBPP) [7, 33, 35] assumes that items are partitioned into classes and imposes
a limit on the number of distinct classes allowed per bin. The Bin Packing Problem with Minimum
Color Fragmentation (BPPMCEF) [4, 5, 9, 25] aims to minimize the number of bins used for each
color, encouraging the grouping of items of the same type, under the constraint that only a fixed
number of bins is available. While these models incorporate class-based constraints, they do not
account for class-dependent setup costs or setup weights, nor do they model the trade-off between bin
usage and class activation. To the best of our knowledge, the BPPS is the first problem to address
this setting by considering that setup operations are both capacity-consuming and cost-inducing,

depending on the classes of the items packed into each bin.

1.3. Contributions and structure of the paper

In Section 2, we propose a natural Integer Linear Programming (ILP) formulation for the BPPS,
extending the classical formulation of the BPP. In Section 2.1, we study the structural properties of
the Linear Programming (LP) relaxation of the ILP formulation, deriving closed-form expressions for

its optimal solution and showing that the associated lower bound can be arbitrarily poor in the worst



case. In Section 2.2, we introduce an effective family of valid inequalities, called the Minimum Class
Inequalities (MCIs), which strengthen the LP relaxation of the ILP model. In Section 2.3, we analyze
the structural properties of the LP relaxation with the MClIs, deriving closed-form expressions for
its optimal solution. We then prove that incorporating the MCls significantly improves the LP
relaxation, guaranteeing a worst-case performance ratio of 1/2 between the lower bound and the
optimal BPPS solution value. In Section 2.4, we present an additional valid inequality, called the
Minimum Bins Inequality (MBI), which further strengthens the LP relaxation of the ILP model. In
Section 2.5, we derive closed-form expressions for the optimal solution of the relaxation with the
MBI. Finally, in Section 2.6, we establish an upper bound on the number of bins used in any optimal
BPPS solution. This result enables a significant reduction in the number of variables and constraints
of the ILP formulation. Most of the proofs of the theoretical results are provided in the electronic
companion due to space limitations. Section 3 presents the computational study. Since the BPPS is
a novel problem, we first introduce in Section 3.1 a benchmark library of synthetic instances that
covers its main features, including variations in item weights, class numbers, setup costs, and setup
weights. In Section 3.2, we assess the impact of the valid inequalities and the upper bound on the
number of bins on the effectiveness of the ILP model. In Section 3.3, we analyze the strength of
the LP relaxations, measuring integrality gaps and highlighting structural features of the optimal
solutions. The paper concludes with Section 4, which summarizes the contributions and outlines

directions for future research.

2. A natural ILP formulation for the BPPS

In this section, we extend the classical Integer Linear Programming (ILP) formulation for the BPP
(see, e.g., [17]) to the BPPS. To this end, let k € Z>; denote an upper bound on the number of bins
used in any optimal BPPS solution, and let B = {1,2,...,k} be the set of candidate bins. The way

valid values of k can be obtained is discussed in Section 2.6.

For each item i € Z and bin b € B, let x;; be a binary variable equal to 1 if and only if item ¢ is
packed into bin b. For each class ¢ € C and bin b € B, let y, be a binary variable equal to 1 if
and only if at least one item of class ¢ is packed into bin b. For each bin b € B, let z; be a binary
variable equal to 1 if and only if bin b is used. The variables & € {0,1}"* define the partition of the
items into bins, the variables y € {0,1}™* identify the active classes in each bin, and the variables
z € {0,1}* indicate which bins are used in an optimal BPPS solution. Using these natural binary

variables, we introduce the following ILP formulation for the BPPS, which we refer to as ILPy,



where the subscript “N” stands for natural.

(ILPy) min Y (r 2w+ Y fe ycb> (1a)

beB ceC
Y wn =1, ieZ,  (lb)
beB
Zwi Iib+25c Yeb < d 25, beB, (1c)
i€T ceC

Tib < Yeb, celC,iel, beB. (1d)

The objective function (1a) to be minimized coincides with the sum of the fixed cost of the used bins
and the total setup costs of the classes active in them. The assignment constraints (1b) require each
item to be packed into exactly one bin. The capacity constraints (1c) ensure that the total weight of
the items assigned to a bin, plus the setup weights of their active classes, does not exceed the bin
capacity; they also guarantee that no items be placed in an unused bin. For each bin b € B and item
i € I, the linking constraints (1d) enforce that the class of item ¢ is declared active in bin b whenever
x;p = 1, thereby forcing the corresponding variable y., to take value 1. Overall, formulation ILPy

involves (n 4+ m + 1) k binary variables and (n + 1) k 4+ n linear constraints.

2.1. Strength of the LP relazations of ILPy

Let us denote by LPy the Linear Programming (LP) relaxation of ILPy, obtained by replacing the

binary variables with the following ones:
0<ap<1,i€eZ, beB, 0<ys <1,celC,beB, 0<zx <1, beb. (2)

We denote by ((LPy) the optimal solution value of LPy, which is a valid lower bound on the optimal
solution value 9 of the BPPS. The following proposition provides closed-form expressions for both

an optimal solution to LPy and its optimal value.

Proposition 1. For every BPPS instance, an optimal solution to LPy is

xp=1/k, 1€, beb, (3a)
Yy = 1/k, c€C, beB, (3b)
zp = ez wikzzcec  beB, (3¢)



and its optimal value is

C(LPx) = g (Z wit > sc> +3 1. (4)

i€T ceC ceC
Proposition 1 shows that an optimal solution to LPy is obtained by evenly distributing both the items
and the setup weights across the available bins. The fractional value of each z-variable represents
the proportion of the bin that is actually utilized. The optimal value of LPy is obtained by summing
the setup costs of all classes (each counted once) and adding the bin cost multiplied by the ratio

between the total item weight plus the total setup weights (each counted once) and the bin capacity.

The following proposition shows that there exist BPPS instances such that, as the number of
items n tends to infinity, the asymptotic performance ratio, i.e., the ratio between ((LPy) and v,
approaches 0. Consequently, the lower bound ((LPy) can be arbitrarily weak and fails to provide
any worst-case performance guarantee. The proof constructs a family of instances in which all items
belong to a single class and each bin can contain at most one item due to a very large setup weight.
In this case, an optimal BPPS solution requires one bin per item, whereas in the fractional optimal
solution of LPy both the setup and item weights are fractionally distributed across all bins, yielding

a much smaller optimal value.

Proposition 2. There exists a sequence of BPPS instances such that

LP
u—>O as n — o0.

(G

Proof. Consider the family of BPPS instances, defined for each n > 2, with a single class (m = 1,
hence Z; = 7), where

w; =1, 1€Z, and s =n-—1.

Let k =n and d = n, and assume that the setup cost of the class can take any non-negative integer
value, i.e., fi € Z>p. Since w; + s; = n for all items ¢ € 7, each bin can contain at most one
item. Therefore, any optimal BPPS solution uses one bin per item, and the optimal BPPS value is

¥ =mn(r+ f1). By Proposition 1, the optimal value of LPy is

C(LPN):%(H+(H—1))+f1: (2n—1)+f1:2r+f1—%.

-
n
Taking the limit of the ratio as n — oo gives

I C(LPN):lim 27’+f1—%: im <27“+f1 B r >:0
n—00 '(ﬁ n—00 n(’r + fl) n—+00 n(’r+ fl) nz(’r + fl) ’




Due to Proposition 1, in the family of instances considered in the proof of Proposition 2, all z-variables

1<n n—l) o2n —1
i — 5
n \n n n

representing the fraction of each bin that is actually utilized in an optimal solution to LPy.

take the value

Multiplying this value by the bin capacity d = n, we obtain that each bin is filled up to the value
(2n — 1)/n. Moreover, in this case the lower bound on the number of used bins, given by the sum
of the z-variables, is also (2n — 1)/n, which converges to 2 as n — +o00. In contrast, any optimal
BPPS solution always requires exactly n bins. An illustration of the difference between BPPS and

LPy optimal solutions for the family of worst-case instances used in the proof of Proposition 2 is

provided in Figure 2.
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Figure 2: The left part of the figure illustrates an optimal solution of LPn for the worst-case instance used in the proof

of Proposition 2 with a given value of n. Each bin is filled up to the value Q"n—_l The blocks represent the fraction of

the item weights and of the class setup weight assigned to each bin. The right part of the figure illustrates an optimal

BPPS solution to the same instance, where each bin is completely filled by the weight of one item plus the setup

weight of the class.

2.2. Minimum Classes Inequalities
To strengthen LPy, we introduce the following family of inequalities, called the Minimum Classes

Inequalities (MCls):

Z Yeb > ’VXE;E_ICS-‘ 3 ce Ca (5)
beBs —_—
=Y



where, for each class ¢ € C, the right-hand-side ~. is a lower bound on the minimum number of bins
required to pack all its items. It is defined as the ceiling of the ratio between the total weight of the
items in class ¢ and the residual bin capacity d — s., namely, the capacity available after accounting
for the setup weight of class c¢. These inequalities guarantee that each class is activated in a sufficient
number of bins, thereby excluding fractional solutions of LPy that would otherwise underestimate
the actual packing requirements. The right-hand-sides of the MCI (5) can be efficiently computed in
linear time with respect to the number of items n of a BPPS instance. The following proposition

states that the MClIs in (5) are valid inequalities for ILPy.

Proposition 3. For every BPPS instance, the Minimum Classes Inequalities (5) are satisfied by all
feasible solutions of ILPy.

The proof is based on using the constraints of LPy, together with the integrality of the variables, to
derive the MClIs for all integer feasible solutions. We denote by ILP;f\I the formulation obtained by
adding the MClIs in (5) to ILPy, and by LPL its LP relaxation. We let C(LPTN) denote the optimal
solution value of LPIT\I, which provides a valid lower bound on the optimal solution value v of the

BPPS, and is at least as strong as ((LPy).

Not only LPy, but also LPIT\I admits closed-form expressions for both an optimal solution to LPIT\I

and its optimal value, as stated by the following proposition.

Proposition 4. For every BPPS instance, an optimal solution to LPTN 18

zip=1/k, 1€Z, bebB, (6a)
Yoo = Ve/k, c€C, beB, (6b)
2p = 2iez Wit Deec e sc, be B, (6¢)

kd
and its optimal value is

¢(LPL) = ;(ZwﬂrZ%sc) + ) e fe (7)

1€ ceC ceC

Proposition 4 shows that an optimal solution of LPL is again obtained by evenly distributing the
items across the available bins, but now the setup weights of each class ¢ € C are distributed
proportionally to 7.. The fractional value of each z-variable represents the proportion of the bin

that is actually utilized, and these values are strictly larger than in the solution of Proposition 1 if

10



at least one coefficient 7, is greater than one. The optimal value of LPL is obtained by summing the
setup costs of all classes, each counted 7. times, and adding the bin cost multiplied by the ratio
between the total item weight plus the setup weights of all classes, each counted ~. times, and the

bin capacity.

2.8. Strength of the LP relaxations of ILPJ{\I

The inclusion of the MCIs in (5), introduced in Section 2.2, yields the following main theoretical
result of the article: the lower bound ¢ (LPTN) is always strictly larger than 1/2 of the optimal BPPS
value 1. This establishes a worst-case performance guarantee for the lower bound ¢ (LPTN), proving

that LPIT\I cannot yield arbitrarily weak lower bounds.

Proposition 5. For every BPPS instance, we have

(LPy) 1

T > 5
The proof of Proposition 5 is based on the construction of a heuristic solution to the BPPS, obtained
by solving several BPP problems, defined accounting for the setup costs of the classes in different
ways: either by reducing the capacity, or by increasing the item weights, or even a mix of the
two ideas, depending on the class. This allows the use of classical results on the BPP to show
the inequalities sought. The proof is somewhat surprising, since it requires a good control of the
structure of the heuristic solution, while simpler constructions with a value which intuitively should

be better, do not seem to imply more easily the result.

The following proposition shows that the performance guarantee of 1/2 is tight. In the proof, we
provide a family of instances inspired by those proposed in [23, Section 8.3.2]) for the BPP, for which
the ratio ¢ (LPL) and v can be made arbitrarily close to 1/2.

Proposition 6. There exists a sequence of BPPS instances such that

LP! 1
C(wN)—>2 as d — oo.

Proof. Consider the family of BPPS instances with a single class (m = 1, hence Z; = Z), defined for
each ¥ € Z>; by
d=21, w; =19, 1€L and s1 = 1.

We assume that the setup cost of the class can take any non-negative integer value, i.e., fi € Z>q.

Since w; + s1 = 9 + 1 for all items ¢ € Z, each bin can contain at most one item. Therefore, any

11



optimal BPPS solution uses one bin per item, and the optimal BPPS value is

Y =n(r+ f1).

B n
71 = 20 —1 )

and by Proposition 4 the optimal value of LPlT\I is

by n n e n r
C(LPN)_M<W+[219—1D+{219—1Wf1_(229+f1)[219—1w+”2‘

Taking the limit of the ratio as ¥ — oo gives

Moreover, we have

95300 P 900 n(r+ fi

caply o GirR) [N 2oty 1
]

Due to Proposition 4, in the family of instances considered in the proof of Proposition 6, all z-variables

take the value

1 <m9 Vl) _ 0+
29\ n n 29

representing the fraction of each bin that is actually utilized in an optimal solution to LPJ{\I.
Multiplying this value by the bin capacity d = 29, we obtain that each bin is filled up to the value
¥ 4+ 2. Moreover, in this case the lower bound on the number of used bins, given by the sum of
the z-variables, is (nY 4+ 71)/(29), which converges to n/2 as ¥ — +o0. In contrast, any optimal
BPPS solution always requires exactly n bins. An illustration of the difference between BPPS and

LPI]L\I optimal solutions for the worst-case instance used in the proof of Proposition 6 is provided in

Figure 3.

Propositions 5 and 6 show that, with the inclusion of the MCIs we can recover the analogous in the
BPPS, of the classical results of a tight worst case performance guarantee of % for the natural BPP

formulation.

2.4. Minimum Bins Inequality

To further strengthen LPL, we introduce the following inequality, called the Minimum Bins Inequality
(MBI):
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Figure 3: The left part of the figure illustrates an optimal solution of LPTN for the worst-case instance used in the
proof of Proposition 6 with a given value of 9. Each bin is filled up to the value ¥ 4+ Z-. The blocks represent the
fraction of the item weights and of the class setup weight assigned to each bin. The right part of the figure illustrates
an optimal BPPS solution to the same instance, where at most one item can be packed in each bin, since two items

together with the setup weight do not fit.

where right-hand-side k is a lower bound on the minimum number of bins required to pack all items
in any optimal BPPS solution while also accounting for setup weights. It is defined as the ceiling of
the ratio between the sum of all item weights plus, for each class ¢ € C, its setup weight s. counted
v, times and the bin capacity d. This inequality enforces that the total number of opened bins is
sufficient to accommodate both item weights and the class-induced setup weights, thereby excluding
fractional solutions of LPIT\I that would otherwise underestimate the overall capacity requirement.
The right-hand-side of the MBI (8) can be efficiently computed in linear time with respect to the
number of items n of a BPPS instance. The following proposition shows that the MBI in (8) is also

a valid inequality for ILPy.

Proposition 7. For every BPPS instance, the Minimum Bins Inequality (8) is satisfied by every
feasible solution of ILPyN.

The proof is based on using the constraints of LPy, together with the MCIs and the integrality of

the z variables, to derive the MBI for all integer feasible solutions.

We denote by ILP%\I the formulation obtained by adding the MCIs (5) and the MBI (8) to ILPy,
and by LPli\I its LP relaxation. We let ¢ (LPli\I) denote the optimal solution value of LPli\I, which

13



provides a valid lower bound on the optimal solution value ¥ of the BPPS, and is at least as strong

as C(LPJ{\I).

2.5. Strength of the LP relaxations of ILPiN

Not only LPx and LPL, but also LPI:E\I admits closed-form expressions for both an optimal solution

to LPiN and its optimal value, as shown by the following proposition.

Proposition 8. For every BPPS instance, an optimal solution to LPiN 18

xp=1/k, 1€, beB, (9a)
Yeb =Ve/k, c€C, be DB, (9b)
2 =k/k, beb, (9¢)
and its optimal value is
CLPY) = rk + > e fe (10)
ceC

While the MBI (8) provides a global lower bound on the total number of bins that must be used, the
MCIs (5) operate at the class level by enforcing that each class ¢ € C is activated in at least ~. bins.
These two families of inequalities are therefore complementary: the MBI (8) constrains only the
aggregate number of bins, without distinguishing which classes are responsible for their activation,

whereas the MCI (5) ensure that the contribution of each class is explicitly enforced.

Also, the ratio between ( (LPiN) and 1 can be made arbitrarily close to 1/2 as shown by the following

proposition.
Proposition 9. There exists a sequence of BPPS instances such that

LP: 1
qu)—>2 as d — 00.

The proof employs the same instance of the BPPS which was used in Proposition 6 which shows the

analogous result for the model LPIT\I.

In our computational experiments of Section 3, we empirically measure the actual improvement of

the lower bound provided by LPIT\I and LPlj;\I over LPy across the tested instance classes.
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2.6. An upper bound to the number of bins used in any optimal BPPS solution

An obvious valid choice for the upper bound & on the number of bins in any optimal BPPS solution
is the number of items n, since no solution can use more than one bin per item. This bound, however,
is often weak in practice, as the number of bins used is typically much smaller than n. Moreover, the
value of k directly determines the number of variables and constraints in the formulation, and thus
has a strong impact on computational performance. To address this issue, we develop a stronger,
instance-dependent upper bound based on class-wise considerations. Specifically, for each class ¢ € C,
let 3. denote an upper bound on the minimum number of bins of capacity d — s. required to pack

all its items.

Proposition 10. For every BPPS instance, the value
k= ZBC? (11)
ceC

provides a valid upper bound on the number of bins used in any optimal BPPS solution.

The proof is based on comparing the value of an optimal solution of the BPPS with the value of the
first heuristic solutions considered also in the proof of Proposition 5, which is obtained by solving a

BPP problem of capacity d — s. for every class ¢ € C.

The values 3., with ¢ € C, can be determined by applying any algorithm that provides a feasible
solution to this BPP associated with class ¢, since such an algorithm would yield a valid upper
bound on the number of bins required. In practice, both exact and heuristic algorithms for the
BPP can be employed for this purpose. The specific choices adopted to compute these values in our

computational experiments will be discussed in Section 3.

3. Computational experiments

In this section, we present the results of our extensive computational experiments aimed at evaluating
the performance of the novel ILP formulation for the BPPS problem introduced in Section 2, along
with the three main proposed enhancements: the MCIs (5), described in Section 2.2, the MBI (8),
described in Section 2.4, and the upper bound on the number of bins that can be used in any optimal

BPPS solution, described in Section 2.6.

We are interested in determining optimal BPPS solutions by solving the ILP model with a state-

of-the-art solver. When optimality cannot be certified within the imposed time limit, we evaluate
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the solution quality through the optimality gap. Our experiments pursue three main goals: first, to
assess the computational effectiveness of the proposed ILP formulation and its variants by identifying
the largest instance sizes (and their structural features) that can be solved to optimality within
a given time limit, determining the features that most significantly affect problem difficulty, and
evaluating the relative performance of different formulation enhancements (see Section 3.2); second,
to empirically evaluate the strength of the LP relaxation bounds with and without the inclusion of
MClIs (5) and MBI (8), thereby complementing the theoretical results discussed in Sections 2.1 and
2.3 (see Section 3.3); and third, to analyze the structure of the optimal BPPS solutions in terms of
the number of items and classes per used bin, as well as bin utilization levels, in order to highlight

their main characteristics (also in Section 3.3).

To the best of our knowledge, the BPPS is a novel problem that has not been previously studied in
the literature. Consequently, no existing models or algorithms are available for comparison with our
proposed ILP formulation. Furthermore, no publicly available benchmark library exists. For this
reason, we designed a diverse and systematic set of test instances that capture the main structural

features of BPPS instances, which we describe next.

3.1. Library of benchmark BPPS instances

In this section, we introduce the library of benchmark instances specifically designed for the BPPS.
This testbed aims to provide a diverse and representative collection of instances, varying in size and
structural characteristics, enabling a comprehensive evaluation of the proposed ILP formulation and

an assessment of how different instance features influence computational performance.

To generate the instances, we extended the approach proposed in Schwerin and Wischer [32] for
the classical BPP, thereby adopting a methodology consistent with the literature on bin packing
problems, while incorporating item classes along with their associated setup weights and costs. FEach
BPPS instance I(BPPS) is defined by a tuple (n,w,d,m,P,s, f,r). While most of these input
data can be freely chosen, item weights and class setup weights must be generated so as to guarantee
feasibility. In line with [32], we introduce parameters vy, va, 01, 02 € [0,1], with v; < ve and 01 < o9,
which determine the sampling ranges for item and setup weights, respectively. Specifically, for each
i € Z, the item weight is sampled uniformly from the integer values in the set [v1 d, va d] N Z, and

for each ¢ € C, its setup weight is sampled uniformly in the set [o1 d, o2 d] N Z.

To ensure instance feasibility, we enforce the condition vo + 02 < 1. Each item is assigned to a class,

selected uniformly at random among the m available classes. Every instance is is created either with
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or without setup and bin costs. In the former case, setup costs are sampled uniformly in the set
[1, /2] N Z for each ¢ € C, with the bin cost set to r = 10. In the latter, setup costs are set to zero,
and the bin cost is set to r = 1. This latter configuration corresponds to minimizing the number of

used bins, since no setup costs are present.

We generated BPPS instances for all combinations of the following instance-generator parameters:
the number of items n € {25, 50, 75, 100, 200}, the number of classes m € {5, 10}, the bin
capacity d € {200, 1000, 10000}, the cost structure (with or without setup costs and bin costs),
two item size categories—small (v; = 0.05, va = 0.15) and large (v; = 0.15, va = 0.30)—and
two setup weight categories—small (07 = 0.01, o2 = 0.10) and large (o3 = 0.10, o2 = 0.20).
For each combination of these parameters, two instances were generated using different random
seeds, resulting in a total of 480 instances. The complete benchmark set and its documentation,
along with the generator toolkit, are publicly available at the following GitHub repository: https:
//github.com/FabioCiccarelli/BPPS_instances.git. We hope that this challenging library of
instances will foster further research on the BPPS and support the development and comparison of

novel exact and heuristic algorithms.

3.2. Computational performance of the ILP formulation

In this section, we compare the computational performance of the following four variants of the

proposed ILP formulation for the BPPS:

1. The baseline, denoted by ILPy, is the compact formulation in which the upper bound & on

the number of bins in any optimal BPPS solution is set to n, the number of items.
2. The first variant, denoted by ILP] , extends ILPy by including the MCIs (5).

3. The second variant, denoted by ILPII\I, extends ILPy by including the MCIs (5) and the
MBI (8).

4. The third variant, denoted by ILPY;, extends ILPj;N by including the upper bound & on the
number of bins in any optimal BPPS solution (see Proposition 10). The values f3,, for each
class ¢ € C, used to compute k were obtained through classical heuristic algorithms for the
BPP. Specifically, we applied the Next Fit (NF), First Fit (FF), and Best Fit (BF) algorithms
(see [21]), each executed under 50 random permutations of the item order (including the

non-increasing order of weights).
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All tests were conducted on an Ubuntu machine equipped with an Intel(R) Xeon(R) Gold 5218 CPU
@ 2.30GHz and 256 GB of RAM. The ILP formulations are implemented in C++ and solved using
IBM ILOG CPLEX v22.1.1, running in single-thread mode with default settings. A time limit of

1800 seconds is imposed for each test.

Table 1 reports, for each of the four ILP formulation variants presented above, the number of
instances solved to proven optimality within a time limit of 1800 seconds (columns “#opt”) and the
average optimality gap (columns “gap”) over the instances not solved to optimality. The optimality
gap is defined as the percentage difference between the best upper bound and the best lower bound
computed by the solver during the solution process for a given formulation, taken with respect to

the best upper bound.

The instances are grouped according to the six instance-generator parameters described in the
previous section on the benchmark instance library and, for each group, the table also reports the

number of instances in that group (column “#inst”).

The results in Table 1 show that the performance differences between the four variants become
more pronounced as the instance size or complexity increases. Indeed, for small instances (e.g.,
n = 25), all four formulations perform similarly. However, as n grows, the baseline ILPy rapidly loses
effectiveness, with a sharp drop in the number of optimally solved instances and a substantial increase
in the gap. The addition of the MCI constraints in ILPTN yields a clear improvement; similarly,
the inclusion of the MBI enhances the model performance and allows to solve to full optimality a
significantly higher number of instances. Finally, the combination of these two improvements and
the upper bound on the number of bins in ILP} consistently provides the best results, both in terms
of the number of optimal solutions and reduced gap, with the only exception of the set of instances
with n = 200, where ILPiN allows to optimally solve one more instance than ILPY. A similar trend
is observed when increasing the number of classes m, where ILP}; remains the strongest variant,
followed by ILPli\I. The bin capacity d does not seem to have a significant impact on the performance
of the four variants. Nevertheless, in line with previous findings, ILPY maintains a clear advantage
over the others across all tested values. The same pattern emerges for the remaining generation
parameters: with and without setup costs, for both small and large setup weights, and for small
and large item weights, ILPY; systematically outperforms the other three variants. In particular, the
improvements of the enhanced variants over ILPy are substantial for the most challenging settings

(large n or large m), indicating that the proposed strengthening techniques significantly increase
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Table 1: Performance comparison of the four variants of the ILP formulation for the BPPS, reporting the number
of instances solved to optimality and the average optimality gap. The instances are grouped by instance generator

parameters. Time limit: 1800 seconds.

ILPx ILPL ILPL ILP%
param F#inst #opt  gap #opt  gap #opt  gap #opt gap
item number n =25 96 92 5.8 94 6.6 95 6.7 96 -

n =50 96 36 9.5 56 7.0 63 6.4 68 5.8
n =75 96 25 10.8 35 6.6 41 5.6 47 5.7
n = 100 96 9 14.0 25 64 35 5.7 39 6.0
n = 200 96 0 209 10 6.7 19 64 18 5.5
class number m=25 240 89 141 128 6.0 144 5.5 154 49
m = 10 240 73147 92 7.1 109 6.4 114 6.2
bin capacity d = 200 160 58 145 76 6.8 81 5.9 88 54
d = 1000 160 50 14.2 69 6.6 89 5.9 89 5.8
d = 10000 160 54 145 75 6.6 83 6.2 91 5.9
bin-setup costs no 240 97 12.0 124 8.0 120 6.8 125 6.5
yes 240 65 16.4 96 5.6 133 5.1 143 4.8
item weights large 240 50 154 65 6.8 74 6.1 83 5.7
small 240 112 13.0 155 6.4 179 5.8 185 5.6
setup weights large 240 71 15.7 99 7.2 109 6.5 122 6.0
small 240 91 13.0 121 6.1 144 54 146 5.3
Total/Average 480 162 144 220 6.7 253 6.0 268 5.7

scalability and solution quality. Overall, across all 480 benchmark instances, ILPy, ILPIT\I, ILP%\I and
ILPY solve 162, 220, 253 and 268 instances to optimality, respectively, with an average optimality
gap on the unsolved instances of 14.4%, 6.7%, 6.0% and 5.7%, further confirming the superiority of
ILPY.

Figure 4 shows the distribution of computing times (in seconds) for the four ILP variants, evaluated
on the subset of instances solved to proven optimality by ILPY. Each box plot reports the median,
the interquartile range, and the extreme values, together with markers for the mean, thus providing
insights into both central tendency and variability. The results highlight that ILPY consistently
achieves the lowest mean times across all tested values of n, also having the lowest median times in
most of the cases. For example, for instances with n = 25, the median time for ILPY is around 0.16

seconds, which is approximately 7 times lower than that required by ILPy. This spread significantly
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widens as the item number grows: in the instances with n = 75 solved to optimality by ILPy, ILPY
has a median solution time of just under 10 seconds, slightly above that of ILPli\I. In contrast, ILPJ{\I
has a median time slightly above 30 seconds, and ILPy has a median time of more than 930 seconds.
For benchmark instances with n = 200, with the baseline formulation ILPN we fail to solve any
instance to optimality. In contrast, ILPJ{\I requires a mean solution time exceeding 1300 seconds,
ILPI:E\I on average requires more than 750 seconds and ILPY maintains its superior performance, with
a mean time of under 300 seconds. Moreover, for this last group of instances, the first quartile of
ILPY’s solution time’s distribution is just around 17 seconds, indicating that 25% of these large

instances can still be efficiently solved.
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Figure 4: Box plot of the solution times of the different variants of the ILP formulation for the BPPS, for the instances

solved to optimality by ILPY. The vertical axis is in logarithmic scale. Time limit: 1800 seconds.

Figure 5 shows the distribution of the optimality gap (in %) for the four ILP formulation variants,
computed over all instances not solved to proven optimality within the time limit by ILPY. For
each variant, the corresponding box plot shows the median, the interquartile range, and the extreme
values, thus illustrating both the gap’s central tendency and its variability across instances. From
the figure, it emerges that the enhanced formulations ILPIT\I7 ILPiN and ILPY; achieve significantly
smaller gaps on average, with substantially lower dispersion compared to the baseline ILPy. For
example, for instances with n = 100, ILPy shows a median gap slightly below 15%, while the other
variants are all below half of such value. For the largest instances (n = 200), ILPY; maintains a

median gap close to 5%, with a very narrow interquartile range from approximately 4% to 7%.
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Conversely, the median gap of ILPy increases to more than 20%, and its dispersion is considerable,

with an interquartile range ranging from approximately 15% to more than 28%.
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Figure 5: Box plot of the optimality gap of the different variants of the ILP formulation for the BPPS for the instances
not solved to optimality within the time limit by ILPY. Time limit of 1800 seconds.

Figure 6 plots the number of instances solved as a function of time for the four ILP formulation
variants. The x-axis represents the computing time (in seconds) and the y-axis reports the number
of instances solved to optimality within that time. Each curve, therefore, shows the cumulative

solving profile of a variant, enabling a direct visual comparison of their efficiency.

The plot clearly indicates that the best-performing variant ILP}; consistently dominates the others,
solving a larger fraction of instances across all time thresholds. More specifically, within the first 0.1
seconds, ILP}; outperforms the other three by solving almost 60 instances, whereas ILPy, ILPIT\I and
ILPI:E\I solve only 5, 10 and 25 instances, respectively. This performance gap persists by the 1-second
mark, at which point ILPY; has solved roughly 120 instances, compared to 85 for ILPiN, 66 for ILPL
and 54 for ILPy. For harder instances, the gap significantly decreases: at the 100-second threshold,
ILPY has increased its count to 210 solved instances, with ILPlj;\I at 206, ILPTN at 172 and ILPy at
131. Beyond the cumulative counts, the slope of each profile reveals the rate at which each variant
solves instances over time. The initial steep ascent of the curve for ILP} confirms its remarkable
ability to quickly solve a large number of easier instances. In the interval between 0.1 and 1 second,
it solves an additional 60 instances, demonstrating the highest solve rate among the four variants

in this early phase, together with ILPli\I. In the subsequent phase (from 1 to 10 seconds), the solve
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Figure 6: Number of instances solved as a function of time for the different variants of the ILP formulation for the

BPPS. Time limit: 1800 seconds. The horizontal axis is in logarithmic scale.

rate of ILPY moderates to 49 new instances, while ILPli\I reaches its peak efficiency, solving 75 new
instances in the same interval. Finally, for harder instances requiring longer solution times (from 100
to 1000 seconds), all variants exhibit a decelerating solve rate. However, ILPY; and ILP:EN maintain a
clear edge, solving 45 and 38 new instances, respectively, while the ILPy and ILPlT\I struggle, solving
only 24 and 32 additional instances, respectively. This confirms that the enhanced formulations,
particularly ILPY;, are not only faster on average but are also more capable of making progress on

difficult instances within the given time constraints.

3.8. Strength of the LP relaxations and features of the optimal solution

In this section, we compare the root-node bound obtained with the variants of the formulation we
proposed and analyze the main features of the solutions that we obtained on our test set. The
results are reported in Table 2. The table is organized into two main parts and reports aggregate
statistics for the subset of instances for which at least one of the tested formulations found a certified
optimal solution. This subset is chosen because it provides a reliable ground truth against which
the quality of bounds and the solution features can be accurately measured. The analysis includes
a total of 286 instances: while ILPY demonstrates superior overall performance by solving 268
instances to optimality, the remaining formulations contribute additional solutions for instances
where ILPY; fails to converge within the time limit of 1800 seconds. Specifically, among the instances

not solved optimally by ILP}, formulation ILPI:E\I successfully solves 9 instances, ILPTN solves 13
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instances, and even the baseline formulation ILPy manages to solve one instance that remains
unsolved by ILPY. The union of instances solved optimally by ILPY and those solved by at least
one of the remaining variants constitutes the complete set of 286 instances with certified optimal
solutions. For each subset of the optimally solved instances, grouped by different instance-generator
parameter values, the first part of Table 2 (columns Integrality gaps) reports the integrality gap,
defined as the percentage difference between the optimal BPPS value and the optimal value of
the LP relaxation for a given formulation, taken with respect to the optimal BPPS value. We
consider the baseline formulation ILPy, whose optimal LP relaxation solution value is ((LPy) and
the enhanced formulations ILPTN7 ILPIJ;\I and ILPY, whose optimal LP relaxation solution values are
¢ (LPJ{\I), ¢ (LPli\I) and ((LPY), respectively. As established in Equation (10), the upper bound k does
not affect the optimal solution value of the LP relaxation for ILPY;. Consequently, the optimal values
for the relaxations of ILPli\I and ILPY; are identical, i.e., ((LPY) = ¢ (LP%\I). Therefore, the remainder

of this section will focus exclusively on the value of {(LPY).

The first part of the table (Integrality gap) allows us to directly quantify the strengthening effect of the
MCIs and that of the MBI across different instance-generator parameters. The results demonstrate
that incorporating the MCls significantly reduces the integrality gap across all problem settings
compared to formulation ILPy. This improvement becomes even more pronounced when the MBI is
included in formulations ILPI:E\I and ILPY. For larger instances with n = 200, the average integrality
gap decreases from 19.5% for formulation ILPy to 2.7% for ILPL, and further reduces to zero for
ILPI{I and ILPY. Furthermore, When increasing the number of items n, the gap of ILPy steadily
grows while that of the other three variants significantly decreases. Conversely, when increasing the
number of classes from m = 5 to m = 10, the average integrality gap of ILPy decreases, while those
of the other variants increase. Nevertheless, ILPI]L\I and ILPY; still maintain a clear advantage over
ILPy. Changes in bin capacity d have only a marginal effect on the integrality gaps, suggesting that
this parameter is less critical for bound quality. The presence of setup costs significantly increases
the gap for ILPx (up to 19.9%), whereas ILPI]L\I and ILPY reduce it to 6.7% and 2.5%, respectively.
This can be attributed to the fundamental difference in how the formulations handle class setup
costs within their LP relaxation optimal value. Indeed, the optimal solution value of LPy accounts
for each class exactly once in the objective function (see Equation (4)), regardless of how many bins
actually contain items of that class. In contrast, formulations ILPL, ILPI{I and ILPY, incorporating
the MClIs, include an estimate of the number of times each class ¢ € C is activated across different

bins, namely the . coefficient (see Equations (7) and (10), respectively). Consequently, when setup
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Table 2: Quality of the lower bound provided by the LP relaxation of the variants of the ILP formulation for the
BPPS, and features of optimal BPPS solutions. The reported values refer to the subset of instances for which at least

one formulation found a certified optimal solution.

Integrality gap Optimal BPPS solution features
param F+inst ILPN~ ILPL ILPY k k #bins #items Fclasses %fill
item number n =25 96 16.0 12.8 4.2 5.5 87 5.8 4.9 1.8 87.2

n = 50 72 16.6 7.9 3.0 9.1 12.0 9.4 6.0 1.5 92.6
n =75 52 16.4 4.5 0.2 12.1 149 12.1 6.9 1.4 955
n = 100 41 17.6 4.5 0.2 139 16.3 14.0 7.6 1.3 95.6
n = 200 25 19.5 2.7 0.0 229 252 22.9 8.7 1.2 972
class number m=>5 164 19.0 7.1 1.7 11.2 13.1 11.3 6.3 1.3 927
m = 10 122 13.7 9.1 3.0 9.1 13.3 9.4 6.1 1.8 914
bin capacity d =200 93 16.1 7.7 2.1 10.0 12.8 10.2 6.5 1.5 925
d = 1000 96 17.0 8.2 2.5 104 13.2 10.6 6.2 1.5 920
d = 10000 97 17.2 8.0 2.1 10.6 13.5 10.8 6.1 1.5 919
bin-setup costs no 138 13.5 9.3 1.9 10.0 128 10.1 6.2 1.6 92.8
yes 148 19.9 6.7 2.5 10.7 13.6 10.9 6.3 1.4 915
item weights large 90 17.8 7.3 24 11.8 144 12.1 3.5 1.4 932
small 196 16.3 8.3 2.1 9.7 12.6 9.8 7.5 1.6 91.7
setup weights large 129 19.5 9.0 3.2 10.3 13.0 10.6 5.7 1.4 914
small 157 14.5 7.1 1.4 10.3 134 10.4 6.7 1.6 928
Total/Average 286 16.8 8.0 2.2 10.3 13.2 10.5 6.3 1.5 921

costs are present, the LP relaxation of ILPy fails to capture this term of the objective function, as
it underestimates the total setup cost by not accounting for multiple activations of the same class.
As far as the remaining instance-generator parameters are concerned, item weights do not seem to
significantly affect the integrality gap values, while small setup weights tend to reduce the gap for

all the variants considered.

The second part of the table includes the average values of the lower bound k (see Proposition 8) and
the upper bound k, computed as detailed at the beginning of Section 3.2, as well as the structural
characteristics of the optimal solutions found (Optimal BPPS Solution Features): specifically, these
last columns report the average number of bins used in the optimal solution (#bins), and other
features such as items per bin, active classes per bin, and bin fill percentage. The effectiveness

of the bounds k and k can be assessed by comparing their average values to the actual average
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number of bins required in optimal BPPS solutions. Notably, the upper bound k provides a loose
estimate of the optimal bin count across all problem categories. For example, for instances with
m = 10, its average value is 13.3 while the average number of actually used bins is 9.4, yielding a
percentage difference exceeding 40%. Despite this imprecision, k remains substantially smaller than
the trivial bound n across all instance sizes, with the most significant reduction observed for larger
instances with n = 200. This reduction enables a substantial decrease in the number of variables
and constraints within formulation ILPY;, thereby explaining its superior computational performance
relative to the other variants. In contrast, the lower bound k demonstrates high accuracy, with
values closely matching the actual number of bins used in optimal BPPS solutions. Across all
instance-generator parameter values, the difference between k£ and the actual number of bins used
does not exceed 0.3, with this difference approaching zero for larger instances with n = 200. This
precision provides additional evidence for the computational performance improvements observed
when incorporating the MBI into formulations ILPIN and ILPY. The solution statistics also reveal
that optimal solutions typically contain between 6 and 7 items per bin, involve a small number of
active classes (around 1.5), and achieve a high utilization rate of the bin capacity (92% on average)
across all parameter configurations. When the number of items n increases, the average number of
items per bin grows significantly, while the number of active classes per bin decreases, reflecting a
tendency towards more homogeneous bin composition in larger instances. Conversely, increasing the
number of classes m results in slightly more diverse bins (higher number of classes per bin), whereas
variations in bin capacity d have minimal impact on these statistics. The presence of setup costs,
while not affecting significantly the number of items per bin, is associated with marginally fewer
classes per bin, suggesting a packing strategy that limits costly setups. Small item weights produce
solutions with more items per bin and a higher diversity of classes, while large setup weights lead to
both fewer items per bin and slightly lower diversity of classes. Overall, these patterns indicate that
optimal solutions exploit bin capacity efficiently while adapting class composition to the cost and

weight structure of the instance.

To investigate whether state-of-the-art solvers can systematically improve upon LP-based lower
bounds through their internal cutting plane procedures, we conducted an additional experiment by
solving the baseline formulation ILPy at the root node only, without branching, and comparing the
lower bound obtained by CPLEX after its internal cut generation with the optimal value of the LP
relaxation LPy, which can be computed in closed form as in Equation (4). Out of 480 instances, in

465 cases (96.9%) the two values coincide perfectly, indicating that CPLEX’s cut generation routines
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provide no improvement over the baseline LP bound. In the remaining 15 instances (3.1%), the
solver identifies the optimal solution at the root node because the incumbent value matches the
ceiling of the LP relaxation value. These results demonstrate that CPLEX’s general-purpose cutting
plane algorithms fail to achieve the substantial lower bound improvements provided instead by the
MClIs and the MBI, and underscore the importance of the problem-specific valid inequalities we

propose in this paper, which are essential for achieving high-quality formulations.

Finally, we conducted an analysis comparing the LP relaxation bound ¢ (LPTN) obtained using the
right-hand-side . for the MClIs, as in Equation (5), against that obtained using the optimal BPP
solution values for each class ¢ € C (denoted by S.). The values v and 3 differ in only 40 instances
out of 480, demonstrating that the « coefficients provide highly accurate estimates of the minimum
number of bins required to pack all items of each class ¢ € C. In the instances where these values
differ, this results in increased right-hand-side values for the MCIs (5) and a consequent improvement
in the lower bound ¢ (LPTN). However, the impact remains minimal: across these 40 cases, the
average percentage difference between the two lower bounds is around 1.1%. Also when considering
the subset of 286 optimally solved instances reported in Table 2, the absolute difference between
the average LP bound ¢ (LPIT\I) obtained with the ~ values and that obtained with the optimal 3
values is only 0.05 percentage points. These results underscore the ability of the lower bounds ~
to approximate the optimal BPP solution values for individual classes, and their usefulness for
obtaining a tight integrality gap without the computational overhead of solving m separate BPP
instances. Similarly, regarding the upper bound % (11), we compared the value k obtained summing
the heuristic class-wise solution values 3., computed as detailed at the beginning of Section 3.2,
with that obtained summing the optimal BPP solution values 8. for each class ¢ € C. These two
upper bounds coincide in 434 out of 480 instances. In the remaining 46 instances, concentrated
primarily among larger instances with n = 200 (which account for 30 of the 46 cases), the average
percentage difference between the two upper bounds is around 3.5%. This confirms that the heuristic
estimation of the 3 values for computing the upper bound k is highly accurate, and even when it
produces a looser upper bound k compared to the one obtained using the optimal 3 values, the
difference remains marginal and does not lead to a significant reduction in the number of variables

and constraints of formulation ILPY.
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4. Conclusions

In this paper, we introduced and studied the Bin Packing Problem with Setups (BPPS), a novel
generalization of the classical Bin Packing Problem in which items are partitioned into classes and,
whenever an item from a given class is packed into a bin, a setup weight and cost are incurred.
This setting models a wide range of practical applications where setup operations are required,
particularly in production planning and logistics. We proposed a natural ILP formulation for the
BPPS and analyzed the structural properties of its LP relaxation, which admits a closed-form
optimal solution but may yield arbitrarily weak lower bounds. To strengthen the relaxation, we
introduced a new family of valid inequalities, the Minimum Classes Inequalities (MCIs), and proved
that their inclusion guarantees a worst-case performance ratio of 1/2. We also introduced the
Minimum Bins Inequalities (MBI), which further improved the quality of the LP relaxation. To
support computational evaluation, we developed a publicly available benchmark library of 480 BPPS
instances, designed to capture a broad spectrum of instance characteristics, including variations in
item weights, class distributions, setup costs, and setup weights. Using this library, we carried out an
extensive computational campaign to assess the performance of the enhancements proposed for the
ILP formulation. Our experiments show that the enhanced model with MCIs and MBI, combined
with a tight upper bound on the number of bins, substantially improves overall computational
performance. The strengthened formulation consistently solves a larger number of instances to
proven optimality compared to the baseline. Moreover, for instances that remain unsolved within
the time limit, it delivers very small optimality gaps, confirming its practical effectiveness even on

large and challenging instances.

Future research directions include investigating the polyhedral structure of the proposed formulation,
developing a branch-and-price algorithm to solve a set-covering formulation of the problem via
column generation, and designing tailored exact and heuristic algorithms that exploit the specific
role of class-induced setup constraints. Another promising avenue is to study the approximability of
the problem and to develop polynomial-time approximation algorithms with provable performance

guarantees.
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Electronic Companion

4.1. Notation summary

In Table 3, we summarize all the notation used throughout the paper. The first block lists the data
and parameters of the classical BPP, while the second block introduces the additional data required
for the BPPS. The third block reports auxiliary parameters and valid bounds that will be used in
the analysis of our formulations. The fourth block defines the decision variables employed in the
ILP models. The last two blocks describe the natural ILP formulation ILPyx and the three proposed
enhancement (ILPL, ILPli\I and ILPY) together with their LP relaxations, whose optimal values

provide lower bounds on 2.

4.2. A structural property of the BPP

An instance of the BPP is defined by a bin capacity d and a set of items Z = {1,2,...,n}, where
each item ¢ € Z has a positive integer weight w; € Z~g. The minimum number of bins required to
pack all items of a BPP instance is denoted by 8. An instance I(BPP) of the BPP is defined by
the tuple (n,w,d), where w € ZZ is the vector of item weights. In the literature (see, e.g., [23,

Section 8.3.2]), the following inequality is known to hold for every BPP instance:

which states that the ceiling of the total weight of the items divided by the bin capacity is always at
least half the minimum number of bins. The next lemma provides a slight generalization of this
result, used in the proof of Proposition 5, showing that, whenever more than one bin is required in
any optimal BPP solution, the total weight of the items must exceed half of the total capacity of the

bins in that solution.

Lemma 1. For every BPP instance, if 5 > 1 then
d
> wi > % (13)
i€l
Proof. Consider any optimal solution to the BPP. Let B be the set of the 3 bins used in this optimal
solution and, for every b € B, let Z,(B) be the set of items packed in bin b. In an optimal solution,
no two bins can have a total item weight at most % since, otherwise, they could be merged into a

single bin. If all bins have load greater than %, the claim follows immediately since

Swi= Y ¥ w> 5

i€T beB i€Ty(B)
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Table 3: Summary of notation

BPP givens Description

d€Z>o Bin capacity

n € Zso Number of items

w; € Z>o Weight of item i € T
I(BPP) Instance of the BPP

B € Zxo Optimal value for the BPP

BPPS givens

Description

m € Z>o
c={1,2,...,m}
P={T1,Ts,...,Im}
. CT

Sc € Li»o

fe € Lo

r € Z>o

I(BPPS)

Y € Z>o

Number of classes

Set of item classes

Partition of the items into classes
Subset of items belonging to class ¢ € C
Setup weight for class ¢ € C

Setup cost for class ¢ € C

Bin cost

Instance of the BPPS

Optimal value for the BPPS

BPPS additional givens

Description

Be

Be

Ye = [Siez, wi /(d = se)]

k

B={1,2,...,k}

k=Y cche

E=[(Ciezwi + Sece ve se)/d]

Optimal value for the BPP with items of class ¢ € C and bin capacity d — s,

Upper bound on the number of bins to pack all items i € Z. and bin capacity d — s¢

Valid lower bound on the number of bins required for class ¢ € C

Upper bound on the number of bins used in any optimal BPPS solution

Set of available bins

Valid upper bound on the number of bins used in any optimal BPPS solution

Lower bound on the number of bins used in any optimal BPPS solution

ILP formulations for the BPPS

Description

ILPx
ILP]
ILPL

ILP%,

Natural formulation for the BPPS
ILPyN with MClIs
ILPyN with MCIs and MBI

ILPN with MCIs and MBI and UB to the number of bins in any optimal solution

Lower bounds on

Description

C(LPx), C(LPY), ¢(LPY), C(LPY)

Optimal value of the LP relaxation of ILPy, ILPL, ILPII\I and ILPY;, respectively
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Otherwise, there is at most one bin b € B with total load Zier w; < %l. Since g > 1, there exists

another bin b € B; by optimality, we must have

Zw¢+2w¢>d,

i€Z;(B) 1€Ly(B)

otherwise the two bins b and b could be merged.

Hence,
d Bd
sz‘z Z w; + Z w; + Z wi>§(ﬂ—2)+d:7.
i€l el i€T5(B) i€Zy(B)
i¢ Ty, (B)ULy(B)
O
4.8. Proofs

4.8.1. Proof of Proposition 1

Proof. Multiplying the capacity constraints (1c) by the positive bin cost r and summing over all

b € B gives

rZwinib—i-rZchycb < erzb.

1€L beB ceC  beB beB

By the assignment constraints (1b), >,z xy = 1 for every i € Z. Since every class ¢ € C contains

at least one item i € Z., the linking constraints (1d) imply

Zycb > Zl‘ib = L (14)

beB beB
Therefore
r
TZwi—i—TZsc < dZ'rzb, — Zrzb > d(Zwi—i—ZsC). (15)
€T ceC beB beB €T ceC
Moreover,

SO fever = Y Lo Y Yeb = Y e

beB ceC ceC  beB ceC

Therefore, every feasible solution of LPy satisfies

Sra+ Y feva) = 2(2'[1)2“"280) +3 1 (16)

beB ceC €L ceC ceC
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and, accordingly, the right-hand side of (16) is a lower bound on {(LPyx). Now consider the solution

defined in (3). It satisfies constraints (2) by construction. Indeed, for every i € Z,

so the assignment constraints (1b) hold. Moreover, for each b € B,

ZM%b‘FZScZ/cb—sz +Zsc = (sz+zsc>: iib/v

i€ ceC i€ CGC i€l ceC
N by (3¢)
by (3a) by (Sb)

so the capacity constraints (1c) also hold at equality. Finally, the linking constraints (1d) are satisfied

since by (3a) and (3b) the x-variables and y-variables take the same value 1/k.

Hence, the solution defined in (3) is a feasible solution for LPy. Its objective value is

Z(T‘Zb—i-z_fcycb) _TZZZGIwZ_'_ZCECSC chZ% - 2(211)1‘4‘281:) +ch~

beB ceC beB ceC beB i€l ceC ceC

by (3c) by (3b)
Thus, the objective value of the solution in (3) coincides with the right-hand side of (16). Con-

sequently, the solution attains the lower bound and is therefore optimal, with optimal value as

in (4). O

4.8.2. Proof of Proposition 8

Proof. Consider a feasible solution to ILPy. From the assignment constraints (1b) and the linking
constraints (1d) we know that, for every ¢ € C, if an item of class ¢ is packed in bin b, then y = 1.
Thus, items of any class ¢ € C can only be packed in bins b for which y., = 1. For every ¢ € C, let us

denote this set of bins as

BC:{bGB’ycb::l}.

For every b € B, the capacity constraints (1c) imply that

D wimiy +se+ > sgyp < d = Y wizy < d—s.

1€ g€eC, g#c 1€,
— —_——
ZZiEIC Wi Tip >0

Summing over all b € B, yields

Z Zwixib < Z(d—sc).

beB. i€, beB.
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The left-hand side equals ZiEIc w;, since items ¢ € 7, are packed in bins in B, and thus ZbeBc Tip =
> pep Tiv = 1. The right-hand side equals |B.|(d — s.) = (Zbeg ycb) (d — s¢), since yp = 1 only if

b € B.. Therefore, for every c € C, we have

Since ) ,cp¥Yey is an integer, the right-hand side can be rounded up, which coincides with the

definition of .. ]

4.3.3. Proof of Proposition 4

Proof. The proof follows the same logical scheme as that of Proposition 1. The only difference
is that, instead of using (14), we now directly rely on the MCI (5). It follows that every feasible

solution of LPIT\I satisfies
,
S ot Y soa) = (zwi L3 ) £k ()
beB ceC €L ceC ceC

and, accordingly, the right-hand side of (17) is a lower bound on ¢ (LPIT\I). Now consider the solution
defined in (6). As in Proposition 1, it can be verified that this solution satisfies all the constraints of

LPIT\I, and is therefore a feasible solution. Its objective value is

Z(sz+2fcycb> _ TZ Zzel"wz +Zc€nycSc chz%

beB ceC ceC beB
by‘(r60) by‘(rﬁb)
-
_ d(zwﬁz%sc) 3t
i€ ceC ceC

Thus, the objective value of this solution coincides with the right-hand side of (17). Consequently,

the solution attains the lower bound and is therefore optimal, with optimal value (7). O

4.8.4. Proof of Proposition 5

Proof. The proof relies on determining a feasible BPPS solution, obtained through the following
three steps. We refer to this procedure as the Constructive Heuristic Algorithm (CHA) for the BPPS.
At the end of each step, the algorithm could provide a heuristic solution whose half value is less
than ¢ (LPIT\I). If not, we continue improving the heuristic solution in the next step by merging bins,

until the inequality we seek holds. Depending on the case, it may be easier to show the inequality,
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using a worse heuristic solution, i.e., one with a higher value. This is why we make the CHA stop

after only the first or the second step, depending on the case.

Having an heuristic solution whose half value is less than ¢ (LPL) is enough to prove the proposition.

Indeed, the thesis of the proposition is equivalent to
t 1
((LPY) > v (18)
and since any heuristic solution value 1 is such that ¢ > 1, to prove (18) it is enough to show that
¢ (LPIT\I) > %@, for any heuristic solution value ).

These are the three steps of the CHA:

1. In the first step of the CHA, for each class ¢ € C, we define an associated BPP instance
obtained by restricting the item set to Z. with weights {w; };c7z., and by setting the bin capacity
to d. = d — s, i.e., the residual capacity after accounting for the setup weight of class c¢. This

BPP instance, denoted by I.(BPP), is represented by the tuple:

(IZc], {witiez., de) -
=I.(BPP)

We assume that all these m BPP instances, one for each class, are solved to optimality.

We denote by . the corresponding optimal value, i.e., the minimum number of bins of capacity

d. required to pack all the items of class c. We further denote by

B.={1,2,...,8:}

the set of bins in an optimal solution of instance I.(BPP), and by Z,(B.) the set of items
packed in each bin b € B,. Finally, let C C C denote the subset of classes (if any) whose items
can be packed into a single bin, i.e., for which 8. = 1. The outcome of this step is therefore
the creation of bins that contain only items belonging to the same class, with the items of each
class ¢ € C partitioned into 3. such bins, together with the identification of the subset C of
classes whose items fit entirely in a single bin. If C = 0, i.e., when every class requires at least

two bins, the CHA terminates at this point; otherwise, it proceeds to Step 2.

At the end of this step, since we solved the BPPs with residual capacities, we obtain a feasible
solution for the BPPS which uses ) - 3. bins, where items of any class ¢ are packed in exactly

B bins. Hence, this feasible solution has a value of

CHA Zﬁcfc"‘TZBc (19)

ceC ceC
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2. In the second step of the CHA, we define an additional BPP instance in which the items

correspond to the classes in C.

Specifically, each class ¢ € C is represented by a single class-aggregated item of weight ZiEIC w; +
5¢, while the bin capacity remains d. This BPP instance, denoted by I5(BPP), is represented
by the tuple:

(\C~], {Z Wi + Sctpees d) -

1€

=I;(BPP)
We assume that this BPP instance is solved to optimality, and we denote by ¢ the corresponding
optimal value, i.e., the minimum number of bins of capacity d required to pack all the class-

aggregated items. We further denote by
s =1{1,2,...,0}

the set of bins in an optimal solution of instance I5;(BPP), and by Z,(B;) the aggregated
items packed in each bin b € B;. If 6 > 2, i.e., when the class-aggregated items cannot all be
packed into a single bin of capacity d, the outcome of this step is the creation of bins that
contain items of different classes obtained by merging some of the bins obtained in Step 1. In

this case, when ¢ > 2, the CHA terminates at this point; otherwise, it proceeds to Step 3.

At the end of this step, since we just merged some bins if the capacities and setup cost allowed
it, we obtain a feasible solution for the BPPS which uses }_ ceC\@ Bc + ¢ bins, and items of any

class ¢ are still packed in exactly 5. bins. Hence this feasible solution has a value of

o(CHA) := > Befetr | D B+ 6. (20)
ceC ceC\C

3. In the third step of the CHA, we create a single meta item of weight Zceé(zz'elc w; + sc),
which corresponds to the total weight of all items belonging to the classes in € plus the setup
weight of each such class. This is the total capacity occupied in the unique new bin created in
Step 2. Next, we select any class ¢ € C \ C. It is worth noting that such a class exists since if
C\ C = 0 after step 1 and § = 1, then we are in the situation in which all items i € Z fit in a
single bin, which is a trivial case that we did not consider in this paper, as mentioned in the
Introduction. We then try to place the newly created meta item into the residual capacity of
one of the bins in Bz. In this way, the bin created in Step 2—containing all items from C—

may be merged with one of the bins obtained in Step 1 or not.
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The process just described corresponds to solving an additional BPP instance, in which the
item set consists of the meta item associated with C together with the bins of class ¢, each
bin b € B; being represented by a single item of weight Zzer ) Wi while the bin capacity is
d— sz.

This additional BPP instance, denoted by Iz(BPP), is therefore represented by the tuple:

(148 DO wi+s)yu{ D witeep., d—sz).

ceC i€le €Ly (Be)

=I.(BPP)

At the end of this step, there are two possible outcomes, which both terminate the CHA. If
the single meta item fits in one of the bins containing the items of class ¢, we obtain a feasible
solution for the BPPS which uses ZCGC\é B¢ bins, and items of any class c¢ are still packed in

exactly B, bins. Hence this feasible solution has a value of

5(CHA) :=> " Befetr Y B (21)

ceC ceC\C
On the other hand, if the single meta item does not fit in one of the bins containing the items
of class ¢, then the feasible solution remains unchanged from the one of Step 2 and we do not

improve our value which remains 1)o(CHA) which is in this case, with § = 1, equal to

Z/Bcfc+7' Z Be + 1. (22)

ceC ceC\C

We want now to show, that at all the different terminations of the CHA the half value of the heuristic
solution obtain is less than ¢ (LPIT\I), which is saying that ¢ (LPIT\I) is more than half of (19) or (20) or

(21) or (22), depending on the respective termination of the CHA.

Let’s consider ¢ (LPL), computed as in (7):

CLPL) = st (zwi o )

ceC i€z ceC
which has a component of the form ) . v.f.. We observe that all (19), (20), (21), (22) have a

component of the form ) .. B.fc, and we have

> vefe> CGC Pefe.

ceC
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because of (12) applied to the BPP instance I.(BPP), for every c € C.

Hence, to prove inequality that ¢ (LPIT\I) > % is more than half of the value of the heuristic solution

obtained with the CHA, it remains to show, depending on the termination of the CHA, the following
four inequalities:

1
° Z <Z w; + Z Ye sc> > 3 T Z B if the CHA terminates at the end of Step 1, which means

€T ceC ceC
that 8. > 2 for every c € C and C is empty. This inequality can be shown observing that

1 1 1
L (zwﬁz% ) Ly (zwimsc) Iy
1€L ceC ceC \i€Z. ceC
Indeed, for every ¢ € C'\ C, which includes all classes ¢ € C in this specific termination, we have

Zwri-’)’csc > Z (wi—i- dl—Uisc sc) = Z <(d_5;)1_uis:‘8cwi>

1€1c 1€1c 1€1c

ZiEZC wj > Bcd
d— S 2

=d (23)

where the last inequality comes from Lemma 1, applied to the BPP instance I.(BPP), which

has an optimal solution using at least two bins since ¢ € C \ C.

1
° 2 <Z w; + Z"yc sc> > —r Z Be + 6| if the CHA terminates at the end of Step 2,

€T ceC 2 ceC\C
which means that § > 2. This inequality can be shown observing that

(S Sn) =3[ S (Swtne) + S (Soves)

1€T ceC CEC\é 1€Le ceé 1€L
1 1
> 5 Z~/Bc + 5 0.
ceC\C
where, for every ¢ € C\ C, we used (23), and for every ¢ € C, we used
od

> (Z w; + sc) > = (24)

CG@ €L
obtained by applying Lemma 1 to the BPP instance solved in step 2, which has an optimal

solution using at least two bins when the CHA terminates at the end of Step 2, since § > 1.

1

° 2 <Z w; + Z Ye Sc> > 3 T Z B¢ if the CHA terminates at the end of Step 3 and the single
icT ceC ceC\C

meta item fits in one of the bins where the items of some class € C \ C are packed. This
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inequality can be shown observing that

(S Ses) =4[ S (Swrn) + S (Swers)

icT ceC ceC\C \i€Zc ceC \i€Z.
1
>5 2 B
ceC\C

where, for every ¢ € C\ C, we used (23).

1
° S <Z w; + Z Ve sc> > 3 r Z B + 1] if the CHA terminates at the end of Step 3 and
i€l ceC ceC\C

the single meta item does not fit in one of the bins where the items of some class & € C \ C are

packed. This inequality can be shown observing that

ST Y Y (SRR SRS (A

i€T ceC ceC\C \i€Zlc i€Tz ceC \i€l.
c#£e
>IZB+1(6+1)—1 d B+ (25)
2 e g 2 e ‘
ceC\C ceC\C
c#cC

where, for every ¢ € C \ C different from ¢, we used (23). Moreover, we have

Zwi+z<2wi+sc> >(d—sc)”852+1 (26)

i€Ts ceC \i€l.

by applying Lemma 1 to the BPP instance Iz(BPP) solved in step 3 which has an optimal

solution using at least two bins since in this case no bins were joined. From (26) we obtain

dﬁég_l <Zwi+scﬁc;1+z<2wi+sc>.

i€z ceé \i€Z.

Hence, to show the inequality in (25) it remains only to show that

Be+1
2

Ve =

Diez; Wi Dicz, Wi
g , and

which is true because vz = [ p T > % (by applying Lemma 1 to the BPP;

instance, since ¢ € C \ C) and because ; is also an integer.
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4.8.5. Proof of Proposition 7

Proof. By inequality (17) in the proof of Proposition 4, every feasible solution of LPL—and hence
of ILPNn—satisfies

S(ra+d fova) 2 2<Zwi+z%sc> + 3 yefe.

beB ceC 1€l ceC ceC
By the MCI (5), we have » ;g ¥ > e for all ¢ € C, hence

Zz.fcycb > Z’chc-

beB ceC ceC
Therefore,

SonifSurg) o pes S

beB 1€l ceC beB

Since the z-variables must take integer values in any feasible solution to ILPy, we conclude that

Z 5 > |VZZ'EI Wi + ) e %50—‘ ‘

d
beB

4.8.6. Proof of Proposition 8

Proof. The proof follows the same logical scheme as that of Proposition 1. The only difference is
that we now rely directly on the MBI (8) together with the MCI (5). Hence every feasible solution
of LP%{\I satisfies
Z(TZbJercycb) >y m ot Y ) Yo = TR+ Y e fe (27)
beB ceC beB ceC  beB ceC

Accordingly, the right-hand side of (27) is a lower bound on ¢ (LP%\I).

Now consider the point defined in (6). For each b € B,

ZwimibﬂLzscycb:Zwi;JrZsc?;:;(ZwiﬂLZvcsc) < 4k 4z,

k
1€T ceC €L ceC €L ceC N~~~ by (9¢)
N—— Y

by (8
by (%) by (9b) y®

so the capacity constraints (1c) are satisfied (in general, not at equality). The satisfaction of the
other constraints is the same as in Proposition 1. Therefore, it can be verified that this point satisfies
all the constraints of LPli\I, and is therefore a feasible solution. Its objective value is

Z(rzbJercycb) :T‘Z% + chZ%

beB ceC beB ceC  beB
—— — —
by (9¢) by (9b)
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=rk+Y v fe

ceC
Thus, the objective value of this solution coincides with the right-hand side of (27). Consequently,

the solution attains the lower bound and is therefore optimal, with optimal value (7). O

4.3.7. Proof of Proposition 9

Proof. Consider the family of BPPS instances introduced in the proof of Proposition 6 where
nv
w—n(r_‘_fl) and Y1 = ’7219_1-‘

By Proposition 8, the optimal value of LPlj;\Iis

nﬁ+[nﬁ-‘ ’Vnﬁ-‘
Py 29-1 nv o n 29-1 nd
C(LPy) =r 29 +{219—Jf1_r SR +{219—1 h

3

Taking the limit of C(LPJ{\I) as ¥ — oo gives

554 +{ ny Wflzr{n]ﬂ;fl.

n
li LPL) = 1i =
g C(LPy) = fim 7)o+ 2

2 249

Considering only even values for the number of items n, we therefore have that

n n n
li P Yy=r= 42 f ==
Jm (LPY) =rg 45 fi=5 0+ 1),
which is exactly % of the value of v for this class of instances. O

4.8.8. Proof of Proposition 10

Proof. In any optimal solution to ILPy (or, equivalently, to ILPL), we have

rzzb‘f’zz.fcycb < TZBC+ZfCBC? (28)

beB beB ceC ceC ceC
=y

since the optimal BPPS value ¢ cannot exceed the value of the heuristic solution obtained in Step 1

of the Constructive Heuristic Algorithm described in the proof of Proposition 5.

Moreover, we have

TZBC"’_ZJCCBC < rZBC+Zchycb; (29)

ceC ceC ceC beB ceC
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because the items of any class ¢ € C cannot be packed into fewer than . bins

c € C we have

chc < fczycb — chﬁc < Zz.fcycb-

beB ceC beB ceC
By chaining inequalities (28) and (29), we obtain

Tzzb+Zchycb < r250+22fcycbv

beB beB ceC ceC beB ceC

which implies

Zzb < Zﬁo

beB ceC

Therefore, the number of bins used in any optimal BPPS solution is at most

. Indeed, for each class

equal to the sum, over

all classes, of the minimum number of bins . required to pack the items of class ¢ € C. In particular,

replacing 3. with any valid upper bound 3, > S, still yields a valid (though possibly weaker) overall

bound:

Zzb < ZBC

beB ceC
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