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Abstract

The Wasserstein barycenter problem seeks a probability measure that minimizes the weighted
average of the Wasserstein distances to a given collection of probability measures. We study
the discrete setting, where each measure has finite support — a regime that frequently arises
in machine learning and operations research. The discrete Wasserstein barycenter problem
is known to be NP-hard, which motivates us to study approximation algorithms with prov-
able guarantees. The best-known algorithm to date achieves an approximation ratio of two.
We close this gap by developing a polynomial-time approximation scheme (PTAS) for the dis-
crete Wasserstein barycenter problem that generalizes and improves upon the 2-approximation
method. In addition, for the special case of equally weighted measures, we obtain a strictly
tighter approximation guarantee. Numerical experiments show that the proposed algorithms

are computationally efficient and produce near-optimal barycenter solutions.

1 Introduction
A Wasserstein barycenter, also known as the “center of mass” in Wasserstein space, is the probability
measure that minimizes the average optimal-transport cost using the type-2 Wasserstein metric for

a given collection of measures. The type-2 Wasserstein distance between P, Q € Pa(R?) is

1/2
a0 = (it [ e ylBaey)
where M(PP, Q) denotes the set of joint distributions with marginals P and Q.

Let {P;}icx) be discrete marginal probability measures with [k] := {1,...,k}, each supported
at most on n points, denoted by {Ei}ie[k] C RY. For notational convenience, for each discrete
probability measure P; with i € [k], we let @;; denote the j-th support point of P; with mass p;;
for any j € [|;]]. Given weights A = (A1,...,A\g) € Ay == {A e Rk : > icy A = 1}, the discrete

Wasserstein barycenter can be formulated as

v* = inf N W2 (P,P;), WBCenter
PGP(W)%;} 5 (P, Ps) ( )

where P(R?) is the set of Borel probability measures on R? with finite second moment. The
Wasserstein barycenter problems are fundamental and have been widely applied to clustering (Ye

et al. 2017), regression (Bonneel et al. 2016), dictionary learning (Schmitz et al. 2018), texture



mixing (Bonneel et al. 2015), image morphing (Simon & Aberdam 2020), medical imaging (Janati
et al. 2020a), facial detection (Yan et al. 2021), time series modeling (Cheng et al. 2021), and
distributionally robust optimization (Lau & Liu 2022).

1.1 Literature review

The notion of the Wasserstein barycenter was introduced in Agueh & Carlier (2011), which also
connected it to the multi-marginal optimal transport (MOT) problem. The Wasserstein barycenter
problem has also been extended to different notions (see, e.g., Bigot et al. 2012, Huang et al.
2021, Uribe et al. 2018). For discrete probability measures with finite support, Anderes et al.
(2016) established foundational structural properties—including discrete support, sparsity, and a
non—mass-splitting property of the optimal barycenter—and proposed a linear programming (LP)
formulation via MOT. However, the resulting LP formulation has O(n*) variables and constraints,
which are exponential in the number of marginals £ and become computationally expensive as n
and k grow. For the sparse Wasserstein barycenter problem (i.e., when the optimal barycenter has
sparse support), Borgwardt & Patterson (2021) proved NP-hardness even in dimension d = 2 with
only k£ = 3 measures. For the general barycenter problem, Altschuler & Boix-Adsera (2022) showed
that solving it to optimality is intractable unless P = NP. These hardness results motivate the
development of efficient approximation algorithms. However, existing work is limited. Borgwardt
(2022) proposed a 2-approximation that takes the union of the input supports as a candidate
support, and Lindheim (2023) gave another 2-approximation based on a sequence of two-marginal
optimal transport plans. In this paper, we improve the factor-2 guarantee. In particular, we develop
a polynomial-time approximation scheme (PTAS) for the Wasserstein barycenter problem. That is,
for any a € (0,1], our algorithm computes a (1 + «)-approximate Wasserstein barycenter in time
polynomial in (nk)"/® and d.

Despite NP-hardness, there is a line of work on computing Wasserstein barycenters to optimality.
In fixed dimension d, Altschuler & Boix-Adsera (2021) showed that one can compute an exact type-p
Wasserstein barycenter for p € {1,2} in time polynomial in n, k, and log U (where U is the upper
bound of the input bit-length), or an approximate barycenter with additive error € > 0 in time
polynomial in n, k, and log(1/¢€), by solving an exponential-size LP via an efficient separation oracle
based on power diagrams. Beyond the fixed-dimension method, Borgwardt & Patterson (2020)
proposed strengthened LP formulations that exploit the non-mass-splitting structure of optimal
barycenters. Their models first encoded that each barycenter support point aggregates mass from
a single tuple of input support points, then aggregated transport variables at the level of such
tuples, therefore shrinking the variable set relative to the naive MOT LP formulation, and finally
incorporated preprocessing/pruning rules and structural bounds on the barycenter support size,
which together reduce problem size substantially in practice. Building on these structural ideas,
Borgwardt & Patterson (2022) developed a column-generation framework whose restricted master
problem uses compact LP, while the pricing subproblem searches for new barycenter atoms (i.e.,
support tuples) with a negative reduced cost. They design efficient pricing routines with bounding

and heuristics, stabilization, and warm starts to generate exact solutions. However, none of these



approaches yields a polynomial-time algorithm in the general input parameters, and they remain
challenging to apply at scale when n, k, and d are large.

A related line of work considers a simpler variant in which the candidate support of the barycen-
ter is fixed a priori, reducing the problem to a linear program. This fixed-support formulation can
still be computationally challenging when the given support is large. To address this, Cuturi &
Doucet (2014) introduced entropic regularization and developed subgradient-based schemes; Be-
namou et al. (2015) proposed a tractable, parallelizable iterative Bregman projection (Sinkhorn)
method that achieves scalability at the cost of an entropic bias; and Janati et al. (2020b) provided
a debiased variant that removes this regularization bias while preserving convergence rates compa-
rable to the Sinkhorn approach. Other directions include an interior-point method (Ge et al. 2019),
a fast deterministic Bregman-projection algorithm with improved complexity guarantees (Lin et al.
2020), and a symmetric Gauss—Seidel-based ADMM from a dual perspective (Yang et al. 2021) for
the given-support barycenter LP formulation. However, none of these methods can be applied to
the Wasserstein barycenter problems studied in this paper.

For the general Wasserstein barycenter problem, Claici et al. (2018) proposed a stochastic scheme
that updates the barycenter support by sampling subgradients from the input measures. Luise et al.
(2019) developed a Frank—Wolfe optimization strategy for estimating barycenters with respect to the
Sinkhorn divergence and established convergence guarantees. Lin & Ruszezyriski (2025) formulated
the free-support barycenter problem as an integer program and designed a federated algorithm via
a dual subgradient method. Kroshnin et al. (2019) analyzed the complexity of iterative Bregman
projections and accelerated gradient methods for the entropically regularized barycenter objective.
Despite these advances, none of the above methods yield a polynomial-time algorithm in the general

input parameters (n, k,d) (and, when applicable, (nk)"/® and d).
1.2 Summary of contributions

In this paper, we develop a unified framework of approximation algorithms for the discrete Wasser-
stein barycenter problem (WBCenter). Our approach is based on systematic candidate-support
reduction and yields provable guarantees that improve upon the best-known results in the litera-

ture. The main contributions are summarized below.

(i) We establish the first polynomial-time approximation scheme (PTAS) for the Wasserstein
barycenter problem. In particular, we propose a family of algorithms parameterized by an
integer ¢ that achieve a (1 + a)-approximation guarantee with running time polynomial in
(nk)'/® and d.

(ii) We present both randomized (sampling-based) and deterministic variants, with the same
approximation guarantee. In the special case of equally weighted input measures, we further

refine the construction to obtain an improved approximation ratio.

(iii) We evaluate the proposed algorithms on both synthetic and real datasets, including instances

with many input measures and instances with a large support size. The results demonstrate



that our methods are computationally practical and produce high-quality barycenters in chal-

lenging regimes.

The remainder of the paper is organized as follows. In Section 2, we present preliminary results
that form the basis of our approximation framework. In Section 3, we develop a subset sampling
algorithm and its deterministic counterpart, and analyze their computational complexity and ap-
proximation guarantees. In Section 4, we show that, under uniform weights, the approximation
ratio can be further improved via a modified sampling procedure and its deterministic counterpart.
Section 5 reports numerical results, and Section 6 concludes the paper.

Notation. Let [k] := {1,...,k}, ||| denote the f3-norm, &) denote the Dirac measure, I
denote the indicator function, (R?F)‘gk denote the k-fold tensor product of the nonnegative orthant
R‘j_, P(S) denote a probability measure with support S, O(-) denote the standard big-O notation

for computational complexity, O(-) denote the soft-O notation for computational complexity, which

suppresses logarithmic and polylogarithmic factors in input size and accuracy.

2 Preliminary results and approximation scheme

In this section, we establish the theoretical foundation for our approximation framework, which
generalizes the approach of Borgwardt (2022). We first recall the equivalence between the discrete
Wasserstein barycenter problem and the multi-marginal optimal transport (MOT) problem, which
implies that an optimal barycenter may require an exponentially large support set S*. To address
this intractability, we introduce a restricted MOT formulation in which the barycenter support is
constrained to be a smaller candidate set S, and we show that this restricted problem admits a
separation oracle with complexity polynomial in n, k, d, and |S|, making it tractable whenever |S]|
is polynomial in the input size. We further show how to recover an explicit barycenter measure
supported on S from the optimal solution of the restricted MOT problem, and we prove that if
set S appropriately approximates the optimal support S*, then the resulting restricted barycenter

achieves an objective value within a provable multiplicative factor of the true optimum.
2.1 Optimal Support

A key ingredient of our results is the well-known equivalence between the Wasserstein barycenter
problem and the multi-marginal optimal transport (MOT) problem. It has been shown (see Propo-
sition 2.1 in Altschuler & Boix-Adsera (2022) and Section 6 in Carlier & Ekeland (2010)) that the
Wasserstein barycenter problem (WBCenter) is equivalent to the following MOT formulation:

v* = min (C,II),

Ile(R? )@k
sty Y S0 Ty = Dij, Vi€ [ i € (S]], (1)
neEl=l]l  dic€llBicall jitr€llEial]  dr€llEkl]



where II is a k-way coupling tensor and the transportation cost is given by

Cy=min Y Alldij —wl3, 7= (bt dinditts- k).
weR4
i€[k]
In other words, each entry I, ; represents the joint mass assigned to the tuple of support points
(115> Ty, ), and Cj. is the optimal cost of fitting a single barycenter location w to that tuple
under the weighted squared Euclidean loss.
From the MOT formulation, we observe that the support of the optimal barycenter is finite and

consists only of points which attain the minimum cost in the definition of C.

Lemma 1. The support S* of the optimal barycenter of problem (WBCenter) is given by

S* = U arg min Z il — w3

€eR
x; €5 i€ (k] v ze[kz]

This characterization appears in the remark following Proposition 2.1 of Altschuler & Boix-
Adsera (2022) and in Section 6 of Carlier & Ekeland (2010), and is consistent with known finiteness
results for discrete barycenters of (WBCenter) (see, e.g., Anderes et al. 2016). In particular, the
optimal barycenter can be chosen to have finite support, and all its support points arise as minimizers
of a weighted least-squares fit to some k-tuple of input support points.

By Lemma 1, we have |S*| = O(n¥), which is exponential in k. Using this notation, we may

equivalently rewrite the transportation cost in the MOT formulation as

C; = min Z Al — wlB,

wEeS*

for each index tuple j = (J1y-- -y JK)-
Lemma 1 also shows that, although an optimal barycenter exists and is finitely supported, its
support S* may be exponentially large. This motivates the construction of a reduced candidate

support in our approximation framework.
2.2 The dual representation of MOT formulation and candidate support reduction

Let {ij}iex),jel=,) Pe the dual variables associated with the marginal constraints in the MOT
formulation (1). By LP strong duality, the optimal value v* of the Wasserstein barycenter problem

admits the dual representation:

- max Z Z Dijij : O — Z Yiji > 0,V € Qielk HH@H = (151 Jk) ¢ (2)

i€[k] jE[|24]

This dual problem involves at most nk variables 7;;, which are polynomial in input size. However,
enforcing feasibility in the dual is still challenging, because each dual constraint depends on the

transportation cost C';. and the optimal support set S* may contain exponentially many candidates,



e., |S*|= O(n*). Thus, even though the dual has only O(nk) variables, it is not directly tractable:
(i) there are exponentially many dual constraints (one per k-tuple j), and (ii) evaluating each
left-hand side requires minimizing over S*, which itself is exponentially large.

This motivates our approach. Rather than working with the full optimal support S*, we seek
a reduced candidate support S C R?% of manageable size such that replacing S* by S perturbs the
cost C;. by only a controlled multiplicative factor. This support reduction is the core mechanism
that enables our polynomial-time approximation scheme.

For notational convenience, given a candidate support S = {'wg}geﬂ s € R? for a barycenter

P(S), we define its transportation cost as

C3(5) = min > Ailldi g — w3,
1€[k]

for each multi-index j = (J1y- -, Jk)-

We then define the corresponding restricted dual objective value

o($) =maxq > > iy C5() = Y i = 0,95 € Diel|Zill,J = Go-odk) oo (3)

i€lk] jE[IE]] i€[k]

In other words, v(.S) is the optimal dual objective value when we restrict all barycenter support to
be S instead of the full optimal support.
When the candidate support size |S| is polynomial in n and k, the restricted MOT dual (3) can

be solved in polynomial time, since its separation oracle admits a closed-form evaluation..

Lemma 2. Given a candidate dual vector « for (3), feasibility of v can be checked in time O(kn|S|d).
Therefore, the restricted MOT dual (3) can be solved in time O(n?k3d|S)).

Proof. We observe that the fact that « is feasible to (3) is equivalent to

min E %jz >

JERie) [lEzH

which is equivalent to the equivalent two-stage minimization problem:

min Z Aillwe — :B’L]'LHQ Z Yij; 2 0.

eS8 Femmeny 1241

Note that the inner minimization problem can be decomposed for each i € [k] when ¢ € [|S]] is fixed.
Let us define the cost ¢;j,0 = \i||we — @4, ||3—ij,- Then for each i € [k], let jF(¢) € argminj, ¢;j,¢.
Next, we solve the outer minimization by picking the £* such that £* € arg minyeg)) Zze[k] Cijr(0)e-

Computing each cost coefficient ¢;;,¢ requires O(d) time. Therefore, computing all such coeffi-
cients costs O(kn|S|d) in total, solving the inner minimization requires O(kn|S|), and solving the

outer minimization takes O(k|S|). In total, the complexity of the separation oracle is O(kn|S|d).



By the complexity result of the ellipsoid method with a separation oracle (Grétschel et al. 2012), the
overall complexity for solving the restricted MOT dual (3) is O((nk)2kn|S|d) = O(k*n3|S|d). O

We also show that a feasible barycenter of a given support can be explicitly constructed from
the MOT formulation (1).

Lemma 3. Fix a candidate support S C R?. Let IT*(S) be an optimal primal solution of the MOT
formulation (1) in which the cost C is restricted to C3(S). For each je ®ie[k)[|Zi]] such that
H}(S) > 0, choose

. N 2 B
w; € arg min Z Aill @i, —wllz,  mw = ] Y ()} Y €S,
ic[k] JERick[IZi]

where Iy is the indicator function. Then the measure P(S) = >, cg Mwdw=w is a feasible barycen-
ter supported on S, where §(-) is the Dirac measure and the random variable w follows the distri-
bution of P(S).

The MOT primal solution IT*(S) tells how often each tuple of support points (21 j,,. .., 2k j,)
is jointly selected. For each such tuple, we attach the “best-fitting” barycenter location in S, i.e.,
the minimizer wy. Aggregating the mass H}(S ) onto these chosen points yields a discrete measure
P(S) on S. This measure is therefore a feasible barycenter with support contained in S.

We conclude this section by stating an approximation guarantee that quantifies the effect of

reducing the full optimal support S* to a smaller candidate set S.

Theorem 1. Let S C R? be a (possibly random) candidate support set. Suppose there exists a > 0

such that, for any choice of points x; € Z; for all i € [k], we have

Eg | min Z Nllw — ;]3| < (1+a) min Z Ail|w — x4)3. (4)
weS iclk) weR etk

Then the expected objective value of the restricted barycenter problem satisfies Eg[v(S)] < (1 +
a)v(S*).

Proof. We first observe that in the MOT formulation (1), replacing transportation cost C by the

approximate one C(.S), the value of v(.S) can be obtained by solving the following restricted MOT

problem:
v(S) = Heﬁlzn)®k<0(5), II),
st > > S D> Wiy gidierede = i Vi € [K], G € [Eil). - (5)
neElBEl  dii€llEicall Gim€llEiral]l  Tk€ll=Ek]]

Suppose that IT* is an optimal solution of the MOT formulation (1), which is also feasible to the



W§<(EEI)= 3 G
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where j = (j1,.-..,Jk). Taking expectation on both sides of the inequality, we have

Eg [U(S)} < Y E; [C;(S)H;;] <(l+a) > Eg [cf(s*)n;:} = (14 a)o(S),

TE€Ric [1Zi] S (=4
where the second inequality is due to the condition (4) and the fact that H;f,. > 0 for any j. O

Remark. If the set S is deterministic, then the same guarantee holds directly under condition (4)

(i.e., the expectation over S is not needed).

By Theorem 1, if every support point of the optimal barycenter has a “good enough” representa-
tive in the reduced candidate set, then solving the barycenter problem over that reduced set yields
an objective value within a factor (1 + a)) of the optimal one. In the next section, we therefore

construct such a reduced support S that satisfies (4), either deterministically or in expectation.

3 Approximation algorithms for the Wasserstein barycenter problem with gen-
eral weights

By Lemma 1, the optimal barycenter of the Wasserstein barycenter problem admits a finite support
S* C R? of the form

S* = Z Nx;sx; € 2,V € [k‘]
1€[k]

The cardinality of this set satisfies [S*|= [];cp|Zil= O(n*), which is exponential in the number
of measures k. In this section, we develop two approximation schemes for the case of general (i.e.,
not necessarily uniform) weights A € le_: a randomized subset sampling algorithm and a determin-
istic subset enumeration algorithm. We show that both methods achieve the same approximation

guarantee.
3.1 Sampling algorithm with repetition

We begin by drawing ¢ indices T4, ..., T} € [k] independently according to the weight vector A; i.e.,

Prob [T} =] = A\, Vi € [k],j € [t].



Let T denote the resulting multiset of selected indices. Based on 7, we construct the candidate

support set

1
5’17': ;Z:BTi:mTiEETN\WE[t]
i€[t]

Note that each element of ST is obtained by averaging ¢ support points, where at each position
i € [t] we select one atom from the support of the probability measure indexed by 7T;. The cardinality
of S satisfies | ST |= O(n'), which is polynomial in n for any fixed . We then solve the restricted
MOT dual (3) using SZ— as the candidate support, and obtain an approximation barycenter IP’(SZ—)

based on Lemma 3. The complete procedure is summarized in Algorithm 1.

Algorithm 1 Multi-subset sampling algorithm for Wasserstein barycenter problem

1: Input: Probability measures {P; };cy with supports {Z;},c[, respectively; a constant ¢ € [k].
2: Uniformly sample a size-t multi-subset 7 = {7 };c|y) from subset [k].

3 ] = {% Diciy) TTy 1 TT; € ETl}-

4: Solve the restricted MOT dual (3) and obtain its corresponding primal optimal solution TT*(S7 ).
5: Output: Obtain an approximation barycenter IP’(SZ—) based on Lemma 3.

The approximation guarantee is formally stated in the following theorem.

Theorem 2. Let t € [k] be a fixed constant, and let 5’17— be the candidate support returned by
Algorithm 1. Then

Er[v(ST)] < <1+ 1) o

Proof. By Theorem 1, it is sufficient to show that for any fixed realization x; € Z;, i € [k] and

c = Zie[k] Aix;, we have

. 1
E7 | miy D Aills — i3] < <1 + t) D Aille — i3 (6a)

S€5T e[k iclk]

Since we consider a particular realization from each marginal distribution, for each random sample
T}, we also consider the same realization; i.e., we let @, = Zie[k} :I}Z‘]I{Tj:i}.

Note that ¢ € argmingcpa Y ;e Aills — x;||3. Therefore, to approximate the solution of
min, ¢ g7 Dicp Nills — x;||3, we consider s. € argminseslTHs — cll?; i.e., the point in S7 that is

closest to e. We have

D Nillse —will3= sl sc —2¢"sc+ Y Niwl @i =D Ail[lse — cll3+le — z43), (6b)
1€[k] 1€[k] 1€[k]

where the equalities follow by direct expansion and Zz‘e[k] A= 1.



Since s. € ST, by (6b), the left-hand side of (6a) can be upper bounded as

Er m}ql;z)\i\\s—fﬂillg <> Aille — @i |3+E7 [[lse — 3] - (6¢)
ST e[k ic[k]
It remains to bound E7 [||s. — ¢|[3]. Since @ € ST, we have

Er [llsc — ¢l3] = Er

Hzﬁm—c 2]. (6d)

min ||s — ¢|3| <E
ses]

Since T = {Ti}icpp) and Ty's are ii.d., we have

& |:Zie7’xi:| _ 2jel 2ie Prob [Ty = i i D iy Aiwi _ S e
t t t
Therefore, we have

2
E7 [llsc - cl3] <Er

-

1 1
] =1En [HwTI - CH%} =3 > Aillzi — elf3. (Ge)

2 ic(k]

Plugging the upper bound of (6e) into (6¢), we obtain that

Br | miy 3 Als - al] < (14 )ch il

8E€51 ic[k] i€[k]
This completes the proof. O

Remark. To obtain a (1 4+ a)-approximation in expectation, it suffices to choose t = [1/a/], so that

1

7 < a. Since |ST|= O(n'), Lemma 2 implies that solving the restricted problem over S/ has

complexity O(n3+ék3d), which is polynomial in nt/e k, and d.
3.2 Deterministic counterpart based on multi-subset enumeration

A deterministic counterpart to Algorithm 1 can be obtained by enumerating all possible sampling
outcomes of the random multiset 7 and aggregating all resulting averages into a single reduced

candidate support. Specifically, we define
L B P N 1R
! i€[t]
K3

We then solve the restricced MOT dual (3) using S! as the candidate support, and obtain an
approximation barycenter P(S?) based on Lemma 3. The full deterministic procedure is summarized
in Algorithm 2.

10



Algorithm 2 Multi-subset enumeration algorithm for Wasserstein barycenter problem

1: Input: Probability measures {IP;};c[y) with supports {Z;}c[x], respectively; a constant t € [k].

St = {% ieq @7, : @1, € B, T € [K],i € [t]}.
: Solve the restricted MOT dual (3) and obtain its corresponding primal optimal solution IT*(S?).
: Output: Obtain an approximation barycenter P(S!) based on Lemma 3.

B w1

Since S! contains the support points generated by all possible realizations of the random con-

2
)
2

for any reference point c¢. Using this observation and following the same argument as in the proof

struction ST, we have

—C

H ZiGT T
t

. 2
min||s — ¢||5< E
v s — el3< Er

min|[s — ¢/|3| < Er
sesy

of Theorem 2, we obtain the following deterministic guarantee.

Theorem 3. Let t € [k] be a fixed constant, and let S be the candidate support returned by
Algorithm 2. Then

o(Sh) < (1 + 1) v

and the support size satisfies |St|= O((nk)?).

Proof. According to the proof of Theorem 2, it is sufficient to show that

min D Aills — zill3< By min > Aills —mill3]

5€%2 ik SEOT ielk)

holds for any x; € Z; and 7 € [k]. This is indeed true since by definition, we have S? C 8! for any

realization 7' of random set 7. The approximation ratio then follows from Theorem 2.

k:+t71)
t

Finally, note that there are ( n! points in the set S! by stars and bars method. Therefore,

the size of St is O(nk)'. O

Remark. When t = 1, Algorithm 2 enumerates all individual data points and thus reduces to the

best-known 2-approximation method of Borgwardt (2022); our analysis recovers the same approx-

imation guarantee for this special case. Since |St|= O((nk)!), achieving a (1 + ) approximation

requires choosing t = [1/«], which leads to an overall complexity of O ndtaktta d).

4 Approximation algorithms for the Wasserstein barycenter problem with equal
weights

In this section, we focus on the special case of (WBCenter) in which the input probability measures

are equally weighted, i.e., \; = % for each ¢ € [k]. In this setting, we show that the approximation

11



ratio can be further improved by using a sampling procedure without repetition, leading to a tighter

guarantee than that in the general-weight case.
4.1 Subset sampling algorithm without repetition

We uniformly sample a subset 7 C [k] of size ¢, without repetition. Based on this subset, we define

the candidate support

1 —
S;f = {tZwi:miELZ}.

€T

We then solve the restricted MOT dual (3) with S] as the candidate support and recover an
approximate barycenter ]P’(SQT ) using Lemma 3. A formal description of this procedure is given in
Algorithm 3.

Algorithm 3 Subset sampling algorithm for Wasserstein barycenter problem

: Input: Probability measures {P; };c[x with supports {Z;};c[), respectively; a constant ¢ € [k].
: Uniformly sample a size-t subset T C [k].

: S;— = {% ZieTxi X € EZ}

. Solve the restricted MOT dual (3) and obtain its corresponding primal optimal solution TT*(SJ )
: Output: Obtain an approximation barycenter IP’(S; ) based on Lemma 3.

T = W N =

The approximation guarantee is formally stated in the following theorem.

Theorem 4. Let t € [k] be a fixed constant, and let S be the candidate support returned by
Algorithm 3. Then

Er [U(S;r)] < <1 + t(];;:t1)> v*.

Proof. By Theorem 1, we only need to show that for any fixed realization x; € Z;, i € [k] and

c:= %Zie[k] x;, we must have
1 k—t 1
E7 | min — s—mi|3] < <1+> — c— x)3. (7Ta
SES;kZ%;]’ 2 t(k— 1) kﬁ%;}“ 2 )

Note that ¢ € arg mingcga 1 Dicplls—Ti |3. Therefore, to approximate the solution of min, ¢ g7 z D i lls—
x;||3, we consider s, € arg minseSQTHs — c||3, which is the closest point in SJ to c. Similar to the

proof of Theorem 2, we have

1 1
Z > llse — mil3= z > (lIse — ell3+lle = zilf3).
ic[k] i€ (k]

12



Thus, the left-hand side can be upper bounded by

1
Er | min o > lls—will3] <+ ZHC - ivz||2+ET i HS - C||2] : (7b)
2 7 ielk] i€[k]
It remains to bound Es [mins‘E S;Hs - CH%:| For notational convenience, we let fi = M
Since fi € S;r, we have
Er | min s - \] <Er Iy - el (70)
seST

2

Note that

Brlir]= Y prob7 == = G 3 S

(Tet[k]) t (Te[k]) ieT
1
(i) iz
t/) i€lk] i€[k]

In addition, we also have

. 1 .
Cov [f7] = 2 (x; — ¢)(zj — ) 'Prob[i,j € T],
1,5€T
where
[ - % if i = j,
Probli,j € T] = =2,
’ —2) _ t(t=1) e
t(;:; = k(k-1) if i # j,
by direct computation.
Therefore, we further have
t 1 t(t—1
Covlir] = Dlmi— )@ -0+ 5 Y @ la o g
i€[k] i#j€ (k]

which implies that

Var (7] =E7 [|| o7 — c|l3]

t—
= e wilit s S (@)@ - o
( ) .
i€(k] i#j€lk]
1 t—
=i 2l T py 2 el
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k—t 1 ,
= E c— x| 7d

where the third equality is due to > ¢, (@i — ¢) = 0.
Plugging (7d) to (7c), we have

F Slls—ail| < ot Sl alig > e- wili= (14 ;=) Sle- il

ze[k] Je[k] i€([]

O
Remark. To obtain a (1 4+ «)-approximation guarantee, it suffices to choose ¢ such that t(k 1) < a;
equlvalently, t> _7 Since |S] |= O(n?), solving the restricted problem over 527' requires time

O (n3Jr SR T k3d> to achieve a (1 + a)-approximation.

4.2 Deterministic counterpart based on subset enumeration

Similar to Algorithm 2, we obtain a deterministic counterpart to Algorithm 3 by enumerating all
possible choices of the subset T C [k] of size ¢ (without repetition), and aggregating all corresponding

averaged points into a single reduced candidate support. Specifically, we define

1 =

Sé = {tzwl cx; €5, T C [k], ‘T‘Z t}
€T

We then solve the restricted MOT dual (3) using S% as the candidate support and recover an

approximate barycenter P(S%) via Lemma 3. The resulting deterministic procedure is summarized
in Algorithm 4.

Algorithm 4 Subset enumeration algorithm for Wasserstein barycenter problem

: Input: Probability measures {P;};c[x with supports {Z;};c[, respectively; a constant ¢ € [k].
Sé = {% ZieTwi T € EZ‘,T - [k], ‘T‘: t}.

Solve the restricted MOT dual (3) and obtain its corresponding primal optimal solution IT*(.S%).
Output: Obtain an approximation barycenter P(S%) based on Lemma 3.

L i

Since S% contains the support points generated by all possible realizations of the random con-

struction Sg— , we have, for any reference point c,

2

mlan —c|(<Ef
€5}

H DieT Ti _
t

m1n||s—c||2
S

2

Using this observation and following the same argument as in the proof of Theorem 4, we obtain

the corresponding deterministic approximation guarantee.

Theorem 5. Let t € [k] be a fixed constant, and let S§ be the candidate support returned by
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Algorithm 3. Then

k—t
PR ) = < e 1)> o
and the support size satisfies |St|= O((nk)?)

Proof. According to the proof of Theorem 4, it is sufficient to show that

minZ)\iHs—miH%g E7 | min Z)\ZHs—acZHg ,
sesh sesy

i€[k] i€[k]

holds for any «; € Z; and any 4 € [k]. This is indeed true since by definition, we have Sg C Sk for
any realization T of random set 7. The approximation ratio then follows from Theorem 4.

Finally, note that there are (’:)nt points in the set Si. Therefore, the size of S} is O((nk)?). O

Remark. Note that

k—t 1

1 <14 =
+t - +t’

(1)
which implies that, for ¢ > 1, the approximation ratio achieved by Algorithm 4 (which applies to
the equal-weight Wasserstein barycenter problem) is strictly better than that of Algorithm 2 (which

applies to the general-weight Wasserstein barycenter problem).

5 Numerical experiments
In this section, we conduct numerical experiments to evaluate the computational efficiency and

solution quality of the proposed algorithms. Our main goals are:

(i) To empirically validate the theoretical (1 + «)-approximation guarantee and the tunable

accuracy-complexity trade-off;

(ii) To demonstrate that our algorithms scale to large instances that are computationally in-

tractable for exact extensive LP formulations; and

(iii) To compare our results with the state-of-the-art 2-approximation algorithm (Borgwardt 2022),
which is equivalent to Algorithm 4 with ¢ = 1.

All of our algorithms were implemented in Python using Gurobi 11.0.3 as the LP solver and executed
on a MacBook Pro with an Apple M4 Pro Chip and 48 GB RAM.
5.1 Synthetic nested ellipse dataset

The synthetic dataset used in this subsection is a standard benchmark from the literature (Cuturi &
Doucet 2014, Janati et al. 2020b, Altschuler & Boix-Adsera 2021), for which the optimal Wasserstein

barycenter is known (Altschuler & Boix-Adsera 2021). It consists of ten probability measures
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{P; }icp10), each supported on a 60 x 60 grid and corresponding to a nested ellipse (see Figure 1). Each
measure has between 139 and 192 support points, all with equal mass. We emphasize that the exact
barycenter may not be , in general, supported on the grid. Solving the full MOT formulation (1) over
S* would require on the order of 192! ~ 1022 basic arithmetic operations, which is computationally

intractable.

D [
S

Figure 1: Ten images from the nested ellipses dataset.

To ensure higher accuracy, we adopt the subset enumeration method (i.e., Algorithm 4) rather
than the subset sampling method (i.e., Algorithm 3), even though the latter is more efficient and
enjoys the same theoretical approximation ratio. The key reason is that sampling operates over the
set of measures, so regardless of how many samples are drawn, the number of distinct candidate
supports is finite. As illustrated in Figure 2, even the best result among the ten possible samples
for ¢ = 1 is still substantially worse than the result obtained by deterministic enumeration. Con-
sequently, in all subsequent experiments, we apply our deterministic subset enumeration algorithm
witht=1and t = 2.

Additionally, as illustrated in Figure 2, all methods produce solutions that are substantially
better than their theoretical worst-case guarantees. We also observe that even small differences
in objective values between ¢t = 1 and ¢t = 2 can correspond to visibly inferior barycenter quality.
While the t = 1 setting offers faster computation, the ¢ = 2 setting consistently yields barycenters
of much higher visual fidelity.

5.2 MNIST Dataset

To assess scalability with respect to the number of measures k, we conduct experiments on the
MNIST dataset (LeCun et al. 2002). For each of three digit classes, we randomly select k& = 50
empirical measures, each supported on a 28 x 28 grid (d = 2) with (potentially) different mass
distributions. The total number of support points per measure ranges from 165 to 263. Solving the
full MOT formulation in this setting would require on the order of 263%° ~ 10'?° basic arithmetic

operations, which is computationally intractable.
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(a) Exact ellipse (b) 10 runs of Algorithm  (c) Algorithm 4 with (d) Algorithm 4 with

(Altschuler & 3 witht =1, t = 1. objective=0.02673, t = 2. objective=0.02667,
Boix-Adsera 2021), objective=0.02709, time=21.08s. time=212.44s.
objective=0.02666, time=17.46s.

time=8865.03s.

Figure 2: Barycenters produced by different algorithms for nested ellipse.

We evaluate the performance of Algorithm 2 for £ = 1 and ¢ = 2, and report both the objective
values and the running times for all digit classes. All experiments were completed in a reasonable
time (i.e., less than an hour). Even ¢ = 1 produces reasonable barycenters, and ¢ = 2 consis-
tently improves the objective values. The visualizations in Figure 3 further show that the resulting

barycenters successfully capture the characteristic shapes of the digits.
5.3 Sign language dataset

The final experiment evaluates the performance of our algorithms on measures with large supports.
We represent each RGB image of size 64 x 64 x 3 as a 5-dimensional empirical measure: the first
two coordinates encode the spatial location (z,y), and the remaining three coordinates encode the
color channels. For each of three distinct hand gestures, we randomly select three images as input
measures.

Since the resulting LP is extremely large, we combine our subset-enumeration method (Algo-
rithm 4) with column generation (Borgwardt & Patterson 2022) and early termination. To interpo-
late between the computational profiles of ¢t = 1 and ¢ = 2, we construct a hybrid candidate support
as follows: we begin with the active atoms of the ¢ = 1 barycenter, then augment this set by adding,
for each input measure, the five nearest support points to each active atom, and finally include all
pairwise averages of these points. This hybrid candidate expansion balances between accuracy and
running time, which is referred as the “Hybrid Algorithm 4 with ¢ = 2.”

Representative results are shown in Figure 4-6. Across all sign gestures, the barycenters com-
puted with ¢t = 2 achieve approximately 3-6% lower objective values than those computed with
t = 1, while remaining visually better gestures. For example, Figures 4a and 4b show the barycen-
ters computed by Algorithm 4 with ¢ = 1, terminated after 1 hour and 2 hours, respectively.
Figures 4c and 4d show the barycenters computed with ¢ = 2, initialized from the solution in Fig-
ure 4a, and terminated after 1 hour and 2 hours, respectively. We see that the barycenters with

t = 2 are denser and more clear than those with ¢ = 1. The same behavior is observed for the
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a) Algorithm 2 with ¢ = 1, b) Algorithm 2 with ¢ = 1. ¢) Algorithm 2 with ¢ = 1.
obJectlve 0.0132, time= 556s obJectlve 0.0174, time=>56s. obJectlve 0.0279, time=253s.
H :
m n .
d) Algorithm 2 with ¢ = 2, e) Algorithm 2 with ¢t = 2. (f) Algorithm 2 with ¢ = 2.
obJectlve 0.0127, time=9213s. obJectlve 0.0169, time=1148s. objective=0.0274, time=2716s.

Figure 3: Barycenters produced by different algorithms for MNIST.



remaining gestures, as illustrated in Figures 5-6.

(a) Algorithm 4 with (b) Algorithm 4 with (c¢) Hybrid Algorithm 4  (d) Hybrid Algorithm 4

t =1, objective=0.00368, ¢ =1, objective=0.00358, with ¢ = 2, with ¢ = 2,
time=1h. time=2h. objective=0.00355, objective=0.00348,
time=1h. time=2h.

Figure 4: Barycenters produced by different algorithms for gesture 1.

(a) Algorithm 4 with (b) Algorithm 4 with (c) Hybrid Algorithm 4  (d) Hybrid Algorithm 4

t = 1, objective=0.0115, ¢ =1, objective=0.0115, with ¢ = 2, with ¢ = 2,
time=1h. time=2h. objective=0.0111, objective=0.0110,
time=1h. time=2h.

Figure 5: Barycenters produced by different algorithms for gesture 2.

Finally, we evaluate the quality of the computed barycenters through a classification task. Each
class is represented by the Wasserstein barycenter of its corresponding training samples. For each
test input (25 testing images for each gesture), we compute its Wasserstein distance to each class
barycenter, and assign it to the class with the smallest distance. Using barycenters computed with
t = 1 after 2 hours yields a classification accuracy of 96%, while using ¢t = 2 after 1 hour improves
the accuracy to 100%. This demonstrates that the proposed approximation algorithm for ¢t = 2 is

also more efficient in terms of testing accuracy. The details are described in Table 1.

6 Conclusion and future work

In this paper, we present efficient approximation algorithms for computing discrete Wasserstein
barycenters. Our approach generalizes the best-known 2-approximation algorithm and yields a
polynomial-time approximation scheme (PTAS) that offers an explicit tradeoff between solution

quality and computational complexity.
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(a) Algorithm 4 with (b) Algorithm 4 with (c) Hybrid Algorithm 4  (d) Hybrid Algorithm 4

t =1, objective=0.00957, ¢ =1, objective=0.00949, with ¢ = 2, with ¢ = 2,
time=1h. time=2h. objective=0.00917, objective=0.00898,
time=1h. time=2h.

Figure 6: Barycenters produced by different algorithms for gesture 3.

Table 1: Gesture classification task. Each entry means the number of images that falls in the case.
For example, Algorithm 4 with ¢ = 1 classifies gesture 2 correct for 22 out of 25 images, and wrong
for 3 out of 25 images.

Methods gesture 1 | gesture 2 | gesture 3
Algorithm 4 with ¢ = 1 correct 25 22 25
Algorithm 4 with ¢t = 1 wrong 0 3 0
Hybrid Algorithm 4 with ¢ = 2 correct 25 25 25
Hybrid Algorithm 4 with ¢t = 2 wrong 0 0 0

Our numerical results show that the proposed methods achieve near-optimal objective values
in challenging datasets, including cases with a large number of measures and cases with very large
supports. In particular, our methods consistently outperform existing 2-approximation approaches
in terms of accuracy, while maintaining reasonable running times.

Several directions remain open. From a theoretical standpoint, extending our guarantees to
general type-p barycenters for p # 2 is an important next step. On the algorithmic side, further
optimization of the implementation may lead to additional computational improvement. Finally, the
candidate-support reduction principle developed in this work may be applicable beyond Wasserstein

barycenters, and investigating such extensions is a promising avenue for future research.
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