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Abstract. This work is concerned with the convergence rate analysis of the Dou-
glas—Rachford splitting (DRS) method for finding a zero of the sum of two maximally
monotone operators. We obtain an exact rate of convergence for the DRS algorithm
and demonstrate its sharpness in the setting of convex feasibility problems. Further-
more, we investigate the linear convergence of the DRS algorithm, providing both
necessary and sufficient conditions that characterize this behavior. We further examine
the performance of the DRS method when applied to convex composite optimization
problems. The paper concludes with several conjectures on the convergence behavior

of the DRS algorithm for this class of problems.
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1. Introduction
We consider the following monotone inclusion problem

find 0€ Ax+ Bx, (1)

xeRn?

where A, B : R" =3 R” are maximally monotone operators. The monotone inclusion problem pro-
vides a unifying framework that captures numerous fundamental problems in convex optimization,
variational inequalities, and equilibrium models [5, 7, 24].

Among the iterative schemes devised for solving monotone inclusions, the Douglas—Rachford
splitting (DRS) algorithm [7] has emerged as one of the most effective and versatile methods.
Its popularity stems from its ability to decompose complex problems into simpler subproblems.
Furthermore, several important algorithms, including the alternating direction method of multipliers

(ADMM), can be analyzed through the lens of the DRS algorithm; see [24, Chapter 3] for further
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details. Indeed, the close connection of the DRS method to other fundamental operator-splitting
techniques, notably ADMM, further highlights its central role in modern optimization [24].

The DRS method is originally introduced for solving linear systems that appeared in the numerical
treatment of partial differential equations (heat equation) [8]. Lions and Mercier [18] established
that the method is also convergent for a general maximal monotone inclusion problem in the form
of (1). Eckstein and Bertsekas [10] showed that the DRS method can be interpreted as a proximal
point method. We refer the interested reader to [13] for a historical review of the DRS. The method

is given in Algorithm 1; see Section 2 for the notations used in Algorithm 1.

Algorithm 1 The Douglas-Rachford splitting method
Parameters: number of iterations N, positive stepsize y > 0 and relaxation factor 4 € (0, 2).

Inputs: maximally monotone operators A and B, initial iterate w! € R”.
For k=1,2,..., N perform the following steps:

i) xk=J,5(w").

ii) y*=J,4(2xF —wh).

iii) wht = wk + A(yk —xb).

Algorithm 1 can be written as a fixed point iteration wk*! = Tw*, where
T=(1-4)I+4RyaRyp. (2)

and R denotes the reflected resolvent transformation. We call 7' the Douglas-Rachford (DR) operator
throughout the text. It is worth noting that x* is a solution of problem (1) if and only if there exists
w* such that x* = J,pw* and w* is a fixed point of the DR operator. We denote the fixed points of
operator T by W*.

We adopt the following assumptions to establish convergence rate results.

ASSUMPTION 1. Operators A and B are maximally monotone operators and the DR operator

(2) for the given parameters admits a fixed point w*.

k' — w* for some w* € W*; see [5, Theorem 26.11]. In

Note that under these assumptions, w
this manuscript, we employ the performance estimation framework to establish our main results.
Performance estimation provides a strong and unifying approach for the analysis and design of

first-order methods. The framework is introduced in the seminal work of Drori and Teboulle [9],
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and has since attracted significant attention in the optimization community. For a comprehensive
review of the performance estimation, we refer the interested reader to [1, 25, 26].

This paper is structured as follows. Section 2 introduces the definitions and fundamental concepts
that will be used throughout the subsequent sections. In Section 3, we analyze the sublinear
convergence of the DRS method. Section 4 is dedicated to the study of its linear convergence. Finally,
in Section 5, we investigate the behavior of the DRS method in the context of convex composite
optimization problems, and we conclude the paper with some conjectures on the convergence rate

of the DRS algorithm for this class of problems.

2. Terminology and notation
We briefly recall the key definitions employed in this paper. For further details, the reader is referred
to standard references [5, 24].

We denote the Euclidean inner product and norm by (-,-) and || - ||, respectively. We use [
to denote the identity operator. For a (set-valued) operator A : R* =3 R", we define its graph by
graA = {(x,u) : u € Ax} and we denote its inverse by A~!. An operator A : R" =3 R" is called
monotone if

(u=v,x=y)>0 V(x,u),(y,v) € graA,

and it is called maximally monotone if its graph is not properly contained in that of any other

monotone operator. The operator A is S-cocoercive if for some 8 > 0, we have
=v,x=y) = Bllu—=vll> V¥(x,u),(y,v) € graA.

It is seen that cocoercivity implies Lipschitz continuity but its converse does not necessarily hold.
Consequently, a cocoercive operator is single-valued. The operator A is called nonexpansive if it is
Lipschitz continuous with modulus one. An operator A is called u-strongly monotone if its inverse
is p-cocoercive. The resolvent of operator A is denoted and defined as J4 = (I + A)~'. In addition,
we use R4 =2J4 — I to denote the reflected resolvent of A.

Let f:R" — (—o0,00] be an extended convex function. The function f is called closed if its
epigraph is closed, i.e. {(x,7): f(x) <r} is a closed subset of R"*!. The function f is said to be

proper if there exists x € R” with f(x) < co. The subgradients of f at x are denoted and defined as

Of(x)={u: f(y) = f(x)+{u,y-x),Vy eR"}.

When f is a closed proper convex function, d f is a maximally monotone operator. The convex

function f is called L-smooth if 0 f is %—cocoercive. The function f is said to be y-strongly convex

3
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if 0 f is u-strongly monotone. The proximal operator of a closed proper convex function f is defined
and denoted as prox ;= (I +df)7".

Given closed convex set C, the normal cone operator N¢ of C is defined by
Ne(x)={ueR":{(u,y—x)<0,VyeC}, xeC,

with N¢(x) = 0 otherwise. The projection onto C is written as I1¢. The corresponding distance

function to C is denoted by Dc¢.

3. Sublinear convergence of the DRS method
In this section, we study the convergence of the DRS algorithm for a general monotone inclusion
problem. Regarding the DRS algorithm, we have

R = A 3

when y >0 and 1 € [1,1 + \/kTTl) in Algorithm 1; see [17, Theorem 4.9]. Indeed, this result
is established for the Krasnoselski-Mann iteration for a general nonexpansive operator, and the
convergence rate of the DRS algorithm emerges as a specific instance. Since the proof in [17] is
rather technical and lengthy (spanning seven pages), we provide here a proof for the case 1 =1 to
keep the presentation self-contained. We present the theorem for a general nonexpansive operator
and the convergence rate of the DRS follows from it as R, 4 R, 5, the Peaceman—Rachford operator,

is nonexpansive [24]. Note that the DR operator for A =11is T = %I + %Ry ARyB.

THEOREM 1. Let S :R" — R" be a nonexpansive operator and let S have a fixed point w*, i.e.

Sw* =w*. Suppose that w' € R" the sequence {w*} is generated by w**! = (%I + %S)wk. Then
Lo, N_ 1, N|?2 o N=DND g 2
138w = 3wH||” < =g [w" = w*||". )

Proof. To establish the convergence rate, we demonstrate its validity by summing a series of
valid inequalities. Without loss of generality, we assume that w* = 0 (consider the nonexpansive

operator given by S(w +w*) —w*). Due to nonexpansivity of S, we have

||Wk+1 _ wk||2 _ ”2wk+2 — k(o - Wk)”Z >0, |wk _ W*”Z _ ||2wk+1 —wk - w*||2 >0,
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where we use Sw* = 2w**! — wk and Sw* = w*. Summing these inequalities with the indicated
multipliers yields

N-1

% (||Wk+1 _ wk||2 — [k - wh = 2wk - Wk)||2) ok (||WN||2 ~ w1 - WN”2)
k=1

+Z R ([l = ! = w7 = 5= [ = = [t =P

N=2
_HWN+1_2(N—1) N N-1, H k(N-DN2F

-~ W t+=5 T NNk N

2
W2 20N=D kel nglwkH >0.
k=1

The above inequality implies the convergence rate (4) as w™*! = 2Sw" + 1w and the proof is

complete. O

In the following, we demonstrate that convergence rate (3) is tight by constructing a convex

feasibility problem that achieves this rate.

THEOREM 2. Lety >0, A=1, and N > 2 in Algorithm 1. Then there exist maximally monotone

operators A and B such that after N iterations of the algorithm, we have

[Ty = w¥ [P = S = ! = w1,

where w* denotes a fixed point of the DR operator.

Proof. Consider the following subspaces in R?,

P={(x,0) :x e R}, Q:{(x,ﬁ):xeR}.

Consider the following problem,

find 0€Np(x)+Np(x).

xeR?

Assume A and B denote the normal cone mappings of Q and P, respectively. For the given problem,

cosf —sin@
_ [n-1
T=\F1 . ,

sinf cosd

the DR operator is

where 6 = arcsin ( \/N) It is easily seen that zero is the solution to the problem and the fixed point

T
of operator 7. Consider w! = (cos ¢ sin ¢) , for some arbitrary ¢. It is seen

- N
ny_(N-1) 2 netpp_ (N-1\2
=) T = ()

5
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and the angle between them is 6. By the law of cosines, we get

2 _ (N-pN!
[t =" = S, 5)
and the proof is complete. O

It is worth noting that 6 used in the above theorem is equivalent to the Friedrichs angle between
P and Q. A notable implication of Theorem 2 is that the convergence rate of the DRS algorithm for
convex feasibility problem cannot exceed that of a general monotone inclusion problem. Moreover,

in the proof of Theorem 2, if we select ¢ such that w! € P, we have

_1\N-1
Dp(y") =

This bound resembles the rate established in [30, Theorem 4.4] for the alternating projection
method.
One may wonder if convergence rate (3) can be improved in the presence of cocoercivity. The

answer is negative. Assume that N > 2 is given. Consider the following problem,

find 0e€ Ax+ Bx,

xeR?

where A, B : R? — R2, B is the zero operator and Ax = (\/;\;‘_jl \/%)T It is readily seen that both A
and B are monotone and B is cocoercive. In addition, the DR operator is the same as that given in
Theorem 2 for A = 1. Therefore, it follows from the theorem we have (5) for any unit vector wl e R2,

As the aforementioned example illustrates, cocoercivity of B is not a sufficient condition to
improve convergence rate (3). However, it appears that if A is a subdifferential operator, the rate can

be improved. We conclude this section with a conjecture regarding this topic, which is informed by

numerical experiments conducted within the performance estimation framework.

CONJECTURE 1. Let Assumption 1 hold. Assume that B is a B-cocoercive operator and A = g
for some closed proper convex function g. If the sequence {w*} is generated by Algorithm 1 with

stepsize y € (0, B) and relaxation parameter A € (0,2), then

I

||T(wN) -wh||" < ||w1 - w*”z.

/12
S V=Das1)2
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4. Linear convergence of the DRS method
In this section, we study the linear convergence of the DRS algorithm. The linear convergence rate
of the DRS algorithm under strong monotonicity has been extensively studied in recent years, and
exact rates have been established. Interested readers may refer to [11, 12, 23] for further details.
As strong convexity is not commonly satisfied in many applications, alternative assumptions
have been considered in the study of the linear convergence rate of first-order methods; see e.g.
[4, 16, 28]. We study the linear convergence of the DRS algorithm under the error bound condition
introduced in [22].
DEFINITION 1. Let W C R" and let T denote the DR operator for some y > 0 and A € (0,2).

The operator T satisfies the error bound condition on W if there exists u > 0 such that
Dyx(w) <pllI-T)wl|l, YweW. (6)

It is worth noting that this definition resembles the error bound condition introduced in [19]. The
following theorem investigates the convergence rate of the DRS algorithm in terms of the distance

of wk to the fixed point set of the DR operator.

THEOREM 3. Let Assumption 1 hold and let y > 0 and A € (0,2). Suppose that {(x*, y*, w*)}
is generated by Algorithm 1 with initial point w'. If T satisfies error bound condition (6) on

W ={w : Dy (w) < Dy=(w!)}, then

Dys (W) < J1 - ﬁ(% —1) Dyys (w5).

Proof. Let w* denote the nearest point to wX in W*, that is Dy« (w*) = ||[w* — w*||. By [22,
Theorem 1], we have wk € W. Assume that x* = J, 5(w*). Therefore, we have %(w* —x*) € Bx* and
%(x* —w*) € Ax*. In addition, %(wk —xk) e Bx* and %(Zxk —yk—wk) € Ay*. By the monotonicity,

we have

(wk = xk — (w* =x*),x* =x*) <0,

(2xk —yk —wk — (x* —w*),x* —y*) <0.

By summing these inequalities, we get

W 43k — ek % pk _xky =
y y
Lk —w* + Lk — k) Wit —why <o, (7)
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k+1

where the last equality follows from wX*! = w* + 1(yk —x*). By the error bound condition, we have

Tl e ®)

By multiplying (7) and (8) by 24 and i%, respectively, we get

ot = < (1= G = 1) o -]

The above inequality implies the desired inequality since ||w**! —w*|| > Dy« (w**!) and the proof
is complete. O

It is seen from the theorem that u cannot take a value less than % — 1. Pena et al. established the
linear convergence of the DRS algorithm when y = A = 1; see [22, Theorem 1]. In comparison with
the above-mentioned result, Theorem 3 studies the convergence rate for all possible stepsizes and
relaxation parameters. Moreover, it coincides with their result for y =4 =1.

In the following proposition, we establish that error bound condition (6) is a necessary condition

for the linear convergence in terms of Dy (w/).

PROPOSITION 1. Let Assumption 1 hold and lety >0 and A € (0,2). If Algorithm 1 is linearly
convergent with rate r € (0,1) in terms of Dy=(w*), then T satisfies error bound condition (6) on

W ={w : Dyx(w) < Dy« (w)} with p = 1.

Proof. Letw e W\ W* and ||[Tw — w*|| = Dy« (Tw). As the algorithm is linearly convergent,
we have

ITw —w*||? < r? D (w) < r2lw—w*|*.

Therefore,

(1=r)llw =w*|I> < lw = w*|I> = ITw — w*||?
= (Iw=w* I+ 17w = w*[l) (Ilw = w*[| = 17w — w*]l)

<(1+r) ||w—w*|| Tw—w|,

where the last inequality follows from the assumptions and the triangle inequality. By dividing both
sides of the inequality by |[w — w*||, we get the desired inequality and complete the proof. O

Pena et al.[22, Theorem 2] proved that error bound condition (6) holds under the following
assumptions:

i) B=0f and A = dg for some proper convex functions f and g;
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ii) f or g is strongly convex;
iii) f or g is L-smooth.

This result demonstrates that the error bound condition is less restrictive than the strong convexity
assumption, which is commonly employed to establish linear convergence rate. In the following
proposition, we show that the error bound condition may hold under assumptions more relaxed
than those stated above. To this end, we employ restricted strong monotonicity notion.

DEFINITION 2. Let A and B be maximal monotone operators. We say that the problem (1)

satisfies restricted strong monotonicity if there exists s > 0 with
(u+v,x—x*) Z,ufllx—x*llz, Yu € Ax,Vv € Bx, 9)

where x* =TIy« (x).

PROPOSITION 2. Let Assumption 1 hold and let B be B-cocoercive. If problem (1) satisfies
restricted strong monotonicity with modulus iy, then T satisfies error bound condition (6) on

W ={w : Dy« (w) < Dy+(w!)} with

_ y+ymin(usB, 1)+ B
Ay min(usfB, 1)

2

forany 1€ (0,2) and 0 <y <.

Proof. Without loss of generality, we assume 8= 1 and x* =0, since problem (1) is equivalent
to0 € éA(x —x*)+ %B(x —x*). Assume that x* = J, g(w*). So Bx* = %(w* —x*) and ‘71 (w*—=x*) €

Ax*. Suppose that w* € W and
xk :Jwak, y :JyA(2xk —wh), whH = Twk = Wk A(y% — x5).
We define i =min(uz, 1), uy = By* and
ux:%(wk—xk):Bxk, vy:%(Zxk—wk—yk)eAyk. (10)

Suppose that § =1+ (1 +jiy) and

_2(y+D)S

2 1
m:_—z(y( —ﬂ;)+—+2), ar =2yS, 3
J7i My

¥ Y

Due to -cocoercivity, we have
(y =y, x* = Y5y —Juy —uy||> > 0, (uy — Bx*, y* —x*) — ||lu, — Bx*||* > 0.

9
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By restricted strong monotonicity, we get
y+vy,yE =%y = sl =4 > 0.
Upon multiplying these inequalities by the specified multipliers and invoking (10), we derive

a’3(<”y+vy’yk _x*> _:uf”yk _X*Hz) +a'1(<ux — Uy, x* _yk> — ||ux _uyHZ)

k 2 2 k k2 k 2
a0 ((uy = B, y* =% — uy = B*|2) = i3I Twh — wh| = [wh = w?|

— C _
ol dC  YOrEYFEDRG 2y +5)C
Hy
_ 2 _
Py 2 (2y+3) y(iy -1 P, 1 2
Bl e Ry, Tt o il I
D Af
where
C=(y+D)((as+1)y+1), D=2C-1,
_ 292 +4y+2
(y+agy+1)?* (‘27“3”73—%)(7‘1) 16y*C?
E= — +8y°C - — - ,
:uf ,Llf D

D' '=2- 2/13()/4 — 6/1}73 - 4/1?72 + 4,afy4 + 8ﬂ‘f)/3 + ,afyz +20py — 29" =293 + 792 +9y,
P = 2/1?)/4 - 4/1%)/2 + Zﬁf)/3 + ,afy2 +2apy - 2y4 - 273 + 772 +9y+2,
Py==3j1}y’ = 10f,y* = 8ia}y® =317y’ = Ty = 8iayy® = 4iiyy* — gy’ + 44y’

+190 1y  + 2203,y + 8 ry — 7 =3y + 9 + 11y + 12y +4.
By doing some algebra, one can show that D, E, P, > 0. Therefore,
0< @I Twh = wh > = Wk = w*|?,

where completes the proof. O

5. Convex composite optimization problem
In this section, we study the DRS algorithm for the following convex composite optimization

problem,
min f(x)+g(x), (11)

10
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where f, g : R" — R are closed proper convex functions. This problem may be regarded as a special

case of problem (1), since it is equivalent to the monotone inclusion problem
ﬁ%d 0edf(x)+0g(x).
XeR”?

Therefore, all the results established above remain valid for this setting. However, because prob-
lem (11) is itself a particular instance of a monotone inclusion problem, one can derive sharper
results in this setting.

The DRS algorithm for the convex composite optimization problem is given in Algorithm 2.

Algorithm 2 The DRS algorithm for the composite optimization problem
Parameters: number of iterations N, positive stepsize y > 0 and relaxation factor 4 € (0, 2).

Inputs: closed proper convex functions f and g, initial iterate w' € R".
For k=1,2,..., N perform the following steps:

i) x*=prox, (k).

i) y* =prox,,, (2x* —wk).

iii) wht = wk + A(yk —xh).

Throughout the section, we use the following assumptions.

ASSUMPTION 2. We consider the following assumptions.
i) f and g are closed proper convex functions.
ii) The DR operator T admits a fixed point w*.
iii) f is L-smooth.
Note that Assumption 2 implies that x* = prox,, (w*) is a solution to problem (11). In the
following conjecture, we give the exact convergence rate of the DRS algorithm. The rate is based

on numerical experiments conducted within the performance estimation framework. !

CONJECTURE 2. Let Assumption 2 hold. If the sequence {(x*,y*,w*)} is generated by the

2\/2—1)’ relaxation parameter A € (0, 1+2\/§ ) and the initial point

Algorithm 2 with stepsize y € (0,

wl then

FOM+eGM) - f(*) —g(x*) < 4y((N_l)ﬂJrl)llwl—W"‘IIZ.

It is worth noting that the convergence rate given in this conjecture for 4 =1 is similar to that
established in [29] for the ADMM.

I'We hope that the conjectures presented in this paper will contribute to advancing research on the topic. Owing to external
constraints, the authors have faced challenges in dedicating sufficient time to further investigation of this topic.

11
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5.1. Silver Stepsize Schedule
In this subsection, we study the convergence rate of the DRS algorithm when using the silver
stepsize schedule as a relaxation parameter. Let p = 1 + V2 denote the silver ratio. The silver stepsize

schedule 71, € R2~! for k > 1 is defined as
Tie1 = [, 140571 7],

where 1) = V2. In recent seminal work, Altschuler and Parrillo [2, 3] established that the conver-
gence rate of the gradient method for smooth convex problems can be improved by employing the

silver stepsize schedule. They consider the convex optimization problem

min F(x), (12)

xeR"

where F : R” — R is L-smooth. They demonstrate that, by using stepsizes h = %nk, the gradient

descent
X =Xt — p; VF (x') (GD)

satisfies the bound
Llx®—x*||*  L|lx®—x*||?
Vi+dpk—3  2Nlz®)

where N=2K—1,x* ¢ arg min F(x) and x¥ is the initial point; see [2, Theorem 1]. In what follows,

F(xN)-F(x*) <

(13)

we give a tighter rate for this stepszies>. Before we get to the proof we need to present a lemma.
Moreover, we assume that F' is 1-smooth without loss of generality and F* = F(x*). In the lemma,

we employ the following interpolation inequality [20, Theorem 2.1.5],
F(y) 2 F(x)+(VF(x),y = x) + 5| VF(y) - VF(x) ||*.

LEMMA 1. Let F be 1-smooth and N =2 — 1. Assume that x',...,x" is generated by the GD
with the silver stepsize schedule, h =y, and the initial point x°. Then

(205 =1) (F* = FG)) 0 -7 - Nzl i (F* = () = (VF (), =y = L [P )
i=0

= pF (F* = FGN) = (VF ), 0t = x) = L [VEGN)[P) = e = p VP () | 2 0. (14)

2 The proof was prepared in the fall of 2023, when the second author was a researcher at UCLouvain. The argument was developed
jointly by the second author and Francois Glineur.

12
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Proof. We prove by induction on k. Let kK = 1. By doing some algebra, one can show that

P (F(xo) —F(x") = (VF(x'), 2% —x'y = L [VF(x)) -VF(x°)||2) +
(F(xl) —F(O) = (VF(°),x" = x0) — L |[VF(x") - VF(x0)||2) _
2p-1) (F* —F(xl)) + % ||x0 —x*” —h (F* ~-F(x% - %@0 —xhx*=x% - 2—;12 ||xO —x1||2)

-p (F* —F(xYH = (VF@h, x> —x') - % ||VF(x1)||2) - % ||x1 — pVF(xh) —x"‘”2 >0,

where the equality follows from VF (x°) = hLO(xO —x') and the inequality follows from the inter-
polation inequality. Assume that (14) holds for k. As h; = hy414; fori € {0,..., N — 1}, by setting

x™*1 as the initial point in the GD, we get

2N
(Zpk - 1) (F* - F(x2N+1)) R I (F* — F(x') = (VF(x'),x* —xi) - 4 ||VF(xl')||2)
i=N
— ok (F* _ F(EVHY (R (V) 2N % ”VF(XZNH)”Z) _ % ||x21v+1 _ V(N —x*||2

+hy (F* —F(N) = (VF(N),x* =Ny = ||VF(xN)||2) > 0. (15)

In inequality (15), we add and subtract the interpolation inequality between x" and x* to facilitate

subsequent computations. By the interpolation inequalities, we have
p Y i (FON) = FGh) = (VP (), 2V =) = 1V F () - VPG|
i=N

2N
+p ) i (FOM) = F() = (VF (), 1 =iy = L[VF () = VFY D[P a1e)
i=N
+p (F(xN) CF(PNFY) Z (WE VY, N 2V % ||VF(x2N+1) _ VF(XN)”2)

—p (F(X2N+1) — F(N) = (VF (M) 22V =Ny~ LIV F () - VF(X2N+1)||2)
2N
=0 > I (F(xN) — F(x) = (VF(x'),x" = x) = L |[VF(x) - VF(xN)||2)
=N
2N
o Y by (F(x2N+1) — F(x') = (VF(x'),x¥*! —xy — L[V F () - VF(x2N+1)||2)

i=N+1
2
+p (F(xN) _ FONHY) Z (WE(2VH, N — 2N+ % ”VF(xZNH) _ VF(xN)” )

+pb (O = F(e) = (VP (), 32V %) = L[V () - v 2% ) > 0,

13
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Note that we use iy = p*~! + 1. By multiplying (15) by 2p + 1 and then summing it with inequalities
(14) and (16), we obtain

2N

2p+1) (2pk _ 1) (F* _ F(x2N+l)) 1[0 _x"f”2 - Z h; (F* —F(x') = (VF(x'),x* =x') - 3 ||VF(xi)||2)
i=0

_ pkt (F* _F (2N (VRN -y 2Ny % ||VF(x2N+1)”2) _ % ”xzv — oFVE (M) _x*HZ

+ (205 = 1) (F* = (M) + (et 2o+ 1) = p) (F* = F ) = (VF (), = x) = L[V )|

+ (p+ %) ||.XN _ hNVf(XN) —x*||2 _ (p+ %) ||x2N+1 —kaF(X2N+1) —x*||2

2
_ (p+ l)pk (F* —F(X2N+1) _ <VF()C2N+1),.X* _x2N+1> _ % ||VF(.X2N+1)|| )

2N
N (F(xN) — F*— (VF(x'),xY = VF(xV) —x*) - 1 ||VF(xN)||2)
=N

2N
; 2
+thi (F(x2N+1) C P (VF (), 2N W RN Z oty - % ”VF(XZNH)” )
i=N

+p (F(XN) _F(NY) Z (VRN N 2V % ”VF(szH) _ VF(xN)||2)

= p (FOH) = F(M) = (VF (M), 228 = 1) = L [VF (M) = TGN ) 2 0.

By using the following identities,

2N 2N A
> hi=pF+pt > hVE () =xN -5, p?=2p—1=0,
i=N =N

we get

2N
(20841 = 1) (F* = FOV*)) = 3 by (F* = F(x') = (VF (), x* = x') = [V F (o))
i=0
_ pkH (F* _ Ny Z (WF (2N, x* - 2V ! ||VF(x2N+1)”2) +1 [° —x*||2—
% ||x2N+1 _ RV R (2N —x*||2 >0,
which completes the proof. O

THEOREM 4. Let F be 1-smooth and N =2% — 1. If x', ..., x" is generated by the GD with the

silver stepsize schedule and the initial point x°, then

F(M) = F* < = 60 =] (17)

Proof. The theorem is derived from Lemma 1. O
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Convergence rate of the DRS algorithm

One can show the rate given in the theorem is tight by selecting a proper Huber function. After the
publication of [3], several interesting developments have appeared. Grimmer et al.[15] improved
the convergence rate by slightly modifying the silver stepsize schedule and also investigated the
schedule for other performance measures. Bok and Altschuler [6] studied the schedule in the context
of the proximal gradient method. Wang et al.[27] analyzed it for the proximal point algorithm. We
refer the interested reader to [6] for a review of related work. The following conjecture concerns
the convergence rate of the DRS algorithm when the silver stepsize schedule is employed to tune

the relaxation parameter.

CONJECTURE 3. Let Assumption 2 hold and let A = (nty, 1). If the sequence {(x*,y*, w¥)} is
generated by Algorithm 2 with stepsize y € (0, N;ﬁ), relaxation parameter A; at iterate i and the

initial point w', then

FOM +8(M) = F(*") —g(x*) < lw! = w1,

4ypk
where N =2k,

Note that since Ay does not influence y” in the DRS algorithm, it may be assigned arbitrarily as

any positive scalar.

5.2. Accelerated DRS algorithm

This subsection is devoted to an accelerated DRS algorithm. Several accelerated methods for
problem (11) have been proposed in the literature; see, for example, [14, 21]. However, their analyses
establish an accelerated convergence rate of O ( #) only in the quadratic setting. To address problem

(11) in greater generality, we introduce Algorithm 3.

Algorithm 3 Accelerated DRS algorithm
Parameters: number of iterations N, positive stepsize y > 0 and relaxation factor A € (0, 2).

Inputs: closed proper convex functions f and g, initial iterate w! € R”.
Setu! =w! and for k =1,2, ..., N perform the following steps:
i) xk= proxyf(wk).
i) yk= proxyg(Zxk —wh).
i) w**! = wk + A(yk —xb).

I k+1

k
ut+ m(uk+1 —ub).

iv) wk*

15
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Algorithm 3 closely resembles the method proposed in [21]. The key distinction lies in the choice

of the momentum coeflicient: their algorithm, at iterate k > 3, employs % while Algorithm 3 uses

+1
_k_

3 It is also worth noting that [21] sets the coeflicient to zero for the first two iterates. Based on

our numerical experiments, we propose the following conjecture regarding the convergence rate of

Algorithm 3.

CONJECTURE 4. Let Assumption 2 hold. If the sequence {(x*,y*,w*,u*)} is generated by

Algorithm 3 with stepsize y € (0, %], relaxation parameter A € (0, 1] and the initial point w', then

FOM +g(™) - f(x*) —g(x*) < mllwl —w|%.
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