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Abstract

Wasserstein distributionally robust optimization (DRO), a leading paradigm in data-driven
decision-making, entails the evaluation of worst-case risk over a high-dimensional Wasserstein
ball-a major computational burden. In this paper, we study when the worst-case risk problem
admits an exact reduction to the evaluation of risk over a one-dimensional projected Wasserstein
ball—a property we refer to as projection equivalence. This reduction depends on the class of
risk functions used to evaluate risk: starting from the most general law-invariant risk functions
and progressing through monotone risk functions, coherent risk measures, and further special-
ized classes, we provide a complete characterization—namely, necessary and sufficient conditions
on the loss function under which projection equivalence holds. This not only simplifies the
evaluation of worst-case risk but also enables a further characterization of cases in which the
worst-case problem admits an exact regularization reformulation, significantly extending beyond
previously known results. Applications to distributionally robust chance-constrained programs

and classification problems are presented.

1 Introduction

Wasserstein distributionally robust optimization (DRO) has emerged as a dominant paradigm
for optimization under uncertainty, gaining prominence across operations research, statistics, fi-
nance, and machine learning. Its strength lies in safeguarding decisions against distributional am-
biguity while maintaining strong out-of-sample guarantees. In its most general form, Wasserstein

DRO can be expressed as

. F
min  sup p (f(§)),
f€F FeB,(Foe) ( ( ))
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where F denotes the admissible decision class, f represents a decision-dependent loss function, p
is a risk functional, and B,(Fp,¢) is the p-Wasserstein ball of radius € > 0 centered at a nominal
distribution Fy. This formulation accommodates a wide array of performance criteria through
the choice of p: expectation in the classical Wasserstein DRO setting, risk measures in finance,
statistical functionals in inference, and loss- or utility-based objectives in machine learning.

The primary challenge lies in the inner problem, which we refer to as the worst-case risk problem:

sup  p"(f(€))- (1)

FeB,(Fo,e)

When the random vector € is high-dimensional, evaluating (1) becomes the dominant bottleneck,
and addressing this difficulty is critical for both the theoretical analysis and the practical implemen-
tation of Wasserstein DRO. In certain cases, however, the high-dimensional worst-case problem (1)
admits an ezact reduction to a one-dimensional problem over a Wasserstein ball centered at the

distribution of f(£) under Fy—a property we term projection equivalence:

e P (f(8) = e P (X), (2)
where C,(f | Fo,e) denotes the one-dimensional p-Wasserstein ball centered at G, the distribution
of f(¢) for ¢ ~ Fy. Thus the high-dimensional worst-case risk evaluation reduces exactly to its
one-dimensional counterpart, yielding substantial benefits for both computation and analysis, and
in many cases leading to closed-form or efficiently computable solutions.

Projection equivalence has thus far been observed only in limited settings, most notably when
the loss function f is linear (Mao et al. (2022)). In this case, Wu et al. (2022) and Aolaritei et al.
(2023) obtain projection equivalence by establishing a set-level equivalence: the projection of the
high-dimensional Wasserstein ball through f coincides exactly with the one-dimensional Wasserstein
ball C,(f | Fo,e). However, as noted in Wu et al. (2022) and Aolaritei et al. (2023), such set-level
equivalence is generally impossible beyond the affine case. In more general settings, only a set-
inclusion relationship can be established: the projection of the high-dimensional Wasserstein ball
through f is contained in the one-dimensional Wasserstein ball C,,(f | Fo,€) (see, e.g., Santambrogio
(2015)). This in turn implies that the one-dimensional worst-case problem, i.e., the right-hand side
of (2), provides at best an upper bound on the full-dimensional worst-case problem, i.e., the left-
hand side of (2).

Set-level equivalence is, however, a stronger property than projection equivalence, and hence may

be unnecessarily restrictive for reducing the worst-case risk problem. For the purpose of problem



reduction, what ultimately matters is whether the worst-case evaluations coincide, not whether the
underlying ambiguity sets are identical. The linear case therefore represents only a narrow special
instance, leaving open the fundamental question of when exact reduction is possible across broader
classes of loss functions and risk functionals, even in the absence of set-level equivalence.

To the best of our knowledge, no prior work has provided a complete characterization of when
projection equivalence holds beyond the linear setting. More generally, whether such an equivalence
holds depends on the class of risk functionals used to evaluate risk. In this paper, we close this gap by
developing a hierarchy of results: starting from the most general law-invariant risk functionals and
then specializing to monotone functionals, coherent risk measures, and further subclasses, we derive
necessary and sufficient conditions on the loss functions f under which projection equivalence (2)
holds, thus providing a complete characterization. On the one hand, our results reveal that solving
the high-dimensional worst-case risk problem via its one-dimensional counterpart is possible for
classes of loss functions that extend far beyond the linear case. On the other hand, and perhaps
even more theoretically intriguing, our results also constitute impossibility results: such a reduction
is provably not possible for any loss function outside the identified classes. This establishes a
sharp boundary for projection equivalence in Wasserstein DRO, delineating precisely when exact
reduction is feasible and when it is not. As an application, we show how our reduction results enable
an exact reformulation of Wasserstein chance-constrained programs, extending in a nontrivial way
the previous results of Xie (2021) and Chen et al. (2024) from the type-1 Wasserstein setting to
general type-p.

As another key benefit of reduction, our results show that projection equivalence enables the
identification of broader conditions under which Wasserstein DRO problems admit an exact reformu-
lation as regularized optimization problems (Pflug et al., 2012; Blanchet et al., 2019; Shafieezadeh-
Abadeh et al., 2019; Gao et al., 2024; Wu et al., 2022). Such reformulations are of great interest
in both optimization and machine learning, as they reveal when Wasserstein DRO can be inter-
preted and solved through regularization schemes commonly applied in practice. Previously, exact
regularization reformulations were known only in restricted cases: in particular, when the risk func-
tional is the expectation (Shafieezadeh-Abadeh et al., 2019; Gao et al., 2024), or more generally,
for other risk functionals but limited to linear loss functions (Wu et al., 2022). Our results extend
these findings substantially by pinpointing precisely when such reformulations exist across broader
classes of risk functionals and loss functions.

We further extend the reduction result (2) to the classification setting, showing that exact

reduction remains possible but only for a more restricted class of loss functions, whereas the existing



literature has primarily focused on linear classifiers (e.g., Kuhn et al. (2019), Ho-Nguyen and Wright
(2023)).

Finally, to provide a high-level perspective on our key results—including set equivalence, pro-
jection equivalence, regularization, and the exact characterization of loss functions—we summarize

their relationships in Figure 1.

Our contributions. This paper makes the following advances:

1. Complete characterization. We provide necessary and sufficient conditions under which
the high-dimensional worst-case risk problem reduces exactly to its one-dimensional counter-

part, offering the first full characterization of projection equivalence in Wasserstein DRO.

2. Beyond set preservation. We show that projection equivalence can hold even without
set-level equivalence, revealing a broader class of (f, p) pairs than previously recognized and

establishing sharp impossibility boundaries beyond them.

3. Functional characterization. For convex losses, we identify the exact family of functions
admitting projection equivalence via convex isometric subgradients, subsuming affine and

piecewise-linear forms as special cases.

4. Regularization reformulations. Leveraging projection equivalence, we derive precise con-
ditions under which Wasserstein DRO admits exact regularization representations, substan-

tially extending prior results beyond expectation and linear losses.

2 Preliminaries

Let (€2, A4,P) be an atomless probability space. A random vector £ is a measurable mapping
from © to R, n € N. Denote by F¢ the distribution of £ under P. Denote by M(R") the the
set of all distributions on R™. For p > 1, let LP := LP(Q, A,P) be the set of all random variables
with finite pth moment and M,,(R"™) be the set of all distributions on R™ with finite pth moment in
each component. For any norm || - || on R", its dual norm || - ||« is defined as |[y|[« = supjx<1 x'y.
Let ¢ denote the Holder conjugate of p, i.e., 1/p+ 1/¢ = 1. For a real number z € R, we use
x4 = max{z,0} and x_ = max{—=z,0}; and for m € N, denote by [m] = {1,...,m}. Let ¢; € R"
be the vector whose ith element is 1 and all other elements are 0 for i € [n]. Let x_; denote the
vector obtained by removing the i-th component from x € R"™. Similarly, x_; ;) denote the vector

obtained by removing the i-th and j-th components. Denote by d, the Dirac distribution at z € R".



Figure 1: Illustration of the relationships in Theorems 1 and 2
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Notes. The three conditions in the first layer are assumed to hold for all Fo € M(R™) and all € > 0, while the first
two conditions in the second layer are assumed to hold for all x € R™ and all € > 0. We assume that f : R" — R
is a Lipschitz function. For simplicity, we set Lip(f) = ¢y = 1. The equivalence stated in Theorem 2 holds under
the assumption that suppep, (5 ) o" (f(&) = SUPGec, (f|Fo.e) p%(X) holds for any monotone risk measure p. We say
that “sup p admits reg. form” if there exists a constant C, € R such that supgec, (f/r,e) p%(X) = p™(f(¢)) + Cpe.
Theorem 5 shows that, when p > 1, p = pp, is a convex distortion risk measure, and f is convex, the two conclusions
on the right are equivalent, with C,, = ||l/||q, where ¢ is the Holder conjugate of p.

We denote by x oy the Hadamard (element-wise) product of vectors x and y, i.e., the vector whose
i-th component is given by (x oy); = z;y;.

For any two n-dimensional distributions F; and Fs, the type-p Wasserstein metric is defined as

W, (F1, Fp) = inf  (E7[||& — &]P])"” 3
p(FLF) = il (6 - &lP), )
where || - || is a norm on R"™, and II(F}, F3) denotes the set of all distributions on R"™ x R™ with

marginals F; and Fb.

We define the ball of distributions B, (Fp, ) on R" as
By (Fo,e) = {F € Mp(R") : W,y (F, Fp) < e}, (4)

and refer to it as the type-p Wasserstein ball throughout this paper.

We begin by formalizing the notion of a projection-induced ambiguity set, along with the classes
of risk functionals under which our main results are developed. Let f : R™ — R be a loss function,
Fy € M(R™) be a nominal distribution, and € > 0. The projection-induced p-Wasserstein ball is
defined as

By (f | Fo,€) := { Fpe) : Fe € By(Fo,e) },

where F¢) denotes the distribution of the scalar random variable f(§) for £ ~ Fg. We also write



Cp(f| Fo,e) :==B,(Go,e) € M(R) for the one-dimensional type-p Wasserstein ball centered at Go,
the distribution of f(¢) for ¢ ~ Fy. If f is Lipschitz continuous, we define its Lipschitz constant

with respect to the norm used in the Wasserstein metric as

UG ()]
Lip(f) :=sup = =

Let & denote a space of real-valued random variables. We refer to any functional p: X — R as

a 1isk functional, and consider the following nested classes:

(i) Law-invariant finite-valued risk functionals. A risk functional p is law-invariant if

p(X) =p(Y) for all X, Y € X such that X 2y, We assume that p(X) < oo forall X € X.

(ii) Law-invariant monotone risk functionals. A risk functional p is monotone if p(X) <

p(Y) whenever X <Y almost surely.

(iii) Law-invariant coherent risk measures. A risk functional p is coherent if it is

monotone and satisfies the following properties:

— Translation invariance: p(X +m) = p(X) + m for all m € R,
— Positive homogeneity: p(AX) = A\p(X) for all A > 0,

— Subadditivity: p(X +Y) < p(X) + p(Y).

It is well known that any law-invariant, coherent, and lower semicontinuous risk measure p :
LP — R admits a Kusuoka representation (Kusuoka, 2001; Filipovic and Svindland, 2007; Shapiro,
2013) of the form

1
P (X) = sup [ CVaRE(X) du(a), (5)
HEMp JO

where .#), is a set of probability measures on [0, 1], and CVaR% (X) is the Conditional Value-at-Risk
(CVaR, also called Expected Shortfall, ES) at level « € [0, 1] defined as

1
CVaRE(X) = ! /F—l(s)ds, a€[0,1), and CVaRY(X)=F~1(1).

Cl-a

In this paper, we call a coherent risk measure regular if it admits a Kusuoka representation of the
form (5) with

1

1

C, = sup / fdu(a) < 00.
neMp J0 -«



We denote by Riaw, Rumon, and Reon the respective classes of law-invariant finite-valued risk

functionals, monotone risk functionals, and regular coherent risk measures, where

Rcoh C Rmon c Rlaw-

3 Projection Equivalence in Wasserstein DRO

We now present our main results: a complete characterization of the loss functions f for which
projection equivalence (2) holds. Our analysis proceeds hierarchically, beginning with the most
general class of risk functionals, R}y, and moving to the more structured classes of monotone
(Rmon) and coherent (Reon) risk measures. This progression reveals progressively broader classes

of loss functions that admit projection equivalence.

3.1 Case Riaw

When projection equivalence is required to hold across the most general class of risk functionals,
it coincides with set equivalence. Theorem 1 gives the necessary and sufficient conditions for this

equivalence and a complete characterization of the admissible loss functions.
Theorem 1. Forp > 1, let f : R™ — R be a function. Then the following statements are equivalent.

(i) There exists cy > 0 such that

sup  p" (f(€)=  sup  pYX) (6)
FeB,(Fo.e) GeCy(f|Fo,cre)

holds for any p € Riaw, Fo € M(R™) and € > 0.

(ii) There exists cy > 0 such that for any Fy € M(R™) and € > 0, it holds that
Bp(f’F07€) :Cp(f’FClvcfE)' (7>
(iii) The function f is Lipschitz continuous, and

()= inf flx+y)= sup f(x+y)—f(x) =Lip(fle, VxR, >0  (8)

llyll<e lyli<e

While the set-equivalence condition (i7) is sufficient—since (i7) = (i) follows directly from the

definition—establishing its necessity, i.e., (i) = (i), is considerably more delicate. As shown later,



this necessity no longer holds once we move to more refined classes of risk functionals, where
projection equivalence may arise even without set-level coincidence. Furthermore, whereas set-level
equivalence (7) was previously known only for linear loss functions f, characterization (iii) reveals
that linearity is not required.

To shed light on when linearity is essential and when it is not, we provide a refined characteri-
zation of functions with Lip(f) > 0 that satisfy (8) under common norms, including || - ||; and || - |4
for a € (1,00). In particular, we first show that (8) can be sharpened under a strictly convex norm
(Clarkson, 1936), i.e., a norm such that for any x,y € R" with [|x|| = ||y|]| = 1 and ||x — y|| # 0,
one has ||x +y|| < 2. It is well known that || - ||, with a € (1,00) is strictly convex. Under these

norms, linearity of the loss function f becomes necessary.

Proposition 1. Let f : R™ — R be a Lipschitz function with Lip(f) > 0. If || - || is a strictly convex

norm, then f satisfies (8) is equivalent to there exists v with ||v|| =1 such that
f(x+tv) — f(x) =Lip(f)t, VxeR", teR. 9)
In particular, if |- || = || - |la, @ € (1,00), then f satisfies (9) if and only if f(x) = BT x+b for some

B R and b € R.

We next show that (8) can also be sharpened under || - |1, where a significantly richer class of

admissible loss functions emerges.

Proposition 2. If || - || = || - |[1 s the £1-norm, then for any x € R", there exist i,j € [n]| such that
J(x+181) — F(x) = F(x) — f(x+ 185) = Tip(f)t, ¥t >0, (10)

where &; € {xe;},i € [n].
Corollary 1. Given || - || = || - |1, if f is given by the following two cases, then f satisfies (10).

(a) f(x)=c(B"x+g(nox)) wherec:=Lip(f), [|Blle = 1, Biymi € {1, 1,0}, 4 € [n], Bon = 0,
and g is a Lipschitz function with Lip(g) < 1.

(b) f(x) = c(187x| = |v"x| +g(nox)), where ¢ == Lip(f), IBlloc = [Vl = 1, Bisviymi €
{1,-1,0}, i€ n], Bon=von=PBov =0, and g is a Lipschitz function with Lip(g) < 1.

In other words, such functions may consist of a linear term, or the difference of two absolute-value
terms depending on disjoint subsets of the coordinates of x, together with a nontrivial Lipschitz

component acting on the complementary coordinates.



3.2 Case Rmon

We next show that, when projection equivalence is required to hold across all monotone risk
measures, the stringent set-level equivalence (7) is no longer necessary. Instead, a weaker condition
on the loss function f suffices—one that admits a substantially richer class of functions than in the

previous setting.
Theorem 2. Forp > 1, let f : R® — R be a function. The following statements are equivalent.

(i) There exists cy > 0 such that

sup  p" (f(€)=  sup  pY(X) (11)
FGBp(Fo,é‘) GECp(ﬂFo,Cfe)

holds for any p € Rumon, Fo € M(R™) and € > 0.

(ii) There exists cy > 0 such that

sup f(x+y)— f(x)=cre, VxeR" e>0. (12)

lyll<e

When f is convex, condition (12) can be further sharpened and, in fact, admits a closed-form

characterization, yielding a complete representation of all functions that satisfy it.

Proposition 3. If f : R™ — R is a convex function and p > 1, then the function in (12) must

admit the form of cy 20, B; € R", i € I, with ||B;||« =1 and b; € R such that
) = mase{erB]x + b, (13)

We refer to any function f of the form (13) with ¢y = 1 as a convex isometric subgradient

function. Such a function satisfies

fx)= sup {x'y—fy)}h!

lyll-=1

!One can verify that a function f is a convex isometric subgradient function if and only if f satisfies f(x) =
supjyj.—1{x'y — f*(y)}. Suppose f(x) = supy,_1{x'y — f*(y)}. Let I :={y € R" : |ly|l. = 1}, and define
By :=y and by := —f*(y) for y € I. Then f can be written as f(x) = supyel{xT,By + by}, which is a desired
form. Conversely, suppose f take the form of (13). We claim that for any x € R™ and € > 0, the following holds:
Sup)y < f(x+y)— f(x) = €. Indeed, for any |ly|| < &, we have f(x+y)— f(x) < sup, v ' Bi < e by Hélder’s inequality.
On the other hand, for each x € R, there exists io € I such that f(x) = B, x+b;, and since ||B;, ||« = 1, there exists
zo with ||zo|| = 1 such that B, zo = 1. Setting yo := ezo gives f(x + yo) — f(x) > . Thus, the claim is established.
It follows that for any x € R™, the subgradient of f at x, denoted by Vf(x), satisfies |V f|l« = 1. Therefore,
since all subgradients lie on ||y|. = 1, the Fenchel Moreau theorem gives f(x) = maxyedoms{X'y — f*(y)} =
max|y|,—1{x"y — f*(y)}-



where f* denotes the conjugate of f.
Example 1. The following are concrete instances of convex isometric subgradient functions:

(i) The norm function: f(x) = [|x|| = supyg|, =1 B'x. We have ¢; = 1 and by Theorem 2, for
any monotone risk measure p, Fyp € M(R") and € > 0 it holds that

sup PP (JlE = sup  pO(X).
FeB,(Fo.e) GEBy(Fi¢-2)

(ii) The absolute value linear function: f(x) = |3"x+b|, 3 € R", b € R. We have c; = ||3]|. and
by Theorem 2, for any monotone risk measure p, Fyp € M(R") and € > 0 it holds that

o ()= S
FGBP(F07€) GGB;D(F|BTC+b|7||ﬁ”*€)
(iii) IF[[-|| = I[-]l1 is the f1-norm, then f(x) = max;(Bi1z1+" - -+ BinTn+0bi) with max;ep, |8is] = cf

for i € I, is a convex isometric subgradient function. In particular, f(x) = max; (8121 + -+

Bin-1Tn—1 + b;) + Tn With max;e; max;cp,—1) [8ij| < 1 is a special case.

Remark 1. It is worth noting that Proposition 3 holds even if we do not assume that f is convex
when n = 1, while the convexity is necessary when n > 2. We give a counter example here. Consider

R? and the norm is given by ||(x1,22)| = /27 + 23, (v1,22) € R% Define

max { —x14+2x9 —x1—222 } — > 0’

fz1,20) = VBt B
max {7“%“, ‘“:/?2} , x1 < 0.

One can check the function f satisfies (12) but f is not convex on the line zo = 0 and thus could

not be written as (13).

One may wonder whether the characterization (12) can be further relaxed when projection
equivalence is required to hold only across a more restrictive class of risk measures. We show that,
perhaps surprisingly, (12) remains necessary even in as specific a case as the widely used Value-at-
Risk. For a random variable X with distribution F', the Value-at-Risk (VaR) at level o € [0,1] is
defined as

VaR{ (X) = inf{z : F(x) > 0} and VaRZ(X)=inf{z: F(z) > a}, a <€ (0,1].

10



Proposition 4. Fiz a € [0,1) andp > 1 and let f : R™ — R be a function. There exists cy > 0
such that

sup  VaRf (f(€))=  sup  VaR{(X) (14)
FEEP(Fo,E) Gecp(f‘Fo,CfE)

holds for any Fy € M(R™) and € > 0 if and only if f satisfies (12).

Remark 2. It is worth noting that Proposition 4 does not hold for « = 1. Note that for any f and
p € [1,00), SuPgec,(f|Fy.cse) VaR{ (X) = oo, and if, moreover, f satisfies supyegn f(x) = 0o, then
SUPFeB, (Fo,e) VaR!" (f(€)) = co. This implies that if f is unbounded from above, then (14) always

holds for o« = 1. Therefore, we have Proposition 4 does not hold for o = 1.

Before proceeding further, we highlight how Proposition 4 facilitates the solution of important

OR/MS problems. Observe that the function f(&) := max;er % is a special case of (13). By
Proposition 4, this yields
F BlEN _ G
sup VaR, ( max = sup VaRJ(X), (15)
FEB,(Fo.e) el [|Bill« /) ce,(Goe)

where Gy is the distribution of f(¢) and ¢ ~ Fp.
We present two important applications of (15). In each case, the reduction to the one-dimensional
worst-case Value-at-Risk problem (the right-hand side of (15)) allows us to invoke the CVaR refor-

mulation in Lemma 1 to solve the original high-dimensional problem (the left-hand side of (15)).

Lemma 1. The worst-case value-at-risk (15) is the unique x € R satisfying

T i + CVaR[? <— <:E — max pi ¢ )p> =0. (16)
+

-« il [|Bill«

Moreover, the value of (15) is strictly increasing in « € [0, 1].

Example 2 (Worst-case risk over multiple portfolios). Let 31,...,3, € R™ denote m portfolio
weight vectors with no short positions, and assume that all of them share the same dual norm, i.e.,
1Bjll« = ||B1]|« for all j =1,...,m. The problem of evaluating the worst-case value-at-risk of the

poorest-performing portfolio is

sup VaRg <max 5; £> .
FeBy(Foe) i€[m]

By applying (15) together with Lemma 1, the problem can be reformulated as the following opti-

11



mization problem:

P P
min z  s.t. 57||ﬁ1H£ + CVaR[D (— [a: - max,BiTC} ) < 0. (17)
1—« i€[m] +
This formulation generalizes the result of Chen and Xie (2021), which is restricted to the case p = 1,

toall p > 1.

Example 3 (Distributionally robust chance-constrainted program). One important application of
Wasserstein DRO is to distributionally robust chance-constrained programs (Wasserstein DRCCPs),
which aim to ensure that constraints hold with high probability under distributional uncertainty.

A typical Wasserstein DRCCP takes the form

min CTX, (18)
xeS

t. inf  PF(aj(x)"¢<b Vi >1-— 1
ot P TE <, V)1 m

where S C R* is a feasible set of the decision vector x, the vector ¢ € R* denotes the objective
function coefficients, and S(x) = {& : a;(x) "€ < b;(x), Vi € [m]} C R is referred to as a safety set
for each x € S. For p = 1, the feasible set has been reformulated in terms of CVaR by Xie (2021)
and Chen et al. (2024). Here, we provide a new perspective and extend the result to general p > 1.

First, the constraint (19) is equivalent to °

v (s (OE0OON)

FEB,(Fo,) i€(m llai ()|«

By applying (15) together with Lemma 1, the problem (18) is equivalent to

minc'x, s.t. a;(x) #0, —CVaRfE77 [—f(x,Q)P] = é:, i€ I(x), (20)

xeSs
or a;(x) =0, bj(x) >0, i¢I(x),
. (bi(x)—ai(x)TC)+ .
where f(x,¢) = min;er(x) e and I(x) = {i € [m] : a;(x) # 0}.
Moreover, observing that

min

i~ S OVARL, [ =(0i() = ai(x) €)% ] > —CVaR{Y, [=f(x,¢)"].

*For a random variable X with distribution F' and n € (0, 1), it holds that F'(0) > 1—n if and only if VaR{_, (X) <
0. To see this, first assume that F'(0) > 1 — 7. By definition of VaR, we have VaR1_,(X) = inf{z: F(z) 2 1—-n} <0
as 0 € {z : F(z) > 1 —n}. Next assume that VaR;_,(X) < 0, that is, inf{z : F(z) > 1 —n} < 0. There exists z | 0
such that F(z) > 1 — n. By right-continuity of F', we have F(0) > 1 —n.

12



we obtain the following tractable optimization problem, which provides a conservative approxima-

tion of (18):

P

minc'x, st. aj(x)#0, min — CVaRE®, [~ (bi(x) — ai(x) &) | = = i€ I(x),
n

xeS i€l(x) m

or a;(x) =0, b;j(x) >0, i¢I(x),

This upper-bound formulation generalizes the result of Xie (2021), which is restricted to p = 1, to
arbitrary p > 1.

3.3 Case Rcon under Wasserstein (p = 1)

As our final general characterization of projection equivalence, we show that projection equiva-
lence can hold for a significantly broader class of loss functions f when restricted to the Wasserstein

ball with p = 1 and to coherent risk measures admitting a Kusuoka representation.
Theorem 3. Let p € Reon and f : R™ = R be a function. We have the following statements hold.

(i) If f is a Lipschitz continuous function and there exist xo € R™ and vy € R™ with ||vi|| =

1,k € N such that

lim Tim sup - (f (xo + mvg) — £(x0)) = Lip(f), (21)

k—o0 m—oo 1M

then we have

sup  pf(f (€)= swp  pYX) (22)
FEBy (Fo.e) GeC1(f|Fo, cre)

holds for any Fy € M (R"™) and € > 0.

(ii) If there exists a compact set D C R™ such that f coincides with some convex function on

R™\D, then we have (21) is also a necessary for (22) to hold for any Fy € M (R™) and e > 0.

1) If, moreover, f is a convex function, then there exists cy = 0 such that (22) holds for any
f

Fy € M(R™) and e > 0 if and only if f is Lipschitz continuous.

4 Exact Regularization via Projection Equivalence

Projection equivalence greatly simplifies worst-case risk problems; in particular, its one dimen-
sional reduction lets us pinpoint exactly when these problems admit a regularization reformula-

tion—a connection of both theoretical and practical significance. Building on the previous section’s

13



results and focusing on several prominent families of risk functionals, we characterize the loss func-
tions f for which worst-case risk problems in Wasserstein DRO admit exact reformulations as
regularized empirical risk problems. As a byproduct, we show that for higher orders p > 1 the
condition (12) is often necessary for both projection equivalence and the existence of such regu-
larization, even within specific families of risk functionals. By contrast, for p = 1 (Wasserstein-1),
exact regularization holds for a substantially larger class of loss functions. We begin with the

higher-order case p > 1.

4.1 Higher-Order Case (p > 1)
Higher-order risk functionals

As a first higher-order risk functional, we study the worst-case L, risk

sup  (EF [P (&))",
FeB,(Fo,e)

where f: R"™ — R,. This formulation generalizes the classical worst-case expectation (p = 1) and
underpins many important higher-order risk functionals, making it a natural basis for our analysis.
Below, we present an exact characterization of the loss functions f that are necessary and sufficient

for the existence of an exact regularization reformulation.

Theorem 4. Let f: R™ — R, be a Lipschitz continuous and convex function. For any p € (1,00),

there exists cy > 0 such that

1 1 1
sw (B[ @)= sw EOIXP) = BR[O Hepe (23)
FE]BP(F(),E) GECP(ﬁFo,CfE)
holds for any Fy € M(R™) and € > 0 if and only if there exist cy > 0, B; € R", i € I, with ||Bi]|« =1
and b; € R such that

) = (matesl x4 ) (24)

n
The functional form (24) is a slight generalization of (12) from the projection equivalence result
(Theorem 2), underscoring the close connection between projection equivalence and regularization
reformulation.
We next consider risk functionals of the form

D (X) = inf (EF [£°(X, H)"? and  HE(X) = inf {t + (EF (X, t)])l/p} (25)
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for some loss function £. These two forms cover many widely used risk measures, including variance
and other higher-moment measures. By Theorem 4, each admits an exact regularization counter-

part.

Corollary 2. For any p € (1,00), ¢ > 0, and f(€) = max;er, {3, & + b;} with B; € R™ with
1Bill =1 and b; € R, i € I}, let Dy, and H, be defined by (25) with {(z,t) = c(z + maxjer, {d;jt})+

for some dj € R, j € Ia. Then we have the following statements hold.

(1) If minjer, dj < 0 < maxjer, dj, then

sup  Dp (f(&) =Dy° (f({)) + ce. (26)
FeB,(Fo.e)

If minjer, dj > 0 or maxjer, dj <0, then we have D} (f(€)) =0 for any F € M, (R™).

(it) If cminjer, dj < —1, then

sup  Hy, (f(€)) = H," (F(Q)) +ce. (27)

FeBy,(Fo,e)
If cminjer, dj > —1, then HE (§) = —oo for any F € M, (R™).

Corollary 3. For any p € (1,00), ¢ > 0 and f(&) := BT& +b with B € R® and b € R, let D, and
M, be defined by (25) with £(z,t) = c(max{z —dit,—z —dat} +ds3)+, j € [3]. We have the following

statements hold.

(1) If min{dy,d2} < 0 < max{di,da}, then (26) holds. If min{di,d2} > 0 or max{d;,d2} < 0,
we have Df (f(€)) =0 for any F € M, (R").

(it) If cmax{dy,do} > 1, then (27) holds. If cmax{di,da} < 1, then H} (§) = —oo for any
F e M, [R").

Remark 3. For ¢ > 1, the following special cases of Corollaries 2 and 3 recover some standard loss

functions:

(i) Taking f(¢) = BT¢ and £(z,t) = ¢(z — t), which responds to d; = —1 for all j € I in
Corollary 2, we get £(f(£),t) = c(BT€ —t),.

(ii) Taking f(&) = —B'€ and £(2,t) = c(z + t); which responds to d; = 1 for all j € I in
Corollary 2, we get £(f(£),t) =c(BT€ —t)_.
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(iii) Taking f(¢) = |B7¢| = max{B7¢, —BT¢} and £(2,t) = c¢(z — t); which responds to d; = —1
for all j € I in Corollary 2, we have £(f(€),t) = c(|BT€| —t),.

(iv) Taking f(&) = B"€& — by and £(2,t) = c(|z — t| 4 by), which corresponds to dy =1, dg = —1,
and d3 = by € R in Corollary 3, we have ((f(€),t) = c(|BT€ —t—bi|+ b2)+. In particular,
if by > 0, the loss reduces to £(f(€),t) =c(|BT& —t — bi| + ba).

These cases demonstrate that Corollaries 2 and 3 broaden the scope of Corollary 1 in Wu et al.

(2022), encompassing it as a special case.

Example 4 (Higher-order risk measure). For any p > 1 and ¢ > 1, let f(£) = max;e {3 € +b;} for
some B; € R™ with ||Bi]|« = 1 and b; € R for all ¢ € I. Consider the loss function ¢(z,t) := c¢(z —1)+.
Then, by Corollary 2 (ii), we have

sup  Hjp (H‘lax{ﬁiT &+ bi}) =H," (max{ﬁ? ¢+ bi}> +ce.
FEB,(Fo,0) i€l iel

Distortion Risk Functionals

We now turn to distortion risk functionals, another important generalization of the expectation.

A risk measure pj, is called a distortion risk measure if

1
PE(Z) = / VaRF (Z) dh(u),
0

where h : [0,1] — [0,1] is increasing with A(0) = 0 and h(1) = 1, referred to as the distortion
function. We focus on the case where h is convex, in which case pj is coherent (i.e., pp, € Reon),

and define
1/q

1
1]l = ( /0 <h’<u>>Qdu> ,

where I/ denotes the left-hand derivative of h.
We now establish a precise characterization of the loss functions f for which projection equiva-
lence holds—conditions that are both necessary and sufficient for an exact regularization reformu-

lation.

Theorem 5. Let h be an increasing and convex distortion function satisfying ||I'|; € R, and

f:R"™ = R be a convex function. For p > 1, there exists ¢y > 0 such that

sup  ph (f(€) = sup  pF(X) = p°(f(Q)) + erell W lq (28)
FGBP(FQ,E) GECp(f|F0,Cf€)
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holds for any Fy € M(R™) and € > 0 if and only if f is given by (13).

Strikingly, the same structural form identified in Proposition 3 re-emerges here as the necessary

and sufficient condition.

4.2 First-Order Case (p =1)

Following the observation in Section 3.3 that projection equivalence holds for a substantially
broader class of loss functions f when p = 1, we show that the same phenomenon extends to the
risk measures considered in the previous section: restricting to p = 1 yields exact regularization for
a strikingly larger class of loss functions.

We first examine the two functionals in (25) specialized to p = 1.

Proposition 5. Let f : R™ — R with Lip(f) € Ry satisfy that there ezist xo € R™ and vy, € R™ with
|lvell = 1, k € N such that (21) holds, and £ : R?> — R be a function satisfying Lip(¢(-,t)) = b € R
for allt € R and for each t € R there exists zo(t) such that

lim (zo(t) + m,t) — l(z0(t),t)

m—00 m

=b. (29)

We have the following statements hold:
(1) If €(z,t) is convex in t with limy—,_o 0(2,1) < 0 < limy_yo0 £3(2, ) for all z € R, where £}(z,t)
denotes the left derivative of { with respect to t, then for any Fy € M(R™) and € > 0,

sup i (f(£)) = D°(£(¢)) + bLip(f)e. (30)

FeB1(Fo,e)

1) z,t) 1s convex in t with limy_ oo 03(2,t) < —1 < limyyo0 0;(2,1) for all z € R, then for
If ¢ h li 0 1<l A f ll R, then f
any Fy € M(R™) and € > 0,

sup  Hi (f(£)) = H{*(f(¢)) + bLip(f)e. (31)

FeB1(Fo,e)

Remark 4. Note that the functions ¢ in Corollaries 2 and 3 both satisfy assumption (29) with b = c.
In Corollary 2, if minjer, d; < 0 < maxjeyp, dj, then (30) holds, and if cminjer, d;j < —1, then
(31) holds. Likewise, in Corollary 3, if min{d;,d2} < 0 < max{d;,d2}, then (30) holds, and if
cmax{di,ds} > 1, then (31) holds.

Next, we turn to distortion risk functionals under the Wasserstein-1 ball.
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Proposition 6. Let h be an increasing and convez distortion function satisfying |h'||, € (0, 00).

and f : R™ — R satisfy the conditions in Proposition 5. We have

sup  ph (F(€)=  sup  pf(X)=p° (f(¢))+Lin(f)e W], - (32)
FEBy (Foe) GeCi(f|Fo,cye)

holds for any Fy € M(R™) and ¢ > 0.

Beyond the risk functionals discussed above, further “regularization-like” reformulations can be
derived for other coherent risk measures through projection equivalence. A notable example is the
expectile. For a risk X with distribution F', the expectile at level «, exg (X), is defined as the

unique solution to

oE[(X —2);] = (1 - Q)EF[(X — )], (33)

and it is coherent when a > 1/2 (Bellini et al., 2014). By Theorem 3, if f satisfies the conditions

in Proposition 6, then

sup  exp (f (€)= sup exg (X).
FeBy(Fo.e) GeC1(f|Fo,Lip(f)e)

The next proposition shows that the worst-case expectile coincides with the solution to the

regularized version of (33).

Proposition 7. For a € [1/2,1], Fy € M(R"), € > 0, and a function f satisfying the conditions

in Proposition 5, we have Suppcp, (g, ¢ exZ (f (€)) is the unique solution to
EP[a(f(¢) = 2)+ — (1 = a)(f(¢) — 2)-] + aLip(f)e = 0.

5 Classification

As a natural extension of the main Wasserstein DRO problem (1), we now turn to a setup
motivated by classification in machine learning. Here, the random vector consists of a class label
and a feature vector, £ = (Y,X) € Z, where = := {~1,1} x R® C R""! with Y denoting a
binary label and X the associated features. The classification task is to select a decision function
f:R™ = R, interpreted as a classifier, from a class A to predict the sign of Y given X.

To capture distributional robustness, we equip = with the type-p Wasserstein metric

W, (F1, Fy) == _inf (E™[d(&1, €&)P)) VP,
TrEH(Fl,FQ)
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where TI(Fy, ) is the set of all distributions on = with marginals Fy and F supported on =, the

distance between & = (Y1,X;) and & = (Y2, X2) is defined via the additively separable form
d(&1,&2) = [|X1 — X[+ 0 (Y1 — Y2), (34)

with || - || a norm on R™. The penalty function ©® : R — {0,00} is specified by ©(0) = 0 and
O(s) = oo for s # 0. Hence, the metric prohibits perturbations in the label Y while allowing
adversarial shifts in the feature space X.

For a nominal distribution Fy € M, (=) and robustness radius € > 0, the distributionally robust

classification problem is given by

inf sup  pl (Y - f(X)), (35)
fEA peB,(Fo.e) ( )

where B, (Fp,e) := {F € M(E) : W, (F, Fy) < €}, and p is a risk functional applied to the margin
Z:=Y - f(X).
To study projection equivalence in this setting, let (Y, Xg) ~ Fy and denote by Gq the distri-

bution of the baseline margin Yy - f(Xo). We introduce the one-dimensional Wasserstein ball
Co(f | Fo,€) := By(Go. ) € M(R).
A classifier f admits classification projection equivalence if

swp PNV f(X) = swp o p9(2). (36)
FeBy(Fo,e) GECp(fIFo:e)

As shown below, in contrast to projection equivalence in Section 3, classification projection
equivalence holds only for classifiers f that strictly satisfy set-level equivalence. This requirement
remains even when p is restricted to the monotone class Ry on, underscoring that exact reduction

in classification demands stronger conditions than in the general Wasserstein DRO framework (1).

Proposition 8. Forp > 1 and a € [0,1), let f : R" — R be a function. The following statements

are equivalent.

(i) There exists cy > 0 such that

sup PP (Y- f(X) =  swp  p%(X) (37)
FG]BP(F(),E) GGCp(f‘F(),CfE)
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holds for any p € Rumon, Fo € M(Z), and € > 0.

(ii) There exists cy > 0 such that for any Fy € M(Z) and € > 0, it holds that
{Fyix): Flyx) € Bp(Fo,e)} = Cp(f|Fo, cye). (38)

(i1i) The function f is Lipschitz continuous, and satisfies (8).

Moreover, this necessity remains even under specialized risk measures; in particular, the char-

acterization (8) is still required when the risk functional is Value-at-Risk.
Proposition 9. Fiz a € [0,1) andp > 1 and let f : R™ — R be a function. There exists cy > 0

such that

sup  VaRI (V- f(X)) = sup VaR& (X) (39)
FEEP(F(),E) GEép(f‘F(),CfE)

holds for any Fy € M(Z) and € > 0 if and only if f satisfies (8).

Recall that when the norm || - || = || - ||o is the £,-norm for some a € [1,00), Propositions 1
and 2 identify explicit classifier forms for which classification projection equivalence holds. In
combination with this result, Proposition 8 yields the following regularization reformulation, linking

robust classification directly to a familiar paradigm in machine learning.

Corollary 4. For p > 1, Fy € M(Z) with (Yo,Xo) ~ Fp, let h be an increasing and convex

distortion function satisfying ||I||; € (0,00). We have the following statements hold.

(i) If f(x) = BTx +b for some B € R" and b € R, we have

sup  pp (Y- f(X)) = 0, (Yo - f(Xo)) + [|Bllellllg-
FeBy(Fo.e)

(i) If || - || = || - ll1 4s the £1-norm and f is given by Corollary 1, then we have

sup  pp (Y- f(X)) = pp? (Yo - f(Xo)) + ez || [lg-
FeB,(Fo.e)

We note that while case (i) can also be obtained through a direct analysis of linear classifiers, as

shown in Wu et al. (2022), case (ii) emerges only within the more general framework of Proposition 8.
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6 Conclusion

In this work, we provide the first complete characterization of projection equivalence in Wasser-
stein distributionally robust optimization. Our central finding reveals that this powerful high-
dimensional reduction is not confined to the restrictive case of set-level equivalence but extends to
a much broader class of loss functions. By systematically navigating a hierarchy of risk function-
als, we establish a sharp boundary delineating precisely when a high-dimensional worst-case risk
evaluation simplifies to its one-dimensional counterpart. This foundational result, in turn, enables
us to derive necessary and sufficient conditions for Wasserstein DRO problems to admit exact reg-
ularization reformulations, unifying two central paradigms in optimization and machine learning.
Ultimately, our analysis delivers new classes of tractable models and establishes the fundamental
limits of such reductions, clarifying the structural properties that govern computational feasibility

in distributionally robust optimization.

A Appendix: Proofs of the Main results

subsectionProofs for Section 3 To show Theorem 1, we need the following lemma.

Lemma Al. Foranyp >1,¢>0,a€0,1) and f : R" — R, it holds that supg¢_x|rj<er VaRa(f(§)) =
SUP|5—x|<e/(1-a)i/r f(2)-

Proof. First note that for any z € R" with ||z — x|| < ¢/(1 — @)V/? with f(z) > f(x), take

§ ~ adx+(1—a)d,. We have E[||§—x|[|P] < e and VaRa(f(§)) = f(z). Thus, supg¢_x|pj<er f(§) =

SUP|,_x|j<e/(1—-a)/v [ ().
On the other hand, for any random vector & with E[[|§ - x|] < &, define

& ~ adx + (1 — a)dx,

with xo = argming,. rzy>var. (f(¢))} 12 —%||- Then we have VaRq (f(£*)) > f(x2) = VaRq(f(€)) and
E[||&*—x]|P] < eP. This implies that ||xa —x|| < 5/(1—0[)”” and thus, supgje_x|j<er VaR,(f(€)) <

SUD||;—x||<e/(1—a)1/P f(z). This completes the proof. O

Proof of Theorem 1. Note that the implication (ii) = (i) is trivial. We only give the proof of (i) =
(iii) and (iii) = (ii).

For (i) = (iii), we first consider the case where ¢y = 0. We choose p = VaR,, for some a € [0,1)
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and take Fy = dx for x € R”. In this case, equation (6) reduces to

By Lemma A1, we have
sup VaR,(f(€)) = sup (z).
E[Hg_x||p]<5p ||Z_x||<m

For a € [0,1), since £ > 0 is arbitrary, it follows that for any x € R™, (A1) is equivalent to

sup f(z) = f(x), Ve >D0.

e <

Then, we have f(z) < f(x) and f(z) > f(x) for any z,x € R", which implies f is constant. Thus,
there exists b € R such that f(x) = b for x € R". We next consider the case where ¢y > 0 and,
without loss of generality, set ¢y = 1. For p = VaR, with a € [0,1), we first show that (6) implies
that

sup f(x+y)—f(x)=¢, VxeR" ¢>0. (A2)

lyli<e

To that end, take Fjy = dx for x € R". In this case, (6) reduces to

sup  VaR,(f(&)) = sup VaR,(Z). (A3)
E[[|¢—x]||P]<eP E[|Z— f(x)[P]<eP
By Lemma Al, we have
wp  VaR,(f@) = sw  f(a)
E[|§—x|P]<eP Hz—x||<m
and
sup VaR,(Z) = sup z= f(x)+ < p-
E[|Z~f(x)[P]<eP \sz(x)|<m (1 — O[)

Combining these two equations with (A3) yields

||Z_XHS<1L flz) = flx) + (1-— a)l/P'
(-ayl/p
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For a € [0,1), since € > 0 is arbitrary, it follows that for any £ > 0 and x € R",

sup  f(z) = f(x) +e,

lz—x|/<

that is, (A2) holds. This identity immediately implies that

) —fI<Ix=yll, VxyeR",

and thus f is Lipschitz continuous with Lipschitz constant Lip(f) = 1. Moreover, since (6) holds
for any risk measure, by taking p = —VaR, and repeating a similar argument, we obtain that for
all e > 0 and x € R",

f(x)— inf f(x+y)=¢, VxeR" >0,

lyli<e
and thus (8) follows. This completes the proof of this direction.
For (iii) = (ii), if Lip(f) = 0, then f is constant, i.e., there exists b € R such that f(x) = for

all x € R™. In this case, one can take cy = 0, and

By (fFo, ) = {0} = Cp(f]F0,0),

for any Fp € M(R™) and ¢ > 0. If Lip(f) > 0, we assume without loss generality that Lip(f) = 1.

Then, since f is 1-Lipschitz continuous, it follows that for any &, &> € R"™,

|f(&1) — f(&2)] < [1&1 — &

Hence, if E[||€ — ¢||P] < &P, then

E[f(&) = f(OF] <E[I§ —<IIP] < &,

which implies B,(f|Fo,e) C Cp(f|Fo,e). To prove the reverse inclusion, it suffices to show that
for any G € Cp(f|Fv,e) and Z ~ G with E[|Z — f(¢)|P] < €P, there exists a random vector § with
distribution F¢ € B, (Fo,€) such that f(§) = Z almost surely. To this end, denote by T":= Z — f ({).
Then, we have E [|T'|P] < eP. We first assert that there exist measurable mappings Vi and V3 such
that

Vi(w) € argmax f({(w)+y) and Vi(w)€ argmin f({(w)+y), we.
[MIS®] Iy lI<IT ()]

To justify this, we invoke a measurable selection theorem (Theorem 3.5 in Rieder (1978)). For Vy,
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define

v(w) = sup u(w,y), w e,
yeD(w)

where D(w) = {y € R" : |ly|| < |T(w)|} and u(w,y) = f ({(w) +y). Further set

Ei={(w,y) € @ xR": [ly[ < (|T(w)]}-

Let P1(F) be the projection of E onto its first coordinate. The first three conditions of Theorem 3.5
in Rieder (1978) are immediate in our setting. For the last condition, take ¢ € R and w € P1(E).

Then, we have

{y € D(w) s u(w,y) = ¢} = D(w) N {y e R": f(C(w) +¥) = ¢}

Note that D(w)is compact and, since f is continuous, the set {y € R": f ({(w) +y) = ¢} is closed.
Consequently, {y € D(w) : u(w,y) = ¢} is compact, which verifies the last condition in Theorem
3.5 of Rieder (1978). Hence a measurable maximizer Vi exists and the existence of Vy follows

analogously. Denote by A4 :={w:T(w) >0} and A_ :={w: T(w) < 0}. We define £ as

§(w) = (C(w) + Vi(w)la, (W) + (C(w) + Va(w)Ta_ (w).

Since V1 and Vs are measurable, it follows that £ is measurable. As Q2 = A, U A_, we have

1€ = ¢l < max {[[Vi(w)[], [[Ve(w)[[} < |T(W)], we

Then, we have E[||§ —¢||”] < E[|T|P] < €P. This implies F¢ € B,(Fp,€). Moreover, by the definitions
of V1, V3 and (8), we have

and

fEW) =F(w) = (-TW)) = Z(w), weA..
Therefore, C,(f|Fo,e) € B,(f|Fo,e) and thus, (7) holds. This completes the proof. O

Proof of Proposition 1. Without loss of generality, assume Lip(f) = 1. It suffices to show that if f
satisfies (8), then (9) holds. We first show that (8) implies that for each x € R" there exist Bx and
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Nx with [[Bx|| = ||nx|| = 1 such that

f(X)_f(X+577x):f(X+5ﬁx)_f(X):5v Ve>0. (A4)
Indeed, since

sup f(x+y)— f(x)=¢, Ve>0,x€R",

lyll<e

it follows that for each for each ¢ > 0 and x, there exists Bx . with ||Bxc| = € such that

f(x+ Bxe) = [(x) = [|Bxell = € (A5)

We next assert that Bx . can be chosen as the same for different e. To show this, suppose that (A5)

holds for some € > 0. We aim to show that for any ¢ < 1,

fx A+ Bxe) = F(x) = ¢l Bell = ce. (A6)

Suppose otherwise, f(x+ ¢Bxc) — f(x) < ce for some ¢ < 1. By (A5), we have f(x+ Bxc) — f(x+
Bxe) < (1 — ¢)e, and thus,

flx+ Bx,E) - f(x) = f(x —|—,3x75) — f(x+ CBX,E) + f(x+ Cﬁx,s) - f(x) <e,

which yields a contradiction to (A5). Therefore, for each x € R"™, there exists Bx € R"™ with
|Bx|| = 1 such that

f(x+eBx)— f(x)=¢, Ve>D0.
By symmetry, applying the analogous argument to
f(x)— inf f(x+y)=¢, Ve>0,x€eR"
lyll<e

we obtain (A4). We now prove that (9) holds by contradiction. If there exist x and y € R" such
that f(x) < f(y) and [|[nx — By|| < ||[nx]| + [|By|| = 2, then define z = x + cnx and z; =y + cPy.
There exists ¢ large enough such that ||x — y|| < ¢(2 — ||By — nx]|), and thus,

co = ||z1 —z|| < |x =y +¢ll By — mxll < 2¢.
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This implies that

sup f(z+w)—f(z) = f(z1) — f(2) = f(z1) — f(y) + f(x) — f(2) = 2,

wll<co

where the second inequality follows from f(y) > f(x), and the equality follows from (A4). This
yields a contradiction to (8). Thus, we have for any x,y € R", if f(x) < f(y) (hence including
x =Yy), then ||nx — Byl = [[nx|| + |Byl|. Since ||nx|| = ||By|| = 1 and the norm is strictly convex,
it follows that Bx = —mx = By for all x and y € R" with f(x) < f(y). Otherwise we have
lmx — By |l < 2, contradicting the requirement ||nx — By || = ||nx|| + ||By|| = 2. Therefore, we have Bx
can be chosen as the same 3 for all x € R™. It then follows that there exists v € R” with ||v| =1
such that
fx)—f(x—ev)=f(x+ev)— f(x)=¢, VxeR" >0.

Since the case € = 0 is trivially satisfied, it implies that (9) holds for any x € R™ and ¢ € R.

For ||| = |- |la, @ € (1,00), it suffices to show for any x, y € R",

fy) = f(x)=8"(y —x), (A7)

where 3 € R™ is the unique vector satisfying 8"v = ||B||«||v|| = 1, that is, sgn(3;) = sgn(v;) for
i € [n] and |B|® = k|v|® for some k > 0 and b is the conjugate constant of a. By (9), we know (A7)
holds for the case y —x = tv, t € R. By B8'v = 1, we have any vector in R” can be written as
a linear combination of v and a vector u with 37w = 0 and thus, it suffices to show (A7) for any
y —x = tu with 8Tu = 0. We show it by contradiction. Suppose that there exist y and x such
that y —x =u, B8'u =0, and f(x) < f(y). Denote by € = f(y) — f(x) > 0. Then we have

fly+tv) — f(x)=f(y +tv) - f(y) + f(y) - f(x) =t +e,

and
n

ly +tv —x||* = ||lu+ to||* = Z |u; + tv; |
i=1

It follows that

fly +tv) — f(x) t+e€ _ 1+ se
ly + tv — x| (00 fug + o) (0 [sug + vi®)

(A8)

where s = 1/t. Denote by I} = {i : v; > 0}, [y = {i : v; < 0}, Is = {i : v; = 0,u; # 0}, and
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g(s) = (1 +se) = Y1 |su; + v;|* We have for s > 0 small enough,

g (s) =a(l+se) e — Z a(su; +v;)* tu; + Z —su; — v;)* tuy — Z as® Hu;|®

icely icls i€ls
sgn _
= (1+se)® le E (su; +v;)*™ L + E —su; — v;)® E Chl 1|uz|“
i€l 1612 1€l3
—>5—E fluﬂrg —v;)? ul—e—g sgn(v;)|vg |~ luy=e>0 ass—0,
icly i€lq

where the last equality follows from that BTw = 0, |3| = ki|v|*"! and sgn(v;) = sgn(3;). This,
together with ¢g(0) = 0, implies g(s) > 0 for some s > 0. Substituting this into (A8) yields that

% > 1 for some t > 0. This yields a contradiction to (9). Therefore, we have (A7) holds

and thus we complete the proof. O

Proof of Proposition 2. If || - || = || - ||1, then (A4) holds as well. For any x, there exists Bx with
1Bx||1 = 1 such that

flx+eBy) —f(x)=e=e) |Bul Ye>0.
=1

Denote by x¢ := x and xj, := X1 + £0xk€k, k € [n], where fxi denotes the k-th component of Bx.

By Lipschitz continuity,
fxn) = f(xr-1) <elBxrl, k€ [n]. (A9)

Summing over k yields

f(z+eBx) — f(x) <€Z|5xk| =e.
k=1

Since the inequality holds with equality, each inequality in (A9) must also hold with equality.
Moreover, the construction of the sequence x; is independent of the order of coordinates. Hence,

for any x € R™, there exists an index i € [n] such that
Flx+18&) — f(x)=t, Vt>0,
where €; € {£e;},i € [n]. By (A4), there also exists nx with ||nx||1 = 1 such that
f(x)—f(x+enx) =¢, Ve>0.

Applying the same reasoning as above, we conclude that (10) holds. This completes the proof. [

Proof of Corollary 1. (a) It suffices to verify that f satisfies (10). Denote by I := {i € [n], 8; # 0}.
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For any x,y € R" with x # y,

fx) = fly)=c(BT(x—y)+gmox)—g(noy))

<) lwi =il +Lip(g) D |z —wil) < cllx =],
iel i€\

where the first inequality follows from Holder’s inequality, and the second from the fact that Lip(g) <
1. Thus f is Lipschitz continuous with Lipschitz constant c. Next, for any x € R™ and € > 0, let
vy :=sgn(pf;)e;, i € I. Then,

Jx+ev) = fx) = ¢ (BT (x+2v1) + glno (x +ev1) ) — ¢ (BTx + g(mox))
= c(eBTvi+gmox+enov) —gmex)) = ce,

where the last equality follows from BT v; = sgn(;)8"e; = |3;| = 1 and noe; = 0 for i € I, by the

relation 3 on = 0. Similarly, for any x € R and ¢ > 0, let ve := —sgn(f;)e;, i € I. Then,

J(x) = Fx+va) = ¢ (BTx+ g(mox)) — ¢ (BT (x+eva) + g(n o (x+ev2)) ) = ce.

Hence, f satisfies (10).
(b) We next verify that f satisfies (10). Denote by I1 := {i € [n], 5; # 0} and I := {i € [n],v; #
0}. It is straightforward to verify that f is Lipschitz continuous with Lipschitz constant ¢. For any

x € R” with 87x > 0 and € > 0, let vy := sgn(B;)e;, i € I;. Then,

Jxtevr) = fx) = ¢ (187 (e cwn)| = T (- con) 4+ g(n o (x +ew1))) — ()

=c <£ﬁT'v1 +gmox+enov) —gmox)+ v x| — v (x+ £v1)|> = cg,

where the second equality follows from that [3'x| = 8"Tx > 0 and 8T v, =sgn(3;)3"e; = |8i| = 1,
and the last equality follows from that »Tv; = 0 and nowv; = 0 for i € I, by the relations
Bon=von=PBovr =0. Similarly, for any x € R” with 3"x < 0 and € > 0, let v := —sgn(3;)e;,
1 € I;. Then,

f(x+eve) — f(x)=c (—EBTUQ +g(mox+enowy) —g(mox)+ |I/TX| — \I/T(x+5v2)|> = cg,

since |B7x| = —B8"x, BTvy = —sgn(B;)B"e; = —1, v vy = 0 and g o vy = 0 for i € I;. Moreover,

for any x € R” with v'x > 0 and ¢ > 0, let v3 := sgn(v;)e;, i € Ir. Here v vs =1, 3Tv3 = 0 and
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10 vy = 0. Analogous arguments yield

f(x) — f(x+ev3) = ce.

For any x € R” with v x < 0 and € > 0, let vy := —sgn(v;)e;, i € Ir. Againv vy = —1, 3Tvy=0
and nowvy = 0. Hence f(x) — f(x+¢cvy) = ce. Thus, we have established that f satisfies (10). This
completes the proof. O

Proof of Theorem 2. For (i) = (ii), choose p = VaR, for some a € [0,1), and invoke Lemma A1l.
Then, by arguments similar to those in the proof of Theorem 1, direction (i) = (iii), the desired
result follows.

For (ii) = (i), if ¢y = 0, then (12) reduces to

sup f(x+y)—f(x)=0, VxeR", >0,

lyll<e

which implies that f is constant. In this case, (11) holds trivially. We now consider the case where
cy > 0. Without loss of generality, assume ¢y = 1. Suppose that f satisfies (12). Then, for any

random vector & taking values in R™, the definition of (12) implies that

1£(&) = F(OI < (1€ =<l
Hence, if E[||€ — ¢||P] < &P, then
E[lf(€) — F(OF] < E[I€ - CII"] < €.

This shows that {Fy) : Fg € By(Fo,€)} € Cp(f[Fo,¢). It follows that

sup  pF(f(E) < sup  pY(X).
FeBy(Fo.e) GECy(f|Foc)

We now show the reverse direction of (11). It suffices to demonstrate that for any G € B,(F ¢y, €)
and Z ~ G with E[|Z — f({)[P] < €P, there exists Fg € B,(Fo,¢) and & ~ F¢ such that

p(f(&)) = p°(2).

To this end, take G € B,(Ff(),¢) and Z ~ G. Define Z* = max{f(¢), Z} and denote by G* the
distribution of Z*. We have p&(Z) < p& (Z*) and E[|Z* — f(¢)|P] < E[|Z — f(¢)|?] < €P, and thus,
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G* € By(Fy¢),e). So, without loss of generality, assume that Z > f(¢) almost surely. Denote
by T := Z — f(¢). We have T' > 0 almost surely and E[TP] < ¢P. By Rieder (1978) and following
similar arguments as in the proof of Theorem 1 (iii) = (ii), there exists a measurable mapping V
such that

V(w) € argmax f (((w) +y), we.
[y I<T(w)

Define £(w) = ¢(w) + V(w), w € Q, so that £ is measurable. By (12), one can verify that

f€W) = fC(w) + V(W) = W) + T(w) = Z(w), we

Moreover, we have E[||§ — ¢||P] = E[||V||?] < E[T?] < &P, which implies that F¢ € B,(Fp,€). Hence

sup PF(X)>  sup pYX),
FE{Ff(g): FeEBp(Fo,E)} GEBP(Ff(C),E)
and thus (11) holds, completing the proof. O

Proof of Proposition 3. Since the case ¢y = 0 is trivial, we consider the case where c; > 0. Without
loss of generality, we assume ¢y = 1. We first show that (12) implies that for any x € R", the
subgradient V f(x) € df(x) satisfies |V f]|« < 1, where df(x) denotes the subdifferential of f at x.
Since otherwise, suppose that |V f(xo)||« > 1 for some xo. Then there exists vx, with ||vx,| =1

such that v,V f(x0) = ||V f(x0)||+, and there exists ¢ > 0 small enough such that

F(x0 +evxg) = f(x0) + vy, V f(x0) = f(x0) + [V f(x0) [l > f(x0) +e,

where the first inequality follows from that f is convex and the strict inequlity follows from
IV f(x0)]|« > 1. This yields a contradiction with (12). It follows that all subgradients of f satisfy
IV fll« < 1, which in turn implies that f is Lipschitz continuous with Lip(f) < 1. Next, we assert
that for each x € R", there exists a subgradient V f(x) such that |V f(x)||« = 1. As in the proof of
Proposition 1, we have from (12) that for every x € R", there exists Bx € R™ with ||Bx|| = 1 such
that

f(x+eBx)— f(x)=¢, Ve>D0.

This implies that the directional derivative of f at x at direction By equals to 1. By Theorem 23.4
of Rockafellar (1970), there exist a subgradient 1, € df(x) such that i) Bx = 1. Since ||nx|« < 1
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and

T Bx = 1 < x| 1Bl = Il

we conclude that ||[nx||« = 1. Since a convex function f can be written as

f(x) = max{f(z) + n, (x — 2)},

we have (13) holds and thus, we complete the proof. O

Proof of Proposition J. For the “if” part, by Theorem 2, we can take p = VaR,, for some « € [0, 1),
which implies that (14) holds.
For the “only if” part, applying Lemma A1 and following arguments similar to those in the

proof of Theorem 1, direction (i) = (iii), the desired result follows. This completes the proof. [

Proof of Lemma 1. Let Gy € M(R). Note that f(&) = max;c;{B;€/||Bi|+} is a convex isometric
function. By Propositions 3 and 4, equation (15) holds. Hence, it suffices to the worst case VaR
over the one-dimensional Wasserstein ball suppep,(gy,e) VaRZ (X) . By Proposition 4 of Liu et al.

(2022), we have that suppep,(qy ) VaRZ (X) equals to the unique solution to
1
/ (2 — VaR% (X)) du = . (A10)

Note that VaR,(h(X)) = h(VaR, (X)) for any increasing and continuous function h. By taking
h(t) = —(z — t)% which is an increasing and continuous function in ¢ € R, the above equation is

equivalent to

1
/ —VaR&o (—(z— X)B) du =P

It follows that (16) holds. To show the strict monotonicity, for ¢ > 0 and a; < a2, denote
by z7 = SUPpeg,(Go.e) VaRi,(X), i.e., the solution to (A10) with @ = «;, ¢ = 1,2. We have

x5 > VaRgQO (X) > VaRgO (X) for u € (aq,az), and thus,
1 1
/ (25 — VaRy* (X)) du < / (23 — VaR$O (X))F du = eP.

1 a2

This implies 2] < z3, that is, suppep,(gy.e) VaRZ (X) is strictly increasing in o € [0,1]. This

completes the proof. ]

To show Theorem 3, we need the following lemma.
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Lemma A2. For a € [0,1) and € > 0, if f is a Lipschitz continuous function and there exist

xo € R™ and vy, € R™ with ||vg]| = 1, k € N such that (21) holds, then

sup  CVaRF (F(€) =  sup  CVaRG(X) = CVaR™(f(¢)) + —f

g (A11)
FeBy (Fo.) GEC: (f|For cpe) 1—a

holds for any Fo € M(R™) with ¢y = Lip(f).

Proof. Note that the second equality in (A11) follows from Proposition 2 in Pflug et al. (2012). To

establish the first equality, it suffices to show that

sup  CVaR, (f (€)) = CVaRE(f(¢)) + —L

' A12
E[l€—¢l<e l -« (A12)

holds for any Fy € M(R™) and & > 0. To see it, we assume without loss generality that Lip(f) = 1.
First note that

sup  CVaRq (f(£)) < sup {CVaRa(f(C))JrEHf(&)_f(C)H}

Ellé—¢ll<e Elle—C|l<e s
< sup {CVaRa (f (&) + E[Hf__cm}
E[l€—¢ll<e o

where the first inequality follows from the Lipschitz property of CVaR, and the second from the
1-Lipschitz continuity of f. Let us now verify the other direction. By assumption, for xo € R"
define s(v) := limsup,,,_,..(f(x0 + mv) — f(xg))/m < oo. There exist vy with |vg]] = 1, k € N,
and xg € R™ such that limg_,o s(vg) = Lip(f) = 1. Hence, for any n > 0 there is K > 0 with
s(vg) > 1 —mn/2 for all k > K. For each £ > K and any M > 0, one can then find m > M
such that (f(xo + mwvy) — f(x0))/m > 1 —n. Now set n; := 1/j for j € N. Choosing k; > K;
and m; > max{m;_1,j,¢/(1 — )} sufficiently large with m; — oo, we obtain (f(xo + m;vy,) —

f(x0))/mj =1 —n;. Then, for any x € R", we have

fx+mjoy,) — f(x) = f(x+mjvg,) — f(xo+ mjvg,) + f(xo + mjvr,) — f(x0) + f(x0) — f(x)

= m;(1 = ;) = 2[x = %ol

where the inequality uses the fact that f is 1-Lipschitz continuous. Denote by U a uniform random
variable on [0,1] such that U and f({) are comonotonic. For chosen n;, k;, and m;, define §; =

mjvy, 14, + ¢, where Aj := {w:1—¢/m; <U(w) < 1}. One can verify that E[||§; — ¢||] = . We
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next show that CVaR.(f(§;)) = CVaRn(f(€)) +¢/(1 — ) as j — oo. Note that for m; sufficiently
large, we have f(¢ +mjvg;) — f(¢) = m;(1 —n;) — 2[[¢ — xo|, and

CVaRa(f(&;)) — CVaRa(f(C)) = CVaRa(f(C + mjvi;)la; + f({)Tas) — CVaRa(f(C))
= CVaRa((f(¢ +mjvr;) — f())1a; + f(C)) — CVaRa(f(C))

L, (U
> B [(5¢-+mym) — 1614, 0) 220
1 U 1 U
> (1= )8 [myta,, )LD - 0p [j¢ - o, @) 1222
flfz-:/mj ]l[(fi]oES) ds ]l[a,l}(U)
= (L) T e 2R [[C—XOH]IAJ.(U)l_a}
— 1 i S Jj — o0,

where the first inequality uses the definition and dual representation of CVaR,, (see, e.g., Theorem
4.79 in Follmer and Schied (2016)), and the last limit follows from E[||¢ —xo |14, (U)1L}jq 1(U)/(1 -

a)] = 0 as j — oo by the dominated convergence theorem. It follows that

sup CVaRg (f (§)) = liminf CVaR4(f(&;)) > CVaRa(f(€)) +¢/(1 — ).

Ellg—¢ll<e Jreo
Combining this with (A13) yields (A12). This completes the proof. O

Proof of Theorem 3. (i) Without loss generality assume Lip(f) = 1. First note that

s p"(F(€) = sup  sup / CVaRa(f (€))du(a)
FEB1(Fo.e) E[llg—¢ll<e ned,
= sup sup / CVaR(f (§))du(a)
ney Bllé—¢|I<e

< sup / sup  CVaR,(f (€))du(e)
ueMp JO E[|€—C]l]<e

- [ (CVaRE (76 + 1 ) duta) (A14)

neMp J0 1-

where the third equality follows from Lemma A2. We now show that the inequality in (A14) is an
equality. By assumption, for each n; :=1/j, j € N, we can choose k; > K for some K; > 0 and
mj > max{m;_1,j,¢/(1 — a)}, with m; — oo, such that (f(xo + mjvg;) — f(x0))/m; = 1 — ;.
Denote by U a uniform random variable on [0, 1] such that U and f(¢{) are comonotonic. For chosen

nj, kj, and my, define §; = mjvy, 14, + ¢, where A; := {w:1—¢/m; <U(w) < 1}. With similar
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arguments as in the proof of Lemma A2, we obtain

lim inf CVaRa(£(€)) > CVaRa(£(C)) + /(1 — ).

J—00

Therefore, for any p € ),

1
sup / CVaR,(f (€))dpu(a) > sup / CVaR,(f (€;))du()

E[§—Cll<e /0 JeN

> | ' lim inf CVaRE (£ (€,))dp(a)
0

J]—00

> /0 1 <CVaR§°( () + 1f> dp(a),

where the first inequality follows from E[||€ —&;]|] < € and the second inequality follows from Fatou’s

Lemma. It then follows that

sup  sup / | OVaRa(f (€))du(a) > sup / 1 <CVaR§°(f<c>>+€> du(a).

e, Elle—¢||<e Jo pet, Jo e

This means that the inequality of (A14) is actually an equality. That is,

! 3
swp o (1) = suwp [ (CVaRE(7O) + 5 ) aute, (A15)
FeB1(Fo,e) neMp J0 -«
Similarly, one can prove that
sup  p% (X) = sup sup / CVaR (X)du(a)
GeCi(f|Fo,e) E|X—f(¢)|<e net,
- [ (CVaR§°<f<c>>+ >du(a)- (A16)
neMp J0 l-a

Combining (A15) and (A16), we have (22) holds. This completes the proof of (i).

(ii) To prove necessity, we first show that f is Lipschitz continuous. Suppose that f is not
Lipschitz continuous. Then there exist X,, yn, n € N, such that |f(x,) — f(yn)] > nlxn — yull,
n € N. Without loss of generality assume f(x,) — f(yn) > n||xn — ynl/, n € N. Take F;, = dy,, and
en = ||Xn — ¥yl It follows that

sup  p" (f(€)= sup  p(f(&))
FEB (Fuen) Elllé—yalll<en

> sup  f(x)=f(xn) > f(yn) + nen. (A17)

[x=ynll<en
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Note that

sup  pY(X) = sup p(X) < p(f(yn)) + Cpcpen,
GEC1(f|Fucren) E[|X—f(yn)l|<csen

where C) 1= sup,e 4, fol —L-dpu(e). This, together with (A17), yields a contradiction with (22) by
noting n can be arbitrarily large. Therefore, f is a Lipschitz continuous function.

We next show that (21) holds. Without loss of generality, assume Lip(f) = 1. Since D is
compact, for each xo € R” and any v € R" with ||v|]] = 1, we have xo + tv ¢ D for all ¢t >
supyzepy |1zl + [[%o0l| + 1. Hence, for a fixed xo € R", one can choose T' > 0 such that, for all ¢ > T

sufficiently large,

f(xo+tv) — f(x0) _ fxo+Tv) - f(x0)  t—Tf(x0+1tv)— f(x0+7Tv)
0 t 0) _ 0 : o) : 0 )=/ 0 ‘ (A18)

Define ¢(v) = limy_o0(f (x0 + tv) — f (x0))/t. Since (f(xo + Tv) — f(x0))/t — 0 as t — o0
and f coincides with a convex function on R™ \ D, it follows that ¢(v) is well defined, and

limy o0 f(Xo+tv1::J;(Xo+T”) = ¢(v). Moreover, by (A18), for any ¢t > T and v with ||v]| =1,

f (%0 +tv) — f (x0)
t

LT f (%0 +tv) — f (%0 +Tv)
t t—oo t—T

~X

Sl

< % + ¢(v),

where the first inequality uses that f is 1-Lipschitz and coincides with a convex function outside
D, implying that (f (xo +tv) — f (xo +Tv))/(t — T) is increasing in ¢ > T'. Thus, for all t > T,

sup fxo - tv) = f (o) < “ + sup ¢(v). (A19)

[[o]|=1 t )=t

We next show that supj,—; ¢(v) = Lip(f) = 1. Suppose, on the contrary, that sup|,|-; ¢(v) <
1—2¢ for some § > 0. Then, by (A19), there exists 71 := max{T,T/d} such that f(xo+tv)—f(xg) <
(1 —=0)t for all t > Ty and ||v|| = 1. Let

B := max {0, sup {f (xp +tv) — f(x0) — (1 — 5)t}} < 0.

{llvfl=1,0<t<T1}

For any ¢t > 0 and v € R" with ||v|| = 1, we have

f(xo + tv) < f(XQ) + B+ (1 — 5)t.
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Take Fy = dx, and p = CVaR, with o € (0,1). For ¢ > (1 — «) B/4 sufficiently large,

sup  CVaRo(f(§)) < sup  CVaRa(f(x0) + B+ (1—-9)[€ — o)

E|[§—xol<e E||&—xo||<e
— fxo)+ B+ suwp (1 6)CVaRa(€ - xo)
E||§—xol|<e
1-6
< f(xo)+ B+ e < f(xo) + R sup CVaR,(X),
1-a L= gx—f(o)l<e

where the first inequality follows from monotonicity of CVaR, the equality from its translation
invariance and positive homogeneity, and the last inequality from CVaR,(X) < E[X]/(1 — «) for
all X > 0. This contradicts (22). Thus, supj,|=1 ¢(v) = 1, i.e., there exists a sequence vy with
|vk|| = 1 such that limy_,oc ¢(vg) = sup|y|=1 #(v) = 1. This completes the proof of (ii).

(ii) For the “only if” part, by arguments similar to those in the proof of (ii), one can verify that
f is Lipschitz continuous with Lip(f) € R.

Next, consider the “if” part. Without loss of generality, assume that Lip(f) = 1. By (i), it
suffices to show that there exist xo € R™ and v € R" with ||v|| = 1 such that lim,,_(f(xo+mv) —
f(x0))/m = 1. For any fixed xo € R", define ¢(v) := limy,—00(f(x0 + mv) — f(xp))/m which is

well-defined as f is convex. For any v, w € R", we have

f(x0 +mv) — f(xo) f(x0 + mw) — f(xo0)

b(v) - B(w) = lim ~ lim
m—oo m m—0o0 m
_ 11_1;11 f(xo +mv) — f(xo + mw) <o —w],
m—00 m

showing that ¢ is 1-Lipschitz. We now claim that supg,. =1} ¢(v) = Lip(f) = 1. Indeed, by
definition ¢(v) < 1 for all v with |lv|| =1, so sup,|=1 ¢(v) < 1. Conversely, by the convexity of f,
for any x € R™, v with ||v]| =1, and g € 9f(x), it holds that

Flx+mw) > F(x) +mgv.

Since limy, oo (f(x + mv) — f(x))/m = ¢(v) for all x € R", it follows upon dividing by m and
taking limits that supg,.|y|=1} ¢(v) = SUP(y:|jv)=1} g"v = ||g||+. Taking the supremum over x and
g € 0f(x) yields

sup  ¢(v) =sup sup |g|« = Lip(f) = 1.
{v:][v]|=1} X gedf(x)

Thus, sup|,|=1 ¢(v) = 1. Since ¢ is Lipschitz continuous and the unit sphere {v : [[v| = 1} is

compact, the supremum is attained at some vg. Therefore, supy,.pj=1} (v) = limy—oo(f (%0 +
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mwg) — f(xp))/m = 1. This completes the proof. O

A.1 Proofs for Section 4

To prove Theorem 4, we need the following lemma from Wu et al. (2022).
Lemma A3. Let p € (1,00), t, e >0, and n € (0,¢). For V € LP, the following statements hold.
(1) If [Vl <&, then E[([V] +)P] < (e +1)".

(it) If |V, < € and E[|V|] < € — 1, then there exists A > 0 that only depends on p,t,e,n such
that E[(|V|+t)P] < (e +t)P — A. In particular, if p is an integer, then E[(|V]+t)P] <
(e +t)P — ptP~1n.

Proof of Theorem /. For the “if” part, by Theorem 3, we have

1 1 1
s (EF ()" = s E7[(9@)R])"= sw (BN
FeB,(Fo,e) FeB,(Fo.e) GEBP(GQ(C),CJIE)
where g(x) := max;er{cs3] x + b;}, and G (¢ is the distribution of g(¢) with ¢ ~ Fp. Note that
B, (Gye), cre) is a one-dimensional Wasserstein ball with center G ) and thus, by Theorem 4 of

Wu et al. (2022), we have

1/ 1/
sup  (EC[(X)5]) " = (B [(9(Q)5]) ™" + epe.
GECp(g‘FQ,CfE)
Combining the two equations yields (23).
For the “only if” part, if ¢y = 0, then (23) is equivalent to

sup  (E[f? (€ + DY = (BP [ (). (A20)

E[llglP]<e?

We next show that ||V f(x)|l« = 0 for all x € R™ and Vf(x) € df(x). Suppose, for contradiction,
that there exists xo such that ||V f(x0)||« > 0. Then, there exists vy, with ||vx,|| = 1 such that
v Vf(x0) = [|[Vf(x0)||s. Let Fy := x, and consider & ~ Oevy, for some sufficiently small £ > 0.
Then E[||€]|P] = P, and we have

sup  (E[fP (€ +x0))"/? = E[fP(cvx, + x0)]'/”
E[||&]|P]<eP

> f(x0) + cvg, V f(x0) = f(x0) + ]|V f (x0) ||+ > f(x0),
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where the second inequality follows from that f is convex, and the strict inequality follows from
IV f(x0)]l+ > 0 and € > 0. This yields a contradiction with (A20). Thus, we have |V f(x)|l. =0
for all x € R™, which implies that f is constant. Thus, there exists b > 0 such that f(x) = b for
x € R". Now consider the case ¢y > 0. We assume without loss of generality that ¢; = 1. Note

that, (23) is equivalent to

w@ﬁwﬂﬂﬂ@+cmuhzﬁ%ﬁﬂowﬁ+s (A21)

for any ¢ ~ Fy and € > 0. We next show that for any x € R", the subgradient of f at x satisfies
IV f]l« < 1. Suppose, for contradiction, that there exists xo € R™ such that ||V f(xg)||« > 1. Then,
by the definition of the dual norm, there exists 7x, € R™ with ||7)x,|| = 1 such that nIOV f(xo) =
|V f(x0)]|«. For e >0, let & := enx,. One can verify that E[||&o||P] = P and

e Bl x0))? > f(x0 + &) > [(x0) + V/(x0) €

= [(%0) + el VF(x0)[l+ > f(x0) +¢,

where the second inequality follows from the convexity of f, and the strict inequality from ||V f(xo)||«
1 and € > 0. This contradicts (A21). Therefore, |V f(x)||« < 1 for all x € R™. Since f is convex, it
follows that f is Lipschitz continuous with Lip(f) < 1. To establish that f satisfies (24), it suffices
to verify that

if f(x) >0, then ||Vf(x)|,=1; otherwise f(x) =0,

or, equivalently,

if f(x)>0, then sup f(x+y)— f(x)=¢, Ve > 0; otherwise f(x)=0. (A22)

lyll<e

We assume by contradiction that there exists xg € R and 9 > 0 such that f (x0) > 0 and

sup f(xo+y)— f(x0) < eo. (A23)

Iyll<eo

For sufficiently small £ > 0 such that 2e < g, define

k= sup {f(x0+y)—f(x0)}.

lyll<2e 2e
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By the strict inequality of (A23) and the convexity of f, it follows that & < 1. Observe that

sup {f(XoJr}’)—f(Xo)}< sup {f(X0+Y)—f(X0)}:k7

lyll<2e ¥l lyll<2e 2e

where the inequality again follows from the convexity of f. This implies that f(xo +y) — f(x0) <
klly| for all ||y|| < 2e. Further, note that

(f (x0) + IyI)" = (f (x0) + klly )" = pfP~" (x0) 1 = F)|lyll, ¥VyeR" (A24)
Therefore,

sup  E[f? (x0 + &)]

E[J¢]l7)<e?
= {E 17 (x0 + &) Lyjg<aqy] + B [f7 (%0 + &) Lyjgy2cy ]}

S E[Hsﬁ?])@p {E[(f (x0) + €N Lyjgp<aey] +E [f7 (%0 + &) Lyjg>22] }

Sl {E [(f (x0) + ElIEIN? Lyjey<acy] +E [(f (xo) + €17 Lyje=2] }

= b LB (o) + 161)7] — B [((f (xo) + IEI” = (F (x0) + RlIED") Lregas ]}
) Bllell<er {E[(f (x0) + I€1)"] = p.fP~ (x0) (1 = F)E [|I€]T g)1<2e3] }

=l TE[(f (x0) + V)] — 7 (%0) (1 — K)E [[VILvicony]

=:1,

where the second inequality holds because f is nonnegative with Lip(f) < 1; the third inequality fol-
lows from (A24), and the penultimate equality holds since the objective function in the optimization

problem depends only on ||£||. Define

(1— 2—p/q)

Y, = {V € LP:E[VIP < &P, E[|[VT{vi<eey] < 2

5}, Vo =A{V € LP:E|V|P <P} \ Vy,
we can rewrite I = max {11, I} with

I = sup {E[(f (x0) + [VP] = pf*~  (x0) 1 = H)E[[V|Lvican]}, i=1,2.
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One can verify that

1—27P) e (1427P/%)¢
B[V | = EIVIL 0y~ EIV L o] < 22779+ & Je _ | Je . wven,

2 2
(A25)

where the first inequality follows from the Holder’s inequality, Markov’s inequality, and the definition
of Vp. It holds that

I < Sup E[(f (x0) + V)" < (f (x0) + )", (A26)

where the strict inequality follows from (A25) and Statement (ii) of Lemma A3 by noting that
f(x0) > 0. For I, we have

I < ng]gQE [(f (x0) + [V])F] - fnf, pfPt (x0) (1 — B)E VL <oe]

< (f (o) +2)" = pf"™ (x0) (1= k) inf B [[VITvicazy]

_9-p/
< (f(x0) + )" —pfP~ " (x0) (1 - k)(122p‘1)5

< (f (x0) +e)", (A27)

where the second inequality follows from Statement (i) of Lemma A3, and the third inequality is

due to the definition of V. Combining (A26) and (A27), we have

sup (B[f” (xo + O < 17 = max {1/", 1"} < 1 (x0) + <,
E[ll€]lPl<e
which yields a contradiction to (A21). Hence, (A22) holds. With the similar arguments as in
the proof of Proposition 3, we have, if f(x) > 0, f(x) = max;e;{3; x + b;} for some B; € R"
with ||Bi|l« = 1 and b; € R for ¢ € I; otherwise, f(x) = 0. To show that f satisfies (24), let
g(x) := max;e {3 x+b;}, where (83;,b;) are as in the representation of f on the set {x : f(x) > 0}.
Note that f(x) = g(x) whenever f(x) > 0. Define h(x) := (g(x))+. We first show that f < h.
Indeed, if f(x) > 0, then g(x) = f(x) > 0, so f(x) = h(x); otherwise, f(x) = 0 < h(x). Thus,

f(x) < h(x) for all x € R". We next show the reverse inequality » < f. Since f is convex and
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satisfies (A22), we have

f(x)=sup sup {f(z)+ B, (x—2)}

zER" B,€0f(2)

::nmx{ wp s (B](x-2)} sp  swp {f@)+¢i1x——w}}
z:f(2)=0 B,€0f(z) z:f(z)>0 B,€0f(z)

> maX{ sup {8, (x —2)}, Q(X)} 2 g(x).
z:f(z)=0

Hence, if g(x) > 0, then h(x) = g(x) < f(x); and if g(x) < 0, then h(x) = 0 < f(x). Thus,
f(x) > h(x) for all x € R™. Combining both inequalities, we conclude that f(x) = h(x) =

(max;er{B; x + b;})+ for every x € R™. This completes the proof. O

To prove Corollaries 2 and 3, it suffices to establish a more general result. To this end, we first
present the following lemma, which extends Lemma EC.8 in Wu et al. (2022) to high-dimensional
settings and incorporates the regularization results from Theorem 4. We begin by introducing a
broad class of measures, each of which can be expressed in one of the following two forms:

V(€)= inf (B [(&,0)""  and  pf(6) = inf {t+ E" [ 0)T}  (A29)

for some loss function ¢ : R**! — R.
Lemma A4. For any p € [1,00), Fy € M, (R") and € > 0, the following two statements hold.

(i) Suppose that £(z,t) is nonnegative on R" 1 and convex in t with lim;,_, o, 04(z,t)/0t < —1
for all z € R™, and Lipschitz continuous in z for all t € R with a uniform Lipschitz constant,

i.e., there exists M > 0 such that
|0 (z1,t) — 0 (z2,t)| < M||z1 — 22|, VY,z1,20 € R" te€R.
Then we have

. 1/p . F 1/p
sup inf {t 4 (EF [P (&,1) =inf sup t+ (E” [P (&t :
FeB,(Fo.e) tER{ ( e ]) } tER peB, (F,e) ( | )]) }

(ii) Suppose that £(z,t) is conver in t with lim; ,_ o 0(z,t)/0t < 0 and lim;_,o 04(z,t)/0t > 0
for all z € R, and Lipschitz continuous in z for all t € R with a uniform Lipschitz constant.
Then we have

sup inf EF [P (¢,1)] =inf sup EF[¢P (€,1)].

FeB,(Fo,e) tER tER peB, (F,e)
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Proof. (i) Denote by 1 ¢(F,t) := t + (EF [¢7 (€, t)])l/p. With the similar arguments as in the proof
of Lemma EC.8 in Wu et al. (2022), one can verify that m ¢(F,t) is concave in F for all t € R and
convex in t for all F' € M,, (R™). Moreover, we have lim;_, 4o 71 ¢(F,t) = oo for all FF € M,, (R").
Thus, the set of all minimizers of the problem inf;cgr 7 ¢(F,t) is a closed interval. Denote by
t(F) := inf arg min, m; ¢(F,t). We will show that {¢t(F) : F' € B, (Fy,€)} is a subset of a compact
set. For any F' € B, (Fp,c) and t € R, let £ ~ F and { ~ Fp such that E[||§ — ¢||P] < €P, and we

have

mLe(Fy ) = me (Fo,t)] = | BF [ (6,0) 7" = @ e (¢, 1))

< (B[l (€, t) — L t)IPDHP
< (E[MP||€ - <[P < Me, (A29)

where the first inequality follow from the triangle inequality, and we have used the definition of the

Wasserstein ball B, (Fp, ¢) in the last step. Hence, it holds that
T (Bt (Fo)) < mie (Fo,t (Fo)) + Me. (A30)

Note that 71 ¢ (Fy,t) — 0o as t — £oo. There exists A > 0 such that my ¢ (Fo,t) > m1 ¢ (Fo,t (Fp))+
2Me for all t ¢ [t (Fo) — A,t (Fo) + A]. This, combined with (A29), imply that

7T17g(F,t) =Ty (Fo,t) — Me > 10 (Fo,t(Fo))—l—ME, Vit ¢ [t (Fo) —A,t(Fo) —|—A] (A31)

Applying (A30) and (A31), we have {t(F): F € B, (Fp,e)} C [t(Fp) — A,t(Go)+ A]. Using a
minimax theorem (see e.g., Sion (1958)), it holds that

sup infm (F,t) = sup inf m10(F,t)
FeB,(Fo.e) tER FeBy,(Fy,e) LE[H(F0)—At(Fo)+A]
= inf sup me(F,t) > inf  sup  m(F,t)
tE[t(Fo)—At(Fo)+A] FeB, (Fy,e) t€R peB, (1 ,e)

The converse direction is trivial. Hence, we complete the proof.

(ii) The proof is similar to (i). O

Lemma A5. For any p € [1,00) and ¢ > 0, let V, and p, be defined as in equation (A28), where
the loss function is given by £(z,t) := (max;cr{cB; z+dit+b;})+ with B; € R"™ such that ||Bi||« = 1,
and b;,d; € R for all i € I.
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(1) If minjer d; < 0 < maxjerd;, then for any Fy € Mpy(R™) and € > 0, we have

sup V(&) = V0 (¢) + ce.
FeBy(Fo.e)

If miney d; > 0 or max;er d; < 0, we have Vf (&) =0 for any F € M, (R").

(it) If minjer d; < —1, then for any Fy € Mp(R™) and € > 0, we have

sup  pf (€)= pl (¢) + ce.
FeB,(Fo )

If minger d; > —1, then pg (&) = —oo for any F € M, (R").

Proof. (i) We establish the result by analyzing the following three cases.

(A32)

(A33)

(i.a) For min;erd; < 0 < max;es d;, to apply Lemma A4, it suffices to verify that the loss func-

tion ¢ satisfies the required conditions. Since ¢(z,t) is defined as the pointwise maximum of

affine functions in ¢ for any z € R”, it follows that ¢(z,¢) is convex in ¢ € R. Note that

min;er d; < 0 < max;erd;. We have limy_, 1 4(z,t) = oo for all z € R"™, which implies that

limy_, oo 0l(z,t) /0t < 0 and limy_, 0¢(z,t)/0t > 0 for all z € R™. Moreover, ¢(z,t) is Lips-

chitz continuous in z € R™ uniformly over ¢ € R, with Lipschitz constant c¢. Indeed, for any

t € R and z1,z0 € R™,

| (z1,t) — £ (z2,t)] < Clﬂzﬂgx{ﬁ;(zl —z2)} < cmax 1Bill«|lz1 — z2|| < cf|z1 — 2z2,

where the second inequality follows from Hoélder’s inequality, and the last inequality follows

from the assumption ||3;]|« = 1 for i € I. Hence, the function ¢(z,t) satisfies the conditions

in Lemma A4 (ii). It follows that

sup V¥ ()= sup inf (IEF [Ep(ﬁ,t)])l/p
FEB,(Fo.e) FeB,(Fo,e) t€R

—inf sup (EF (&, 0)"”
tER peB,(Fy.e)

= ggﬂg{(EFO [EP(C,t)])l/p + ca} = Vfo (€) + ce,

where the second equality follows from Lemma A4 (ii), and the third follows from Theorem 4.

(i.b) For minjerd; = 0 or max;erd; = 0, note that when min;e;d; = max;erd; = 0, we have

VE(¢) =EF [(maXie]{Cﬁi—rE + bz})ﬂ In this case, Theorem 4 implies that (A32) holds. Tt
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therefore remains to consider the situations where min;c;d; = 0 < max;cyd; or min;erd; <
max;crd; = 0. Since these two cases are symmetric, it suffices to analyze min;c;d; = 0 <
max;erd;. Denote by Iy := {i € I : d; = 0}. Since d; > 0 for all ¢ € I, the function
U(z,t) = (max;er{cB z + dit + b;})+ is increasing in ¢ € R. It follows that

1/p
V(@ = ut (B [#(6.0)"” = tim_ (5" [(60)" = (¥ Tommx{on € + 0111)

teR

Thus, by Theorem 4,

1/p
s VO = sw (B lmax(enTe+ 0]

FeBy(Fo.e) FeB,(Fo,e)

1/
N <EFO[<£%%X{cﬂJ c+bi}>i1> e V0 (C) +ce,

Hence, (A32) holds.

(i.c) For min;erd; > 0 or max;er d; < 0, we have

Y, (€) = inf (E" [ (&))"

teR
: F T p\M/P
lim; oo (E [(maxig{cﬁi &+ dit + bl})+D =0, maxerd; <0,

limy s oo <EF [(maxz-ez{cﬁfﬁ +dit + bi})iDl/p =0, minjerd; > 0.

Combining the above three cases, we complete the proof of (i).

(ii) We establish the result by analyzing the following three cases.

(ii.a) For min;e;d; < —1, by similar arguments as in part (i), the loss function ¢(z,t) is convex
in t for any fixed z € R™, and Lipschitz continuous in z € R™ uniformly over ¢ € R, with
Lipschitz constant ¢. Moreover, we have lim;_,_~, 0¢(z,t)/0t = min;c;d; < —1. Therefore,

{(z,t) satisfies the assumptions in Lemma A4 (i), and we have

y i F 1/p
sup p, (&)= sup inft+ (E" [(P(&,t
FeBy(Fo) (&) e tGR{ (B [°(&,1)]) }

— inf {t+ sup  (EF [ep(g,t)])l/p}

teR FeB,(Foe)
— 3 FO 14 l/p _ Fo
= inf {t+ (EP [0(C.0]) " + e} = pf () + ez,

where the second equality follows from Lemma A4 (i), and the third follows from Theorem 4.
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(ii.b) For min;erd; = —1, denote by I_; = {i € I : d; = —1}. Then, for any ¢t € R, we have

Fip 1/p: F T ) \P e
t+ (E7 [P (&,1)]) t+(E [(?gx{cﬂl &+ dit + b))

1/
>t+ (EF[ggx{cﬂJ £—t+bz~}>i]> p
>t+E" [(.rglax{cﬁi s—t+bz-}>+] >E" [.rg;mx{cﬂ? E+bi},

where the second inequality follows from Hélder’s inequality, and the last inequality from the
fact that (), > x. On the other hand, let g(t) := t+(E[(¢?(&,1)])V/? = t4 (E[(max;c;{cB] &+
dit +b;})E])1/P. Note that

E[0 (&, 1)d (minse; d)E[( (€, 0) |
B o) om - T (E[(ép(ﬁ,t)])(l—l’)/l’ >1+mind; =0,

gt)=1+

where d, denotes the coefficient d; corresponding to the maximizer inside ¢(§,t) and the first

inequality follows from d, > min;ecy d;. Thus, g(t) is increasing in ¢t € R and

——00

1/p
oF (§) = lim {t (B Ton(enl € + it + 037 ) } — & (a6 402
By Theorem 4, it follows that

sup 05 (&)= sup EF[maX{CBiT£+bi}]
FeBy(Fose) FeBy(Foe) €11
= ]EF[IélIa‘X{CIBZTC + bz}] +ce = pI};O (C) + ce.
1€l -1
Hence, (A33) holds.

(ii.c) For minerd; > —1, then for any F' € Mp(R"™), we have

oy (€)= inf {t+ (E" [ (&.0]) "}

P\ /P
= lim {t + (EF [(max{c,@iTE +dit + bl}> }) } = —o0.
t——o0 iel +

This completes the proof. O
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Proof of Corollary 2. Note that

7)) = ¢ (mae{ 8] €+ ) + max{asn)

+

:c< max {3/ £+b¢+djt}> :c(max{ﬂ,jg+bk+dkt}> ,
+ kels

{iel1,jel2} +

where for each k € I3, we have (8, b;) € {(Bs,0:), i € I1} and dj, € {d;, j € I>}. Letting the loss
function in Corollary A5 be denoted by ¢1(z,t) := ¢(f(z),t), we can directly apply Corollary A5 to
obtain the desired result. This completes the proof. O

Proof of Corollary 3. Note that

(F(€).1) = e ({max{BTE +b—dit, ~BTE —b—dat} +d3)
— ¢ ({max{B7€+ by —dit, =876 ~ b — dat}) .
where by := b+ d3 and by := b — d3. Letting the loss function in Corollary A5 be denoted by

li(z,t) :=£(f(z),t), we can directly apply Corollary A5 to obtain the desired result. This completes
the proof. O

Proof of Theorem 5. For the “if” part, we assume that f : R™ — R be given by (13). By Proposi-

tion 3, we have

sup  pp [f(€&)]=  sup  pF[X].
FeB,(Fp.e) GeCp(f|Fo,cye)

Note that C,( f|Fo, cfe) is a one-dimensional Wasserstein ball with center f(¢) and thus, by Theorem
5 of Wu et al. (2022), we have

sup  pf [X] = ppP(f(C)) + cpelllg-
GECp(leo,CfE)

Combining the two equations yields (28).
For the “only if” part, we assume that there exists c¢; > 0 such that (28) holds for any Fy €
M(R"™) and € > 0. If ¢; = 0, then (28) reduces to

sup  ph [F(€)] = pr2 (F(C)),

FeB,(Fo,e)
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which is equivalent to

sup  pr(f(€+C)) = p (f(C))- (A34)

E[|g]|P<eP
We next show that ||V f(x)|l« = 0 for all x € R™ and Vf(x) € df(x). Suppose, for contradiction,
that there exists xo such that ||V f(x0)||« > 0. Then, there exists vy, with ||vx,|| = 1 such that
v Vf(x0) = [|[Vf(x0)||s. Let Fy := x, and consider & ~ Oevy, for some sufficiently small & > 0.
Then E[||&||P] = P, and we have

sup  pp(f(€+%0)) = pi(f(evx, +%0)) = f(x0) + £vx, V£ (x0) = f(x0) + ]|V f (x0) |+ > f(x0),

E|€|lP<e?

where the second inequality follows from that f is convex, and the strict inequality follows from
IV f(x0)||« > 0 and € > 0. This yields a contradiction with (A34). Thus, we have ||V f(x)||. = 0
for all x € R", which implies that f is constant. Now consider the case ¢y > 0. By the positive
homogeneity of pp, we assume without loss of generality that c¢; = 1. Note that in this case,

equation (28) is equivalent to

sup  pr(f(€) = pro(F(C)) +el|W |lg

Efl§—¢lIP]<e?

or, equivalently,

sup  pr(f(€+C)) =P (f(C)) + el - (A35)

E|||P<e?

It suffices to show that (A35) implies f satisfies

sup f(x+y)—f(x)=¢, VxeR" e>0. (A36)
lyll<e
To see it, we first show (A35) implies that |[Vf|l. < 1 for any x € R" and any subgradient
Vf(x) € f(x). Since otherwise, ||V f(x0)|[« > 1 for some x¢. Then, there exists vy, with ||vx,|| =1
such that v, Vf(x0) = ||V f(x0)||«. Denote by U a uniform random variable on [0,1], and define
the random vector &1 := evx, (h’(U))q/p/Hh’Hg/p. One can verify that E|[&;]|P < eP. For € > 0 small

enough, we have

'UT X
sup  pu(f(xo0 +&)) = pn(f (%0 +&1)) = pn <f(X0) + €XOVf(O)(h/(U))Q/p>

gl <er Il
b th (' @))77) > f(x0) +2lW g
q
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where the second inequality follows from the convexity of f, and the strict inequality follows from the
assumption ||V f(xg)||« > 1. This yields a contradiction with (A35). It follows that all subgradients
of f satisfy ||V f||« < 1, which in turn implies that f is Lipschitz continuous with Lip(f) < 1. We
next show that f satisfies (A36). Since ||V f]|« < 1, suppose for contradiction that there exist some
xg € R" and g9 > 0 such that

sup f(xo+y) — f(x0) < 0. (A37)

lyll<eo

We first consider the case p = co. In this case, we have

sup prn (f(xo+§)) = sup f(xo+y) < f(x0) + <o,
ess-sup(||£|)<eo llyll<eo

where the first equality follows from SuPess sup(|jel))<eo Pn (f (X0 +&)) < pr(Sup|y|<c, [ (X0 + ¥))-
Thus again contradicts with (A35). Now suppose p € (1,00). We first define a set,

X, = {F—l(U) : /01 |F~ (w)|Pdu < 0o, F~H(U) > 0} :

We have that {Fx : X € LP} = {Fx : X € &},} and the random variables in X}, are all comonotonic.
For sufficiently small € > 0, define

1-a\ '
&:{ae[0,1]:h(a)=0}<1andM:5< 5 ) .
For each random variable X € &}, by the Markov’s inequality, we have

P(X > M) <

(A38)

For small enough £ > 0 such that M < g, define

k= sup
lyll<m

{f(XoJr}]’\)I—f(Xo)}.

By the strict inequality in (A37) and the convexity of f, it follows that k£ < 1. Further, one can
verify that f(xo+y) — f(x0) < k|y|| for all |ly|| < M by using the convexity of f again. Then, we
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have

sup  pp (f(xo+€) = sup {pn (f (x0+&) Lygpenny + f (%0 + &) Lyjg>ny) }

E|€|lP<e? E|€[lP<e?

< sup {pn ((f(x0) + KIEIN Ty + f (%0 + &) Lyg>ary) }

E|€|lP<e?

< sup {pn ((f(x0) + KIEID Lyep<ary + (f (x0) + €D Lyygy=an)

E||g[P<e?

=f(xo)+ sup {pn (KlEILgei<an + €I e >ny)}

E|jg[P<e?

=f(xo)+  sup  {pn (EXTix<ny + Xixsany)}
E[XP]<eP, X>0

:f(X0)+ sup {ph (kX]l{XgM}+X]1{X>M})}
E[XP]<eP, XEX,

=fxo)+  sup  AE[(AXTLiyeny + Xlixsap)h'(U)]}
E[XP|<eP, X €X,

= f(x0) + sup {E[(X — (1 — kB)XLxapy)h' (U)]}
E[XP]<eP, XEX,

= f(xo0) + sup {pn(X) — (1 = B)E[X L x<pryp) R (U)]}
E[XP]|<eP, XEX,
= f(x0) + 1,

where the second inequality follows from |V f|| < 1 for all x € R"™, the forth equality follows from the
law invariance of p, and the fifth equality holds because X € X}, implies that kX1 x<rr) +XLix>nry

and h/(U) are comonotonic. For n > 0, define
Vi =X eX EXP] <P EXLixapy] <n}, Va={X e, :EXP] <P\ Wy,
and write I = max{[;, I}, where

= )?elg{ph(x> — (1= REXLxan)h' O}, i=1,2.

49



Below we aim to demonstrate that I; < n||h’|| for i = 1,2 by selecting an appropriate €. Note that
il

I < sup pp(X) = sup {E [XTgxoan ' (U)] +E [XTixan ' (U)]}
Xen; Xev:

< h'(U)1 X
;16151 W (U) {X>M}Hq” lp +1

< su R (U)1 +
5651 H (U) {X>M}”q€ n
1+a

< </11+ (W' (s))? ds) 1/q€+77 = (Hh/HZ _/a 2

2

1/q
(W(s))* ds) e+1n, (A39)

N

where the second inequality follows from Hoélder’s inequality and the definition of Vj, the last

inequality is due to (A38), and the last equality follows from the definition of a. Denote by

1+a

A= [ ()" ds and e = [Hh’Hq—(Hh’HZ—A)l/q] ‘.

«

Recalling the definition of & again, we have A > 0 and ¢ > 0, and hence, Iy < ¢||F[|, whenever

n < €. For n < ¢, we have

I = sup {pn(X) — (1 = K)E [X1xaanyh'(U)]} < sup 12| 11Xl — (1= E)n < e|[R]],, (A40)
2

XeV,

where the first inequality follows from Hoélder’s inequality, and the strict inequality is due to k& < 1.

Hence, we have that max {1, s} < €||F/||,. Combining (A39) and (A40), we conclude that
q

sup  pp (f(x0 +§)) < f(x0) +max{I1, I} < f(x0) + &||h[|-

E[€[[P<e?

This leads to a contradiction, thereby establishing (A36). With the similar arguments as in the
proof of Proposition 3, we have f(x) = maxiel{ﬂ;rx + b;} for some B; € R™ with [|3;]|« = 1 and
b; € R for ¢ € I. This completes the proof. O

Proof of Proposition 5. (i) Denote by £(z,t) := ¢(f(z),t). For any z1,zs € R™ with z; # z,,

[6(z1,t) — L(z2, )| = [€(f(21), 1) — £(f(22), )| <DIf(21) — f(22)] <bLip(f)[z1 — 2z2l|, VtER,

where the first inequality follows from the uniform Lipschitz continuity of ¢(z,t) in z, and the second
from the Lipschitz continuity of f. Thus, Z(z, t) is Lipschitz continuous in z for all ¢, with constant
bLip(f). Moreover, one can verify that £(z,t) is convex in ¢ and satisfies limy_,_oo 9€(z, t) /0t < 0 <

limy_,oo 04(z,t)/0t for all z € R™. Therefore, £(z,t) satisfies the assumptions of Lemma A4 (ii).
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Hence,
sup  DI(f(&)= sup inf (EF [£(&t
FEIBl(Fo,E) ! ( ( )) FGBl(Fo,é‘) tER( [ ( )i|)

s F |7 . F
—ggﬂfxpeglu(goﬁ) E [f(é,t)D _ggﬂgFGEF&ﬁ) (EV [6(f(€),0)]) . (Ad1)

We next show that

sup (BT [U(f(€),)]) =  sup  (E[L(f(€),1)]) = E[E(f(C), )] + bLip(f)e.

FeB, (Fy,e) E[l€—¢lll<e

It suffices to establish the second equality. First,

sup  (E[E(f(€),0)] —E[(f(¢),1)]) <bLip(f) sup E[&—¢| < bLip(f)e, (A42)
E[lle—¢l)<e E[lle—¢l)<e

where the first inequality follows from the Lipschitz continuity of ¢(-,¢) and f. For the reverse
inequality, following arguments similar to those in Lemma A2 and Theorem 3, fix n; :=1/j, j € N.
We may choose k; > K; (for some K; > 0) and m; > max{m;_1,J,¢} with m; — oo such that
(f(xo+mjvy,;)—f(x0))/m; = Lip(f)—n;. Let U be a uniform random variable on [0, 1], independent
of ¢, and define

&= ¢ +mjvgLyea;y, where Aj:=[1—¢/my,1).
One can verify that E [|€; — (|| = ¢. For each realization of ¢, denote by A; := f(¢+mjvy;) — f(C).

By Lipschitz continuity of f and the choice of m;, k;,

m;j(Lip(f) —n;) = 2Lip(f)[[¢ — xoll < Aj < m;Lip(f) + 2Lip(f)[|€ — xol| (A43)

Thus Aj/m; — Lip(f) and A; — oco. Moreover, note that A; — oo, as j — oo. Recall that

20 (t)+m,t)—£(z0(t),t)

for each t € R there exists zo(t) such that lim,, “

iy, 0o CEFMAZUED —  for all 2,t € R. Then, we have lim;_q

= b, which implies that
USQ+A; D)UY _ b There-

J

o1



fore, for any t € R and sufficiently large m; > max{1,¢},

sup  (E[0(f(£),t) = £(f(C),D)]) = EL(f(&;),t) = £(f(C) )]
E[lg—¢ll]<e

E[(£0(¢ +myw,), 1) — (7€), 1) 1]

B [, 2 U0 +000 4O,
J J

[1(410) + 830~ 010.1)

mij, Aj :| E [mj]lAj]

3

E

g [10U10 850 WO i 5,

(Ad4)

where the third equality uses the independence of U and ¢, and the limit follows from the dominated

convergence theorem, since

A (UF(Q) +45.1) = €SO, D) | 1A,

m; A m, < b(Lip(f) + 2Lip(f)|¢ — xol)),

with the last inequality from (A43) and m; > 1. Combining (A44) with (A42) and (A41), we obtain

(30), completing the proof of (i).
(i) For /(z,t) := £(f(2),t), the function £(z, t) is convex in t and satisfies limy_, oo 04(z, t)/0t <

—1 < limy_,o (2, t) /0t for all z € R™. Hence, limy_+o0 (t +EF[((€,¢)]) = oo for all F € M;(R™).

Moreover, {(z,t) is Lipschitz continuous in z with constant bLip(f) for all ¢, the map (¢, F) —
t + EF[0(¢,1)] is concave in F for all t € R and convex in t for all F € M,, (R™). Therefore, by

the minimax theorem (see, e.g., Sion (1958)) and arguments analogous to those in the proof of

Lemma A4 (i), we obtain

sup  HI(f(€))= sup inf (t—i—EF [Z(ﬁ,t)D

FEB1 (Fy.e) FEB, (Fye) 1R

—inf sup (t+EF [E(&,t)D:inf <t+ sup EF[e(f(g),t)})

teR peBy (Fo,e) teR FEBy (Fo,e)
(A45)
Then, by arguments analogous to those in the proof of (i),
sup  (E" [0(£(€).1)]) = E [L(f(C), )] + bLip(f)e.
FeBy (Fo,e)
Therefore, combining this with (A45), we obtain (31). This completes the proof. O
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Proof of Proposition 6. Without loss of generality, assume Lip(f) = 1. Note that (32) is equivalent

to

sup  pr, (f(€)) = pr2(£(C)) + el ||oo.
EllE—¢l<e

Then, to show (32), it suffices to prove that for any ¢ ~ Fy and € > 0

L o (FE+€) = p°(f(C)) +ellh] oo (A46)

To see it, first note that

sup pr(f(€+C)) < sup pn(f(C) + [I€l) < pr(f(C)) + sup pr(l[€])

Ell€ll<e E|¢ll<e E|j¢ll<e

gpﬂf@D+Eﬁ&‘MWWEM”<PMKZ»+HHWm&

where the first inequality follows from f(& + ¢) — f({) < ||£]| and the monotonicity of pp, the
second inequality follows from the subadditivity of pp, and the third inequality is due to Hélder’s
inequality. Let us now verify the other direction. With arguments similar to those in the proof of
Lemma A2 and Theorem 3, for each n; := 1/j, j € N, we can choose k; > K for some K; > 0
and m; > max{m;_1,j,/(1 —a)}, with m; — oo, such that (f(xo+mjvy,)— f(x0))/m; = 1 —n;.
Denote by U a uniform random variable on [0, 1] such that U and f(¢) are comonotonic. For chosen

n;, kj, and m;, define
Aj={w:1—-¢/m; <U(w) <1} and V;:=m vy ly,.
One can verify that E [|V;|| = e. Moreover, we have

pu (£ (C+ V) ;mU O)Lag + F(C +myvp, )Ly,
=;wf F(¢+myor,) = F(C)1a,)

E [(f(¢) + (F(¢ +myvr,) = F(C)1a;) W (U)]
zmﬁmHEWK+Ww)f©) O]

where the inequality follows from the dual representation of p;, (see e.g., Theorem 4.79 of Follmer

and Schied (2016)). Note that f(¢) must be uniformly bounded on A; for all sufficiently large
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m >¢e/(1—mn)as f(¢) and U are comonotonic. Then, for m; sufficiently large, we have
Eﬁélug pr(f(€+ Q) = pr(f(C) = E[(F(C +mjvr;) — £(C)La; ' (U)]
> (1= m))E [m;la, 1 (U)]

fllfs/mj h,(S)dS
e/m;

= (1—mnj)

€ — Hh’HOOE as j — o0.

This completes the proof. O

Proof of Proposition 7. Note that we can rewrite ex! (X) = max{z € R : EF[(,(X — z)] > 0},

(67

where /o (2) := ary — (1 —a)z_, € R. Denote by ¢; = Lip(f). Therefore we have

sup ex%(X) = sup max {z € R : EC[ly(X — 2)] > 0}
GeC1(f|Fo,cse) GeC1(f|Fo,cye)

=maxs z € R: sup EC [l (X — )] >0
GECl (f‘F(),CfE)

= max {x CEO [0 (f(C) — 2)] + acye > 0} )

where the last equality follows from the regularization result of a convex Lipschitz continuous
function over a Wasserstein ball, i.e., supgep, (cy.e) EC[lo(X — x)] = E[ly(X — 2)] + as. This

implies

sup exg (f(€)) = max {x : EFO[Ea(f(C) — )]+ acpe > 0} ,
FeBy (Fo,e)

or equivalently, the unique solution to Ef°[¢,(f(¢) — z)] + acse = 0. This completes the proof. [

A.2 Proofs for Section 5

Proof of Proposition 8. Note that the implication (ii) = (i) is trivial. We only give the proof of
(iii) = (i) and (i) = (iii).

For (iii) = (ii), let ¢y := Lip(f). If Lip(f) = 0, then f is constant. There exists b € R such
that f(x) = b for x € R™. In this case, for any Fy € M(Z) with (Yp, Xo) € Fo, denote by Fy, the

marginal distribution of Yy. Then we have

{FbY : F(Y,X) € Ep(PbaE)} = {FbY()} = ép(f|Fba 0)7
for any Fy € M(R™) and € > 0, where Fjy; is the distribution of bYy with Yy ~ Fy,. If Lip(f) > 0,
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we assume without loss generality that Lip(f) = 1. Then, since f satisfies (9), it follows that for

any xi,xo € R,

|f(x1) = f(x2)] < [|x1 — x2f|-

Now let £ = (Y, X), ¢ = (Yo, Xo) be such that E[d(§, {)?] < P, where and the cost d is given by
(34). Then

E[[Yf(X) = Yof(Xo)["] = E[|/(X) = f(Xo) "] S E[[|X = Xo|]"] < &”,

where the first equality follows from the definition in (34) which implies Y = Yj almost surely
whenever E[d ((Y,X), (Yo, Xo))?"] < P and |Yy| = 1 a.s., and the inequality follows from the 1-
Lipschitz continuity of f. It follows that {Fy yx): F(y,x) € Bp(Fo,e)} C Cp(f|Fo,¢), To prove the
reverse inclusion, it suffices to show that for any G € C,(f|Fo,¢) and Z ~ G with E[|Z—Y0 f(Xo)[P] <
eP, there exists a random vector (Y, X) with distribution F(y x) € B,(Fo,e) such that YV f(X) = Z
almost surely. To this end, let T':= Z/Yy — f(¢). Then

E[|T]?] = Enio ~HOP) = E[1Z - Yof (Xo) ] < <.

By Rieder (1978) and following similar arguments as in the proof of Theorem 1 (iii) = (ii), there

exist measurable mappings V1 and Vs such that

Vi(w) € argmax f({(w)+y) and Vi(w)e€ argmin f({(w)+y), w € Q.
Iy lI<IT (W) IylI<IT ()

Denote by Ay = {w : T(w) > 0} and A_ := {w : T(w) < 0}. We define ¥ = Yj and X =
(Xo+ V)L, +(Xo+ Va)La_. Then by (8), for each realization,

YV(w)f(X(w)) = Yo(w) f(Xo(w)) + Yo(w)T'(w) = Z(w), weE Ay,

and

Y (w) f(X(w)) = Yo(w) f(Xo(w)) = Yo(w)(-T(w)) = Z(w), we A_.

Moreover,

E[d((Y,X), (Yo, X0))"] = E[|X = Xo”] < E[(max{[[V1],[|Val[})"] <E[T[] < ¢,
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where the first inequality follows from the definition of X. This implies F(y x) € B, (Fp,e). There-
fore, Cp(f|Fo,€) C {Fysx): Flv,x) € Bp(Fo,€)} and thus, (38) holds, completing the proof of this
direction.

For (i) = (iii), suppose that there exists ¢y > 0 such that (37) holds for any ¢ > 0 and
Fo € M(E). If ¢y = 0, take p = VaR, with o € [0,1), and let Fx, € M(R") be any marginal
distribution. Define Fy such that (Yp, Xo) ~ Fy with Yy = 1 almost surely and Xy ~ Fx,. Then,
by arguments analogous to those used in the proof of Theorem 1 (i) = (iii), it follows that f must
be constant. Now consider ¢y > 0 and take p = VaR, with o € [0,1). By the positive homogeneity
of VaR, we assume without loss of generality that c¢; = 1. Consider any marginal distribution
Fx, € M(R™), and define Fj such that (Yp, Xo) ~ Fp with Yy = 1 almost surely and Xy ~ Fx,. In

this case, (37) reduces to

sup  VaRE (f(X))=  sup  VaR§(X),
FEBP(FXO ,5) Gecp(ﬁFXo 75)

which holds for any ¢ > 0 and Fx, € M(R"). By Lemma Al and the proof of Theorem 1 (i) =
(iii), it follows that

sup f(x+y)—fx)=e, (A47)

lyll<e

for any x € R" and € > 0. Similarly, define Fy such that Yy = —1 almost surely and X ~ F¥x,.
Then, we have

sup  VaRE (—f(X))=  sup  VaR§(X),
FEBy(Fx, ) GeCp(—flFxq-€)

which holds for any € > 0 and Fx, € M(R"). By Lemma A1, one can verify that

f(x)— inf f(x+y)=c¢, (A4R)

lyll<e

for any x € R™ and ¢ > 0. Combined with (A47) and (A48) yields that f satisfies (9). This
completes the proof. O

Proof of Proposition 9. For the “if” part, by Proposition 8, we can take p = VaR, for some a €
[0,1), which implies that (39) holds.
For the “only if” part, applying arguments similar to those in the proof of Proposition 8, direction

(i) = (iii), the desired result follows. This completes the proof. O

Proof of Corollary 4. By Proposition 1, Proposition 2, Proposition 8, and Theorem 5, the conclu-
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sion follows immediately. O
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