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Abstract. In this paper, we address composite optimization problems on Hadamard manifolds, where
the objective function is given by the sum of a smooth term (not necessarily convex) and a convex term
(not necessarily differentiable). To solve this problem, we develop a proximal gradient method defined
directly on the manifold, employing a strategy that enforces monotonicity of the objective function values
along the generated sequence. We investigate its convergence properties without imposing the Lipschitz
continuity assumption on the gradient of the smooth component.
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I. INTRODUCTION
In this paper we are interested in the following optimization problem

min F (x) i= £ (x) + g (x). (1.1)

where f : .# — R is differentiable and has continuous gradient, g : .# — R is convex, not nec-
essarily differentiable, and . is a finite dimensional Hadamard manifold. To the best of our
knowledge, one of the earliest proposals of a proximal gradient-type method in the Euclidean
setting was introduced in [17] as a generalization of the proximal point algorithm, designed to
address the non-convexity of the objective function F, which is composed of a continuously
differentiable component f and a convex component g, by linearizing f at each iteration. More
precisely, the authors in [17] considered, from an initial point xg, a sequence of points x; gener-
ated according to the following scheme:

. 1
s =argmin (V1 (50 ox-x) + 5 e =+ 00} (12)

x€Rn Ok
where { o} is sequence of positive numbers. It can be observed that (1.2) is equivalently to the
following formulation

. 1
%41 = argmin {— — <xk>>r|2+g<x>} | (1.3)
xeRn Zak

which is commonly discussed in the literature (see [3, 4]) and often referred to as the Iterative
Shrinkage/Thresholding Algorithm (ISTA).
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In recent years, the extension and analyses of optimization algorithms within the context of
Riemannian manifolds have attracted the attention from many researchers; see for instance,
[1,2,5,7,12, 15, 26], and references therein.

The proximal gradient method can be formulated in various ways, each with properties that
present distinct challenges, particularly in their analysis in the context of Hadamard manifold.
In [11], a proximal gradient method based on the formulation given in (1.2) was proposed for
solving problems in which the objective function has a composite structure: f is a smooth (pos-
sibly non-convex) function with a continuous Lipschitz gradient, and g is convex, not necessar-
ily smooth, defined on the Stiefel manifold. Specifically, they proposed solving the following
subproblem to determine a descent direction vy, at the k-th iteration:

wei= argmin{ (7 £(50.9) + 50 oI+ ) (14
vETy M Ol

Note that the Stiefel manifold .# is embedded in R"*”, hence a point x on the manifold M
and an element v on its corresponding tangent space Ty.# are identified as elements in R"*”
ensuring a well-defined meaning for the sum x + v thereby giving proper interpretation to the
term g(x+v) in the formulation above. Moreover, in the approach proposed by the authors, the
Riemannian gradient is not computed; instead, only the Euclidean gradient is evaluated, and the
sequence x; is bounded due to the compactness of the manifold, and a linear search o is per-
formed satisfying an Armijo-type condition. They proved that every limit point of the sequence
x; generated by the algorithm is a stationary point of the problem, and that the algorithm has
sublinear iteration complexity to find an €-stationary point. In [19], the authors introduced and
analyzed a Riemannian proximal gradient method on general Riemannian manifolds. Instead of
the proximal gradient formulation in (1.4) previously considered in [11], the authors employed a
distinct Riemannian proximal mapping in which the term x + v is replaced by a retraction R, (v),
and an inexact criterion was considered in order to solve the proximal subproblem. Specifically,
the authors first defined the function

£ () 1= (grad £ (), + 5 () + 8(Rey (),

and proposed to compute a direction v € Ty, .# such that
V¢ is a stationary point of £, (v) on Ty, . satistying £y, (vi) < £y, (0). (1.5)

Under the assumption of global Lipschitz continuity of grad f, the authors proved that any ac-
cumulation point of the sequence generated by their method is a stationary point. Subsequently,
[22] analyzed a proximal gradient method similar to the one in [19], proving asymptotic conver-
gence and establishing, in the convex case, a sublinear convergence rate in terms of functional
values. In [14], Feng et al. presented different versions of the proximal gradient mapping, which
correspond to the respective extensions to Riemannian manifolds of (1.2) and (1.3) respectively,
1e.:
Xk 1 = argmin { (grad f(x) ,exp;kl X)+ 2L ||exp;k1 tz +g (x)}
xeH o

and

: 1 12
Xjet 1 —afcgelil/[ln{g(x)+ﬁ Hexp)ek XH },
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where £ = exp,, (—agradf (x;)) . In this context, they replaced the proximal gradient mapping
used in [19] with an exact version (see Definition 3.1) and proposed a proximal gradient method
that solves a subproblem directly on the manifold. This approach is a generalization of the
proximal gradient algorithm presented in [21], now adapted to Hadamard manifolds. Partial
convergence of the proposed algorithm was demonstrated, and the techniques employed take
advantage of the special geometric structure of these manifolds, still under the assumption of
global Lipschitz continuity of the gradient of f and a constant step size. The results show that
the algorithm is effectively convergent for minimizing problems of the form (1.1), even when
the objective function is nonconvex and nonsmooth. Recently, in [9], the authors considered
a intrinsic variant of the Riemannian proximal gradient method introduced in [19], in which,
broadly speaking, the auxiliary function (1.5) defined on the tangent bundle of the manifold is
replaced by an auxiliary function defined directly on the manifold, thus ensuring a completely
intrinsically approach. The main results are established under the local Lipschitz continuity of
one of the component functions and the bounded sectional curvature of the manifold, while not
requiring convexity of the functions f and g.

In this paper, we consider a Riemannian proximal gradient method for solving problem (1.1)
and analyzes its convergence on Hadamard manifold without assuming local Lipschitz conti-
nuity of the grad f. A backtracking scheme is considered in order to compute a step size and
generate the next iterate. This scheme is important for problems in which the Lipschitz con-
stant, denoted by L, of grad f does not exist or is hard to compute. Indeed, the use of such
backtracking scheme may be convenient even in situations in which the Lipschitz constant L
does exist but it is very large, hence the use of such a scheme usually provides a larger step size
than the usual 1/L constant step size.

This paper is organized as follows: Section 2 contains notation, definitions and basic results
on manifolds, as well as some results of convex analysis and differentiability on Hadamard
manifolds. Section 3 establishes the Riemannian proximal gradient method and presents basic
properties. Section 4 is devoted to the convergence analysis of the method. Section 5 contains
a conclusion.

2. PRELIMINARIES

2.1. Notations. In this section, we review some standard definitions and results that will serve
as support throughout the paper and that can be found in several classical texts (see, for example,
[10, 13, 25]).

Let .# be a Hadamard manifold, i.e, a complete simply connected Riemannian manifold of
nonpositive sectional curvature, 7.# the tangent space of # atx € A and T M =J,c 4 T M
the tangent bundle of .#. The parallel transport &y yv) : Ty(a)-# — Typ)-# on the tangent
bundle T.# along 7 : [a,b] — R with respect to V is defined by

gy(a)y(b)v =X (Y(b)), Va,b € R and v € Ty(a)/f,
where X is the unique vector field such that

VyeyX =0,V € [a,b] and X (y(a)) = v.

Proposition 2.1. The parallel transport operator 2y ) y) is linear. Also, for any a, b,beR,
@y(5)7y(b) o @y(a)7y(5) = Pya)yb) WA Py a) y(a) IS the identity. In particular, the inverse of
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@y(a)7y(b) is gzy_(ll)),y(a)' If A is a Riemannian manifold and V is compatible with the Rie-
mannian metric, then parallel transport is an isometry, that is,

<32y(a),y(b)”, @}’(a)nf(b)v>y(b) = (U,V)y(a), Ya,b ERand v € Ty ) M .
Stated differently, the adjoint and the inverse of Py(,) yp) coincide.

Since it is an isometry between the respective tangent spaces, preserves norm and, roughly
speaking, a ”direction”, analogous to translation in R". A vector tangent to a geodesic Y remains
tangent if transported parallel along it. If y:[a,b] — .# is a piecewise differentiable curve
joining x = y(a) to y = y(b) in .4, we define the length of the curve yas L(y) = [ |y (¢)]| dt.
The minimal length of all such curves joining x to y is called the Riemannian distance, and it is
denoted by d(x,y).

An exponential map at x € .# is a mapping defined by exp, : T,.# to .# such that exp, tv =
Y (t;x); Vv € To.# and t € R, where ¥, (-;x) is the geodesic starting from x with velocity v,
ie., %(0;x) =x, y =% (1;x) and 7%, (0;x) = v. It follows that exp, 0 = ¥, (0;x) = x where 0
is the zero tangent vector. Recall that the exponential map exp, () is differentiable on 7,.#
for any x € . ; therefore, by the Inverse Mapping Theorem, we define the inverse exponential
map exp; | : .4 — Ty, and in addition, for any x,y € .# we have d (x,y) = Hexp;lyH =
Hexpy_ le. Since .# is a Hadamard manifold, we have for any ¢z € [0, 1] that the geodesic
joining x to y can be defined as ¥(r) = exp, (rexp;'y).

Example 2.1. Take x € .# and let exp, ! : .# — T,.# be the inverse of the exponential map;
the map d? (-,x) : .# — R is strongly convex, C* and grad % d? (y,x) = —exp, Lx.

Theorem 2.1. Let .# be a complete Riemannian manifold with nonpositive sectional curvature.
Then, for any point x € ., the exponential map is a covering map. Suppose further that A is
simply connected. Then, for every x € ., the exponential map is a diffeomorphism. Moreover,
for any two points x,y € #, there exists a unique normal geodesic joining x to y, which is
minimal, i.e., it realizes the Riemannian distance between x and y.

Proposition 2.2. Let ./ be a Hadamard manifold and A yy,y;,y3 a geodesic triangle. Denote,
for each j =1,2,3(mod3), by ¥; : [0,1;] = M geodesic joining y; to yj1, set d (yj,yj+1) :=
L(y;) and 8; := Z(y;(0),~Y;_, (Ij-1). Then, the Comparison Theorem for Triangles can be
rewritten in terms of the distance and the exponential map as:

d? (vjt2.5j) = d? (vj,yj+1) +d? (Vjr1,yj42) =2 <€><I>;jl+1 Vi, CXP;J.L yj+2> ; (2.1)
d? (vj,yjt1) < <eXpy_j1yJ'+1,eXPy_j1 yj+2> + <6Xpy_ji1yj,expy_ji1yj+2>; (2.2)
since <6XP§ji1yj,eXP§jiIYJ+2> =d (yj,yj+1) -d (yjr1,¥j+2) -cos (0j41).

2.2. Convexity and Directional Differentiability in Hadamard Manifolds. In this subsec-
tion, we introduce some standard results of convex analysis and differentiability on Hadamard
manifolds, which will serve as support throughout the paper and can be found in several papers
and classical texts, such as [6, 7, 8, 18, 27] and in their included references.

Given ¢ € R, the sub-level set M€ is the set {x € .Z : F(x) < c}. In addition, given a scalar
0 > 0, the open and closed balls in M are denoted by % (xo,8) = {x € .4 ;d (xp,x) < 6} and
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B (x0,0) ={x € 4 ;d(xp,x) < 5}. Asubset Q C .# is said to be convex if, for any two points
x and y in Q, the geodesic joining x to y is contained in Q.

Definition 2.1. A function & : .# — R is said to be convex, if for any x,y € .#, and any geodesic
v such that y(0) = xand y(1) =y, and ¢ € [0, 1], it holds that

h(y(0) < (1 =1)h(x) +1h(y), (2.3)

and p-strongly convex if it holds that

FO0) < (=0 () +17() = S 1(1 =) d(x.).

The definition of convexity (2.3) is equivalent to the existence of a tangent vector 1, € T,.#
such that

h(y) > h(x)+ (nexp;'y) ,  Vxye..

The vector 7y, as above, is a subgradient of / at x, and the set of all subgradients of /4 at x is
the subdifferential of & at x, denoted by dh(x). It is well known that the subdiferential d f(x)
reduces to the gradient of %, denoted by grad (x), when 4 is differentiable at x. Note that (-, -),
denotes the inner product in the tangent space of x induced by the Riemannian metric. In the
rest of the paper we will omit the sub-index x of the inner product when it is clear from the
context.

A function H : .# — R is said to be 1-coercive in x € A , if ( lir)n HG) _ oo,
d(x,y)—oe

Definition 2.2. Let y: 1 — .# be a smooth curve, such that y(0) = x and ¥ (0) = v. The
directional derivative of a real-valued function 4, defined on a manifold ., at a point x is given
by
h(y(t))—h
dh(x)] = lim "MY0) ZhC)

t—0* t

Furthermore, we define the Riemannian gradient grad 4 of a function differentiable 4 : .#Z — R
on a Riemannian manifold ., at a point x, is the unique tangent vector at x, such that

(gradh(x),v) =dh(x)]v], Ve T, M,
where dh(x) denotes the differential of 4 at x.

Remark 2.1. It follows from [16, Theorem 2.3], that the set dh(x) is nonempty, convex and
compact for each x € .Z .

Proposition 2.3. Let {x;} C .# be a bounded sequence. If the sequence {v} is such that
vk € dh(xy) for each k € N, then {v;} is also bounded.

Definition 2.3. A point x is critical to Problem 1.1 if the following inclusion holds:

—grad f (x) € dg(x).

In particular, if x is a local minimum, then X is a critical point of Problem 1.1.
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3. A RIEMANNIAN PROXIMAL-GRADIENT METHOD

In this section, we propose a proximal gradient algorithm on Hadamard manifolds, based on
an adaptation of the algorithm in [20] (with minor modifications), together with the Riemannian
proximal gradient mapping introduced in [14, Definition 5] to solve the subproblems directly
on the manifold. We show that, if the algorithm terminates after a finite number of iterations, it
finds a critical point of Problem (1.1). We also establish the well-definedness of the algorithm,
ensuring that its inner linesearch procedure stops after a finite number of inner iterations when-
ever the current point is not a critical point of Problem (1.1). Finally, two additional technical
lemmas are presented in this section.

Definition 3.1. Let x € . and o > 0. The proximal gradient mapping consists of first comput-
ing a gradient step £ := exp, (—agrad f (x)) followed by solving the proximal subproblem

1

X = proxgg (%) = argmin{g(x)-|-—a’2 (x,f)}. (3.1)
xeH 2a

Since g is a convex function and d?(-, %) is strongly convex, the objective function of the

proximal subproblem (3.1) is also strongly convex, which ensures that it has a unique solution.

3.1. Riemannian proximal gradient method and its basic properties. We start this subsec-
tion by stating the Riemannian proximal gradient method considered in this paper.

Algorithm 1(Riemannian Proximal Gradient Method):
Step 0. (Initialization) Let xg € 4, 0 < Opin < Omax < 0, and 7,0 € (0,1); set k=i =0.
Step 1. (Initial stepsize) Choose a,? € [Otmin, Otmax)3
Step 2. (Proximal Subproblem) compute % ; such that:

1
0€ 0g(Fs) + 5 —gradd® (T o b ), (32)

ki
where

Rh,i = €Xpy, (— Oﬂkyigradf(xk)), and oy ; := rioc,?;
Step 3. (Stopping Criterion) If X ; = x;, then stop and output x;
Step 4. (Update rule) If the following decreasing condition holds

(o]

then set iy := i, 04 := O ;,, Xk := Xki,» Xk1 := Xg i, update k < k+ 1 and return to
step 1; Otherwise, return to step 2.

F (%) + d?(xx, %) < F (%), (3.3)

We start by making some observations about Algorithm 1. First, note that it has two types of
iterations: the outer iterations, denoted by the index k, and the inner iterations, denoted by the
index i. Second, the proximal inclusion (3.2) is equivalent to the proximal subproblem (3.1) with
x = Xi; and o0 = 0y ;, which involves first computing an intermediate point £ ; via a gradient
step, and then solving the corresponding proximal subproblem to obtain % ;. Moreover, note
that, for every pair of outer and inner iterations (k,7), there exists a unique proximal solution
X;. Third, it will be shown in Proposition 3.1 that the stopping criterion holds if and only
if the current iterate x; is a critical solution to problem (1.1) in the sense of Definition 2.3.
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Fourth, Lemma 3.3 shows that if x; is not a critical solution, then the algorithm is well-defined,
i.e., inequality (3.3), which is used to update the next iterate, holds after a finite number of
inner iterations. Fifth, at the beginning of each outer iteration k&, the stepsize is restarted to an
arbitrary value in the interval [Oyin, Omax| to control its magnitude. This procedure ensures that
0y < Oimax for all kK > 0. However, the subsequence oy, may eventually become sufficiently
small, potentially satisfying oy ; < Otmin, because the trial stepsize oy ; decreases during the
inner iterations. Our convergence analysis covers both cases, whether the sequence of stepsizes
0 converges to zero or not.

Remark 3.1. It is worth noting that, from the acceptance criterion (3.3) and the definition of
X+ 1, it follows that the algorithm generates a sequence of decreasing functional values {F (x ) }.

We begin by stating and proving a basic result guaranteeing that, if Algorithm 1 terminates,
it finds a critical point of Problem (1.1).

Proposition 3.1. Let {x; } be the sequence generated by Algorithm 1 and consider the direction
Vg 1= exp;k1 Xk i- Then, vi = 0 if and only if xi is a solution of problem (1.1).

Proof. Assume that vy = 0. Then, we clearly have X; ; = x;. Hence, it follows from (3.2) with
i = iy and the last relation in Example 2.1 that

1 1
0€ z—akgraddz(xk,)?k) +dg(x;) = “w exp;k1 R+ dg(x),
which, in view of the definition of %y, yields

1
a—kexP;kl (expy, (—ongrad f(x))) € dg(xr)-

Hence, we have
—grad f(x) € dg(x),
implying, by definition 2.3, that x;, is a critical point of problem (1.1).
Assume now that x, is a solution of problem (1.1). Thus, in view of the definition of £, we
get

1 A
—gradf(x;) = o expy,' £ € dg (k). (3.4)
It follows by (3.2), the definition of X; and the last relation in Example 2.1, that
1 o 1 R .
_gradz‘%d2 (xk’i,xkﬂ-) = %expik}ixk7,- € dg (xk,i) . (3.5)

)

Using (3.4), (3.5) and the monotonicity of the subdifferential of g, we get
<exp;k] Kheis expx_k] )Zk7,~> + <exp)§]cl)?k7i,exp)z—lcl xk> <0. (3.6)
On the other hand, using inequality (2.2) with y; = x;, yj11 = X; and y 12 = £ ;, we have
(expy, fr.ir expy, Fri) + <€XP§,$ )ek,hexpx_ki Xk> > d* (x, % i)- (3.7
Combining (3.6) and (3.7), we obtain
dz(xk,ikﬂ-) S 0.

Therefore, x; = X ;, which implies v, = 0. 0
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The following lemma plays a crucial role in the analysis of Algorithm 1. It provides an
estimate for the difference between a point transported back to the same tangent space along
different paths on the manifold. See [14, Lemma 2] for its proof.

Lemma 3.1. Let Q be a compact set in . Then there exists a constant C > 0 such that, for
any x,y,z € Q, the following inequalities hold
d(x,y) < |lexp; ' z— Pyrexp; ' z|| < Cd(x,y).

Given a pair of bounded sequences { (uy, vk )}, we use the notation S(u, vi ;) = o(d (ug, vi.i))
to mean that if limy_co d (g, vy j(x)) = O (resp., if lim; e d (ug, vi. ;) = 0), then we have

S(ug, v S(ug, Vi
—( 'k, (k)) =0 <resp-; lim —(uk vk’l) = O) .
koo d (U, Vi k) i—eo d (up, Vi)
Clearly, for fixed k, the first order Taylor’s expansion of f yields
Fvri) = f(u) + (grad £ (ug),expy, ' vici) + S (g, v ),

with S(ug,vk;) = o(d(ug,vi;)). Even though this relation is not immediate if k is not fixed
and i = i(k), we argue that it still holds. Indeed, let us consider y(¢) = exp,, (tv), with v =

exp;k1 vii € T/, where y(t) denotes the geodesic joining ux = ¥(0) and vi; = y(1), and
moreover ¥ : [0, 1] = R, w(¢) = f(y(¢)). From chain rule, we obtain

W' (1) = (gradf(¥(1)), ¥ (), = ( gradf(¥(r)), D(exp,, ) [V])., -
By applying the Mean Value Theorem, there exists ¢ ; := y(f), € (0, 1) such that
FOri) = f(ui) + (grad f (cr), D(expy, ) [V])- (3.8)

Assuming that {(ug,vx;)} is bounded and approaches zero, we clearly have that any accumu-
lation point of u;, consequently of {v ;}, is also an accumulation point of {cy;}. Moreover, it
follows from (3.8) that

Fri) = f(u) + (grad £ (ug) ,exp, viei) + S (g, vii),

where S(ug, vi.;) = (grad f(ci.1). D(exp,, )iv[V]) — (grad f (uc). expy, vi.;). By applying the Cauchy-
Schwarz inequality to the last equality, we have

1S Cag viea) || < [l grad f (cx,) 11D (expy, )i V]| + 1| grad f () ||| expy, vl

from which the claim follows.
The following lemma provides a basic inequality that will be used to simplify the proofs of
our results.

Lemma 3.2. Let a bounded sequence of elements {(xy, % i, %k, Ockj)} defined as in step 2 of
Algorithm 1. Then, for every iteration pair (k,i), the following inequality holds

F(fk,i) S F(Xk) — 2 1

d? (xp, %) + Rici,
O i

where Ry ; := S(xx, %k ;) = o(d(xk, %k ;). As a consequence, if (3.3) does not hold, then

1-0o B
R]w' > dz(xk,ka).
Ol i
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Proof. It follows from the Taylor’s expansion for the function f and the definition of Ry ; that

F(ri) = £ () + (grad f(xx), expy, %) + Resi (3.9)

Since X ; satisfies (3.2) or, equivalently, is the solution of the proximal subproblem (3.1) with
x = x; and ¢ = oy, we have
1
d2 A —d2 N
206/(71' ()%x’w) 2OCk,i (XkMXk’l)’

8(%ri) < 8(xx) +
which combined with (3.9) and the fact that F' = f 4 g, yields
F (%) = f(Fei) + 8(Fei)

. 1 . U,
< F(xi) + (grad £ (x¢), expy, ' %) + Yo (d*(xi &) — d*(Fe i) + Rege (3.10)

Now, note that inequality (2.1) with y; = xt, yj+1 = £ ; and y; 2 = % ; implies that
d* (i fr) — d* (B i ki) < —d* (Fioxe) +2 (expy, £k, expy Fii)
= —d* (%) — 204 (grad f(x) ,exp;k1 fei)
where the last relation is due to the fact that £; ; = eXpy, ( — oy gradf (xk)). Therefore, the first
statement of the lemma follows by combining the last inequality with (3.10). The last statement

of the lemma follows immediately from the first one and the assumption that (3.3) does not
hold. 0

Henceforth, we assume that the following assumption is satisfied.

(A1) The function F = f + g is I — coercive on . .

Note that assumption (A1) implies that the level set M€ is compact and therefore guarantees
that the sequence {x;} generated by the algorithm, has accumulation points.

The next lemma shows that if the current point is not critical, then the inner loop in Step 2 of
Algorithm 1 is finite.

Lemma 3.3. Assume that x;, generated by Algorithm 1 is not a critical point of Problem 1.1.
Then, the inner loop in Algorithm 1 is finite.

Proof. Assume by contradiction that the inner loop in Step 2 of Algorithm 1 does not terminate
at some outer iteration k. Since X ; solves the proximal subproblem (3.1), we have

1 1
2(Xk7l’ Zak,i

g(Xk,i) + d* (% i) < (%) + d* (8 Bi) = 8(ri)- (3.11)
. ” ~ ~ 1~ . .
For any i € N, let uy; € dg(%;). Hence, g(%;) < (%) — <uk7,~,expﬁkixk7,~>, which combined
with (3.11) and the Cauchy-Schwarz inequality, imply that ’
1

206](7,'

d® (%o i) < —(upirexpg Fi) < ugilll| expy, Tl

Since d (% ;, %) = || exp;kl, i ||, the above inequality implies that

d(Xy i Xx i) < 200 || ug |- (3.12)
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Now, note that oy ; = 7’0 — 0 as i — eo. Hence, £ ; = exp,, (— oy ;gradf(x;)) converges to xi
as i — co. In particular, we have that {u ;};cy is bounded, in view of Proposition 2.3. Thus, it
follows from (3.12) that

lim % ; = hmxk, = Xp. (3.13)
[—roo
Now, we claim that
1
f—d(x, > 0. 3.14
inf % ET) (3.14)
Indeed, assume by contradiction, that there exists a subsequence {i; } such that
1
li d i) =0. 3.15
i O i, (i) G-15)

Since Xy ;, is the solution of the proximal inclusion (3.2) with i = i;, we obtain

0c gradd® (%, ) + 08(%riy)

Ok i)

where the last equality is due to the last relation in Example 2.1. Thus, we have
1 1 . - . -
Wi = g expfkil i)+ grad f (% ;,) € grad f (%) +0g (%) - (3.16)
i '

Let us now show that the sequence {wy;} converges to zero as [ — oo . Using the triangle
inequality, we have

Wi || = || grad f (%) — P grad f (xi) + ’@xkfk,il grad f (xi) + eXp;,{L Xy

ki

< ngadf(ik,,-l) — szk,xkl grad f(xy H +

P, (o, - grad f(x)) + exp;}fil R i,
(3.17)

Since, by (3.13), {f;} converges to x; as i — o, using the continuity of parallel transport and
the continuity of gradf, we conclude that

G 1= [erad (%) ~ Pz rad (3

On the other hand, note that exp;k1 Rk = —og i gradf(xe), k is fixed, and { (&%) }ien
is bounded, in view of (3.13). In particular, there exists a compact set £ such that the triple
(Xk,i> Xk, Xx.;) belongs to Q, for all i € N. Therefore, it follows from Lemma 3.1 with x = % ;,
y = xi and z = £y ;,, that there exists C > 0 such that

kll

)| =50

(3.18)

e
ak N

—1a
expxkl Xk 51 + gxk,xk, (ak 1y gradf xk H - expxkl xk R/ ‘@Xkyfk,il (expxk xk,i[)

k,i,

< d (X, Xii,)-

Ok i)
Combining the latter inequality with (3.17) and the definition of {; ;, we have

C
Wi || < G+ @d(xk,fk,i,)-
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It follows from the above inequality, (3.15), and (3.18) that {wk7,~1} converges to zero as [ — oo.
Hence, since, in view of (3.13), lim; . X ; = x;, we have from (3.16), the continuity of grad f,
and the closed graph property of dg (see Remark 2.1), that

0 € grad f(x) + dg(x),

which implies that x; is a critical point of Problem 1.1, contradicting the assumption of the
lemma. Therefore, the claim is proved, i.e., (3.14) holds. On the other hand, since we are
assuming that the inner loop of Algorithm 1 does not stop, we have from Lemma 3.2 that there
exists Ry ; = o(d(xx, %k ;)) such that

RkJ' > l1-o
d(xg, X))~ 204,

d(xk,)f]w').

Thus, since, in view of (3.13), lim; e % ; = x and ¢ € (0,1), we obtain lim;_,. O%d(xk,xk )=
0, contradicting (3.14). Therefore, we conclude that the inner loop must indeed be finite, and
the lemma is proved. H

4. CONVERGENCE ANALYSIS

In this section, we carry out the convergence analysis of Algorithm 1 and prove the main
convergence results of this paper, namely, Theorems 4.1 and 4.2, which show, respectively, that
every accumulation point of the sequence {x;} is a critical point to problem 1.1 and that the
whole sequence converges under a special property. To this end, we assume that Algorithm 1
generates an infinite sequence {x;}. To establish the aforementioned results, we first state
and prove three technical lemmas. First, we analyze the sequence of the distance between
consecutive iterates {d(xy,xx+1)} and show, in particular, that it converges to zero. Second, we
show that, along a convergent subsequence of {x;}, the sequence {d(xi,zr)/ %} converges to
zero even if {0y } converges to zero, where z; := Xi.i,—1 18 the second-to-last iterate of the inner
procedure used to update x;. Finally, we consider a special sequence of “subgradients” of F and
show an important relation that will be used to establish our main results.

Lemma 4.1. The following inequalities hold

() L0 54 (i) < oo
(i) limgeod (xg,x411) = 0.

Proof. (i) Using the acceptance criterion (3.3) and the definitions of oy and x; 1, we get
c
F(xp11) SF(xk)—z—akdz (X, Xk11),  VkeN. (4.1)

Hence, by Remark 3.1, the sequence of functional values is monotonically decreasing. More-

over, since (A1) holds, then, the level set MF (x0) jg compact and therefore {x; } has accumulation

points. In particular, we have that —eo < F* := limF (x;) < F (x;),V k € N. Then, it follows
J—eo

from (4.1) that

K K
Y g Geotin) < L () = F (ix11)) = F o) = F(x0)
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which implies that
~+oo

6 *
Y o (v xi1) S F(xg) — F* < oo,
i—0 20%

proving statement ().
(ii) This statement follows immediately from (i) and the fact that aik > am;ax forallke N. O

Lemma 4.2. Let {x;};c» be a convergent subsequence of {x;} and assume that {0 }re v
converges to zero. Then, we have

1
lim  d(xg,zx) =0 lim —d(xg,zx) =0
k—so0 k€A (xk,2¢) = 0, k—soo ke Ol (5k,26) =0,
where
_ O -
O 1= O j—1 = 7, Tk = Xk i—1, Vke X .

Proof. First note that {ay }rec » converges to zero. Using the definition of &y and the fact that
Zx 1s the solution of the proximal subproblem at step 2 of Algorithm 1 with i = i; — 1, we have

1 1
—d* (z1,%) < ——d® (%, 2 4
g(Zk)+2ak (Zk,Zk) _g(xk)+2ak (xk,Zk), )
where 2 := £ ;, 1. This inequality can be rewritten as
1

g (z) — 8 (x) < o [d? (x, 2c) — d* (20, 21)]. (4.2)
k

On the other hand, it follows from Proposition 2.1 with y; = xi, yj+1 = 2 and y;, = z; that
d (xi, 2) — d® (2, 2k) < —d” (2 %) +2 (expy,' 2k, expy,' 2)
= —d*(xk, 2) — 20y (grad f (x¢) ,expy ' z) , (4.3)
where the last relation is due to the fact that Z; = exp,, (—0ygrad f(x;)). It follows from (4.2),
(4.3), the Cauchy-Schwartz inequality, and by considering u; € dg(x;) for any k € ¢, that
) ~1

2—6%61 (e, 2x) < g(xk) — g(zx) — (grad f (xx) ,expy ' z)

< —(uk,exp;k1 %) — <gradf (xx) ,exp;k1 zk>

= — (ux +grad f (xx) ,expy,' z)

< foe + grad f (o) ||| expy,' 2l (4.4)
where the second inequality is due to g(zx) > g(xx) + (uk,expx_k1 zx) for any k € . Since
d(xg,zr) = || exp;k1 zk||, it follows from (4.4) that

d(x,zx) < 20 ||lug +grad f(xe)|[,  Vke€ .

Now, since {x; }rc . is convergent, we have that {grad f(x;) }re» and {uy }rc» are bounded,
in view of the continuity of grad f, the fact that u; € dg(x;), and Proposition 2.3. Thus, since
{04} rer converges to zero, it follows from the above inequality that {d (x,zx) }xe» converges
to zero. Now, since z; does not satisfy the acceptance criterion (3.3) and {(xg,2x) breor is
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bounded, it follows from Lemma 3.2 with i = i; — 1 and the definition of z; that there exists
Rk = Rk,ik—l = o(d(xk,zk)) such that
Rk l—-0o
> —
d(xgz) ~ 204
Therefore, since {d(xx,zx) }re» converges to zero, the left hand side of the above inequality

also goes to zero, and then the proof of the lemma follows from the above inequality by noting
that o € (0,1). O

d(xkvzk)'

Lemma 4.3. Let sequences {(xXi,Xki,Xki)} and {04 ;} be generated by step 2 of Algorithm 1
and define
N 1 A
sk = grad f (% ;) + _OCk : expik}i Rk - 4.5)
)

Then, for every pair (k,i), there hold s; € grad f (% ;) + dg (%) and

C .
d(xk,ka'), (46)

skl < [|erad f (Fs) — Pu,.z grad f () || + o
)

for some scalar C > 0 that does not depend on (k,i).

Proof. Recall that Xy ; = exp,, (—ock7,~ grad f (xk)). By the optimality condition (3.2) and the last
relation of Example 2.1, we have

0c 2qu'graddz (%xir Rx.i) + 98 (%)
1
— _@expi_/:iﬁk,i +0g (%) -

Thus, we have

1 1. - ~
expxk,l,- B € grad f (%) + 08 (%ii)

ki
proving the first statement of the lemma. Now, using the definition of s;; and the triangle
inequality, we have

sk = grad f (% ;) +

lswall =

. 1 1
grad f(%.;) + —expy, | £
O i ’

i L
grad f (i) = P 5,800 £ (50) + Py 5, 20 f (x) +——expy !

ki

1
< ||gradf(fk,i) - ‘@xkafk,i gradf(xk)” + a

I

exp);](}i)?k’i+ P (ockjgradf(xk)) H :
4.7)

Now, note that from Remark 3.1, we have F(x;) < F(xo) for all k, and from Assumption (A1),
we have that {x;} is bounded. From the continuity of the exponential map and the gradient of
[ the definition % ; = exp,, (—Ock7,~ grad f (xk)) , and the fact that both sequences {0y ;} and {x;}
are bounded, we conclude that {fk,i} is also bounded. On the other hand, similarly to the first
part of the proof of Lemma 3.3, one may show that (3.12) holds, i.e., d (& ;, %) < 204 ||ux i,
where uy; € dg(%y;), for every pair (k,i). Since {# ;} is bounded, Proposition 2.3 implies that
{ug;} is also bounded. Hence, it follows from the latter inequality and the boundedness of
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{ogi} and {% ;} that {X;} is also bounded. We then conclude that there exists a compact set
Q such that the triple (X ;,x¢, % ;) belongs to Q, for all pairs of indices (k,i). Hence, it follows
from Lemma 3.1 with x = X ;, y = x;, and z = X ; that there exists C > 0 such that

A 1 1. 1.
_ockv eXkaiXk,H-e@xk,xk,i (ak,igradf (xk))H = O eXkaiXk,i—«@xk,xk,,- (expxklxk,i)H
5L S :
C
< —d(x;, X 7).
S % (XK, Xr i)

Therefore, the second statement of the lemma follows by combining the latter inequality and
4.7). OJ

In the following, we present the main convergence results of this paper. The first one shows
that any accumulation points of the sequence {x;} is critical to Problem 1.1. The second result
establishes the convergence of the whole sequence {x;} under the assumption that the objective
function has an isolated critical point which is a accumulation point of {x;}.

Theorem 4.1. The sequence {x; } generated by Algorithm 1 is bounded, and every accumulation
point of it is a critical point of Problem 1.1.

Proof. First note that from Remark 3.1, the sequence {F(x;)} is decreasing and hence {x;} is
contained in MF ("0), the first sub-level set of F, which is a compact set in view of (A1). Thus,
the sequence {x;} is bounded. Now, let a subsequence {x; };c » converging to an accumulation
point x*, and let {0y } be the sequence of step sizes generated by Algorithm 1. We continue the
proof by analyzing two cases, depending on whether the subsequence {0y }ic » converges to
zero or not. First, assume that {0y }rc_» converges to zero and define

< _ 10/ SN o _
U= Fei—ts Ok = Oi—1 =~ L = Rej—1 = eXpy (— oy grad f(xi)) -
Considering sy ; as in Lemma 4.3, it follows from (4.5) and (4.6) that
Sti—1 = grad f(zi) +expy,' 2 € grad f(zi) +9g (z) (4.8)
C
sk —11] < [lgrad f(zk) — Pz grad f () || + a_kd(xkazk)- (4.9)

Now, since {x;}rer — x* and {0 }rc» — 0, Lemma 4.2 together with the definition of 2
implies that {d(xy,zx) }ker and { alkd (xk,2k) tker both converge to zero, and that {zx }re r
and {Z}ie. both converge to x*. Hence, it follows from (4.8) and (4.9) that {s¢;, 1 }ke.r
converges to zero and that 0 € grad f(x*) + dg (x*), in view of the continuity of grad f and the
closed graph property of dg (see Remark 2.1). Consequently, the statement of the theorem
follows if the {ay }re » converges to zero.

Now, assume that { oy }rc.» does not converge to zero. In this case, using Lemma 4.3 with
i = iy, and recalling that x| = X ;,, 0% = o ;, and % ; = exp,, (—0y grad f(x;)), we have

1 R
Sk, = grad f(xgq 1) — z—akgfad d* (xps1,%e,) € grad f(xes1) + 08 (xes1), (4.10)
C
s || < ||grad f (xes1) — Py 8rad f(x) || + Ekd(xkaxh—l)- (4.11)

Since, by Lemma 4.1(ii), the sequence {d (xi,X;+1) }re» converges to zero, using (4.10), (4.11),
together with the facts that {x; }xc » — x* and {0y }re» # 0, we deduce that a subsequence of
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{8k, tker converges to zero and that 0 € grad f(x*) + dg (x*). Therefore, x* is a critical point
of Problem 1.1, and the proof of the theorem is complete. U

In view of Lemma 4.1, we see that the next result may be proved in a manner similar to [28];
see also [23]. However, we present a detailed proof for the sake of completeness.

Theorem 4.2. Let X be an accumulation point of the sequence {x; }, which is an isolated critical
point of the objective function F. Then the entire sequence {x;} converges to .

Proof. Tt follows from Theorem 4.1 that {x; } is bounded and every accumulation point belongs
to crit(F), the set of critical points of F. Now, since X is an isolated critical point for F, there
exists a sufficiently small 6 > 0 such that ¥ is the only critical point of F in % (x,46). Consider
the sets S := crit(F) \ {x} and S5 := {x € 4 :d(x,S) < 0}. We claim that there exists kg € N
such that x; € #(x,0) USs, for all k > kg. Indeed, if there is no such a ky € N, then we may
construct a subsequence {x; }rer C (B(%,8)US5)C. Since {x;}rcx is bounded and every
accumulation point belongs to crit(F), this implies that there exists a critical point £ of F such
that min{d(%,x),d(%,S)} > & which contradicts the fact that crit(F) = SU{x}. Hence, the
claim is true. Now, note that Lemma 4.1(ii) implies that d(xg,x;1) — 0, and then there exists
ki > ko such that d(xg,x;41) < 0 for every k > kj. Since X is an accumulation point of the
sequence {x}, there exists a subsequence {x;}rc» C Z(X,8). We may assume without loss
of generality that k > k; for any k € JZ. We argue that for any k£ € N such that k > k; and
X € B(x,0), we have that x; | also belongs to (%, ). Indeed, let an arbitrary x* € S. Since &
is the only critical point of F in % (x,40), and max{d(xy,x),d(x;,xx1)} < 8, by applying the
triangle inequality twice, we obtain

d (xXpq1,x") = d (x", %) —d (%,x¢) — d (g, Xp41)
>46—-6—6=290.

Hence, since x* is an arbitrary element in S, we conclude d(x;11,S) > 26. On the other hand,
X1 € B(X,0)USs, because k > k; > ko. Thus, we must have that x| € Z#(%,0). We then
conclude that for any k > ki, we have x; € %(x, ). Therefore, since every accumulation point
of {x;} is critical for Problem (1.1) and ¥ is the only critical point in %(x, d), we conclude that
the entire sequence {x; } must converge to X, proving the theorem. U

Remark 4.1. Note that the last theorem encompasses the particular case where the problem
admits a finite number of critical points (see [24, Theorem 14.1.5]). It is worth emphasizing
that the authors in [17] explored this result within the proximal gradient model in the Euclidean
setting.

5. CONCLUSION

In this work, we extend a monotone proximal gradient method from the Euclidean setting
to the context of Hadamard manifolds, focusing on solving nonsmooth and nonconvex opti-
mization problems of the form F = f + g, where f is smooth, possibly nonconvex, and g is
convex, possibly nonsmooth. The proximal gradient mapping is defined by solving a subprob-
lem on the manifold, leveraging its geometric structure. We establish the convergence of the
proposed methods to critical points of the objective function F. The convergence analysis takes
advantage of the special geometry of Hadamard manifolds, allowing applicability in settings
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where the Lipschitz continuity of the gradient of f is not required. We present global conver-
gence results under the assumption of the existence of an isolated critical point of the objective
function.
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