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Abstract

In the earlier paper “On solving large-scale multistage stochastic optimization problems with a new
specialized interior-point approach, European Journal of Operational Research, 310 (2023), 268–285” the
authors presented a novel approach based on a specialized interior-point method (IPM) for solving (risk
neutral) large-scale multistage stochastic optimization problems. The method computed the Newton
direction by combining Cholesky factorizations with preconditioned conjugate gradients (PCG).

This work extends that approach to the risk averse setting by incorporating coherent risk measures,
namely expected conditional value-at-risk and second-order expected conditional stochastic dominance.
Introducing risk aversion makes the optimization problems substantially more challenging and, for very
large instances, can even exhaust the available memory resources.

The contributions of this work are twofold. First, we propose a reformulation of risk averse stochastic
optimization models based on variable splitting, which proves highly effective for general-purpose IPM
solvers. Second, we show that the reformulated problem remains fully compatible with the specialized
IPM. In particular, the new risk averse constraints extend the PCG preconditioner with an additional
diagonal matrix, thereby preserving the efficiency of the solution process.

Extensive computational experiments are reported for large-scale risk averse multistage stochastic
revenue management problems with up to 278 million variables and 99 million constraints. The results
show that the proposed splitting formulation significantly outperforms the classical compact formulation
when using state-of-the-art solvers, and that the specialized IPM achieves superior performance on most
of the largest problem instances.

Keywords: Large-scale optimization, interior-point methods, stochastic programming, multistage
stochastic optimization, CVaR and stochastic dominance risk averse

1. Introduction and motivation

As is well known, the realization of the uncertain parameters in dynamic mathematical optimization is
usually structured as a finite set of scenarios along stages within a given time horizon (Birge and Louveux
2011, Pflug and Pichler 2015, Shapiro et al. 2009). There are basically two types of approaches to deal
with the uncertainty, namely risk neutral and risk averse ones (Shapiro 2021). The aim of the former
is to minimize the expected objective function value (say, cost) in the scenarios along the time horizon.
However, it ignores the variability of the objective function value across the scenarios, in particular, the
undesirable right tail corresponding to low-probability, high-cost scenarios, often referred to as black swan
scenarios. This is because the optimal solution balances that high cost with the smaller ones in other
scenarios. The potential drawback is that, in the case of the occurrence of those black swan scenarios, the
solution may have very negative consequences; this can be alleviated, at least partially, by incorporating
risk averse measures that prevent such types of solutions, at the expense of an increase in the expected
cost.
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There is a broad literature on risk averse measures for static, mainly two-stage, and multistage stochas-
tic problems with continuous or integer variables. Let us provide a brief overview of the most popular
measures:

1. Minimize the expected cost subject to an upper bound on the expected semi-deviation of the scenario
optimal cost with respect to the expected one, see Markowitz (1952), Ogryczak and Ruszczyński
(1999), Ahmed (2006).

2. Minimize the expected deviation of the scenario optimal cost with respect to the expected one,
so-named scenario immunization, see Dembo (1991).

3. Minimize the expected cost jointly with the weighted value-at-risk (VaR), where the probability of
cost surplus over VaR is upper bounded and VaR is the highest cost in the scenarios, see Gaivoronski
and Pflug (2005), Guigues and Sagastizabal (2013).

4. Minimize the expected cost jointly with the weighted conditional value-at-risk (CVaR), the latter is
composed of the same VaR and the expected cost surplus over VaR in the scenarios, see Rockafellar
and Uryasev (2000), Schultz and Tiedemann (2006).

5. Minimize the expected cost jointly with the weighted expected CVaR (ECVaR) in the stages, see
Rockafellar and Uryasev (2000), Dentcheva and Ruszczyński (2003), Gaivoronski and Pflug
(2005), Ahmed (2006), Schultz and Tiedemann (2006), Charpentier and Oulidi (2009), Shapiro
et al. (2009), Rudloff et al. (2014), Kormik and Morton (2015), Pflug and Pichler (2015),
Homem-de-Mello and Pagnoncelli (2016), Alonso-Ayuso et al. (2018), among others.

6. Minimize the expected cost in the scenarios, where the probability of cost surplus over a given thresh-
old is upper bounded (so-named chance-constrained and also first-order stochastic dominance), see
Charnes and Cooper (1959), Gollmer et al. (2008).

7. Minimize the expected cost jointly with the weighted expected cost surplus over a given threshold
in the scenarios, see Eppen et al. (1989), Guigues (2014).

8. Minimize the expected cost jointly with the weighted expected conditional (first- and second-order)
stochastic dominance (ECSD), see Dentcheva and Ruszczyński (2003), Fabian et al. (2011),
Gollmer et al. (2011), Escudero et al. (2017), Alonso-Ayuso et al. (2018), Escudero and Monge
(2018), Escudero et al. (2020), Escudero and Monge (2021), Shapiro (2021), Escudero and Monge
(2023), Dentcheva (2023), Dentcheva and Ruszczyński (2024).

In the earlier work Castro et al. (2023) we introduced a new approach based on a specialized
interior-point method (IPM) (Wright 1996, Gondzio 2012, 2025) for solving risk neutral large stochastic
optimization problems. In some of the largest instances (up to 800M variables and 20M constraints) this
approach outperformed by a large extent state-of-the-art IPM solvers such as CPLEX.

The aim of this work is to extend the risk neutral multistage stochastic model of Castro et al. (2023) to
the risk averse setting. Two coherent risk averse measures are considered: expected conditional value-at-
risk (ECVaR) and second-order expected conditional stochastic dominance (ECSD). Those measures are
defined as coherent ones since they satisfy the properties of translation invariance, positive homogeneity,
monotonicity and convexity, see Artzner et al. (1999).

Unlike risk neutral stochastic problems, for which several specialized IPMs have been developed (e.g.,
Lustig et al. (1991), Ruszczyński (1993), Gondzio and Grothey (2007), Gondzio et al. (2016), Kibaek
and Zavala (2018), Castro and Lama-Zubirán (2020)), the literature on tailored methods to deal with risk
averse stochastic optimization is scarce. Moreover, incorporating risk averse constraints into a stochastic
optimization model (already challenging on its own) makes the problem hardly tractable when very
large-scale instances are solved with general-purpose solvers. For example, the risk neutral variants of
the largest instances tested in Section 5 could be solved with state-of-the-art IPM solvers, whereas the
risk averse variants exhausted the 1000 gigabytes of RAM available on the computation server.

This work attempts to fill this gap through two main contributions:

• We propose a new reformulation of the risk averse stochastic optimization problem. Similar to
the approaches of Castro et al. (2023), Lustig et al. (1991), Ruszczyński (1993), Castro and
Lama-Zubirán (2020) for risk neutral stochastic optimization, it relies on a novel variable splitting
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scheme. The new split-variable risk averse formulation proves effective for general-purpose solvers,
as demonstrated by the computational results reported in this work.

• The structure of the optimization problem provided by the split-variable risk averse reformulation
is fully compatible with the specialized IPM of Castro and Cuesta (2011), Castro (2016), which
underlies the method for risk neutral problems developed in Castro et al. (2023). This approach
solves the normal equations of the IPM by combining Cholesky factorizations with preconditioned
conjugate gradients (PCG). The efficient solution of systems with the preconditioner is instrumental
to the global performance of the method. In Castro et al. (2023) it was shown that, for risk neutral
stochastic optimization problems, the preconditioner is a block tridiagonal matrix, which can be
easily factorized. In this work, we show that the inclusion of risk averse constraints simply extends
the preconditioner with an additional diagonal block, without complicating the factorization.

The remainder of this paper is organized as follows. Section 2 introduces the basic concepts of
multistage stochastic optimization scenario trees and establishes the notation used throughout the paper.
In Section 3, we revisit the risk neutral multistage models of Castro et al. (2023) (both compact and split-
variable formulations), extend them to their risk averse counterparts under two different risk measures,
and propose corresponding split-variable reformulations. Section 4 describes the specialized interior-
point method tailored for risk averse multistage stochastic problems. Section 5 reports computational
experiments comparing our implementation of this method against CPLEX v22.1.2. Finally, Section 6
concludes with a summary of the main findings and directions for future work.

2. Stochastic scenario tree

The notation follows Escudero and Monge (2023), Castro et al. (2023). Let a scenario be the
realization of the uncertain parameters over the time horizon. A node for a given stage in a multistage
scenario tree has one-to-one correspondence with the group of scenarios that have the same realization
of the uncertain parameters up to that stage. This information structure can be visualized as the tree in
Fig. 1, where each root-to-leaf path corresponds to a specific scenario, i.e., a realization of the whole set
of the uncertain parameters.

Lexicographically ordered sets in the multistage tree

T , stages, such that T = {1, . . . , |T |}.
N , nodes in the scenario tree, such that N = {1, . . . , |N |}.
Nt, nodes in stage t, where Nt ⊂ N , t ∈ T . By construction, |N1| = 1.

Ω, scenarios. Each one comprises the nodes in the Hamiltonian path from root node 1 to a node, say, ω
in the last stage, up through the stages in set T ; therefore, ω ∈ N|T |. For convenience, a scenario
has traditionally been denoted by its last node in the path.

Ωn ⊂ Ω, scenario group containing node n in the path from root node 1 to their last node ω ∈ N|T |.
Note that Ω1 = Ω.

An, node n and its ancestors, n ∈ N . Note that A1 only contains node 1 ∈ N1.

Sn, immediate successors of node n, n ∈ N , where Sn = ∅ for n ∈ N|T |.

Other elements in node n, for n ∈ N
wn, weight factor representing the likelihood that is associated with node n. Notice that wn =

∑
ω∈Ωn wω,

where wω gives the modeler-driven likelihood associated with scenario ω, such that
∑
ω∈Ω w

ω = 1.

tn, stage that node n belongs to, therefore, n ∈ Ntn .
a(n), immediate ancestor node of node n. Note: It is assumed that a(1) = 0.

sn(i), i-th node in set Sn : tn < |T |, i = 1, . . . , `n, where `n = |Sn|.
As an illustration, let us consider an instance with |T | = 4 stages (say, years), and the scenario tree

depicted in Fig. 1, where the number of immediate successor nodes of node n is `n = 2, n ∈ N : tn < |T |.
Therefore, the cardinality of the scenario tree is |N | = ∑t∈T |Nt| = 1 + 2 + 4 + 8 = 24 − 1 = 15 nodes.
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Figure 1: A multistage scenario tree

3. Stochastic metamodels

3.1. Risk neutral metamodel
The risk neutral (RN) metamodel of the multistage stochastic problem follows Castro et al. (2023).

Its compact form can be written as

min
∑
n∈N

wnCn (1a)

s. to (Tnxa(n)):tn>1 +Wnxn +Mnzn = hn ∀n ∈ N (1b)
0 ≤ xn ≤ unx , 0 ≤ zn ≤ unz ∀n ∈ N , (1c)

where the cost function Cn for node n is given by

Cn = anxn + bnzn ∀n ∈ N , (1d)

with an and bn denoting the objective coefficient vectors of xn and zn, respectively. The remaining
elements are defined as follows: Tn and Wn are the constraint matrices of the state variables xa(n) and
xn in the first and second stages, respectively, in the embedded two-stage submodel; Mn is the constraint
matrix of the local variables zn in node n; hn is the right-hand side (RHS) vector; and unx , unz are the
upper bound vectors of xn and zn.

Figure 2 illustrates the structure of the constraint matrix of metamodel (1) for the example depicted
in Fig. 1. For simplicity, the columns corresponding to the variables zn (i.e., the terms Mnzn) have been
omitted.

To overcome the presence of dense columns in (1) (e.g., xi, i = 1, . . . ,7, in Fig. 2), split-variable
reformulations are required when solving the models with IPMs (see Lustig et al. (1991), Ruszczyński
(1993), Castro and Lama-Zubirán (2020), Castro et al. (2023)). The proposed reformulation introduces
the following copies of the variables:

xsn, copy of xn in node s, where n is the root of a two-stage subtree and s is a second stage node, for
s ∈ Sn, n ∈ N : tn < |T |.

These copies are forced to take the same value through a set of linking constraints. Therefore, for each
node n that is not in the last stage (n ∈ N : tn < |T |), we impose xn − xs(1)

n = 0 and xs(i)n − xs(i+1)
n = 0,

i = 1, . . . , `n − 1. Thus, the split-variable scheme covers the entire set of the immediate successors of
node n, i.e., the set Sn. The chosen scheme has the advantage that each variable in {xn, xs(1)

n , . . . , x
s(`n)
n }

appears in only two linking constraints, except xn and xs(`
n)

n , which appear in only one.

4



x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15

W 1

T 2 W 2

T 3 W 3

T 4 W 4

T 5 W 5

T 6 W 6

T 7 W 7

T 8 W 8

T 9 W 9

T 10 W 10

T 11 W 11

T 12 W 12

T 13 W 13

T 14 W 14

T 15 W 15

Figure 2: Constraint matrix of metamodel (1) for the multistage tree depicted in Fig. 1, omitting columns
zn, n ∈ N .

RN split-variable reformulation of metamodel (1)

min
∑
n∈N

wnCn (2a)

s. to (Tnxna(n)):tn>1 +Wnxn +Mnzn = hn ∀n ∈ N (2b)

0 ≤ xn ≤ unx , 0 ≤ zn ≤ unz ∀n ∈ N (2c)

xn − xs(1)
n = 0, xs(i)n − xs(i+1)

n = 0 ∀i = 1, . . . , `n − 1, n ∈ N : tn < |T |. (2d)

Constraints (2d) are the linking equations for the split variables that are used in the node equations (i.e.,
(2b)). Figure 3 illustrates the structure of the constraint matrix of the split-variable formulation (2), for
the same example depicted in Fig. 2 for metamodel (1), omitting columns zn to save space.

3.2. Risk averse metamodels for multistage stochastic problems
The compact RN model (1) ‌minimizes the expected objective function value (i.e., the cost) over the

scenarios along the time horizon. However, as we mentioned above, it ignores the variability of the cost,
in particular, the undesirable right tail corresponding to the black swan scenarios to be alleviated by
incorporating risk averse measures in the minimization of (1a).

This section focuses on coherent risk averse measures. Subsection 3.2.1 discusses the expected condi-
tional value-at-risk (ECVaR), while Subsection 3.2.2 addresses the expected conditional stochastic dom-
inance (ECSD). Certain variants of those measures are time consistent in the sense presented in Shapiro
et al. (2009), see also Rudloff et al. (2014), Homem-de-Mello and Pagnoncelli (2016), Alonso-Ayuso et
al. (2018), Shapiro (2021).

3.2.1. Expected conditional value-at-risk (ECVaR)
The classical risk averse measure CVaR in a two-stage setting aims at minimizing the expected cost in

the scenarios jointly with the weighted VaR (i.e., the highest cost among those scenarios) and the related
expected cost surplus (Rockafellar and Uryasev 2000).

An interesting coherent time-consistent extension, called expected CVaR (ECVaR), is based on a
modeler-driven subset of stages T ′ ⊆ T . For each t ∈ T ′, the corresponding scenario group Ωn

′
, for

n′ ∈ Nt, is considered for risk contention on high cost. It should be emphasized that the cost is evaluated
from the first stage to the last along each scenario (see Dentcheva and Ruszczyński (2003), Shapiro et al.
(2009), Rudloff et al. (2014), Homem-de-Mello and Pagnoncelli (2016), among others). Notice that
the risk averse measure for singleton T ′ = {1} reduces to the classical CVaR in the multistage context.
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x1 x2
1 x2 x3

1 x3 x4
2 x4 x5

2 x5 x6
3 x6 x7

3 x7 x8
4 x8 x9

4 x9 x10
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7 x15

W 1
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T 8 W 8

T 9 W 9

T 10 W 10

T 11 W 11
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T 13 W 13

T 14 W 14
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I −I
I −I

I −I
I −I

I −I
I −I

I −I
I −I

I −I
I −I

I −I
I −I

I −I
I −I

Figure 3: Constraint matrix of split-variable reformulation (2) for the tree depicted in Fig. 1, omitting
columns zn, n ∈ N .

In this work we consider a variant of ECVaR whose goal is to minimize the highest cost from the first
stage 1 to stage t, jointly with the expected cost surplus in the nodes n′ ∈ Nt, t ∈ T ′ (Alonso-Ayuso et al.
2018). This measure is also a coherent risk averse functional, but it is time-inconsistent. Nevertheless,
it is highly attractive in real-life applications since, in addition to controlling high costs over the entire
horizon when |T | ∈ T ′, it also allows risk control at intermediate stages. Notice that when |T | ∈ T ′,
ECVaR again reduces to the classical CVaR in the multistage setting.

The following additional notation is required:

γ, β, continuous parameters in [0,1].

αt, variable representing the highest cost (1a) for the sum of nodes n ∈ An′ , for n′ ∈ Nt, t ∈ T ′.
sn
′
, variable representing the cost surplus over αt for any node n′ ∈ Nt, t ∈ T ′.

The compact ECVaR metamodel can be expressed as

min γ
∑
n∈N

wnCn + (1− γ)
∑
t∈T ′

(
αt +

1

β

∑
n′∈Nt

wn
′
sn
′)

(3a)

s. to (1b)− (1c) (3b)∑
n∈An′

Cn − sn′ ≤ αt ∀n′ ∈ Nt, t ∈ T ′. (3c)

The objective (3a) aims to ‌minimize the weighted combination of the expected cost and the target cost
{αt}t∈T ′ , while penalizing the expected cost surplus in the nodes.

ECVaR split-variable reformulation of metamodel (3)
The ECVaR split-variable reformulation requires special handling of the objective function terms for

nodes n′ ∈ Nt, t ∈ T ′, traced back to the root node 1. The scheme accumulates the costs from node n′
to the root of the multistage tree.
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Figure 4: Split-variables constraint (5f), and the related block ones (5c) and (5d) in path (4)

We extend the split-variable formulation of the risk neutral model (2) as an alternative to model (3).
This extension is needed to compute the accumulated sum

∑
n∈An′ Cn in (3c) by means of additional

split variables and linking constraints.
For this purpose, let us define the following ordered set of nodes along the path from node n′ ∈ Nt to

root node 1, for t ∈ T ′ :
Pn′ = {1, . . . , a(n′), n′}. (4)

Let p(n′) denote the last node in Pn′ , and p + 1 denote the immediate successor of node p in Pn′ , for
p ∈ Pn′ \ {p(n′)}. The following variables are introduced to represent the accumulated cost:

F pn′ , accumulated cost from the last node p(n′) to node p in Pn
′
.

F ′
p
n′ , copy of F p+1

n′ used at node p.

Therefore, the split-variable reformulation of the ECVaR multistage problem can be expressed as

min γ
∑
n∈N

wnCn + (1− γ)
∑
t∈T ′

(
αt +

1

β

∑
n′∈Nt

wn
′
sn
′)

(5a)

s. to (2b)− (2d) (5b)

F
p(n′)
n′ = Cp(n

′) ∀n′ ∈ Nt, t ∈ T ′ (5c)

F pn′ = Cp + F ′
p
n′ ∀p ∈ Pn′ \ {p(n′)}, n′ ∈ Nt, t ∈ T ′ (5d)

F 1
n′ − sn

′ − αt + ξn
′

= 0 ∀n′ ∈ Nt, t ∈ T ′ (5e)

F ′
p
n′ − F p+1

n′ = 0 ∀p ∈ Pn′ \ {p(n′)}, n′ ∈ Nt, t ∈ T ′ (5f)

0 ≤ sn′ ≤ sn′ , 0 ≤ αt ≤ αt, 0 ≤ ξn′ ≤ ξn
′

∀n′ ∈ Nt, t ∈ T ′, (5g)

where ξn
′
in (5e) is a slack variable to enforce equality, and sn

′
, αt and ξ

n′

are given upper bounds.
Formulation (5) matches the standard format needed by the specialized IPM, as shown in Section 4.

Clearly, the function (5a) coincides with (3a). As an illustration, Fig. 4 depicts the sparsity of
constraints (5c), (5d), (5f) corresponding to constraint (3c) for the node n′ = 9 and time stage t = 4
in Fig. 1. In this case, the path (4) is P9 = {1, 2, 4, 9}. The system in Fig. 4 guarantees that F 1

9 is
equal to

∑
n∈A9 Cn in (3c). This quantity is in fact the cost under scenario n′, for n′ ∈ Ω, provided that

n′ ∈ N|T |, |T | ∈ T ′.
Therefore, (3) and (5) are mathematically equivalent formulations. Moreover, the linking constraints

(5f) involve only two adjacent nodes p and p + 1 in Pn′ . This particular structure is advantageous for
decomposition approaches, which can exploit it effectively.

3.2.2. Expected conditional stochastic dominance (ECSD)
Stochastic dominance (SD) was introduced in stochastic optimization with risk aversion in Dentcheva

and Ruszczyński (2003). The risk averse measure ECSD corresponds to second-order SD; see Gollmer
et al. (2011) for the two-stage case and Escudero and Monge (2018), Escudero and Monge (2023) for
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multi-horizon environments. It ensures that the scenario cost (from the first to the last stage) remains
within modeler-defined bounds for the scenarios in each group of the selected stages. This type of risk
averse measure is coherent and time-consistent (Shapiro et al. 2009, Escudero et al. 2015, 2016, Escudero
and Monge 2018, Escudero et al. 2020). In addition, this work considers a coherent but time-inconsistent
second-order ECSD variant, which is also attractive for the same types of applications as ECVaR, since
risk control can be imposed not only over the entire horizon but also at intermediate stages. Note: by
construction, the second-order version does not include the chance-constrained case; see Gollmer et al.
(2008). The latter corresponds to a first-order SD functional.

The following notation is required:

T ′ ⊆ T , modeler-driven set of stages from which nodes are selected for risk control on cost, from the first
stage up to stage t, for n′ ∈ Nt, t ∈ T ′.

αt, cost threshold used as a target for the sum of nodes n ∈ An′ , for n′ ∈ Nt, t ∈ T ′.
sn
′
, surplus over the cost threshold αt in any node n′ ∈ Nt, t ∈ T ′. Let st be the upper bound on sn

′
.

st, upper bound on the expected surplus relative to the cost threshold αt across the nodes n′ ∈ Nt,
t ∈ T ′.

The compact ECSD metamodel can be expressed as

min
∑
n∈N

wnCn (6a)

s. to (1b)− (1c) (6b)∑
n∈An′

Cn − sn′ ≤ αt, 0 ≤ sn′ ≤ st ∀n′ ∈ Nt, t ∈ T ′ (6c)

∑
n′∈Nt

wn
′
sn
′ ≤ st ∀t ∈ T ′. (6d)

Constraints (6c) define the cost surplus for the nodes at the modeler-driven stages. Constraints (6d)
impose bounds on the expected cost surplus in the nodes at those stages.

The main difference between the ECVaR model (3) and the ECSD model (6) lies in the treatment of
the threshold parameter. In the former, α represents a cost target (see (3c)), which is minimized jointly
with the expected cost surplus (see the objective function (3a)). In the latter, α is a fixed cost threshold
(see (6c)), and both the scenario-wise cost surplus and its expectation are explicitly bounded (see (6d)).

ECSD split-variable reformulation of metamodel (6)
Similarly to ECVaR, the split-variable reformulation of the ECSD model can be written as

min
∑
n∈N

wnCn (7a)

s. to (2b)− (2d), (5c)− (5f) (7b)

F 1
n′ − sn

′
+ ξn

′
= αt, 0 ≤ sn′ ≤ st ∀n′ ∈ Nt, t ∈ T ′ (7c)∑

n′∈Nt

wn
′
sn
′
+ νt = st ∀t ∈ T ′ (7d)

0 ≤ ξn′ ≤ ξn
′

, 0 ≤ νt ≤ νt ∀n′ ∈ Nt, t ∈ T ′, (7e)

where ξn
′
in (7c) and νt in (7d) are slack variables, and ξ

n′

and νt in (7e) denote their upper bounds.
Notice that the surplus relative to the cost threshold αt is expressed as sn

′ − ξn′ , for n′ ∈ Nt, t ∈ T ′.
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4. The specialized IPM for multistage stochastic optimization with a risk averse functional

As it will be shown below, the split-variable formulations (5) and (7) for, respectively, the ECVaR and
ECSD models, match the following general formulation of a primal block-angular optimization problem:

min
x1,...,xk,x0

k∑
i=1

(ci)>xi

s. to


N1

N2

. . .
Nk

R1 R2 . . . Rk I




x1

x2

...
xk

x0

 =


b1

b2

...
bk

b0


0 ≤ xi ≤ ui i = 0, . . . , k,

(8)

where x in (8), for notation saving purposes, denotes all the optimization variables in (5) and (7) (namely:
x, z, s, F, F ′, α, ξ for ECVaR; and x, z, s, F, F ′, ν for ECSD). The matrices Ni ∈ Rmi×ni and Ri ∈ Rl×ni ,
i = 1, . . . , k, define, respectively, the block and linking constraints, where k is the number of blocks, l
is the number of linking constraints, and mi and ni denote the number of constraints and variables of
block i. Vectors xi ∈ Rni and ui ∈ Rni are the variables and their upper bounds, respectively, for block
i = 1, . . . , k. The components of x0 ∈ Rl are the slacks of the linking constraints; if they are equalities
their upper bounds u0 ∈ Rl can be set to 0 or to a very small feasibility tolerance. The linear objective
function is defined by vectors ci ∈ Rni , i = 1, . . . , k. The vectors bi ∈ Rmi , i = 1, . . . , k and b0 ∈ Rl are
the RHS of the block and the linking constraints.

In Castro et al. (2023) it was proven the following for risk neutral stochastic optimization problems
(2):

• The number of blocks k is the number of nodes in the multistage scenario tree.

• Any risk neutral multistage stochastic optimization problem based on the split-variable formulation
(2) can be recast in the form (8), where block matrices Ni are related to constraints (2b), and the
linking matrices Ri correspond to constraints (2d) equating copies of variables (Proposition 1 of
Castro et al. (2023)). For example, Fig. 3 illustrates the primal block-angular structure of the risk
neutral model from the scenario tree in Fig. 1.

Proposition 1 of Castro et al. (2023) can be easily extended to include the split-variable formulations
(5) and (7) of the risk averse ECVaR and ECSD models. Let us consider first the split-variable formulation
(5) of the ECVaR model. Without loss of generality, let us assume that `n = `, that is, the number of
successors is the same for all nodes in the scenario tree, but the leaf ones. Then, the number of new
constraints added by the ECVaR model to the diagonal blocks N1, . . . , Nk for each n′ ∈ Nt, t ∈ T ′ is:

• One constraint of type (5c);

• t− 1 constraints of type (5d);

• and one constraint of type (5e).

And the number of new linking constraints (5f) added to matrices R1, . . . , Rk for each n′ ∈ Nt, t ∈ T ′ is
t − 1. Since the number of nodes in Nt is |Nt| = `t−1, the total number of new constraints (5c), (5d),
(5e) is ∑

t∈T ′
(t+ 1)`t−1,

and the total number of new linking constraints (5f) is∑
t∈T ′

(t− 1)`t−1. (9)

Similarly, new variables are added by the ECVaR model to problem (8):
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• For each n′ ∈ Nt, t ∈ T ′:

– |Pn′ | variables F pn′ (one for each p ∈ Pn′ , as defined in (4));

– |Pn′ | − 1 variables F ′pn′ (one for each p ∈ Pn′ \ {pn′});
– one variable sn

′
;

– one slack ξn
′
.

• For each t ∈ T ′:

– one variable αt.

Since |Nt| = `t−1, the total number of new variables in problem (8) is

|T ′|+
∑
t∈T ′

(2|Pn′ |+ 1)`t−1.

Given that the k blocks of (8) correspond to the nodes of the scenario tree, the new variables F pn′ and
F ′

p
n′ appear in the blocks associated to nodes n′. On the other hand, the new variables sn

′
, ξn

′
, αt only

intervene in constraints (5e) with F 1
n′ , therefore these variables and constraints can be included in the

first block of (8). Figure 5 shows the structure of the constraints for a subset of the the scenario tree of
Fig. 1 considering only stages 1, 2 and 3, for T ′ = {3}. We notice that there are two groups of linking
constraints, which correspond, respectively, to constraints (2d) of the risk neutral model and (5f) of the
risk averse ECVaR model.

A similar analysis can be performed for ECSD. The distribution of variables across the different
blocks is the same as in ECVaR, with the only difference being that the first block does not include the
variables αt (in ECSD, these are replaced by parameters ᾱt), and that this first block now includes the
new constraints (7d) and new variables νt. The linking constraints are the same for both ECVaR and
ECSD. Therefore, the constraint structure shown in Fig. 5 also applies to the ECSD formulation (7),
with the only difference being that the specific form of matrix N1 differs from that in the ECVaR model
(5).

The previous discussion can be summarized in the following result:

Proposition 1. Any risk averse multistage stochastic optimization problem that is based on the split-
variable formulations (5) (for risk averse ECVaR models) or (7) (for risk averse ECSD measures), can
be recast as a primal block-angular problem (8).

Proof. The risk neutral part of models (5) and (7) was shown to match (8) in Proposition 1 of Castro et
al. (2023).

As for the risk averse part, and as previously discussed, all variables in formulations (5) and (7) can
be distributed across the different k blocks as follows:

For the ECVaR model (5), constraints (5c)–(5d) are distributed across the blocks according to node
n′, while constraints (5e) appear in the first block, and constraints (5f) act as the linking constraints.

The ECSD model (7) shares constraints (5c)–(5f) with the ECVaR model (5), which follow the same
distribution across blocks. The additional constraints of the ECSD model, (7c)–(7d), are included in
block N1.

Block-angular problems in the form (8) can be solved using the specialized IPM described in Castro
(2000, 2007), Castro and Cuesta (2011), which is implemented in the BlockIP package (Castro 2016). This
approach has recently been adapted to risk neutral two-stage (Castro and Lama-Zubirán 2020) and multi-
stage (Castro et al. 2023) stochastic optimization problems. The specialized IPM is based on an infeasible
long-step primal-dual path-following method (a comprehensive description of path-following methods can
be found in the monograph Wright (1996)). An outline of the specialized IPM is provided in the earlier
paper (Castro et al. 2023), which focused specifically on risk neutral multi-stage stochastic optimization
problems. The most time-consuming operation of the method is solving the normal equations at each
IPM iteration. For completeness, we review below how normal equations are solved by this specialized
IPM.
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Figure 5: Constraints structure for a subset of the scenario tree of Fig. 1 considering only stages 1, 2
and 3 and ECVaR constraints for T ′ = {3}. We focus on the structure of variables F pn′ , denoting by η
the rest of variables (xa, x, z, s, ξ, α) and by Mη the submatrices [T,W,M ] of the constraints associated
to variables η. Notice that the variables (x, ξ, α) and constraints (5e) only appear in η1 (first block).
For a detailed structure of Mη see Fig. 3. The first and second group of linking constraints correspond,
respectively, to the constraints of the risk neutral and risk averse models.
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Let us denote by n =
∑k
i=1 ni + l and m =

∑k
i=1mi + l the numbers of equality constraints and

variables, respectively, in problem (8). The normal equations can be written as the linear system

(AΘA>)∆λ = g, (10)

where g ∈ Rm is a given RHS, ∆λ ∈ Rm is the search direction for the Lagrange multipliers associated
with the equality constraints of (8), A ∈ Rm×n is the constraints matrix of (8), and Θ ∈ Rn×n is a
diagonal matrix that can be decomposed into smaller submatrices Θi, i = 0, . . . , k, corresponding to each
block of (8). The specialized IPM exploits the structure of Θ and A, such that the matrix AΘA> of the
normal equations can be recast as

AΘA> =



N1Θ1N
>
1 N1Θ1R

>
1

. . .
...

NkΘkN
>
k NkΘkR

>
k

R1Θ1N
>
1 . . . RkΘkN

>
k Θ0 +

∑k
i=1RiΘiR

>
i


=

[
B C
C> E

]
,

(11)

where B ∈ Rm̃×m̃ (m̃ =
∑k
i=1mi), C ∈ Rm̃×l, and E ∈ Rl×l are the blocks of AΘA>. Partitioning the

RHS of (10) as

g =

[
g1

g2

]
, g1 ∈ Rm̃, g2 ∈ Rl,

and the direction of Lagrange multipliers λ as

∆λ =

[
∆λ1

∆λ2

]
, ∆λ1 ∈ Rm̃,∆λ2 ∈ Rl,

the normal equations can be written as[
B C
CT E

] [
∆λ1

∆λ2

]
=

[
g1

g2

]
. (12)

Eliminating ∆λ1 from the first block of equations in (12) by block Gaussian elimination yields

(E − C>B−1C)∆λ2 = (g2 − C>B−1g1) (13)
B∆λ1 = (g1 − C∆λ2). (14)

As suggested in Castro (2000, 2007), Castro and Cuesta (2011), the specialized IPM solves system (14)
by performing a Cholesky factorization for each diagonal block NiΘiN

>
i , i = 1, . . . , k of matrix B. In

contrast, solving (13) by Cholesky factorization would be impractical, since forming the system matrix
E − C>B−1C ∈ Rl×l requires solving l linear systems with B. Moreover, even if formed explicitly,
this matrix could be large and dense. For this reason, system (13) is solved using an iterative method,
namely the preconditioned conjugate gradient (PCG) . The dimension of this system equals the number of
linking constraints l, which can be very large in some applications (in particular in risk averse multistage
stochastic optimization). Therefore, a good preconditioner is essential for the efficient solution of (13)
with PCG.

The preconditioner considered is based on the following Neumann series expansion of the inverse of
the system matrix in (13):

(E − C>B−1C)−1 =

( ∞∑
i=1

(E−1(C>B−1C))i−1

)
E−1. (15)

In Castro (2000) it was shown that the eigenvalues of E−1(C>B−1C) lie in (0, 1), which guarantees the
convergence of the infinite sum in (15). The preconditioner is then obtained by truncating this series
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after a certain number of terms, denoted by φ. Originally developed for multicommodity flow problems
in Castro (2000), this preconditioner was later proven to be valid for any block-angular problem of the
form (8) (Castro 2007).

The efficiency of the preconditioner depends mainly on two factors:

• The spectral radius ρ (i.e., the largest eigenvalue) of the matrix (E−1(C>B−1C)). When ρ is small,
higher order terms in the series decay rapidly, so retaining only a few initial terms (small φ) is
enough for an effective preconditioner. Unfortunately, the value of ρ is problem dependent and not
know a priori. Only a few results are available: (1) ρ is smaller for quadratic than for linear problems
(Castro and Cuesta 2011, Theorem 1, Proposition 2)); (2) ρ can be approximated at each interior-
point iteration using the Ritz values of PCG (Bocanegra et al. 2013). Although, in theory, larger
values of φ yield better preconditioners, increasing φ by one means solving an additional system with
matrices E and B at every PCG iteration. For most large-scale optimization problems (including
risk neutral multistage stochastic optimization (Castro et al. 2023)), the best performance of
the specialized IPM is typically obtained with φ = 1 (i.e., the preconditioner is simply E−1). All
computational results in this work are therefore reported with φ = 1.

• The efficient solution of systems involving E. At each PCG iteration, systems with matrix E must
be solved, so their efficient solution is crucial. Unlike the spectral radius ρ, the structure of E can
be determined a priori from the application. For risk neutral multistage stochastic optimization
problems, Castro et al. (2023) showed that E has a block tridiagonal structure, which admits a
fast factorization. In the next section, we show that the addition of risk averse constraints does not
complicate the structure of E: it merely introduces a new diagonal block into the block tridiagonal
matrix.

By abuse of notation, matrix E will be referred to as the preconditioner throughout the remainder of
this work.

4.1. The structure of preconditioner E
From (11), the preconditioner E is a l × l matrix defined as

E = Θ0 +

k∑
i=1

RiΘiR
>
i .

The rows of each linking constraints matrix Ri, i = 1, . . . , k can be partitioned into two groups, depending
on whether they correspond to risk neutral or risk averse constraints. Similarly, the columns of each Ri,
i = 1, . . . , k can also be partitioned into two groups, corresponding to the split variables of either the risk
neutral or risk averse part. Therefore, each Ri can be decomposed as

Ri =

[
RRNi

RRAi

]
, (16)

where RN and RA denote risk neutral and risk averse, respectively. Figure 5 illustrates this decomposi-
tion of the Ri matrices for the particular scenario tree of Fig. 1. By appropriately partitioning each Θi,
i = 0, . . . , k into risk neutral and risk averse components, we can write

Θi =

[
ΘRN
i

ΘRA
i

]
,

and the preconditioner E can be recast as

E =


ΘRN

0 +

k∑
i=1

RRNi ΘRN
i (RRNi )>

ΘRA
0 +

k∑
i=1

RRAi ΘRA
i (RRAi )>

 =

[
ERN

ERA

]
. (17)
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The matrix ERN is the preconditioner for risk neutral multistage stochastic optimization problems in-
troduced in Castro et al. (2023). It was shown to be block diagonal, with each block being tridiagonal,
and with the number of blocks equal to the number of nested two-stage trees (denoted as k̄ = `|T |−1−1

`−1 )
in the multistage scenario tree (Castro et al. 2023, Proposition 2).

The risk averse constraints extend the preconditioner with a new block ERA ∈ RlRA×lRA

, where lRA
denotes the number of linking risk averse constraints (5f) defined in (9). The following proposition shows
that ERA is diagonal.

Proposition 2. The submatrix

ERA = ΘRA
0 +

k∑
i=1

RRAi ΘRA
i (RRAi )>

of the preconditioner E is diagonal.

Proof. Let
RRA =

[
01 RRA1 02 RRA2 · · · 0k RRAk

]
∈ Rl

RA×ñ

be the matrix corresponding to the risk averse rows of the linking constraints, where ñ =
∑k
i=1 ni is the

number of variables of (8) excluding the slacks x0, and 0i denotes the zero matrix that precedes RRAi in
the last lRA rows of Ri, as shown in (16). Let Θ̃ ∈ Rñ×ñ be a diagonal matrix composed of the diagonal
block Θi, i = 1, . . . , k (that is, Θ̃ coincides with Θ excluding the block Θ0). Then ERA can be written as

ERA = ΘRA
0 +RRAΘ̃(RRA)>.

Each row of RRA corresponds to one constraint (5f), which contains exactly two nonzero coefficients (a
+1, and a −1) for the variables F ′pn′ and F

p+1
n′ , with p ∈ Pn′ \ {p(n′)}, n′ ∈ Nt, t ∈ T ′. Since F ′pn′ and

F p+1
n′ are auxiliary variables used to compute the accumulated cost from the last node p(n′) up to node p

of Pn′ , for n′ ∈ Nt and t ∈ T ′, they appear in exactly one risk averse linking constraint (5f). Therefore,
each row of RRA has only two nonzero coefficients (+1 and −1), and each column contains at most one
nonzero coefficient (either +1 or −1). This is illustrated in Figs. 4 and 5. Consequently, RRAΘ̃(RRA)>

is diagonal, and ERA is the sum of two diagonal matrices.

Proposition 2 can be used for an efficient computation of ERA. Let jF ′p
n′

and jFp+1

n′
denote the two

columns corresponding to the +1 and −1 nonzeros entries in row p ∈ Pn′ \ {p(n′)}, n′ ∈ Nt, t ∈ T ′ of
ERA. Then ERA can be computed as:

ERA = ΘRA
0 + diag

((
Θ̃jF ′p

n′
+ Θ̃j

F
p+1
n′

)
p∈Pn′\{p(n′)}, n′∈Nt, t∈T ′

)
, (18)

where diag denotes the operator that constructs a diagonal matrix from a vector.
Figure 6 illustrates the structure of

[
R1 . . . Rk

]
and the preconditioner E for a problem with

|T | = 5 stages, `n = 2 for n ∈ N : tn < |T |, and T ′ = {5}. Note that the number of tridiagonal blocks
of ERN (corresponding to the two-stage subtrees of the multistage scenario tree) is k̄ = 24−1

2−1 = 15, and
that the dimension of ERA is, according to (9), (5− 1)2(5−1) = 64.

5. Computational results

The code MSSO-BlockIP, originally developed in Castro et al. (2023) for risk neutral multistage
stochastic optimization problems, has been extended in this work to handle the split-variable formulations
(5) and (7) of the ECVaR and ECSD risk averse models. MSSO-BlockIP runs on top of BlockIP, an
efficient C++ implementation of the specialized IPM (Castro 2007, 2016). The PCG preconditioner has
been augmented with the new block ERA, associated with the risk averse linking constraints, which is
computed efficiently using (18).
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(a) (b)

Figure 6: Structure of (a) linking constraints and (b) preconditioner E, for a problem with |T | = 5
stages, `n = 2 for n ∈ N : tn < |T |, and T ′ = {5}.

Table 1: Sizes of revenue management instances. ECVaR and ECSD instances have the same sizes, except
that ECSD instances include one additional constraint.

Instance |T | ` k # var. # cons. l
T5-L5 5 5 781 1,943,757 691,831 626,500
T8-L3 8 3 3,280 8,130.360 2,865,663 2,638,509
T3-L100 3 100 10,101 25,321,702 9,130,901 8,100,000
T4-L25 4 25 16,276 40,781,002 14,677,701 13,066,875
T10-L3 10 3 29,524 73,267,968 25,833,537 23,795,547
T8-L5 8 5 97,656 243,611,882 86,738,081 78,670,875
T6-L10 6 10 111,111 278,076,712 99,699,911 89,388,000

We considered a set of seven large multistage stochastic optimization instances from the realistic
revenue management problem in Escudero et al. (2013). Risk neutral versions of this model were used
and are fully detailed in Castro et al. (2023). For each of these seven instances, we constructed two
risk averse models using the ECVaR and ECSD risk measures. Table 1 reports the dimensions of these
instances, including the number of stages |T |; the number of immediate successor nodes ` for each node
(excluding last-stage nodes); the number of blocks in the optimization problem k (which coincides with
the number of nodes in the multistage tree); and the total number of variables (“# var.”, excluding
slacks), block constraints (“# cons.”), and linking constraints l of the optimization problem. The ECVaR
and ECSD instances have the same size, with the only minor difference being that each ECSD instance
includes one additional block constraint. Both the MSSO-BlockIP code and the instances are available
from the authors by request.

Due to the large size of the test instances, we considered an optimality tolerance of 10−3 in MSSO-
BlockIP (i.e., a primal-dual feasible solution with a relative duality gap below 10−3 was required). We
compared MSSO-BlockIP with the barrier algorithm in CPLEX v22.1.2, a state-of-the-art implementation
of an IPM. Indeed, such an IPM is the only reliable, non-heuristic option for solving instances of this
scale. Default CPLEX parameter values were used, except for the following:

• The optimality tolerance was set to 10−3, as in MSSO-BlockIP, to ensure a fair comparison.

• We selected the standard primal–dual algorithm of the CPLEX barrier, instead of the homogeneous
self-dual algorithm (used by default in most cases). Although the homogeneous self-dual algorithm
is generally more robust and less prone to infeasibility issues, it does not benefit from a relaxed
optimality tolerance, making it slower and leading to an unfair comparison with MSSO-BlockIP.
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By contrast, the standard primal–dual algorithm can be terminated early with feasible primal and
dual solutions that satisfy the relaxed optimality tolerance.

• The CPLEX crossover was deactivated (so that the solver provides an interior-point solution rather
than a basic one), again to ensure a fair comparison.

• The default aggregator in CPLEX preprocessing was disabled in runs with the split-variable formu-
lations (5) and (7) of the ECVaR and ECSD models, since it was observed to destroy the structure
of the constraint matrix and slow down the solution process. To confirm this effect, for each instance
we performed two runs of models (5) and (7), with and without the default aggregator.

It is worth noting that BlockIP carries out the matrix factorizations required by the linear systems
through the academic block sparse Cholesky package described in Ng and Peyton (1993). In contrast,
modern commercial IPM solvers such as CPLEX v22.1.2 incorporate highly optimized numerical linear
algebra routines designed to take advantage of hardware features (Mészáros 2016). Consequently, the
superior performance of MSSO-BlockIP over CPLEX should be attributed to the specialized algorithm
proposed in this work, rather than to low-level implementation details.

The computational experiments were performed on a DELL PowerEdge R7625 with two 3.6GHz AMD
EPYC 9474F CPUs (192 total cores) and 1024 GB of RAM, running GNU/Linux (openSuse 15.5). All
runs were executed sequentially, without exploiting multithreading capabilities.

Tables 2 and 3 report the results obtained for, respectively, the ECVaR and ECSD instances, with
MSSO-BlockIP and CPLEX. For CPLEX, we considered three different configurations: CPLEX(1) solves
the split-variable formulations with the aggregator in preprocessing; CPLEX(2) solves the split-variable
formulations without the aggregator in preprocessing; and CPLEX(3) solves the compact formulations
with the default preprocessing (which includes the aggregator), since this was the best option for the
compact formulation. For MSSO-BlockIP and CPLEX, the tables provide the number of IPM iterations
(columns “it”) and execution time (columns “CPU”). For MSSO-BlockIP, the total number of PCG itera-
tions (columns “PCG”) is also provided. The last rows of Tables 2 and 3 show the total CPU time needed
to solve all the instances.

Table 2: Results for ECVaR revenue management instances. CPU times are in seconds, or in days if
exceeding 86,400 seconds (1 day).

Instance MSSO-BlockIP CPLEX(1) CPLEX(2) CPLEX(3)

it. PCG CPU it. CPU it. CPU it. CPU
ECVaR-T5-L5 314 2,579 125 17 460 31 143 26 254
ECVaR-T8-L3 201 8,253 1,089 26 6,730 38 892 45 44,324
ECVaR-T3-L100 524 8,974 4,532 31 3,457 41 5,794 27 83,366
ECVaR-T4-L25 467 39,674 25,541 26 32,818 61 8,858 32 19,648
ECVaR-T10-L3 541 40,136 42,587 34 2.70d 48 21,297 ‡

ECVaR-T8-L5 768 41,352 1.75d — >32d† 66 5.50d ‡

ECVaR-T6-L10 827 55,808 2.69d — >36d† 57 2.68d — >26d†

CPU time for all instances: 5.3d >71d 8.6d ‡

(1) CPLEX v22.1.2 solved the split-variable formulation (5), with default aggregator.
(2) CPLEX v22.1.2 solved the split-variable formulation (5), deactivating default aggregator.
(3) CPLEX v22.1.2 solved the compact formulation (3), with default aggregator.
— Execution was stopped early by excessive expected CPU time.
† Estimated number of days of CPU from the total number of arithmetic operations for
factorizations reported by CPLEX.

‡ Out of memory: the solver required more than 1000 GB of RAM.
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Table 3: Results for ECSD revenue management instances. CPU times are in seconds, or in days if
exceeding 86,400 seconds (1 day).

Instance MSSO-BlockIP CPLEX(1) CPLEX(2) CPLEX(3)

it. PCG CPU it. CPU it. CPU it. CPU
ECSD-T5-L5 321 2,067 112 17 443 31 131 26 255
ECSD-T8-L3 334 8,491 1,208 26 7,037 37 981 43 23,380
ECSD-T3-L100 779 7,942 4,463 32 3,777 42 5,691 20 28,389
ECSD-T4-L25 460 30,320 18,781 31 28,713 50 7,331 33 4,141
ECSD-T10-L3 526 34,654 36,595 44 3.11d 43 25,667 ‡

ECSD-T8-L5 767 40,179 1.66d — >42d† 56 5.60d ‡

ECSD-T6-L10 674 45,864 2.17d — >59d† 80 3.72d 65 4.44d
CPU time for all instances: 4.5d >101d 9.8d ‡

(1) CPLEX v22.1.2 solved the split-variable formulation (7), with default aggregator.
(2) CPLEX v22.1.2 solved the split-variable formulation (7), deactivating default aggregator.
(3) CPLEX v22.1.2 solved the compact formulation (6), with default aggregator.
— Execution was stopped early by excessive expected CPU time.
† Estimated number of days of CPU from the total number of arithmetic operations for
factorizations reported by CPLEX.

‡ Out of memory: the solver required more than 1000 GB of RAM.

From Tables 2 and 3, it can be clearly seen that, for both ECVaR and ECSD risk averse measures,
the new split-variable models (5) and (7) provide a much better formulation than the standard compact
models (3) and (6) for state-of-the-art IPM solvers, with the only exception of instance ECSD-T4-L25.
For the largest instances, the compact models proved intractable for CPLEX, as they required either more
than 1000 GB of RAM or several days of execution time. It is also evident that CPLEX(2) outperforms
CPLEX(1) (and by a large margin in the larger instances). This indicates that preserving the original
structure of formulations (5) and (7), by deactivating the aggregator, is preferable when solving the
split-variable formulation with a general-purpose solver. Only in two cases (namely, ECVaR-T3-L100
and ECSD-T3-L100, corresponding to the same problem T3-L100) did the aggregator prove to be a good
option for the split-variable formulation. Overall, however, CPLEX(2) can be considered the fastest of
the three CPLEX configurations.

When comparing CPLEX(2), the best variant of the state-of-the-art solver, with the specialized IPM
MSSO-BlockIP, we find that, unlike in risk neutral problems, where MSSO-BlockIP consistently out-
performed CPLEX (Castro et al. 2023), this does not always hold for risk averse problems. For the
five smaller instances in Tables 2 and 3, CPLEX(2) is generally faster than MSSO-BlockIP, with the
exception of ECVaR-T5-L5, ECVaR-T3-L100, ECSD-T5-L5, and ECSD-T3-L100. However, for the two
larger instances in those tables, MSSO-BlockIP significantly outperformed CPLEX(2). For example, in
ECVaR-T8-L5, ECSD-T8-L5 and ECSD-T6-L10, MSSO-BlockIP required 1.75, 1.66 and 2.17 days of
CPU time, respectively, while CPLEX(2) ran for 5.5, 5.6 and 3.72 days. For ECVaR-T6-L10, both solvers
reported similar execution times. As shown in the last rows of Tables 2 and 3, MSSO-BlockIP required
substantially less total CPU time than the other approaches to solve all instances of the test set.

It is also observed in Tables 2 and 3 that MSSO-BlockIP required many more IPM iterations than
CPLEX. This is due to the use of PCG in MSSO-BlockIP, which provides inexact Newton search direc-
tions. However, it is known that inexact directions can still be used in IPMs while preserving convergence
guarantees (Gondzio 2013).

Memory usage shows an even clearer advantage for MSSO-BlockIP over a general IPM solver. Tables 4
and 5 report the RAM consumption (in gigabytes) of MSSO-BlockIP and the three CPLEX configurations
(CPLEX(1), CPLEX(2), and CPLEX(3)) for all ECVaR and ECSD instances. The results demonstrate
that MSSO-BlockIP consistently requires only a fraction of the memory needed by CPLEX. This efficiency
allows MSSO-BlockIP to be executed on substantially less powerful hardware, leading to lower energy
demand and, in turn, reduced CO2 emissions. Moreover, this lower memory consumption makes it
possible to run several problem instances with MSSO-BlockIP on different CPUs simultaneously on the
same hardware, thereby reducing overall wall-clock execution times, whereas only one run of the general-
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Table 4: Memory requirements (in GB of RAM) for ECVaR revenue management instances.

Instance MSSO-BlockIP CPLEX(1) CPLEX(2) CPLEX(3)

ECVaR-T5-L5 0.6 3.3 2.2 2.7
ECVaR-T8-L3 2.6 13 9.1 54
ECVaR-T3-L100 11 29 31 52
ECVaR-T4-L25 16 56 49 37
ECVaR-T10-L3 41 102 89 > 1000
ECVaR-T8-L5 137 482 373 > 1000
ECVaR-T6-L10 134 553 391 656
(1) CPLEX solved the split-variable formulation (5), with default aggregator.
(2) CPLEX solved the split-variable formulation (5), deactivating default aggregator.
(3) CPLEX solved the compact formulation (3), with default aggregator.

Table 5: Memory requirements (in GB of RAM) for ECSD revenue management instances.

Instance MSSO-BlockIP CPLEX(1) CPLEX(2) CPLEX(3)

ECSD-T5-L5 0.6 3.3 2.5 2.7
ECSD-T8-L3 2.6 13 9.0 32
ECSD-T3-L100 13 29 36 30
ECSD-T4-L25 23 55 49 26
ECSD-T10-L3 41 99 104 > 1000
ECSD-T8-L5 137 502 378 > 1000
ECSD-T6-L10 157 557 396 338
(1) CPLEX solved the split-variable formulation (7), with default aggregator.
(2) CPLEX solved the split-variable formulation (7), deactivating default aggregator.
(3) CPLEX solved the compact formulation (6), with default aggregator.

purpose solver can be performed for large instances.

6. Conclusions

The standard (compact) formulations of risk averse multistage optimization problems have proven to
be intractable for state-of-the-art solvers when applied to large-scale instances. The split-variable reformu-
lation introduced in this work made it possible to solve all such large-scale instances with general-purpose
IPM solvers. In addition, the specialized IPM implemented in MSSO-BlockIP was extended to include
risk averse measures, and it outperformed the state-of-the-art IPM solver on the largest instances. Thus,
this work contributes two novel approaches for addressing challenging risk averse multistage stochastic
optimization problems.

Future work in this line of research includes extending the approach to multi-horizon problems, that is,
models that simultaneously account for strategic (long-term) and operational (short-term) uncertainties
and decisions in risk averse multistage stochastic optimization.
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