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Abstract

Consider the context of solving a multi-objective simulation optimization problem with one or
more continuous objective functions to global optimality on a compact feasible set. For a simple
algorithm that consists of selecting a finite set of feasible points using a space-filling design,
expending the same number of simulation replications at each point to estimate the objective
values, and returning the discretized estimated efficient and Pareto sets, we (i) introduce a
mathematically tractable performance indicator for assessing the optimality gap of the discretized
estimated efficient set, (ii) derive finite-time probabilistic upper bounds on the optimality gap,
and (iii) determine how to trade off the number of feasible points with the number of simulation
replications per point to ensure the optimality gap converges to zero in probability at a fast rate.
Thus, we identify both an upper bound on the convergence rate for simple algorithms and a
lower bound on the convergence rate for other algorithms that exploit structure. In addition,
if the optimality gap is measured under the infinity norm, then the required total simulation
budget grows slightly faster than logarithmically in the number of objectives. We demonstrate

our results through numerical examples having one, two, or three objectives.

1 Introduction

Multi-objective simulation optimization (MOSO) problems are nonlinear optimization problems
in which one or more simultaneous objectives can only be observed with stochastic error. Such
problems often arise in the modeling and analysis of complex systems when multiple conflicting
objective functions are defined implicitly through a Monte Carlo simulation model. Conflicting
objectives may arise from the different perspectives of multiple stakeholders or decision makers,
such as minimizing the total expected cost of operating a system while simultaneously minimizing
its expected environmental or humanitarian impact. While only one decision can be implemented
in practice, the goal of solving a MOSO problem is to identify decision variable values that map
to the global Pareto set for use as input to the decision-making process; these decision variable
values constitute the efficient set. Solving a MOSO problem and presenting decision makers with
the results provides a broader perspective on the trade-offs between the objectives when selecting
a final decision to implement. Specific applications of MOSO in the literature span a wide variety
of settings including agriculture, aviation, energy, healthcare, logistics, manufacturing, and the

military; see Hunter et al. [2019] for an overview.
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We consider the context of solving a MOSO problem with one or more continuous objective
functions to global optimality on a compact feasible set, where the objective function values can only
be estimated in a pointwise fashion. If computing resources are plentiful, the simulation model runs
quickly, or there is no known or exploitable structure in the MOSO problem, one might consider
implementing a simple algorithm that consists of selecting m feasible points in the decision space
using a space-filling design, expending n simulation replications per point to estimate the objective
functions, and returning the discretized estimated efficient and Pareto sets under a total simulation
budget b, which equals m times n. If the sampled points are selected on a grid, then the simple
algorithm is called grid search |Ensor and Glynn, 1997]. Otherwise, the sampled points may be
selected as a low dispersion point set [Yakowitz et al., 2000]. If a MOSO problem can be solved by a
simple algorithm, doing so may have several advantages over implementing a more complex variant:
(i) the simple algorithm is intuitive and easily understood by those without particular expertise in
MOSO algorithms or their implementation; (ii) the simple algorithm is straightforward to code, and
in a parallel computing environment, all simulation replications can be obtained in an embarrassingly
parallel fashion; and (iii) common random numbers [Law, 2015] can be fully exploited by obtaining
the same number of simulation replications in parallel at each point in the decision space.

Despite its straightforward nature, a simple algorithm must be implemented with care to minimize
the error in the returned discretized estimated efficient and Pareto sets. Specifically, the quality of
the discretization and the number of selected feasible points m control the discretization error, while
the number of simulation replications obtained per point n controls the stochastic error. Assuming
discretization points are added according to a space-filling design, at the extreme, holding the
number of feasible points m fixed and sending the total budget b to infinity results in an estimator
in which discretization error may persist, while holding the number of simulation replications n
fixed and sending the total budget b to infinity results in an estimator in which stochastic error may
persist. Therefore, determining the correct trade-off of m and n for a given total simulation budget
b is key to ensuring the optimality gap of the returned estimator is small with high probability
and, ultimately, that the optimality gap converges at a fast rate as the total budget b increases.
While Yakowitz et al. [2000] conducted a trade-off analysis for global single-objective simulation
optimization, to the best of our knowledge, no such analyses exist for the global MOSO context.

In this article, we provide three major contributions toward the design and analysis of simple
algorithms and the identification of error bounds and convergence rates for global MOSO. First,
we propose a new, mathematically tractable performance indicator for assessing the convergence
of global MOSO algorithms that accounts for the possibility of both false exclusion and false
inclusion events; that is, events where truly Pareto points are falsely excluded from the estimated
Pareto set, and events where truly dominated points are falsely included in the estimated Pareto
set, respectively. While the probability distribution of the Hausdorff distance between the true
Pareto set and the true image of the estimated efficient set is a natural performance indicator for
assessing convergence of MOSO algorithms |[Hunter et al., 2019], to date, the Hausdorff distance

is mathematically intractable with regard to our goal of deriving closed-form bounds [Hunter and



Ondes, 2023]. Our proposed performance indicator, described in Section 3 and referred to thereafter
as the “optimality gap,” exploits a nested set structure to assess convergence in a mathematically
tractable way while preserving the desirable characteristics of the Hausdorff distance for convergence
analysis (Theorem 1). Second, under the optimality gap defined in Section 3, we use concentration
inequalities to derive an upper bound on the probability that the optimality gap exceeds a threshold
value which holds for all feasible choices of m and n under mild regularity conditions on the nature
of the stochastic error (Theorem 2). In particular, we assume only that the distribution of the
stochastic error is sub-exponential. This assumption encompasses a wide variety of distributions
including all distributions with bounded support, as well as normal and Laplace error models. Third,
we use the probabilistic bound from Theorem 2 to derive implementable values of m and n that
ensure convergence in probability of the discretized estimated Pareto set to the true Pareto set at a
fast rate for two use cases regarding the nature of the desired guarantee |[Hunter and Nelson, 2017]:

(i) Fized-precision: For any user-specified thresholds 7 > 0 and « € (0,1), Theorem 3 provides
finite values of m, n, and b that ensure the probability the optimality gap exceeds 7 is less
than or equal to a. Theorem 3 implies that for given o € (0,1) and any § > 0, the total budget
grows as b = O(T*(q”)/(l*‘s)) as 7 — 0, where ¢ is the decision space dimension. This rate
holds for any fixed number of objectives d > 1 and, thus, corresponds to the single-objective
case; it constitutes an upper bound on the convergence rate for simple algorithms solving
global MOSO problems. Further, if the optimality gap is measured under the infinity norm in
the objective space, then fixing all other parameters, the total simulation budget grows only
slightly faster than logarithmically in the number of objectives d; that is, for any € € (0,1),
the budget b = O((Ind)¥/(1=9)) as d — co.

(ii) Flized-budget: For a given user-specified total simulation budget b, Theorem 4 provides values
of m and n that ensure the probability the optimality gap exceeds T = cd'/? / Lml/ qJ is less
than or equal to @ = 2d/n where ¢ is a constant, d > 1 is the number of objectives, the
optimality gap is measured under the p-norm, and ¢ is the decision space dimension. The
allocation rule in Theorem 4 is extremely simple: set m = |(kb/Inb)?/@*2)| and n = |b/m|
where £ is a constant whose value depends on the nature of the stochastic error. (For a normal
error model, k = 4/3, and for a Laplace error model, x = 1/2.) This allocation provides a
good tradeoff of m and n for a user whose total budget b is fixed in advance but large enough
to ensure m > (14 &)? for any € > 0 and n > 1.

Beyond the design and analysis of simple algorithms, our work also defines a lower bound for
the convergence rate of any other global MOSO algorithm that exploits structure. Although the
literature on MOSO is relatively small and recent compared to its single-objective counterpart (see,
e.g., Hunter et al. [2019] and Fu [2015], respectively), algorithms for solving global MOSO problems
with continuous objectives indeed already exist. Examples include Alrefaei and Diabat [2009],
Mattila et al. [2013], Huang and Zabinsky [2014, 2025], Zhang et al. [2017], Rojas-Gonzalez et al.
[2020], Han and Ouyang [2022|, Boffadossi et al. [2025]; also see Andradottir [2015], Rojas-Gonzalez

and Van Nieuwenhuyse [2020]. Our goal is not to argue that our simple algorithm is better than these



existing methods; rather, these existing methods and any future methods should be demonstrably
more efficient than a simple algorithm on the same class of global MOSO problems. Thus, from the
perspective of a community of researchers creating new and better global MOSO algorithms, e.g.
through the SimOpt library [Pasupathy and Henderson, 2006, 2011, Eckman et al., 2023a,b|, we
provide a baseline performance upon which more complex variants should demonstrate improvement.
Finally, our work potentially forms a basis for the design of new algorithms that employ aspects
of our simple algorithm as a subroutine on compact parts of a feasible space, or that stand on our
results for further development of sequential algorithms using low-dispersion point sequences.

The paper is organized as follows. In Section 2, we formally define the MOSO problem and the
simple algorithm. In Section 3, we define and discuss the new performance indicator that provides a
mathematically tractable way to measure the optimality gap. Section 4 details assumptions required
for our analysis, and Section 5 derives closed-form upper bounds on the optimality gap. Section 6
presents results regarding the choice of m, n, and b that ensure convergence at a fast rate. We
demonstrate our results on numerical examples having one, two, or three objectives in Section 7.

Section 8 contains concluding remarks.

2 Problem context

We formally define the global MOSO problem and the simple algorithm as follows. First, we consider
the MOSO problem

minimize [f(z) = (E[F1(z,9)],...,E[Fq(x,8)])T] st. ze X, (M)

where f: X - R% X C RY, ¢ > 1 is an unknown vector-valued function composed of d > 1 Lipschitz
continuous and conflicting objectives fy: X — R,k =1,...,d; the vector-valued random function
F: X xZ — R%is composed of individual real-valued random functions Fj,: X xZ - R, k=1,...,d,
and for each = € X, the expected value is fi(z) = E[Fy(z,£)] = [Z Fi(x, u)dP(u). The feasible set
X is nonempty and compact, and the image set is f(X) = {f(z) € R¢: 2 € X'}. The solution to
(M) is the efficient set

€= {a* € X: P € X such that f(z) < f(2*)} = {a" € X: (f(@*) — RL) N f(X) = f(a")},

where RS := {y € R?: y = 0} and Subsection 2.1 contains notational conventions regarding <, <,

and <. The image of the efficient set is the global Pareto set,
P=f(€) ={f(z") e R": a* € } = (f(X)),

where Sy is the set of all nondominated points in & with respect to the cone IR%.

The formulation in (M) is quite general. In addition to minimizing the expected values of a
system’s performance measures directly, such as minimizing the expected cost, we can also pose
objectives that minimize the expected value of some loss function of the performance measure of

interest. Further, our results necessarily assume the version of (M) in which f can only be estimated



in a pointwise fashion; that is, if observing an estimator for f(z) at € X requires expending n
simulation replications, then observing an estimator for f(z’) at a new point 2’ € X', x # 2’ requires
expending n additional simulation replications.

We define a simple algorithm for solving (M) as a procedure in which we (i) select a finite
set A}, of m points in the feasible set according to a space-filling design and select the total
simulation budget b = m x n, (ii) query the simulation oracle to obtain consistent estimators
F(z,n) = n7 'Y " | F(#,&) of the vector-valued objective at each point Z € A, where here,
&1,...,&, are n independent and identically distributed (iid) copies of £ (this assumption does not
preclude the use of common random numbers; see Assumption 3 in Section 4), and (iii) return the
resulting discretized estimated efficient and Pareto sets. This algorithm is specified in Algorithm 1.
Thus, for a given finite discretization of the feasible set &, C X, |X,,| = m, and simulation budget

n, Algorithm 1 solves the discretized sample-path problem,
minimize [F(z,n) = (Fi(z,n),..., Fy(z,n))T] st. x € X,. (M)
We denote the discretized estimated efficient and Pareto sets returned by Algorithm 1 as

é‘ (b) == {Z € X,p: 37’ € X, such that F(i',n) < F(&,n)},
Pn(b) = F(En(b),n) = {F(&,n): & € En(b)} = (F(Xm))x

where &,,(b) and P,,(b) are discretized estimators of £ and P, respectively.

Algorithm 1: A simple algorithm for global MOSO on a compact set X

Require: a compact feasible set X'; an oracle capable of producing estimators F(z,n) such that
F(z,n) = f(z) w.p.1 as n — oo for each z € X where f is continuous on X
Input: a finite set of feasible points &,,, C X chosen as a low-dispersion point set and having
cardinality m > 1; a finite total simulation budget b > 1

1 n < [b/m] /determine number of simulation replications n
2 foreach 7 € X,,, do
3 L F(Z,n) < oracle(z,n) /estimate f(Z) using n simulation replications

Em(D) « {& € X,,: 3’ € X, such that F(#,n) < F(Z,n)}
Pin(b) < F(En(b),n) = {F(Z,n): & € En(b)}

6 return &,,(b), P, (b) /return discretized estimated efficient, Pareto sets

'S

5]

There is another relevant problem whose notation we require: the discretized version of (M)

without estimation. That is, Algorithm 1 implicitly defines the following discretization of (M),

minimize [f(x) = (E[F1(z,§)],...,E[Fq(z,§)])] st. x€ Xpn. (M,,)

The solution to (M,,) is a finite approximation to the solution to (M). We refer to this quantity as



the discretized efficient set, &y, and its image as the discretized Pareto set, Py,

Em = 1{7* € Xp: 7 € X, such that f(%) < (&%)}
P = {f(Z"): 3% € Emn} = (f(Xm))N.

2.1 Notation and terminology

When comparing two vectors y, § € R?, we write § < y if g < yp forall k € {1,...,d} and write § <
y if § <y and § # y; analogous definitions hold for =, >. A d-dimensional vector of ones is 14. For
p > 1, the p-norm is ||y||, = (Jy1|? + ... + |ya|?) /P, and the co-norm is ||y||eo = max{|y1], ..., |yal}.
If 1 <p<r<oo, then |ly|, < |yl, < dYP~V)|y|,. The cone RE = {y € R%: y = 0} is the non-
negative orthant, and R% = {y € R%: y > 0}. For sets A, B C R, A+B = {a+b:aec Abe B}is
the Minkowski sum. For nonempty A, B and = € R?, Dy (x, B) = infyep ||z — y|l, and Dy(A, B) =
supge 4 Dp(x, B). The Hausdorff distance is H,(A, B) = max{D,(A, B),D,(B, A)}. A set S C R?
has boundary bd(S), closure cl(S), complement §¢, diameter diam,(S) = sup, ,esl|z — yllp, interior
int(S), upper image ST = S + Ri, lower image St == S — R‘é, and Sy and Syn are the sets
of all nondominated and weakly nondominated (or, all Pareto ‘and weakly Pareto) points in S
with respect to the ordering cone R‘é, respectively: Sy == {s € S: #s' € S such that s’ < s},
Syn = {5 € S: ps’ € S such that s’ < s}. In general, Sy may be empty (e.g. if S is open). Sy is
externally stable if S C Sy + ]Ré. The set S is bounded if there exists a constant ¢ < oo such that
Ve,y €S, |z —y| <c Fora function f:D—=REDCRIand aset S C D, f(S) = {f(x): z € S}.
Given a probability space (€2, §,P), an event A € § occurs with probability one (w.p.1) or almost
surely (a.s.) if and only if P(A) = P({w € Q: w € A}) = 1. For sequences of reals {a,} and {b,},
ap, = O(1) if there exists ¢ € (0,00) with |a,| < ¢ for large enough n; a, = Q(1) if there exists
¢ € (0,00) with |a,| > ¢ for large enough n. For positive-valued sequences of reals {a,} and {b,}, we
say a, = O(by,) if a,, /b, = O(1) as n — oo. Further, a,, = ©(1) if 0 < liminf a,, < limsup a,, < oc.

3 A tractable performance indicator for convergence

In a single-objective simulation optimization context, the optimality gap is straightforwardly defined
as f1(X} (b)) — fi(z*), where X, (b) is a random variable representing the solution to the discretized
sample-path problem (M,,,) with d = 1 after expending a total of b simulation replications, f1(X* (b))
denotes the true image of this estimated solution, and fi(z*) is the true optimal value [Yakowitz
et al., 2000, Pasupathy and Henderson, 2006]. In a MOSO context, however, the definition of the
optimality gap must account for the fact that the estimated solution is a set rather than a point.
To this end, the deterministic multi-objective optimization literature contains over one hundred
ways to assess the quality of a returned solution [Zitzler et al., 2003, Faulkenberg and Wiecek, 2010,
Li and Yao, 2019, Audet et al., 2021|. However, far fewer performance indicators are specifically
designed for a MOSO context; see Hunter et al. [2019], Branke [2024], Thengvall et al. [2025]. Of
these performance indicators, we are interested in the ones that assess convergence.

For assessing the convergence of Algorithm 1, performance indicators associated with the proba-

bility distribution of the Hausdorff distance between the true Pareto set P and the true image of



the discretized estimated Pareto set f (€, (b)), evaluated under the p-norm,

Hy(P, f(En (b)) = max{Dy(P, (€ (b)), Dp(f(Em(b)) P)}, (1)

are a natural choice [Hunter et al., 2019, Hunter and Ondes, 2023]. Assessing algorithms on the
expected value of (1), or numerically on the quantiles of its distribution as in Cooper et al. [2020],
is consistent with the philosophies of evaluating simulation optimization algorithms in Pasupathy
and Henderson [2006]. In particular, as a metric, the Hausdorff distance in (1) has several desirable
properties for assessing convergence: (i) the Hausdorff distance between P and f (€, (b)) equals zero
if and only if the two sets have the same closure, which accounts for the fact that the true image of
the estimated efficient set may contain points that strictly dominate other points in the same set,
and (ii) the triangle inequality holds, which implies we can determine an upper bound on the error
by separately analyzing its deterministic and stochastic parts. That is, the overall error is less than
or equal to the discretization error plus the selection error for a given discretization. However, as
discussed in Hunter and Ondes [2023], Ondes and Hunter [2023|, to date, the Hausdorff distance in
(1) is mathematically intractable with respect to obtaining the types of closed-form bounds required
to perform an analysis of Algorithm 1.

To overcome the intractability of the Hausdorff distance in (1), we propose a new performance
indicator for assessing convergence of global MOSO algorithms, or the “optimality gap,” defined
as follows and illustrated for bi-objective example problems in Figures 1 and 2. First, define the

“upper” aspect of the estimated efficient set with respect to the true image,

U (b) = {x € En(b): P2’ € £,,(b) such that f(z') > f(z)}.
That is, Uy, (b) contains all points in &, (b) whose true images do not dominate the true images of

any other points in ém(b) Using the idea that maximizing f is equivalent to minimizing — f,
FUn(®) = =(( = F(En(®)y) € F(En(b)). 2)

While it is possible that f(€,,(b)) = fUn(b)), it is also possible that (£, (b)) # f(Um(b)), and to

assess convergence, we would prefer a performance indicator that accounts for it. To this end, we

propose the (random) performance indicator
G (b) = max {D (P, £(Em(0))T), Bp(PT, el (f Un (0))*) NPL) }; (3)

recall that for a set S C R4, ST := S + Ré and St =S — R‘é denote its upper and lower images,
respectively. Henceforth, for simplicity, we suppress notational dependence of the distance G, (b)
on the chosen value of p in the p-norm; we default to the infinity norm [Sayin, 2000].

The performance indicator G, (b) from (3) measures the maximum of the distances from the
upper image of the Pareto set, PT, to the sets ]”((‘,'Am(b))T and cl (f(Z:lm(b))ic) N 73;1, respectively.
The first distance D, (PT, f (é’m(b))T) in (3) is the modified coverage error, which was introduced
in Hunter and Ondes [2023] and based on the coverage error [Sayin, 2000]. Loosely speaking, this



fa(z) f2(2)

ol (f U (b))*) NP},

0 f(Em(b))
o7, \ f(En (b))
fi(z) fi(z)
(a) The distance Dy, (P, f(£m(b))") measures the error  (b) The distance Dy, (PT, cl (f(Un(b))**) NP},) measures
due to false exclusion. the error due to false inclusion; it is not affected by the

discretized weakly Pareto point f(Zw) € f(Em(D)).

Figure 1: For an example with d = 2 objectives, the images show the component sets that make up the
distances in the performance indicator G,,(b), which is a random variable.

distance measures how well the upper image of f(&,,(b)) “covers” the upper image of the true Pareto
set. Thus, it measures the distance due to false exclusion events where points in the Pareto set are
falsely excluded from f(&,(b)) by a discretization that is not fine enough or by estimation error.
The second distance D, (PT, cl (f (LA{m(b))ic) N 77731) in (3) measures the error due to false inclusion
events where points that do not belong to the weakly Pareto set are falsely included in f(&,,(b)); this
term is unique to the stochastic multi-objective optimization context. That is, even if we magically
ensure our algorithm locates all points in the discretized Pareto set, so that f(&,(b)) D Py, if the
MOSO algorithm also returns points in f(&,,(b)) that dominate other points in f(&,(b)) lying in
the interior of the upper image of the discretized Pareto set, int(PZ@), then the error term due to
false inclusion is the maximum in (3). Thus, like the Hausdorff distance in (1), the performance
indicator in (3) accounts for the possibility that a MOSO algorithm returns points in f (&, (b)) that
strictly dominate other points in f(€,(b)).

To ensure proper intuition, we emphasize that the optimality gap G, (b) ignores false inclusion
events by weakly Pareto points in both problem (M) and the discretized problem (M,,,). That is,
G, (b) ignores false inclusion events by points in (f(X))wn and (f(Xn))wn. Since weakly Pareto
points cannot be classified as Pareto or non-Pareto in problem (M) or (M,,) with finite sample size,
when proving convergence, it is customary to either (i) assume weakly Pareto points do not exist,
or (ii) assume that if weakly Pareto points do exist, then we do not care whether they are classified
correctly or incorrectly; see, e.g., Applegate et al. [2020], Cooper et al. [2020], Hunter and Pasupathy
[2022] for various combinations of such assumptions and results. Our proposed optimality gap G, (b)
takes the perspective in (ii) when calculating the distance due to false inclusion. Therefore, in
Section 4 detailing our assumptions, we require no assumption excluding the existence of weakly
Pareto points. That G,,(b) ignores false inclusion by weakly Pareto points in (M,,) is illustrated by
the point f(Zy) in Figure 1(b) — it belongs to the discretized weakly Pareto set, but the shaded
region representing cl (f (LA{m(b))W) NP), is the same whether or not this point belongs to f (€, (b)).

Given the nested structure of the sets in Figure 1, the following Theorem 1 holds for the proposed



performance indicator Gy, (b). Specifically, Theorem 1 demonstrates that G, (b) retains the desirable
properties of the Hausdorff distance for assessing convergence, including that it obeys a triangle
inequality. This triangle inequality enables us to obtain an upper bound on G,,(b) as the sum of
two terms corresponding to the discretization error and the selection error, where the selection error
is the maximum of the false inclusion and false exclusion errors. When there is only one objective
such that d = 1, the proposed performance indicator G,,(b) simplifies to the standard optimality
gap definition, f1(X} (b)) — fi(x*), where z* is a solution to (M), &, is a solution to (M,,), and

X7 (b) is a solution to (M,,). Figure 2 illustrates Theorem 1 Parts 2 and 3 for an example with

d = 2 objectives.

Theorem 1. Suppose P # () is externally stable, m > 1, n = [b/m]| > 1, and f(En(b)) # 0.
1. G (b) = 0 if and only if A(PT) = cl(f(En(d)T) = el (f(Um())*) NP
2. 1If f(En(b) = fUm (D)), then G (b) = Dy(PT, f(€n(D))T).
3. 1f f(Em(b) 2 P, then G(b) = Dy (P el (f Un(b))*) NPR).
4

. Define the false exclusion and false inclusion aspects of the selection error as

GrE(b) =Dy (P, f(Em®)T),  GEI(D) =Dy (P, cl (fUn(b))*) NP,

false exclusion error false inclusion error

Then the following inequality holds w.p.1:

Gm(b) < Dp(PL,PL)  +max{G) (D), Gil(b)}. @)

~
discretization error selection error

5. Ifd =1, then (i) false inclusion cannot occur without false exclusion, (ii) f(Em(b)) = f(Um(D)),
(1) the discretization error is ]D)p(PT,PZ@) = fi(z},) — fi(z*), and (iv) the selection error and

the optimality gap are, respectively,

G (b) = G () = fl(Xp (D) = f1(@5,), Gi(b) = fi(X,(0) = fa(a). ()

f2(2) f2(2)

el (f Un(0))*) NP,

0 f(Em(b) 0 f(Em(b)

P \ f(Em(b) P\ [(Em (b))
fi(@) fi(z)
(a) In Theorem 1 Part 2, f(Em (b)) = f(Um(b) implies no (b) In Theorem 1 Part 3, f(,.(b)) D P, implies no false
false inclusion, and G, (b) = D, (PT, f(ém(b))T). exclusion, and Gy, (b) = D, (PT,cl (f(Z;l7,L(b))¢c) nPL).

Figure 2: For an example with d = 2 objectives, the images illustrate Theorem 1 Parts 2 and 3.



Proof. For Part 1, since P = (f(X))N is externally stable, f(X) C P + R‘i = P! Further,
0 # f(Un(b) C f(EmD) C f(Xm) C f(X). Then external stability also implies

0 # fUn ) C f(En) S P S P (6)
Therefore Dy, (f(Em(b))T, PT) =0, and
Dy (P, f(Em(®)T) = By (P, f(€m(®)). (7)
Likewise, (6) implies cl (f(Un (b))¥) NPl € PT, Dy (el (f Un(b))*) NPl PT) =0, and
Dy (PT, el (f U (0)*) NPL) = Hy (P, cl (fUn(b))*) NP}). (8)

By its definition in (3), G, (b) equals the maximum of the two Hausdorff distances in (7) and (8).
Thus, the result follows by the properties of the Hausdorff distance.
For Part 2, suppose f(En(b)) = f(Un(b)), and notice that f(€,(0)T = f(En(b)) + RY C

(fEm(b)) = RE)C = f(En(b)*e. Using (6), fF(Em(b)" = FEm(B)T NP C ol (f(Em(b))*) NP,
which implies the result.
For Part 3, if f(£,(b)) D Pr, then f(En (b)) = P, Substituting into (3),

Gin(b) = max {D,(PT,PL), Dp(PT, el (f U (0))*) NPL)} = Dy (P, cl (f (U (b)) N PL).
For Part 4, using (7), the triangle inequality, and the nesting in (6), we have
Dp(PT, f(Em(b))T) = Hy(PT, f(€n(0))) < Hy(PT, L) + Hy(PL,, f(Em (b))
= Dy(PT, PL) + Dp(Pr, f(Em(D)T). 9)
Similarly, using (8), the triangle inequality, and the nesting in (6) yields
Dy, (P, cl (f (U (0)*) NP)) <D (PT,PL) + Dy (P, el (f U (0))*) NP}). (10)

Combining (9), (10), and the definition of Gy, (b) from (3) yields the result.
For Part 5, use P = {f1(z*)}, Pm = {f1(Z*,)} and &,,(b) = {X7,(b)} in (3). O

Henceforth, when we refer to the optimality gap at the returned discretized estimated efficient set
ém(b) in Algorithm 1, the optimality gap is assessed under our proposed performance indicator G, (b)
in (3). We demonstrate the tractability of this performance indicator by deriving upper bounds for
the optimality gap in Section 5. These upper bounds hold under mild regularity conditions that we

formalize next, in Section 4.

4 Assumptions for analysis

In this section, we formalize the required assumptions for our analysis of the optimality gap corre-
sponding to the estimated discretized efficient set returned by Algorithm 1. We require assumptions

on the feasible set and objectives, the discretization quality, and the type of stochastic error.
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4.1 Characteristics of the feasible set and objective functions

To begin, we formalize the assumption that the feasible set X is compact and the true function f
is ¢-Lipschitz continuous on X. We also require mild conditions on the continuity of the objective
function estimators F(-,n) for all n > 1 that ensure the estimated efficient set exists, where
F(,n) = (F1(-,n), ..., Fq(-,n))T.

Assumption 1. We assume the following:
1. The feasible set X C R?, q > 1, is nonempty and compact, and its discretization X, C X is
nonempty and finite.
2. For given r,p > 1, the vector-valued random function f is ¢-Lipschitz continuous on X, that
is, for all x1,29 € X, || f(x1) — f(z2)llp < £l|x1 — 22]|,, where £ > 0.
3. For all values of n > 1, F(-,n) is Ri—semicontmuous w.p.1; that is, for all y € R?, the set
{reX:y—F(z,n) e RL} is almostisurely closed.

Assumption 1 Part 3 ensures the non-discretized estimated efficient set is nonempty w.p.1 [Ehrgott,
2005, Theorem 2.19, p. 33]. It holds if and only if all of the component functions of F(-,n) are
almost surely lower semicontinuous on X for all n > 1; see Ehrgott [2005, Lemma 2.17, p. 32|.

Assumption 1 implies several important properties of the relevant sets under consideration, which
are stated in the following Lemma 1. In particular, it implies that the efficient and Pareto sets are
nonempty and P, P,,, and f (fm(b))N are externally stable. We present the results without proof
since they follow directly from Assumption 1 and the results in Ehrgott [2005, p. 32-33].

Lemma 1. Under Assumption 1, for all finite sets X,, C X, m>1 and alln > 1:
1. f(X), f(Xn), are nonempty and compact;
2. £, P, Em, Pm are nonempty, and P and Py, are externally stable;
3. Em(b), P (D), Unm(D), fUn (b)), and f(En(b)) are nonempty and finite w.p.1;
4. f(Em(b))x is externally stable w.p.1.

4.2 Discretization quality

How well the discretized efficient and Pareto sets &, and P,, approximate the true sets £ and P has
to do with how well the discretized feasible set &}, “covers” the feasible set X. Thus, we measure

the quality of the discretization A, by its dispersion under the r-norm as
t =D, (X, Xp) = sup,cy infzex,, |z — 2| (11)

Letting B,(x,t) C RY be a closed g-dimensional ball under the r-norm having radius ¢ centered
at x € X and denoting the discretized feasible set as X, = {Z1,...,Zm}, (11) is also the smallest
value of ¢ such that the ¢-balls B, (Z1,t),..., B.(Zm,t) cover the feasible set X [Niederreiter, 1992,
Yakowitz et al., 2000].

As in Yakowitz et al. [2000], we make the following Assumption 2 on the dispersion of the points

in the discretized feasible set.
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Assumption 2 (see Yakowitz et al. [2000, p. 943]). The chosen points in the discretization X, C
X C RY have m > (14 &)9 for some & > 0 and dispersion t = Dp(X, Xp) < &/|m"9] where

0 < ¢4 < 00 is a constant that may depend on the dimension q but not on m.

Choosing points on a grid gives a lower bound on the problem of choosing X}, to minimize
Dy (X, Xyy) in g > 2 dimensions |Yakowitz et al., 2000, p. 942|. The following Example 1 shows how

to calculate ¢, for grid search on the g-dimensional unit hypercube.

Example 1 (Yakowitz et al. [2000, p. 942]). Let X = [0, 1]¢ be the ¢g-dimensional unit hypercube

and set v = |m'/9]. Choose X, as {(z1,...,2q): zj € {%,%,...,2‘;;1} for each j} U ¥, where

U is an arbitrary set of m — v? points in X. Then under the r € {1,2,...} and infinity norms,
the respective dispersions of the grid &, are D,.(X, X)) = ¢/7/(2|mY?]) and Do (X, X,n) =
1/r

1/(2|m"4]). Therefore, a grid design on the g-dimensional unit hypercube has &, = (1/2)¢*/" under

the r-norm and ¢é; = 1/2 under the infinity norm in the decision space.

Any quantity that depends on the dispersion ¢ also depends on m, in the sense that ¢ — 0 implies
m — oo. For appropriately space-filling choices of {X,,,, m > (14 &)?} satisfying Assumption 2, then
m — oo implies £ — 0.

4.3 Types of stochastic error

Since F' is defined implicitly through a Monte Carlo simulation oracle in Section 2, given iid copies of
&, denoted &;,j = 1,...,n, the stochastic error is governed by the properties of the vector-valued error
random fields Z;(-) == F(-,&;) — f(-) where Z;(-) = (Zj1(), ..., Zjq(-))T. The vector-valued objective
function estimator is F(-,n) == f(-) + n~! > 521 Zj(-). To ensure the estimators are unbiased, as in

Ragavan et al. [2022], we impose the following Assumption 3 on the stochastic error fields.

Assumption 3. The sequence &,j = 1,...,n is iid with E[Z;,(x)] = 0 for each objective k €
{1,...,d} and feasible point x € X.

Assumption 3 implies that the error fields Z;(-),j = 1,...,n are iid, and hence, that F(-,n) is an
unbiased estimator for f(-). Note that this assumption allows the use of common random numbers,
which is the practice of using the same &;,j = 1,...,n when estimating f as F(#;,n) for all points
Z; € Xp,. Further, since Z;(-) is a vector, Assumption 3 allows the error to be correlated across the
objectives.

Next, we assume the unbiased estimator is of sufficient quality by ensuring the error is sub-
exponential and that the sub-exponential norms are uniformly bounded away from infinity on
the feasible set. As in Vershynin [2018, p. 31], for a sub-exponential random variable X, let the

sub-exponential norm of X be
| X ||y, =inf{s > 0: E[exp(]X|/s)] < 2}. (12)

Assumption 4. The error Zji(x) is sub-exponential for each objective k € {1,...,d}, feasible point

x € X, and simulation replication j = 1,2,.... Further, the sub-exponential norms of the Zj,(x)’s
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are uniformly bounded such that there exists a constant
0y = sup{||Zjp(x)||y,: k€ {1,...,d}, x € X, j€{1,2,...}} < o0. (13)

Assumption 4 ensures that for each random variable Zj;(z), the moment generating function
of |Zji(x)| exists and is finite in an open interval around zero. Further, it ensures that we do
not encounter any difficulties due to considering the supremum of the norm over the objectives or
feasible space. We use Assumption 4 when we employ concentration inequalities to bound the error
in Section 6. Specifically, under Assumptions 3 and 4, Bernstein’s inequality implies that given
ke{l,...,d} and x € X, for every ¢ > 0,

P{| 5 Y51 Zin()| = 0} < 2exp (— sy min {6%/[| Z1k (@) 13,0/ Zur () ]y, }) (14)

where k1 > 0 is an absolute constant [Vershynin, 2018, p. 34]. Assumption 4 is mild in the sense
that the class of sub-exponential distributions is quite large. It encompasses all sub-Gaussian
distributions, which includes normal, Bernoulli, and all bounded distributions. It also includes
exponential, Laplace, and Poisson, and the distributions of the square of sub-Gaussian random
variables. In particular, a random variable X is sub-Gaussian if and only if X? is sub-exponential
[Vershynin, 2018, p. 31]. Finally, we remark that the inequality in (14) and our application of it in
Section 5 does not require the stochastic errors to have the same distributional family across the
objectives k or across the values of x € X.

If it is known that the errors belong to the smaller class of sub-Gaussian random variables — for
example, the errors are assumed to be iid mean-zero random variables with bounded support, or iid
mean-zero normals with variance ai(:c) for each x € X — then we can apply Hoeffding’s inequality
instead of (14) to obtain a tighter bound, as follows. First, for a sub-Gaussian random variable Y,

let the sub-Gaussian norm of Y be
Y[, = inf{s > 0: E[exp(Y2/s2)] <2} (15)

where we note that Y2 is sub-exponential and the two norms are related by [|Y?||y, = HYH?p2

[Vershynin, 2018, p. 24, 31]. Thus, for sub-Gaussian errors under Assumption 4,
ny = sup{ || Zjx (@) ||y k€ {1,...,d}, x € X, j€{1,2,...}} < o0. (16)

Givenk € {1,...,d}, x € X, if the errors Z;,(x), j = 1,...,n are iid from a sub-Gaussian distribution
and Assumption 3 holds, then for every § > 0,

P{|5 Y01 Zje(@)| = 0} < 2exp (= nra (0°/| Zi(@)[13,)) (17)

where k9 > 0 is an absolute constant [Vershynin, 2018, p. 27].
In what follows, we first make the more general assumption of sub-exponential errors via Assump-
tion 4. Then, we provide explicit modifications to the results in case all objectives have sub-Gaussian

error. If at least one objective has sub-exponential error and another has sub-Gaussian error, then
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the largest error dominates the bound, and we should employ (14). Appendix A contains examples
of how to compute the relevant constants x1,7n] and k2,n;. For example, if all objectives have

Laplace error, then k1 = 1/2. If all objectives have normal error, then ko = 4/3.

5 Upper bounds on the optimality gap

Recall that our performance indicator for the optimality gap, Gy, (b) defined in (3), is the maximum
of the modified coverage error and a distance term that measures the error due to false inclusion.
We separately analyze the discretization error, false exclusion error, and false inclusion error terms
from (4) to determine how they change as a function of the chosen discretization X, and the total
sampling budget b. (Under Assumption 1, Lemma 1 implies that the requirements of Theorem 1
are satisfied, which enables us to analyze these errors separately.) Then, we combine the results to

obtain probabilistic upper bounds on the optimality gap.

5.1 Upper bounds on the error terms

First, we analyze the discretization error term in (4), ultimately yielding the result that ]D)p(PT, 7321) =
O(t), where t is the dispersion of the discretized feasible set X, from equation (11). We formally
state the upper bound in Lemma 3; this result relies on Lemma 2, which relates the distance between

two sets to the distance between their upper images.

Lemma 2. Let Y, A C R? be nonempty sets, and let Y be compact. If Dp(In, A) < «a, then
D, V%, AT < ad'/?.

Proof. Since Y is nonempty and compact, Yy is nonempty. Then since () # A C AT, we have
]D)p(yN,AT) < Dp(IN, A) < a, which implies that for any y* € Yx C bd()), there exists a point
z* € AT such that ||ly* — 2*|, < a. Using inequalities for the p-norm (see Subsection 2.1),

D,(y* + R%, A" <D, (y* + R, 2" + RY)
< dYPD(v* + RE 2 4+ RY) = dY/PD o (y*, 2*)
< dVPD,(y*, z*) < ad/P.
Since this inequality holds for any y* € Yy and yg = Uyreyy (¥ + IR%), it follows that

ID)p(yIII,.AT) = sup, 1t inf e atlly — x|, = SUD, ey (supye " inf c 4r|lx — ?/H) < ad/?. O
yEVN ( 2)

Lemma 3. Under Assumption 1, for each X, C X, ]D)p(PT,PJn) < ttdV/p.

Proof. Since P, C f(X,,) is externally stable by Lemma 1, that is, f(X,,) C P, it follows
that P}, = f(X,)!. Thus, we consider D, (P, f(X,)T) = DP(PT,P%). We first show that
Dy(P, f(Xm)) < £t, then we invoke Lemma 2 to yield the result for D, (PT, f(Xm)T).

First, under the ¢-Lipschitz continuity of f in Assumption 1 and the dispersion in (11), for
each y* € P, there exists another point § € f(&},) such that ||y* — g||, < ¢t [Niederreiter, 1992, p.
149]. Thus, D,(P, f(Xm)) < ¢t. Then we can apply Lemma 2 to the nonempty sets f(X), f(Xrm)
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where f(X) is compact by Lemma 1 and P = f(X)x by definition. Thus, D,(f(X)n, f(Xn)) =
D, (P, f(Xm)) < £t implies the result under Lemma 2. O

Next, we turn our attention to determining an upper bound on the selection error term from (4)
for a given discretization X,. Unlike Hunter and Ondes [2023], who construct an upper bound on
the modified coverage error by analyzing the selection error in a pointwise fashion and then applying
Lemma 2, we instead construct a tighter upper bound in a “surface-wise” fashion in Lemma 4, which
is key to all following results. Specifically, Lemma 4 Part la traps the points in the set f (f:’m(b))
within a piecewise linear “delta tube” of the discretized Pareto set. This result forms the linchpin
of our analysis and is illustrated in Figure 3. Before we state the result, we require the following

notation. Let

FrE(End) = {f(@) € f(Enb)): T F(F*) € Pm such that F(&,n) < F(#*,n)}

be the subset of points in f (€, (b)) that falsely exclude a discretized Pareto point, and let

FreEn®) = (fEn®) N Pm) U fra(En(b) C f(En(b)
be the set that also includes the correctly classified discretized Pareto points.

Lemma 4. Let Assumption 1 hold, and let § > 0. If we have |Fy(Z,n) — fr(%)| < & for all objectives
k=1,...,d and all points T € X,,, then w.p.1:
1. For false exclusion error,
(@) fUn (b)) S f(En(b)) S PN (P +261a)")",
(b) fip(Em(0) C PO (P + 261d)
(¢) DEE(b) = Dp(Ph, f(Em (b)) < 25d'/7;
2. For false inclusion error,
(a) (P + 251d)T C cl (f(Un(b))*) NPh,
(b) DEY(b) = D, (Ph, el (f(Un(b))*) N Ph) < 204>
3. The selection error term has upper bound max { DEF(b), DE!(b)} < 26d'/P.

Proof. For Part 1a, we show that if f(Z') € (P, + 2014)T for some & € X,,, then f(Z) ¢ f(Em(D)),
which implies (€ (b)) C (P +2019)")¢; that f(Un (b)) C f(En (D)) C P, follows from (2) and
Lemma 1, respectively. For a contradiction, suppose there exists ' € c‘fm(b) which is estimated as
efficient, but such that its true image is “far away” from P,, in the sense that f(3') € (P, +2614)T,
as shown in Figure 3(a). Then, there must exist f(Z*) € Pp, such that f(z*) + 2614 < f(&'), which
implies f(Z*) + 014 < f(&') — §14. Since every point is estimated within a 2§-box of its true value,
we have F(Z*,n) < f(Z*) 4014 < f(&')— 614 < F(&,n). Since F(z*,n) < F(&,n), then Z’ ¢ &,(b),
which is a contradiction. The region Py, N ((Pm +2614)T) is shown in Figure 3(b).

For Part 1b, for every f(i') € fre(En(b)), let f(i*) € Pp, be the point it falsely excludes. Then
f(@) S F(@,n)+81qg < F(3*,n) + 014 £ f(Z*) + 2614, which implies

F(#) < f(@) + 2014, (18)
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(a) Points in P, (b) are below bd((Pm + 614)T) (lower (b) Points in fig(Em (b)) belong to the false exclusion re-

dashed line). Points above bd((P, + 2614)") (upper gion, P, N (P +2614)* (shaded blue, below dotted line).

dashed line) are estimated above bd((P,, + 614)7). The false inclusion only region is its complement within
Pl 0 ((Pm +2514)T)° (the false inclusion only region is
shaded dark gray, between dotted and dashed lines).

Figure 3: The figures illustrate the results in Lemma 4 for an example problem in d = 2 objectives where for
§ >0, |Fr(Z,n) — fr(Z)| < § for all objectives k = 1,2 and all points & € X,,,. The 25-boxes are indicated by
squares around each point in the figure.

Recalling that St =S — R‘i is the lower image of a set S C R?, (18) implies
F@) € (F(F) +2014) = RE = (f(&*) +2010)* € (P + 2019)". (19)

Using Part 1a and (19), f(&) € f(En(b)) implies f(&) € Ph N (P + 2610)1) N (P + 019)".
Since (P, + 261g)* € ((Pm + 2619)1)°, we have f(7') € Pl 0 (P + 2614)*. Since this is true
for every f(#) € frr(Em(b)), then frg(Em(d)) C Ph N (Pm + 2614)*. Since (f(ém(b)) NPm) C
Pl 0 (P + 2614)* by definition, it follows that fin(Em(d)) C Pl 0 (P + 2014)%. This region is
the false exclusion (FE) region, shown as the lower blue shaded region in Figure 3(b).

For Part lc, if ]Dp(P,Tn, f(é'm(b))T) > 0, then P, \ f(En(b)) # 0 and a false exclusion event
occurred. For every falsely excluded point f(Z*) € P\ f(Em (b)), &* € &, there must exist another
point f(#') € f(En(b)) such that # € &, (b) and F(#,n) < F(#*,n), resulting in the false exclusion
event. Therefore, fip(Em(b)) # 0. Now, the result holds if we show that (P, +2014)" C fip(Em ()T,
because this result and fiig (£, ()T € f(En(b)T imply

(P, £ (Em(®)T) < Dyp(Ph, fig(Em(0)T) < D(PL,, (P + 2510)") < 26d'/7.

To see that (P, +2019)" C fig(Em ()T, first, for every f(#') € frr(Em (b)), there exists f(7*) € P,
such that (18) implies f(*) 4+ 2614 C f(#') + RL and

(@) +2010) + RE € f(#) +RE € fru(En(®)' C finEnl) (20)

Since every point in P, is either correctly included or falsely excluded, then it either belongs to
fip(Em (b)) due to correct inclusion, or (20) applies for some f(#) € frr(Em(b)). Then, it must be
the case that (P, +2014)" C fip(En ().
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For Part 2a, we first show that (P, +2614)" C (f(?;[m(b))i)c, which is equivalent to f (U, (b))¥ C
(P +2614)T). By Part 1a, we have that f(Un (b)) C ((Pm +2614)"), which implies f(Un(b))* C
((Pm +2614)"); see Figure 3. Now since (Pp, + 2614)" C (f(Z;{m(b))i)c, we have (P, + 2614)"
(P +2010)" NP C (f(Un(0)Y) NP

For Parts 2b and 3, first, D, (’P,Tn, cl (f(LA{m(b))ic) ﬂ’PZl) < Dp(Pjn, (P +2019)T) < 26d"/P follows
from Part 2a. Then, Part 3 follows from Parts 1c and 2b. O

Having bounded the discretization and selection error terms in Lemmas 3 and 4, we now use the
inequality in (4) to combine the upper bounds into an upper bound on the performance indicator

Gy (b) from (3) in the following Proposition 1.

Proposition 1. Let Assumption 1 hold, and let § > 0. If |Fyp(Z,n) — fr(Z)| < 6 forallk =1,....,d
and all discretization points & € Xy, then G, (b) < (0t 4 26)dYP w.p. 1.

5.2 Probabilistic upper bound on the optimality gap

Since the selection error term in Lemma 4 is random, in the following Lemma 5, we consider upper
bounds on the probability that this quantity exceeds a threshold value under Assumptions 3 and 4,

which govern the nature of the stochastic error.

Lemma 5. Let Assumption 1 hold, and let the stochastic error be governed by Assumptions 3 and 4,
where the positive constant nf < oo is defined in (13). Then there ezists an absolute constant k1 > 0
such that for alln > 1 and all 6 > 0,

P{ max {GFE(b), GEI(b)} > 26d"/P} < 2dmexp (— nwimin {(3/n7)2,8/n7}). (21)

If all errors in Assumption 4 are sub-Gaussian, then the right side of (21) can be modified to

2dm exp ((— nk2(6/13)?) where k2 > 0 is an absolute constant and 03 is defined in (16).

Proof. Let n > 1 and § > 0. The contrapositive of Lemma 4 Part 3 states that if the selection error
term is larger than 20d?, then there exists #; € X,, and an objective k € {1,...,d} such that
|Fy.(Zi,n) — fe(Z;)| > 8. Then

P{ maX{anE(b), Gg(b)} > 25d1/p} < P{|Fk(Zi,n) — fr(&;)| > 6 for some i, k}

< Yo S PAEE ) = fil@)] 2 6} = 2y o0 PR Sy Zin ()| = 6}

< Yot ity 2exp(—nsy min{6/|| 21 ()13, /11 Z1(E:) | }) (22)

Sdeexp(—nmmin{(é/ni‘)2,5/nik}), (23)
where (22) applies Bernstein’s inequality in (14) and (23) uses the definition of 7] in (13).

If all errors belong to the class of sub-Gaussian random variables, then Hoeffding’s inequality, (17),

can be applied to (22) instead of Bernstein’s inequality, yielding the modified right side of (21). O

Next, we use Lemma 5 and Assumption 2, which governs the discretization quality, to prove the

main probabilistic bound on the performance indicator stated in Theorem 2.
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Theorem 2. Let € > 0. For allm > (1 + £)4, let Assumptions 1 and 2 hold, and let the stochastic
error be governed by Assumptions 3 and 4. Then for all m > (1 4+ €)%, alln > 1, and all 6 > 0,

) 52 4
P{G(b d 26 dl/p} < 2d <— i { }) 24
{ (b) > <Lm1/qJ + ) < 2dm exp nk1 min R (24)

where constant ¢4 is from Assumption 2, constants £,d,p are defined as in Proposition 1, and nj, K1

are from (13), (14), and Lemma 5. If all errors in Assumption 4 are sub-Gaussian, then the right

side of (24) becomes 2dmexp ( — nk2(8/n3)?) where 3, ko are from (16), (17), and Lemma 5.

Proof. Let m > (1 + €)%, n > 1, and § > 0. Then |m'/9] > 1 and by Assumption 2, t{ <

Eqﬁ(tml/qj)’l. Then using Theorem 1, Proposition 1, and Lemma 5,

P{Gn(b) > (2,L(|m"1])~1 +28)dYP} < P{G,n(b) > (¢t + 26)d"/P}
< P{0td"? + max{GFE(b), GEL(b)} > (¢t + 28)d'/P}
< 2dmexp ( — nk1 min {(5/nf)2,5/nf}).

Updating the right side of (24) for the sub-Gaussian case follows from Lemma 5. O

6 Balancing sampled points with simulation replications

We now use Theorem 2 to conduct a tradeoff analysis on the number of points to sample in the
decision space m versus the number of replications to obtain per point n. Specifically, in Theorem 3,
for user-provided values of 7 and «, we derive values of m, n, and b such that the optimality gap
converges to zero at a fast rate and P{G,,(b) > 7} < « holds. We also derive a good tradeoff of m
and n for a given b in Theorem 4.

To begin, recall that b denotes the entire simulation budget across all points, where the sample
size at each point is n = |b/m|. To balance the discretization and selection errors in (24) by ensuring
they go to zero at the same rate, as in Yakowitz et al. [2000], we choose 6 = ©(1/|m!/?]) in the

following Lemma 6.

Lemma 6. Let € > 0, and let g: Z~ — R~ be a positive-valued monotone increasing function of
the total simulation budget b > 2 such that

' In g(b) 1/(q+2) B ‘ 1 b q/(g+2) B
A ( b ) =0 and L oS ) =0 (25)

where Zi~ = {1,2,...} is the set of all positive integers and, in the simplest case, g(b) = b satisfies

(25). If Assumptions 1 and 2 hold, the stochastic error is governed by Assumptions 3 and 4, and b

1s large enough that we can choose

m = Kln";(bb)y/(qu > (1489, n= H’LJ > 1, (26)

18



then for constants ¢4, 4, d,n, k1 as specified in Theorem 2,

(&4l + 2n7)dM/P 2d kb \ /@2
TV Ty matoe ] | = 90 ng@) | )

If all errors in Assumption 4 are sub-Gaussian, then 07 and k1 can be replaced by 15 and ko,

respectively, in (26) and (27).

Proof. To ensure the discretization and selection error terms decay to zero at the same rate, choose
§ =nt/|m"9] in Theorem 2. Then (24), n = |b/m], and |m'/9| > 1 imply

P{Gm(b) > (M>d1/f’} < 2dm exp ( - nt’“> (28)

Lml/QJ ml/QJQ

Now, we must ensure the right-hand side of (28) goes to zero, ideally at a fast rate. Let

n=[b/m| > ki [m"9]*ng(b) (29)
so that we have
Cql + 2n7 1/p 27dm
Plone > (o)) = g o

To get an upper bound on m in the right side of (30), notice that (29) and b/m > n = |b/m|
imply m|m!/?]? < k1b/In g(b). Thus, given feasible b, ensure m|m'/4|? < m!*2/9 < k1b/1n g(b) by
selecting m as the largest integer that satisfies the equation m < (k1b/1In g(b))q/ (@+2) implying the
choice of m in (26). The inequality in (27) results from plugging this value for m into (30). The
result for sub-Gaussian errors follows by repeating the analysis and noticing that the same steps

hold, except with updated constants. O

The result in Lemma 6 relies on the function g. The following Lemma 7 provides bounds on

feasible choices for this function.

Lemma 7. Given real constants § € (0,1) and 01,02 > 0, any positive-valued monotone increasing

function g satisfying
gL(b; 01) == (016)(1F2) < g(b) < exp(B2b°) = gu(b; 0o, B) for all b> 1 (31)

also satisfies both conditions in (25).

Proof. Suppose g(b) satisfies (31). Then applying conditions on the constants 3, 61, 02,

1/(g+2) 1/(g+2) 1/(g+2)
() < () ()=
—00 —»00 —00
. 1 pi—s\ ¥/ (a+2) _ 1 b \a/(a+2) _ g+2 \/(a+2)
) <0> =0 (mg(b)) s hm (qlnwlb)) = 0
which implies the result. O
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There are at least two tractable ways to use Lemmas 6 and 7 to determine implementable values
of b, m, and n: (i) specify ¢g(b) that satisfies Lemma 7 in advance, or (ii) determine values of b, m,
and n that ensure P{G,,(b) > 7} < « for user-specified 7 and «. In the second case, the choice of
7 and « implicitly determine the function g(b). We analyze the second case first in the following

Theorem 3. Then, we use the insights gained from Theorem 3 to select a suitable ¢g(b) in Theorem 4.

Theorem 3. Let the postulates and conditions of Lemma 6 hold, define ¢; = co0+2n7,1= 1,2, and
let >0, a€(0,1), and € € (0,1) be given, fized constants. Let

bor = [ ] T (G 1) 1)) &
ba = min {b: b2 boe, b /= o Inb > n (%d) } (33)
b {12 mestborsbl. gty 2 et (M5 ) ]
If b* = [max{ba r, ba, br}] and m and n are calculated as
m= [y, (T )= |7 &

then using m and n from (35), b =mn in Algorithm 1, and defining 7* = ¢;d"/?/|m!/ 1], implies

crd!/P
P{Gn(b) > 7} <P{Gn(b) > 7%} = P{Gm(b) > L;ldl/qj } <o (36)

If all errors in Assumption 4 are sub-Gaussian, then k1, c1 can be replaced by ks, co in the calculations

of b*, m, 7%, and the guarantee in (36).

Proof. For any 7 > 0, define m, such that

N Hlb q/(q+2) Cldl/p - Cldl/p g
mr <lng(b)> ’ T Z (mT—l)l/q—]_’ mr =2 - +1 +1 (37)

Using Lemma 6 and (37), it follows that

c dl/p C dl/p
P{Gm(b) >} < P{Gm(b) > _11)1/q - 1} < P{Gm(b) ” M}
2dm, r1b
< g(b) = 2dm; exp < — W) < a, (38)

where the inequalities leading to (38) shall ultimately imply the inequalities in (36). Solving for b
on the right side of (38) implies

b> ket /00 (2d ot in,) (39)

where ensuring b is small implies making 7, as small as possible in (39).

Now, we must ensure that when choosing b and m,, which implicitly determines g(b) through
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the definition of m,, the conditions of Lemma 7 hold. Let us choose #; =1, 65 = k1, and § = %
in (31). Then, (31) and the definition of 7, on the left side of (37) imply

q rirb (g—€)/
< = < q q
s In(b) <Ing(b) = — W k1b :

Rearranging terms above and applying the inequality on the right side of (37) yields

max { (Cl‘f/p £1) e} < < (—(q/(q ’fg» 1nb)q/(q+2). (40)

Since m, should be small according to (39), take m, from the left side of (40),

iy = max{(c;d”Pr~t +1)7 41, b/ @+, (41)
Then plugging the two possible values of m, from (41) into (39) implies that we require

b> ,{1*1[(01d1/p7.—1 +1)7+ 1](q+2)/q ln(2dof1 [(Cldl/pT_l +1)7 4 1)),
b> (k7' In (2da b€/(f1+2)))q/(qfe)_

We must also guarantee that the right side of (40) holds for any 7, which implies
b> ryt(q/(q+2)) Inbl(erd" /Pt 4 1)1 + 1)@/,
These three inequalities and (41) imply the result. O]

Theorem 3 identifies a lower bound on the simulation budget b and the allocation of the budget
between m and n required for probabilistic guarantees on the optimality gap to hold. Specifically,
Theorem 3 identifies three regimes for the budget and its allocation. The first regime, specified
by the closed-form expression for b, -, implicitly selects the best “middle” function g(b) such that
gr(b;1) < g(b) < gu(b; k1, (q —€)/q) for e € (0,1) in (31). To see this fact, notice that selecting m.,
from the left side of (40), which makes m, small in (39), implies that we attempt to select a faster
g(b) in (31) subject to the inequality on 7, in (37) by setting m, = (c1d'/P7=1 4+ 1)+ 1. If 7 is in
balance with «, that is, if 7, a, and € € (0,1) are chosen such that after calculating b, » we have

1/p
T> cid and o« > 2d , (42)

(((q/(ﬂ’%)‘ﬂ(‘]-‘r” _ 1)1/q -1 - exp (Hlbi}e/q € 1n baﬂ-)

g2

then the resulting b, » will be the largest among b, 7, bo, and b,. However, if o is too small relative
to 7, the g(b) implicitly chosen by b, - is too fast in Lemma 7. In such a case, the small o becomes
binding and we require g(b) = gu(b; k1, (¢ — €)/q) to yield the increased budget value by, > b 7.
Otherwise, if 7 is too small relative to «, the g(b) implicitly chosen by b, r is too slow in Lemma 7.
Then, the small 7 becomes binding such that we require g(b) = g,(b; 1) to yield the increased budget
value b, > by r. Since our bound regarding 7 in (36) is somewhat conservative due to the equations
in (37) that remove the double floor functions on the left side of (27), to ensure the tightest bound
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possible, we report P{G,,(b) > 7"} < a according to (36) in the numerical examples in Section 7,
where the gap between 7 and 7* decreases as m increases.

The results in Theorem 3 lead to the following convergence rate results, presented in Corollary 1.
Corollary 1 states how the required total simulation budget grows as various parameters tend to
their respective limits. Importantly, Corollary 1 also states how the total simulation budget increases

as the number of objectives increases.

Corollary 1. Under the postulates of Theorem 3, if Algorithm 1 is implemented with m and n from
(35) and b = mn, which implies P{Gyp,(b) > 7} < « for chosen 7 >0, o € (0,1), € € (0,1), then
1. For fized T and €, b = @((ln ofl)q/(qfe)) as o — 0;
2. For fized a,e and any § >0, b = Q(T_((HQ)) and b= O(T_(q+2)/(1_5)) as T —0;
3. For fixed T, €, and holding q constant, if Gy, (b) is calculated under the p-norm, 1 < p < oo,
then b = ©(d9"2/PInd) as d — oo. If Gn(b) is calculated under the oo-norm, then b =
O((lnd)?/@=9) as d — oo.

Proof. For Part 1, fix 7 > 0, € € (0,1). From (32), (33), and (34), b* = [b,] for small enough «.
From (33), the right-side inequality is binding. For any § € (0,x1) and large enough b, (due to

small enough «),
kbl — 5pL1 < In(2da ) = kbl — In(b/ (D)) < gybla (43)

For Part 2, fix @ € (0,1). From (32), (33), and (34), b* = [b;] for small enough 7. From (34),
the right-side inequality is binding so that for any § > 0 and large enough b, (due to small enough
_ erdl/ :
7), we have b0 < il 1 4 1ye 4 1)@/ = - < by
For Part 3, fix 7 > 0, a € (0,1), € € (0,1), and g. First, let G,,(b) be calculated under the
p-norm for 1 < p < co. From (32), (33), and (34), b* = [b,,,| for large enough d. Then, the result

follows directly from the expression for by - in (32). If G, (b) is calculated under the oo-norm, then

b* = [by]| for large enough d, and (43) implies the result (where large enough b, is due to large
enough d). O

Given the insights of Theorem 3, we now consider the implementable values of m and n that
result from specifying g(b) in advance, thus implicitly choosing «a, 7 for given b. Such values are
useful for a user who does not know how to specify a and 7, or for whom the b resulting from
Theorem 3 is impossibly large or exceeds some predetermined computing limit. We select g(b) = b
for the following two reasons: First, this selection prioritizes smaller 7 over smaller « in (27) by
selecting relatively larger m and smaller n. Our numerical experience in Section 7 indicates that
the bound in (27) is quite conservative with respect to the right-side probability, and it may be
especially conservative under common random numbers. Given this conservativeness, we choose to
prioritize smaller 7 over smaller . Second, the selection of g(b) = b has precedent, since it is the
value chosen by Yakowitz et al. [2000] in the single-objective case. This choice leads to the following

Theorem 4. We omit a proof because the result follows directly from Lemmas 6 and 7.
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Theorem 4. Let the postulates and conditions of Lemma 6 hold, where € > 0. For given total

simulation budget b, if

kb 4/ (@2 ) b
= | (22 > q == >
m {<Inb> > (1467 and n ol 1, (44)

then

P{@Mm>[gi;}gfj (45)

If all errors in Assumption 4 are sub-Gaussian, then the constants c1, k1 can be replaced by co, Ko,

respectively, in (44) and (45), where ¢; = ¢,0 + 2nf,i = 1,2.

Theorem 4 provides an extremely simple rule for selecting m and n that ensures the optimality
gap decays to zero at a fast rate. To ensure a meaningful probabilistic bound in (45), a user should
ensure that the total budget b is large enough that the resulting number of simulation replications

per point is larger than twice the number of objectives, n > 2d.

7 Numerical examples

We now demonstrate the results in Theorem 3 on several numerical examples. Our main objectives
in this section are to demonstrate the convergence of the optimality gap G, (b) under the allocations
in Theorem 3, to show how the allocations change as a function of problem type and dimension,
and to test the bounds for conservativeness. Throughout, we calculate all distances in the decision

space under the » = 2 norm and all distances in the objective space under the p = co norm.

7.1 Nonlinear problems

First, we consider a series of problems in one, two, and three objectives inspired by the problem in
Yakowitz et al. [2000, Ex. 5, p. 943|. This single-objective problem is

minimize f1(z) = E[(z1 — .5) sin(10x1) + (z2 + .5) cos(bx2) + Z11(x)]

st. x€X =][0,1 ()

where Z11(z) is a mean-zero random variable for all x € X'. Figure 4(a) shows a plot of fi(z) for
x € [0,1]?, where z* =~ (0.130640, 0.662397) is the solution and fi(z*) ~ —1.502088.

For the second problem, we rotate f; to yield the second objective fo,

minimize f(z) = [fl (33)] _ [E[(xl —.5)sin(10z1) + (z2 + .5) cos(b5x2) + Z11(z)]

fa(x) E[(ze — .5) sin(10z2) + (1 + .5) cos(bx1) + Z12(x)] (N2)
st. zeXx =101

where Z;;(z) and Zj2(x) are mean-zero random variables for all x € X. Figure 4(b) shows a plot
of the objective space, (f1(z), fa(x)) for x € [0,1]%, where the Pareto set is shown in black and

dominated points are shown in gray. Thus, problems (N1) and (N2) are directly comparable in all
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Figure 4: The objective spaces of the nonlinear problems (N1), (N2), and (N3), respectively, with the global
Pareto sets in (N2) and (N3) shown in black.

respects except that we increase the number of objectives by one: (N1) has d = 1 objective while
(N2) has d = 2 objectives.
To add a third objective, we increase the dimension of the decision space to ¢ = 3 and rotate

the objectives to yield the tri-objective problem,

) E[(x1 — .5)sin(10z1) + (22 + .5) cos(bz2) + Z11(x)]
minimize f(z) = | fo(x)| = |E[(z2 — .5) sin(10z3) + (x5 + .5) cos(bz3) + Z12(x)]

)

]

E[(z3 — .5) sin(10z3) + (21 + .5) cos(bz1) + Z13(x)] (N3)

st. zeX =101

where Z11(x), Z12(x), and Z13(x) are mean-zero random variables for all x € X. Thus, problems
(N2) and (N3) are directly comparable except that we increase both the decision space and objective
space dimensions by one: (N2) has ¢ = 2,d = 2 while (N3) has ¢ = 3,d = 3. Figure 4(c) shows
a plot of the objective space, (f1(z), fa(), f3(x)) for x € [0,1]3, where the Pareto set is shown in
black and dominated points are shown in gray.

We use Algorithm 1 and Theorem 3 to solve the corresponding discretized estimated problems

(Mm) as follows. First, we test two error types:

El. Laplace error, where Zji(x),j =1,...,n, k=1,...,d, v € X are iid mean-zero Laplace with
scale parameter B (z) = 1/v/2 and variance o2(z) = V2B(x)=1forallk=1,....d, = € X;

E2. Normal error, where Zji(x),j =1,...,n, k=1,...,d, v € X are iid mean-zero normal with
scale parameter oz(z) =1 for all k=1,...,d, z € X.

Both error types imply independent sampling across all x € A&}, since using common random
numbers across points would render problems (N1), (N2), and (N3) deterministic problems under
Algorithm 1. Under each error type, the constants 7], x1, and 73, k2 required by Theorem 3 are
calculated according to the examples in Appendix A with the resulting numerical values reported
in Table 1. Second, to ensure comparable values of the errors over different choices of A, we

discretize on the grid from Example 1 and ensure our sequence of grids contains subsequences that
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share common points, as described in Appendix B. For example, in problems with decision space
dimension ¢ = 2, we choose the grid sequence m; = 4, mo = 16, mg = 36, my = 144, and ms = 324,
where &,,,, C X, C &y, and &y, C &)p,. In problems with ¢ = 3, we choose m; = 8, ma = 64,
ms = 216, and my = 1728, where X,,,, C &}, and &), C A,,. On the subsequences that share
points, the discretization error ID)p(PT, an) is monotone decreasing. Since our values of m are fixed in
advance, we also fix @ = 0.5 and then determine 7 as the smallest value that satisfies the conditions
of Theorem 3 for the given m and «; together, these values imply b and n. After determining this

smallest 7 and the corresponding b, m, and n, we calculate 7*.

Table 1: Constants for nonlinear problems; see Appendix A.

*

Error d q r p € Cq I c1 5 K9 Co
(N1) Laplace 1 2 2 oo 05 +2/2 9 2 05 91924  — - -
(N1) Normal 1 2 2 oo 05 +2/2 9 — - - 8/3 4/3  9.6299
(N2) Laplace 2 2 2 oo 05 +2/2 9 V2 05 91924  — - -
(N2) Normal 2 2 2 oo 05 +2/2 9 — - - 8/3 4/3  9.6299
(N3) Laplace 3 3 2 oo 05 +3/2 9 V2 05 106227  — - -
(N3) Normal 3 3 2 oo 05 +3/2 9 — - - 8/3 4/3 11.0602

For each combination of error type and problem under the b, m, and n calculated as described
above, we conduct s = 10000 independent macro replications of Algorithm 1 on problems (N1),
(N2), and (N3) using the constants from Table 1. Each independent macro replication results in
an optimality gap, which we denote as G, j(b) for j = 1,...,s. Because the bounds always hold,
we report the maximum optimality gap observed across the s independent macro replications of
Algorithm 1 for comparison with 7%. Further, we calculate the sample average of G,,(b) and its

standard error. These values are denoted by

_ s B 1 s G i(b) — Gy (b 2
G,(0) = max Gp;(b), Gn(b)= é ;Gm,j(b), $e(Go (b)) = \/s 2j=1(Gm,(0) (0)) |

j=1,...,s S

respectively. The estimated probability that the optimality gap exceeds 7% is & = s~ I{G,, (b) > 7*};
under Theorem 3, it is guaranteed to be smaller than a. Figure 5 provides plots of the results of these
numerical experiments; detailed numerical results to accompany the plots appear in Tables C.1-C.3.

Figure 5 demonstrates the convergence of the optimality gap G, (b) for Algorithm 1 under m, n,
and b specified by Theorem 3. By comparing the individual plots across the problem and error
types, we observe the different effects of Laplace and normal errors on the threshold values of 7% and
on the maximum and average optimality gaps. Since Laplace error has a heavier tail than normal
error, it decays at a slower rate. As compared to the normal error type, the Laplace error type
tends to yield a slightly smaller 7* but also yields a larger simulation budget b for the same number
of discretization points m. Comparing the results for problems (N1) and (N2) in Figure 5, recall
that the only change between these two problems is the increase in the number of objectives. From

Corollary 1, this increase is slightly faster than logarithmic in d, which increases the required budget
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Figure 5: Results of running 10000 independent macro replications of Algorithm 1 on (N1), (N2), and (N3)
using the constants in Table 1, the values of m, n, and b from Theorem 3, and o = 0.5. The corresponding m
values appear in red next to the markers for 7*. In all results, & is estimated as zero to 4 decimal places and

all values of se(G,, (b)) are estimated as less than 0.002. Detailed numerical results appear in Tables C.1-C.3.

b almost imperceptibly on the log scale. Otherwise, the results between these two problems are very
similar. Comparing the results for problems (N1) and (N2) with the results for problem (N3) in
Figure 5, we observe the effect of increasing ¢ and d by one together in such a way that the number
of points in the discretized objective space that are capable of creating a nonzero optimality gap also
increases. In Figure 5, the reported average optimality gap G,,(b) is higher for problem (N3), which
appears to result in part from a larger discretization error in the objective space (see Tables C.2
and C.3 for detailed comparisons regarding the discretization and selection errors). Finally, despite
our relatively large choice of a = 0.5 and conducting s = 10000 independent replications for each
subplot in Figure 5, we do not observe any replications where the maximum observed optimality
gap G, (b) exceeded the bound 7*. Thus, we observe an estimate of & which is equal to zero to four
decimal places for all three problems under each of the two error types. These results point to some

conservativeness in our bounds, which we investigate next.

7.2 Linear problems

In this section, we consider problems that remove some potential sources of conservativeness in the
bounds. First, to ensure the Lipschitz constant is binding for points in or near the Pareto set, we

consider only linear problems. Second, we test error types which are selected for their potential to
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induce events in which G,,(b) > 7*. Toward this end, we drop Laplace error, whose bound does not
appear as tight as normal error in Subsection 7.1. (To see this fact more clearly, compare 7* with
G, (b) across the Laplace and normal error types in Tables C.1-C.3.) Then, we add a symmetric
two-point error distribution, Rademacher, which we implement both with independent sampling
and with various types of correlation. Finally, to facilitate understanding, we deliberately choose
straightforward problems that simplify aspects of the bounds.

First, we consider the linear function in d = 1 objectives with ¢ = 1,
minimize fi(z) = E[z + Z11(z)] s.t. z€]0,1] (L1)

where Z11(z) is a mean-zero random variable for all z € X. In (L1), the Lipschitz constant ¢ =1
for all z € &, and the solution is * = 0 with optimal value f;(z*) = 0. Figure 6(a) shows a
plot of fi(x) for x € [0,1] along with the discretization for m = 6 and the corresponding value of
T = ¢o/m = 0.6277 calculated for the normal error type from the previous section; in this version
of the problem, only points labeled as x5 and x¢ in Figure 6(a) can produce an event where the
optimality gap exceeds the threshold, G,,(b) > 7*.

Then, we add an objective to (L1) to obtain a problem in d = 2 objectives with ¢ =1,

fl(x)] _
fa(z)

E[l‘ + le(l‘)]

minimize f(l’) = [ E[q; + 212(17)]

] st. xel0,1], (L2)

where Z11(z) and Zj2(z) are mean-zero random variables for all x € X. We remark that while
usually ¢ > d in convex multi-objective problems because otherwise, reduction techniques may
apply [Ehrgott, 2005, Ward, 1989], our bounds do not require ¢ > d. In problem (L2), the Lipschitz
constant ¢ = 1 for all z € X, the efficient set is £ = {z*} for * = 0, and the Pareto set is P = {(0,0)}.
Figure 6(b) shows a plot of f(z) for x € [0,1] for discretization m = 6 and 7 = co/m = 0.6277

under normal error.

e fa () (@)
1 ! f(we) 1

. f(xs) .

T T e T

f(zp)
f(x2)
, o) o)
0 21 T2 3 T4 25 T6] T 0 T 1 fi(z) 0 T* fa(x)

(a) Plot of (L1) with m = 6 and Z;, = (b) Plot of (L2) with m = 6 and P, = (c) Plot of (L3) with m = 36 and
z1 and 2" = 0. {f(‘rl)}77):{(070)} Pm :{f(xl)}a P:{(070)}'

Figure 6: The objective spaces of the linear problems, where 7* is calculated under normal error. Only points
above 7% on at least one objective can produce an event where G, (b) > 7.
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Finally, we increase the decision space dimension to obtain a problem with d = 2 and ¢ = 2,

minimize x) = hi(z) =
/) [fz(l‘)]

E[xl -+ ZH(JJ)]
E[:L'Q + Zlg(l‘)]

] st. xel0,1)? (L3)

where Z11(x) and Z19(x) are mean-zero random variables for all z € X'. Figure 6(c) shows a plot of
the objective space for m = 36 with 7" = 0.6622 calculated for the normal error type. Considering
each point in P¢, in a pairwise comparison with f(x;) and holding all other points fixed, only points
above 7% on at least one objective can produce a false exclusion event resulting in G,,(b) > 7*. To
do so, these points must be falsely estimated as better than f(z1) on all objectives. Likewise, only
points that are above 7% on all objectives can produce a false inclusion event resulting in G, (b) > 7*.
To do so, these points must be falsely estimated as better than f(x1) on at least one objective.

With all discretizations A&}, calculated as described in Subsection 7.1, we implement three
additional error types selected for their potential to induce events where G, (b) > 7*:

E3. Rademacher error, where Zji(z),j =1,...,n, k=1,...,d, v € X are iid Rademacher, that
is, Zjp(z) = =1 w.p. 1/2 and Zi(x) =1 w.p. 1/2, and o2(z) =1 forall k =1,...,d, z € X.

E4. Rademacher adversarial error with independent objectives, where for given x € X, Z;,(x),j =
1,...,n, k€ {1,...,d} are iid Rademacher, but we induce correlation across the points: For
every objective k, let X, (7%) == {x € X': fr(z) < 7°} be the set of points below 7* on objective
k. For every j and k, first set Zjj,(z) = Zj(2') for all 2,2’ € X (7*) and all z,2" € X, (7)¢;
then, set Zj;.(z) = —Zjx(2') for all x € Xy (%), 2" € Xy (7%)°.

E5. Rademacher adversarial error with correlated objectives, where for given k € {1,...,d},
re X, Zjp(x),j =1,...,n are iid Rademacher, but we induce correlation across the points
and objectives: For every j, first set Zjp(x) = Zjp(a') for every pair z,2’ € ﬂzzlfk(T*)
and every pair k', k" € {1,...,d}. Then for a given 2’ € ﬂ‘,ﬁzlsz(T*) and k" € {1,...,d}, set
Zjw(x) = —Zjpr (') for every x € UF_ Xy (7%)¢ and &' € {1,...,d}.

The Rademacher adversarial error types are omniscient in the sense that implementation requires
advance knowledge of which points have objective values above the threshold 7*. Also, there is
extreme dependence between the points and objectives, which our bounds protect against. Constants
for each problem appear in Table 2.

Figure 7 reports the results of running s = 108 independent macro replications of Algorithm 1

Table 2: Constants for linear problems; see Appendix A.

Error d q r p € Cq l ns Ko Cy
(L1) Normal 1 1 2 o~ 05 1/2 1 8/3 4/3  3.7660
(L1) Rademacher (all types) 1 1 2 oo 05 1/2 1 1/vIn2 0.9999 2.9022
(L2) Normal 2 1 2 oo 05 1/2 1 8/3 4/3  3.7660
(L2) Rademacher (all types) 2 1 2 oo 05 1/2 1 1/vIn2 0.9999 2.9022
(L3) Normal 2 2 2 oo 05 V2/2 1 8/3 4/3  3.9731
(L3) Rademacher (all types) 2 2 2 oo 05 +2/2 1 1/vV/In2 0.9999 3.1094
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Figure 7: Results of running s = 10® independent macro replications of Algorithm 1 on (L1), (L2), and (L3)
using the constants in Table 2, the values of m, n, and b from Theorem 3, and o = 0.5. The m values appear
in red next to the markers for 7*, and nonzero & values appear in black next to the markers for G, (b). (All

& values for Rademacher Adversarial error are rounded.) In all results, se(G,, (b)) is estimated as zero to 4
decimal places. Detailed numerical results for each error type appear in Tables D.4-D.6.

on problems (L1), (L2), and (L3) using the constants in Table 2 and the values of m, n, and
b from Theorem 3. For brevity in the main paper, we only report the results for normal error,
Rademacher error, and Rademacher adversarial error with correlated objectives. Complete results
for all error types are included in Tables D.4-D.6. As in the previous section, all results demonstrate
the convergence of G, (b) to zero with increasing m and n.

Comparing the results for normal error in Figure 5 with the results for normal error in Figure 7,

and specifically comparing the results for problem (N2), ¢ = 2,d = 2 with the results for problem
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(L3) ¢ = 2,d = 2 under normal error, we see that the red dotted line for the bound 7* is closer to
the black solid line for G, (b) under the linear problem structure. This result is expected, since the
Lipschitz constant is the same for all points in the objective space of the linear problems, which
results in a tighter bound for 7*. However, as in Figure 5, none of the macro replications for the
normal error type have an optimality gap which exceeds the bound 7*; that is, the red dotted line
for 7* is always above the black solid line for G}, (b) in Figures 5 and 7 under the normal error type.

However, for the Rademacher error type, we do observe macro replications in which the optimality
gap exceeds the bound 7* in Figure 7. Specifically, we observe the black solid line for G, (b) above
the red dotted line for 7* in all reported results for the Rademacher adversarial error with correlated
objectives. Despite setting a = 0.5, the reported values of & are much smaller. The largest observed
value of & from the results in Figure 7 is approximately & = 40 x 107> = 0.0004 with an estimated
standard error of approximately se(@) = 2 x 1075, Thus, even with omniscient adversarial error, our
probabilistic bound appears conservative by a few orders of magnitude. This insight implies that
if the budget allocations in Theorem 3 and Theorem 4 were used to implement a simple algorithm
on an amenable version of problem (M) in a practical application, knowing the constants only
approximately, e.g., by estimating them through a pilot study or using a decision-maker’s apriori

approximation, is likely sufficient to retain the probabilistic guarantee.

8 Concluding remarks

We construct a new, tractable performance indicator that leads to finite-time probabilistic bounds
on the optimality gap when implementing simple algorithms for global MOSO. The bounds protect
against many possible scenarios that may rarely arise together in practice, such as omniscient
adversarial noise and large Lipschitz constants that may occur far away from the true Pareto set.
In this sense, the bounds are likely to be conservative for practical problems. The bounds, and the
resulting convergence rates, may be able to be tightened under additional structural assumptions,
or when using common random numbers as described in Ha et al. [2024]. Nevertheless, holding
everything else fixed and using the infinity norm in the objective space, we find that the required
total simulation budget grows only slightly faster than logarithmically in the number of objectives
— a result that may be of interest to decision makers with many objectives [Fonseca et al., 2020].
Finally, there is a tradeoff between fully exploiting common random numbers by obtaining the same
number of simulation replications at every point in the discretized feasible set and the efficiencies that
arise from differential sampling. Future work may incorporate the differential sampling capabilities
identified in the context of multi-objective ranking and selection [Rojas-Gonzalez et al., 2019,
Applegate et al., 2020].

Code and data disclosure

A link to the code and data to support the numerical experiments in this paper can be found at
https://github.com/HunterResearch/GlobalMOSOErrorBounds.
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A Calculating constants in the concentration inequalities

In Examples A.1-A.3, we demonstrate how to determine good values for the constants in (14) and

(17) when all errors share the same distributional family.

Example A.1 (Laplace error, also see Rigollet [2015, p. 22-25]). Given an objective k and feasible
point & € X, suppose the errors Z;i(x),j = 1,...,n are iid with mean-zero Laplace distribution
having scale parameter Bj(z) > 0 and standard deviation oy (x) = v2Bx(x). To compute a bound
specific to the Laplace distribution, use a Chernoff bound to see that for any § > 0, s > 0,

P{LY Zjn(z) > 0} < e [}, E [esZ0 ()], (46)
where for each j =1,...,n, the moment generating function of Zj;(x) has upper bound
E [eszf’“(r)] =(1- 8265(1}))71 < e2°B@) for all |s| < (2Bk(z)) L.

Choosing s = min {1/(28()),0/(28,(x))?} and using the fact that Zj,(z),j = 1,...,n are iid
random variables from a symmetric distribution, which implies the distribution of Z?Zl Zjr(x) is

also symmetric, it follows that

P{|% 2?21 Zji(x)] > 6} < 2exp (—n (35 — (1/2)32(2Bk(x))2))
< 2exp (— (n/2) min {6/(266(0)), /26()?)). (47)

From (12), each |Z;i(x)| has an exponential distribution with parameter 1/8;(x). Then the sub-
exponential norm of Z1y(z) is || Z1(2) |y, = inf{s > B(x): s(s—B(x))"" < 2} = 2B (z). Substituting
26k(x) = || Z1k(2) ||y, into (47) and ensuring the right side of (47) is less than or equal to the right
side of (14) yields that k1 < 1/2. Therefore, we set k1 as large as possible, so that k3 = 1/2.

Now we consider the bound across objectives k = 1, ..., d and feasible points x € X. If all errors
belong to the Laplace family, then we can apply k1 = 1/2 for all k and all z. Further, n} is twice
the largest scale parameter, nf = 2sup{fr(z): k € {1,...,d}, z € X'}.

Example A.2 (normal error). Given an objective k and feasible point = € X, let the errors
Zjk(z),7 = 1,...,n be iid with mean-zero normal distribution having variance o2(x) > 0. Then

using results in Vershynin [2018], it is straightforward to show that
P{5 271 Zjk(@)| > 0} < 2exp (—nd?/ (207 (). (48)

Use (15) together with (17) and (48) to determine possible values of the constants in (17). First,
using (15), for a given k € {1,...,d}, z € X, the sub-Gaussian norm is

| Z11(2) ||y = inf{s > V20,(2): s(s? — 20(2)2) 72 < 2} = \/8/3 04 (2) ~ 1.6330 o ().

Then, k2 is a constant which ensures the right side of (48) is less than or equal to the right side of
(17). This inequality implies ky < HZlk(:p)Hig/(QU,%(x)) = 4/3. Therefore, the bound in (17) is at
least as tight as (48) if we set ko as large as possible, so that ko = 4/3.
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Now we consider the bound across objectives £k = 1,...,d and feasible points x € X. If all

errors belong to the normal family, then we can apply ke = 4/3 for all k and all x. Further, we
can calculate 73 in (16) as \/8/73 times the maximum standard deviation across all feasible x values,
ns =+/8/3sup{ox(z): k € {1,...,d}, z € X}.
Example A.3 (Rademacher error). Given an objective k and feasible point z € X, let the errors
Zjk(x),j =1,...,n be iid with mean-zero Rademacher distribution; that is, we have P{Z;;(x) =
-1} = P{Zjp(xz) = 1} = 1/2 for all j = 1,...,n and Var(Z;,(x)) = 1. First, from (15), the sub-
Gaussian norm is || Zjx ()|, = inf{s > 0: exp(1/s?) <2} = 1/vIn2 a2 1.2011. Also, the moment
generating function of Z;,(x) is E [eSij(l“)] = (1/2)(e® + e~*®) = cosh(s) for all s € R. Then from
the Chernoff bound in (46), for any 6 > 0, s > 0, we have

p{i > i1 Zjk(w) > 6} < e™*™ cosh(s)" = exp(—snd + nlncosh(s)). (49)

To get the tightest bound in (49), choose the smallest value of s by setting s = tanh™*(§) for
§ € (0,1); otherwise, if § > 1, then P{1 > j=1Zjk(x) = 6} = 0. Apply symmetry to yield

P{|1 > i=1Zjk(w)| > 0} < 2exp (—n[dtanh™'(5) — In cosh(tanh_l(é))])]1{56(071)}. (50)

Now, ko ensures the right side of (50) is less than or equal to the right side of (17). If § > 1, then

ko > 0 can be any positive number, because the left side of (17) is zero. If 6 € (0,1), we require

Ko < (HZlk(x)Hiz/(SZ) [6 tanh ™! (6) — In cosh(tanh ™ (4))]
= (1/(6*1n2)) [§ tanh ! (§) — Incosh(tanh*(5))] < 1,

which implies the largest ko satisfying this inequality, to four decimal places, is ko = .9999.
Now we consider the bound across k =1,...,d and x € X. If all errors are Rademacher, then

we can apply kg = .9999 for all k and all z. Further, we can calculate n; in (16) as 73 = 1/vIn2.

For mixed error types, one may require the sub-exponential norm of a sub-Gaussian random vari-
able for calculating 77 in (13). In this case, let Z1;(x) be sub-Gaussian for k € {1,...,d},z € X and
let W be a random variable such that W =1 w.p.1, which is sub-Gaussian. Then ||Z5(z)W]||y,
| Z11(2) || g |[W ||y, [Vershynin, 2018, p. 31]. Since ||[W ||y, = 1/vIn2 a2 1.20, we have || Z1x(z)]/y,
(1/vVIn2)|| Zyg () || - If Z1g () is normal, then || Zy(x)||ly, < /8/(3In2)ok(2) = 1.960% ().

<
<

B Gridding sequences with common points

The discretization sequences used for the numerical results in Section 7 ensure that there exist
subsequences sharing common points. These calculations rely on the following Proposition B.1; see

Figure B.1 for a visual representation in ¢ = 2 dimensions.

Proposition B.1. Let X = [0,1]? be the q-dimensional unit hypercube and set vy = Lmi/qj and
vy = Lmé/qj. As in Example 1, for each i € {1,2}, define the sets

1 3 2v; — 1 .
Xmi:{(:cl,...,a;q):xje{QW,Z&,..., 5 }foreach]}U\Ili,

k3
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where W; is an arbitrary set of m; — I/iq points in X. If vy = va, then Xy, \ V1 C X, \ Yo

Proof sketch. Suppose 311 = vo. Then

Xy \ U1 :{(:Ul,...,xq):$j 6{
:{(ml,...,xq):xj 6{
C {(ml,...,xq):xj 6{

1 3 2v1 —1 .
e e )
3 9 21/273 .
el Tl A
L i i 21/2—5 27/2—3 21/2—1
21/2721/2’21/27' n 21/2 ’ 21/2 ’ 21/2
LN NN NN X
0 0 0 0 O] o X,
® 0 0 @ O] o« X,
0 0 0 0 O]
0 0 0 O O
® 0 0 @ O]
O 0 0 O
VAN VAR V. V.auEN xl

Figure B.1: By setting vo = 314 in Proposition B.1, we have &,,,, C &},,.

C Detailed numerical results for nonlinear problems

}w}:xm\%.m

Tables C.1-C.3 report the results of running s = 10 000 independent macro replications of Algorithm 1
on (N1), (N2), and (N3) using the constants from Table 1 and the values of m, n, and b from

Theorem 3. Discretization designs that follow a subset pattern share the same row shading in the

tables. Given nonlinearities, across subsequences, results reported in the rows are not necessarily

monotone decreasing. For each row, we start the random number stream at the same seed. Since

false inclusion cannot occur without false exclusion, we do not report GEI(b) when d = 1.

Table C.1: Results for s = 10000 independent macro replications of Algorithm 1 on problem (N1), d =1,
q = 2, using the constants in Table 1 and the values of m, n, and b from Theorem 3.

Maximum Value

m T T* o b n  Dy(PN,PL) GEE®b) GELb) Gi(b) Gum(b) se(Gm(b)) &
Laplace error
4 9.1924 4.5962 0.5 148 37 0.3268 0.3841 = 0.7109 0.3451  0.0008  0.0000
16 3.0642 2.2981 0.5 2432 152 0.0214 0.4273 - 0.4487 0.0218  0.0001  0.0000
36 1.8385 1.5321 0.5 13680 380 0.1376 0.1891 — 0.3268 0.1484  0.0002  0.0000
144 0.8357 0.7660 0.5 267408 1857 0.0214 0.1017 - 0.1231 0.0257  0.0001  0.0000
324 0.5408 0.5107 0.5 1513728 4672 0.0096 0.0543 = 0.0639 0.0125  0.0000  0.0000
Normal error
4 9.6300 4.8150 0.5 56 14 0.3268 1.2622 = 1.5890 0.3859  0.0014  0.0000
16 3.2100 2.4075 0.5 912 57 0.0214 0.6697 - 0.6911 0.0357  0.0007  0.0000
36 1.9260 1.6050 0.5 5112 142 0.1376 0.3025 = 0.4402 0.1583  0.0004  0.0000
144 0.8755 0.8025 0.5 100224 696 0.0214 0.1794 — 0.2008 0.0276  0.0001  0.0000
324 0.5665 0.5350 0.5 567648 1752 0.0096 0.0813 = 0.0909 0.0152  0.0001  0.0000
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Table C.2: Results for s = 10000 independent macro replications of Algorithm 1 on problem (N2), d = 2,
q = 2 using the constants from Table 1 and the values of m, n, and b from Theorem 3.

Maximum Value

m T ™ « b n D,(PT,Pl) GYE(b) GELb) Gr,(b) Gn(b) se(Gp (b)) Q
Laplace error
4 9.1924 4.5962 0.5 184 46 0.39 0.43 0.88 1.23 0.41 0.0009  0.0000
16 3.0642 2.2981 0.5 2832 177 0.20 0.36 0.26 0.37 0.20 0.0002  0.0000
36 1.8385 1.5321 0.5 15552 432 0.15 0.27 0.22 0.31 0.19 0.0003  0.0000
144 0.8357 0.7660 0.5 296640 2060 0.09 0.10 0.13 0.14 0.10 0.0001  0.0000
324 0.5408 0.5107 0.5 1660176 5124 0.06 0.10 0.10 0.12 0.07 0.0001  0.0000
Normal error
4 9.6300 4.8150 0.5 68 17 0.39 1.26 0.88 1.60 0.49 0.0018  0.0000
16 3.2100 2.4075 0.5 1056 66 0.20 0.36 0.51 0.56 0.23 0.0005  0.0000
36 1.9260 1.6050 0.5 5832 162 0.15 0.30 0.30 0.44 0.23 0.0005  0.0000
144 0.8755 0.8025 0.5 111168 772 0.09 0.15 0.17 0.20 0.11 0.0002  0.0000
324 0.5665 0.5350 0.5 622728 1922 0.06 0.12 0.12 0.14 0.08 0.0001  0.0000

Table C.3: Results for s = 10000 independent macro replications of Algorithm 1 on problem (N3), d = 3,
q = 3 using the constants from Table 1 and the values of m, n, and b from Theorem 3.

Maximum Value

m T ™« b n  D,(PN,P)) GEE®) GEL(b) G:, () Gum(b) se(Gn(b) &

Laplace error

8 10.6227 5.3113 0.5 360 45 0.90 0.40 0.88 1.23  0.90 0.0000  0.0000

64  3.5409 3.5409 0.5 13952 218 0.71 0.51 0.51 0.71 0.71 0.0000  0.0000

216 2.1246 1.7704 0.5 123120 570 0.60 0.40 0.40 0.71  0.60 0.0009  0.0000

1728 0.9657 0.9657 0.5 4950720 2865 0.27 0.37 0.56 0.71 0.30 0.0005  0.0000
Normal error

8 11.0603 5.5301 0.5 136 17 0.90 0.40 0.88 1.23  0.90 0.0004  0.0000

64 3.6868 3.6867 0.5 5184 81 0.71 0.51 0.51 0.71 0.71 0.0000  0.0000

216 2.2121 1.8434 0.5 46008 213 0.60 0.40 0.40 0.71 0.61 0.0009  0.0000

1728 1.0055 1.0055 0.5 1855872 1074 0.27 0.43 0.56 0.71 0.32 0.0006  0.0000

We report more digits in Table C.1 than in Tables C.2 and C.3 because we are able to calculate
all quantities in Table C.1 with greater accuracy. Calculating the distances in Tables C.2 and C.3
relies on a fine mesh grid in the objective space that is independent of m. The maximum possible
error due to this fine mesh grid in Tables C.2 and C.3 is 0.06; however, the actual error is likely
smaller because we union the fine mesh grid with the discretized Pareto points before calculating
the error. Nevertheless, we adjust the number of digits reported to reflect the lower (deterministic)

numerical accuracy of these calculations.

D Detailed numerical results for linear problems

Tables D.4-D.6 report the results of running s = 10® independent macro replications of Algorithm 1
on (L1), (L2), and (L3) using the constants from Table 1 and the values of m, n, and b from
Theorem 3. Discretization designs that follow a subset pattern share the same row shading in the

tables. For each row, we start the random number stream at the same seed. For simplicity, we
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Table D.4: Results for s = 100000000 = 10® independent replications of Algorithm 1 on problem (L1),
d =1, g =1, using the constants in Table 2 and the values of m, n, and b from Theorem 3.

Maximum Value

m or=a/m oa b n D(PLPL) GEEL) GEB) Go() Gu(b) se(Gn(®) @
Normal error
4 09415 0.5 280 70 0.1250 0.7500 = 0.8750 0.1428  0.0000  0.00000000
6 0.6277 0.5 852 142 0.0833 0.5000 - 0.5833 0.0971  0.0000  0.00000000
12 0.3138 0.5 6504 542 0.0417 0.2500 = 0.2917 0.0490  0.0000  0.00000000
18 0.2092 0.5 22248 1236 0.0278 0.1667 - 0.1944 0.0326  0.0000  0.000 00000
Rademacher error
4  0.7256 0.5 372 93 0.1250 0.7500 = 0.8750 0.1365  0.0000  0.00000001
6 04837 0.5 1140 190 0.0833 0.5000 - 0.5833 0.0927  0.0000  0.00000006
12 0.2419 0.5 8676 723 0.0417 0.2500 = 0.2917 0.0463  0.0000 0.00000013
18  0.1612 0.5 29664 1648 0.0278 0.1667 - 0.1944 0.0310  0.0000  0.00000021
Rademacher adversarial error with one objective
4  0.7256 0.5 372 93 0.1250 0.7500 = 0.8750 0.1251  0.0000  0.000 182 26
6 04837 0.5 1140 190 0.0833 0.5000 - 0.5833 0.0835  0.0000  0.00030513
12 0.2419 0.5 8676 723 0.0417 0.2500 = 0.2917 0.0418  0.0000  0.00040207
18  0.1612 0.5 29664 1648 0.0278 0.1667 - 0.1944 0.0278  0.0000  0.00037206

Table D.5: Results for s = 100000000 = 10® independent replications of Algorithm 1 on problem (L2),
d =2, ¢ =1, using the constants in Table 2 and the values of m, n, and b from Theorem 3.

Maximum Value
m 1" =cy/m « b n D,(PT,P) GEE(®) GELB) G, () Gm(b) se(Gm(b))

Normal error
4 0.9415 0.5 344 86 0.1250 0.5000 0.5000 0.6250 0.1256  0.0000  0.000 000 00
6 0.6277 0.5 1032 172 0.0833 0.3333 0.3333 0.4167 0.0840  0.0000  0.00000000
12 0.3138 0.5 7644 637 0.0417 0.1667 0.1667 0.2083 0.0421  0.0000  0.000 000 00
18 0.2092 0.5 25812 1434 0.0278 0.1111 0.1111 0.1389 0.0280  0.0000  0.000 00000

o

Rademacher error
4 0.7256 0.5 460 115 0.1250 0.2500 0.2500 0.3750 0.1252  0.0000  0.000 00000
6 0.4837 0.5 1380 230 0.0833 0.3333 0.3333 0.4167 0.0835 0.0000 0.000 00000
12 0.2419 0.5 10188 849 0.0417 0.1667 0.1667 0.2083 0.0418  0.0000  0.000 00000
18 0.1612 0.5 34416 1912 0.0278 0.1111 0.1111 0.1889 0.0279  0.0000  0.000 00000

Rademacher adversarial error with independent objectives
4 0.7256 0.5 460 115 0.1250 0.0000 0.0000 0.1250 0.1250  0.0000  0.000 00000
6 04837 0.5 1380 230 0.0833 0.0000 0.0000 0.0833 0.0833  0.0000  0.00000000
12 0.2419 0.5 10188 849 0.0417 0.2500 0.2500 0.2917 0.0417  0.0000  0.000000 04
18  0.1612 0.5 34416 1912 0.0278 0.1667 0.1667 0.1944 0.0278  0.0000  0.000 000 04

Rademacher adversarial error with correlated objectives
4 0.7256 0.5 460 115 0.1250 0.7500 0.7500 0.8750 0.1250  0.0000  0.000016 40
6 04837 0.5 1380 230 0.0833 0.5000 0.5000 0.5833 0.0834  0.0000 0.00007872
12 0.2419 0.5 10188 849 0.0417 0.2500 0.2500 0.2917 0.0417  0.0000  0.000 13532
18  0.1612 0.5 34416 1912 0.0278 0.1667 0.1667 0.1944 0.0278  0.0000  0.000 136 36

suppress 7 and only report 7*.

Comparing Table D.4 with Table D.5, notice that the average optimality gap G,,(b) appears to
decrease slightly with the transition from (L1) to (L2), which is the opposite of the pattern observed
in Tables C.1 and C.2. This result likely occurs because in the transition from (N1) to (N2), we add
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Table D.6: Results for s = 100000000 = 10® independent replications of Algorithm 1 on problem (L3),
d = 2, ¢ = 2, using the constants in Table 2 and the values of m, n, and b from Theorem 3.

Maximum Value
m T o b n DP(PT,P,T”) GEE(b) GEL(b) Gz (b) Gou(b) se(Gp(b))

Normal error
16 0.9933 0.5 1056 66 0.1250 0.5000 0.5000 0.6250 0.1708 0.0000  0.000000 00
36 0.6622 0.5 5832 162 0.0833 0.3333 0.3333 0.4167 0.1117  0.0000  0.00000000
144 0.3311 0.5 111168 772 0.0417 0.1667 0.1667 0.2083 0.0527  0.0000  0.000000 00

jol

Rademacher error
16 0.7778 0.5 1408 88 0.1250 0.5000 0.5000 0.6250 0.1542  0.0000  0.000 00000
36 0.5182 0.5 7776 216 0.0833 0.3333 0.3333 0.4167 0.1001  0.0000  0.000 00000
144 0.2591 0.5 148176 1029 0.0417 0.1667 0.1667 0.2083 0.0479  0.0000  0.000 00000

Rademacher adversarial error with independent objectives
16 0.7773 0.5 1408 88 0.1250 0.7500 0.7500 0.8750 0.1253  0.0000  0.000 376 15
36 0.5182 0.5 7776 216 0.0833 0.5000 0.5000 0.5833 0.0834  0.0000 0.00017016
144 0.2591 0.5 148176 1029 0.0417 0.2500 0.0000 0.2917 0.0417  0.0000  0.000 06573

Rademacher adversarial error with correlated objectives
16 0.7773 0.5 1408 88 0.1250 0.7500 0.0000 0.8750 0.1251  0.0000  0.000 188 58
36 0.5182 0.5 7776 216 0.0833 0.5000 0.0000 0.5833 0.0834  0.0000  0.00014491
144 0.2591 0.5 148176 1029 0.0417 0.2500 0.0000 0.2917 0.0417  0.0000  0.000033 19

points capable of creating false exclusion or false inclusion events to the discretized objective space.
However, we add no such points in the transition from (L1) to (L2); see Figures 6(a) and 6(b). Thus,
adding an objective as in (L2) appears to have made false inclusion and false exclusion events less
likely; in particular, the nonzero & values reported in Table D.4 are larger than the nonzero & values
reported in Table D.5. The & values reported for the Rademacher adversarial error in Table D.4 are
the largest seen in our numerical experiments so far. The only other similar values appear in the

rows for Rademacher adversarial error types in Table D.6.
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