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Abstract
Part I of this work [I4] establishes online scaled gradient methods (OSGME a framework that utilizes online
convex optimization to adapt stepsizes in gradient methods. This paper focuses on the practical aspects
of 0SGM. We leverage the 0SGM framework to design new adaptive first-order methods and provide insights
into their empirical behavior. The resulting method, 0SGM-Best, matches the performance of quasi-Newton
variants while requiring less memory and cheaper iterations. We also extend 0SGM to nonconvex optimization
and outline directions that connect 0SGM to existing branches of optimization theory and practice.

1 Introduction
Consider gradient descent applied to a smooth convex problem f* := mingegn f(z):
a"t = 2% — PV f(a"), (1)

where P, € R™*"™ is a matrix stepsize. The first part of this work [I4] introduces 0SGM, a framework that uses
online learning to adjust stepsize { Py} on the fly and achieves problem-dependent acceleration.

We briefly summarize the idea of 0SGM introduced in Part I [T4]. The analyses of algorithms for smooth
optimization often show that each iteration yields some improvement. For instance, in linearly convergent

k41y_
methods, a common improvement is a contraction of the form % <1- % Here k > 1 often denotes
some condition number. If this contraction ratio bound holds uniformly for all k, chaining the per iteration
improvements over K steps yields the rate
f(TK“ f L (Cai 1\K
fat =[x flzF)—f~* <(1- E) :
Many proofs first establish improvement at every iteration and then chain these improvements to prove conver-
gence. However, this approach requires monotonic improvement. 0SGM instead chains the contraction first:

LK+ K Lkt K Lkl
f(f(:v LTI 1f§"(zk) L<FTie 1%#) : (2)
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To guarantee convergence, it suffices to have the average contraction ratio % 2521 %
small. In other words, convergence is possible even if some iterations worsen the objective. When the iterates

{2*} are generated via the update (Il , the contraction ratio attributed to one iteration, starting from z, can be

written as r,(P) = %, which depends on the stepsize matrix. In view of , it suffices to select

be sufficiently

{P:} sequentially to minimize 11< Zf 1 7zx (Pg), the average contraction ratio. This perspective formulates
stepsize selection as a sequential decision-making problem, a central topic in online learning [27 18] If {Pk} are
chosen by a no-regret online learnmg algorithm, we obtain the guarantee: + Ly K o1 Tk (Pr) < Z e Tk (P)+

o(1) for any benchmark stepsize P, including the optimal preconditioner [I5] B1]. The relatlon further yields
the convergence guarantee

K4+1y_ o* K A A
% < (% X p g mer (P) +0(1))%  for any P.
More generally, 0SGM models stepsize selection in a gradient-based method as a sequential decision-making
problem between a stepsize scheduling agent and a landscape agent. At each iteration:

1. Scheduler makes decision P, and proposes an update zF+1/2 = gk — PV f(2F).
2. Landscape chooses the next iterate x5t = M(x*, £FT1/2) and provides feedback £,x(P}) to the scheduler.
3. Scheduler updates the stepsize using an online learning algorithm A(Py, {€,s }j<k)-

Different instantiations of (¢,, M, A) yield different algorithm variants, each with its own convergence properties.
Part I of this work develops the theoretical foundations of 0SGM, providing specific instantiations that achieve
both global and local convergence guarantees.

1.1 Contributions

Building on the theoretical foundations established in Part I, the second part focuses on the practical aspects
of 0SGM and outlines several future directions.

Insights into algorithm behavior. While Part I focuses on complexity analysis, this work investigates the
empirical behavior of 0SGM, with a particular focus on 0SGM-H [I4]. We develop a more detailed analysis that
explains the empirical behavior of 0SGM-H and other hypergradient-type methods [2]. These insights lead to
concrete algorithmic recommendations.

A practical variant of 0SGM. Part I developed 0SGM variants based on gradient descent. This paper shows
how to use the same ideas to choose stepsizes in other gradient-based methods, such as heavy-ball momentum.
The strategies above, when combined with heavy-ball momentum, give rise to 0SGM-Best: a robust variant of
0SGM that performs competitively with L-BFGS [25] while requiring less memory and cheaper iterations.

Nonconvex optimization. Although 0SGM is grounded in online convex optimization, we demonstrate that
the analysis can be extended to smooth nonconvex problems by introducing regularization in the stepsize space.
Under the Polyak-fojasiewicz (PL) condition, the resulting 0SGM variants provably adapt to locally convex
regions of the landscape. Experiments on standard nonconvex benchmarks support these theoretical claims.

Connection to other optimization techniques. We highlight connections between 0SGM and a range of
ideas in optimization, including the Barzilai-Borwein step [I], accelerated gradient descent [8], proximal gradient
methods [3], and the performance estimation problem (PEP) [35]. These connections highlight the potential of
0SGM as a valuable addition to the modern optimization toolbox.

1.2 Notations

We use || - || to denote the Euclidean norm. Letters A, a denote matrices and scalars. |[Allr = /> aj; denotes

the matrix Frobenius norm. We use (-, -) for Euclidean or Frobenius inner product. IIp[-] denotes the orthogonal



projection onto a closed convex set P. We use X* = {z : f(x) = f*} to denote the optimal set of f and S* to
denote the set of stationary points of f; dist(P,P) := ||P — IIp[P]||r denotes the distance between a point P
and a closed convex set P; diam(P) = maxx yep || X — Y||r denotes the diameter of set P in Frobenius norm.
We use superscript 2 to index algorithm iterates and subscript Py to index the stepsize sequence. A function
f satisfies u-PL condition if f(x) — f* < %HV f(x)]|?. To emphasize that the feedback functions have stepsize
P as their argument, we will use h,(P) instead of h, in most contexts.

Structure of the paper. This paper is organized as follows. Section [2| provides insights into the conver-
gence behavior of 0SGM-H observed in the literature. These insights, combined with a heavy-ball momentum
enhancement, constitute 0SGM-Best, a variant that yields competitive practical performance. Section [3| gen-
eralizes 0SGM to smooth nonconvex optimization. Section [4| presents numerical experiments on both convex
and nonconvex optimization problems. Section [5| outlines several future directions and shows the connection
between 0SGM and existing optimization theory.

2 Algorithmic behavior and ingredients of practical 0SGM

In this section, we motivate the key ingredients of 0SGM-Best that improve the practical convergence of 0SGM.
We provide insights into each ingredient through either rigorous analysis or illustrative examples. Our analysis
focuses on 0SGM-H, 0SGM with hypergradient feedback, although most of the insights extend naturally to other
variants of 0SGM. We briefly recap 0SGM-H (Algorithm , 0SGM using the hypergradient feedback [14]

_ fe-PY () ()
he(P) = S gmE

Algorithm 1: Monotone 0SGM-H Algorithm 2: Classic-HDM

1 input: z!, P, € R™*", online gradient stepsize > 0 1 input: 2!, P, € P=R"*" 5 >0
2 for k=1,2,... do 2 for k=1,2,... do
3 | aFtY2 =gk _ PV f(zF) 3 | Py =P, —nVhy(Pr)

4

5

4 | Let 21 satisfy f(z+1) < min{f(z*+1/?), f(2*)} ettt =gk — P Vf(ah)
5 Pk+1 = Pk - thmk (Pk) end
6 end

The feedback h,(P) is motivated by the classical descent lemma f(z — +V f(z)) < —57 ||V f(2)||? and is closely
related to the classic hypergradient descent heuristic (Algorithm [2)) studied in the literature [2| [32]. However,
there are two key differences: the monotonicity condition imposed on Line |4/ and the order in which P, and z*
are updated. These seemingly subtle distinctions turn out to be critical for an effective variant of 0SGM-H in
both theory and in practice. In this section, we detail our design and address the following aspects:

e Monotone landscape action for 0SGM-H. Is it necessary to enforce monotonicity in 0SGM-H?
e Limitations of hypergradient descent in the literature. How does the order of the updates in 0SGM-H matter?

e Heavy-ball momentum and modified feedback. Can momentum accelerate the convergence of 0SGM-H?

After discussing each ingredient in turn, we combine them into one recipe: 0SGM-Best.

2.1 Monotone landscape action for hypergradient feedback

The convergence analysis for 0SGM-H in Part I [I4] always requires a monotone landscape action to ensure at
least f(2z**1!) < f(2¥). In practice, 0SGM-H is still observed to converge without enforcing monotonicity, but it
exhibits periodic “spikes” in the objective (Figure [1] (left)). Similar spiky patterns have also been observed in
other methods, such as heavy-ball momentum [7] and the Borwein-Barzilai method [IT].
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Figure 1: Spiky behavior of Vanilla 0SGM-H on a quadratic function.

In this section, we show that this requirement is not an artifact of analysis. Actually, one can construct an
example for which the spike of 0SGM-H can be arbitrarily high and can happen arbitrarily late. This precludes
the possibility of establishing a standard convergence rate in terms of K without the monotone landscape action.

Example. Consider a simple 2D quadratic function parametrized by « > 1:

: 1,.2 K .2
min xr) = 527+ 3T5.
z=(z1,22)ER? f( ) 271 272

The objective f is k-smooth and 1l-strongly convex with condition number x and z* = (0,0). The minimax
optimal stepsize for this problem is a* = —2- =~ %, and stepsizes larger than o* can lead to divergence. Scalar

T+r
version of 0SGM-H (without enforcing monotonicity) reads

it _ ( (—ap)at
;c];Jrl - (l—mxk)a:g ’
(z§)* r?(x5)?

w1 = an + 1| ey (L - ) + e (L~ ko) | )

Ay

The sign of stepsize change Ay is determined by both 1 — aj and 1 — kag. When «ay > %, 1 — kay < 0 from
the second coordinate will try reducing the stepsize, while 1 — oy, from the first coordinate tends to increase the
stepsize until ap > 1 > o*. However, these two terms are weigkhted by quantities that depend on the location of
K,2 xr 2
coordinate 1 — kay, will be disregarded. It can therefore lead to overly large stepsize and divergence. Suppose
0SGM-H is initialized such that 2% > kx%. Then each spike in Figure [1{ can be decomposed into three phases.

2% on the landscape. In particular, if #§ < Laf, then — 0, and the information from the second

Myopic stepsize increase. When x§ > ka§, Ay ~ 1 — a3, and 0SGM-H drives the stepsize to 1 to accelerate the
convergence in the direction of 1. However, the magnitude of x5 explodes since |1 — kag| > 1.

Divergence and recovery. Though the divergence of x5 starts from a small initial value, it finally becomes large
2 k\2
enough that the second term % in dominates, decreasing «y,. However, 0SGM-H requires many it-
1 2

erations to decrease oy, to %, and 2§ continues to increase during this phase, resulting in a spike in the objective.

Periodic spiky behavior. After 0SGM-H decreases the stepsize below %, the second coordinate x% decreases
sharply. However, 2§ decreases much faster than z¥ does since 1 — kay < 1 — ay, if a = O(L). Then 0SGM-H
returns to the state x§ > kzf, and repeats the same divergence-recovery loop. Notice that the magnitude
|z1| consistently decreases (Figure [1] (right)), since a4 remains less than 1 and thus |1 — ag| < 1. Hence,
the algorithm ultimately converges after several loops. But this analysis also precludes a standard convergence
proof, as we can pick § — 0 to construct a bad starting point (1,4) for any (sufficiently large) iteration K so

that a spike happens around K and f(z%) > f(x!).



To quantify the spiky behavior, suppose 0SGM-H starts from (x1,23) = (1,9) for some § > 0 to be determined

later, and the stepsize is initialized by a; = 0. Lemma [2.T] shows that 0SGM-H increases stepsize by at least a
constant factor of 7 < - when ay, is small enough and zf > ra¥.

Lemma 2.1. Let k> 2. If oy, < 1 and |z} > V2632|285, thenak+1>ak—|—"

Assume x is large enough to have a constant a such that 2 <5< 2, say a = z. Note that if the condition in
Lemma is always satisfied, 0SGM-H takes at most f4al 1terat10ns to 1ncrease the stepsize from a; = 0 to at
least a.

During the stepsize increasing period, the magnitude |z%| is at most expanded by a factor |1 — kay| < Kk — 1
since oy, < 1. Therefore, we can choose § > 0 small enough such that the iterates {(z¥,25)}r<x always satisfy
the condition in Lemma (2.1} - but ( K ok K1) violates the same condition. Then 0SGM-H starts to decrease
the stepsize after iteration K + 1, but the steps1ze ag41 > a > E and thus x, continues to expand, causing

a spike in the objective. 0SGM-H takes @(n?) iterations to decrease the stepsize from a to 5 since for ay < a,

every iteration can decrease the stepsize by at most n(ka — 1):

« xr K KR T 2
Qg1 — g = B (w0 > g — 1),

Every iteration during this phase expands x5 by at least a factor |1 —agk| > G* —1 = § —1 and the spike grows

as Q(Iiﬂ%‘) Hence, given any K, we can pick §,7, and & so that a spike appears around K (Figure (1] (right)).

2.2 Limitations of Classic-HDM

The classic version of hypergradient descent (Classic-HDM, Algorithm [2, B2] uses a different order for the
primal update and stepsize update compared to 0SGM-H:

Classic-HDM 0SGM-H
Pk-i—l = Pk - T)Vhlk (Pk) ;EkJrl = l‘k - Pka(LEk)
kTl = ¢k — Pk+1Vf($k) Py =P — nVhyk (Pk)

To facilitate our analysis, for this section only, we drop the monotone landscape action for 0SGM-H. This
simplification does not compromise the intuitions we want to convey. Classic-HDM updates the stepsize using
the feedback function at ¥ first and then applies the newly obtained stepsize Py to the gradient step on z¥;
while 0SGM-H directly applies the stepsize P;. From an online learning perspective, the decisions in Classic-HDM
utilize information from the future. Intuitively, it should yield better performance. However, the performance
of Classic-HDM is inferior to 0SGM-H. Figure [2| (left) illustrates the behavior of Classic-HDM applied to a

quadratic function. There are two observations:
1. OSGM-H converges faster than Classic-HDM under the same parameter settings.
2. The stepsize {ay} in Classic-HDM converges, while {ay} keeps oscillating in 0SGM-H.

The convergence of {ay} was observed by [2] and was partially explained in [5] in the case where P is a
full-dimensional matrix. This section further characterizes this phenomenon on a toy quadratic problem:

. l A
min 5(z, 4z),
where A > 0 has distinct eigenvalues We will demonstrate that {ay} in Classic-HDM stabilizes around the
minimax optimal stepsize a* = = + . Besides, the iterates {z*} generated by Classic-HDM alternates between
two extremal eigen directions of A and lead to slow convergence. On the other hand, in 0SGM-H, {cy} does not
stabilize and keeps adapting.
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Figure 2: Left: stepsizes {ay} converge to a* = L%r# in Classic-HDM and oscillate around o* = LLW in OSGM.

Right: as oy converges, Classic-HDM will converge to z* along two directions.

Dynamical system formulation and orbits. We can further simplify the analysis of Classic-HDM and 0OSGM-H
by working on the basis that consists of the eigenvectors of A. Let A = QAQ" be the eigendecomposition.
Transform the variables to z := Qx. Then Classic-HDM and 0SGM-H with scalar stepsize P, = oI read as

Classic-HDM 0SGM-H
Qpy1 = Qp +1— akn% 2P = (I — o \)2F

k AS k
Zk""l = (I — O[k+1A)Zk Qg1 = Ak + n— akn%

Since the problem is homogeneous, we consider the dynamical system whose state is given by the stepsize «

and the direction 2 = HE—H:

A N I-at(2)A)z 4 N I—al)z
Fiou(a, 2) = (a(2), m) and - Fosan(a, 2) = (" (2), m) )
where the updated stepsize a™(2) == a +n — an 22222 starting at state (a, 2) is the same in both algorithms.
Assume A has distinct eigenvalues for simplicity. We show that both Fypy and Fggew have a period-two orbit.

Lemma 2.2 (Orbit of the dynamical system). Suppose A has distinct eigenvalues between [u, L]: L = A\ >
Ao >+ > A1 > N\, = . Let q; denote the unit eigenvectors of A associated with eigenvalues A;. Then the
dynamical systems Fypy and Fysey have a common period-2 orbit:

{(a*a 2{)7 (a*,é’;)} = {(ﬁﬂ’ﬁ + (5677,)7 (Liﬂ“ —7€1 + (5671)}7

\/ﬁ, and (5 = i\/ﬁ

Remark 1. Both Classic-HDM and 0SGM-H have additional period-two orbits when the iterates produced fall
in a subspace orthogonal to certain eigenvectors of A. For example, when (g;,2!) = 0, then the orbit can be
derived based on L = Ay. Without loss of generality, we focus on the orbit generated by the iterations that
satisfy |(q1,2%)| > 0,|(gn, 2¥)| > O for all k. In this case, the algorithm iterations always have non-vanishing
components along both top and bottom eigen directions.

Although both Classic-HDM and 0SGM-H share the same orbits, they exhibit different stability properties around
the orbit.

where ey = (1,0...,0), e, = (0,...,0,1), v =

Theorem 2.1. Let Jypy and Tpsen-y denote the Jacobians of Fupy and Fpsey respectively. For any n € (0, %],
their spectral radius satisfy

o(Taow(™, 27) Taow( ™, 23)) < 1 and p(Tosen(0™, 27) Tosen(a™, 23)) > 1

In other words, the orbit {(a*, 27), (a*, 25)} is stable for Fypy but unstable for Fpsey.



Theorem indicates that {a} in Classic-HDM will get trapped around o* and the iterates {x*} approach
the optimal solution z* = 0 from two specific directions di = yq1 + d¢, and do = —vyq1 + 0g,, (Figure |z|
(right)). This spectral property has been extensively discussed in the literature |20, [6], and a common belief is
that sticking to the orbit results in slow convergence [39]. In particular, we have

d=haspady (@) = dhhapaa, (@) = 0

for all A # 0, which means a* is exactly the optimal stepsize for this trajectory. As a result, Classic-HDM
will stop adapting {ay}: Classic-HDM drives the iterates to a trajectory with no regret. However, despite
Classic-HDM learns the optimal stepsize on this trajectory, this trajectory is so bad that even the optimal
stepsize still offers only slow convergence. In this respect, instability of 0SGM-H keeps {«y} oscillating between
large and small stepsizes and balances different spectral components of z¥. The idea of alternating between
large and small stepsizes to leave the orbit has been explicitly used in the literature [9, [38] by designing specific
stepsize schedulers. In contrast, 0SGM-H automatically achieves this goal.

2.3 Heavy-ball momentum and potential function-based feedback

0SGM framework begins with the gradient-based update z**! = 2¥ — P,V f(2*). In contrast, modern first-order
methods with good empirical performance [23] typically add a momentum component

2" = 2k — PV f(2*) + Br(a® — 271, (5)
where 2% — 2¥~1 is known as heavy-ball momentum [7, 29, [30] and B, € B C R is the extrapolation coefficient.
To adapt (P,[) jointly, a straightforward approach defines feedback based on the objective value [2] as in
OSGM-H:

f@=PVf(2) +B(z—a))~ f(a)
TV F()? :

However, this direct extension does not yield global convergence for two reasons: 1) due to the non-monotone

behavior of standard heavy-ball momentum [7], there is no universal (P*,[$*) that ensures descent of the

objective value; 2) a momentum method can take a large step even when the gradient norm is small, so it may

happen that ||z — 27| > ||V f(2)||*> and hence f(mfpvf(l@tc?g”}m_))7f(m) can have an arbitrarily large Lipschitz
constant (P, 3) depending on z,z~. Feedback based on the function value alone does not faithfully reflect the
quality of (P,) and cannot guide the scheduler constructively. To identify a suitable feedback, recall that

heavy-ball momentum admits a potential function [7]
pu(t,27) = f@) = f* + §lle — 27| (6)

This potential function monotonically decreases if (P, 8) are appropriately chosen.

Lemma 2.3 (Heavy-ball potential [7, Theorem 2|). Suppose f is L-smooth and convex. Given any x,x~ & X*,

denote xt =2 — PV f(2) +B(x —2~) with P=al, a <+, and B € [0,/1 — aL]. Then the potential @,, with

T’
_ 1—aL .
w = =5o= satisfies

pul(a®,2) < pu(z,27) = §[IVF@)IP + =5 e — 2|7

Lemma [2.3] resembles the descent lemma: the progress of each heavy-ball step in reducing ¢,, is proportional
2
to [|[Vf(2)||? + Z|lz — || for 7 = % > 0. Therefore, we define the heavy-ball feedback as

— WW(I+(P,ﬂ),(L‘)—<pw(I,.'L'7)
ha,o~ (P, B) = St sTa—aT7 (7)

where 21 (P, ) =2 — PV f(z) + f(x —27) and 7 > 0 is a parameter.

The heavy-ball feedback (7)) depends on two points x and =, which we denote by a state z = (21, 22) = (z,27).
With slight abuse of notation, we denote f(z) := f(z1) and Vf(z) := Vf(z1). We will also slightly abuse



the notation of the gradient by directly concatenating the gradients with respect to P and 8: Vh,(P,3) =
(Vph,(P,5),Vgh,(P,B)). The pushforward operation and the heavy-ball feedback are written with respect to
the state z as

P, w
AP B) = (21 — PVF(2) + B(z1 — 22), z1),  ho(P,B) = HW(Z)H<2+/3>>H; G
Using the superscript k for the iteration count, the first component of the state z* = (2F, 25) satisfies 2 = z¥;
however, the second component z5 need not be equal to 2*~!. We will utilize this flexibility to implement the
monotone landscape action outlined below. In the product space P x B of stepsize and momentum, define the
norm and its associated dual norm as

1P, B =\ IPIE+ 2282 (2B« = /1Pl + L262. ®)

The weight 75 ensures both ||P||% and 75 have the same physical dimension since P lies in the space of
inverse Hessian and § is dimensionless. We prove properties of feedback h, (P, 3) with respect to this norm.

Lemma 2.4 (Properties of heavy-ball feedback). Suppose f is convex and L-smooth and let 7 > 2L?. Then
for any state z = (21, 22) with 21,20 & X*, the heavy-ball feedback h,(P, () is jointly convex in (P,B) and
(L + w)-smooth in (P, ). Moreover, the gradient of h,(P, ) takes the form

h.(P, ) = (_ VI (PA) (- PYI(E)+8G—2a)IV ()T (VLG (PO (= PY S () +B(1—22))], Z1—Zz>)
25 IVFE@P+ 57—zl IVFEP+ 57—zl '

At each iteration, define the progress with respect to the heavy-ball feedback:

Pu(zF) —pu (2*)

bk = R E [ F —FT

Theorem shows a reduction from the function value gap to the cumulative progress Zﬁil by

Theorem 2.2 (Heavy-ball reduction). Choose the parameters w > 0 and T > 0 such that 7 > 2Lw. Let {2*}
be any sequence of states such that o, (zFT1) < ¢, (2%) and let the initial state z* = (21, 23) satisfy 21 = z3.

o If f is convex, then
K41 * (zH-f*
f(Z ) f — 1+V Ek - k:’ (9)

1y_ px* .
where V' := min {%, %} and A = MaXye (g f(z)<f(z1)} MiNgrex+ |2 — 2.

o If f is p-strongly convex, then
PRI — < FY) = P10 = £ 0, b)) (10)

The heavy-ball reduction (Theorem [2.2) requires monotonicity of the potential (%), instead of function
value f(2*). Hence, given the proposal state from the scheduler

Y2 = RV = (2 — PLVF(F) 4 Br(2F — 28), 28, (11)
the monotone landscape action for 0SGM-HB must ensure the potential is nonincreasing:

0o (ZFT1) < min{py, (2F71/2), 0, (24)},

where z is the state returned by the monotone landscape action. We may implement this monotone landscape
action by the null step z¥*! = argmin {¢. (z¥+1/2), ¢, (%)}, which simply returns whichever state has the
smaller potential value. In practice, the lookahead action described in Section is often preferred.

k+1



2.4 Algorithm design of 0SGM-Best

We put together the insights above and propose 0SGM-HB, a variant of OSGM that demonstrates competitive
performance in practice. 0SGM-Best utilizes the lookahead landscape action, tailored to heavy-ball feedback, to
suppress regret and thereby accelerate convergence.

Part I [T4] introduced the lookahead landscape action, which takes an additional gradient step on the proposed
iterate z#t1/2 to suppress the regret of online gradient descent on feedback. Since the heavy-ball feedback is
defined with respect to the potential function, the additional gradient step should be taken with respect to the

potential function ¢, (-, z§+1/ 2). As a result, the lookahead landscape action for 0SGM-HB is

K k
Moo (#4172) i= (272 = g Vigu (HF172), 4707

k+1/2 k+1/2 k+1/2 k+1/2

= (V2 L L[V F(RT2) (BT Ry k2
w k+1/2 w  _k+1/2 k+1/2
= ((1— 22) T2+ a2 L (R 2) )

where Vi, (z) denotes the gradient with respect to z; and the stepsize ﬁ is the inverse of the smoothness
constant L + w of the potential function ¢, (z) with respect to z;. Monotone Lookahead O0SGM-HB determines
the next state z¥*! by composing the lookahead and monotone landscape actions:

gpw(z]Hl) < min{sﬁw(Mlook(szrl/z))? (pw(zk)}

Algorithm [3| summarizes Monotone Lookahead 0SGM-HB, with monotone landscape action implemented by
the null step. The global convergence of Monotone Lookahead O0SGM-HB is established in Theorem

Algorithm 3: 0SGM-Best

1 input Initial state z! = (21, 23) with 2z{ = 21, initial stepsize P; € R"*™ and momentum parameter

B1 € R, online gradient descent stepsizes np,ng > 0
2 for k=1,2,... do

3 | ZFTYZ = (2F — PLVF(RR) + Br(2F — 25), 2F) > State proposal from scheduler
4 2l = (z]fH/2 - L—iwvl%(zkﬂ/?), z§+1/2) > Lookahead action
5 Choose ¥+ satisfying ¢, (251) < min{p, (255]), pu(2F)} > Monotone action by null step
6 Pry1 = Py —npV phi(Py, i) > Online gradient update on P
7 Br+1 = Br —ngVah.x(Pr, k) > Online gradient update on 3
8 end

Theorem 2.3 (Global convergence). Suppose f is L-smooth. Choose w = 3L, 7 = 16L? and online gradient
n

5 — L. Then for any benchmark stepsize P e R™" and momentum pammeterB e R,

stepsizes np = 15 = 57

f(:vK+1)—f*< Af(fcl)_f* _ i
T KV max{$ Y, —ha(P,B) — & ||(PL— P B — B)|2, 0} + 17

FE) = < [fah) = £ = pmax{ g 35, —har (P, B) — % (P = P, By = B2, 01
(u-strongly convex)

(convex)

where V and A are constants defined in Theorem . In particular, with (Py, 1) = (£-1, %), we have

IN

8L[f(z!)~f"]
KV ’

f((EKJrl) . f*
f@h) = f

(convex)

[f(z') = (1 = i)K- (p-strongly convex)
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3 0SGM for smooth nonconvex optimization

0SGM can be extended to smooth nonconvex optimization problems, but requires modifying the feedback. The
analysis of 0SGM in Part I [14] and Section [2| assumes a convex objective f, which guarantees convexity of
feedback and enables hypergradient [I4, Theorem 4.2] and heavy-ball (Theorem progress reduction.
One possible approach to handle nonconvex f is to apply the proximal point method [4] with a sufficiently large
regularizer v > L:
P = argmin {f(2) + 3]z — 2*|7). (12)
x

When f is nonconvex but L-smooth, the proximal subproblem is (L — v)-weakly convex and becomes
strongly convex if v > L. Then 0SGM can serve as a subroutine to solve the subproblem . However, this
proximal point approach requires a double-loop algorithm: an outer loop updates the proximal center z* and an
inner loop solves the proximal subproblem with 0SGM. In contrast, this section introduces a different approach
to smooth nonconvex optimization by stepsize regularization, avoiding the need for a double-loop algorithm.
Observe that %I is a safe stepsize in smooth nonconvex optimization. Hence, we can regularize the feedback
function h,(P) by ||[P — +I||%. This regularizer vanishes when the stepsize P = 11 is used as a benchmark,
and an online learning method using this regularized feedback at least competes with the performance of %I .
Regularization in stepsize space requires only a fixed center %I and avoids the second loop.

Structure of the section. The roadmap of this section resembles Part I: Section introduces the regu-
larized feedback and establishes its analytical properties; Section introduces two progress reductions for
general nonconvex and PL functions and several landscape actions. Finally, in Section we design and
analyze 0SGM-H variants for nonconvex optimization. For simplicity, we will again focus on the hypergradient
feedback, while the results for ratio feedback hold similarly for nonconvex PL functions.

3.1 Regularized feedback design and analysis

Given a regularization parameter A > 0, define the regularized hypergradient feedback

BA(P) = hy(P) + 3P — L1 = [e=PYIEn_ie) o ayp 12, (13)

The regularization parameter X is chosen to neutralize the local nonconvezity of h, for P € P. Since h,(P) is
L-smooth, choosing A\ = L suffices since it guarantees h) is globally convex. However, this strong regularizer
forces P to stay close to the conservative stepsize %I . In practice, we want to choose A as small as possible to
retain adaptivity, especially when x enters a locally convex region. In other words, we need an estimate for the
local weak convexity constant of h,(P). With additional assumptions on f, it is possible.

Lemma 3.1 (Nonconvexity of h;). For any x € S* == {z : |V f(z)|| = 0}, ho(P) has the following properties:
1. If f is L-smooth, then h,(P) has weak convezity constant p < p; = L.

2. If f is L-smooth, has H-Lipschitz Hessian and diam(P) < D, then h,(P) has weak convezity constant
p < p2 = max{—Aunin(V2he(0- 1)) + HD||V f ()|, 0}
when P € P.
3. Moreover, if f is also u-PL, then p < p3 = (% + HD)||Vf(x)].

The intuition behind Lemma is simple: when z is close to stationarity and diam(P) < oo, then V2h,(P)
does not change much within P € P. Hence, we can bound the worst-case weak convexity constant of h, (P)
for any P € P by evaluating Apin(V2h,(P)) for some fixed P € P. In particular, if f is u-PL, Apin(VZhe(P))
can also be bounded using |V f(z)|]. Lemma takes P=0- 1.
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Remark 2. Computing Amin(V?h,(P)) can be computationally expensive in practice. One exception is when

P = al is a scalar multiple of the identity. In this case the second-order derivative of h,(al) with respect to «
is <”va$;” V2 f(x an(m))%> and can be computed by evaluating the Hessian-vector product, without
forming the Hessian matrix [28].

Since h)(P) adds a strongly convex regularizer to h,(P), its analytic properties follow from those of h, (P).

Lemma 3.2 (Properties of h)). For any x ¢ S*, the regularized feedback h))(P) has gradient

Vf(x—PVf(x))Vf(z)"
Vh(P) = —YLe=fZIW I 4 \(P — 11).

and hi‘(%]) < —ﬁ for all \. Moreover, if f is L-smooth, has H-Lipschitz Hessian and diam(P) < D, then
h)(P) is convex and (L + X)-smooth for all X > min{py, p2, p3}.

Finally, the definition of minimax stepsize does not immediately carry over to the nonconvex case; therefore,
we use LI as the benchmark stepsize in the theoretical analyses.

3.2 Nonconvex progress reduction and landscape action

k
Recall the per iteration progress associated with the hypergradient feedback hy, = ! (ﬁ;f ()I’“)I(\2 Theorem |3

reduces the stationarity /optimality guarantees to the cumulative progress. Notably, these two reductions do
not assume the convexity of f.

Theorem 3.1 (Nonconvex reductions). Let {z*} be any sequence such that % ¢ S* and f(x**+1) < f(aF).
Then

I VIO < 85 et (19
Moreover, if f is u-PL, then
FERF) — < [fh) = 0= E X, —h). (15)

Landscape actions M and progress. As in Part I, the landscape action M (zFt1/2 z¥) determines the
choice of the next iterate in 0SGM. Recall the two landscape actions in 0SGM-H:

e Monotone. z**! satisfies f(z*t1) < min{ f(zFt1/2), f(2*)}.
e Monotone lookahead. x"*1 satisfies f(z*+1) < min{f(a**+1/2 — LV f(2"1/2)), f(z*)}.
For each action, we associate the progress and feedback in Lemma

Lemma 3.3 (Feedback and progress). Let f be L-smooth and suppose A, < L. Then each of the above two
landscape actions guarantees the following relation between the feedback and per iteration progress:

e Monotone. hy < min{hi‘,’j(Pk) - %HPIC — 1112, 0}.
e Monotone lookahead. hy < min{hi’,;’ (Pr) — 1= |Vh_fc\,’§(Pk)H%, 0}.

3.3 Algorithm design and analysis

Putting the results together, we instantiate Monotone Lookahead 0SGM-H for nonconvex optimization with
(,(P) := h}(P) Monotone Lookahead landscape: f(z**1) < min{f(xk+1/2—%Vf(xk+1/2)), f(z")} A= 0GD.

The algorithm is Monotone Lookahead 0SGM-H with regularization (Algorithm .

11



Algorithm 4: Monotone Lookahead 0SGM-H for nonconvex optimization

1 input initial point z!, initial stepsize P; € P, online gradient stepsize 1 > 0

2 for k=1,2,... do

3 F 12 = gk — PV f(2)

4 | Choose z**! that satisfies f(z**!) < min{f(z"T1/2 — 2V f(2F+1/2)), f(2*)}

5 Choose 0 < A;, < L based on Lemma such that h;"; (P) is convex within P
6 | Pepr=1p[Px —nVh)E(Py)]
7 end

Recall that the gradient of the regularized hypergradient feedback in Line [6] of Algorithm [4] takes the form

xr— x x T
VM (P) = —Le=PYI)VIET |y (p_ 1)

and P can be chosen as a simple bounded set (e.g., an element-wise box) to allow inexpensive orthogonal
projection. Due to the difficulty of the nonconvex setting, we restrict our analysis to global convergence only.

Theorem 3.2 (Convergence). Let f be L-smooth. For any benchmark stepsize Pe P, Monotone Lookahead
086M-H (Algorithm[§) with n =1/(4L) satisfies

fEhH—f* 1

B8 VIO < S T G e Eie (nonconvex)
P = < [fh) = fU0 = 2pmax{ g Y40 [=ha (P) = 34(|1P = 21IIF] — £ Py — Pl%, 0D
(1-PL)
In particular, if P, = %I, then
151211( |V £(z)]? < %U*f*] (nonconvex)
F@h) = fr < [f=h) = 11— D~ (u-PL)

Theorem does not show an improved convergence rate compared to gradient descent using constant
stepsize %I . However, when the iterates enter a locally convex region (e.g., approaching a local minimum), Ak
will automatically vanish, and we recover adaptivity in the convex case.

4 Numerical experiments

This section conducts numerical experiments to validate the empirical performance of hypergradient descent.
We compare 0SGM-Best with different adaptive optimization algorithms.

4.1 Experiment setup

Dataset. We use 38 datasets from LIBSVM for convex optimization tasks and 47 unconstrained problems from
CUTEst dataset [I6].

Algorithm benchmark. We benchmark the following algorithms.

GD. Vanilla gradient descent.

GD-HB. Gradient descent with heavy-ball momentum. [29]

AGD-CVX. The smooth convex version of accelerated gradient descent (Nesterov momentum). [§]

AGD-SCVX. The smooth strongly convex version of accelerated gradient descent. []
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Adam. Adaptive momentum estimation. [23]

e AdaGrad. Adaptive (sub)gradient method. [10]

BFGS. BFGS from scipy [26, [36].

L-BFGS-Mk. L-BFGS with memory size k in scipy.

Practical variant 0SGM-Best uses as memory 7 vectors of size n, comparable to memory for L-BFGS-M1.

Algorithm configuration.

e Stepsize in GD, GD-HB, AGD-CVX, and AGD-SCVX are all set to 1/L.

e The momentum parameter in GD-HB is chosen within the set {0.1,0.5,0.9,0.99}.

e The Adam stepsize is chosen within the set {1/L,1073,1072,107%,1,10}. 81 = 0.9, 2 = 0.999.
e The AdaGrad stepsize is chosen within the set {1/L,1072,1072,10~%,1,10}.

e BFGS, L-BFGS-Mk use default parameters in scipy.

e 0SGM-Best uses the default parameters without tuning.

Testing configurations.

1) Mazimum oracle access. For convex problems, we allow a maximum of 1000 gradient oracles for each
algorithm. For nonconvex problems, we allow a maximum of 2000 gradient oracles.

2) Initial point. For convex problems, All the algorithms are initialized from the same starting point generated
from the normal distribution N (0, I,) and normalized to have unit length. For nonconvex problems, we use
the starting point provided by CUTEst.

3) Stopping criterion. Algorithms stop if ||V fleo < 1073,

Table 1: Number of solved problems for each algorithm.

Algorithm /Problem SVM (38) 1 Logistic Regression (38) 1+ CUTEst (47) 1

GD 5 2 13
GD-HB 13 10 20
AGD-CVX 13 6 20
AGD-SCVX 10 9 15
Adam 31 16 24
AdaGrad 11 11 18
L-BFGS-M1 27 18 35
L-BFGS-M3 33 19 37
L-BFGS-M5 35 26 37
L-BFGS-M10 35 31 36
BFGS 37 36 38
0SGM-Best 35 35 34

4.2 Convex optimization

For each algorithm, we record the number of successfully solved instances (||V s < 1072 within 1000 gra-
dient oracles). Table (1| summarizes the detailed statistics. The number of instances solved by 0SGM-Best is
comparable to that of L-BFGS-M10.
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Figure 3: Support vector-machine problems. First row: function value gap. Second row: gradient norm.
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Figure 4: Logistic regression problems. First row: function value gap. Second row: gradient norm.

Support Vector Machine. Figure [5|shows the function value gap and gradient norm plots on sample test
instances on support vector machine problems. The optimal value for each instance is obtained by running BFGS
until ||V f|leo < 1073, We see that the practical variant of 0SGM-Best achieves a significant speedup over other
adaptive first-order methods. In particular, 0SGM-Best often matches L-BFGS-M5 and L-BFGS-M10, while its
memory usage is closer to L-BFGS-M1. Notably, Adam also achieves competitive performance in several instances.

Logistic Regression. In logistic regression (Figure, 0SGM-Best still compares well with L-BFGS-M5 and is
significantly faster than other adaptive first-order methods.

4.3 Nonconvex optimization

On nonconvex problems, 0SGM-Best still significantly outperforms standard adaptive first-order methods, and
its performance is comparable to L-BFGS.
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5 Future directions and open problems

In this section, we sketch extensions of 0SGM and provide several possible future directions.

5.1 Barzilai-Borwein stepsize and online proximal point

The Barzilai-Borwein stepsize (also known as the BB step) is a widely used practical stepsize selection strategy
[1]. There are two types of BB steps:

(V@) -V (@t~ a" —akT)

L ||.’Ek7wk_1”2 d / L
Ak = WF@h) Vi@ Db —zr-1) AN O = TR ViR 2

In the context of convex quadratic minimization, it is known that oy is the steepest descent stepsize at the
previous iteration in terms of function value [39], Section 2.1],

oy = argmin f(zF71 — oV f(2"1)),

and similarly, o, is the steepest descent stepsize at the previous iteration in terms of the gradient norm

o), = argmin |V f (2" — aVf(z*1))).

Both BB steps fit into 0SGM framework by rewriting them as the minimizers of feedback functions:

k_ N\ p(ok . B I
Qg1 = argmin hge(a) == [z ﬁvvvf((;”k))lfQ @) and A4y = argmin g, (@) == HVf(ﬁVf?sz])cﬁw DI
« «

where h,(«) is the hypergradient feedback and g, («) is the gradient norm feedback discussed in [I3]. The BB
steps can be derived from the minimization of one of the feedback functions, and we may further develop this
perspective to create variants of the BB step powered by online learning. For example, we can write the BB
step as as the online proximal point update (also known as implicit online learning [24]) with n — oo

a1 = argmin {hgr(a) + ﬁ(a —ap)?}. (16)
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To our knowledge, the connection between the BB step and online learning has not been previously explored.
Related ideas have primarily appeared in the literature under the guise of “retarded” or “delayed” gradient
updates [12][39]. We believe this new perspective can motivate extensions or improvements on the BB step. For
example, using finite values of 1 above would yield stabilized algorithms similar to the BB step, with a pathway
towards a provable convergence guarantee through this connection to the online proximal point method and
0SGM. Alternatively, this perspective clarifies how to develop momentum or diagonal variants of the BB step.
In Appendix we illustrate a convergence analysis of 0SGM-H based on .

Question 1. The BB step is guaranteed to converge on quadratics, but no theoretical guarantees are available for
general functions without complex linesearch [37]. Is it possible to use this online learning perspective to design
a competitive variant of the BB step with a theoretically guaranteed convergence rate for general functions?

Finally, for quadratic f, the BB step uses the steepest descent stepsize from the previous iteration. In contrast,
the steepest descent method knows the future ahead of time and applies the “optimal” stepsize. Although the
BB step can be unstable when f has a large condition number, it typically outperforms steepest descent. This
phenomenon, where knowing the future hinders convergence, aligns with our observation in Section To
formally state the analogy, steepest descent is to BB step what Classic-HDM is to OSGM-H.

5.2 0SGM-R without knowing f*

Although 0SGM-H has more appealing practical performance, only 0SGM-R theoretically improves the complexity
of gradient descent. However, 0SGM-R has a drawback of requiring knowledge of f*.

Question 2. Is it possible to obtain O(k*log(1/e)) complexity without knowledge of f*?

This issue also appears in well-known methods such as the Polyak stepsize [19]. Two strategies from the Polyak
stepsize literature can be borrowed: a double-loop algorithm that searches for f* can maintain a provable con-
vergence rate, but introduces an additional log(1/¢) factor in the bound [I9]. On the other hand, methods that
dynamically estimate f*, such as the variable target or moving target methods [I7), [22], typically cannot recover
a nonasymptotic convergence rate in the smooth strongly convex case. Here, we demonstrate an additional
(partial) solution to this question in the special case when a dual bound on the primal objective f can be
obtained using the Fenchel trick. Suppose the original optimization problem takes the form

min f(z) = fi(z) + f2(Ax)

rER”

where A € R™*™. Then, using the Fenchel dual trick, we can write the dual problem as

max g(y) = —f (~ATy) — f5(y).

yeR™
Suppose f : R" — R and g : R™ — R are both smooth strongly convex, and that first-order oracles
f(x),Vf(z),9(y),Vg(y) can be efficiently evaluated. Examples satisfying these two conditions include ridge
regression, where f(z) = 3||Az —b|? + 3[|z]|%, 9(y) = — 55 |ATyl|* — (b, y) — 1||y||* and certain regularized gen-
eralized linear models [33]. Then strong duality holds min, f(x) = f* = max, g(y), and we define the duality
gap function F(z) = F(xz,y) = f(z) — g(y). Since F(z*) = 0, we can apply 0SGM to the duality gap function
F to achieve O(k%}log(1/€)) complexity, where % is the optimal condition number of the gap function. This
idea can also be applied to remove f* in the Polyak stepsize.

5.3 0SGM for accelerated gradient descent

0SGM works well with heavy-ball momentum. Can it similarly improve the performance of Nesterov momentum,
for example, by using AGD as our base algorithm instead of gradient descent?

Question 3. Is there a method that (with knowledge of f*) achieves (asymptotic) O(v/k*log(1/e)) complezity
with only access to a first-order oracle for f?
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Algorithm 5: Accelerated gradient descent Algorithm 6: Preconditioned AGD
1 1

1 input initial point 2! = 2 1 input initial point 2! = z

2 for k=1,2,... do 2 fork=1,2,... do

3 yk:$k+\/>l+1(k*$k) 3 yk:xk+\/gl+1(zkka)

A 1Vf(y) a | aFt=yF — PVf(y¥)

5| A= (1 D)4 Lk - 1VFR) 2| (e L)kt L (yF — kPVS(YY))
6 end 6 end

To be concrete, consider the AGD and preconditioned AGD iterations (Algorithm [5, Algorithm @, where the
standard x update in Line [4] is replaced by z**! = ¢y* — P,V f(y*). We believe that the biggest challenge
in combining 0SGM with AGD lies in feedback design: as in the heavy-ball method, AGD does not guarantee
monotonicity in f(z). To faithfully reflect the quality of a stepsize P, we likely require another potential
function to measure the quality of a stepsize P. Unfortunately, potential functions from the literature are all
impossible to evaluate efficiently. In fact, they all require knowing the optimum z* in advance [8]! For example,
d(x,2) = f(x) — f* + &llz — 2*||? is a valid potential function [8]:

[F@F) = f*+ G =2 < (1= o) (2%) = £ + G5 — 7).

In view of this problem, the challenge is to design a potential function for AGD that does not depend on x*. For
quadratic functions, such a potential function exists (Theorem [5.1]).

Theorem 5.1 (Potential function for AGD on quadratic). Suppose [ is a strongly-convex quadratic, and that
the iterates {(z*,2%)} are generated by AGD with a fived value of the momentum (. Define the potential

pu(@,2) = f(2) = [* + 5, V()]
Then

k—1)2 lad
(@24 < [0 (14 o+ YBET)] (a8, 25 < (1= Jo)pu(ah, 2.

This potential still requires knowledge of f*, but as we have seen in Section it is often possible to relax
this requirement as well. Then following the same techniques as 0SGM-R [I4], we can define ratio feedback

o (P) = £ (P (P)

) , where 1 (P) and 27 (P) are the iterates after one iteration of Algorithm@ Define

/< such that

1
1— ﬁ = m];ll II;%ZX rm,z(P)v

where & < £ since 7, .(3) < 1 — ﬁ for any z,z. Then an O(v&log(1/€)) complexity can be obtained.
However, whether it is possible to design an algorithm that achieves O(v/k*log(1/¢)) with only blackbox access

to f remains unclear.

Feedback design through performance estimation. 0SGM provides a general mechanism to accelerate
iterative methods when a computable potential (Lyapunov) function is known. Although such potential func-
tions can often be obtained from literature (for example, Section [2| demonstrates this approach in the case of
heavy-ball momentum), it can be challenging to find a computable potential function that does not rely on z*.

Question 4. Is there a systematic way to design computable potential functions for iterative methods (that do
not rely on the exact solution x*)?

Recent advances in first-order methods have shown that finding a potential function can be reduced to a small-
scale semidefinite optimization problem through performance estimation (PEP) [34] [35]. The advantage of the
PEP framework is that it can numerically find a tight worst-case potential function for some problem class
(e.g., for some given smoothness constant L and strongly convexity constant p). If PEP can find a potential
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function that does not depend on x*, then 0SGM can be directly applied since it only requires a numerically
computable potential function. It is appealing to accelerate first-order methods in practice by applying 0SGM
to the potential functions generated by performance estimation.

5.4 Convex composite optimization and proximal gradient

0SGM works primarily in the smooth unconstrained setting. Section [3|shows one way to extend 0SGM to smooth
nonconvex optimization. Here, we discuss challenges and opportunities for 0SGM in nonsmooth optimization.

Question 5. Can 0SGM be used to accelerate the solution of convex composite optimization or general nonsmooth
convex optimization problems?

For example, consider the convex composite optimization problem min, ¢(x) := f(z)+w(x), where f is smooth
convex and w is possibly nonsmooth but prox-friendly: that is, for any ~ > 0, the proximal mapping

prox,, /., (z) = argmin {w(z) + %z — z[|*}

can be efficiently evaluated. The operator G, () = vy(x — prox,, , (z — %Vf(a:))), known as the gradient map,
generalizes gradient to this composite setting, and the parameter v > 0 generalizes the stepsize. The proximal

gradient method updates the iterate as
Cll‘k+1 _ .’Ek _ %gv(xk)

One natural idea to accelerate convergence is to adapt the parameter v using 0SGM. However, a basic implemen-
tation of this idea does not work, as the ratio or hypergradient feedback is not a convex function of v (or 1/7)
due to the complex dependence from G, (z). A partial solution in this context separates the stepsize multiplying
the gradient map from the parameter inside the map: fix v = L in the gradient map and consider the update

karl = l’k — PkgL(xk)
with stepsize Pj. This iteration directly corresponds to gradient descent. We can show an improved convergence
rate in the following two settings:

Case 1. If f(x) = 0, then Gy (x) is the gradient of the Moreau envelope ¢'/%(x) = w'/*(z) = min, {w(z) +
L||z — 2|}, which is smooth and convex. The update is essentially gradient descent on the envelope w'/%, and
all the 0SGM results apply. If w is not prox-friendly, we can solve the proximal subproblem inexactly with an
additional subroutine and accelerate gradient descent on the envelope.

Case 2. When f is a general smooth convex function, we can define the proximal hypergradient feedback

ha(P) = €@=POLG)—o(e) _ fa=PGy@)+ule—PGL()-[J)+u()]
2\F) [FAGIE [AGIE :

Since w is nonsmooth, h,(P) will not be Lipschitz continuous when |Gy (z)|| — 0 and online subgradient method
cannot guarantee sublinear regret. To address this issue, we consider online proximal gradient update

. l‘kf Cl)k Cl)kf Cl)k CL‘k T — Ik w xk’* Cl)k

where h,(P) has been partially linearized. This subproblem is a proximal update in P with respect to the
(scaled, translated) function @w(P) = w(z — PGr(z)). This function often, but not always, inherits from w
a proximal mapping that can be efficiently evaluated. If P is a diagonal matrix and w is separable in the
coordinates, the proximal operator of w can be evaluated with the same complexity as the proximal operator
of w. Combined with the monotone landscape action, we can obtain a convergence guarantee in this case in
torms of |G («)]): min; << [ Gr ()2 = O(L).
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Theorem 5.2 (Informal). Suppose [ is L-smooth convex and w is convex. Then given any benchmark stepsize
P € P, a variant of 0SGM achieves

In particular, taking P, = P = 1 yields mini << [|Gr(2%)|

. k2 « e@)—p@E*) 1
min ||Gr(z < _ A .
1<k<K IG5 < K + max{3 | b, (P)—%||P1—P|%,0}

2L[p(z!)—p*
1 |2§ [LP(K) e’

A detailed analysis is available in the appendix.

6

Conclusions

The second part of our paper explores the practical aspects of 0SGM and outlines several promising directions
for future research. We design and analyze 0SGM-Best, a practical variant of 0SGM that integrates insights into
algorithmic behavior with heavy-ball momentum. We also extend the 0SGM framework to smooth nonconvex
optimization problems. Numerical experiments demonstrate that 0SGM achieves competitive performance across
a range of real-world optimization tasks.
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A Proof of results in Section 2

A.1 Proof of Lemma 2.1]

The assumption |z¥| > v/2x3/2|2%| and that x > 2 implies

(z})? > 26°(a5)? > 267 (ks — 2)(a5)*. (17)
Then we deduce that

Qi1 —Q V2 (1—ap)+r2(1—ray)(zk)?

k+n k_ (=1)7( (x’fk))2+;<,2((x§)2 k) (73) (by )
2512 242 (k—2)(£F)2
e by ou < B
1 (z%)? 1

2 G Rl 2 i (by (1)

This completes the proof.

A.2 Proof of Theorem [2.1]
The proof of Theorem requires several lemmas. The proof of each lemma is deferred to the the end of the

section.

Lemma A.1. Let Jygpy(a, 2) and Jpsen(cr, 2) denote the Jacobians of the dynamical systems Fypy and Fpsen

respectively with n = % Then each of Jypy (o, 27) and Jpsen(cr, 27), i = 1,2, is similar to the block diagonal

matriz by a common permutation matriz:
Japy (@*, 27) ~ Diag(1—a* g, ..., 1—a* N1, Jipy)  and  Jpsey (a*, 27) ~ Diag(1—a* o, ..., 1—a* N1, Josen),

where Jiyy and Jigey, i = 1,2, are 3 x 3 matrices defined by

»;2;1 —VRZFT + vV K:+1 Nz:-,l VRZET + vV ijrl
1. —r(rt1) x +1 -1 2 . r(rtl) - F1 —1.
Jgoy = D (x24+1)372 w241 w241 D™, Jgpy=D 211372 R2i1 P ey D™
F(r+1) F1 -1 F(r+1) +1 —1
(r241)3/2 w241 w(kZ4D) (r241)372 w241 k(rZ+1)
n2—n1 _VREFT + \/»s:+1 n-2—'€1 /23T + \/f+1
1 L —r(rt1) k2 +r —1 2 — r(r+1) —r? Er -1
Josen =D (x2+1)3/2 w241 w241 D=, Josey =D (v2+1)3/2 w241 w241 D,
F(rk+1) K 1 Fut1) 3 1
(k241)3/2 K241 K241 (r2+41)3/2 K241 k241
and D = Diag(d‘%ﬁl), 1,1) is a 3 x 3 invertible diagonal matriz.

The stability of the period-2 orbit is determined by the spectral radius of the products Jypy (o*, 27) Jupu (*, 23)
and Josen (*, £7) Josen (@*, 23 ), which equals the maximum absolute value of the eigenvalues. By Lemma
the spectrum of these two matrices are

o (Juom (@, 27) Juow (0, 25)) = {(1 = a*A9)?, ..., (1 = @ Ap1)*} U o (S iow);
o (Josan (@, 1) Josan (@, 25)) = {(1 — a*X2)%, ..., (1 — &* Aus1)*} U o (JosanTosen)-
Since the eigenvalues of A are distinct, i.e., L=y > Ao > - > A1 > A\, =, and a* = Liﬂﬂ the first n — 2
eigenvalues satisfy

—%zl—a*L<1—a*)\i<l—a*u:Z—ﬂ fori=2,...,n—1.

Then (1 —a*)\;)2 <1 foralli=2,...,n— 1 and the stability of the orbit {(a*, 27), (a*, 23)} is determined by
the spectral radius of Jip,Jiby and JaseuJase for the corresponding system.
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Lemma A.2. The 3 x 3 matrices JypyJ 2oy and JiseyJasen have spectral radius

1 72\ _ 363—7k—9 [V —(5=38)?k2(s+1)3(T=9)(k2+1)? 5
P(Ton iow) = maX{ ~ SeiDe T [ S(ET )2 (D)o - 8(n+1)” <1

1 g2
P(Jgsent osen) = 3;:1 >1

Observe that the spectral radius p(Japy i) asymptotically increases to % when x — oo, implying that the

eigenvalues of the 3 x 3 submatrix JiyJ, are not active for the spectral radius of the whole Jacobian when
k is large. In this case, the spectral radius of Jupu (a*, 2}) Jupm (%, 23) is the maximum of (1 — a*A2)? and
(1 — Q*An,1)2.

Remark 3. While our result is established for n = %, the same quantitative result holds for n = %, 6 € (0,1].

A.2.1 Proof of Lemma [2.2]

To show the orbit, we simply plug in (o*, 27) and («*, 2%) into the updates of both HDM and 0SGM. Observe that
L?~4? = ;4262 and the eigenvectors ¢; and ¢, are orthogonal to each other. Then

(21, N°27) = (yer + ben, L¥yer + pPen) = L9% + 46 = (L + p)L*~%, (18)
(25, 0%25) = (—ve1 + Sey, —L3yer + p?dey) = L2 + p36% = (L + p)L*A?, (19)
(27, A%57) = (yeq + bey, L*yer + p2dey,) = L?% + p?6% = 21742, (20)
(25, A%23) = (—ve1 + den, —LPyer + p?de,) = L2y% + 1?67 = 21742, (21)

and hence
(B1.A%2Y) _ (25,A%33)
(21,A%21) 7 (25,A%25)

= L3, (22)

The a-update of both systems Fypy and Fosen are the same. Starting from either state (a*, 27) and (a*, 23),
the new state of stepsize is

2% 3%
07 (2) = a* 40— iR = "+ — ot i = o, (23)

Since the new state of stepsize remains unchanged to be a* = #, both systems end up with the same new
state:

* sk ([ (axy = TPEHMET o« (I—afA)2f N,
Fron(a*, 27) = ([0*17 (2)), qarrnman) = (@ [marnyzy);

Ak * A I—a*A)2f I—a*A)2}
Fosan(a®, 27) = ([o*]7(5)), W) = (o, m)

The updates of direction before the normalization are

(I—a*A)5 = (1 — 2 )yer + (1 — 2)de, = Lt (—yey + de,) = 55225 (24)
(I —a*A)25 = —(1 - 22 )ver + (1 — 22.)0en = Lo (yey + ben) = 55151, (25)

Since 7 and 3 both have unit norm, after the normalization, we have
* ok * ok * ok * ok * LK% *x LK
.FHpm(OZ ,Zl) :FUSGM(CV 721) = (OZ 722) and fHDM(a 722) :-FOSGM(Q ,22) = (a ,Zl).

This proves that {(a*, 27), (a*, 25)} is an orbit with period 2.
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A.2.2 Proof of Lemma [A 1]

The Jacobians of Fypy and Fggen are

A 1o o1
JHpm(Ot,Z) = A > 7
Tata (e, 2) (1 0 Azi>)Az e e, 2)[(T = e (2)A) — Av(a, 2)7]
2,A%2 .
N 1 777&71422? U(Q,Z)T
JDSGM(aaz) = = T . K ,
Tetmar e, 2)A2 (e, £)(1 — ad)
where Tl(a, 2) = I — "0 DT (0 ) = (I - ah)z, and v(or 2) = 2 A2(ENAT — M)z To evaluate

the Jacobians at (a*, 27) and (a*, 25), we calculate each block one by one. Note that Jypy and Joseu only differ
in the last row.

(1,1)-block of Jypu(a*, 2) and Joseu(a*, 27). Equation and n = % imply

AS n K— .
1- UW L- gt =t fori=1,2 (26)

£r). Using ([20] and n = L, we have

v(a*, 2) = 2% A?(g{»“’%{ﬁ—zx)z«* = A1 - o)

z2r,A2zY) A2zr) % i

(1, 2)-b10Ck of JHDM(a*7 éz ) and JOSGM( s

which, together with and , implies

v, 21) = priiy A2 = g (- Lover + pfben] = — S ey 4 DR, (a7
v(a*,25) = ot NS = gtk [LPver + p2de,] = P ey  EUCUVE, (28)
(2,1)-block of Jysen(a*, 27). Equations f imply
u(@*, 57) = (I—a*A)2f = 25325, u(a*, 23) = (I-a*A)zs = 5357, |lu(a®, 27)| = u(a™, 23)| = %53, (29)
and hence
[ MenerE D o p o sg(a) T and 1 - MepERMCE) _ o sy (30)

Observe that (23) T A2t = (21)" A25 = —L~® + ud?, together with (29), we have

o _ . u(et Du(et )T g s
fatar s @ 2DAS = s (- T Ras o)A
Azl - 22(22) AZA’T)
Az} — (=L + pé®) 53]

n+1(
_LH[
S [(Lvey + pden) — (—Ly* + pd?)(—ver + dey)]
= — S5 [(Ly — Ly’ + pyd®)er + (ud + Ly*6 — pé®)en]

—Lr(k+1)*2 L(k+1)?
(,’€ 1)’2224’_1))3/261 + (k— 1)(512_;,_)1)3/2671 (31>
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-1 5 AR\ A sk -1 u(e 2 u(a,25) T\ A sk
Tatar. e (@™ 22)A% = me (U — —riera A%
i =UC RGN )

—5HAZ — (—Ly? + pd?)23]
= — 25 [(—Lyer + pdey) — (—Ly° + pd®)(ver + bey)]
—H =Ly + Ly = py6%)er + (6 + Ly*6 — pd°)en]

Lr(k+1 2 L(k+1 2
= (571)En2+)1)3/261 + (571)((,12431)3/2 €n- (32)

(2,1)-block of Jypu(a*, 2F). Note that the (2,1)-block of Jypu(a*, 2F) is a scalar multiple of the (2, 1)-block of
2% 3 5%
Josau(a*, 2¥) with the scalar 1 — n% Then using (26)) and (31)—(32)), we have

—1 * A%k (27,A%3F) sk —Lr(r+1)? L(k+1)? .
Fatar 2ot 20 (1= nzkiashy ) AR = giaiimmer F ange e oo
—1 * Ak (25,A%23) sk Lr(k+1)2 L(k+1)?
Fetar (@™ ) (1= mzaesy ) A% = s F age o on-

(2,2)-block of Josen(a*, 2F). Let I1,, == [e1, e,] € R"*? denote the first and last column of an n x n identity
matrix.

Using and , we have

L__TI(a*, 25)(] — a*A) =

llu(ar,20)

I—25(25)")(I — a*A) = 51 — a*A) — H 25 [(T — a*A) 23]
) - 200"
(7). (33)

*A) = SEN T — o A) — EH (T - a*A)2] T

i
L

x
+
—
/N /N

|
=
+
il
~
I
Q
>*
=

i
L

B

Il
x
B
=
=
I
o
*
=
S~—
I
~
i

x
|
-

)

=

L M(a*, 23)(I — a*A) =

lw(a*,25)l

I1-2

g
==
—
—
N>
=t
N
-
N
—
—_

|

Q

i
L

=
—

I
‘R
—
— /:4
|
Q
*
-

—~2 6
— I (258 I (34)
Both and have 1 — a*\; at the (4,7)-entry for ¢ = 2,...,n — 1 and the only other non-zero entries lie
on the four corners indexed by (1,1), (1,n), (n,1), and (n,n).

(2,2)-block of Jypu(a*, 2F). Equation reads as [o*|T(2}) = a* for i = 1,2, and thus the (2,2)-block of
Juom(a*, 2F) becomes

i
L

Lot 5[ = [ ]*(2)A) = Azl 2)T] = rbzmptlle®, 2)[( — a*A) = Azfv(a”, 20) 7],

lu(ar, 25l d e,

in which is first term has been evaluated in and . Using 7 and 7, the second term is

evaluated as

-
_ 1 * ok Lx * sk\T _ 1 Ly—L~2+pu~y6? — L2y T .
e, DA (0t 2T = — el (D) (G5)) I (35)
T
1 * ok 2x * ox\ T __ 1 —Ly+L~®—pvys? L%y T
~ e lle”, )0, 5) T = —@aha (5T ) (B) (36)
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The non-zero entries of and again only lie on the four corners indexed by (1,1), (1,n), (n,1), and
(n,n). Hence, the Jacobians Jgpu(a*, 2F) and Joseu(a*, 27) for 4 = 1,2 all have the structure

X X 0 0 X
X X 0 X
0 0 1—a*X\ 0
0 0 1—a*A—1 O
X X 0 0 X

We can simultaneously permute the rows and columns so that all the four Jacobians are similar to a block
diagonal matrix consists of n — 2 individual diagonal entries 1 — a*As,...,1 — a*\,_1 and one 3 x 3 dense
matrix, denoted by Jipy and Jigey for i = 1,2. After careful but tedious calculations, the four 3 x 3 matices
match the their definition in the lemma.

A.2.3 Proof of Lemma [A.2]

The result is obtained by direct computation using Mathematica.

A.3 Proof of Lemma 2.3
The proof is adapted from [7, Theorem 2| for completeness. The relation 27 = —aV f(x) + S(x — 2~) implies

rt —z=—-aVf(x)+px—12), (37)
o+ — 2l = 2| VS @) + Bl — 2| — 208V F (), x — ). (39)

The L-smoothness of f implies
f@®) < fla) +(Vf(x),a* —a) + §llz* — x> (39)
Plugging and into gives

f@®) < f@) = | V(@) + B(Vf(x),z —27)
+ SEVF@)IP + B e — 277 — LaB(V(z), 2 — 27)
= f(@) + (5E = ) [VS@)I? + B(1 = La)(Vf(2),2 —27) + EE |z — a7 |2 (40)

Multiplying by 1;;@ and adding to , we have

Flet) + 52 a7t — 2]? < f(2) + (295 — a)IVF(@)|? + B(L - La)(Vf(z),z —27) + e — o |2
+ 202007 £()[|? 4 Eme B |y |2 — B(1— La)(V(2),2 —a7)
= f@) + & llz — 27 |2 - §IVF (@)
= f(@) + 52L ||z — o |2 - &[IVF@)I? + % o — 2| ?). (41)

Let w = 1;3L. Then becomes

—Q — 2 —
(et z) < u(,a”) = §[IVF(@)]° + =2 |l — 27|

and this completes the proof.
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A.4 Proof of Lemma [2.4]
Notation. Recall that z = (z,27). We explicitly use (z,2~) when establishing the analytic properties of ¢,,.
Convexity. To prove the convexity of h, ,- (P, 3) in (P, 3), it suffices to show the joint convexity of

(@ (P.B),x) = fa™(P, B) + §||la* (P, B) — =||*.

Since 2 (P, 8) == 2 — PV f(z) + B(z — x7) is affine in (P, ) and f and || - ||* are both convex, the composition
rule of convex functions implies the joint convexity of ., (z1 (P, 8), ).

Gradient. The chain rule implies

— VIt (PE)+w(at (PR —2)]Vf(x)"
vPh:r,z* (Pa 5) - V@) P+Zlla—z? ) (42)

_ (Vi(a* (P et (PB)=x). a=a™)
Vgha o (P, ) = VIG5 oo 2 : (43)

Smoothness. The difference of the gradients in P and ( are respectively bounded by

Vf(zT (P, —Vf(zT(Ps, w(zt (P,B1)—at (Ps, Vf(x)"
IV phasa (Pt B1) = Vi o (Po, o) | = UL LA NI (B fappsler () o (Pofa) V() e

_ VSt (P =V f (et (P2,B2))tw(at (P1,61) =t (P2,B2)) IV £ ()| (44)
IVi@)IP+5le—z=

Va:+P, —Vf(zT(Ps, w(zt(Py, 7w+P, =T
Ve (PoyB0) = Ve (Pa,fo)] = (L PO Py e (o Prtrma

IV £ (@t (Py.B1) =V f (& (Pa,B)) +w(a™t (Pr,B1) —at (Pa.2)) [ le—a~ |
= VI @I+ g [a—a |2 , (45)

where uses Cauchy’s inequality. Observe that the common norm in the numerator can be bounded by

IV f(z (P, B1)) = Vf(x" (P2, B2)) + w(@® (P, 1) — 2t (Pa, B2))l

SVt (P, B1) = V(T (P, B2))|| + wlla™ (Pr, B1) — 2™ (P2, o) (by [la + bl < lall + [|o]])
<L+ W)z (Pr, B1) — 27 (P2, B2 (by L-smooth of f)
= (L4 w)(Pr = P)Vf(z)+ (81— f2)( —27)||

< (L+w)||Pr = P||Vf(@)]| + |81 — Balllz — 2~ || (by submultiplicativity)
<L+ WP - PalE+ 25— o)V T T Tl = P (by Cauchy’s inequality)
— (L + )V VT@E T e IR Br) — (Po B2 (by defintion of |(P, 3)| norm)

Then and can be further bounded by

V()24 L2||lz—x||2||V f(x
IV phaa- (Pr 1) = Vphy e (Po, Bo)llp < (L -+ w)YIIDI Ll e IO by ) — (P, )]

Vf(z)||2+L2?||z—z—||?||lz—z~
[V hara— (P Br) = Vahg o (Po, )| < (L4 w) IO e Pl (py ) — (B, ).
Hence the dual norm || - ||, of the gradient difference is bounded by

||(VPhJ),:17_ (Pla 51) - vPhw,J:_ (P27ﬁ2)a V,Bha:,a:_ (Plu 61) - vﬁhw,x_ (P27 BQ))”i
= |Vphy o (P, B1) = Vphy o (Po, B2) |7 + L?|V ghy o (Pr, 1) — Vighy o (P2, B2)]?

2 2 e |12]2
< (L +wy Y= 1Py, B1) = (P, B) 2

< (L + w)? max{2L" 1}||(P1, B1) — (P2, Ba)|? (by 1Y < max{2,1})
— (L+w)?[(P1, B1) — (P2, B2)|I?, (by 7 > 2L2)
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which implies (L + w)-smoothness of h, ,- (P, 3). Finally, as a by-product relation that will be later used, we
derive the dual norm || - ||. of the gradient is bounded by

||(vth,z* (Pa ﬁ)avﬁhr,x* (P7 B))”i = ||vPhx,z* (Paﬂ)H2 + LQHVﬁhx,z* (PaB)H2

LY/ (P bo(at (P8) -2 PV S (@) |+ L7 o=z~ 1)
= V7@ T3 a2 1772 (by () and (@)

212 |3 IVt (PA) et (P -0)|
< max{=, B e s o 12 (46)

A.5 Proof of Theorem 2.2

Note that the initial state z! with 23 = 2 implies that the initial potential is the initial suboptimality:
pu(h) = f(1) = [+ 5l — 2l = f(1) = f*
Convex f. Observe that

1 1

. (47
K rew(r)—pu () 1 IVFER)IP+5 Iz =252 1 (
Zk:l [ Vw (ZF T, (2F) ] + 0w (zD) Zk 1 [ P (zk+1)¢ (1zk)2 } + FEOH—f*

@w(ZK—H) =

Note that b, < 0 since the algorithm guarantees that the potential is monotone ¢, (2¥*1) < ¢, (2*). To further
upper bound ¢, (25+1), we need to lower bound the ratio

IVIGRIPLE It o1 o IVIEDIP+ 2l =12 IVIEHIP+EIat-sb1?
Pl )eu () #ulz?) et —ae]”

Case 1. f(2%) — f* > %2} — 25[|%. Observe that 2z} € {z: f(z) < f(z')} for all k > 1 since the monotonicity
of potential guarantees

FEP) = [ < fER) = 4 5 lar = 21 = 0u() < pulah) = £(21) = f*.

Then ”(vf() < <zt — 2*|| < A= maxe (s f(a)<f(>1)} Milgsex+ |z — 2*]| and hence
IVFEDIP+Z Iz —25 12 IVFEDI2 S 1
G731 IPP = TR < 367 (48)

Case 2. f(2%) — f* < %||2f — 2||%. Observe that

Sllat — 25117 < 0 (2¥) < pul2h) = (1) = f*. (49)

Using and the choice of 7 > 2Lw, we have

IVFEOIP+F Nz =231 S Flei=zl _ 7 1 (50)
TR+ 51— PF 2 PR = 27 e 2 W=7

Using and the two lower bounds and , the suboptimality can be bounded by

Z1 _f*
FE) = 1 < oo < e

s
f( )f’%}_

where V = min{ TAZ
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p-strongly convex f. Observe that

ZK+1 k+1
2ol = T, 225 < (% i, &)™
k+1y_ k
=(1++30, %)K
)P+ z |2k =2E)?
(liizk 17kaVf( )H +2H 1 2“ ) . (51)

f(zk)_f*‘f‘%ﬂ"ﬂ _Z2H2

IVFER)IP+F =y —% 51
FER)—frtgllar—2502

To further upper bound , we lower bound the ratio
Case 1. f(z") — f* < ¢||2F — 25||2. Then

by case analysis.

IVFEDIP+Ellzr 25112 Fller =250 _ T (52)

FER)—frtgller =252 = wllzf—2507 7 2w

Case 2. f(z") — f* > ¢||2f — 25||2. Then using % > 2/ to obtain
1

IVFER PR IE =50 o [V FGHIP
TR Pl A 2 el 2 M (53)

Since w and 7 are chosen such that 5~ > L > pu, two lower bounds (| . . together imply

IIVf(Z’“)H2+%Hz1—Z2H2
>
e r e e = mindag, at =

and hence we conclude from that
FEE) = < a5 < (N (L — £ 08 b)) =D - - B )"
A.6 Proof of Theorem 2.3

Recall that the per iteration progress of 0SGM-HB is

N Caii B C))
by, = IV FR) P+ T Il=f =252

The scheduler proposes the state
2= (R) = (2F — PVF(ER) + Bulah — 25), 2).
Monotone Lookahead OSGM-HB determines the next state zt! such that

Puw (Z]H_l) < min{p, (Mlook(zk+l/2))» Sﬁw(zk)}v (54)

where Miook(2) = (21 — L—iwvl% (%), z2) The next lemma quantifies the improvement on iteration progress
by this landscape action.

Lemma A.3. Suppose 7 > 2L%. Then the monotone lookahead landscape action guarantees
by < min{he (Pe. i) — gy [Vhas (o )|, 0} (55)

Proof. The monotone landscape action guarantees o, (2"+1) < min{p,(Miook(2¥11/2)), 0, (2F)}, and hence

b @u (25T =0 (27) < mln{ w (Moo (2" 2)) g, () 0

= IO O EF—EP S oGO Pl 0 (56)
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k+1/2)

Descent lemma on (L + w)-smooth potential ¢, (-, z5 implies

@w(Mlook<Zk+l/2)) < (pw<zk+1/2) L+w ||V1(pw< k+1/2)H2

k+1/2 k+1/2
= Q(MY2) = gV FEY2) w2 - )2,

Subtracting both sides by ¢,,(2") and dividing by ||V f(z*)||> + Z||2f — 25/|?, we obtain

o Mook 2 —pu (M) e GMD) g ) 1 VS (e TRz
NICOITTETE A7 = VIO 3147 ~ 5T4e) (V7GR ST
zk (Pkaﬁk) - m”v}bz’C (leﬂk)”iv (57)

where uses the inequality of gradient norm from and that 7 > 2L%:

IV £ (51 2) (T2 2522

2
Hthk(Pkaﬁk)”* < IV 7GR+ 2F =252

Combining the two inequalities and completes the proof. [

To bound the cumulative feedback Zle hx (P, Br), we use the analysis of online gradient descent.

Lemma A.4. Consider online gradient descent on heavy-ball feedback

Pit1 = p[Py — npVh i (Py, Br)],
Br+1 = Up[Br — 1gVh ke (Pr, Br)]

with np = n and ng = L*n for some n > 0. Then for any (P, ) € P x B, the sequence {(Py, Bx)} satisfies

et hn (P B1) < D5y b (P B) + 55 (P = P, By = B) 17 + 5 325, Ve (i B2

Proof. The proof is similar to the analysis of online gradient descent under Frobenius norm. Note that our
algorithm finally takes P = R™*", and the analysis here is more general. Observe that

[(Prs1 = P, Brar — B)II* = |Tp[Pe — npV phor (Pi, Br)] — Pll% + = [Ws[Br — 05V sh.r (Pe, Bi)] — B
<|\Py — P = npV phon (P, Bu)| 3 + 2218k — B — 0V shon (Pi, Bi)|?
= | Px = Pl3 — 20p(Px — P,V phi (P, Bi)) + 0|V phoe (P, Be) I
el — BP — 2128y — B,V sho (Poo 1) + 13V shos (e )P
= I(Px = P, B = B + 0? IV phoar (P, Bi) |1 + L2|V gl (P, Bi) )
—20[(Ps = P,V phi (P, B)) + (Bk — B, Vshar (Pr, Br)))]
<[Py — P, Br, — B> + 02| Vhar (Pr, Br) |2 — 2n[har (Pr, Br) — b (P, B))],

which rearranges to
hat (P, i) < han (P B) + a5 [I1(Pk = P, B = BIP = [(Pesr = P, Brsr = B)IP1 + 31V har (P 1) |13
Telescope from &k =1,..., K to obtain
Sory ok (Pes Br) < Sy hae (P B) + 2 (Pr = P, By = B2 + 4 S0y VR (Pe, B2
O

Proof of Theorem Note that our choice of 7 = 16L? satisfies the condition 7 > 2L? in Lemma
By Lemma and Lemma |A.4] the cumulative progress of Monotone Lookahead 0SGM-HB with n < L+w
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can be bounded by

Ef:l bk < Zf:] min{hzk (Pka ﬂk) - m”thk (Pk7 5k)||§v 0} (by Lemma A'3
< min{Y [P (Pi, Br) — 31 Vhar (Py, B1)|2], 0} (by 1 < 5p2tery)
< min{Y | hoe(P,B) + £ (P — P, 3 — B2, 0} (by Lemma [A-4)
Choose the online gradient stepsize n = ﬁ and denote

pK(paﬂA) = ﬁ”(Pl - Paﬂl - B)H2
Then the bound on average progress of Monotone Lookahead 0SGM-HB becomes
7 Sk b < min{350 4 o (P, ) + 22522, 0}, (58)

Our choice of parameters w = 3L and 7 = 16L? also satisfies the condition 7 > 2Lw in Theorem Plug in
the bound into the heavy-ball reductions (9)—(L0) (Theorem [2.2) to obtain

K+1y _ px fEH-f* __ 59
(convex) f(z )= f _KVmax{%ZkKZI,hzk(ﬁﬁpw,o}ﬂ’ (59)

(p-strongly convex) f(2" 1) — f* < [f(z") — £*](1 — pmax { % 25:1 —he (P, ) — %M,O})K. (60)

Lemma with a = i and § = % implies w = 3L and guarantees

pu (M) (F 1 3) = e (of — g VIER) + 3 (28 = 25), 21)

< ou() = gplIVFER)IP + 8L% 121 - 2511%]
= pu(z") = grlIVFEO)I? + llet - 2517, (by 7 =16L?)
which rearranges to ‘
har(zp T, 5) = SOT\(v(;2:>(f?+1é%\|)z)fi—i2(lfj) <~ for all k. (61)

Plug in (P, ) = (£-1, 1) into and and further bound by completes the proof.

B Proof of results in Section [3

B.1 Proof of Lemma [3.1]
Since h,(P) is L-smooth, it is at most L-weakly convex. The second result needs several auxiliary lemmas.

Lemma B.1 (Hessian of PL-functions). Suppose f is L-smooth, has H-Lipschitz Hessian, and is u-PL, then
Anin(V2f(2)) > —p T H||IV f ().

Proof. Let x* = Iy« [x]. Using H-Lipschitz Hessian, we have
V(@) = V2 f(@*) + V2 f(z) = V2 f(a")
= V2 f(a*) = V2 f(z) = V2f (") - 1
= V2 f(z*) — H|lz — z*|| - I. (H-Lipschitz Hessian)

Since PL condition implies quadratic growth [21], ﬁHVf(:L')H2 > f(z) — f* > &z — z*|? and ||z — z*| <
iHVf(x)H Hence V2 f(x) = V2f(z*) — %HVf(x)H I = —pu~YH||Vf(x)| - I and this completes the proof. [
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Lemma B.2 (Hessian of h,(P)). Suppose f has H-Lipschitz Hessian and x & S*, then

IV2he(Pr) = V2he(Py)|| < H|[V f(2)[|[[ Py — Pl

Proof. Recall that Vh,(P) = vf(m_ﬁ)vvf(%)”)yf(x)T and V2h,(P) = (99" )@V?2f(z—PV f(z)) where g = Hgﬁgzil\

Since ||g|| = 1, H-Lipschitz Hessian implies
[V2he(P1) = V2ho ()| < IV f(z — PV f(2)) = V2 f(z — PV f(2))|| < H|[V f(@)[[| P1 — Pl
and this completes the proof. O
Proof of Lemma Take any fixed P € P. Using Lemma we deduce that
V2he(P) = V2he(P) = H|Vf()||P — P| - I

= Pnin(V2f(z — PV f(2))) = H||V f(2) ||| P~ P|]- I

= Pin(V2f(z = PV f(2))) = H||V f()| D] - T
When f is additionally y-PL and P = 0, we can further apply Amin(V2f(z— PV f(z))) > —pu 1H||Vf(z)| from
Lemma and this completes the proof.
B.2 Proof of Lemma [3.2]

The expression of gradient follows by definition VA}(P) = Vh,(P) + AN(P — £1). h)}(11) = hy(+1) < —5-
follows from the descent lemma. Using Lemma local convexity of h)(P) follows immediately and the

smoothness constant follows by adding L, the smoothness of h,(P), and A.

B.3 Proof of Theorem [3.1]

These reductions have appeared in [I3], and we repeat the proofs for completeness. The first relation
follows by definition:

(A =) min (VSGEIP < S —hall 95 ? (by i > 0)
= = [Dh, FEbtY) = f(ab)) (by definition of hy,)
= (@) = f@RH)
< fah) = £ (by f(a®Fh) < f*)

and the second relation follows from:
% (¢ it W)K (by AM-GM inequality)
=1+ kK 1 %)K
= (14 % Y W)K (by definition of hy)
<=3, —h)® (by hi < 0 and LYHE > o))

and this completes the proof.
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B.4 Proof of Lemma [3.3

Recall that 251 = M(2*+1/2 2*) and 2*+1/2 = 2% — P,V f(2*). The per iteration progress and (regularized)
feedback are
2 (g 2R HL/2Y_ (g
b= oty e (P) = Megamfe =, han(Pl) = hor (P) + 311 Pe = 1113

e Monotone landscape satisfies f(z"*1) < min{f(z**'/2), f(2*)} and thus

k+1y_ ook . .
hy = L8 D < minfhg (P, 0} = min{h2 (Py) — 3P — 2113, 0}.

e Monotone lookahead landscape satisfies f(z"1) < min{f(z¥+1/2 — LV f(2¥*+1/2)),0} and by descent lemma,
FHI/2 = LV F@H2) < F@2) L9 5 and

hy = $EY ()

IV f(z®)]l
f pht1/2 _F 2k \2i LRT1/2y)2
< Mot — o NS (by descent lemma)
2R T1/2y)12
= hor(Pe) = 5 [ Vhar (P13 (by [|Vhge (Py)[3 = ISl

= hpe(Pr) = 311Px = L1115 — Szl Vhor (Po) 7
= I (Pr) = 2 IV (PO E + 2 (IR (Po)llF — 20L[ Py — £I1IE — 2] Vi (Pr)l[)-

Notice that when A < L,
IV (P[5 = [V hor (Pr) + A(Pe = D[

< 2| Vher (Po)llF + 22| Py — L1]|% (by |IP +Ql% < 2|IP|% + 21QII%)
< 2| Vhyr (Po)llE + 2AL|| Py — +1||7 (by A< L)

which implies hy, < h (Pp) — 25| VR (Py)||3 and completes the proof.

B.5 Proof of Theorem [3.2

Recall the regret guarantee of online gradient descent: for any Pe P, we successively deduce that
1Pisr = Pll3 = |Tp [Py — nVA (Po)] - Pl
<||Px — thi,’j (Py) — P|% (by non-expansiveness)
= || Px = PllE — 20(VAZE (), P — P) + 2 | VA (Po) |1
<[P = PlE = 20lhyt () = hot (P)] + 02V Rk (P [,

where the last inequality holds since Py, P € P and our choice of {Ar} ensures h;",j (P) is locally convex. Next,
we rearrange the terms and obtain

hyk (Pe) = 1k (P) < 55lll Py — Pllg — 1Pess — PIE] + 3IIVRE (Po) 13- (62)

Back to the algorithm analysis. First, according to Theorem the convergence of Monotone Lookahead
0SGM-H follows from bounding the cumulative progress

1?11321( IV < f(wll)(if* %Ek{l “hy? (63)
f@Ety = < [f(@") - 11 - %Z,ﬁ{:l —hg) K. (64)
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Second, the cumulative progress Zszl hi under monotone lookahead action is bounded by Lemma

& i hie < e Yooy min{hk (Pe) =77 | VRE (Po) 13,0} < min{ g 3750, W)k (Pe)— 2 VRE (Po) 3,0} (65)
Third, the regret guarantee of online gradient descent bounds the cumulative feedback Eszl h;\’,j (Px) by

K K 5 5 K
Sk R (P) < Sy ok (P) + gl Py = Pl3 + 3 0, VA (Po) 13- (66)
Putting and together, the cumulative progress is bounded by
K . K A A K
% et b Smin{355y WS (P) + 1Py = PllE + (3 — 15) iy VA (P, 0}
When n < ﬁ, the gradient norm term vanishes. With n = ﬁ the relation simplifies to
K . K ; B . K 5 A
7 Sret e S min{d77 3E(P) + LIPL — Pl 0} = min{ 37 by (P) + 31P — 113 + L] P — PII%, 0}

Plugging the relation back into and completes the proof. Also notice that when P; = P =15

BA(P) < 5 and [Py — P|3 =0,

C Proof of results in Section [3

C.1 Details of Subsection [5.1]

In this section, we replace the online gradient descent step in Monotone Lookahead 0SGM-H with online proximal
point. For the generality of the result, we still use a matrix stepsize P.

Algorithm 7: Monotone Lookahead OSGM-H with online proximal point update

1 input initial point x', initial stepsize P, € R™*", online proximal regularizer 7 > 0
2 for k=1,2,... do

3 pht1/2 — ok _ Pka((Ek)

4 | Choose z**! that satisfies f(z*+!) < min{f(z"T1/2 — 2V f(2F+1/2)), f(2*)}

5 | Prys = argming (b, (P) + [P — Pyll3}

6 end

To show the convergence of Algorithm [7| we again proceed in three steps: 1) bounding suboptimality with
progress 2) bounding progress with feedback 3) bounding feedback with online learning. Since we essentially
use the same hypergradient feedback, step 1) and 2) are the same as in Part 1. It suffices to prove the regret
guarantee of online proximal point and combine it with the lookahead action. Recall the definition of progress

hy = % and feedback h,«(Py) = W. We have, from [I4] Lemma 4.1], that

Lemma C.1 (Feedback and progress [14]). Let f be L-smooth and convex. Then hy < min{h.(P;) —
37 |V (Py) |3, 0} with monotone lookahead action.

The proof requires an additional technical lemma that shows a relation between the value of the feedback
function h,(P) and its Moreau envelope function h/”(P) = ming{h.(Q) + 5/Q — P||%}.

Lemma C.2. Let h'/?(z) := min.{h(z) + £||z — z||*} be the Moreau envelope of a differentiable convex function
f. Then h(zx) = h'/?(x) — 5||Vh(z)||* < 0.
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Proof. By convexity, we have, for all z, that

h(z) + §llz = all? 2 h(z) + (Vh(z), 2 — 2) + 8|z — |
> min{h() +(Vh(),d) + §]d||*}

= h(z) — 5, [ VA@)|I*.
Minimizing the LHS, h/?(z) = min.{h(z) + £z — z||*} > h(z) — iHVh(m)Hz. This completes the proof. [

Using the optimality condition on the proximal subproblem on Line |5 of Algorithm |7] for any P, we deduce
that

hot (Pit1) + 3511 Pert — Pell® < hor (P) + 5|1 P = Pell3 — o[ Peya — P17

Re-arranging the terms, hk (Piy1) — hyr (P) < ﬁ”ﬁ — P||% - ﬁHPkH - P|% - ﬁHPkH — P||% and

hat (Pi) = Tgs (P) = Bk (Pi) = har (Peg1) + hor (Prg1) — hoe (P)
< gk (Pi) = P (Pis1) + o5 1P = Pill3 — o5 1Pyt — Pill — o5 1 Py — Pl
= D (Pk) = [hor (Piyr) + 55 |1 Pyt — Pl 7] + 2 (1P = Pl = | Pera — PII7]
= D (Py) = B0 (Py) + 55 (1P = Pell7 — [ Prsa — P|17]

< %HVhIk(Pk)II2 + 55 (1P = Pellf — 1Pesr — PIIF]
Finally, we bound the progress using the monotone lookahead action using Lemma

et e Smin{ 375 Aar (Pr) = 57 Vhan (P13, 0}
<min{34 har (P) + (3 = 50) [ Vias (P2 + 55 PL = P13, 0}

and for n = 7, Zszl hy < Zszl hyi (P) + %le — ]A3||%7 Plugging the progress relation back into the reduction
in Part I [14, Theorem 4.2] establishes the convergence.
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C.2 Proof of Theorem [5.1]
By definition of the AGD update, we deduce that

yk:$k+\/—1+1(2k*$k)
VE_ ko Sk
f+1 VRri?

N i

=y" — 1 (Ay* — Az*) -

= (- LAy + + Ax* —2*
I—- 1A)(

z* +f+1 M+ +Az* —a

= f+1
= (I = $A) 5@ —2) — ([ - $A) Az (" —2%)

FH =t = (1 ) — o) + (- L (Ay* — Ar*) — o)
=(1- )" —a") + (- LAY —27)
:(l—ﬁ)(zk—x* +%€(I—%A)(ﬂlxk+\/3+lzk—x*)
= AU - LA —a*) + (- LA — o)

On the other hand, we can express the potential function as follows:

oulz,2) = 3((z = %), Az — 27)) + 5| A(x — 2™)|?

1AY2(2 = a")[* + 3l Jz Az — 2*)|I?

2
ﬁA(m —z*)
AV2 (5 — %)
Using the AGD update, we can further write

( LA — %) ) ( JeAT = LA (P (aF — o) + A (F — )
T A1/2

A2 (41 ) [ = g At —an) + G250 - p A -

_1

L Az
) > _M< Af/Q(z

=M M-

7 iA VK 1 41/2 _ 1A3/2
where M = < ( e 1) \F1/+21 f( N f) VE+L ) Therefore,
VH(A™ G AV e (=247
2 2
L Aqk AzF
SRR Y (| IRTERST (ol
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and it suffices to analyze ||[M " M||. Since A € S? "', without loss of generality, let A = QA%2QT and

M:( (I - A)f+1 \//7(14_1/2 1A1/2)\/*1+1 )

1 (A1/2 1A3/2)\F+1 (I— iA)\/\E/il

s

( QU — 1A)QT L% <Wﬂm”—ﬁﬂw;ﬁH>
QA - EAQT AL QU - EANQT A
:<Q )( —IAWL (\fAl—)fH)(Q )
AN N I A TR ¢
(o) o)
_ 1Ay _VE -1 _ 1 A
where N = T=zA )\/EH (ViA vE ) and it suffices to analyze |[NTN| = || M T M]|.
1(A_lA3) 1 (I—lAQ) \f
Vi L7 ) /r+1 L7 ) /r+1

By direct computation, NN is a 2 by 2 block matrix

1 ( L_ 1A2 A HLILAS VIAT - IA- A A%+ #;ZM))

N'Ne—~
(VE+12\ VLA™ = ZA = A%+ 5 A°) pA ™2 4 (B = 2)T — 1A% + LAY

where each block is a diagonal matrix. Since permutation does not affect the spectrum, we can permute N ' N
to obtain multiple 2 by 2 matrices, each taking form of

1 < L >\2 Lﬂ)\‘* A VI T = oA = N+ i N )
1 34 _1 5 -2, L 1y2 4 1 \4 J

where A is one of the diagonal elements of A. Hence it suffices to compute

max < o 1/\2 IHXUF 12/\6 VINT - % R f%u)‘s NL3/2)\5 )H
VEA - — e N AT 2 P
. u)\4 w2 2 26 \/Z)\—l_ Iy pEa 3/2)\5

BNV ([Al VEXN - ij” (£)3/2)\5 ’ >\2—\|—F 2\F>\2+“)\4 )H

- - L
_ — AP = LNt LS VEATE = kY20 - V17203 4 gm8/2)8
T dsve ( VRN = 1 L RETRNS 4 3y R >H
C e ( — A2 1t LS VEATE = 5 TV2N VRTINS 4 /20 >H

12a<vi [\ vEATE = *1/2)\ VE=1/2)3 4 g73/2)° AN 24 k—2-A 4K A\
B (r=X? > <n+A ) (r— >\23)/(2N>\ )

Two eigenvalues of the matrix are respectively

4 1 K22 24 92k(1=2K)A44+N8
L(25 & (x4 — o) AL DR 02NN g 9N 4 4 —2),

whose maximizers are respectively 1/ and 1, giving

2 2
mas(~2+ £ 4w S0 (1 g4 T < 62001 4 Y
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and multiplying the upper bound by ﬁ completes the proof.

Remark 4. As a final remark, we compare the linear convergence rate for the new potential function with two
standard convergence rates in the literature: 1 — ﬁ for AGD and (};ﬁﬁ for Chebeshev iteration [§]. As
Figure |§| (left) shows, our new convergence rate is sandwiched between these two rates. Figure |§| (right)
verifies the validity of this new potential function on a toy quadratic minimization problem.

: : : : : 10%°
0.7F —Fval
—New

Classic

0.6F 1-

05F
04F New

02f 1=k,

0.1F 1++k

00 10°
2 4 6 8 10 <10°

Figure 6: Left: comparison between the convergence rate of the new potential function and classic ones . Right:
plots of the new potential function, the classic potential function, and the function value gap

C.3 Details of Subsection [5.4]

In this section, we illustrate the convergence analysis of a variant of 0SGM-H. We make the following assumptions
throughout the section.

A1l: fis L-smooth and convex with dom f = R".

A2: The proximal term w is convex.

Similarly, we denote ¢* := ¢(2*). The challenging part of the analysis is that the proximal term w will introduce
non-Lipschitzness of the feedback function if |Gy (z)|| — 0. To this end, we consider Algorithm

Algorithm 8: 0SGM-H with proximal gradient update

1 input initial point 2, initial stepsize P; € R™"*", online proximal regularizer n > 0

for k=1,2,... do
N l'k l'k— ) fEk kT _ ka— ok
3 Prir = argminP{f(l PG (a7)+(Vf( Pkgﬁg(L&))ﬁg(x ) P=Py)tw(@®=PGr(z)) +271n||p_pk||%}
4 | Choose 2! such that ¢(z**1) < min{p(z* — Pry1Gr(2%)), o(z%)}

5 end

N

This update corresponds to Classic-HDM we discussed in Section As a first step, we define progress

hy = W. Note that hx < 0 by definition, which enables the following progress reduction.

Lemma C.3 (Nonsmooth reduction). Under and ming <<k ||Gr(z%)]|? < <p(a:11);¢* 3 ZKI e
- K Lsk=1"""k

Proof. The proof resembles that of the hypergradient reduction.

(Sher —ha) - Bin 192 (") 1> < Shey —hallGe ()12 (by —hi = 0)
= — [Ti; p(aF 1) — p(ah)] (by definition of hy)
= p(z!) — (@)
< gp(z') — " (by f(z+) < f7)

O

39



An important step is to establish online learning guarantees with respect to Zszl hyx(Piy1). Below, we prove
the result for a more general setting.

Lemma C.4 (Prescient online proximal gradient). Suppose {({x, )} are a sequence of convex functions and
{lr} are L-smooth. Consider the online proximal gradient update

Py = arg n;in {(Py) + (Vl,(Pr), P — Py) + m(P) + %HP — P32}
€

Then with 1 < +, Y1, 0(Pusn) + 7u(Pest) — [(P) + m(P)] < =[Py — Pl for any P e P.
Proof. By the optimality condition of the online update, for any P € P,

(Vl(Pr), Pry1 — Pr) + 1 (Pry1) + ﬁHPkJrl — Pl

< (V(Py), P = Pe) + mi(P) + 35 |1P = Pilly — o5 | Pra — Pl
Re-arranging the terms,

|Pes1 = Pl < |1Ps — P% = 1 Pess — Pillz + 20(Ve(Pr), P — Piyr) + 2n[mi(P) — 7 (Pis1)]
= | Px = Pll3 = | Prsr — Pell# + 20(Vek(Py), P — Py)
+20(Vl,(Py), Py — Py} + 2n[mi(P) = mx(Pig)]
<Py = P||% = | Pos1 — Pell3 — 20t (Pr) — €r(P)]
+ 20(Vli(Py), Py — Pip1) + 20[mi(P) — 7 (Pigr)] (Convexity of £x)
= | Px = Pl|3 — 20k (Pis1) + 7k(Prsr) — Le(P) — mi(P)]

+ 200k (Pet1) = €e(Pr) + (VE(Pr), Pe = Preg1) — 55 | Pea — Pell7).

), P
), P

When n < %, we have, by smoothness of ¢, that
U (Prey) = [e(Pr) + (VE(Pr), Pori — Pi)] < 51| Prsr — Pell® < o5 1 Per — Pell%

and || P11 — P||% < || Py — P||% — 20[€r(Prs1) + 75 (Pis1) — Lx(P) — 71 (P)]. Telescoping completes the proof. [l
Chaining Lemma Lemma and the fact hy($1) < —5= [3, Corollary 10.18] gives the desired result.

Theorem C.1 (Theorem [5.2). Suppose f is L-smooth convex and w is convex. Then for any benchmark
stepsize P € P, Algorithm |8 achieves

. kv 2 o~ el@')—¢* 1
< = = .
@?KHQL(I I < e e P EIm P

1

In particular, taking P, = P = +1 yields min; << |G (2%)]? < w.

Proof. Using Lemma we can bound
K K K a :
S e hoe < oy ok (Prsr) < 3000 hor (P) + 5511 Py — Pl%

Plugging the relation back into Lemma and using Ak (%] ) < —ﬁ completes the proof. O
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