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Abstract

We introduce the exclusion—inclusion gap for evaluating finite Pareto approximations constructed
from stochastic objective estimates. The gap measures the maximum of two objective-space
errors associated with excluding Pareto points from the returned set’s true upper image and
including dominated points in the returned set’s true lower image. The terms in its approximation—
estimation error decomposition admit general bounds that allow deterministic approximation
guarantees to be combined with componentwise stochastic-error control. The gap’s inclusion
component is invariant to the return of dominated but weakly nondominated points, enabling
performance analysis without positive separation assumptions. Under consistent estimation
on a fixed evaluated set, the apparent advantages of such points vanish asymptotically. The
results hold across continuous, integer, and mixed-integer settings. We apply the results
by performing an approximation—estimation error analysis of a nonadaptive, equal-allocation
algorithm for global multiobjective simulation optimization with continuous objective functions
and a compact feasible set. The analysis yields finite-sample probabilistic error bounds, budget-
allocation rules, sample-complexity results, and convergence rates. Under the infinity norm,
we identify conditions under which the sufficient simulation budget grows logarithmically in
the number of objectives. For a fixed problem instance, we show that the exclusion—inclusion
gap converges at the same total-budget rate as the corresponding single-objective optimality

gap, despite accounting for both exclusion and inclusion errors.

1 Introduction

Many real-world decisions involve multiple stakeholders with conflicting objectives and are made
under uncertainty. The conflict may reflect different stakeholder perspectives, such as the desire
to minimize operating cost while maximizing system effectiveness. Uncertainty arises because
the system performance measures depend on random inputs or unknown quantities and, therefore,

can only be estimated from data or a stochastic oracle. Such decision settings arise across a
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wide variety of application areas including agriculture, energy systems, healthcare operations,
humanitarian logistics and disaster response, machine learning, manufacturing, military operations,
and transportation systems (Hunter et al. 2019, Hunter 2026).

Multiobjective stochastic optimization (MOSO) provides mathematical models to aid decision-
making under conflicting objectives and uncertainty. Rather than prescribing a single compromise
solution, solving a MOSO problem identifies decisions that represent the best attainable trade-offs
among the objectives. These decisions form the efficient set, &, and their images form the Pareto
set, . Characterizing the Pareto set, and identifying efficient solutions that map into it, enables
decision-makers to compare the trade-offs among high-quality alternatives. These alternatives may
then serve as input to a subsequent optimization problem that selects a single optimal solution
(Hunter and McClosky 2016), or they may provide decision-makers with a structured view of the
attainable trade-offs to support informed decision-making (Gupta and Hunter 2025).

Because exact descriptions of the efficient and Pareto sets may be impossible to identify
computationally or too large to be useful in practice, multiobjective optimization algorithms often
seek a finite approximation of these sets (Sayin 2000, Ruzika and Wiecek 2005, Herzel et al. 2021).
Thus, an algorithm may generate an approximation by evaluating only finitely many feasible points
in a continuous, integer, or mixed-integer problem. In MOSO, the objective values corresponding
to this finite evaluated set are unknown and must be estimated. Consequently, the quality of the
returned approximation depends on both the deterministic error arising from the finite approximation

and the estimation error arising from stochastic objective vector estimates.

1.1 Error Analysis for Finite Pareto Approximations Under Uncertainty

A central challenge in MOSO is to quantify how finite approximation and stochastic estimation
jointly affect the quality of an algorithm’s returned solution set. In single-objective stochastic
optimization, it is well established that the optimality gap can be decomposed into approximation
and estimation errors, which enables the combination of a deterministic approximation error
guarantee with stochastic error control to yield finite-sample performance and convergence results;
see, for example, results in Yakowitz et al. (2000), Shapiro et al. (2009), and Fu (2015). To
extend this optimality-gap-based approximation—estimation error analysis strategy to MOSO, we
seek an optimality gap analogue. Here, the optimality gap analogue is a scalar measure of the
objective-space error between the true Pareto set, #, and the true image of the algorithm’s returned
solution set, f(&,,(b)), which is a finite random set specifying the algorithm’s true objective-
space performance. The latter set is constructed by estimating the objective vector values at m
feasible points using a total estimation budget b, thus obtaining the finite estimated solution set
&,n(b), and then applying the unknown vector-valued mapping f to obtain f(&,,(b)), which is
unobserved. To analyze the error in the unobserved set f(&,,(b)), the optimality gap analogue

should admit an approximation—estimation error decomposition whose terms can be controlled
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through corresponding deterministic and stochastic error guarantees.

Assessing the output of a MOSO algorithm differs fundamentally from assessing the output of
a deterministic multiobjective optimization algorithm that approximates the Pareto set. Because
the objective vectors are known exactly, a deterministic multiobjective optimization algorithm can
identify and remove dominated points. Therefore, it would typically return an approximation set in
which no element is weakly dominated by another (Zitzler et al. 2003). In a MOSO setting, although
the returned solutions in &,, () are estimated as nondominated under the estimated objective vectors,
their true images in f(&,,(b)) may exclude truly Pareto optimal points, include dominated points,
or dominate one another. Thus, f(&,,(b)) is not necessarily an approximation set in the usual
deterministic sense, and classical deterministic multiobjective optimization performance indicators,
such as those discussed in Faulkenberg and Wiecek (2010), Li and Yao (2019), Audet et al. (2021),
may not capture important properties of MOSO algorithm output. Moreover, objective-space
uncertainty can make it difficult to specify the parameters required by some performance indicators,
such as reference points. Accordingly, far fewer performance indicators are designed to assess the
random sets returned by MOSO algorithms (Hunter and Ondes 2023, Branke 2025, Thengvall et al.
2025).

A natural starting point for the MOSO optimality gap analogue is the Hausdorff distance between
? and f(&,,(b)) (Hunter et al. 2019). The HausdorfF distance accounts for the fact that f(&,,(b)) is
not an approximation set, requires no reference point, and admits an approximation—estimation error
decomposition through the triangle inequality. Specifically, we can use the approximate Pareto set,
P, as the intermediate deterministic object; this set is the Pareto set for the true MOSO problem

restricted to the finite evaluated set. Then the Hausdorff distance can be decomposed as
H(P.f(En(D))) < H(P.Pu) + E(Po.f(En(D)))

where the first right-hand side term contains two one-way approximation error terms (coverage error
and representation error), and the second right-hand side term contains two one-way estimation
error terms (false exclusion error and false inclusion error). Within each pair, one term accounts for
exclusion-related error (coverage error and false exclusion error), while the other term accounts for
inclusion-related error (representation error and false inclusion error). However, not all terms admit
bounds under comparably general conditions. The main analytical difficulties arise with respect
to the inclusion-related errors. In particular, the false inclusion error term is difficult to analyze
if the restricted finite image set contains dominated points that are also weakly nondominated.
Such points have zero separation from at least one point in the approximate Pareto set, #,,, on at
least one objective and may remain statistically indistinguishable from truly nondominated points
under finite sampling. These difficulties do not completely preclude Hausdorff-distance convergence

analysis; indeed, convergence can be established under sufficient structural assumptions (Bonnel and
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Collonge 2014). However, in general finite-evaluation settings where deterministic approximation
and stochastic estimation errors coexist, controlling the false-inclusion error term may require
positive-separation assumptions for dominated points, thus restricting the applicable problem and
approximation method classes (Applegate et al. 2020, Ondes 2025).

To circumvent these analytical difficulties while retaining meaningful comparisons, we introduce
the exclusion—inclusion gap, a performance indicator designed to support approximation—estimation
error analysis for finite Pareto approximations constructed from stochastic objective vector estimates.
Instead of directly comparing P with f(&,(b)), the exclusion—inclusion gap uses upper- and
lower-image constructions to separately measure errors associated with the exclusion of Pareto
points and the inclusion of dominated points, and then takes the maximum. These constructions
create nested sets that ultimately yield an approximation—estimation error decomposition with one
approximation error term corresponding to exclusion and two estimation error terms corresponding
to false exclusion and false inclusion. Unlike the Hausdorff distance, however, the false inclusion
component is invariant to the return of weakly nondominated points whose classification may remain
unresolved under finite sampling. Although a dominated but weakly nondominated point may remain
intermittently classified as nondominated when a true objective tie prevents the estimated ordering
from stabilizing, almost-sure estimator consistency implies that every apparent objective advantage
supporting this misclassification converges to zero, while every strict objective disadvantage is
eventually estimated with the correct ordering. Therefore, in the limit, the decision-maker is
not misled by such points. Moreover, deterministic approximation error guarantees bound the
approximation error term, while uniform componentwise stochastic error control bounds both
estimation terms. These results apply across a broad class of finite-evaluation MOSO settings
and do not depend on a particular finite-approximation method, objective estimator, or statistical
functional used to resolve the objective-vector uncertainty, provided the estimators are consistent
and admit suitable componentwise error control. For concreteness, we develop the results using the

widely applicable expected-value formulation with sample-average estimators.

1.2 Application to Global Multiobjective Simulation Optimization

We demonstrate the utility of our results by analyzing the approximation and estimation errors
produced by a simple nonadaptive, equal-allocation algorithm for global multiobjective simulation
optimization with continuous objectives and a compact feasible set. The algorithm evaluates a
prespecified space-filling design, allocates the same number of simulation replications to each
design point, and returns the solutions that are nondominated under the estimated objective values.
When the design points form a grid, this approach is called grid search (Ensor and Glynn 1997);
more generally, the design may be determined by a low-dispersion point set (Yakowitz et al. 2000).
To the best of our knowledge, this simple algorithm has not yet received a systematic finite-sample

and convergence analysis in the multiobjective context.
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Our motivation for studying this algorithm is threefold. First, it provides a theoretically infor-
mative setting in which to demonstrate how deterministic approximation and stochastic estimation
guarantees combine under the exclusion—inclusion gap. Specifically, under a fixed total simulation
budget b = mn, increasing the number of design points, m, improves coverage of the feasible set,
thereby reducing approximation error, but it leaves fewer replications n for estimating the objective
values at each point, thereby increasing estimation error. The exclusion—inclusion gap makes
this trade-off explicit. The resulting analysis allows us to isolate how decision-space dimension,
objective-space dimension, stochastic error, and total simulation budget jointly affect algorithm
performance. Second, this algorithm’s nonadaptive, equal-allocation structure makes it transparent
and straightforward to implement. When computing resources are plentiful, simulation runs are
relatively inexpensive, or no additional problem structure is available to exploit, such an algorithm
provides an accessible approach to global MOSO. It is also readily parallelizable (Heidelberger
1988, Glynn and Heidelberger 1990, 1991) and amenable to common random numbers because
every evaluated point receives the same replication budget. Third, it provides a foundation for
adaptive variants and a theoretically grounded benchmark for evaluating the benefits of other algo-
rithmic mechanisms. The simulation optimization literature emphasizes the importance of common
test problems, reference methods, and diagnostic tools for evaluating and comparing algorithms
(Pasupathy and Henderson 2006, 2011, Eckman et al. 2023a,b). Characterizing the performance
attainable through space-filling coverage and equal allocation helps distinguish the gains attributable
to additional problem structure, adaptivity, or algorithmic mechanisms such as simulated annealing,
probabilistic branch-and-bound, stochastic kriging, surrogate modeling, Bayesian modeling, and
plausible inference (Alrefaei and Diabat 2009, Mattila et al. 2013, Andradéttir 2015, Huang and
Zabinsky 2014, 2026, Zhang et al. 2017, Rojas-Gonzalez et al. 2020, Rojas-Gonzalez and Van
Nieuwenhuyse 2020, Han and Ouyang 2022, Nika et al. 2025, Zhao and Eckman 2026). Together,
these features make the simple nonadaptive, equal-allocation algorithm a useful setting for demon-
strating analyses under the exclusion—inclusion gap and establishing a theoretically characterized

baseline for future algorithmic developments.

1.3 Contributions

We introduce the exclusion—inclusion gap for evaluating finite Pareto approximations constructed
from stochastic objective vector estimates. We establish its basic properties and approxima-
tion—estimation error decomposition (Theorem 1), as well as the inclusion-component’s invariance
to the return of weakly nondominated points whose classification may remain unresolved under finite
sampling (Proposition 1). Further, for a fixed finite evaluated set and assuming a consistent objective
vector estimator, the estimated approximate Pareto set observed by the decision-maker converges
almost surely to f(&,,(b)) regardless of whether the weakly dominated classifications stabilize

(Proposition 2). Then, we show that deterministic coverage error and additive g-approximation
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guarantees bound the approximation error term (Lemma 1), and uniform componentwise control
of the stochastic errors bounds both estimation error terms (Lemma 2). Ultimately, the exclusion—
inclusion gap provides a selective relaxation of the Hausdorff distance that retains meaningful
comparisons and supports approximation—estimation error analysis. It does so without requiring
the resolution of weakly nondominated boundary classifications in the approximate problem or
imposing a potentially strong separation assumption. Because the results apply under relatively
general conditions, they support the combination of deterministic approximation methods with
stochastic estimation procedures to obtain algorithmic guarantees under the exclusion—inclusion
gap across a broad class of finite-evaluation settings.

We illustrate the application of these results by analyzing a nonadaptive, equal-allocation
algorithm for global multiobjective simulation optimization with continuous objectives and a
compact feasible set. Combining low-dispersion coverage guarantees with concentration bounds
that control the stochastic error yields finite-sample probability guarantees (Theorem 2, Corollary 1),
fixed-precision and fixed-budget allocation rules (Theorems 3 and 4), sample-complexity results
(Corollary 2), and convergence rates (Corollary 3). Measuring the exclusion—inclusion gap under
the infinity norm, and for fixed tolerance and confidence requirements with bounded problem
parameters, the sufficient simulation budget grows logarithmically in the number of objectives.
Moreover, both the fixed-precision and fixed-budget allocation rules attain the convergence rate
O, ((b/In b)~1/la +2)), where ¢ is the decision space dimension and O, (-) denotes boundedness in
probability; here, the exponent depends on the decision-space dimension but not on the objective
space dimension. Thus, under analogous Lipschitz and low-dispersion assumptions, the exclusion—
inclusion gap converges at the same rate as the classical single-objective optimality gap in Yakowitz
et al. (2000), despite measuring the convergence of the true image of the MOSO algorithm’s returned

solution set, f(&,,(b)), and accounting for both exclusion and inclusion errors.

1.4 Notation and Terminology

When comparing y, y’ € R¢, we write y’ < y if Vi Syrforallk =1,...,d, and write y’ < y if
Yy £yandy #y. For p > 1, the p-norm s [[y||, == (|y1|” +... + |y4|?)!/P, and the co-norm
iS ||y|leo = max{|yi]|,...,|vq|}. Define R;_l ={yeR y=0}andR? := {y e R%: y > 0}.
For sets A,B C R, A+ B = {x + y: X € A,y € B} is the Minkowski sum. For nonempty
sets A, B € RY and x € RY, D,,(x, B) = infyeg |Ix — y|l, and D,(A, B) = sup,c4 D, (x, B).
The Hausdorff distance is H, (A, B) = max{D,(A, B),D,(8,A)}. We allow D,(A, B) and
H, (A, B) to take values in [0, co]. When the choice of norm is immaterial, we write H instead of
H,. A set S C R has complement S¢ := R? \ S. The upper image of S is ST := cl(S + RY), and
the lower image is Sl = cl(S - Rg); see, e.g., Lohne (2011). The set STis upper closed if_s eSt
and r € RY implies s + r € ST, We say S is RZ-compact if for all s € S, the section (s —RY) NS
is compac;. Let Sy and Sy be the sets of all_nondominated and weakly nondominated po_ints in
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S, respectively, also called the Pareto and weakly Pareto sets: Sy = {s € S: As’ € S with s’ < s},
Sun = {5 € S: As’ € S with s’ < s}. The nondominated set Sy is externally stable if for each
y € 8\ Sn, there exists y* € Sy such that y € y* + R‘ZI (Ehrgott 2005, p. 33). If S ¢ R is nonempty
and R‘é-compact, then Sy is externally stable and S_C SN + Rg.

2 MOSO Problem Context

We define the MOSO problem under the widely-used expected-value formulation as

minimize (E[Fi(x,&)],...,E[Fs(x,&)])T .

subjectto x € X, M
where the feasible set X € R? is nonempty, F: X XE — R, k =1, ..., d are real-valued random
functions, £: Q — E is a random object defined in some probability space, and for each x € X,
the expected value is E[Fy (x,£&)] = fa Fy(x,u)dP(u). The formulation in (1) includes both direct
minimization of expected performance measures and minimization of expected losses defined from

those measures. For notational convenience, let

fx) = (filx), ..., fa(x))T = E[F(x,)]
= (E[F1(x,O)].....EB[Fa(x, )T

Thus, the unknown mapping f: X — R? comprises d > 1 real-valued objectives fi: X — R, k =
1,...,d, and F: X x 2 — R denotes the corresponding vector-valued random function. The

solution to (1) is the efficient set & and its image is the global Pareto set P,

E:={x" e X: HAx e X with f(x) < f(x)},
P =f(8)={f(x) eR’: x* € E}.

Because it characterizes the attainable trade-offs, our primary object of interest is the Pareto set
. However, practical algorithms generally return a finite approximation constructed from a finite
set of evaluated points. Consequently, in what follows, we distinguish between the true Pareto set P,
its finite deterministic approximation, and the relevant stochastic estimators. To begin formalizing
this distinction, let X,, € X contain m feasible points evaluated by an algorithm. Restricting (1) to

X, yields the approximate problem

minimize (E[F;(x,&)],...,E[Fs(x,&)])T 2)

subjectto x € Xj,.

The solution to (2) is a finite approximation to the solution to (1). We refer to this quantity as the
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approximate efficient set, &,,, and its image as the approximate Pareto set, P,

Enm ={xeX,: Ax € X,, with f(x') < f(x)},
Poi= f(Em) ={f(x) eRY: x € E,).

The construction of X, is generic and may be implicit. For example, X, may be determined
implicitly by an algorithm, or it may consist of solutions obtained by scalarizing (1) and solving the
resulting single-objective problem for a predetermined finite set of scalarization parameter values.

To ensure that the true and approximate Pareto sets from (1) and (2) are well-defined, and that
our upper image constructions in Section 3 are valid, we impose the following standing assumption

on the true image set f(X) and the finite approximation set X, .

Assumption 1. The following hold:
1. The efficient set & C X is nonempty.
2. The image set f(X) is Rg -compact.
3. The image set f(X) is _bounded below; that is, y. < f(x) for some y, € R? and all
f(x) € f(X).

4. For each finite approximation considered, X,, C X is nonempty and finite with |X,,,| = m > 1.

Assumption 1 Parts 1 and 2 ensure that ¥ is nonempty and externally stable, so that every
attainable objective vector is dominated by a Pareto point; see Subsection 1.4. Assumption 1 Part 3
ensures that the distances between the upper image of the Pareto set, T, and the upper images
based on the finite approximation, such as P,L and f(&,,(b))T, remain bounded whenever P,, is
nonempty. Finally, requiring X, to be nonempty and finite implies that &,, and $,, are nonempty
and finite.

Assumption 1 is stated in terms of the image set f(X) so that the results apply under a variety
of MOSO problem types. In particular,  may either be infinite or finite but too large to enumerate.
If # is finite and sufficiently small that every feasible point can be evaluated, as in multi-objective
ranking and selection, then the approximation error equals zero because ¥ = %,,, and the analysis
applies with estimation error only. One set of sufficient conditions for Assumption 1 Parts 1-3
is that X c R? is nonempty and compact and each f;: X — R is continuous. Until Section 5,
our results rely only on Assumption 1. Since Assumption 1 does not require an expected-value
formulation in (1), our analysis applies under other appropriate statistical functionals used to resolve
the uncertainty.

Because f is unknown, the objective values at evaluated feasible points must be estimated. For

an evaluated point x € X, a common estimator under (1) is the sample average

F(x)=n"' 30, F(x,&) (3)
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where &1, . . ., &, are random inputs or random objects and ¥ is composed of individual estimators
Fr,k =1,...,d. At this stage, we impose no particular assumptions on the random inputs. We
neither require nor preclude the use of common random numbers; the random inputs &1, ..., &,

may depend on x. For notational simplicity, we suppress the dependence of £ on n until Section 5
because up to that point, the sample size n may also depend on x. After estimating the objective
vector at each point in X}, using a total budget of b samples from a dataset or simulation oracle, the

estimated approximate efficient set is
En(b) = {x € X,,: Fx’ € X,, with F(x) < F(x)}. (4)

The corresponding estimated approximate Pareto set is P, (b) = {F(x): x € &,,(b)}. Although
?,,(b) is returned by the algorithm and is the only set seen by a real-world decision-maker, our

analysis focuses on the theoretical quantity

F(En(b) = {f(x): x € En(b)),

which is the set containing the true objective vectors of the returned solutions. Until Section 35,
the total budget b used for estimation is defined generally and may, for example, equal n, mn, or
some other value; Section 5 specializes to equal allocation with b = mn. Finally, we use the sample
average as a canonical estimator, but the results of Sections 3 and 4 apply under other estimators
that are consistent, as required by Proposition 2, and for which componentwise stochastic-error

control can be established, as required by Lemma 2.

3 Performance Indicators for MOSO Under Finite Approximation

Under the finite approximation in (2), recall that we assess the quality of the returned estimated
approximate efficient solutions from (4) through their true images, f (&,(b)). The approximate
Pareto set #,, provides an intermediate deterministic object: comparing £ with #,, captures the
approximation error, while comparing #,, with f(&,,(b)) captures the stochastic estimation error
on the approximate problem. This separation is the multiobjective analogue of the approximation—
estimation error decomposition used in single-objective stochastic optimization. To make the
analogy precise, let d = 1, and let X, (b) be an estimated approximate solution that belongs to
argmin{F(x): x € X,,}. Let x*, solve the corresponding true approximate problem, and let x*

solve the true problem. Then, the optimality gap admits the decomposition

[ (X (D) = fi(x") = filx,) = fi(x") + f1(X,, (b)) — fi(x;,) -

approximation error estimation error

&)
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Thus, in the single-objective case, the optimality gap provides a natural and straightforward basis
for separating the approximation and estimation errors (Yakowitz et al. 2000). In MOSO, however,
the target and returned solutions are set-valued. A corresponding performance indicator intended
to play the role of the optimality gap must compare ® with f(&,,(b)) while remaining meaningful
when stochastic error causes the latter to contain elements that weakly dominate others. In such a
case, f(&,,(b)) is not an approximation set in the formal sense, and performance indicators designed
for approximation sets may not directly capture some forms of inclusion-related nonconvergence.
In what follows, we first examine the Hausdorff distance as a natural candidate for the role of the
optimality gap in MOSO. Although it provides an approximation—estimation error decomposition
through the triangle inequality, the inclusion components present obstacles to obtaining general
bounds. We then introduce the exclusion—inclusion gap, whose upper-image constructions yield

approximation and estimation terms that admit general bounds.

3.1 The Hausdorff Distance

The Hausdorff distance between the true Pareto set # and the true image of the returned solutions

£ (& (b)), evaluated under the p-norm, is

Hy (P, f(Em(b)))
= max{D,, (P, f(En())), Dy (f(En (b)), P)}.

The Hausdorff distance is an attractive performance indicator because it equals zero if and only if

(6)

the two sets have the same closure, requires no reference point or parameter apart from the norm,

and admits an approximation—estimation error decomposition through the triangle inequality,

Hpy (P, f(Em(D)))
< Hp(P.Pw)  +Hp(Pu, f(En(D)))

approximation error estimation error (7)

=max{D,(P,Pn), Dp(Pu,P) } + max{D,(Pu, f(En (b)), Dp(f(En(b)), Pu)}.

coverage Crror representation error false exclusion error false inclusion error

The first maximum in (7) measures the deterministic approximation error. Its terms are the coverage
error, which measures how well #,, covers £ (Sayin 2000) and can be considered a measure of
exclusion, and the representation error, which measures how closely points in #,, represent ¥
(Ruzika 2007, Hamacher et al. 2007) and can be considered a measure of inclusion. The second
maximum in (7) measures the stochastic estimation error relative to the approximate problem. Its
terms account for the false exclusion of points in #,, and the false inclusion of points in f(X,) \ Pp,.

Unfortunately, the inclusion terms in the decomposition in (7) are difficult to analyze. The
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inclusion component of the approximation error term presents the first analysis difficulty. Coverage
error guarantees control D, (%, #,,) but do not automatically control the representation error term,
D p(Pm, P). Some specialized constructions use additional structure to control both directions, as
in Kuhn and Ruzika (2017) and Ondes and Hunter (2023). However, these results do not appear
to extend directly to arbitrary finite sets X,,, and general, possibly nonconvex, objective mappings.
The inclusion component of the estimation error term presents a second analysis difficulty. If the
restricted image set f(X),) contains weakly nondominated points that do not belong to #,,, such
that (f(Xn))wN \ P 1s nonempty, then each of these points has zero separation from at least one
point in #,, on at least one objective. Therefore, they may remain statistically indistinguishable
from a nondominated point under finite sampling. Controlling the false inclusion error in (7) may
require either assuming that such points do not exist or explicitly disregarding their misclassification;
related approaches appear in Feldman and Hunter (2018), Applegate et al. (2020), Cooper et al.
(2020), and Ondes (2025). Thus, although (7) separates the approximation and estimation errors,

its four one-way distances do not provide a general path to the bounds we seek.

3.2 The Exclusion-Inclusion Gap

Motivated by the limitations of the Hausdorff decomposition in (7), we introduce a new perfor-
mance indicator called the exclusion—inclusion gap, which combines the exclusion and inclusion
components in a different way. Given the finite estimated approximate efficient set &,,(b), the gap
measures two errors relative to the upper image of the true Pareto set, PT: (i) the exclusion error
due to excluding Pareto points from f(&,,(b))T, whereby £(&,, (b)) fails to cover part of PT, and
(ii) the inclusion error due to including non-Pareto points in f(&,,(b))}, whereby the lower image
set f(&(b))! extends further into the dominated region and shrinks its complement within P,L.
Each error is measured as a one-way set distance. The upper-image constructions yield nested
comparison sets, so the relevant one-way set distances coincide with Hausdorff distances. The
triangle inequality gives an approximation—estimation error decomposition whose terms admit the
general bounds developed in Section 4. Next, we discuss the exclusion and inclusion errors, define

the exclusion—inclusion gap, and establish its main properties.

3.2.1 Exclusion Error

We measure the exclusion error as D), (P, f (€,,(b))1). This distance measures the extent to which
£ (&, (b)) fails to cover P because of evaluating only finitely many points or excluding points due
to stochastic estimation error (Hunter and Ondes 2023). Since ém(b) C X, and P, is externally

stable relative to f(X),), the upper image sets satisfy the nesting

FEnbN € f(X)! = Pl c P (8)
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Figure 1: The illustrations show upper- and lower-image constructions for an example with two objectives.

H(x) o f(x) o
F@Enb))! x c(f(En (b)) NP,

o

o f(X,,) only f(ém(b))l

oP,\ f(En(b)) o

Xf (& (b)) =

fix) fi(x)
(a) (b)

Note: Panel (a) shows yg € (f(Xin))wn \ P, which is weakly nondominated for the finite approximate problem. In
Panel (b), cl(f(ém(b))ic) N P,L is the same regardless of whether or not yq belongs to f(&,,(b)).

Figure 1(a) illustrates the first and last sets in this nesting. Due to (8), each relevant Hausdorft

distance reduces to a one-way set distance. Applying the triangle inequality therefore gives

Dp(P, f(En(b)) = H,y(P, £(En (D))
<H,(PL,PL) +Hy(P, £(En(b)]) )
=D, (PLPL) + D, (P, F(En(B)).

3.2.2 Inclusion Error

To measure the inclusion error, we begin with the lower image set f(&,, (b))}, which is illustrated
in Figure 1(b). We begin with this set because a falsely returned point that is dominated relative
to other points in f(&,,(b)) may enlarge f(&,.(b))! relative to the corresponding set without such
points, ((f (ém(b)))N)l. To compare f(&,,(b))' with P1, we take its complement, close the result,
and restrict it to SD,L to yield the inclusion comparison set cl(f (ém(b))lc) N P,L. This set satisfies
the nesting

A(f(Enb) )Pl c Pl c Pl (10)

Figure 1(b) illustrates the inclusion comparison set cl(f (ém(b))lc) N P,L. Then, we measure the
inclusion error as DP(PT, cl(f (ém(b))l") N ?’,L). Here, a falsely included point that is strictly
dominated with respect to (2) enlarges f(&,.(b))!, thereby shrinking its complement within P,L
and potentially increasing the distance from PT. If f(&,.(b)) = f(En(D)! N £(E,(D))Y, then
f(&,,(b)) is an approximation set, as illustrated in Figure 2(a). As with the exclusion error, the
nesting in (10) reduces the relevant Hausdorff distances to one-way set distances. The triangle

inequality therefore gives
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D, (P, cl(f(En(b)))N PL) = H (P, cl(£(En(b) )N P))
<H, (P, PL) +H,(PL. cl(f(En(b))N P (11)
=D, (P, PL) +Dp(P, cl(f(En (b)) N P)).

This construction of the inclusion error comparison set is especially useful when f(X),) contains
weakly nondominated points outside #,,. A point yg € (f(X;;))wn \ P may be falsely included
in £(&,(b)) because it has zero separation from a point in #,, on at least one objective. However,
returning such a point does not change the comparison set, cl( f (énm (b))lc)ﬂ P,L. Thus, the inclusion
error does not penalize this type of boundary misclassification. It penalizes only geometrically con-
sequential inclusion under the upper image construction, rather than all classification disagreement.

Figure 1 illustrates this invariance, and later, Proposition 1 establishes it formally.

3.2.3 Gap Definition and Properties

Taking the maximum of the exclusion and inclusion errors yields the exclusion—inclusion gap, a
performance indicator that plays the role of an optimality-gap analogue in our finite-approximation
setting:

Gn(b) = max {D, (P, fF(En(d)), D, (P, cl(f(En(B)) N PL) ). 1)

exclusion error inclusion error
Intuitively, the exclusion—inclusion gap measures the larger of two errors: the failure of f(&,,(b))!
to cover PT, and the effect of returned dominated points that enlarge the lower image set £(&,, (b))
within SD,L and thereby alter the inclusion comparison set cl(f (Sm(b))l“’) N SD,L. To state its
approximation—estimation error decomposition, first, define the false exclusion (FE) and false

inclusion (FI) errors relative to the approximate problem as

GrE(b) = Dp(Ph. f(En(b))),

G (b) =D, (P, cl(F(En(b)) )N PL).
Then, combining (9) and (11) implies

Gn(b) < D,(P,P)) +max{GIE(b), GE(b)}. 03

approximation error estimation error

For simplicity, we suppress the dependence of G,,(b), GEE(b), GF1(b) on the choice of norm p.
Theorem 1 states the basic properties of the exclusion—inclusion gap defined in (12). In particular,
it characterizes when the gap vanishes, identifies its reductions when f(&,,(b)) is an approximation
set or false exclusion is absent, and formalizes the decomposition in (13). Figure 2 illustrates
these two cases. Finally, we remark that when d = 1, the exclusion—inclusion gap also recovers

the usual single-objective optimality gap. If the estimated minimizer is a singleton {X;;, ()}, then
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Figure 2: The illustrations show aspects of Theorem 1 for two different examples, each having two objectives.

f(x) o f(x) .
F(En)T c(f(En(b)) )N P,
[ ) o o
F(Em(b)
*P,,\ f(Em(b)) o f(X,) only
xf (Em(b)) P xf (Em(b))
fi(x) fi(x)

(a) (b)

Note: In panel (a), f(E,(b)) = f(Em(B)T N £(E,n (b))} implies that £(E,, (b)) is an approximation set, and the
exclusion—inclusion gap equals the exclusion error. In panel (b), f(&E,,(b)) 2 P, implies no false exclusion and the
exclusion—inclusion gap equals the inclusion error.

G (b) = f1(X,, (b)) — f1(x*). Without unique selection, G,,(b) equals the largest true optimality

gap among the returned estimated minimizers.

Theorem 1 (Basic Properties of the Exclusion—Inclusion Gap). Let Assumption 1 hold.
1. The component errors and gap equal zero if and only if the relevant comparison sets are
equal:
() Dy(P1, f(En(D)) = 0 if and only if PT = f(En(b),
(b) Dp(PT,cl(f(En (b)) PL) = 0ifand only if PT = cl(f(E(b))) N PY, and
(¢) Gu(b) =0 ifand only if PT = f(En(b) = cl(f(Em(b) )N P,
2. If f(En(b)) = F(ELNT N F(E,0(D))Y, then f(E,n(b)) is an approximation set, and the
exclusion—inclusion gap equals the exclusion error, G,,(b) =D, (PT, f(ém(b))T)
3. If f(&,(b)) 2 Py, then there is no false exclusion and the exclusion—inclusion gap equals
the inclusion error, G, (b) = D, (PT, cl(f(En(b))¥)N P,L)
4. The exclusion—inclusion gap admits the approximation—estimation error decomposition

Gn(b) <D, (P1,P)) + max {GFE(b), GFl(b)}.

Proof. Under Assumption 1, X, # 0 is finite and $ # 0 is externally stable. The finite image
set f(X),) therefore has a nonempty nondominated set $,,, which is externally stable relative to
f(X;). Thus, the nesting relations in (8) and (10) hold. Parts 1, 3, and 4 follow from these relations,
closedness of the comparison sets, the Hausdorft-distance equivalences in (9) and (11), and the
definition of G,,(b) in (12). For Part 2, the stated condition and finiteness imply that the points
in (&, (b)) are mutually nondominated, whereby f(&,,(h))" C cl(f (&, (b))¥)N P! . Thus, the

inclusion error is no larger than the exclusion error, so the gap equals the exclusion error. O

Theorem 1 shows that the upper-image constructions preserve key exclusion and inclusion

comparisons between P, P,,, and f(&,,(b)), but avoid direct reliance on the four one-way terms
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in the Hausdorff distance’s decomposition in (7). Next, Proposition 1 formalizes the inclusion
component’s invariance to the return of weakly nondominated points. Applying Proposition 1 with
A = f(&,,(b)) demonstrates that returning any subset of weakly nondominated points belonging

to f(X,) changes neither the inclusion comparison set nor GF1(b).

Proposition 1 (False-Inclusion Invariance for Weakly Nondominated Points). Under Assumption 1,
if A C f(Xn) and W C (f( X)) \ A, then cl(AYX) NPl = cl((AUW))nP].

Proof. Since Al C (A U W)!, taking complements, closures, and intersections with P,I, gives
cl(Alk) n ) c((AUW)l)n P! To show the reverse inclusion, let z € cl(Ak) n P! . Since
(cl(A¥)) = int (Al), we have z ¢ int (A). For a contradiction, suppose that z ¢ cl((A U W)c),
which implies z € int ((A U ‘W)!). Since A U W is finite, there exists a € A U W such that
z<a. Ifa e A, then z < a would imply z € int(AY), which is a contradiction. Therefore,
aeWc|(f (X)), Finally, since z € P,L, there exists §* € P, such that §* < z. Therefore,

¥* < a, which contradicts a € (f (Xm))wN' The reverse inclusion follows. O

3.2.4 Statistical Interpretation of False-Inclusion Invariance

We emphasize that Proposition 1 concerns classification stability rather than estimator consistency.
A dominated but weakly nondominated point in (f (Xm))wN \ P,, may continue to enter &,,(b)
because the sign of an estimated difference on a tied objective may not stabilize. Nevertheless,
fixing X, and assuming Fj(x) — fi(x) w.p.l asb — coforallx € X,, andall k = 1,...,d, the
estimated objective vectors of the returned solutions converge uniformly to their corresponding
true values on the finite set X,,. Furthermore, #,,(b) and f(&,,(b)) are generated by applying £
and f, respectively, to the same solution set &,,(b). Thus, for every b and every x € &,,(b), the
corresponding points £ (x) and f(x) are separated by at most A, (b) = maxyeyx,, IF(x) — F)l P>
where A, (b) — 0 w.p. 1 as b — oco. Thus, the decision-maker is not asymptotically misled about
the objective values of the solutions that remain under consideration. Proposition 2 formalizes this

result without proof.

Proposition 2 (Value Consistency Under Weak-Dominance Ambiguity). Let Assumption 1 hold,
fix Xy, and suppose that for every x € X, k = 1,...,d, Fx(x) = fi(x) wp. 1 as b — co. Then
Hp(ﬁm(b),f(ém(b))) < A (b) for every b, and H,, (?A’m(b),f(ém(b))) — O0w.p. lasb — oo,

To connect this result directly to Proposition 1, consider X,%" € X, satisfying f(¥) < f(%).
Every strict objective disadvantage is eventually estimated with the correct ordering. Moreover, for
every objective k satisfying fi (%) = fu (&), we have |Fi (%) — Fx(¥)] < 2A,,(b). Therefore, if &’
remains estimated as nondominated relative to X, any apparent objective advantage supporting the
unresolved classification converges to zero. Thus, Proposition 2 demonstrates that the exclusion—

inclusion gap disregards classification ambiguities among points whose apparent benefits vanish.
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This observation also has a decision-theoretic interpretation. Let s: R? — R be a scalarization
function that is continuous and strictly increasing with respect to the componentwise order, so
that if y,y’ € R? and y < y’, then s(y) < s(y"). If f(¥) < f(&), then almost-sure estimator
consistency and continuity of s imply s(F (%)) — s(f(%)) and s(F (%)) — s(f (%)) w.p. 1, where
s(f(%)) < s(f(&)). Then, s(F (%)) < s(F(&')) for all sufficiently large b, w.p. 1. Therefore, if ¥’
continues to appear in &,,(b) because its objective estimators fluctuate on objectives that are truly
tied with those of points in #,,, and X is also returned, a decision-maker applying a scalarization
function s over the estimated approximate Pareto set ?,,(b) eventually prefers the truly dominating

solution X.

4 Approximation—Estimation Bounds for the Exclusion—Inclusion Gap

Given the approximation—estimation error decomposition in (13), we now derive general bounds
on its terms. Together, these bounds allow deterministic finite-approximation error and stochastic
estimation error guarantees to be combined in algorithm analysis, as demonstrated in Section 5. The

section ends with commentary on the relationship to Hausdorft distance and the choice of norm.

4.1 Bounding the Approximation Error

Approximation methods have been studied in the deterministic multiobjective optimization literature
for over forty years; see surveys by Ruzika and Wiecek (2005), Faulkenberg and Wiecek (2010),
Herzel et al. (2021). Since our analysis uses finite point sets rather than interpolating approximations
of P, we consider deterministic guarantees for such finite point sets. Some methods provide a
norm-based coverage error guarantee, as in Kirlik and Sayin (2018, 2025). Others provide an
additive e-approximation guarantee, under which every point in # is dominated within & by an
approximating point; see Ruzika and Wiecek (2005). Lemma 1 shows that either guarantee bounds

the approximation error term D p(PT, SD,L) appearing in (13) by setting A = P,,.

Lemma 1 (Approximation Error from Coverage Error or Additive e-Approximation). Let Assump-
tion 1 hold and A c RY be nonempty. Then the following hold.
1. Coverage error: ]DP(PT,?(T) <D, (P, A).
2. Additive g-approximation: Let € € Rg. If, for every y* € P, there exists a € A such that
ay <yi+eforallk =1,....d, then (P +¢) € A and D, (P1, AN < |le]l,.

Proof. For Part 1, let D, (P, A) = u, and suppose u < oo since otherwise, the result immediately
follows. Assumption 1 implies that P # 0, and since A C AT, we have D, (P, AN < D, (P, A) =
u < co. Now, fix y € PT = cl(P + Rg). By the definition of closure, for any € > 0, there
exists y' € P + Rg such that ||y — y||,, < €; further, y’ = y* + r for some y* € P and r € Rg,
whereby ||y — (y*tl- r)l, < e. Since Dp(P,ﬂT) < u,y* € P implies Dp(y*,ﬂT) <u. Because
AT is nonempty and closed, there exists a € A such that ||y* — all, <u. Nowseta’ =a+r,
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where a’ € AT because A is upper closed. Then D, (y, AN < |y - all, =Ily-(a+r)l, <
ly ="+, + |(y* +r) = (a+7r)|l, < €+ u. Because € > 0 is arbitrary, letting € | 0 yields
D, (y, A" < u. Finally, because y € PT was arbitrary, the bound holds for every y € PT. Taking
the supremum yields the result.

For Part 2, for each y* € P, we have y* + ¢ € A'!. Because A is both closed and upper
closed, (P + e)! ¢ Al. Thus, for any y € P, we have y+ee (P+ 8)T c AT, which implies
Dy (y, A < lle|| . Taking the supremum over y € PT yields the result. O

4.2 Bounding the Estimation Error

Next, we bound the estimation error arising from the stochastic objective estimates for fixed X,,. The
following lemma shows that uniform componentwise stochastic error control over X), simultaneously
bounds the false-exclusion and false-inclusion errors in (13). Figure 3 illustrates the sets used in
the statement of Lemma 2, which involve the upper image of a 26 shifted version of #,, for some
§ e RY.

Lemma 2 (Estimation Error from Componentwise Stochastic Error). Let Assumption 1 hold, and
let § = (81,...,04)T € RL If|Ey(x) = fu(x)| < Sx forall x € X, k = 1,. ..., d, then all returned
points lie outside (P, + 26)T, thus,

F(En(b)) C (P +20)1, (14)

and both estimation error comparison sets contain the 26-shifted upper image of Py, that is,
(P +26)1 C F(En(b)N cl(f(ém(b))lc) N ?,L. Consequently, the estimation error has upper
bound max {G,FHE(b), Gl,;;l(b)} < 2||6]] .

Figure 3: The 26-shifted upper image of #,, and the resulting false-inclusion and false-exclusion regions.

fa(x) fa(x)

: O(Pm +20) 1 NPy \ | 62
o f(Xin) \ Pm R O(P,, + 26)l 8] PrIz e :

(a) (b)
Note: Panel (a) illustrates the componentwise error event | Ex (x) — fi (x)| < 6y for all x € X,,,, k = 1,2. On this event,
no point whose true image lies in (%, + 26)" can be selected into f(&,,(b)). Panel (b) shows the induced regions
inside P,L. Points in (P,, +26)7¢ N P,T,, may be falsely included, while only points in (#,, +26)} N P,Tn may contribute
to false exclusion.
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Proof. We prove the two stated inclusions in three steps. First, we show (14). Letx’ € &,,(b). For
a contradiction, suppose f(x’) € (P, + 26)'; see Figure 3(a). Then there exists ¥* € &,, such that
f(Z*) +26 £ f(x'). By the componentwise error bound, £ () < f(F)+6 £ f(x') =6 < F(x').
Then F (%) < F(x’), which contradicts x’ € &,,(b). Therefore, f(x’) ¢ (Pn + 26)T. Since
x" € &,,(b) was arbitrary, (14) follows. Second, we show that (P, + 26)T € f(&.(b))!. Let
y € (P +26)T. Then there exists £* € &,, such that f(5*) +26 < y. We show that y € £(E,,(b));
there are two cases. Case (a): Ifi* € &,,(b), then f(¥*) € f(&(b)). Since f(F*) < f(F*)+26 £ v,
we have y € f(&,(b))!. Case (b): If ¥ ¢ &,,(b), then finiteness of X, and external stability
of P,,(b) relative to F(X,,) implies there exists x’ € &,,(b) such that F(x’) < F(%*). Using
the componentwise error bound, f(x’) £ F(x') +6 < F(¥*) +6 £ f(F) +26 £ y. Thus,
f(x') € f(En(b)) and f(x') < y, which implies y € £(&,,(b))T. Since y € (P, + 26)7 was
arbitrary, the desired inclusion follows. Third, we show that (P, +26)T C cl(f (ém(b))lc) N 7),11.
Since § > 0, (P, +26)T € P Then, it remains to show (P, +26)T € cl(f(En())¥). By (14),
F(Em(b)) C (P +26)1¢. Because f (&, (b)) is finite and (P, +26)T is upper closed, it follows that
(Pn+26)" C £(&,,(b))%. The desired containment follows. Finally, DP(P,L, (Pp+26)7) < 2||o11,
because forevery y € P,L, the point y+26 belongs to (P, +26) and satisfies || y— (y+26) I, = 2|61l
Together with the inclusion results, we have GEE(b) < 2||6|, and GEl(b) < 2|6]|,, implying the
final bound. O

The use of a componentwise tolerance around a Pareto set is related to the e-Pareto accuracy
criterion used in Zuluaga et al. (2016). However, Lemma 2 establishes a diftferent result with a useful
geometric interpretation regarding how false exclusion and false inclusion events can happen. First,
on the componentwise error event, no selected point in f(&,,(b)) has its true image in (P, + 26)'.
Thus, false inclusions can arise only from points in (£, + 26)7¢ N P,L. Second, the smaller region
(P +26)' N P,L contains all points needed to determine the false-exclusion distance. These two
regions are illustrated in Figure 3(b). At the same time, both estimation-error comparison sets
contain (P, + 26)T, which yields the 25| p» upper bound.

4.3 Comparison with Hausdorff-Distance Bounds

The exclusion—inclusion gap decomposition in (13) relaxes specific requirements of the Hausdorff
distance decomposition in (7), mainly regarding the inclusion components. For the exclusion
components, by Lemma 1, bounds on the Hausdorft coverage error and false-exclusion error also
bound the corresponding exclusion—inclusion gap terms through the upper-image construction.
For the inclusion components, however, the representation-error and false-inclusion terms are the
primary obstacles to obtaining general bounds under the Hausdorff decomposition. The exclusion—
inclusion gap does not require control of the representation error D, (#,,, ) due to its upper-image

constructions. Further, the two false-inclusion terms differ substantially. The Hausdorff term
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D, (f (& (D)), Ppn) measures the distance from every returned point in f(&,,(b)) to P,, and takes
the maximum. In contrast, GEl(b) = DP(P,L, cl(f (ém(b))lc) N P,L) gives a measure of whether
the returned points enlarge the lower image of f(&,,(b)) relative to P,L. Consequently, weakly
nondominated points outside $,, may increase the Hausdorff false-inclusion error without increasing
GFl(b), as demonstrated by Proposition 1.

The following Proposition 3 states a more precise comparison between the two approximation—
estimation decomposition bounds. For any nonempty, finite set A C f(KX,,), first, define the
Hausdorff distance decomposition bound as Bg(ﬂ) = H, (P, Pn) + Hy(Pm, A) and the corre-

sponding exclusion—inclusion gap decomposition bound as
BE{(A) =D, (P1,P}) + max {D, (P}, A1), D, (P, cl(AY) nP])}.

Then, under the infinity norm and taking A = f (&,(D)), Proposition 3 implies that the exclusion—

inclusion gap decomposition bound is no larger than the corresponding Hausdorff bound.
Proposition 3. Under Assumption 1, if A C f(X,,) is nonempty and finite, then

BY(A) < Hy (P, Py) + d"IPH, (P, A)
1 H
<d'""BY(A).

In particular, if p = oo, then BEY(A) < BE (A).

Proof. Letu :=H,(P,Pn) andv := H,(Py, A), so that BE(&Z() = u+v. Applying Lemma I to the
original problem and then to the finite approximate problem gives D p(PT, P,L) <D,(P,Pm) <u
and ]D,,(?D,I,, AT <D, (P, A) < v. It remains to bound the false-inclusion term of Bgl(ﬂ). Let
w =D, (A, Pn), the largest distance from a point in A to its nearest point in $,,. Fix y € SD,L.
Letting 15 = (1,...,1) be a d-dimensional vector of ones, we claim y + wly € cl(AY) N P,L.
First, since P,L is upper closed, y € 7’,11 implies y + wl, € P,L. Then for a contradiction, suppose
y +wly ¢ cl(A¥), which implies y + wly € int(A'). Because A is finite, there exists a € A
such that y + wl; < a. By the definition of w, choose p, € P, with ||a — p.ll, < w, which implies
lla — pallo < w. Theny < a—wlyg £ p,. Since y € ?’,L and P, is finite, there exists p € P,
such that p < y. Therefore, p < p,, contradicting nondominance of p, € ¥,. Then, it follows
that y + wly € cl(AY¥) N P,L, which implies D), (y, cl(A¥) N P,L) <ly=@G+wldll, < d'/Pw.
Taking the supremum over y € P,L gives D), (P,L, cl(A¥) N P,L) < d'/Pw. Combining the three
bounds yields the result. O

4.4 The Choice of Norm

The choice of norm determines how the errors on each objective are aggregated in the set distances.

Finite p-norms allow for compensation across the objectives, in the sense that a larger deviation in
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one objective can be offset by smaller deviations in the others. Choosing the 1-norm emphasizes
aggregate error, while the 2-norm facilitates intuition through familiar Euclidean distances. The
infinity norm, however, emphasizes uniformity and worst-objective behavior, such that a large error
on one objective cannot be offset by small errors in the other objectives. The acceptability of a
given norm is context dependent and tied to preference modeling (Sayin 2000, Audet et al. 2021).

The infinity norm is especially useful for our analysis for two reasons. First, Proposition 3
shows that, under the infinity norm, the exclusion—inclusion gap decomposition bound is no larger
than the corresponding Hausdorff distance decomposition bound. Second, Lemma 2 is based on
componentwise stochastic-error control that defines a stochastic-error hyperrectangle with side
lengths 261, ...,2d4. Under a finite p-norm, the estimation bound depends on the aggregate size of
the box, 2[|6]|,, whereas under the infinity norm, it depends only on the largest side length. Thus,
in both the first and second cases, we avoid a d!/? growth factor which leads to a more favorable
dimension dependence in the sample complexity; an example of this dimension dependence occurs in
the analysis of Section 5. For these reasons, and because we emphasize uniformity and convergence

guarantees, our numerical experiments in Subsection 5.4 use p = co.

5 Analysis of an Equal Allocation Algorithm with Low-Dispersion Design

We now specialize the general results from Sections 3 and 4 to analyze the global multiobjective
simulation optimization algorithm detailed in Algorithm 1. The purpose of this section is not
to propose a competitive algorithm, but rather to show how deterministic approximation error
guarantees and stochastic error control combine to yield new finite-sample results and convergence
rates. Here, the goal is to solve the problem in (1) to global optimality. We assume f is continuous
but accessible only through pointwise stochastic estimators, as often occurs when the objectives are
defined implicitly through a black-box Monte Carlo or stochastic simulation model. Given a finite

discretization X,, € X and the number of simulation replications per point n, Algorithm 1 solves

Algorithm 1 A simple algorithm for global multiobjective simulation optimization

Require: A compact feasible set X; an oracle capable of producing estimators F (x, ) such that F(x,n) —
f(x) wp. lasn — oo foreachx € X

Input: A finite set of feasible points X, € X chosen as a low-dispersion point set with cardinality m > 1;
the number of simulation replications per point n > 1

1: b« mn > determine the total simulation budget
2: forall x € X,,, do

3: F(x,n) « oracle(x,n) > estimate f(x) using n simulation replications for each x € X,
4: end for

5: Em(b) «— {x € X, Bx’ € Xy, such that F(x',n) < F(x,n)}

6: Pu(b) — F(Em(b),n) = {F(x,n): x € E(b)}

7: return &,,(b), P, (b) > return estimated approximate efficient and Pareto sets
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the resulting approximate sample-path problem,

minimize F(x,n) = (Fi(x,n),..., Fy(x,n))T (15)
subjectto  x € X,

for sample-average estimator F = F, defined in (3) for each x € X and n, and returns the estimated
approximate efficient and Pareto sets. In (15), we denote the dependence of the objective estimator
from (3) on n, which is now the same at every visited point. Thus, henceforth, we replace the
notation F'(x) with F(x, n).

In this setting, we derive finite-sample choices for the number of evaluated points m, the number
of simulation replications per point n, and the total budget b = mn that guarantee probabilistic
control of the exclusion—inclusion gap by ensuring P{G,,(b) > 7} < « for some tolerance 7 > 0 and
probability a € (0, 1). Then, we use these allocations to derive corresponding sample complexity

results and convergence rates. We first state the assumptions required for this analysis.

5.1 Assumptions

To control the approximation and estimation errors, we impose mild assumptions on the true problem

and its discretization, and on the stochastic errors, respectively.

5.1.1 The True Problem and Its Discretization

The following hold for the true problem.

Assumption 2. The feasible set X C RY is compact, and for given r,p > 1, f is {-Lipschitz

continuous on X, that is, for all x1,x2 € X, || f(x1) = f(x2)ll, < €llx1 — x2||,, where £ > 0.

We impose Assumption 2 only for the analysis of Algorithm 1. Compact X and continuous f
imply that f(X) is compact, so Assumption 1 Parts 2 and 3 hold automatically in this setting.

How well the approximate efficient and Pareto sets &,, and $,, approximate the true sets &
and # has to do with how well the design X, covers the feasible set X. We follow the analysis
of Yakowitz et al. (2000) and measure the quality of the discretization X, by its dispersion under
the r-norm, ¢ := D, (X, X},,). Equivalently, ¢ is the smallest radius such that the closed r-norm balls
centered at points in X, cover X. The Lipschitz condition gives objective-space coverage error of

order £t.

Assumption 3. The discretization X,, C X C R? has m > (1 + &€)4 for some & > 0 and dispersion

t=D,(X,X,) < 5q/|_m1/qj where 0 < ¢, < oo is a constant that does not depend on m.

Choosing points on a grid gives a lower bound on the problem of choosing X, to minimize
D, (X, X)) in g > 2 dimensions (Yakowitz et al. 2000). The following Example 1 shows how to

calculate ¢, for grid search on the g-dimensional unit hypercube.
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Example 1 (Yakowitz et al. (2000, p. 942)). Let X = [0, 1]9 be the g-dimensional unit hypercube and
setv = Lml/qJ. Choose X, as {(xl, coXg) i Xj € {%, %, e 2;;1} for each j} U ¥, where ¥ is
an arbitrary set of m—v4 points in X outside the grid. Thenunderther € {1,2,...} andr = conorms,
the respective dispersions of X, are D, (X, X,n) < ¢'/"/(2|m'/?]) and Do (X, X,n) < 1/(2|m'/1]).

Therefore, ¢, = (1/ 2)¢"'/" under the r-norm and ¢4 = 1/2 under the co-norm.

Any quantity that depends on the dispersion ¢ also depends on m, since ¢t — 0O implies m — co.

Any sequence of designs {X,,,, m > (1 + £)7} satisfying Assumption 3 has t — 0 as m — oo.

5.1.2 The Stochastic Error

Next, we specify the nature of the stochastic error model. For j = 1, ..., n, define the vector-valued
error random fields Z;(-) := F(-,&;) — f(-) where Z;(-) = (Z;1(-),...,Z;q(-))T. Then, the vector-
valued objective function estimator is F(-,n) := f(-) + n~! ;fz 1 Z;j(+), where the values of F(-,n)
at points outside X, are well-defined but remain unobserved in (15). To ensure the estimators are

unbiased, we impose the following assumption.

Assumption 4. The sequence &;,j = 1,...,n is independent and identically distributed (i.i.d.)
with E[Z1(x)] = 0 for each objective k € {1,...,d} and feasible point x € X.

Under Assumption 4, the error random fields Z;(-), j = 1,..., n arei.i.d., which implies F(-,n)
is an unbiased estimator for f(-). This assumption permits common random numbers, where the
same random inputs are used to estimate the objective function values at multiple feasible points,
and allows the components of the vector Z;(-) to be correlated across objectives.

Next, we ensure the unbiased estimator is of sufficient quality by requiring the stochastic error to
be sub-exponential with uniformly bounded sub-exponential norms. We use standard concentration
inequalities and norm definitions; see Vershynin (2018). For a sub-exponential random variable X,
let the sub-exponential norm of X be || X||,, := inf{s > 0: E[exp(|X|/s)] < 2}.

Assumption 5. The stochastic errors Zji(x) are sub-exponential for all x € X, replications
j =1,2,..., and objectives k = 1,...,d. Moreover, for each k, there exists a constant nTk >0

such that ny, = sup{llek(x)lll/,1 xeX, j= 1,2,...} < o0.

Assumption 5 is used to obtain concentration bounds uniformly over the finite set X, under
common error models such as normal, Laplace, and all error models specified by distributions with
bounded support. Under Assumptions 4 and 5, Bernstein’s inequality implies that for each x € X,

k=1,...,d,and every § > 0, there exists an absolute constant x; > 0 such that
1 n
P{‘n_ 5 zjk(x)‘ > 5}
j=1

5 5 (16)
<2exp| — nky min , .
p( 1 {||le<()6)||il ||Zlk(x)||¢/1})
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If the errors are known to be sub-Gaussian, then we can employ the sharper bound arising from
Hoeffding’s inequality. For a sub-Gaussian random variable X, define the sub-Gaussian norm as
I X1y, := inf{s > O: E[exp(X?/s?)] < 2}. Since X? is sub-exponential and ||X2||¢1 = ||X||i2,
sub-Gaussian errors are a special case of sub-exponential errors. If Assumptions 4 and 5 hold and

the stochastic errors are sub-Gaussian with 73, = sup {1 Zjx(x)[ly,: x € X, j =1,2,...} < oo for

every objective k, then foreachx € X, k = 1,...,d, and every 6 > 0,
1 2 —nKky62
P“n > ij(x)) > 5} <2exp — (17
] 1Z1 )2,

where k> > 0 is an absolute constant. The inequalities in (16) and (17) do not require the stochastic
errors to have the same distributional family across the objectives k or across the values of x € X.

In what follows, we make the more general assumption of sub-exponential errors and provide
explicit modifications to the results in case all errors are sub-Gaussian. For mixed error classes,
we require (16). Appendix EC.1 contains examples of how to compute the constants «1, 7}, and

K2, 17; p In Subsection 5.4, we use x; = 1/2 for Laplace error and k, = 4/3 for normal error.

5.2 A Finite-Sample Bound for the Exclusion-Inclusion Gap

We now combine the deterministic approximation bound from Lemma 1, the stochastic estimation
error bound from Lemma 2, and the assumptions in Subsection 5.1. The result is a finite-sample

bound on the exclusion—inclusion gap for Algorithm 1, presented in Theorem 2.

Lemma 3. Let Assumptions 1-3 hold, and let 6 € RE. If |Fi(x,n) — fi(x)| < 6 for all x € X,, and
k=1,...,d, then G,,(b) <t +2||6]].

Proof. By Theorem 1, the gap decomposition in (13) holds. For the approximation term, since
Xy, # 0 is finite, P, is externally stable relative to f(X,), so SD,L = f(X,)!. For any y* =
f(x*) € P, t = D (X,X,,) gives an ¥ € X, such that ||x* — X||, < ¢. By Assumption 2,
Iy = f@IN, = Ifx") = fE), < €t. Thus, D,(P, f(X,)) < £t. Applying Lemma 1 with
A = f(X,) yields D, (P, P,L) = DP(SDT, f(Xu)1) < £r. The estimation error bound follows by
Lemma 2. m|

Having bounded G,,(b) on the componentwise estimation event, we now bound the probability
of a false exclusion or false inclusion event corresponding to the complement of the componentwise
estimation event. Lemma 4 applies a union bound to the probability that at least one of the m
sampled points is estimated outside its ¢ box on at least one of the d objectives, and then applies a
concentration inequality to each resulting term. While this union bound is conservative, it also keeps
the result distributionally and structurally simple. The bound remains valid under common random
numbers and dependence across design points and objectives; further, no additional regularity

conditions are required on the sample-path function F.
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Lemma 4. Let Assumption 1 hold, and let the stochastic error be governed by Assumptions 4 and 5.
Suppose &,,(b) is constructed using n > 1 replications at each point in X,, and b > mn. Then there

exists an absolute constant k1 > 0 such that for alln > 1 and all 6 € RZ,
P{max {G}"(b), G, (b)} > 2||5]|,}

si\ .6
< 2dm exp ( — nK1 min{min (Tk) , min *k })
koAl )k My

If all errors in Assumption 5 are sub-Gaussian, then there exists an absolute constant k3 > 0 such

that the right side of the inequality can be replaced by 2dm exp ( — nk, ming (6x/ 7, k)z).

Proof. Letn > 1 and § € RY. By Lemma 2, if max{GLE(b), GEl(b)} > 2||6]|,,, then there exists
X € Xy, k € {1,...,d} suchthat | Fy(%;, n) — fi (%;)| > 6. Therefore, P{ max {GEE(b), GEl(b)} >
2||6||p} < P{|Fk(ii, n) — fx(X;)| = 6y for some i, k}. The union bound gives

P{|Fk(fi’”) — fi(%)| = 6 for some i, k}
<3¢ S P{|n T S Zp (R | 2 60

Under Assumptions 4 and 5, Bernstein’s inequality in (16) applies to each summand; using

| Z1klly, < mj, gives the result. If all errors are sub-Gaussian, the result follows from (17). O

Combining Lemmas 3 and 4 yields the following finite-sample bound for Algorithm 1, where

the ratios 6, /n}, normalize objectives with different variances.

Theorem 2 (Finite-Sample Gap Bound). Let Assumptions 1, 2, 4, and 5 hold, let Assumption 3 hold
form > (1 + &)4, and recall that &,,(b) is constructed using n > 1 replications at each point in X,
where b > mn. Then foralln > 1 and all 6 € R‘i,

P{G (b) > fa! +2||5||}
" Lm!/4] g
2 (18)
: . [ Ok . O
< 2dmexp| —nkymin{ min|——| ,min —|.
koA )k my

If all errors in Assumption 5 are sub-Gaussian, then the right side of the inequality can be replaced

by 2dm exp ( — nk, ming (6/n3;)?)-

Proof. Letm > (1 +&)4,n> 1,5 € RS, By Assumption 3, 1 < &,£(lm'/9])~!. Using Lemma 3,
P{G,(b) > é,(Im' 1))~ +2||6l,,} < P{G (D) > €t+2||8]|,} < P{tr+max{GLE(D), GEL(b)} >
£t + 2||6]| p}. The result follows by applying Lemma 4 to the final probability. O
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5.3 Budget Allocation and Convergence Rates

We now employ Theorem 2 to develop allocations for two use cases. In the fixed-precision setting,
a user wants to ensure that P{G,,(b) > 7} < a holds. Therefore, the user specifies either the
number of design points m or the error tolerance t and the confidence requirement @. Then, the
analysis determines a sufficient simulation budget. In the fixed-budget setting, the user specifies the
maximum simulation budget ¥, and the analysis determines how to allocate it between m and n.
In what follows, we first balance the approximation and estimation terms appearing in Theorem 2
and state the resulting finite-sample bound as Corollary 1. Then, we derive the fixed-precision and

fixed-budget allocations and establish the sample-complexity and convergence-rate guarantees.

5.3.1 Balancing Approximation and Estimation

To balance between the error types, first, recall that Theorem 2 bounds the gap by the sum of a
deterministic approximation term of order m~'/¢ and a stochastic estimation term governed by the
componentwise tolerances 0. As in Yakowitz et al. (2000), we ensure these error terms go to zero

at the same rate by choosing

%
Mik

:m forallkzl,...,d, l:1,2 (19)

Ok

where i = 1,2 corresponds to the sub-exponential and sub-Gaussian error cases, respectively. For

notational convenience, we set 1/ = (17, ..., n,) and define the constant
ci =Cl +2|nfll, fori=1,2,

which may depend on the number of objectives d through the norm ||?||,. Then Theorem 2 and

the choice of ¢ in (19) directly lead to the following corollary.

Corollary 1 (Balanced Finite-Sample Bound). Let the conditions of Theorem 2 hold. Under the

componentwise tolerance choice in (19), for everym > (1 + &) and n > 1,

Ci
Lm'/4]

P{Gm(b) > } < 2dm exp ( - ”—") (20)

Lm'/a )2
where i = 1,2 correspond to the sub-exponential and sub-Gaussian error models, respectively.

Proof. Choose ¢ according to (19). Then ||6]|, = ||17j||p/Lm1/qJ and oy /nm, = 1/|m'4] for all k.

Since |m'/7] > 1, substituting into Theorem 2 implies the result. O

5.3.2 Fixed Design Size or Error Tolerance with Fixed Confidence Requirement

We first apply Corollary 1 when the number of evaluated points m and the confidence requirement «

are specified in advance. We then invert the result to obtain an allocation for a fixed error tolerance
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7 and confidence requirement @. These results are presented formally in the following Theorem 3.

For a fixed error model i € {1, 2}, we suppress the notational dependence on i and define

— Ci
- Lml/QJ )

Tm

Theorem 3 (Fixed-Precision Allocations). Let the conditions of Corollary 1 hold, wherei = 1,2
correspond to the sub-exponential and sub-Gaussian error models, respectively.
1. Fixed design size: Given m > (1 + &) and a € (0,1), if

n=[k lm")? In2dma™)], b = mn, (1)
then Algorithm 1 satisfies P{G,,(b) > 1,,} < a.
2. Fixed tolerance: For given T > 0 and a € (0, 1), if
m = max {[(1+¢7™) 7, [(1+8)7]} (22)

and n, b are set by (21), then Algorithm 1 satisfies P{G,,(b) > 7} < P{G,,(b) > 7,,} < .

Proof. For Part 1, by (21), we have n > Kl-_l |m'74 |2 1In(2dma™"). Therefore, from the right side of
(20), we have P{G,(b) > 1} < 2dmexp ( — n«;|m'/9]72) < 2dmexp(-In(2dma™")) = a. For
Part 2, by (22), we have m > (1 + ¢;77")% and m > (1 + &)9. Thus, the design-size requirement
in Assumption 3 holds. Further, m'/% > 1+ ¢;v—'. Then Lml/qJ > m'/4 — 1 > ¢;7~!. Therefore,

T = ci/|m'/?]| < 1. Applying Part 1 with n, b from (21) gives the result. O

5.3.3 Allocation Under a Fixed Simulation Budget

We now consider values of m and n when an upper limit on the total simulation budget, b*, is fixed
in advance. Such values are useful for a user who does not know how to specify one of the values
m, T, or a required by Theorem 3, or for whom the resulting b is impossibly large or exceeds some

predetermined computing limit.

Theorem 4 (Fixed-Budget Allocation). Let the conditions of Corollary 1 hold, leti = 1,2 correspond

to the sub-exponential and sub-Gaussian error models, respectively, and let € > 0. If

Kib* q/(q+2)
"= (2lnb*)

and b = mn for sufficiently large b*, then b < b* and Algorithm 1 satisfies P{G,,(b) > 1,,} < 2dn".

*

b
> (1+&)4, n:{— >1
m

; (23)

Proof. Since n = |b*/m], we have b = mn < b* and n > b*/m — 1. Further, |[m'/4] < m'/4. Then
kin|m'4 |72 > kinm™4 > k;b*m~ (424 — ;m~?/9. The definition of m implies k;b*m~(4+2)/4 >

21n b*. For atotal simulation budget b* > 1 such that (23) satisfies m > (1+&)? and k;m~2/4 < In b*,
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we have k;n|m'/?]72 > In b*. Applying Corollary 1,P{G,(b) > 7,,} < 2dm exp (—Kinl_ml/qj_z) <

2dm(b*)~! < 2dn~!, where the final inequality follows from mn = b < b*. The result follows. O

Theorem 4 provides a simple rule for allocating a fixed available budget b* between the number
of design points m and the number of simulation replications n per point. The resulting expended

budget b = mn satisfies b < b*, with unexpended budget arising from the integer allocation.

5.3.4 Asymptotic Results

We now study the sample complexity and convergence rates of the allocations specified in Theorems 3
and 4; the proofs for results in this section appear in Appendix A. First, Theorem 3 yields the
sample-complexity results in Corollary 2.

Corollary 2 (Sample Complexity). Under the conditions of Theorem 3, suppose Algorithm 1 is
implemented using the fixed-tolerance allocation in Part 2. Then:
1. Given a problem and error model, consider any sequence of fixed-precision requirements
along which t — 0 where a € (0, 1) may vary with t. Then b = G)(T_(‘”Z) In(~%a71)).
2. Given a problem and error model, for any fixed a € (0, 1), b = @(T_(q+2) In(z7Y) ast — 0.
3. Given a problem and error model, for any fixed t > 0, b = ©(1In a‘l) as a — 0.
4. Consider any sequence of problem instances along which d — oo while 7, a, and q remain
fixed. Suppose ¢t and & remain uniformly bounded independently of d, and the applicable
k; remains uniformly bounded away from zero and infinity. If G,,(b) is calculated under the
p-norm with 1 < p < oo and ||n}|l, = O(d''P), then b = @(d(q+2)/p Ind) as d — oco. If
G (D) is calculated under the infinity norm and ||n} || = O(1), then b = O(Ind) asd — .

Corollary 2 Part 1 characterizes the joint effect of increasingly stringent tolerance and confidence
requirements under a fixed problem and error model. The budget depends polynomially on the
inverse tolerance, up to a logarithmic factor, while the inverse confidence level enters logarithmically.
Then, Parts 2 and 3 isolate the individual effects of the tolerance and confidence requirements,
respectively. The asymptotic orders of both rates do not depend on d and, therefore, agree with
their single-objective counterparts. Part 4 characterizes the effect of increasing the number of
objectives d while holding the tolerance fixed. Under a finite p-norm, comparable objective-wise
errors accumulate across objectives, and the assumption ||7||, = ©(d 1/P) implies that ¢; grows as
©(d'/P). Maintaining a fixed aggregate tolerance therefore requires the decision-space coverage
radius to decrease as d~!/7. Because this radius is of order m /9, the number of evaluated points
must grow as m = ©(d9/P). The corresponding increase in both the design size and replication
requirement yields total budget growth of ®(d9*2/P Ind). Under the infinity norm, the fixed
tolerance 7 instead imposes a fixed worst-objective error requirement. When the objective-wise

scaled stochastic errors remain uniformly bounded as |77} ||co = O(1), ¢; remains bounded, so the
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required design size m does not grow in d. The number of objectives d then affects the budget only
through the simultaneous stochastic-error guarantee, so that b grows logarithmically in d.

Next, we show that both the fixed-precision and fixed-budget allocations in Theorems 3 and 4
yield the same convergence rate for the exclusion—inclusion gap and the returned-image estimation
error. For a fixed number of objectives d, the convergence rate exponent depends on the decision-
space dimension g but not on d; it is the same convergence rate shown for the single-objective case

in Yakowitz et al. (2000). The dependence on d enters separately through the results in Corollary 2.

Corollary 3 (Convergence Rates). Given a problem and error model, consider any of:
1. The fixed-design-size allocation in Theorem 3 Part 1, along a sequence with m — oo and
« = 7, for all sufficiently large sequence indices and some fixed y > 0;
2. The fixed-tolerance allocation in Theorem 3 Part 2, along a sequence with t — 0 and a = 17
for all sufficiently large sequence indices and some fixed y > 0; or
3. The fixed-budget allocation in Theorem 4 as b* — oo.
In each case, G (b) = Op((b/In b)_l/(‘“Z)) and Hp(f)m(b),f(ém(b))) = Op((b/In b)_l/(’1+2))

as b — oo; therefore, both quantities converge in probability to zero.

The exclusion—inclusion gap and the returned-image estimation error attain the same total-budget
rate because the balanced allocation controls the uniform estimation error at order m~'/4. Under
each allocation in Corollary 3, m~1/4 = @((b/In b)~1/(4*2).

5.4 Numerical Examples

We now demonstrate our results on several numerical examples. Our main objectives are to
demonstrate the convergence of G,,(b) under the error-balancing choice used in Subsection 5.3.1,
to show how the allocations change with problem type, dimension, and error model, and to assess

the bounds for conservativeness. Throughout, we use the » = 2 and p = co norms.

5.4.1 Nonlinear Test Problems: Convergence Assessment

First, we implement Algorithm 1 on three nonlinear problems inspired by Yakowitz et al. (2000,
Example 5). For decision space dimension g € {2,3}, letx € [0, 1]9, set x,41 = x1, and for each
k=1,...,q define

£ (x) = B (xx = .5) sin(10x¢) + Z{ (x) + (xe41 +.5) cos(5xxe1)],

(9)
1k

objectives and error fields, we consider the following respective single-, bi-, and tri-objective

where Z '/’ (x) is mean zero for every x € [0, 1]9. Suppressing the superscript ¢ on both the

problems,

minimize ycjo 12 f1(x), (24)



The Exclusion—Inclusion Gap 29

minimize ;12 (fi(x), (X)), (25)
minimize o1 (fi(x), (x), f3(x)) " (26)

Figure 4 shows plots of the objective spaces. Problems (24) and (25) differ only in the number of
objectives, while (25) and (26) differ in both the objective-space and decision-space dimensions.

We consider two error models. Under Laplace error, the Z;;(x) are i.i.d. mean-zero Laplace
random variables with scale parameter 1/v2 and variance 1 for all simulation replications j,
objectives k, and feasible points x. Under normal error, they are i.i.d. standard normal random
variables for all j, k, and x. Since common random numbers would make these test problems
deterministic under Algorithm 1, sampling is independent across design points. Under each error
type, the constants 77, k1, and 173, k2 are calculated in Appendix EC.1 and reported in Table 1.

To make the discretization errors comparable across problem instances, we fix m first. We
use the grid from Example 1 and select grid sizes that contain nested subsequences, as detailed in
Appendix EC.2. For g = 2, we report results on the sequence m € {16, 36, 144,324}, where Xj¢ C
X144 and X36 C X3p4. For g = 3, we report results on the sequence m € {64,216, 1728}, where
Xea C Xi728. Along nested subsequences, the discretization error D), (PT, SD,L) is nonincreasing.

For each combination of (24), (25), and (26) with error types Laplace and normal, we conduct s

independent macro replications of Algorithm 1 under the allocation in Theorem 3 Part 1. To increase

Figure 4: Plots of the objective spaces for the nonlinear test problems in (24), (25), and (26), respectively.
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Note: The global Pareto sets for the problems in (25) and (26) are shown in black in panels (b) and (c), respectively.

Table 1: Constants for Nonlinear Problems

Laplace Normal
Problem d q r p & € Injlle ci Ml K2 [
(24) 1 2 2 o V2/2 9 V2 05 91924 +8/3 4/3  9.6299
(25) 2 02 2 o V2/2 9 V2 05 9.1924 /8/3 4/3  9.6299
(26) 3 3 2 o V32 9 V2 05 106227 +/8/3 4/3 11.0602

Note: Constants r];*k, k=1,...,d,and k; for i = 1,2 are calculated according to Appendix EC.1.
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the chance of threshold exceedance, we set the confidence requirement as @ = 0.5. Letting G, ; (b)
denote the exclusion—inclusion gap from macro replication j = 1,..., s, we report the maximum
observed gap, G,,(b) = max;—1 s G, ;(b), the sample average gap, Gu(b) =571 j‘:l G, j(b),
its estimated standard error, s¢(G,, (b)) := \/s‘l %521(Gm j(b) = Gn(b))? /5, and the estimated

probability the gap exceeds the threshold, & = 57! j‘:l H{Gm,j(b) > T}

Figure 5 illustrates the convergence behavior of the exclusion—inclusion gap. Across all six
problem and error-model combinations, the thresholds 7, decrease as m and b increase, and G, (b)
and G, (b) generally become smaller at the larger design sizes. The results also illustrate the
separate effects of the decision-space dimension ¢, the number of objectives d, and error model.
Problems (24) and (25) have ¢ = 2 and use the same design sizes, but (25) has one additional
objective. The resulting increase in b is modest, consistent with the logarithmic dependence on
d under the infinity norm. Problem (26) increases both ¢ and d relative to (25). Its simulation
budgets grow more rapidly as the design is refined, consistent with the stronger dependence of the
convergence rate on g. The Laplace error models require more simulation replications than the
corresponding normal error models because of the heavier-tailed errors. Nevertheless, no observed
gap exceeded 7, despite using the relatively permissive value @ = 0.5, suggesting conservativeness

in the finite-sample guarantees.

Figure 5: Results from s independent macro replications of Algorithm 1 on the nonlinear problems, where s = 108 for
(24) and s = 10* for (25), (26). Curves show T,,, the maximum observed gap G, (b), and the average gap G, ().
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Note: Red labels on red dots_indicate the values of m. The confidence requirement is @ = 0.5. In all cases, @ = 0 to
four decimal places and se(G, (b)) < 0.001. Detailed numerical results appear in Tables EC.1-EC.3.
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5.4.2 Linear Test Problems: Conservativeness Assessment

We now directly assess the conservativeness of the allocation and bounds by considering linear
problems for which the Lipschitz bound is tight. Further, we select error models that are likely
to induce threshold exceedance events. For g € {1,2}, let X = [0, 1]7 and for each x € X and
k = 1,2, let Zi;(x) be a mean-zero random variable. For g = 1, define f;(x) = E[x + Zj;x(x)],
k = 1,2. For g = 2, define fy(x) = E[xx + Z1x(x)], kK = 1,2. Then, we consider the following

single- and bi-objective problems,

minimize,c[o,1]  f1(x), 27)
minimize,ejo1; (1 (%), £2(x) ", (28)
minimize, (o (fi(x), LX), (29)

respectively. The transition from (27) to (28) increases the number of objectives d while keeping
the decision-space dimension ¢ fixed, while the transition from (28) to (29) increases q.

Figure 6 illustrates example objective spaces for (27)—(29) and identifies regions capable of
producing gap values exceeding the threshold 7,,. Considering each non-Pareto point in a pairwise
comparison with f(X;) and holding all other points fixed, only points above 7,, on at least one
objective can produce a false exclusion event resulting in G,,(b) > 71,,,. To do so, these points must
be falsely estimated as better than f(%;) on all objectives. Likewise, only points that are above
T, on all objectives can produce a false inclusion event resulting in G,,(b) > 7,,. To do so, these
points must be falsely estimated as better than f(X]) on at least one objective.

As shown in Figure 6(c), every approximate problem for the linear test problem in (29) contains
dominated points that are weakly nondominated. Here, convergence under the exclusion—inclusion

gap means that the returned set’s upper image increasingly approximates the true Pareto set upper

Figure 6: The figure shows plots of the linear test problems under example values of m with 7, calculated under the
normal error model. Only points above 7, on at least one objective can produce an event where G, (b) > T,.
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Note: In Panel (a), x},, = X1, x* = 0, and 7, = 0.6277. In Panel (b), P, = {f(X1)}, P = {(0,0)}, and 7,,, = 0.6277. In
Panel (c), P, = {f(Z1)}, P = {(0,0)}, and 7,,, = 0.6622.
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image, (0,0) + Ri, while the effect of returned dominated points on the corresponding inclusion
comparison set vanishes. For finite m and n, the false-inclusion component of the exclusion—
inclusion gap equals zero whenever f(&,,(b)) consists only of weakly nondominated points along
the lower and left edges of the convex hull of f(X),) in Figure 6(c). For a decision-maker observing
only #,,(b), these boundary points may appear to offer distinct trade-offs when they are falsely
included under finite sampling; however, as the simulation budget increases, increasingly precise
objective estimates reduce the apparent advantages responsible for their false inclusion.

In addition to the normal error model considered previously, we implement Algorithm 1 under
three Rademacher-based error models designed to induce exceedance events. Under Rademacher
Error, all Z;;(x) are i.i.d. Rademacher random variables; that is, P(Z;x(x) = —1) = P(Z;x(x) =
1) = 1/2 and Var(Z;x(x)) = 1 for all simulation replications j, objectives k, and feasible points
x. For the two adversarial models, let X;(7,,) = {x € X: fi(x) < T,,} be the set of decision
points mapping to objective values within the threshold region on objective k. Under Adversarial
Rademacher Error with Independent Objectives, for a given x € X, the Z (x) are i.i.d. Rademacher
for all replications j and objectives k. Then, for given j and k, all x € X () receive the same error
value, either 1 or —1, while all x € (z\~’k (1)) receive its antithetic value, —1 or 1, respectively. Thus,
the errors are perfectly negatively correlated across the two regions. Finally, under Adversarial
Rademacher Error with Correlated Objectives, for given objective k and x € X, the Z;; (x) are i.i.d.
Rademacher for all replications j. Then, all x € ﬁ‘é:l/\’k (7,n) receive the same error value, while
points outside this intersection receive its antithetic value. Thus, the errors are perfectly correlated
across both objectives and design points. Constants for each problem and error model appear in
Table 2.

Figure 7 reports results for the linear problems in (27), (28), and (29) under the normal,
Rademacher, and both adversarial Rademacher error models. Due to the computational speed of
the linear problems, we perform s = 10® independent macro replications of Algorithm 1 under the
allocation in Theorem 3 Part 1 for each problem and error type. Unlike the nonlinear problems in

the previous section, the linear problems and error models produce observed threshold exceedance,

Table 2: Constants for Linear Problems

Problem  Error Model d g r p ¢y ¢ sl K2 1)

27 Normal 1 1 2 o 1/2 1 8/3 4/3 3.7660
27 Rademacher (alltypes) 1 1 2 o 1/2 1 1/v¥In2 1/(2In2) 2.9022
(28) Normal 2 1 2 o 12 1 8/3 4/3 3.7660
(28) Rademacher (alltypes) 2 1 2 o 1/2 1 1/yIn2 1/(2In2) 2.9022
(29) Normal 2 2 2 o V2/2 1 8/3 4/3 3.9731
29) Rademacher (all types) 2 2 2 oo ¥2/2 1 1/¥In2 1/(2In2) 3.1094

Note: Constants 77; o k=1,...,d, and k; are calculated according to the examples in Appendix EC.1.
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Figure 7: Results from s = 108 independent macro replications of Algorithm 1 on linear Eroblems (27), (28), and (29).
Curves show the threshold 7, the maximum observed gap G, (), and the average gap G, (b).
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Note: Red labels on red dots indicate the values of m. Black labels indicate (rounded) nonzero estimates of & for
comparison with @ = 0.5. For m = 4 on (27) and (28) under normal error, 7, exceeds the largest possible gap and
exceedance events are structurally impossible. In all cases, se(G,, (b)) is estimated as zero to 4 decimal places.
Detailed numerical results appear in Tables EC.4—EC.6.
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permitting direct estimation of their probabilities. However, the estimated exceedance probabilities
@ remain substantially below the nominal confidence requirement @ = 0.5, indicating that the
guarantees are conservative by a few orders of magnitude. Finally, for the coarse-grid settings
of m = 4 on problems (27) and (28) under normal error, the threshold 7, exceeds the largest
possible gap, making exceedance structurally impossible. Therefore, these cases demonstrate
conservativeness that is distinct from the remaining experiments, in which exceedance is possible.

The two adversarial Rademacher error constructions also illustrate the role of dependence. The
version with independent objectives produces the largest observed exceedance probabilities and
creates additional opportunities for false inclusion by allowing multiple estimated efficient solutions
with different true objective values to appear nondominated. Perfectly correlated objective errors
instead constrain the estimated objective vectors and resulting estimated Pareto set. Thus, stronger
objective-wise correlation does not necessarily produce larger exclusion—inclusion gaps. Ultimately,

the experiments empirically confirm that the guarantees remain valid under extreme dependence.

6 Concluding Remarks

This paper introduces the exclusion—inclusion gap for analyzing the joint effects of approximation
and estimation error in finite Pareto approximations constructed from stochastic estimates. The
gap penalizes exclusion and inclusion errors that alter the relevant image-space comparison sets
while remaining invariant to weakly nondominated misclassifications that leave the inclusion
comparison set unchanged. Estimator consistency ensures that any apparent advantage resulting
in such a misclassification vanishes and that the displayed objective vectors converge to the
true objective vectors of the returned solutions. The exclusion—inclusion gap’s approximation—
estimation decomposition admits general bounds that allow deterministic approximation error
guarantees to be combined with componentwise stochastic error control. Applying the analysis to
a nonadaptive equal-allocation algorithm for global multiobjective simulation optimization results
in a characterization of the required simulation budget growth with the number of objectives and
establishes an explicit total-budget convergence rate corresponding to the single-objective rate.
Future work may obtain sharper guarantees by exploiting stronger approximation and estimation
methods, local Pareto geometry, differential sampling (Lee et al. 2010, Applegate et al. 2020), and
dependence across objectives and evaluated solutions, such as dependence induced by common
random numbers (Ha et al. 2025).

7 Code and Data Disclosure

A link to the code and data to support the numerical experiments in this paper can be found at
https://github.com/HunterResearch/GlobalMOSOErrorBounds.
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A Proofs of Asymptotic Results

The following proofs were omitted from the main text of Subsection 5.3.4.

A.1 Proof of Corollary 2

Proof. For Part 1, since T — 0, the tolerance-driven term in (22) is eventually active, whereby
m =0(779) and |m'/1] = ©(r7"). Also, since d is fixed and m = ©(7~7), we have In(2dma") =
In(t9%a~") + O(1). Because 7%~ > 179 — oo, it follows that In(2dma~") = O(In(r~%a™")).
Using (21), n = O(r 2 In(t~%a" ")), where the integer rounding does not affect the asymptotic
order. Since b = mn, the result follows. For Part 2, fix @ € (0, 1) and notice that Part 1 applies.
Then, we have In(t™%¢!) = gIn(t™!) + In(e~!) = O(In(r~1)). Substituting into Part 1 yields
the result. For Part 3, since (22) does not depend on @, m and |_m1/ 4| remain fixed. Using (21),
n =0(In(2dma™")) = O(In(e™1)). Since b = mn and m is fixed, the result follows. For Part 4, first,
suppose 1 < p < co. By the assumptions of Part4, ¢; = ¢,{+2[|n}|, = ©®(d'/P). Thus, the tolerance-
driven term in (22) is eventually active, and m = @(d?/?), [m'/1] = ©(d'/?). Because m = ©(d?/P)
and ¢, p, and « are fixed, In(2dma™") = (1 + g/p)Ind + O(1) = O(Ind). It follows from (21)
and the uniform bounds on «; that n = ®(d?*'? Ind). Therefore, b = mn = O(d'9*?/? Ind). Now
suppose p = oo, whereby ¢; = O(1). Since 7 and g are fixed and € remains uniformly bounded, (22)
gives m = ©(1), [m'/7| = ©(1). It follows that In(2dma~") = Ind + O(1) = O(Ind). Therefore,
(21) and the uniform bounds on «; give n = @(Ind). Using b = mn = O(Ind) yields the result. O

A.2 Proof of Corollary 3

Proof. We first show that under each allocation, b = @(m 9*2/9 In m), which ultimately implies
m™V4 = ©((b/Inb)~1(@+2)), (30)

For Case 1, in Theorem 3 Part 1, we have 7, = ©(m~'/9) and since @ = 7, it follows that
a”' = @(m?/?). Therefore, In(2dma™") = (1 + y/g)Ilnm + O(1) = O(Inm). Also, (21)
gives n = O(m*9Inm), whereby b = mn yields b = O(m'9*?/41nm). For Case 2, using
Corollary 2 Part 1 with @ = 77 yields b = @(v~@*? In(z~')). The value of m in Theorem 3
Part 2 gives m = ©(779), whereby m(?*2/4 = @(77(4*?)) and Inm = O(In(r~")). Substitution
gives b = ©(m'9*?/41nm). For Case 3, Theorem 4 gives m = O((»b*/In b*)‘I/(q+2)), which implies
m@*2/4 = @(b*/Inb*) and Inm = O(In b*). Therefore, b* = O(m'4*>/% Inm). We now replace
b* with b. Since b = m|b*/m], 0 < b* — b < m with m/b* = O((b*)"2/(4*?) (In b*)~9/(4*2)) — 0.
Since b* —m < b < b*, we have b/b* — 1. Therefore, b = ©(b*), which implies b =
O(m'9*P/41nm). Under all three allocations, b = @(m'9*?/41nm). Since Inb = O(Inm), we
have b/In b = @(m'9*?/9), and (30) follows.

Next, we show G, (b) and H,(P,,(b), f(E,(b))) are Oy(m~'/9). For G, (b), in Case I,
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Theorem 3 Part 1 and « = 1, give P{G,,(b) > 1,} < 1), — 0 because 7, = ¢;|m'/?]|7! =
O(m~'/7) — 0 asm — co. In Case 2, Theorem 3 Part 2 and @ = 77 give P{G,,(b) > 7} <17 — 0
as T — 0. Moreover, m = ©(77%), and hence 7 = ®(m~'/%). In Case 3, Theorem 4 gives
P{G,,(b) > 1.} < 2d/n — 0 because d is fixed and m/b* — 0, so b*/m — oo which implies
n — oo. Further, 7,, = ©(m~'/9). Therefore, in all three cases, G, (b) = Op(m‘l/‘/). For
Hp(f’m(b), f (ém(b))), consider the balanced componentwise error event |Fy(x,n) — fi(x)| <
n lm']~ for all x € Xy, k = 1,...,d. On this event, A, (b) = maxex,, |F(x,n) = f(x)], <
771l |m'/4]~1. Because P,,(b) and f(&,,(b)) are obtained by applying F (-, n) and f, respectively,
to the same set E,,(b), we have Hy, (P, (b), (& (b)) < Ap(b) < 71|, m'/]~1. The arguments
leading to Corollary 1 also imply P{H,(?,,(b), f(Em (D)) > IInill,Lm"/9]~'} < 2dmexp ( -
kin|m'/ J‘z). In Cases 1 and 2, the allocation in Theorem 3 makes this bound no greater than «,
which converges to zero under the respective choices @ = 7, and @ = 7. In Case 3, the calculation
in Theorem 4 makes the bound no greater than 2d/n, which also converges to zero. Since the
problem and error model are fixed, ||n7||,, is constant and [m!/4|~! = ®@(m~'/9). Then, in all three
cases, H, (P (D), f(En(b))) = Op(m~119).

Combining these two OP(m_l/ ) results with (30) yields the stated rates. Because we have

(b/In b)~1/(4*2) — 0, both quantities converge in probability to zero. O
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Electronic Companion

EC.1 Calculating Constants in the Concentration Inequalities

In Examples EC.1-EC.3, we show how to determine values for the constants in (16) and (17).

Example EC.1 (Laplace Error). Given an objective k and feasible point x € X, suppose the
errors Zjx(x),j = 1,...,n are i.i.d. with mean-zero Laplace distribution having scale parameter
Bi(x) > 0 and standard deviation o (x) = V28 (x). Using a Chernoff bound, for any 6 > 0, s > 0,

P{; 3. Zjk(x) 2 6} < e []}_, E [e"4%W], (31)

where for each j = 1,...,n, the moment generating function (mgf) of Z;;(x) has upper bound
E 2] = (1 - szﬁi(x))_l < 2" Fi@for all [s| < (28 (x))~!. Choosing s = min {1/(2Bk(x)),
6/(2,8k(x))2} and using the fact that Z;;(x),j = 1,...,n are ii.d. random variables from a
symmetric distribution, whereby the distribution of Z’}zl Zjk(x) is also symmetric, it follows that

P{|; Xy Zjk(x)| = 6}
< 2exp (—n(sd — (1/2)s*(2Bx(x))?)) (32)
<2exp ( — (n/2) min {ﬁ, —(Zﬁfix))z })

Each |Z;(x)| has an exponential distribution with parameter 1/8(x). Then the sub-exponential
norm of Zyx(x) is | Zix(x)|ly, = inf{s > Br(x): s(s — Bx(x))™' < 2} = 2B (x). Substituting
2Bk (x) = || Z1x(x)lly, into (32) and ensuring the right side of (32) is less than or equal to the right
side of (16) yields x; < 1/2. Therefore, we set k; = 1/2. If all errors belong to the Laplace family,
then k; = 1/2 for all k, x. Further, 77, = 2sup{Bx(x): x € X}.

Example EC.2 (Normal Error). Given an objective k and feasible point x € X, let the errors
Zji(x),j =1,...,nbeiid. with mean-zero normal distribution having variance 0'13 (x) > 0. Then

it is straightforward to show that

n n 2
PUIL S Zin(0)] = 6} < 203 ( - 72455)- (33)
Moreover, ||Z1x(x)|ly, = inf{s > V20 (x): s(s2 = 20% (x)?)~1/? < 2} = \/8/3 0% (x). Therefore,
k2 = 4/3 makes the right side of (17) equal to the tail bound in (33). If all errors belong to the
normal family, then we apply «; = 4/3 for all k, x. Further, 175, = /8/3 sup{oy(x): x € X}.

Example EC.3 (Rademacher Error). Given an objective k and feasible point x € X, let the
errors Zji(x),j = 1,...,n be i.i.d. with mean-zero Rademacher distribution; that is, we have
P{Zjx(x) = -1} = P{Z;x(x) = 1} = 1/2 and Var(Z;;(x)) = 1 forall j = 1, ..., n. First, because
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ij(x)2 = 1 w.p. 1, the sub-Gaussian norm is || Z; (x)||, = inf{s > 0: exp(1/s%) <2} = 1/VIn2.
Also, the mgf of Zj; (x) is E [essz(x)] = %(es + e¢7®) for all s € R. From (31), forany 6 > 0, s > 0,
P{i 2ic1Zjk(x) > 6} < exp (—n[s6 —1n(3(e* +e7%))]). For 6 € (0, 1), the Chernoff exponent
is maximized at s* = J In (1*2). Then apply symmetry to yield that

P{I} £y Zjk (0| 2 6} < 2exp (~nl(6)) oY

where 1(6) = 221In(1 + 6) + 152 In(1 - 6) for 6 € (0,1). Because 1Zjx(0)I, = 1/In(2), (17)
holds for every 6 € (0, 1) provided that k> < infse(o.1) 1(5)(6*(In 2))_1 = (2In2)"!, where the
last equality holds because I’(5) = % 1In (}£2) > 6, so I(6) > 6%/2 and 1(6)/6> — 1/2as 6 | 0.
Therefore, the largest valid constant is k< = 1/(2In2) = 0.7213. The quadratic bound holds at
¢ = 1, and the left side of (17) equals zero for 6 > 1. If all errors are Rademacher, then we apply
this value for all k, x. Further, ’7§k =1/ Vin2.

EC.2 Nested Grid Designs

The discretization sequences used in Subsection 5.4 ensure that certain grids share common points,
which facilitates comparisons across different values of m. Let X = [0, 1]9, and for positive
L3 -1 }V j}, which is the structured

2v2 2yttt 2y

portion of the grid design used in Example 1. If v, = 3vq, then G,, C G,,. To see this, let

integer v, define the grid G, = {(xl, CoXg)iXj € {

xj=(2i-1)/(2vy) forsomei € {1,...,v1}. Since v» = 3vy,x; = 3(2i—1)/(2v;). The numerator
3(2i — 1) is odd and satisfies 1 < 3(2i — 1) < 2v, — 3, so x; is also one of the grid coordinates
defining G,,. Applying this argument componentwise yields G,, C G,,. Figure EC.1 illustrates the

construction for g = 2.

Figure EC.1: Example of nested grids. Setting v, = 3v; produces sequences with common design points.
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EC.3 Detailed Numerical Results for Nonlinear Problems

Tables EC.1-EC.3 report the numerical values underlying Figure 5. Given the nonlinearity in the
objectives, deterministic results reported in the rows are not necessarily monotone decreasing except

within a subsequence of nested design points.
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Each experiment for problems (25) and (26) uses s = 10* independent macro replications. The
true Pareto upper image is approximated using a finite decision-space reference grid augmented
with all reported experimental design grids. The reference grid contains 5127 points for problem
(25) and 1443 points for problem (26), before augmentation. The distances are calculated directly
from finite sets of nondominated boundary points that generate the relevant upper images under the
componentwise order. Resolution studies compared reported distances under alternative decision-
space reference grids. For (25), comparison of the 5122 and 10242 point reference grids supports
reporting distances to three decimal places. For (26), comparison of the 144> point reference grid

with a reference formed from the union of the 96° and 1443 point reference grids supports reporting

Table EC.1: Results for s = 10® independent replications of Algorithm 1 on (24) withd = 1, ¢ = 2.

Max Across Replications

m_n b Dy(PLPL) GIE(D) Gh(b) Gub)  tw  Gulb) (Gu(b) &
Laplace Error

16 134 2144 0.0214 0.6697 - 0.6911 2.2981 0.0222  0.0000  0.00000000*

36 358 12 888 0.1376 0.3025 - 0.4402 1.5321 0.1490  0.0000  0.00000000
144 1831 263664 0.0214 0.1136 - 0.1350 0.7660 0.0257 0.0000  0.00000000
324 4645 1504980 0.0096 0.0813 - 0.0909 0.5107 0.0125 0.0000  0.00000000
Normal Error

16 50 800 0.0214 1.0214 - 1.0428 2.4075 0.0410  0.0000  0.00000000%*

36 135 4860 0.1376 0.5429 - 0.6805 1.6050 0.1596  0.0000  0.00000000
144 687 98928 0.0214 0.2406 - 0.2619 0.8025 0.0275 0.0000  0.00000000
324 1742 564408 0.0096 0.1280 - 0.1376 0.5350 0.0154  0.0000  0.00000000

Note: Given m and a = 0.5, the results use n, b from Theorem 3 Part 1, constants in Table 1, and report only false
exclusion since d = 1. *For the indicated rows, & = 0 because 7, exceeds the largest attainable exclusion—inclusion

gap.
Table EC.2: Results for s = 10* independent replications of Algorithm 1 on (25) withd =2, ¢ = 2.

Max Across Replications

m n b D,(P1.PL) GIE(b) GH(b) Giu(d)  Tw  Gu(b) $e(Gu(b) @
Laplace Error

16 156 2496 0.202 0.352 0.318 0.483 2.2981 0.206 0.0002  0.0000

36 408 14 688 0.159 0.189 0.173 0327 1.5321 0.177 0.0003  0.0000
144 2031 292464 0.096 0.102 0.085 0.137 0.7660 0.101 0.0001 0.0000
324 5094 1650456 0.049 0.071 0.064 0.080 0.5107 0.055 0.0001 0.0000
Normal Error

16 59 944 0.202 0.670 0.511 0.724 2.4075 0.230 0.0005  0.0000*

36 153 5508 0.159 0.272  0.301 0410 1.6050 0.220 0.0005  0.0000
144 762 109728 0.096 0.154 0.177 0.194 0.8025 0.110 0.0001 0.0000
324 1911 619164 0.049 0.092 0.094 0.118 0.5350 0.064 0.0001 0.0000

Note: Given m and a = 0.5, the results use »n, b from Theorem 3 Part 1 and constants in Table 1. The reference Pareto
image uses a 5122-point decision grid augmented with the experimental grids; this resolution supports reporting
distances to three decimal places. *For the indicated rows, & = 0 because 7, exceeds the largest attainable
exclusion—inclusion gap.
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Table EC.3: Results for s = 10* independent replications of Algorithm 1 on (26) with d = 3, ¢ = 3.

Max Across Replications

m_n b Dy(PLPL) GIE(b) GHb) Gi(b)  Tw  Gu(b) ©(Gm(b) @
Laplace Error
64 213 13632 0.27 0.35 0.24 0.37 2.6557 0.27 0.0001 0.0000*
216 566 122256 0.20 0.16 0.17 030 1.7704 0.21 0.0002 0.0000
1728 2863 4947264 0.12 0.10 0.08 0.15 0.8852 0.13 0.0000  0.0000
Normal Error
64 80 5120 0.27 0.35 0.32 0.51 2.7651 0.29 0.0004 0.0000*
216 213 46008 0.20 0.27 0.30 0.39 1.8434 0.26 0.0003 0.0000
1728 1074 1855872 0.12 0.15 0.15 0.17 0.9217 0.13 0.0001 0.0000

Note: Given m and a = 0.5, the results use n, b from Theorem 3 Part 1 and constants in Table 1. The reference Pareto
image uses a 144°-point decision grid augmented with the experimental grids; this resolution supports reporting
distances to two decimal places. *For the indicated rows, & = 0 because 7, exceeds the largest attainable
exclusion—inclusion gap.

distances to two decimal places.

EC.4 Detailed Numerical Results for Linear Problems
Tables EC.4—EC.6 report the numerical values underlying Figure 7.

Table EC.4: Results for s = 10® independent replications of Algorithm 1 on (27) withg = 1,d = 1.

Max Across Replications

m n b D,(P1,Ph) GEE(D) GH(b) Gp(b) T Gm(b) $e(Gu(b)) &
Normal Error
4 34 136 0.1250 0.7500 - 0.8750 0.9415 0.1679  0.0000  0.000 000 00*
6 86 516 0.0833 0.6667 - 0.7500 0.6277 0.1087  0.0000  0.000000 59
12 419 5028 0.0417 0.3333 - 0.3750 0.3138 0.0518  0.0000  0.000 00007
18 1040 18720 0.0278 0.2222 - 0.2500 0.2092 0.0338  0.0000  0.00000002
Rademacher Error
4 62 248 0.1250 0.7500 - 0.8750 0.7256 0.1479  0.0000  0.000 00220
6 159 954 0.0833 0.5000 - 0.5833 0.4837 0.0944  0.0000  0.000 00093
12 773 9276 0.0417 0.2500 - 0.2917 0.2419 0.0458  0.0000  0.000 00006
18 1921 34578 0.0278 0.1667 - 0.1944 0.1612 0.0301  0.0000  0.00000002
Adversarial Rademacher Error with One Objective
4 62 248 0.1250 0.7500 - 0.8750 0.7256 0.1262  0.0000  0.00157298
6 159 954 0.0833 0.5000 - 0.5833 0.4837 0.0837  0.0000  0.00071511
12 773 9276 0.0417 0.2500 - 0.2917 0.2419 0.0417  0.0000  0.00027370
18 1921 34578 0.0278 0.1667 - 0.1944 0.1612 0.0278  0.0000  0.000129 51

Note: Given m and @ = 0.5, the results use n, b from Theorem 3 Part 1, constants from Table 2, and report only false
exclusion because d = 1. *For the indicated rows, & = 0 because 7, exceeds the largest attainable
exclusion—inclusion gap.
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Table EC.5: Results for s = 10® independent replications of Algorithm 1 on (28) with g = 1, d = 2.

Max Across Replications

m.on b D,(P1,Ph) GhEDb) GH(b) Gp(b) T Gu(b) $e(Gu(b)) a

Normal Error
4 42 168 0.1250 0.7500 0.7500 0.8750 0.9415 0.1896  0.0000  0.000 000 00*
6 105 630 0.0833 0.3333 0.6667 0.7500 0.6277 0.1217  0.0000  0.000000 05
12 493 5916 0.0417 0.1667 0.3333 0.3750 0.3138 0.0575 0.0000  0.00000001
18 1208 21744 0.0278 0.1111 0.1667 0.1944 0.2092 0.0373 0.0000  0.00000000

Rademacher Error
4 77 308 0.1250 0.5000 0.7500 0.8750 0.7256 0.1558  0.0000  0.00000057
6 194 1164 0.0833 0.3333 0.5000 0.5833 0.4837 0.0987  0.0000  0.000000 13
12 912 10944 0.0417 0.1667 0.2500 0.2917 0.2419 0.0475 0.0000  0.00000003
18 2233 40194 0.0278 0.0556 0.1667 0.1944 0.1612 0.0311 0.0000  0.00000001

Adversarial Rademacher Error with Independent Objectives
4 77 308 0.1250 0.7500 0.7500 0.8750 0.7256 0.1259  0.0000  0.00126226
6 194 1164 0.0833 0.5000 0.5000 0.5833 0.4837 0.0835  0.0000  0.000408 17
12 912 10944 0.0417 0.2500 0.2500 0.2917 0.2419 0.0417  0.0000  0.000 17977
18 2233 40194 0.0278 0.0000 0.1667 0.1944 0.1612 0.0278  0.0000  0.000 080 53

Adversarial Rademacher Error with Correlated Objectives
4 77 308 0.1250 0.7500 0.7500 0.8750 0.7256 0.1255  0.0000  0.000 629 09
6 194 1164 0.0833 0.5000 0.5000 0.5833 0.4837 0.0834  0.0000  0.00020391
12 912 10944 0.0417 0.2500 0.2500 0.2917 0.2419 0.0417  0.0000  0.000 08995
18 2233 40194 0.0278 0.1667 0.1667 0.1944 0.1612 0.0278  0.0000  0.000 040 37

Note: Given m and a = 0.5, the results use n, b from Theorem 3 Part 1 and constants from Table 2. *For the indicated
rows, & = 0 because 7, exceeds the largest attainable exclusion—inclusion gap.

Table EC.6: Results for s = 10® independent replications of Algorithm 1 on (29) with ¢ = 2, d = 2.

Max Across Replications

m n b D, (P, PL) GEE(b) GEb) Gi(b) T Gu(b) S(Gu(b)) a
Normal Error
16 59 944 0.1250 0.5000 0.5000 0.6250 0.9933 0.1782 0.0000 0.000 000 00*

36 153 5508 0.0833 0.3333 0.3333 04167 0.6622 0.1143  0.0000  0.000 00000
144 762 109728 0.0417 0.1667 0.1667 0.2083 0.3311 0.0529  0.0000  0.000 000 00

Rademacher Error
16 108 1728 0.1250 0.5000 0.5000 0.6250 0.7773 0.1443 0.0000  0.00000000
36 283 10188 0.0833 0.3333 0.3333 0.4167 0.5182 0.0928 0.0000  0.00000000
144 1408 202752 0.0417 0.1667 0.1667 0.2083 0.2591 0.0443 0.0000  0.00000000

Adversarial Rademacher Error with Independent Objectives
16 108 1728 0.1250 0.7500 0.0000 0.8750 0.7773 0.1250  0.0000  0.00006513
36 283 10188 0.0833 0.5000 0.0000 0.5833 0.5182 0.0833  0.0000  0.00003003
144 1408 202752 0.0417 0.2500 0.0000 0.2917 0.2591 0.0417  0.0000  0.000002 34

Adversarial Rademacher Error with Correlated Objectives
16 108 1728 0.1250 0.7500 0.0000 0.8750 0.7773 0.1250  0.0000  0.00003328
36 283 10188 0.0833 0.5000 0.0000 0.5833 0.5182 0.0833  0.0000  0.00001449
144 1408 202752 0.0417 0.2500 0.0000 0.2917 0.2591 0.0417  0.0000  0.000001 46

Note: Given m and a = 0.5, the results use n, b from Theorem 3 Part 1 and constants in Table 2. *For the indicated
rows, @ = 0 because 1, exceeds the largest attainable exclusion—inclusion gap.



