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Abstract. Algorithms for continuous optimization problems have a rich history of design and innovation over
the past several decades, in which mathematical analysis of their convergence and complexity properties plays a
central role. Besides their theoretical properties, optimization algorithms are interesting also for their practical
usefulness as computational tools for solving real-world problems. There are often gaps between the practical
performance of an algorithm and what can be proved about it. These two facets of the field — the theoretical
and the practical — interact in fascinating ways, each driving innovation in the other. This work focuses on
the development of algorithms in two areas — linear programming and unconstrained minimization of smooth
functions — outlining major algorithm classes in each area along with their theoretical properties and practical
performance, and highlighting how advances in theory and practice have influenced each other in these areas.
In discussing theory, we focus mainly on non-asymptotic complexity, which are upper bounds on the amount of
computation required by a given algorithm to find an approximate solution of problems in a given class.
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1 Introduction. Optimization is the process of minimizing a real-valued function of many variables,
subject to restrictions or constraints on the values of those variables. This simply stated paradigm encompasses
mathematical formulations for an enormous range of applications in many areas of science, engineering, and
economics. It also admits numerous refinements into classes and subclasses of problems (e.g. linear programming,
nonsmooth optimization, integer programming), each of which provides formulations for many applications and
each of which can be studied mathematically. These classes have been refined over the years in response to the
demands of application areas. Over the past 15 years, for example, machine learning has been a rich source
of optimization problems characterized by many variables, a great deal of data, and certain structures in the
objective functions that can be exploited by algorithms.

Mathematics is used in optimization both to study the properties of problem formulations and to devise
algorithms for solving these problems and analyze the properties of these algorithms. These strands are
intertwined. The study of formulations includes the existence and characterization of solutions; the stability
of solutions under perturbations of the problem data; and duality, which provides an alternative perspective
on a given formulation that can shed light on the problem and can sometimes be exploited by algorithms.
Algorithms for optimization problems are typically iterative, generating a sequence of candidate solutions that
(ideally) converges to a solution for the problem at hand. Algorithms are rigorous in the sense that they allow
certain claims about their properties to be proved, but within the rigorous framework, they contain heuristics
to guide certain decisions, for example, the choice of pivot in a simplex algorithm for linear programming from
among a (potentially enormous) list of valid choices. Along with mathematical expertise and imagination, a
good deal of intuition and domain knowledge for the key application areas is required for successful algorithm
design, adaptation, and application. Development of software to implement these algorithms requires many other
areas of expertise to be brought to bear, involving broader mathematical knowledge and software engineering
expertise. The mathematical issues include the vagaries of finite-precision arithmetic, robustness in the face of ill-
posed formulations, the interface with numerical linear algebra, and parallel implementation, among many others.
Engineering issues (some of which can also be analyzed mathematically) include management of hierarchical
memory and data movement.
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The focus of this paper is the analysis of algorithms for two classes of continuous optimization problems —
those in which the variables are vectors or matrices involving real numbers that are allowed to vary continuously,
not being restricted to certain discrete values such as the integers. We consider the convergence and complexity
properties of these methods. Are the iterates guaranteed to converge to points with the characteristics of a
solution? Can we bound the amount of computation needed to find an approximate solution over all problems in
a class — and how do we measure “computation,” given that the cost of obtaining information about functions
can vary widely from one application to the next? Can we lower-bound the amount of computation needed for
algorithms of a certain type on the hardest problems in a certain class?

We focus especially on the interplay between the theoretical properties of algorithms and their practical
performance, which has driven a great deal of research in optimization over the past several decades. For some
problem classes, the practical performance of methods on typical problems in the class mirrors the theory well.
In other classes, there is a wide gap between theory and practice, with practical performance being much faster
on typical problems than the theory predicts. Such gaps can sometimes be narrowed by refining the theory,
perhaps by narrowing the problem class in an interesting way. An recent development of this type has occurred
in the minimization of smooth nonconvex functions (see Subsection 5.6). In its full generality, this problem is
intractable, but many subclasses of nonconvex problems have been identified (particularly in machine learning)
for which global minima can be found efficiently. In other cases of wide gaps between theory and practice, further
analysis and computation can improve our understanding of the nature of the gap. For example, we may ask:
Are the loose bounds provided by the theory due to rare worst-case instances? Can we quantify the rarity of
these instances? Can we mollify these instances, for example by showing that a nearby instance is easy to solve?
Gaps may prompt a search for new kinds of algorithms with better theoretical and possibly even better practical
properties. A striking instance of this type occurred in linear programming (see Section 4), where the search for
algorithms with polynomial complexity led eventually to the development of interior-point methods, which have
proved to be important in practice for solving large-scale problems.

A paper on a similar theme to this one, but in the domain of computer science, was presented by Donald Knuth
at the World Computer Congress in 1989 [61]. It contains many enlightening observations about the relationship
between theory and practice in that field, summarizing them in the quote “The best theory is inspired by practice
and the best practice is inspired by theory.” Optimization has adhered to this dictum throughout its history as
both a mathematical and highly practical discipline.

Outline. We consider two classes of problems in this paper: (1) linear programming and (2) unconstrained
optimization of a smooth real-valued function. There is a wide variety of algorithms for both classes, with rich
mathematical properties and extensive computational experience. Section 2 defines these problems and describes
their optimality conditions, which are algebraic conditions that characterize solutions. We discuss convergence
and complexity analysis in broad terms in Section 3, outlining the reasons for the observed gaps between this
theory and computational experience with these methods. Linear programming is the focus of Section 4, while
unconstrained optimization is tackled in Section 5. Section 6 contains some concluding remarks.

Space prevents us from considering other areas of optimization in which is interesting interplay between theory
and practice, including constrained optimization, optimization of finite-sum functions (see Equation (5.6) below),
and parallel methods.

Notation. We use Rn to denote the Euclidean space of dimension n. For x, y ∈ Rn, ∥x∥ denotes the Euclidean
norm and ⟨x, y⟩ denotes the inner product xT y. Components of a vector x ∈ Rn are denoted by subscripts: xi,
i = 1, 2, . . . , n. The vector inequality x ≥ y for x, y ∈ Rn means that xi ≥ yi, i = 1, 2, . . . , n. When A,B ∈ SRn×n

(symmetric n × n real matrices), we use A ⪰ B to indicate that A − B is positive semidefinite. A ≻ B means
that A− B is positive definite. f : Rn → R is a convex function when its epigraph is a convex set, equivalently,
f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y) for all x, y ∈ dom f and α ∈ [0, 1].

The order notation O(α) for some α > 0 means that the quantity in question is bounded by some constant
multiple of α. Õ(α) means that there might be an additional factor that depends logarithmically on such quantities
as dimension or solution accuracy.

The cardinality of finite set B is denoted by |B|. We use 1 to denote a vector whose entries are all 1.

2 Formulations and Optimality Conditions. Optimization formulations provide mathematical descrip-
tions of practical problems around which theory and algorithms can be developed. Any given practical problem
can be formulated in many different ways, all “valid” in the sense that their solutions are equivalent and achieve
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the goals of the application. However, some of these formulations may be much harder to solve than others, due
to redundancies or degeneracies (and many other more subtle reasons). Expertise is needed to choose the formu-
lation that can be solved most efficiently with the algorithmic tools at hand. Conversely, designers of algorithms
and software try to make their tools as robust as possible to such problematic aspects of formulations.

Optimality conditions are characterizations of solutions of a formulation, usually in terms of algebraic
conditions in a form that can serve as “target" for algorithms. Algorithms use these conditions to recognize
when they are at or near a solution, and often use them to guide progress toward solutions as well.

We describe several formulations in this section which will be studied in the remainder of the paper.

2.1 Unconstrained Optimization. We consider first the following unconstrained optimization problem:

(2.1) min
x∈Rn

f(x),

where Rn denotes real vectors of length n and f : Rn → R is a smooth real-valued function (at least Lipschitz
continuously differentiable). Finding (global) solutions of (2.1) is intractable for general smooth nonconvex f ,
although algorithms of branch-and-bound type can be applied when we have additional knowledge about f (for
example, a bound on its Lipschitz constant) and when we can restrict the search to a finite domain. Exceptions
occur when f is a convex function; the solutions of most convex problems can be found efficiently. In general,
algorithms for (2.1) seek local solutions, which are points x∗ such that there is a radius r > 0 such that f(x∗) ≤ f(x)
for all x with ∥x− x∗∥ ≤ r. (A global solution has r =∞ in this definition.) Local solutions can be characterized
by optimality conditions. When f is differentiable, the first-order necessary condition for x∗ to be a local solution
of (2.1) is ∇f(x∗) = 0. (Points satisfying this condition are termed stationary.) When f is a convex function,
this condition is sufficient for x∗ to be a global solution. When f is twice continuously differentiable, second-order
necessary conditions for x∗ to be a local solution of (2.1) are that ∇f(x∗) = 0 and ∇2f(x∗) ⪰ 0. Second-order
sufficient conditions replace the second condition by positive definiteness: ∇2f(x∗) ≻ 0.

Since most algorithms that target stationary points or solutions converge only asymptotically to such points,
we define approximate optimality conditions, allowing these algorithms to terminate finitely when such conditions
are satisfied. An approximate first-order condition could be ∥∇f(x∗)∥ ≤ ϵg, for some small ϵg > 0, while an
approximate second-order condition could add the condition ∇2f(x∗) ⪰ −ϵHI, for some small ϵH > 0.

Other notions of approximate optimality including the optimality gap f(x)− f∗, where f∗ is the value of f at
the solution, and dist(x,S), where S is the set of solutions to (2.1). Neither condition is “checkable" in general,
as we need to know the solutions before evaluating them. Nevertheless they are useful in the sense that it may
be possible to obtain a bound on the computational effort required to satisfy these conditions approximately to
within some positive tolerance ϵ, that is, f(x)− f∗ ≤ ϵ and dist(x,S) ≤ ϵ, respectively.

2.2 Linear Programming. Linear programming (LP) is the problem class that jump-started the modern
era of optimization in the 1940s. In LP, the objective function and the algebraic equalities and inequalities defining
the feasible set are all affine. Without loss of generality, LP can be written in the following standard form:

(2.2) min
x∈Rn

cTx subject to Ax = b, x ≥ 0,

where A ∈ Rm×n is the constraint matrix, b ∈ Rm is the right-hand side of the constraints, and c ∈ Rn is the
cost vector. We assume throughout that A has full row rank. (An elementary preprocessing step can ensure that
this property holds.) There are comprehensive theories of optimality and duality for LP. The problem (2.2) may
not have a solution — it can be infeasible (when there is no vector x satisfying the constraints Ax = b, x ≥ 0) or
unbounded (when there is a sequence of vectors xk, all satisfying the constraints, for which limk→∞ cTxk = −∞).
A vector x is a solution to (2.2) if and only if there is a vector pair (λ, s) ∈ Rm × Rn such that

(2.3) Ax = b, ATλ+ s = c, (x, s) ≥ 0, xisi = 0, i = 1, 2, . . . , n.

When such conditions are satisfied, (λ, s) is a solution to another linear program, called the dual of (2.2):

(2.4) max
(λ,s)∈Rm×Rn

bTλ subject to ATλ+ s = c, s ≥ 0.
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It is easy to show that for (x, λ, s) satisfying (2.3), we have cTx − bTλ = xT s = 0, so the optimal values of
the primal and dual LPs are the same, a property known as strong duality. When the first three conditions in
(2.3) are satisfied, but not necessarily the final condition, we have that x is a feasible point for (2.2) and (λ, s) is
feasible for (2.4), and cTx ≥ bTλ, a property known as weak duality. Note that the dual form (2.4) can be stated
equivalently as

(2.5) max
λ∈Rm

bTλ subject to ATλ ≤ c.

We can define approximate solutions of the linear programs (2.2) and (2.4) in terms of approximate satisfaction
of the optimality conditions (2.3). One particular measure to which we refer in Section 4 asssumes that the
feasibility conditions (the first three conditions in (2.3) are satisfied exactly, while the quantity µ defined by

(2.6) µ :=
1

n
xT s =

1

n

n∑
i=1

xisi,

satisfies µ ≤ ϵ for some tolerance ϵ > 0.

3 Convergence and Complexity in Optimization. Useful optimization algorithms produce a sequence
of iterates that tend toward solutions of the problem at hand. Analysis of algorithms in optimization is concerned
with proving results about the nature of these convergence properties. For decades, most researchers working on
nonlinear optimization focused on two kinds of convergence results.

• Asymptotic (“global”) convergence: What is the ultimate behavior of the algorithm as more and more iterates
are generated? Does the sequence of iterates converge to a point satisfying certain optimality conditions (or
at least have accumulation points that satisfy optimality conditions)? Or stop at such a point?

• Local rate-of-convergence: Once the iterate sequence reaches a certain neighborhood of a point satisfying
certain optimality conditions, how rapidly does it converge to that point?

In this paper, we focus mostly non-asymptotic analysis, in which we “globalize” the local analysis and seek to say
something about the rate of convergence of the algorithm from its initial point. Although it has a long history,
this kind of analysis has become much more prominent in recent years. Non-asymptotic analysis of a particular
algorithm identifies some scalar quantity τk associated with each iteration or each oracle (see below), such that
τk → 0 as we approach a point satisfying desired optimality conditions. For the unconstrained problem (2.1), τk
might be f(xk) − f∗, ∥∇f(xk)∥, or dist(xk,S), where xk is the kth iterate of the algorithm. Depending on the
algorithm, convergence of τk to zero can occur at arithmetic, “sublinear” rates, such as τk ≤ A/k, τk ≤ A/

√
k,

or τk ≤ A/k2 for some constant A > 0, which depends on the problem and often on the starting point. It can
occur at “linear” (sometimes called “exponential”) rates such as τk ≤ A(1 − ϕ)k, for some constants A > 0 and
ϕ ∈ (0, 1). It could occur at “superlinear” rates, for which τk+1/τk → 0 as k →∞.

Iteration Complexity. Non-asymptotic properties provide bounds on the amount of computation required
to satisfy the optimality conditions to some specified accuracy ϵ. The bounds on the convergence indicator
τk as a function of k can be converted into bounds on the number of iterations k needed to ensure that
τk ≤ ϵ for any tolerance ϵ via a simple inversion. For example, if τk ≤ A/k for some A > 0, then we have
τk ≤ ϵ whenever k ≥ A/ϵ = O(ϵ−1). For linear convergence, when τk ≤ A(1 − ϕ)k, we have τk ≤ ϵ when
k ≥ (1/ϕ)| log(ϵ/A)| = O(| log ϵ|).

Complexity analysis of this type is sometimes referred to as iteration complexity, since “k" refers to the
iteration index of the algorithm. But this approach may not be immediately relatable to the conventional
understanding of complexity in computer science, which concerns bounds on the amount of computation or
storage required to solve problems in a class. The issues are that (a) within some algorithms, different iterations
may require significantly different amounts of computation — and sometimes the amount of computation is hard
to bound; (b) different instances within a problem class may require vastly different amounts of time to execute
a single iteration. (It is easier to relate classical notions of complexity in linear programming than in general
smooth minimization.)
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Operation Complexity. Formally, we assume the Blum-Shub-Smale (BSS) model of complexity [92, 11] in
which the primitive objects are real numbers, and each arithmetic operations +, −, ×, ÷ (as well as comparisons
≤, ≥, and =) are each assumed to be a single unit of computation. (This model is closer to practical computation
with floating-point numbers than the “bit-complexity” model, which assumes that problem data is rational and
takes the unit of computation to be a bitwise operation.) Essentially, the BSS model requires us to bound the
number of real-number arithmetic operations required. In interior-point LP algorithms, each iteration requires
the assembly and solution of a system of linear equations of dimension O(n), so we can bound the number of
operations required per iteration by O(n3). if the number of iterations required to reduce the quantity (2.6) below
ϵ is O(

√
n| log ϵ|), say, then the arithmetic complexity bound is O(n3.5| log ϵ|). (In fact, slightly tighter bounds

can be obtained by modifying the algorithm to take advantage of the similarity between the linear equations that
are solved at successive iterations; see Section 4.)

Oracle Complexity. For nonlinear problems such as (2.1), the oracle complexity model of Nemirovski and
Yudin [73] is widely used to bound the amount of computation required by a certain algorithm on a given class
of problems. For a given algorithm, this method defines some “unit of information" (oracle) that the algorithm
requires about the function f , with many queries made during the course of the algorithm. For one algorithm
(e.g. a gradient descent method), a suitable oracle might by the value of (f(x),∇f(x)) at a given point x. For
another method (e.g. a stochastic gradient method), the appropriate oracle might be an unbiased estimate of
∇f(x) with a certain known variance, for a given x. The “oracle complexity” of a method is a bound on the
number of oracles required to obtain an ϵ-accurate solution. When each iteration of an algorithm requires one
oracle (or a fixed number of oracles), there is an obvious relationship between oracle complexity and iteration
complexity. This relationship is not always so tight; some algorithms (for example, a gradient-descent method
with backtracking) might require a variable number of oracles per iteration.

Lower Bounds and Optimal Algorithms. Most complexity analyses are concerned with upper bounds on the
relevant measure of computation. But there has also been much interest in lower bounds, which are usually
defined in terms of both a class of algorithms and a class of problems. The lower bound is usually derived from
a worst-case instance in the problem class, making a claim of the following form:

There is an instance in the problem class for which any algorithm in the algorithm class will require
at least N(ϵ) oracle calls to find an ϵ-accurate solution.

Algorithms for which the lower bound is within a constant multiple (not depending on ϵ) of the upper bound is
called an optimal algorithm. Possibly the most famous instance of an optimal method is Nesterov’s accelerated
gradient method, which is optimal in the algorithm class in which xk − x0 lies in the span of all gradients
encountered by the algorithm between iteration 0 (initial point x0) and iteration k, and the problem class is the
class of all convex functions whose gradients are Lipschitz continuous.

Gaps between Theory and Practice. For some algorithms, the (upper-bound) complexity of an algorithm
reflects its typical behavior on a numerical instance. In other cases, the practical behavior is usually much better
than the worst-case complexity analysis would suggest. This can happen for several reasons.

• The algorithm design and analysis is based on assumptions about the problem that are much too conservative
for most instances, or are tight on only a small fraction of the search space navigated by the algorithm.
For instance, an assumption that the gradient of f in (2.1) is Lipschitz continuous with some constant L is
common in gradient-based methods for this problem. But the local geometry of the problem might see the
algorithm making much faster progress in some regions of the parameter space, where the problem behaves
better than the worst-case assumptions would suggest.

• The instances in a problem class that are difficult for an algorithm might be extremely rare. Such is the
case in linear programming, where instances for which the simplex method performs poorly are almost never
encountered in practical or randomly generated instances.

• Algorithms may contain adaptive mechanisms (for example, line searches or trust-region strategies) that
allow them to exploit variations in the properties of problems across the parameter space. These gains may
be reflected in practice but the variability of properties of the problem may be hard to express in an abstract
way that lends itself to theoretical analysis.
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• The problems of interest in a given class actually belong to a subclass with properties that set them apart
from the wider class and make them easier to solve. One example is the “benign nonconvexity” phenomenon,
which has been encountered in many problems (especially from machine learning) over the past 10 years,
where global minima of nonconvex objectives are usually found easily [96], despite global minimization of
general nonconvex objectives being intractable.

For these and other reasons, practitioners are generally not advised to use complexity bounds as the sole basis for
choosing which algorithm to apply to a given problem. Such bounds may be a consideration, but computational
experience on similar problems is a more reliable guide. Nevertheless, the process of understanding the gaps and
perhaps narrowing or closing them — by refining the complexity analysis, refining problem classes to identify
subclasses that admit tighter analysis, or discovering algorithmic features or even new algorithms with better
theoretical performance — deepens our understanding of both the algorithms and problem classes. Sometimes the
insights so gained can percolate into wide practical use, as in the interior-point revolution in linear programming.

Historical Perspectives. The influential early reference for complexity of algorithms for smooth convex
nonlinear optimization is the book of Nemirovski and Yudin [73]. This book, which appeared in Russian in
1979, described the key concepts of problem class and algorithm class, oracle complexity, and lower bounds on
complexity of methods, among other things. Nesterov’s text [75], in its revised and expanded version[76], is
a key modern reference. It describes upper and lower complexity bounds for gradient methods and Newton
methods for smooth functions and for subgradient and cutting-plane methods for nonsmooth functions, along
with a description of barrier methods based on self-concordant functions and their complexity. The recent book
of Cartis, Gould, and Toint [18] describes complexity for smooth nonlinear optimization, both constrained and
unconstrained, with a focus on nonconvex problems with higher-order optimality guarantees.

4 Linear Programming. Linear programming (2.2) and the simplex method were developed to address
wartime logistical planning in the 1940s [27]. LP quickly became a subject of fascination to the fledgling operations
research and theoretical computer science communities, and has remained so to the present day. The restriction
to linear models and “certain" data (A, b, and c) were recognized as being unrealistic in practice, but the
approximation is often good enough for the model to be useful. Moreover, LP is a foundational model for
linear integer programming, in which some components of the variable x in (2.2) are restricted to have integer or
binary (0/1) values. The most successful approaches for solving integer LPs (branch-and-bound, branch-and-cut)
require the solution of many (closely related) LPs.

In this section we outline the progress that has been made in algorithms and complexity theory for linear
programming, and discuss briefly the practical significance of these various developments. A fine summary of the
history up to 2000 appears in [100]; our discussion below makes note of progress in the years since then.

4.1 Simplex Method. The simplex method starts with the recognition that the feasible set F := {x ∈
Rn : Ax = b, x ≥ 0} is a polyhedron in Rn — a convex set with flat boundary surfaces and extreme points called
vertices. Each vertex is the unique minimizer of some linear function vTx over F , for some v ∈ Rn. Moreover,
when solutions to the LP (2.2) exist, at least one such solution is a vertex, so nothing is lost by searching for
a solution only among the vertices of F . Each vertex can be characterized algebraically by forming a partition
of the indices {1, 2, . . . , n} into sets B and N (corresponding to “basic” and “nonbasic” variables, respectively)
for which |B| = m and |N | = n −m. The basic set B defines those components of x which may be nonzero at
the vertex, whereas all components xi, i ∈ N are fixed at zero. In other words, the vertex satisfies the algebraic
conditions

(4.1) Ax = b, xi ≥ 0 for all i ∈ B, xi = 0 for all i ∈ N.

This characterization may not be unique; there may exist multiple partitions B ∪N that define the same vertex,
a phenomenon known as degeneracy. Moreover, not every subset B ⊂ {1, 2, . . . , n} of size m necessarily yields
a vertex, as there may be no point x that satisfies the conditions (4.1) for this B. Nevertheless, it is easy to
construct examples of feasible sets F for which the number of vertices is exponential in dimension n.

Each iteration of simplex method proceeds by moving from one vertex to an adjacent vertex, obtained by
swapping a single element i ∈ {1, 2, . . . , n} between sets B and N , a process called “pivoting." The choice of
element i can usually be done in a way that both maintains feasibility of the resulting vertex and causes a
reduction in the objective cTx. (Sometimes, the step is degenerate, in that B and N change but the vertex x
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stays the same.) When no adjacent vertex can be found with a lower value of the objective, the current vertex
must be a solution, and the algorithm terminates.

At most iterations, there are multiple choices of the index i that yield a decrease in cTx, and different variants
of the simplex method have different pivot rules to identify some of these possibilities and choose one pivot from
among them. From the invention of the method, the number of iterations / pivots required for the simplex
method to converge on practical instances was observed to be at most a modest multiple of n. Could a worst-case
bound — say a bound that is polynomial in n — be proved to hold for any problem of the form (2.2), for the
simplex method with a certain pivot rule? The question is still open, but important progress has been made. In
1972, Klee and Minty [60] provided a famous example for which Dantzig’s original pivot rule requires a number
of pivots exponential in n. Numerous other pivot rules have been investigated, including some that are used
in software implementations and some that are randomized (that is, they choose the pivot in some randomized
way from among the set of possibilities that improve the objective). In each case, instances of (2.2) have been
constructed where the number of pivots is exponential or subexponential in n.1 (For the randomized methods,
these complexities are for the expected number of pivots.) See [33, Section 1] for a discussion of the current state
of the art.

Average-case Analyses. There have been a number of efforts in the 70s and 80s to find a bound on the average
number of iterates required by some variant of the simplex method over some distribution of instances of (2.2).
Borgwardt was the first to obtain a polynomial bound, and refined his approach over a number of years; see
for example [12, 13]. Generally, the matrix A in (2.2) is chosen to have its columns dense in Rm, distributed
independent, identically, and symmetrically under rotations. The vectors b and c are chosen to make the problem
feasible, in a well-defined way. Taking the expectation over this problem distribution, the number of simplex pivots
is O(n1/(m−1)m2). This type of analysis, while an important contribution, has little relevance to LP instances
arising in practice, which are not distributed in the same way as the random instances in these studies. (For one
thing, the matrix A tends to be sparse in practical LPs.)

Smoothed Analysis. A breakthrough in theoretical understanding of the simplex method came in 2004 with
the smoothed analysis of Spielman and Teng [93]. Their result works with the dual form (2.5) and a particular
variant of the simplex method, known as the shadow-vertex simplex method. Given a particular instance of (2.5)
defined by the triplet (A, c, b), they produce perturbed instances obtained by adding Gaussian random variables
to all components of A and b, with mean zero and standard deviation σmaxi=1,2,...,n ∥[A·,i, bi]∥, where [A·,i, bi]
is the vector in Rm+1 consisting of the ith column of A and the ith element of b. Taking the expected number
of steps of their simplex variant over this set of perturbed random instances, they show that it is bounded by a
quantity polynomial in m, n, and 1/min(σ, σ0), for some σ0 > 0 [93, Theorem 5.1]. This result shows, roughly
speaking, that even instances of (2.5) for which simplex has poor behavior can likely be modified to an instance
with polynomial-time behavior by adding small random perturbations to all the elements of A and b. Significant
progress has been made since the original paper in improving the order of the polynomial dependence of the
number of pivots; see for example [105, 7]. In particular, the dependence on standard deviation of the noise σ
has been reduced from σ−30 in [93] to σ−1/2 in [7], with the latter also proving a matching high-probability lower
bounding instance for which the number of steps is also a multiple of σ−1/2.

4.2 Polynomial-Time Methods. The lack of progress in proving polynomial worst-case bounds for the
simplex method spurred a search over several decades for alternative methods with this property. These efforts
began to bear fruit in the late 1970s, and soon led to new approaches that have had a major impact on both
theory and computations in LP.

Ellipsoid Method. The ellipsoid method was developed by Yudin and Nemirovskii [112] for convex nonlinear
programming. In 1979, Khachiyan [57] achieved a breakthrough when he showed that an adaptation of this
approach to LP converged in polynomial time — the first polynomial-time algorithm for LP. The method starts
with an ellipsoid large enough to contain all the solutions, and each subsequent iteration generates successively
smaller ellipsoids, all of which still contain the set of solutions. The method is usually described with respect to
the dual problem (2.5), which has variable λ ∈ Rm and a feasible set defined by n linear inequalities. At iteration
k, it tests whether the center of the current ellipsoid in Rm is a solution to this problem. If not, it is easy to
identify a hyperplane that cuts away more than half the volume of the ellipsoid but has all the solution points

1A subexponential lower bound is one in which the number of pivots is bounded below by c1 exp(c2nc), for constants c1 > 0,
c2 > 0, and c ∈ (0, 1).
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in the remaining volume. A new ellipsoid is then constructed which contains this remaining volume, with a new
center and a smaller volume. The key to the approach is that the volume of the containing ellipsoid decreases by
a fraction of approximately exp(− 1

2m ) at each iteration. In O(m2 log ϵ) iterations, a solution can be identified to
within an accuracy of approximately ϵ. The amount of arithmetic required at each iteration k is O(mn), since
we need to form the product ATλk, where λk is the center of the ellipsoid at iteration k. (An additional O(m2)
operations are needed to update the center and matrix defining the ellipsoid.)

Although the ellipsoid method was an intriguing approach of great theoretical significance, its impact on
practical computations with LP was negligible. Unlike for the simplex method, the worst-case complexity turned
out to be typical, and much slower than the practical performance of simplex. Moreover, there were issues of
stability, requiring more accurate computations to be performed as the iterations progressed.

Karmarkar’s Projective Algorithm. Karmarkar’s announcement in 1984 [56] of an algorithm for LP with
polynomial-time convergence and good practical performance, caused a sensation. His algorithm considered a
special form of the constraints in the LP (2.2), namely,

(4.2) min
x∈Rn

cTx subject to Ax = 0, 1Tx = 1, x ≥ 0,

where 1 is the vector in Rn whose components are all 1. Moreover, the point (1/n)1 was assumed to be feasible
for (4.2).2 The iterates xk of Karmarkar’s method are all strictly feasible, that is, Axk = 0, 1Txk = 1, xk > 0 —
a property that gave rise to the term “interior-point method”. At iteration k, we define a new variable z ∈ Rn by
z ← (Xk)−1x, where Xk = diag(xk

1 , x
k
2 , . . . , x

k
n), and consider a slightly modified LP:

(4.3) min
z∈Rn

(Xkc)T z subject to (AXk)z = 0, 1T z = 1, z ≥ 0.

Note that z = (1/n)1 is strictly feasible for this problem, as for (4.2). We take a step by projecting the cost vector
(Xkc) into the subspace defined by (AXk)v = 0, 1T v = 0, and taking a step from (1/n)1 along the negative of
this projected direction, choosing the distance to maintain strict positivity of all components. The new iterate
xk+1 is obtained by applying the diagonal scaling matrix Xk to the resulting vector.

This projective method (so named because of its use of the projection of the rescaled cost vector) was shown
in [56] to require O(n log ϵ) iterations to reduce the objective by a factor of ϵ, with each iteration requiring
about O(n2.5) arithmetic operations. In contrast to the ellipsoid method, however, the practical performance of
Karmarkar’s method was much better than the worst-case analysis would suggest, especially when some flexibility
was allowed in the choice of steplength.

The idea of diagonal rescaling using the current iterate was quickly discovered to have intriguing connections
to earlier work. In 1967, Dikin [32] had proposed a similar algorithm using this rescaling. After Karmarkar’s
announcement, [39] showed that the search direction in the projective algorithm could be related to one obtained
from a log-barrier approach, in which the constraints x ≥ 0 are accounted for by subtracting a term µ

∑n
i=1 lnxi

(for some µ > 0) from the objective.
Interior-Point Methods: Theory and Practice in the “Classical" Period. Although the initial claims about

Karmarkar’s method being competitive computationally with simplex were not borne out, his announcement led
to an explosion of activity in interior-point methods that reverberated for over a decade. Many polynomial-time
approaches were proposed, during this “classical" period, for solving the primal (2.2) or dual (2.4) formulations,
or solving both simultaneously by finding a triple (x, λ, s) satisfying the optimality conditions (2.3). Methods of
the latter type, known as primal-dual methods, proved to be particularly fruitful as an area for development. The
two major classes of methods in this are primal-dual potential reduction methods (proposed by Tanabe, Todd,
and Ye [97, 101]) and path-following methods. The latter came in many flavors, proposed and studied by many
authors; a brief outline of the history can be found in [107, Chapter 5]. Iteration complexity bounds for almost
all these methods ranged in a narrow band from O(n1/2 log ϵ) and O(n2 log ϵ) iterations.

An important work of this period, which mostly adopts the primal rather than primal-dual viewpoint, was the
book of Nesterov and Nemirovskii [77]. This work influenced theory and practice for convex problems including LP
but extending further. It replaces the constraint x ∈ F where F is a closed convex set with a term µϕ(x;F) added
to the objective, where µ > 0 is a barrier parameter (gradually reduced to zero during the computation) and ϕ is a
barrier function whose domain is the relative interior of F with the property that ϕ(x;F)→∞ as x approaches the

2A reformulation can be applied to the standard form (2.2) to obtain this special form of the constraints.
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boundary of F . The barrier function satisfies an additional property of self-concordance, which (roughly speaking)
allows its third derivatives to be bounded in terms of a 3/2 power of the second derivatives, as in the function
− log t for t ∈ R. Armed with this property, they construct a generic algorithm in which for a sequence of values
of the barrier parameter {µk}, and with Newton steps taken at each value of µk. The complexity of this approach
is similar to the primal-dual LP methods discussed above, with a polynomial dependence on dimension n. Barrier
functions with the self-concordant property can be constructed explicitly for several convex optimization problems,
including LP, convex quadratic programming, second-order cone programming, and semidefinite programming.
Computationally, these approaches are usually slower than primal-dual algorithms, but they provided rigor and
inspiration for the approaches implemented in such codes as SDPT3 [102], SeDuMi [95], and the commercial
solver MOSEK [70].

Parallel to the theoretical developments in path-following algorithms for LP, practical methods based of this
type were being tested on test problems batteries, which were curated to be representative of real-world problems.
(The "netlib" test set (https://www.netlib.org/lp/) was particularly influential.) Good practical interior-point
codes started to appear by the end of the 1980s, with both commercial and public-domain codes appearing
throughout the 1990s. After the first few years, and up to the present, the algorithm underlying almost all
interior-point software for LP has been Mehrotra’s predictor-corrector primal-dual approach [69], which is a path-
following method with clever heuristics to select certain critical parameters. Another key development was that
the quality of commercial implementations of the simplex method improved vastly following the appearance of
interior-point competition. The combination of new algorithmic ideas (in the simplex, interior-point, and sparse
linear algebra spaces), better implementations, and more powerful computers has led to an enormous increase in
the size of LPs that can be solved practically by current software and by many orders of magnitude reduction in
runtime.

Early interior-point software tended to follow the form of one or other theoretical method but with liberties
taken in the choice of parameters, including steplengths. Quickly, however, the algorithms that were being
implemented became quite similar to the ones that were being analyzed theoretically. Gaps remain between the
worst-case complexity for primal-dual methods (see above) and the practical experience, where the number of
iterations grows only very slowly with n. (These gaps are trivial by comparison with the corresponding gaps for
the simplex method.) An interesting point is that the most successful practical primal-dual approach is closest
to the methods with O(n2 log ϵ) complexity; methods with the slightly better O(n1/2 log ϵ) bound are somewhat
slower in practice.

Primal-Dual Interior Point Methods. We give a little more detail on path-following primal-dual interior-point
methods, which in addition to having a strong complexity theory have given rise to the most successful interior-
point implementations. These methods formulate the LP optimality conditions (2.3) as the following system of
bound constrained, (mildly) nonlinear equations:

(4.4) F (x, λ, s) :=

ATλ+ s− c
Ax− b
XS1

 =

00
0

 , (x, s) ≥ 0,

where X = diag(x1, x2, . . . , xn) and S = diag(s1, s2, . . . , sn), so that XS1 is the vector with components xisi,
i = 1, 2, . . . , n. Note that the system F (x, λ, s) = is “square;" the number of equations and number of unknown is
the same. Path-following steps start by defining a central path, which is the set of strictly feasible points for which
the products xisi, i = 1, 2, . . . , n are all identical. That is, the central path is the set of points {(x(µ), λ(µ), s(µ))
parametrized by a scalar µ > 0 that satisfies

(4.5) F (x, λ, s;µ) =

ATλ+ s− c
Ax− b

XS1− µ1

 =

00
0

 , (x, s) > 0,

(Under mild conditions, including the full row rank of the matrix A that we assumed at the start, this system
has a unique solution for each µ > 0.) Path-following methods enforce a condition slightly stronger than strict
feasibility on each of their iterates, requiring essentially that the pairwise products xisi, i = 1, 2, . . . , n are not
too different from each other. A set of this type is N−∞(γ) for some parameter γ ∈ (0, 1), defined as follows:

N−∞(γ) := {(x, λ, s) : Ax = b, ATλ+ s = c, (x, s) > 0, xisi ≥ γ(xT s)/n, i = 1, 2, . . . , n}.
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Given any (x, λ, s) ∈ N−∞(γ), we can apply Newton’s method to the equality constraints in (4.5), for some choice
of µ, to obtain the following linear system for the step (∆x,∆λ,∆s):

(4.6) ∇F (x, λ, s;µ)

∆x
∆λ
∆s

 = −F (x, λ, s;µ) ⇔

0 AT I
A 0 0
S 0 X

∆x
∆λ
∆s

 = −

 0
0

XS1− µ1

 .

The following algorithm computes a series of steps of this type, decreasing the “target" value of µ at each iteration,
and choosing the steplength to be as large as possible, subject to staying in the neighborhood N−∞(γ) (and not
exceeding 1).

Algorithm 4.1 LPF: Long-Step Path-Following Algorithm for (2.2)
Given γ, σmin, and σmax with γ ∈ (0, 1) and 0 < σmin < σmax < 1, and (x0, λ0, s0) ∈ N−∞(γ);
for k = 0, 1, 2, . . . do

Define µk := (xk)T sk/n;
Choose σk ∈ [σmin, σmax];
Solve (4.6) with µ = σkµk and (x, λ, s) = (xk, λk, sk) to obtain (∆xk,∆λk,∆sk);
Choose αk to be the largest value of α in [0, 1] such that

(xk, λk, sk) + α(∆xk,∆λk,∆sk) ∈ N−∞(γ);

Set (xk+1, λk+1, sk+1) = (xk, λk, sk) + αk(∆xk,∆λk,∆sk);
end for

Remarkably, this simple algorithm can be shown to find a point (xT , λT , sT ) satisfying (2.3) in an ϵ-
approximate sense (that is, the first three conditions in (2.3) are satisfied and in place of the last condition we have
(xT )T sT /n ≤ ϵ) in T = O(n| log ϵ|) iterations, provided that the initial point (x0, λ0, s0) satisfies (x0)T s0/n ≤ 1/ϵκ

for some κ > 0 independent of n and ϵ. This powerful result requires only elementary mathematics and can be
proved from scratch in a single lecture of a graduate-level optimization course (see [107, pp. 96–100]). Moreover,
for reasonable choices of the parameters σmin, σmax, and γ, it works quite well in practice. Even so, there is a
tension between the theory and the practice. The constant factor in the K = O(n| log ϵ|) iteration bound depends
on γ through a term (1+ γ)/(γ(1− γ)), which is smallest when γ ≈ 1/2. Better practical results are obtained for
smaller values of γ, such as γ = 10−3, which allows the pairwise products xisi to vary widely.

Mehrotra’s “predictor-corrector” method [69], still the basis of most practical interior-point codes, broadly
tracks the LPF algorithm above but makes several modifications that enhance its practical performance (but not
the complexity bounds). It allows iterates to be infeasible with respect to the conditions Ax = b, ATλ + s = c
(but reduces the infeasibility to zero as the algorithm proceeds); makes an adaptive choice of the parameter σk in
Algorithm 4.2, which typically results in more aggressive progress (σk closer to zero) as the algorithm nears the
solution; and incorporates a second-order correction into the step calculation by modifying the right-hand side of
(4.6). For details, see [107, Chapter 10].

Primal-dual algorithms, including the path-following approaches described here, can be extended straight-
forwardly, beyond LP to wider classes of problems such as convex quadratic problems and monotone linear
complementarity problems. Extensions to second-order cone programming and semidefinite programming are
also possible, though these are somewhat more complicated; see for example [99, 103]. In all these contexts,
similar to LP, there are path-following methods with polynomial complexity, and the practical method of choice
is a (nontrivial) extension of Mehrotra’s predictor-corrector method.

Recent Developments in Complexity Analysis of Interior-Point Methods. For many years after the “classical”
period of interior-point linear programming research ended in the mid-1990s, there was little research on improving
the complexity bounds further. A burst of new activity started in the late 2010s, resulting in refinements of these
bounds, for both general linear programs (2.2) and various special cases such as network flows and graph matching.
We will focus on the algorithms for general LP, described first as a stochastic algorithm in [23] and later modified
by [104] (which presents a slightly simpler deterministic algorithm) and [50]. All are based on a primal-dual
path-following method that solves Newton-like linear systems of the form (4.6) at each iteration, restated here in
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general form as follows:

(4.7)

0 AT I
A 0 0
S 0 X

∆x
∆λ
∆s

 =

00
r

 ,

where r = −(XS1− µ1) in (4.6). The components ∆x and ∆s of the solution of (4.7) can be written as:

(4.8) ∆x = X(XS)−1/2(I − P )(XS)−1/2r, ∆s = S(XS)−1/2P (XS)−1/2r,

where the projection matrix P is defined as

(4.9) P = W 1/2AT (AWAT )−1AW 1/2, W = XS−1.

(Note that since S and X are positive diagonal matrices, W is also positive diagonal, as are any products and
powers involving X, S, and W .) The technique used in [23, 104, 50] is to take path-following steps, reducing
the quantity µk = (xk)T sk/n by a factor of roughly (1− c/

√
n) at each iteration (for some c > 0 independent of

n), so that an ϵ-accurate solution can be found in O(
√
n log ϵ) steps. But the number of operations required to

solve an approximate version of (4.7) on each iteration is reduced far below the naive estimate of O(n3). The key
observation is that the diagonals of the matrix w (namely, xi/si, i = 1, 2, . . . , n) change only slowly in a relative
sense from iteration to iteration, so they maintain an approximate version of W — denoted W̄ — in which the
diagonal elements are updated only if they have changed significantly since their last update. Since the number
of such updates is small on each iteration, there is only a low-rank change to the matrix AW̄AT , so the inverse
of this matrix, and ultimately the approximate solution of (4.7) at the next iteration, can be calculated cheaply.
Given the current best-known exponent ω = 2.371339 [1] of matrix multiplication3, the overall computational cost
of these methods is Õ(nω log ϵ) (where the notation Õ indicates that poly-logarithmic factors in n are omitted).
This is a remarkable fact: In principle, the cost of linear programming is within a poly-log factor of the cost of
matrix multiplication! Were the exponent of matrix multiplication ultimately shown to be 2 (as is conjectured,
although progress in reducing it has slowed considerably), the complexity of the algorithms in [23, 104] would
become Õ(n2+1/6) while for the algorithm of [50] it would become O(n2+1/18). Figure 4.1 shows the progression
of best-known complexities for matrix multiplication (blue line) and linear programming (red line), with the
rightmost two points on the red line showing the complexities of the methods just discussed under the assumption
of ω = 2.

4.3 First-Order Methods. Since 2021, there has been renewed interest in formulating LP as a saddle-
point problem and applying first-order methods, with many enhancements, to solve it [5, 6, 68]. Such ideas
had been tried in the 1980s without much success on practical problems, but several factors gave rise to
renewed interest. First, the enormous size of some modern LP applications make the storage and computational
requirements of matrix factorizations, required by both simplex and interior-point methods, difficult even for
modern computing hardware. Second, numerous enhancements to the basic first-order algorithms have been
made over the past several years, and have been essential to them becoming competitive. Third, since their main
computational requirement is to form matrix-vector products involving the constraint matrix A and its transpose,
they are much more amenable to computation using GPUs (graphical processing units) than either simplex or
interior-point methods.

The primal-dual pair (2.2), (2.5) can be written equivalently as the following min-max problem:

(4.10) min
x≥0

max
λ

cTx− λTAx+ bTλ.

Given a starting point (x0, λ0), the PDHG algorithm [21] applied to this problem alternates between updating x
and updating λ according to the following scheme, for k = 0, 1, 2, . . . :

(4.11) xk+1 =
[
xk − τ(c−ATλk)

]
+
, λk+1 = λk + σ(b−A(2xk+1 − xk)),

for certain positive choices of stepsizes τ and σ, where [·]+ denotes projection onto the nonnegative orthant. A
Halpern variant described in [68] defines the new iterate (xk+1, λk+1) as a weighted average of the iterate from

3“Exponent ω” means that the complexity of multiplying two n× n matrices is O(nω).
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Figure 4.1: Progression of complexity bounds in matrix multiplication (blue) and linear programming (red). The
final dashed piece of the red line shows the complexities of the methods of [23, 104] and [50], respectively, that
would apply if the exponent of matrix multiplication were shown to be 2. (Credit: Yin-Tat Lee.)

(4.11) and the initial point (x0, λ0). Recent experience indicates some theoretical and computational advantages
for the Halpern approach [67].

Classically, under certain conditions on the choice of stepsizes, and subject to existence of a solution satisfying
(2.3), the running average of the iterates generated by (4.11) converge to an ϵ-accurate solution in O(1/ϵ) iterations.
Since LP has a property called sharpness (essentially that the a certain measure of primal-dual optimality grows
linearly with distance to the solution set), this rate can be improved to linear, that is, O(| log ϵ|) iterations for an
ϵ-accurate solution. However, the constant multiplier of | log ϵ| is problem-dependent and almost always extremely
large — it is related to the Hoffman constant H(A, b, c) of the system of linear equalities and inequalities that
defines the solution, namely,

(4.12) Ax = b, ATλ ≤ c, x ≥ 0, cTx− bTλ = 0

(equivalent to (2.3)). The theory can be refined to take account of the fact that as the algorithm approaches
a solution, the active set (essentially, those components of x that are zero at the solution) is identified, so the
behavior of the method is governed by a reduced version of (4.12) that is also homogeneous, so it typically has a
much smaller Hoffman constant. The practical performance tends to match this theory; acceleration is noted near
the solution. Many enhancements have been applied to these methods to make them competitive in practice with
state-of-the-art solvers, for very large LPs. One important enhancement is restarting, which accelerates the linear
rate of convergence both in theory (reducing the iteration bound from O(H(A, b, c)2| log ϵ|) to O(H(A, b, c)| log ϵ|))
and in practice.

Recalling the average-case analysis of the simplex method discussed above, we note a recent result [110]
about LPs drawn from a certain distribution (that includes the elements of A being i.i.d. sub-Gaussian with
zero mean and unit variance). With probability 1 − δ, the number of iterations required by restarted PDHG is
Õ(P (m,n)| log ϵ|/δ), where P (m,n) is polynomial in dimensions m and n, and Õ hides log factors. (Here δ is
small and positive, but not exponentially small in terms of m and n−m.)

5 Unconstrained Optimization. We consider now the unconstrained smooth minimization problem
(2.1), which requires minimization of a function f : Rn → R. We will assume that f is as smooth as it needs to be
for the algorithm at hand. Typical assumptions are that f is differentiable with Lipschitz continuous gradients,
that is, there is a constant L such that

(5.1) ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥, for all x, y ∈ Rn,
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or (stronger) that f is twice differentiable with Lipschitz continuous Hessian, that is, there is a constant M such
that

(5.2) ∥∇2f(x)−∇2f(y)∥ ≤M∥x− y∥, for all x, y ∈ Rn,

Naturally, the theoretical and practical difficulty of minimizing f varies greatly with the properties of f , even
among problems of the same dimension n. Convexity provides a fundamental way to taxonomize these problems.
A smooth function is convex if for all x, s ∈ Rn we have

(5.3) f(x+ s) ≥ f(x) +∇f(x)T s,

and strongly convex if for some µ > 0 (termed the “modulus of convexity”), we have

(5.4) f(x+ s) ≥ f(x) +∇f(x)T s+ µ

2
sT s.

If the function is twice continuously differentiable, these conditions are equivalent to∇2f(x) ⪰ 0 and∇2f(x) ⪰ µI,
respectively.

As we noted earlier, the first-order conditions for x∗ to be a local minimizer of f are that ∇f(x∗) = 0;
second-order necessary conditions add the condition ∇2f(x∗) ⪰ 0; while second-order sufficient conditions add
the condition ∇2f(x∗) ≻ 0. In fact, the latter conditions ensure that x∗ has a strictly smaller function value
than any other points in a neighborhood, and that there are no other local minimizers in this neighborhood.
Note that for convex f , first-order points automatically satisfy second-order necessary conditions. (They satisfy
second-order sufficient conditions for strongly convex f .) In fact, points satisfying these conditions are not just
local solutions but global solutions; their optimality holds not just in a neighborhood but in the entire space Rn.

When f is not convex, there may in general be infinitely many local solutions, with many different function
values. (Consider for example the scalar function f(x) = x2/10 + sin(πx). Usually we are most interested in
a global solution — one for which f(x∗) ≤ f(x) for all x — but the problem of finding this is intractable for
general smooth nonconvex f . Algorithms for minimizing f guarantee convergence to a point satisfying first-order
or second-order conditions, possibly with a complexity guarantee for finding points that satisfy these conditions
approximately. An interesting development of the past decade has been the discovery of many classes of functions,
mostly from machine learning and data science applications, that are nonconvex but which (for various reasons)
global solutions can be found tractably, with complexity guarantees. We discuss this point further below.

The simplest kind of nonlinear smooth function is a quadratic, which has the form

(5.5) f(x) =
1

2
xTHx+ gTx,

where H is an n × n symmetric matrix. For this function we have ∇f(x) = Hx + g and ∇2f(x) = H. This
function is unbounded below when H has one or more negative eigenvalues; we can make f arbitrarily negative
by moving far enough in the direction of an eigenvector corresponding to one of the negative eigenvalues. Thus
the problem of minimizing f has no solution. When H ⪰ 0 but there exist zero eigenvalues, the problem has a
solution only if gT s = 0 for all s ∈ Rn with sTHs = 0. (In this case, there is an affine space of points that are all
global minimizers of f .) When H is positive definite, the problem is strongly convex, with a unique minimizer
x∗ = −H−1g.

Convex quadratics serve as a kind of sanity check on gradient-based methods for unconstrained minimization.
Such methods correspond to iterative methods for solving the square symmetric linear system Hx = −g
(corresponding to ∇f(x) = 0) and can be analyzed with the tools of linear algebra. However, algorithmic
strategies such as multistep descent and conjugate gradients developed for convex quadratics often need to be
modified significantly for case of more general linear functions, and their convergence properties may carry over
only in a weaker form, or not at all.

The finite-sum form of f has become enormously important in machine learning:

(5.6) f(x) =
1

N

N∑
i=1

fi(x),
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where each fi : Rn → R is a smooth function. In the machine learning context, x contains the parameters of
a model (for example, the “weights” in a neural network) while each fi measures the accuracy of the model’s
prediction on the ith element of training data. Often, N is extremely large, making even the evaluation of f
impossible to perform in reasonable computing time — let alone its gradient and Hessian. The techniques used
to minimize finite-sum f are strongly motivated by the gradient algorithms of this section, but differ in that they
use unbiased estimates of the gradient ∇f at each iteration, based on an average over a relatively small sample
of the component-wise gradients ∇fi(x), i = 1, 2, . . . , N .

5.1 Gradient Methods. We consider first methods that take steps of the form

(5.7) xk+1 = xk − αk∇f(xk), k = 0, 1, 2, . . . ,

where αk > 0 is the steplength and x0 is the chosen starting point. These methods are often called steepest-descent
or gradient methods. (The term “steepest” refers to the direction giving the greatest reduction in f per distance
moved, for small values of this distance, according to the first-order Taylor series approximation.)

Descent Methods. Traditionally, αk in (5.7) is chosen so as to reduce f — not just infinitesimally (which
would not justify the cost of calculating ∇f(xk)) but by a significant amount. An “exact” line search chooses
αk = argminα>0 f(xk + αsk), where sk := −∇f(xk), but finding such an α is in itself a (scalar) minimization
problem, usually requiring multiple evaluations of f and the directional derivative ∇f(·)T sk. In practice, we settle
for a crude approximation to this optimal steplenth that satisfies certain conditions to guarantee convergence yet
is efficient to compute. One such condition is a “sufficient decrease” condition, which has the form

(5.8) f(xk + αsk) ≤ f(xk) + c1α∇f(xk)T sk, for some c1 ∈ (0, 1
2 ).

In fact, all sufficiently small values of α satisfy this condition, as the first-order Taylor series expansion yields
f(xk + αsk) ≈ f(xk) + α∇f(xk)T sk, and ∇f(xk)T sk = −∥∇f(xk)∥2 for the negative gradient direction
sk = −∇f(xk). (The condition (5.8) is usually coupled to another condition to ensure that α is not too short;
see, for example [80, Chapter 3]).

We can get a more precise bound on the reduction in f by assuming that f has Lipschitz continuous gradients
(5.1), in which case we have a global upper bound on the function:

(5.9) f(xk + αsk) ≤ f(xk) + α∇f(xk)T sk + α2L

2
∥sk∥2.

For sk = −∇f(xk), the value of α that minimizes the right-hand side is α = 1/L, and the condition (5.8) will
hold for all α ∈ (0, 2(1− c1)/L).

To obtain complexity bounds under various assumptions on f , we use the constant-steplength choice αk ≡ 1/L
along with sk = −∇f(xk), so the algorithm (5.7) becomes

(5.10) xk+1 = xk − 1

L
∇f(xk), k = 0, 1, 2, . . . ,

(Similar complexity bounds can be derived for methods that make more practical choices of αk, whose
computational performance is usually — but not always — better.) By substituting this choice of αk into
(5.9), and using (5.7), we obtain

(5.11) f(xk+1) ≤ f(xk)− 1

2L
∥∇f(xk)∥2.

Suppose that f is lower-bounded, that is, there is f̄ such that f(x) ≥ f̄ for all x. By rearranging (5.11) and
taking the average over k = 0, 1, . . . , T − 1 for some T , we obtain

(5.12)
1

2L

1

T

T−1∑
k=0

∥∇f(xk)∥2 ≤ 1

T

T−1∑
k=0

(
f(xk)− f(xk+1)

)
≤ f(x0)− f̄

T
.

By rearranging and using the fact that the minimum is smaller than the average, we have

(5.13) min
k=0,1,...,T−1

∥∇f(xk)∥ ≤
√

2L(f(x0)− f̄)√
T

.
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In summary, if we run the algorithm (5.10) on a smooth function f for at least T = O(ϵ2) iterations, then at
least one of these iterates k = 0, 1, . . . , T we will encounter an iterate xk for which the approximate first-order
condition ∥∇f(xk)∥ ≤ ϵ holds.

For convex f , a similar analysis gives a faster rate of convergence, for the same algorithm (5.10). Supposing
that there exists a minimizer x∗ of f , we have from convexity (5.3) that f(x∗) ≥ f(xk) +∇f(xk)T (x∗ − xk). By
substituting into (5.9) and using (5.10) and rearranging, we have

f(xk+1) ≤ f(x∗) +∇f(xk)T (xk − x∗)− 1

2L
∥∇f(xk)∥2 = f(x∗) +

L

2

(
∥xk − x∗∥2 − ∥xk+1 − x∗∥2

)
.

By subtracting f(x∗) from both sides, averaging over iterates k = 0, 1, . . . , T − 1, telescoping the sum and using
f(xT )− f(x∗) ≥ 0, we obtain

1

T

T−1∑
k=0

(f(xk+1)− f(x∗)) ≤ L

2T
∥x0 − x∗∥2.

Since f decreases at each iteration, we can bound the average suboptimality on the left-hand side below by
f(xT )− f(x∗), to obtain

(5.14) f(xT )− f(x∗) ≤ L

2T
∥x0 − x∗∥2.

Thus, we need T = O(ϵ−1) iterations to find a point whose function value is within ϵ of the optimal function
value. ([63] improves the rate (5.14) to o(1/T ).)

For the case in which f is smooth and strongly convex (5.4) with modulus of convexity µ, the minimizer x∗

is unique, and a slightly longer but still elementary analysis (see for example [109, Chapter 3]) yields that

(5.15) f(xT )− f(x∗) ≤ (1− 1/κ)
T
(f(x0)− f(x∗)), where κ := L/µ,

so that a point with f(xT )− f(x∗) can be guaranteed after at most T = κ log((f(x0)− f(x∗))/ϵ) iterations.4 The
quantity κ measures the conditioning of the problem. When f is quadratic, it measures the ratio of the largest
to smallest eigenvalues of H.

Note that for the convex and strongly convex cases, x∗ is a global minimizer of the problem, whereas for the
general case (5.13) guarantees only that the first-order conditions ∇f(x∗) will be satisfied approximately.

The strongly convex case has only a logarithmic dependence on ϵ, as opposed to the arithmetic dependence on
ϵ−1 exhibited for general convex functions and nonconvex functions, but can still be slow when the conditioning is
poor. The paper [71] catalogs a variety of conditions weaker than strong convexity under which linear convergence
similar to (5.15) is still obtained. The best known of these is the Polyak-Lojasiewicz (PL) condition [54] which
requires that 1

2∥∇f(x)∥
2 ≥ µ(f(x)− f(x∗)) for some µ > 0 (for some solution x∗).

When the steplength αk in (5.7) is chosen by some adaptive line-search scheme, the worst-case theoretical
bounds essentially match those just proved for the fixed-step case. This is because the key inequality (5.11) holds,
with the factor 1/(2L) replaced by some other positive constant. The practical performance of such adaptive
algorithms is usually better, but there are classes of functions for which the worst-case behavior is typical.

Given that even exactly-minimizing choices of α cannot yield better worst-case results than those for the
constant 1/L step, we are tempted to conclude that there can be no other schemes using the search direction
sk = −∇f(xk) that yield better complexities. Remarkably, this is not true! The key is to not demand reduction of
f at every step, but rather to take longer steps on some iterations over which f increases, an algorithmic property
called nonmonotonicity. The idea is that such steps might move to a new iterate that allows larger reduction to
take place at the next step (or some later step), so that over a span of multiple consecutive steps, we may see a
larger overall improvement in f than over the equivalent number of iterations of the “greedy” approach motivated
by the single-iteration perspective.

4This bound can be approximately halved if the fixed steplength αk ≡ 2/(L+ µ) is used in place of 1/L.
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Nonmonotone Methods. The nonmonotone algorithm proposed in 1988 by Barzilai and Borwein [8], drew
inspiration from the Newton and quasi-Newton methods described later in this section. In the basic Newton
method, the search direction is −∇2f(xk)−1∇f(xk). [8] propose to form a one-parameter approximation αkI to
the inverse Hessian, by choosing αk to imitate the action of the Hessian over the step just taken, from xk−1 to
xk. Defining sk = xk − xk−1 and yk = ∇f(xk) −∇f(xk−1), Taylor’s theorem suggests that sk ≈ ∇2f(xk)−1yk.
Consequently, they choose αk to satisfy sk ≈ αky

k in the least-squares sense, leading to the explicit formula
αk = (sk)T yk/(yk)T yk. This choice of αk in (5.7) gives an algorithm that can increase measures of convergence
alarmingly on some iterations, but sees dramatic improvements on other iterations. [8] give a short, novel analysis
of a 2-variable convex quadratic that explains these observations nicely. However, there is no analysis that proves
better worst-case rates than those described above for the constant-stepsize methods on general functions.

The Barzilai-Borwein approach has been extended in many ways in the decades since, with new variants
and modifications to improve global convergence properties and to handle bound constraints and nonsmooth
regularization. The practical performance on nonlinear problems is similar to nonlinear conjugate gradient (a
monotone method, discussed below) and requires a similar amount of storage. The originality of the approach,
its unusual theoretical properties, and its good practical performance on a number of problem types (see [108] for
an example) have made it consistently popular.

Recently, another approach [4] has been proposed for algorithms of the form (5.7) that are nonmonotone and
that have better worst-case complexities than those of the basic gradient descent method, on convex functions.
This work considers sequences of steplengths that yield the optimal improvement in distance to the solution
∥x−x∗∥ over multiple consecutive steps. An antecedent of this approach that applies to strictly convex quadratics
(5.5) was proposed by Young in 1953 [111], who showed that the optimal steplengths in (5.7) over a sequence
of m consecutive steps correspond to the inverse roots of an order-m Chebyshev polynomial. The improvement
is strictly better than m steps with any fixed steplength. The general idea of multistep optimization carries
over to general smooth, strictly convex functions — but in a way that it is not at all straightforward. The
steplength schedule for quadratics is provably bad for the more general case [2, Chapter 8]. Instead, [4] describes
a recursive construction of “silver stepsize schedules" for values of m that are powers of 2. When plotted, these
schedules are fractal and approximately periodic, with period of about κlog1+

√
2 2 ≈ κ.7864, where κ = L/µ is the

condition number for f . Occasionally, steplengths much longer than the fixed step 1/L discussed above are taken.
Construction of the schedules is explicit but quite intricate; the convergence theory uses some of the analytical
machinery developed during the past 15 years for accelerated gradient methods (see below). Ultimately, it is
shown [3, Theorem 1.1] that a final error of ∥xT − x∗∥ ≤ ϵ can be attained in about T = O(κ.7864 log(1/ϵ))
iterations. Note that the dependence on κ is significantly better than for the fixed-step method (where the
exponent .7864 is replaced by 1) but not as fast as the accelerated gradient methods discussed below, which have
complexity bounds O(κ1/2 log(1/ϵ)). As we will see, the latter methods take steps in directions other than the
negative gradient −∇f(xk), although the search direction in each is a linear combination of gradients evaluated
at points visited by the algorithm up to and including the current iterate.

This approach is extended to smooth convex (but not necessarily strongly convex) functions in [3], with
complexity bound O(ϵ−.7864), improving over the O(ϵ−1) bound (5.14) for the fixed-steplength method. Another
recent multistep approach for functions in this class [44] leads to stepsize schedules that also feature occasional
very long steps, but does not improve the dependence of worst-case complexity on ϵ.

Practical implications of the methods in [4, 3, 44] are unclear. Among methods using only gradients and
making use of known properties of f (such as L and µ), they are dominated in theory by the accelerated gradient
methods discussed below, and they lack the adaptivity features of [8]. However, they provide important support
for the notions that the multistep perspective can lead to better theoretical results, that nonmonotonicity can be
tolerated, and that occasional long steps can lead to better overall behavior.

Convergence to Second-Order Points. When applied to nonconvex functions f , most algorithms of the form
(5.7) are guaranteed at best to converge to stationary points, for which ∇f(x∗) = 0. Such points may not be local
minima, for example, when the Hessian ∇2f(x∗) has negative eigenvalues, so that s is a direction of descent for f
and x∗ if sT∇2f(x∗)s < 0. (Such a point is called a strict saddle point.) [64] showed that gradient descent (5.7)
with constant steplength αk ≡ α ∈ (0, 1/L] almost certainly does not converge to strict saddle points when x0 is
chosen randomly. (The result is proved by using a stable manifold theorem from the dynamical systems literature;
see for example [91].) Extension of this result to the heavy-ball method (described below) is shown in [81], along
with analysis of the rates of escape of gradient and accelerated gradient methods from the neighborhood of strict
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saddles.
A modification to the gradient method (5.7) was proposed in [51], in which small perturbations are added

occasionally to xk when ∥∇f(xk)∥ falls below a small threshold. After such a perturbation is added, their method
waits to see if subsequent gradient descent steps escape the neighborhood of xk, by observing how f(x) and
∥∇f(x)∥ change on subsequent iterations. If f does not decrease and ∥∇f(x)∥ remains small, there is evidence
that xk is not a strict saddle point, and in fact approximately satisfies the second-order conditions ∇f(x) = 0,
∇2f(x) ⪰ 0, in the sense that

(5.16) ∥∇f(xk)∥ ≤ ϵg, ∇2f(xk) ⪰ −ϵHI,

for small tolerances ϵg and ϵH . In fact, [51] show that the number of gradient evaluations required is bounded
by O(ϵ−2) when ϵg = O(ϵ) and ϵH = O(

√
ϵ) in (5.16). A subsequent work by these authors [52] improves the

complexity to O(ϵ−7/4), approximately matching the oracle complexity of Newton-based methods described below,
by using an accelerated gradient method and a mechanism to exploit negative curvature in the Hessian.

5.2 Accelerated Gradient Methods. We turn now to methods that require evaluation of gradients at
each iteration (sometimes one gradient and sometimes several), but which achieve faster non-asymptotic rates
than the methods of the previous subsection, at least in some settings. A feature common to all these methods
is that the direction of the step at each iteration is generally not −∇f(xk), as in (5.7), but rather a linear
combination of all the gradients encountered so far during the algorithm.

Conjugate Gradient Methods. The notion that faster progress toward minimizing f in (2.1) could be made not
just by stepping along the gradient at the current point but by aggregating information from gradients calculated
earlier in the algorithm, dates to at least the 1950s, with the advent of the conjugate gradient (CG) method
of Hestenes and Steifel [47]. This method applies to minimization of strongly convex quadratics (equivalently,
solution of linear systems with symmetric positive definite coefficient matrices). Starting from a point x0 with
gradient r0 := ∇f(x0) = Hx0+g, it generates iterates xk with the remarkable property that each xk+1 minimizes
f in the affine space x0 +Kk(H; r0), where

Kk(H; r0) := span{r0, Hr0, H2r0, . . . ,Hkr0} = span{∇f(x0),∇f(x1), . . . ,∇f(xk)}

is known as the kth Lanczos subspace for H generated by r0. In general, the dimension of this space grows by
1 at each iteration, until a minimizer is found — in at most n iterations. For search directions pk, CG sets
xk+1 = xk + αkp

k for αk that exactly solves αk = argminα>0 f(xk + αpk), The set of directions {p0, p1, . . . } is
constructed so that p0 = r0, Kk(H; r0) = span{p0, p1, . . . , pk}, and the property of conjugacy holds with respect
to H, that is, (pi)THpj = 0 when i ̸= j. Each pk is generated at iteration k, according to the formula

(5.17) pk = −∇f(xk) + βkp
k−1,

where βk > 0 is calculated by a simple formula that ensures that the properties described above hold. Descriptions
of the method and its properties can be found in [40, Chapter 10] and [80, Section 5.1].

Besides finite termination in at most n steps, this linear CG method has powerful theoretical properties.
Convergence is measured in terms of the weighted norm ∥x− x∗∥2H = (x− x∗)TH(x− x∗), with an overall linear
rate of

(5.18) ∥xk − x∗∥2H ≤
(
1− 2√

κ+ 1

)k

∥x0 − x∗∥2H ,

where κ = L/µ is the condition number of H (the ratio of largest to smallest eigenvalue). It follows that
∥xT − x∗∥H ≤ ϵ can be achieved in O(

√
κ | log(ϵ/∥x0 − x∗∥H)|) iterations. More refined analyses of convergence

based on the distribution of eigenvalues of H are available, showing that faster convergence occurs when the
eigenvalues are clustered.

Linear CG is a workhorse algorithm of scientific computing, being widely used to solve PDEs. For
practical implementations, good preconditioning (a transformation of Hx = −g into an equivalent system
(C−THC−1)x̂ = −C−1g for some nonsingular C) is essential to make the spectrum of the Hessian more conducive
to fast convergence. The conjugacy property of the vectors {p0, p1, . . . } degrades in practice because of roundoff
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error. However, the method has maintained its primacy among iterative techniques for solving Hx = −g for
several decades.

Unfortunately, adaptations of the linear CG algorithm to nonlinear f do not retain the powerful properties
of the quadratic case, either in theory or practice — even for strongly convex f . The earliest nonlinear CG
algorithm, proposed in 1964 by Fletcher and Reeves [37] is the most straightforward extension, choosing αk as
an approximate minimizer of the line search along pk, and replacing the formula for the parameter βk in (5.17)
by a sensible generalization. Like many nonlinear CG methods, the Fletcher-Reeves (FR) method reduces to the
original CG method when f is strongly convex quadratic and the line search for αk is exact. No convergence rates
are known, but even for nonconvex f , the gradients ∇f(xk) generated by this method accumulate at zero. A later
method proposed in 1969 by Polak and Ribière [83] and Polyak [85] uses a different formula for the parameter
βk. An enhanced version of this method (known as “PR+” or “PRP+”) restarts by setting βk = 0 (equivalently,
pk = −∇f(xk)) to ensure that pk is always a descent direction for f . This approach generally performs better
than the FR approach in practice, with similar convergence properties [38]. [85] proved a complexity bound of
O(κ3 log ϵ) for strongly convex f with condition number κ for the unmodified PR algorithm.

The variant of nonlinear CG due to Hager and Zhang [45], has theoretical and practical properties that
are possibly the best for this class of methods. Its formula for βk ensures that every pk is a descent direction
while not explicitly restarting, and in fact allowing βk < 0 in some circumstances. Theoretical properties include
convergence to a minimizer for strongly convex f (but at rates unknown) and accumulation of gradients at zero for
general f , as for the earlier methods. The same authors have written an excellent review of nonlinear conjugate
gradient methods [46].

The recent paper [28] contains new results on both worst-case complexity for the PRP and FR variants
on strongly convex nonlinear f , assuming that the line search for αk is exact in each case. The results use
sophisticated computer-aided proofs, in which quadratically constrained quadratic programs (QCQP) are solved
to find worst-case f (among smooth functions with modulus of complexity µ > 0 and gradient Lipschitz constant
L) for which the improvement in optimality gap f(xk)− f(x∗) over a single iteration (or multiple iterations) is as
weak as possible. Essentially, neither PRP nor FR has better complexity than gradient descent with exact line
search (which converges to f(xT )− f(x∗) in T = O(κ log ϵ) iterations), except in the case of a slight improvement
for PRP when κ is large. The bounds do not approach the O(

√
κ log ϵ) bounds observed for linear CG and for

the accelerated gradient methods discussed below.
Karimi and Vavasis [55] hybridize the Hager-Zhang nonlinear CG method with Nesterov’s accelerated gradient

method (described below), in a way that achieves the best-known rates on convex and strongly convex nonlinear
functions, while recovering the finite termination properties of linear CG if f is a strongly convex quadratic.
Essentially, the approach uses CG but monitors a measure of progress derived from Nesterov’s analysis of his
accelerated gradient methods, and switches to that method when insufficiently rapid progress is made. When
the function appears to be near-quadratic, it switches back to CG. This method combines the best available
complexity results with good numerical performance.

In Subsection 5.4, we will see another use of CG in the optimization context, as a solver for the linear system
of equations to be solved at each iteration of Newton’s method. This way of using CG allows us to exploit the
strong properties of both linear CG and Newton’s method, to obtain algorithms that are practical and for which
theoretical guarantees are available.

Heavy-Ball. The heavy-ball method introduced by Polyak in 1964 [84] shares some features with conjugate
gradient, but is simpler. Its steps have the form

(5.19) xk+1 = xk − αk∇f(xk) + βk(x
k − xk−1), k = 0, 1, 2, . . . ,

where x0 is the starting point, x−1 = x0, and αk > 0 and βk ≥ 0 are scalar parameters. The relationship with CG
is evident when we compare (5.19) with (5.17). In both cases, the step at each iteration is a linear combination
of the negative gradient direction and the previous step, with the previous step itself being a linear combination
of gradients encountered at previous iterates. But whereas in the case of CG the relative weights of these two
components and the overall scaling applied to the step has an intricate motivation, based entirely on the case
of convex quadratic f , the motivation of heavy-ball is more elementary. It can be viewed as steepest decent
(5.7) with the addition of a “momentum” component β(xk − xk−1): We continue to move in the direction of the
previous step, tweaked to incorporate the latest gradient information. Momentum introduces a smoothing effect,
recognizing that a weighted averaging of information across all gradients may provide a more reliable indication
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of the overall landscape of the function than just the latest gradient. When the parameters α and β are tuned
appropriately, heavy-ball can indeed generate a smoother trajectory than the zig-zagging often associated with
steepest descent (see, for example [86, Figure 6]).

For the case of strongly convex quadratic f (5.5), worst-case convergence rates for heavy-ball are similar to
for linear CG. Precisely, [86, Section 3.2.1] shows that for any δ > 0, and making the fixed-parameter choices
αk ≡ 4µ/(

√
κ+ 1)2 and βk ≡ (

√
κ− 1)2/(

√
κ+ 1)2 in (5.19), there are constants Cδ and Kδ such that

(5.20) ∥xk − x∗∥ ≤ Cδ∥x0 − x∗∥(ρ∗ + δ)k, for all k > Kδ,

where ρ∗ = (
√
κ− 1)/(

√
κ+ 1). Note that ρ∗ ∈ (1− 2/

√
κ, 1− 1/

√
κ), so that, roughly speaking, the number of

iterations T required to ensure that ∥xT − x∗∥ ≤ ϵ is T = O(
√
κ| log ϵ|).

Although this result captures the global behavior of the heavy-ball algorithm for convex quadratic, and
possibly also the “local” behavior of the algorithm once the iterates enter a neighborhood of the minimizer x∗,
it does not extend to the case of general nonlinear strongly convex f . Indeed, Polyak’s choice of parameters
αk, βk does not even guarantee convergence for strongly convex nonlinear f ([65]; see below). Different choices
of parameters can yield global linear convergence, but the best rate established so far leads to a complexity of
T = O(κ| log ϵ|) [90] — no better than (unaccelerated) gradient descent — and this bound appears to be tight
[41].

A recent variation on heavy ball [106] modifies (5.19) as follows:

(5.21) xk+1 = xk − αk(2∇f(xk)−∇f(xk−1)) + βk(x
k − xk−1), k = 0, 1, 2, . . . ,

with αk ≡ µ/(
√
κ + 1)2 and βk ≡ 1/(

√
κ + 1)2. This method attains f(xT ) − f(x∗) ≤ ϵ in T = O(

√
κ| log ϵ|)

iterations, the same rate as is seen for CG and (5.19) in the quadratic case. For general convex functions (5.3)),
a further modification of (5.21) requires T = O(ϵ−1/2) iterations for f(xT ) − f(x∗) ≤ ϵ — an acceleration over
the rate seen for gradient descent on convex functions (5.14).

Nesterov Acceleration. In 1983, Nesterov [74] proposed a method for general smooth convex functions with
the accelerated rate of T = O(ϵ−1/2) for f(xT ) − f(x∗) ≤ ϵ. A variant of the approach for strongly convex
functions also has a rate that accelerates over steepest descent: f(xT )−f(x∗) ≤ ϵ in T = O(

√
κ| log ϵ|) iterations.

These rates are achieved with a seemingly minor variation of the heavy-ball iteration formula (5.19):

(5.22) xk+1 = xk − αk∇f(xk + βk(x
k − xk−1)) + βk(x

k − xk−1), k = 0, 1, 2, . . . ,

the difference being that the gradient ∇f is evaluated at the extrapolated point xk + βk(x
k − xk−1) rather than

at xk. By introducing an intermediate variable yk, (5.22) can be rewritten as:

(5.23) yk = xk + βk(x
k − xk−1), xk+1 = yk − αk∇f(yk), k = 0, 1, 2, . . . .

For the strongly convex case, the constant stepsizes αk ≡ 1/L and βk ≡ (
√
κ− 1)/(

√
κ+ 1) yield the accelerated

rate. A variety of non-intuitive and highly technical proofs were proposed to demonstrate accelerated rates. One
approach is to define a Lyapunov function Vk(x

k, xk−1) and show that it decreases linearly to zero at the desired
rate. A function of this type (see for example [109, Section 4.3]) is

V (xk, xk−1) := f(xk)− f(x∗) +
L

2
∥(xk − x∗)− ρ2(xk−1 − x∗)∥22,

where ρ2 = (1 − 1/
√
κ) for the given choices of αk and βk. For the general convex case, the constant ρ in this

definition is replaced by a variable ρk ∈ (0, 1), which approaches 1, while for the parameters in (5.22) we can
choose αk ≡ 1/L while βk = ρkρ

2
k−1. which also approaches 1. The Lyapunov analysis can be deployed to prove

that f(xk)− f(x∗) = O(1/k2), leading to the accelerated rate.
We discuss below alternative approaches to proving convergence and to designing new algorihtms, that have

been developed in the past 15 years.
Lower Bounds. The main focus on this paper is on upper bounds on complexity, with rates being identified

for different algorithms on different classes of problems. It is natural to ask: Are these rates improvable? An
important tool for answering this question is lower bounds on the convergence rate. For a class of algorithm that
makes use of a certain kind of oracle, and a class of problems that these algorithms solved, is there some “difficult"
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problem on which no algorithm in the class can achieve convergence faster than the lower-bounding rate? If some
algorithm in the class has an upper bound that is the same as the lower bound (to within a constant factor), it
is called an optimal algorithm.

The classic lower bound, and the one most relevant to our present discussion, is due to Nesterov, and
described in [76, Theorem 2.7.1] (see also [109, Section 4.6]). The class of problems is smooth functions with
Lipschitz smoothness L, and the class of algorithms are those for which xk − x0 (the aggregation of all steps
since initialization at x0) lies in the space spanned by all gradients evaluated up to iteration k. (The algorithms
discussed above all have this property.) Nesterov’s example is a convex quadratic (5.5) with a tridiagonal Hessian,
starting from x0 = 0 and for which x∗ has all n components nonzero. Each iterate xi has nonzeros only in its
first i components, so a lower bound on the distance ∥xi − x∗∥ is the norm of the last n − i components of x∗.
For iterates k = 1, 2, . . . , (n/2)− 1, we have f(xk)− f(x∗) ≥ 3L∥x0−x∗∥2

32(k+1)2 . Nesterov’s algorithm is optimal for this
class, as its upper-bounding rate is O(1/k2). Note that the lower bound is valid only for the first n/2 iterations.
Limitations based on the dimension are standard in lower-bounding examples (see for example [34]).

Accelerated Methods: Recent Developments for Convex f . The theory of accelerated gradient methods has
continued to make remarkable advances in recent years; see the monograph [29] for an excellent survey. The
major development is that the processes of analyzing and designing accelerated methods like Nesterov’s can be
“automated” by expressing them as optimization (or saddle-point) problems which can be solved numerically
and sometimes even analytically. A breakthrough came around 2012 with the “Performance Estimation Problem
(PEP)” technique Drori and Teboulle [35]. To obtain upper bounds for the rate of a given algorithm, they
formulate an optimization problem to maximize f(xT ) − f(x∗) after T steps of a given algorithm, the variable
in this problem being the function f and the constraints capturing the steps of the algorithm. This formulation
is not solvable as it stands, because f lives in a function space (for example, “L-smooth convex functions”) and
is inherently infinite-dimension. The key insight is to parametrize f by variables that represent the iterates of
the algorithm xi, i = 0, 1, . . . , T , the function values f i = f(xi), i = 0, 1, . . . , T , and the gradients gi = ∇f(xi),
i = 0, 1, . . . , T , and then introduce additional constraints to ensure that a function f in the desired function space
can be obtained by interpolating this function and gradient information. The resulting problem becomes finite
dimensional, and can be stated as a matrix optimization problem (the matrix variable being constructed from
the gradients gi ∈ Rn, i = 0, 1, . . . , T ). After some ingenious relaxations, formulation tricks, and application of
duality, a formulation is obtained that can be solved numerically.

New algorithms can in principle be designed by making the algorithmic parameters (such as αk and βk in
(5.23)) variable as well, and choosing these variables to minimize the value of the maximization problem described
above. In this way, [58] derived new accelerated gradient by solving this min-max problem analytically. Taylor,
Hendrickx, and Glineur [98] made significant enhancements to the PEP approach, including by developing precise
finite parametrizations of the smooth convex and strongly convex function classes, tightening the PEP formulation,
and studying the optimality of parametrization in several methods.

A related approach to analysis and construction of accelerated algorithms was proposed in [65]. They view
the iteration formulae as a dynamical system and deploy techniques from stability analysis of such systems.
Verification of convergence rates is performed by solving a semidefinite program (a matrix optimization problem
in which the matrix variables are constrained to be symmetric and positive semidefinite). They apply the technique
to steepest descent, heavy-ball, and Nesterov accelerated gradient. In particular, they show that Polyak’s choice
of heavy-ball parameters αk and βk in (5.19), despite being optimal for strongly convex quadratics, do not even
necessarily yield convergence to the unique solution for a strongly convex nonlinear function, for κ > 18. An
extension of this work [48] uses dissipativity, another tool from control theory, as a means to construct Lyapunov
functions and thus derive convergence rates. With the algorithmic mechanism written as a dynamical system,
quadratic constraints are introduced on the states and inputs in this system, based on known properties of the
function (such as strongly convexity, Lipschitz smoothness of the gradient, co-coercivity) and the algorithm. A
semidefinite program is then composed from this information and solved to find a matrix P that defines the
Lyapunov function; see, for example [49, Theorem 3]. This semidefinite program is essentially the dual of those
encountered in the PEP approach. The dissipativity approach can be deployed to analyze rates for general
convex functions [48, Section 4] and for stochastic gradient methods [49], in which only an unbiased estimate of
the gradient ∇f is available.

These approaches and the relationships between them are discussed in [29, Appendix C].
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Accelerated Gradient Methods for Nonconvex f . For gradient descent (5.10), we demonstrated above, using
elementary analysis, the O(1/

√
T ) rate for the quantity mink=0,1,...,T−1 ∥∇f(xk)∥ for smooth nonconvex f (5.13).

Although faster rates are not available in general, [62, Section 6.4.1] describes an accelerated gradient method
that achieves the same O(1/

√
T ) if f is nonconvex, but has the accelerated f(xT ) − f(x∗) = O(1/T 2) rate for

convex f [62, Corollary 6.14]. it requires knowledge of the Lipschitz constant for ∇f but no prior knowledge about
whether or not f is convex.

For finding convergence to approximate second-order points (satisfying (5.16)), we already discussed the
approach of [52], which is based on an accelerated gradient method. Accelerated gradients are used in a different
way to achieve the same goal by [17]. The rather complicated approach in this paper combines two strategies, one
which uses the Lanczos method applied to the Hessian ∇2f(xk) to identify directions of negative curvature for
the Hessian, and one which applies accelerated gradient to a modified version of f . Like [52], it has an iteration
complexity of O(ϵ−7/4), a complexity also shared by the Newton-based methods discussed below. Like the latter,
it requires calculation of Hessian-vector products (∇2f(x)v for given v), so in this sense is not simply a first-order
method.

Extensions. Accelerated gradient methods can be adapted and extended to more general situations than the
unconstrained problem (2.1) that we focus on here. When the Lipschitz parameter L is unknown, it can be
estimated easily by a process similar to backtracking line search. The methods can be adapted to constrained
optimization problems of the form minx∈Ω f(x), for closed convex Ω, provided that the projection operation
PΩ(x) := argminy∈Ω ∥x − y∥ can be computed efficiently. They can be extended too to regularized objectives
such as f(x) + λ∥x∥1 for some parameter λ > 0, most famously in the FISTA method of Beck and Teboulle
[9]. More generally, functions of the form min f(x) + h(x) can be minimized by accelerated methods, provided
that h(x) is a closed convex function whose prox-operator5 can be computed efficiently [82]. In these cases of
constraints and regularized objectives, the straightforward extensions available for accelerated gradient methods
lie in contrast to nonlinear conjugate gradient, which are difficult to extend beyond the unconstrained case.

There are accelerated-gradient versions of the mirror descent algorithm [73, Chapter 3], used for minimization
over the simplex Ω = {x ∈ Rn : x ≥ 0, 1Tx = 1} and applied to problems involving probability spaces.

A technique that can improve convergence of gradient methods, both in theory and in practice, is restarting,
which simply means that we periodically re-initialize the algorithm at the current iterate and proceed. (We
mentioned already that restarting improved the performance of first-order methods for linear programming.)
Restarting schemes can be devised for functions satisfying Holderian error bounds: µ

r dist(x,S)r ≤ f(x) − f(x∗)
for some positive µ and r, where S is the set of minimizers of f . (Strongly convex functions (5.4) satisfy these
bounds with r = 2.) For such functions, judicious restarting of schemes for general convex functions can yield
convergence rates faster than the O(1/T 2) rate of optimal gradient methods. In fact, in the strongly convex
case, rates matching those of accelerated gradient methods (f(xT )− f(x∗) ≤ ϵ in O(

√
κ| log ϵ|) iterations) can be

attained [29, Theorem 6.2]. See [29, Chapter 6] for further details of restarting schemes.

5.3 Theory and Practice of Gradient Methods. Although far from exhaustive, our survey of gradient-
based methods for (2.1) has included many techniques of elaborate design and a wealth of underlying theory. What
are the relationships between this body of theory and current practice in nonlinear optimization? Some algorithms,
such as FISTA for ℓ1-regularized optimization [9], work well “out of the box,” matching their solid theoretical
design with good practical performance on compressed sensing and related problems. Nonlinear conjugate gradient
methods were motivated by fascinating theory for the case of quadratic f , and some variants work well in practice
on nonlinear f , but gaps remains with the weaker convergence theory for the latter case. Restarting is an area in
which theoretical and practical developments appear to have gone hand-in-hand, with computational experience
being gathered as results were being proved. The fascinating theory of versions of gradient descent (5.7) that
optimize progress over multiple steps, such as [4] does not have immediate practical relevance, though it provides
insights into the possibilities of nonmonotone algorithms that take a longer view than the one-step perspective
usually associated with gradient descent.

The fundamental idea of momentum that underlies the accelerated gradient methods described above has
been enormously influential, though the the great number of specific algorithms based on this idea are rarely
implemented as written. Momentum translates into each step being a weighted average of all gradients encountered
so far (or since the latest restart), so the philosophy underlying momemtum and gradient averaging is the same.

5The prox-operator is defined by proxh(v) := argminx
{
h(x) + 1

2
∥x− v∥22

}
.
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The idea of momentum carries over to stochastic gradient methods for finite-sum objectives (5.6), in which
the gradient ∇f(xk) is approximated by

(5.24)
1

|Bk|
∑
i∈Bk

∇fi(xk),

where Bk ⊂ {1, 2, . . . , N} is a “minibatch” with |Bk| ≪ N , chosen at random, so that (5.24) is an unbiased estimate
of ∇f(xk). Classical stochastic-gradient (“SGD”) methods [88] take steps along directions (5.24) at each iteration,
with steplengths chosen carefully sequences that guarantee convergence in expectation (see for example [72] or
[109, Chapter 5]). The currently dominant variant of SGD is Adam [59]. Adam adds two devices to the basic
SGD scheme: weighted averaging over gradients encountered at previous iterations, and elementwise scaling of
the components of the search direction, the scaling also being learned over all previous iterations. Given the
enormous reach of Adam in the training of neural networks, it can be said that the idea of momentum in gradient
methods is having a great impact on the practice of optimization in machine learning applications.

5.4 Newton’s Method. Newton’s method for (2.1), in its essential form, generates iterates as follows
(starting from a given point x0):

Solve ∇2f(xk)sk = −∇f(xk), xk+1 ← xk + sk, k = 0, 1, 2, . . . .

For strictly convex f (for which ∇2f(xk) is positive definite for all k), each step sk is the minimizer of the
quadratic Taylor-series expansion of f around xk, which is

(5.25) m(s;xk) := f(xk) +∇f(xk)T s+
1

2
sT∇2f(xk)s.

Various modifications can be applied to this basic approach to make it suitable for smooth nonlinear problems, even
nonconvex problems. For example, line searches or trust regions can be applied at each step to ensure convergence
to (or accumulation at) points satisfying optimality conditions, or the Newton equations ∇2f(xk)sk = −∇f(xk)
can be solved inexactly, possibly by an iterative scheme like linear CG, that requires only computation of matrix-
vector products of the form ∇2f(xk)p for some p ∈ Rn. Such products may not require explicit computation and
storage of the Hessian ∇2f(xk), as we discuss below.

The best-known property of Newton’s method is its asymptotic quadratic convergence. That is, once
the iterates reach a neighborhood of a point x∗ satisfying the second-order sufficient conditions ∇f(x∗) = 0,
∇2f(x∗) ≻ 0, we have ∥xk+1 − x∗∥ ≤ C∥xk − x∗∥2, for some C > 0, for the remainder of the sequence. Because
this convergence is so rapid, the theory is relevant only on the last few iterates of a typical run of Newton’s
method. But for some kinds of problems, the extra expense associated with using second derivatives is more than
compensated for by faster convergence of the iterates, even far from solutions.

For smooth nonconvex f , the nonasymptotic rate of Newton’s method is no faster than gradient descent. [18,
Section 3.1] constructs a smooth function f : R2 → R for which, given an accuracy threshold ϵ1 > 0, Newton’s
method may require more than 1/ϵ21 iterations to identify a point x with ∥∇f(x)∥ ≤ ϵ1. Although this example is
compelling, the construction of f depends on the choice of ϵ1; it is unclear whether there exists a function f for
which the basic Newton’s method above requires more than 1/ϵ2 iterations for an arbitrary ϵ. Indeed, progress
over the past 20 years has yielded Newton-based methods for which the complexity is considerably better than
this example would suggest. These methods work for nonconvex functions, and can find points that approximately
satisfy not just the first-order condition ∇f(x) = 0, but also the second-order sufficient condition ∇2f(x) ⪰ 0.

A trust-region variant of Newton’s method, described in [80, Chapter 4], solves at each iteration a subproblem
of the form

(5.26) sk := arg min
s∈Rn

m(s;xk) subject to ∥s∥22 ≤ ∆k,

for m(s;xk) defined in (5.25) and some trust-region radius ∆k, which is increased and decreased according to
whether the step sk from (5.26) yields a sufficiently large decrease in the objective function f . This subproblem
can be solved efficiently, even when the Hessian ∇2f(xk) is indefinite. Asymptotic analysis of different variants
of the trust-region approach can be shown to generate sequences {xk} whose accumulation points are stationary,
or even satisfy second-order conditions. In [25], a trust-region variant (motivated by the cubic regularization
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method discussed below) was shown to require O(ϵ−3/2) iterations to converge to a point with ∥∇f(x)∥ ≤ ϵ. A
later approach, hewing more closely to the traditional trust-region method but with modifications that equip it
with nonasymptotic complexity properties, is described in [24].

The cubic regularization method [78] was possibly the first Newton-based method devised specifically to admit
nonasymptotic complexity theory, while also having practical relevance because of its relationship to the trust-
region approach. This method assumes that the Hessian ∇2f(x) is Lipschitz continuous with Lipschitz parameter
M (5.2). f can thus be bounded by a cubic function, as follows:

(5.27) f(xk + s) ≤ t(s;xk,M) := m(s;xk) +
M

6
∥s∥3.

The cubic regularization algorithm takes the step sk to be the minimizer of t(s;xk,M), and sets xk+1 = xk + sk.
Within T = O(ϵ−3/2) iterations, at least one of the iterates k = 1, 2, . . . , T will identify a point that is ϵ-
approximately second-order necessary, in the sense of (5.16), where ϵg = O(ϵ) and ϵH = O(

√
ϵ). In fact, this

property holds for a more adaptive version of the algorithm, explicated in [19, 20], in which M is replaced by a
parameter that ensures sufficient reduction of the function f . (A method like this had been proposed much earlier
by Griewank [42], without nonasymptotic analysis.) Finding the minimizer of t(s;xk,M) is not straightforward,
but there is a close relationship between this minimizer and the solution of the trust-region problem (5.26) (as
can be shown by an elementary application of the Karush-Kuhn-Tucker theory for constrained optimization).

Practical Newton methods for large-scale problems make use of inexact solutions of the Newton equations
∇2f(xk)sk = −∇f(xk), often by applying the conjugate gradient method for minimizing convex quadratics to
the quadratic approximation (5.25). When the Hessian ∇2f(xk) is not positive definite, the conjugate gradient
method is usually quick to identify a direction dk of negative curvature, that is, (dk)T∇2f(xk)dk < 0. Such a
direction is still useful as a search direction that reduces the function significantly. A trust-region algorithm that
exploits this and other properties of the conjugate gradient methods was described in [94]; see also [80, Section 7.1].
The method described in [24] is a modification of this approach that equips it with non-asymptotic properties,
including convergence to a point satisfying conditions (5.16) in Õ(ϵ−3/2) iterations. “Line-search” versions of the
inexact Newton method are also available, depending on their asymptotic global convergence properties not a
trust region of the form ∥s∥ ≤ ∆, but rather on the choice of a steplength α along the search direction sk (or
dk) that ensures a significant decrease in the objective function at each step. A modification of the line-search
approach that equips it with non-asymptotic properties is described in [89].

The iteration complexity results of these Newton-based algorithms can be converted to oracle complexities.
If we define the “oracle” to include explicit evaluation of ∇2f(x), as well as the gradient ∇f(x) and function
value f(x), the transition is trivial. A more challenging task is to devise oracle complexities that rely only on
evaluation of first-order derivatives of f . The key observation here is that the Hessian-vector product ∇2f(x)p
for any x, p ∈ Rn be be obtained by differentiating the inner product ∇f(x)T p with respect to x. If reverse-mode
automatic differentiation is used, the cost is bounded by five times the cost of evaluating the gradient ∇f(x)
itself; see for example [43]. Thus, a kind of oracle complexity can be derived by counting the number of gradient
evaluations plus the number of Hessian-vector products, and adding the cost of evaluating the function f (usually
cheaper). The algorithms in [89, 24] require Õ(ϵ−7/4) such operations in total. An important element of the
proof of this result is to show that no more than O(ϵ−1/2) iterations of conjugate gradient are required within
each iteration of the modified Newton method in order to compute a direction that leads to significant progress
in reducing f .

Several more things are worth mentioning about the methods of [89, 24]. They are based on practical methods,
but the modifications that are made to admit nonasymptotic theory do not improve the practical performance.
Moreover, the complexity bounds are quite pessimistic for small ϵ; there remains a large gap between these bounds
and practical performance. This is not surprising since our assumptions on f are so mild, and potentially admit
pathological examples. Finally, we note that the “oracle” complexity bound of Õ(ϵ−7/4) achieved by these methods
matches that of the perturbed accelerated gradient method in [52], which does not make use of Hessians at all.

Newton’s Method on Self-Concordant Barrier Functions. Newton’s method is a key component of the primal
path-following methods for conic programming described in [77, Chapter 3]. These methods apply to constrained
optimization problems of the form

(5.28) min
x∈Rn

cTx subject to Ax = b, x ∈ Ω,
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where Ω ⊂ Rn is a closed cone admitting a self-concordant barrier function. The special properties of the self-
concordant barrier make the behavior of the Newton step more predictable over a wider region than is the case
of general functions f . Newton’s method, either with unit steps or with steplengths calculated by a prescribed
formula (see [77, p. 77]), can be applied in a systematic way to generate a sequence of points that follow the
central path to a solution of (5.28). These methods find ϵ-accurate solutions with iteration complexity O(ϑ| log ϵ|)
(long-step variant) or O(

√
ϑ| log ϵ|) (short-step variant), where ϑ is the parameter of the barrier function (see

[77, Definition 2.3.1]). For the nonnnegative orthant {x ∈ Rn : x ≥ 0}, −
∑n

i=1 lnxi is a self-concordant barrier
function with parameter n.

5.5 Quasi-Newton Methods. Starting in 1959 [30], methods have been proposed that are inspired by
Newton’s method, but which form and maintain approximations of the Hessian ∇2f(x) (or its inverse) from
gradients ∇f(xk) encountered during the algorithm. Taylor’s theorem provides the key observation: Given
any successive pair of iterates xk, xk+1 with sk := xk+1 − xk and yk := ∇f(xk+1) − ∇f(xk), we have that
∇2f(xk+1)sk ≈ yk. Quasi-Newton methods define matrices Bk+1 that capture this property of Hessian. In fact
Bk+1 is required to satisfy the condition Bk+1s

k = yk (known as the secant equation), along with other desirable
properties, such as positive definiteness, and changing minimally in some sense from the previous matrix Bk. The
quasi-Newton search direction at xk+1 is then obtained by solving Bk+1s

k+1 = −∇f(xk+1), and defining the new
iterate to be xk+2 = xk+1 + αk+1s

k+1.
An alternative approach, easier to implement, maintains an approximation Hk+1 to the inverse Hessian

instead, and requires it to satisfy the appropriate form of the secant equation: sk+1 = Hk+1y
k+1, along with other

desirable properties. The step sk+1 can then be calculated by a matrix multiplication: sk+1 = −Hk+1∇f(xk+1).
The most popular quasi-Newton method is the BFGS method, proposed independently in 1970 by four

inventors (Broyden, Fletcher, Goldfarb, and Shanno). Provided that (sk)T yk > 0 (a property that can be
guaranteed if approximate optimality conditions are imposed on the steplength αk), there is an explicit formula
for updating Hk to obtain Hk+1:

(5.29) Hk+1 = (I − ρks
k(yk)T )Hk(I − ρky

k(sk)T ) + ρks
k(sk)T , where ρk := 1/(sk)T yk.

The method is often initialized by a scalar multiple of the identity, that captures the appropriate scaling of the
true Hessian inverse: H0 =

[
(y0)T s0/(y0)T y0

]
I.

The best-known property of quasi-Newton methods is their superlinear local convergence, proved for inexact
line searches in the 1970s [14, 31], and observed in practice. Asymptotic global convergence for BFGS with inexact
line searches on convex functions was proved by Powell in 1976 [87]. (For nonconvex functions, [26] showed that
the algorithm may cycle.) Non-asymptotic convergence results have taken much longer to emerge. A bound of
O(κ| log ϵ|) for BFGS with inexact line searches on convex functions is proved in [53, Theorem 4.1], matching
the complexity of steepest descent, but with a constant factor that is potentially large (and dependent on the
parameters in the inexact line search conditions). A second result in [53] shows a linear rate that is independent
of the condition number, but this rate cuts in only after O(κ) iterations.

Although they use only first-order information, quasi-Newton methods typically require much more storage
(O(n2), to store the matrices Hk or Bk) than the gradient, conjugate gradient, and accelerated gradient methods
discussed above, which require storage of just a few vectors of length n. The limited-memory BFGS method of [66]
(known universally as “L-BFGS”) reduces these storage requirements dramatically by maintaining update vectors
(sk, yk) from only the past m iterations, where m≪ n. (Values m = 5 or m = 10 are typical.) At iteration j +1,
initializing with H0

j+1 =
[
(yj)T sj/(yj)T yj

]
I, the update formulae (5.29) is applied for k = j−m+1, j−m+2, . . . , j

to obtain the approximation Hj+1, with the new search direcion being set to sj+1 = −Hj+1∇f(xj+1). Importantly,
the matrix Hj+1 does not need to be stored explicitly; sj+1 can be calculated efficiently in O(mn) operations
from the vectors (sk, yk) for k = j −m + 1, . . . , j. Theory for L-BFGS is limited. A safeguarded version can be
shown to have similar asymptotic convergence properties as gradient descent, and superlinear local convergence
is not seen in general. However, L-BFGS is widely used and effective in practice, often outperforming nonlinear
conjugate gradient.

We note that one variant of the Barzilai-Borwein method [8] can be viewed as simply L-BFGS with no updates
(m = 0) and no line search. The initialization H0

j+1 =
[
(yj)T sj/(yj)T yj

]
I used in L-BFGS is the actual Hessian

approximation used by Barzilai-Borwein.
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5.6 “Tractable” Nonconvex Problems. The problem of finding the global minimizer of a general smooth
function f : Rn → R is intractable in general. Most algorithms for such functions (including those described
above) can be proved only to converge to points that approximately satisfy the first-order optimality conditions
or sometimes second-order conditions (see (5.16)), which are markers only of local solutions at best.

In recent years, however, many problem classes have been identified (largely from the areas of matrix
optimization and machine learning) for which finding global optima is a tractable problem. (See [96] for a
list of such problem classes.) In some cases (such as those involving nonconvex formulations of low-rank matrix
optimization problems) this phenomenon was observed first in practice: Algorithms that were guaranteed to
find only first-order optimal points were consistently finding global solutions. Explanations of why this happens,
including rigorous specification of conditions under which it happens, has followed.

We discuss just the first and most famous instance of this phenomenon, in semidefinite programming,
explicated by Burer and Monteiro [15, 16]. Semidefinite programming is the canonical matrix optimization
problem, whose standard form is

(5.30) min
X∈SRn×n

⟨C,X⟩ subject to ⟨Ai, X⟩ = bi, i = 1, 2, . . . ,m; X ⪰ 0;

where the variable X and the data C and Ai, i = 1, 2, . . . ,m are symmetric n×n matrices, and the inner product is
defined by ⟨X,Y ⟩ =

∑n
i,j=1 XijYij . This is a convex conic optimization problem, and interior-point methods with

polynomial complexity have been well known since the 1990s. However, these approaches are computationally
impractical for large n.

There are solutions X to this problem whose rank is bounded approximately by
√
2m, so by choosing r

greater than this threshold, (5.30) can be reformulated by writing X = ZZT , where Z ∈ Rn×r is a tall matrix
with r ≪ n. This factored form of X has positive semidefiniteness “built in,” so we can omit the constraint X ⪰ 0
and substitute in (5.30) to obtain

(5.31) min
Z∈Rn×r

⟨C,ZZT ⟩ subject to ⟨Ai, ZZT ⟩ = bi, i = 1, 2, . . . ,m.

This formulation is nonconvex, and can be solved using algorithms for nonlinear nonconvex constrained
optimization. An augmented Lagrangian method with regularization for (5.31) is described in [16] and the
sequence of iterates Zk generated by this approach is shown to have the property that the accumulation points
of {Zk(Zk)T } are optimal for (5.30).

The Burer-Monteiro parametrization and nonconvex formulation has found widespread use because of its
practical efficiency resulting from the vastly reduced dimensionality. The theory underlying this approach has
continued to develop since the initial papers. A recent result [22] establishes polynomial-time guarantees in the
smoothed analysis setting, in which a random perturbation is added to the cost matrix C.

6 Discussion. We have discussed theoretical results for algorithms in two areas of optimization: linear
programming and smooth convex optimization. We have also indicated which algorithms and approaches are most
widely used in practice, and discussed how theory and practice have influenced each other in the development
of algorithms. In both areas, innovations continue apace in both theory and practice. To mention one example:
Interior-point methods for LP have become a focus of intense interest in the combinatorial optimization community
in recent years.

We have left much ground uncovered: Other areas of optimization have seen enormous developments in theory
and practice in recent years, with similar interplay between these two aspects of the discipline. We mention in
particular semidefinite programming, constrained nonlinear optimization, and stochastic-gradient (SGD) methods,
which are based on gradient approximations (5.24) for finite-sum problems (5.6). The latter topic warrants a
full article of its own! Its current importance cannot be overstated: SGD is undoubtedly consuming far more
compute cycles than any other optimization algorithm in the world today, via its importance in training neural
networks, including LLMs. Among all computing on CPUs and GPUs, it likely ranks second in total cycles used,
exceeded only by neural network inference. It is possibly surprising that an algorithm based on crude (but cheap)
approximations to the gradient admits any useful theory at all — but it does. Dating to 1951 [88], the basic theory
of the method is outlined in [72] (with many relevant works published before and since). Recent developments of
the basic algorithm have focused on the use of momentum / gradient averaging and diagonal scaling [36, 59], the
choice of steplength schedules, and parallel implementation (for example [10, 79] and many works on federated
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learning). Theoretical developments have taken place alongside a huge amount of computational experimentation,
with influences flowing in both directions. (Theoreticians strive to justify approaches that have seen practical
success; practitioners gain confidence from theoretical underpinnings of innovations that have proved useful in
practice.)

Acknowledgments. Thanks to Ben Recht for suggesting the topic of this review and to Haihao Lu for his
guidance on first-order methods for linear programming.
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