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Abstract
We propose a derivative-free trust-region method based on finite-difference gradient approxi-
mations for smooth optimization problems with convex constraints. For nonconvex problems, we

establish a worst-case complexity bound of O(n (%6)72> function evaluations for the method to

reach an ( %e)—approximate stationary point, where n is the number of variables, L is the Lipschitz
constant of the gradient, and o is a user-defined estimate of L. If the objective function is convex,
the complexity to reduce the functional residual below (L/o)e is shown to be of O(n (%e)fl>
function evaluations, while for Polyak—FLojasiewicz functions on unconstrained domains, the bound
further improves to O (n log <(§€),1)) Numerical experiments on benchmark problems with

noise-free and noisy objective functions, as well as a model-fitting application, show the efficiency
of the proposed method relative to state-of-the-art derivative-free solvers for unconstrained and
bound-constrained problems.

1 Introduction

1.1 Problem and Contributions

We consider optimization problems of the form
Minimize f(x) subject to z € Q, (1)

where f : R® — R is assumed to be continuously differentiable with Lipschitz continuous gradient
and bounded from below by fio,, and where Q C R" is a nonempty closed convex set. However, we
focus on the scenario in which f (-) is only accessible through a zeroth-order oracle, i.e., given = we
can only evaluate f(x). Problems of this type arise in several applications, such as the calibration
of PDE models [26], bilevel optimization [27], design of black-box attacks in deep neural networks
[37], and shape optimization [19]. Since gradients of the objective function are not readily available,
Derivative-Free Optimization (DFO) methods are required [14. [5 25].

Over the past decades, significant progress has been made in the field of DFO, driven by the design
of new algorithms with strong convergence and worst-case complexity guarantees, together with
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efficient software implementations. Among these recent developments, the TRFD method proposed
in [I8] addresses problems of the form (1f) for a composite objective function f(x) = h(F(z)), where
F : R* — R™ is a black-box function and h : R™ — R is a known convex Lipschitz continuous
function, possibly nonsmooth (for example, h(z) = ||z|l1). Specifically, TRFD is a trust-region
method that constructs finite-difference approximations Ay € R™*™ of the Jacobian of F'(-) at xy,
and computes a trial step by approximately solving the subproblem

Minimize h(F(zy) + Ard) subject to ||d||, < Ay, and z;, +d € Q, (2)

where the p-norm can be chosen accordingly to the function A (- ). Thanks to combined update rules
for the trust-region radius and the finite-difference stepsize, TRFD was shown to find e-approximate
stationary points using at most O (ne~?) evaluations of F (-) when the Jacobian of F () is Lips-
chitz continuous and the p-norm in is chosen appropriately. Moreover, numerical experiments
demonstrated that TRFD can outperform state-of-the-art DFO solvers for composite nonsmooth
optimization problems.

Motivated by the encouraging performance of TRFD on composite nonsmooth optimization,
we propose in this work a variant of it, called TRFD-S, for solving smooth optimization problems
with convex constraints. The modifications leading to TRFD-S were designed to address two main
drawbacks of the original TRFD algorithm. First, observe that when F : R™ — R is a real function
and h: R — R is given by h(z) = z, we have f(z) = h(F(z)) = F(x). In this setting, subproblem
(2) with p = 2 reduces to the constrained minimization of an approximate first-order Taylor model
of f(xzr + d). Hence, a direct application of TRFD to smooth problems does not exploit second-
order derivative information, making the method unlikely to be competitive with curvature-aware
approaches such as NEWUOA [32] and BOBYQA [31]. Secondly, for the smooth setting described
above, we have A = gz, where g is a finite-difference approximation of V f(x). In this case, to
guide the iterates toward stationary points, TRFD relies on the exact computation of the approximate
stationarity measure

1 .
nAmax(ka)ZA — min (g,s) (3)

seQ—{z}
[[sll<Amax

where Ay is a user-defined upper bound on the trust-region radius. Computing the quantity in
amounts to solving a linear optimization problem over a convex set, which does not admit a closed-
form solution for a general convex set ). Therefore, although the theoretical analysis assumes that
NAma. (Tk) can be computed exactly, its evaluation in practice typically relies on an iterative auxiliary
solver, and is thus only approximate.

To address these issues, TRFD-S incorporates a quadratic term, %(H 1S, S), into the local models,
where H; may be an approximation of the Hessian of the objective function at xj, constructed
using only zeroth-order information. Moreover, TRFD-S completely avoids the computation of the
approximate stationarity measure na_ . (zr). These modifications, particularly the latter, require a
new theoretical analysis, as omitting na .. () leads to worst-case complexity guarantees for scaled,
rather than absolute, accuracy measures. In particular, we show that TRFD-S requires at most

0 (n(5)" () = fin )

function evaluations to compute an (%6)-approximate stationary point of f(-) over Q, where L

denotes the Lipschitz constant of V f and o is a user-specified estimate of L. When f (-) is convex,



we further prove that TRFD-S requires at most
O (n (%) LAIQnaXGJTl)
function evaluations to compute an iterate xy, satisfying f(xp) — f(z*) < ge #, where z* denotes the

minimizer of f (-) over Q. Furthermore, if f (-) satisfies the Polyak—Lojasiewicz inequality [30] with
parameter p > 0 and 2 = R™, we establish the improved complexity bound of

) <n <i> log ((%) (f(zo) — f(z)) 6?))

function evaluations to achieve the same accuracy. Note that when o = L, all of these complexity
bounds match, up to an additional factor of n, the corresponding bounds for gradient descent on
the same problem classes. This factor n arises from the computation of finite-difference gradient
approximations at each iteration.

Finally, we complement the theoretical developments with an extensive numerical study compar-
ing TRFD-S with several derivative-free optimization solvers, including NEWUOA [32, 39], TRFD
[18], DFQRM [22], BOBYQA [31, 39], and NOMAD [6]. The experiments cover both unconstrained
and constrained benchmark problems under exact and inexact function evaluations. We also com-
pare TRFD-S with BOBYQA on an ODE parameter calibration problem. The results demonstrate
a substantial improvement of TRFD-S over TRFD and show that TRFD-S is competitive with, and
in several settings outperforms, leading derivative-free solvers such as NEWUOA and BOBYQA.

1.2 Contents

The paper is structured as follows. In Section |2 we give the assumptions and auxiliary results. In
Section [3| we present TRFD-S for problems with relaxable convex constraints and prove worst-case
evaluation complexity bounds for nonconvex, convex and Polyak-Lojasiewicz objective functions.
We also propose an adaptation of TRFD-S to unrelaxable bound constraints in the latter section.
Finally, in Section 4] we provide numerical results on benchmark problems for unconstrained and
bound constraints sets, in addition to showing a model fitting application.

1.3 Notations

In this paper, (-, - ) denotes the scalar product between two vectors and || - || stands for the Euclidean
norm of a vector, while Q — {z} :={s € R" : z + s € Q}.

2 Assumptions and Auxiliary Results

Through the paper, we will consider the following assumptions:

Al. QCR"is a relaxable[] nonempty closed convex set.
A2, f:R"™ — Ris differentiable and its gradient V f is L-Lipschitz with respect to the Euclidean
norm.

In addition, the following definition of stationarity will be used.

!Meaning that the objective function can be evaluated outside the domain Q (see, e.g., [15]). The unrelaxable case
(where the objective function can not be evaluated outside 2) is considered in subsection



Definition 2.1. A point x* € Q is a stationary point of f when
(Vf(x*),s) >0, VseQ—{z"}.

Definition [2.1] motivates the use of the following stationarity measure. Given r > 0, let us denote

gl = [~ min (V7.5 ] (4)
[IslI<r

The lemma below provides some properties on this stationarity measure.

Lemma 2.2. (Theorems 12.1.5 and 12.1.6 in [13], Lemmas 2.6 and 2.12 in [18]). Suppose that A1
and A2 hold, and let 1, be defined by . Then,

(a) Y.y () is a continuous function in terms of r and x € Q, for v > 0;
(b) Yr(x) >0, Vel

(c) ¥r(x*) = 0 if, and only if, x* is a stationary point of f in €;

(d) wrz(x> < wm(x)v 0<ry<ry Vz €.

Remark 2.3. In the particular case where Q@ = R™, the stationarity measure ¥, (x) reduces to

IVF (@)l

In view of Lemma[2.2] we say that a point 2 € {2 is an e-approximate stationary point of f in Q with
respect to r > 0, when ¢, (z) <e.

Since the gradient is supposed not to be accessible, the stationarity measure defined in will be
approached by

1

nr(z) =~ —seﬁ?x}@@ , (5)

where g € R” is an approximation to the gradient of f at x.

The following lemma gives a bound for ||V f(z) — g|| when g is a forward finite-difference approxi-
mation of Vf(z).

Lemma 2.4. (Section 8.1 in [29] or (10.60) in [35] for the univariate case). Suppose that A2 holds.
Given x € R™ and 7 > 0, let g € R" be defined by
fl@+7ei) — f(=)

lg]: = . , t=1,...,n.

Then,
L
I9@) gl < 5rv.

Remark 2.5. On one hand, forward finite differences give an error bound of O(7x) by evaluating n
times the function. On the other hand, central finite differences would lead to an error of (9(7‘,?), but
by requiring 2n evaluations to construct the approximation gi.

Remark 2.6. In view of Lemma the stationarity measure ¥, (x) can be related to the approximate
stationarity measure 0 (x). Such connection is established in Lemma .
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3 Trust-Region Method for Convexly Constrained Problems

In what follows, we present TRFD-S, a derivative-free Trust-Region method based on Finite Differences
for Smooth problems with relaxable convex constraints, that is, problems in which function values
can be computed at points outside the feasible set (see subsection for the adaptation to unrelax-
able bound constraints). At the k-th iteration of TRFD-S, an approximation g of V f(xy) is built
by using finite differences. Then, a step di is computed by solving approximately a trust-region
subproblem, where the model to minimize is given by

() = F(ex) + {g1d) + 3 (Fid. d),

with Hj being an approximation to the Hessian of f at xj, which can be computed from approximate
first-order information (see also Remark [3.1]). After, we assess the quality of the step dj. If

fzg) = fzg + di) .
my(0) —my(dy) —

with « € (0,1), then we define zx11 = xp + di, the trust-region radius can grow, and the finite-
difference stepsize remains constant by defining 7411 = 7. Otherwise, the method sets xy1 = x,
the trust-region radius is halved, while the finite-difference stepsize is possibly reduced. The trust-
region radius keeps decreasing until the step is accepted.

In Algorithm 1, we describe precisely the steps of our new method. Notice that in Step 0, the
estimate 0 > 0 of L is a user-defined parameter. As we can see in Tables and [3| its value
can have a significant impact. If o overestimates L, then an approximate stationary point with
tighter tolerance than € is guaranteed, while the worst-case evaluation complexity is increased. In
the case where o underestimates L, then the worst-case evaluation complexity decreases, while an
approximate stationary point with larger tolerance than € can only be guaranteed.

Algorithm 1: TRFD-S for relaxable convex constraints

Step 0. Given a feasible set (2, an initial point xg € €0, a parameter ¢ > 0, an estimate o > 0 of L,
and a threshold « € (0, 1) for accepting trial points, define
€

ovn’

Choose an initial trust-region radius Ag and an upper bound on the trust-region radii Ay .x such
that 79v/n < Ag < Apax, and set k := 0.

Step 1. Construct g; € R™ with

T0 —

[9x); = UGz +T"’Z) — f(x’“), i=1,..,n,

and choose a nonzero symmetric matrix H; € R™*"™,

Step 2. Compute an approximate solution dj of the trust-region subproblem

. 1
min  mg(d) = f(xg) + {9k, d) + = (Hyd, d)
deRn 2

st ||d| < Ag

rp+de



such that

3 max x
mg(0) = my(di) = KA. (k) Min {Ak, TIA(k)} ,

6
j77c] )
where k € (0,1) is a constant independent of k, and na,,. (zx) is the approximate stationarity

measure (5)) with r = Apax (see Remark for discussing the guarantee to have ().

Step 3. Compute

flxr) — fog + dy)
my(0) — mp(di) )

If pr, > «, define zx 11 = xf + di, Apr1 = min {27k, Apax}s Tk+1 = Tk, set k : =k + 1 and go to Step
1.

Pk =

Step 4 Define zpy1 = x and Agyq = %Ak. If 7iv/n < Agyq, define 701 = 7, g1 = 9k,
Hy1 = Hyg, set k:=k+ 1 and go to Step 2. Otherwise, define 711 = %Tk, set k:=k+ 1 and go to
Step 1.

Remark 3.1. In contrast with TRFD [18] when applied to smooth optimization (i.e., the case F' :
R®™ — R and h(z) = 2,Vz € R), TRFD-S approximates second-order information through Hj,
which may be constructed from approximate first-order information using various strategies, such as
the safequarded BFGS update outlined in subsection [{.1.1 In addition, TRFD requires computing
two trust-region subproblems per iteration, while TRFD-S only needs to solve one. Finally, TRFD
assumes that the model decrease is at least proportional to a fraction of the exact model decrease,
while TRED-S assumes inequality @ In the case where Q = R™, condition @ is naturally satisfied
by any step at least as good as the Cauchy step. In the case where Q # R™ and A1 holds, condition
@ is also guaranteed by any step at least as good as the Generalized Cauchy step, which can be
computed by Algorithm 12.2.2 in [13]. We provide a proof for this claim in the Appendix . Notice
that despite condition (6), TRFD-S never computes na .. (k).

In TRFD-S, we have the following sets of iterations:

1. Successful iterations (S): those where p; > a.
2. Unsuccessful iterations of type I (Z/{(l)): those where pr, < a and 7v/n < Agy.
3. Unsuccessful iterations of type II (L{(Q)): those where pr, < a and 7v/n > Agy1.

Remark 3.2. By Step 4 of TRFD-S, we see that the finite-difference stepsize is only reduced when
ke UP, ie., when there is a strong evidence that the current value does not provide sufficiently
accurate gradient approrimation to allow the sufficient decrease of the objective function.

The lemma below shows that the finite-difference stepsize 73 is always bounded from above by

Ag/v/n.
Lemma 3.3. Given T > 1, let {r,}1_, and {A}i_, be generated by TRFD-S. Then

Tk\/ﬁ < Ak, fO?“ k= 0, ...,T. (8)

Proof. Let us work through an induction argument. By Step 0 of TRFD-S, we have that holds
for £ = 0. By assuming to be true for some k € {0,...,7 — 1}, let us show that also holds for



k + 1. With our sets of iterations, we have three possible cases:
Case I: k€ S.
By Step 3 of TRFD-S, we have 7,11 = 75 and Agy1 > Ag. Thus, by the induction assumption,

Tep1vVn = Tevn < A < Apgy,
which means that is true for k + 1.
Case II: k e UM,
By Step 4 of TRFD-S, we have 7,11 = 7 and 7,v/n < Agy1. Then,
Ter1Vn = Tevn < Apyq,

SO is true for k£ + 1.
Case IIL: k € U2,

By Step 4 of TRFD-S, we have 1441 = %Tk and Apyp = %Ak. Thus, by using the induction
assumption, we have

1 1
Thr1Vn = §Tk\/ﬁ < iAk = Ag1,
that is, is true for k + 1, which concludes the proof. ]
In view of Lemmas and the finite-difference approximation g in TRFD-S satisfies (see
Assumption 4 in Conejo et al. [12])

L
IVF@) - gull < 58k, =0, o)

Using the previous inequality, the next lemma proves that if the trust-region radius is sufficiently
small, then k& € S.

Lemma 3.4. Suppose that A1 and A2 hold, and let xj be generated by TRFD-S. If

Ay < (1= ORna ()
BT ;A

then k € S, where k is the constant in @

Proof. By @, A2, @ and @D, we have

my(0) — my(di) — (f(2x) — [k +di))
mi(0) — my(dy,)
Flae 4+ di) — f(xr) = (Vf(zr), di) + (V[ (@1), di) — (gr, di) — 5(Hpdg, di.)
my(0) — my(dy,)
|f(zp 4 di) — faz) — (Vf(n), di)| + (V f(zr), di) = (gr, di)| + |5 (Hrd, di) |

RNA pay (Tr) min {Ak, mﬁﬁi’ﬁk)}

lldell* + 11V f (zx) — grlllldxll + 5l Hllllde]l?

K1) A (2 1) TN {Ak, Mﬁ‘ﬁiﬁgﬁfﬂk)}

L—pr=

<

<

IN
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LA2 | LA2 H 2
§af + fag+ 1Az

KTNA . (Tk) min {Ak, 7%“%9('?’“) }

(2L + || H,|) AR

KN A ey (k) min {Ak, 77”?;1’;(””) }

<

Since o € (0,1), k € (0,1) and 2L > 0, by we get

NAmax (k)
Ak, < max
|| H |
So, it follows that
2L + || Hi|)) Ak

K/nAmax (:,Uk')

Finally, by we have
l—pr <1 —0a.

Thus, we get pr > «, meaning that k € S, which concludes the proof. O
The next lemma bounds the error [1a,,.. (Tk) — NA ... (k)] With the same quantity as for ||V f(xy) —
9.

Lemma 3.5. (Lemma 2.10 in [18]). Suppose that A1 and A2 hold, and let x) be generated by
TRED-S. Then,

0 (78) ~ s (0)] < F TV ()

By using the tolerance (%6), the following lemma provides a lower bound on the approximate sta-
tionarity measure na,,.. (zx).

Lemma 3.6. Suppose that A1 and A2 hold, and let xj be generated by TRFD-S. If

VA (T1) > <§e> : (12)
then s
M (T8) > 5 <G€> : (13)

Proof. By the update rules of TRFD-S, we have
T < 10, Vk=>0. (14)

Then, by Lemma , the definition of 79 in Step 0 of TRFD-S and , it follows that

L
VA max (Th) VA max (Th) = DA max (Th)] + Moy (T1) < §Tk\/ﬁ + 1M Amax (Th)

L L e

S §T0\/ﬁ+ nAmax (xk) = 5; + nAmax(‘Tk)

1
< §¢Amax(fck) + N A masx (Tk)-



Thus, we get
1
nArnax (xk) > §wAmax ($k> ‘
0

Therefore, by , it follows that is true.

Now let us consider the following assumption on the matrix Hy:

A3. There exists a nonzero positive constant M, independent of k, such that ||H|| < M, for

all £ > 0.

The next lemma gives a lower bound on the trust-region radius Ay.
Lemma 3.7. Suppose that A1-A3 hold. Given T > 1, let {Ak};‘gzo be generated by TRFD-S. If

L
Vo) > (). Jor k=0T -1

then a ) I
— )k
Ap>—-——"— | —¢c| =Annle), =0,...,T, 1
EZ ST A (Ue> (€), for k=0 (16)

where k is the constant in @

Proof. For k =0, by Step 0 of TRFD-S, since a € (0,1), x € (0,1) and m € (0,1), we have
e (1—-wk (L

Ag > =—>_—"7 (Ze| =Apnle).

02 7oV a>8L+MW<a% (€)

So, is true for k = 0. Now, let us assume that is true for some k € {0,...,7 — 1}. On one
hand, if px > «, then Step 3 of TRFD-S and the induction assumption imply that

Ak—i—l > Ak > Amin(e)-
On the other hand, if pp < «, then by Lemmas and A3, we must have

(1-a)k 1 (L
PN S 2L e
oL+ M 2\0 )

(17)

since otherwise we would have pp > «, contradicting the assumption that pr < «. Then, by the

update rule in Step 4 of TRFD-S and , it follows that
1— L
(A-a) ( ) = Amin(e),

which shows that is true.



3.1 Worst-Case Complexity Bound for Nonconvex Problems
Given j € {0,1,...}, let
S; = {0,...,5}1nS,
u = {o,.... 5 nu®
u? = {o,....53nu®
Also, let
1) = inf {k € N+ s on) < (Le) | (18)

be the first iteration index reaching an (%e)—approximate stationary point of f in €, if it exists. Our

goal is to obtain a finite upper bound for T(e). If Ty(e) > 1, it follows from the notation above that
1) 2
€) = ‘STg(e)—l‘ + ‘U;g UZ/[( )(6) 1‘ (19)

In the next two lemmas, we will provide upper bounds for the two terms in . To that end, let us
consider the following additional assumption:

Ad4. There exists fj, € R such that f(z) > fiow, for all € Q.

The next lemma provides an upper bound on ‘STg(e)_l‘.

Lemma 3.8. Suppose that A1-A4 hold, and assume that Ty(e) > 1. Then

16L + 8M)(f(xo) — fiow) (L \ >
‘STg(e)fl‘ S ( Oé(]_)f O(é:)rlzg d ) <0_6> )

where k 18 the constant in (@

Proof. Given k € S7,(¢)-1, by . @ Lemmas E’ . and A3, we have

f(xr) — f(wry1) > akna,,, (7x) min {Ak, 77Amax(”3’f)}
| H||

(2ol () o (49

Since a € (0,1), x € (0,1) and L > 0, it follows that

a(l —a)k? (L \?
flag) — fxpyr) > 1£5L+8)]\4 <06> ,  when k € St (¢)—1- (20)

Notice that when k ¢ St ()—1, then f(zx) = f(2k+1). So, by A4 and we get

Ty(e)—

f(@o) = fiow = f(zo) = f(@1,(0) Z f(@r) = f(@hs1)

10



= > flan) = flaen)

kGSTg(e)_l
a(l—a)s? (L \?
> ISt Jop 80 (06> ’
which concludes the proof. O
The lemma below provides an upper bound on ‘Z/Ig)(e)il U ng)(e)il‘.

Lemma 3.9. Suppose that A1-A3 hold, and assume that Ty(e) > 1. If T € {1,...,T4(e)}, then

8L +4M)Ay (L \
‘uz(“l_)1 ng_)l} < log, <((1_a>/>€0 <U€> ) +|Sr-1l, (21)

where Kk s the constant in @
Proof. By the update rules for Ay in TRFD-S, we have

Ak—H < 24, i ke Sp_q, (22)

M = g it ke v, (23)
In addition, by Lemma [3.7] we have
A > Apin(e), for k=0,...,T, (24)
where Apin(€) is defined in . So, in view of —, it follows that

Sr ql—lud Ly
SN > A > An(e),
which gives
1 2 .
2‘8T71|*‘u;~_>luu,§ﬂ_>l Z Amln(ﬁ).
0

Then, taking the logarithm on both sides, we get

Amin(€
|Sr—1] = )U}z UU}Z‘ > log, < Ao( )> :

which is equivalent to

1 2 Ao
‘u;(p_)l UU;_)l‘ < logy <Amm(€) + |Sr—1]. (25)
Therefore, by the definition of A, (€) in , we conclude that is true. O

Combining the previous results, we obtain the following worst-case iteration complexity bound of
TRFD-S to find an (%e)—approximate stationary point of f in €.

11



Theorem 3.10. Suppose that A1-A4 hold, and let Ty(€) be defined by (18). Then

Ty(e) < (82L + 16M)(/(20) ~ fiow) <§e> - + log, <(8L+4M)A° <L€> 1) +1, (26)

a(l — a)k? (1-a)k o

where K 18 the constant in @

Proof. 1f Ty(e) < 1, then we have that is true. Let us assume that Ty(e) > 2. By (19),
_ (1) @)
Ty(e) = |Sry01] + ‘uTg(e)fl UuTg(e)q‘ :
Then, follows from Lemmas and O

Since each iteration of TRFD-S requires at most (n + 1) evaluations of f, from Theorem we
obtain the following upper bound on the number of function evaluations required by TRFD-S to find
an (%e) -approximate stationary point of f in ).

Corollary 3.11. Suppose that A1-A4 hold, and let FEr, ) be the number of function evaluations
executed by TRFD-S up to the (Ty(e) — 1)-st iteration. Then

(32L + 16 M) (f(20) — fiow) <§6> —2 + log, <(8L+4M)A0 (L >1> +1

a(l — a)k? (1-a)k o

FEr, < (n+1) . (2D

g

In view of , TRFD-S needs no more than

0 (n(5)" £ an) = fin) ) (29)

function evaluations to reach a point xj € € such that ¥a,, (zr) < ge. Therefore, in the case
where the user-defined parameter o equals the Lipschitz constant L, we get a worst-case evaluation
complexity of

O (nL (f(z0) — fiow) € %) (29)
to satisfy ¥a,..(zx) < €. Otherwise, when o # L, Table (1 shows the different impacts of o.

Impact on the target
accuracy (%e)
lower than Accuracy weaker than e

Value of ¢ Impact on (28)

<L
? by a quadratic factor (%)2 by a factor (%)
o> L larger than Accuracy stricter than e
by a quadratic factor (%)2 by a factor (%)

Table 1: Impacts of the user-defined parameter o for nonconvex problems

Remark 3.12. In TRFD-S, if the user-defined parameter o underestimates L, then we can only
guarantee that Ya .. (ng(e)) < %e, where ge can be significantly larger than e.

Remark 3.13. By Lemma (d), given o > 0 and Anax, taking a larger upper bound ro > Apax
will lead to a tighter achieved accuracy:

L
Pry (ng(E)) < YAmax (ng(e)) < <6) ;o 0 < Apax < 1o,

g

12



3.2 Worst-Case Complexity Bound for Convex Problems

Let us consider two additional assumptions:

A5. f is convex.

A6. [ has a global minimizer z* in Q, and Do = sup,cr,(4) {llz — 2*|[} < +o0, for Ly(20) =
{zeQ: f(x) < f(xo)}-

The lemma below establishes the relationship between the stationarity measure and the functional
residual when the reference radius r is sufficiently large.

Lemma 3.14. (Lemma 3.14 in [1§]). Suppose that A1, A2, A5 and A6 hold, and let x}, € L(xo).
If r > Dy, then
fax) = f(27)

r

wr(xk> >

The next lemma provides a lower bound on the approximate stationarity measure na_, .. () in terms
of the functional residual.

Lemma 3.15. Suppose that A1, A2, A5 and A6 hold, and let x; be generated by TRFD-S. If
Apax > Do and

Fon) = F@*) > Auas (ﬁ) , (30)

then

M () > TR ZIE) (31)

2Amax
Proof. By Lemma and (30)), it follows that
L
V) > (Ze). (52)
Therefore, by and Lemma we obtain (31), which concludes the proof. O

Next, we establish an upper bound for w.
k

Lemma 3.16. Suppose that A1-A3, A5 and A6 hold. Given T > 1, let {xk}zzo and {Ak’}g:o be
generated by TRED-S. If Apax > Do and

flxg) — f(2") > Amax (ie) , for k=0,..T-1,

then

(5) ) = ) < ma{ (£ ) (aw) = 107

fork=0,...,T, where k is the constant in (@

(8L + 4M)Apax }

(1—-a)k =5 (33)
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Proof. By the definition of S, is true for k¥ = 0. Suppose that is true for some k €
{0,...,T —1}. Let us show that it is also true for k + 1.

In the case where pr > «, by Step 3 of TRFD-S we have Agy; > Ag. Since f(zp41) < f(zg), it

follows that
(5 ) Ul = fe < (5 ) (o) - 169) < 5,

Apt1

where the last inequality is the induction assumption. Therefore, holds for k£ 4+ 1 in this case.
In the case where p;, < a, by Step 4 of TRFD-S we have

1
Apy1 = iAk- (34)

In addition, in view of Lemma [3.4 and A3, we must have

(1 — ) RNApa (Th)

A
k> oL + M ’

(35)

since otherwise, by Lemma we would have pr > «, contradicting our assumption that pp < a.
Notice that is equivalent to

1 2L+ M
(Ak) Mans(20) < T (36)

1—a)k’

Finally, it follows from (34)), Lemma and that

(5 ) Ut 1) = () Uloren) - 16 = (& ) (Glen) = 1)
AN ax 2L+ M
A, TAmes (z) < 4Amaxm
< B
that is, also holds for k£ + 1 in this case, which concludes the proof. ]
Let
T(e) = inf {k €N f(zp) — f(2") < Apax <§e>} (37)

be the first iteration index reaching a Ampax (%e)-approximate solution of in €, if it exists. Our
goal is to establish a finite upper bound for T(¢). In this context, the lemma below provides an

upper bound on ‘STf(E)_l‘.

Lemma 3.17. Suppose that A1-A3, A5 and A6 hold, and assume that Ty(€) > 2. If Apax > Do,
then

28 (L \ "
‘STf(e)fl <1+ 2 <6> 7 (38)

(67,7 g

where B is defined in and K is the constant in @
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Proof. Let k € Sty(¢)—2- By , @), Lemmas and A3, we have

flzk) — f(xgs1) > arna,,., (Tx) min {Ak, W}
|| H|

Saw) — f@") min{f(ﬂﬁk) — f(x*) flzg) - f(fU*)}

= @ 2Amax B ’ 2AmaxM
*\)2
an(fa) — f@) (11
2Amax /8 2A max M

By the definition of 8 in , since @ € (0,1), k € (0,1) and L > 0, we get
ar(f(zy) — f(z*))?

flar) = flane) = A3 (39)
Denoting 6 = f(x) — f(z*), becomes
aK o
O 7O Z oA Bk
Consequently,
ak 2
1 1 6 —Oks1 _ ZAmaBOk ak
S —— > Zomax = ,  when k € S, (_a. 40
5k’+1 6k: 5k’5k+1 5]% 2Amax5 Tf( )—2 ( )
Since dy1 = 0y for any k ¢ Sr1y(e)—2, it follows from that
1 TR A T 11 ak
5 T Okt Ok 5 _XE‘STHEH‘M '
Tp(e)-1 00 = Okl Ok e Ok O max 3
Therefore, as §y > 0, we have
L * 2Amaxﬁ
Amax | =€) < f(zr;(0)—1) — f(@") = 07, ()1 < :
o ¥ !
a7y
which implies
28 (L \ "
86_‘<1 ‘36_ 1+ 22 (Ze) |
‘ Ty(9-1| = L1 |01y (9-2| < +%<U€>
that is, is true. ]

The next lemma establishes the relationship between T (e) and Ty (e).

Lemma 3.18. Suppose that A1, A2, A5 and A6 hold, and let Tt(e) and Ty(e) be defined by
and (18)), respectively. If Amax > Do, then Tr(e) < Ty(e).

Proof. Suppose by contradiction that T'¢(e) > Ty(e). Then, by Apax > Do, Lemma and the
definition of Tj(€), we would have the contradiction

So, we conclude that T's(e) < Ty(e). O

15



The following theorem gives an upper bound on the number of iterations required by TRFD-S to
reach a Apax (%e) -approximate solution of in €, when f is a convex function.

Theorem 3.19. Suppose that A1-A3, A5 and A6 hold, and let T¢(¢) be defined by (37). If Amax >
Dg, then
48 (L \* (8L +4M)Ao (L \ "
T < — (= 1 —_ | = 2 41
f(E) = ak <O’€> + 082 ( (1 —Oé)/‘i 0_6 + ) ( )

where B is defined in and K is the constant in @
Proof. 1f T¢(e) < 1, then is true. Let us assume that Ty(e) > 2. Similarly as in (L9), we have

Ty ‘STf (- 1‘+‘u;1)(6 VU 1‘ (42)

By Lemma we have Tr(e) < Ty(e). Thus, by considering T' = T¢(€) in Lemma it follows
that

-1
(1) (2) (8L +4M)Ay (L
‘qu(e) Vo) ’ < logy ((1—04)*@ € + ‘STf(e)—l‘ : (43)
Then, by combining , Lemma and , we conclude that is true. O

Since each iteration of TRFD-S requires at most (n + 1) function evaluations, from Theorem
we obtain the following upper bound on the number of function evaluations required by TRFD-S to
find a Apax (%e)—approximate solution of in 2, when f is a convex function.

Corollary 3.20. Suppose that A1-A3, A5 and A6 hold, and let FEr, () be the number of function
evaluations executed by TRFD-S up to the (Ty(e) — 1)-st iteration. If Amax > Do, then

48 (L \ ' L+4M)Ay (L \7!
45 <6> + log, <<8+> <6> ) Ly
ak \ o (1—-a)k o
In view of (44]) and the definition of 8 in (33)), TRFD-S needs no more than
g -1
0 (1 () o)

function evaluations to find x; € Q such that f(zr) — f(2*) < Apax (%6) . Thus, given €; > 0, if we
use TRFD-S with € = ¢ /Amax, then it will need no more than

0 (0 (5) 188n7) o

function evaluations to find zj, € Q such that f(zy) — f(2*) < Zes. So, in the case where o = L, we
get a worst-case evaluation complexity of

FETf(e) < (n + 1) (44)

o (nLAfnax —1) (46)

to satisfy f(xx)— f(2*) < ;. Otherwise, when o # L, Table[2 gives the different scenarios depending
on the value of o.
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Impact on the target
Val f I t 4
alue ot o mpact on accuracy (Zey)

lower than (46) | Accuracy weaker than ey

o<L

by a linear factor (%) by a factor (%)
oI l.arger than Accuracy stricter Ehan €f
by a linear factor (f) by a factor (;)

Table 2: Impacts of the user-defined parameter o for convex problems

3.3 Worst-Case Complexity Bound for P-L functions

For the case where f is a Polyak-Lojasiewicz (P-L) function [30], we will assume that the feasible
set is unconstrained, i.e., Q@ = R"™. Therefore, given z; € R", the stationarity measure ¥a . (7k)
reduces to ||V f(z)]|, while the approximate stationarity measure na,,,. (zx) reduces to ||gg]|-

Now, let us consider the following assumption:

A7. f is a P-L function, i.e., it has a global minimizer z* € R™ and
IVf(@)]? > 2u (f(z) - f(2*)), VzeR", (47)

for some p > 0.

The following lemma relates the approximate stationarity measure ||gx|| with the functional residual.

Lemma 3.21. Suppose that A2 and A7 hold, and assume that 2 = R™. Moreover, let xj, be generated
by TRFD-S. If

Fan) — fat) > 2 () (48)
then

lgell \/g(f(xk) ~ fat )2 (49)

Proof. By and A7, we have

(L ) < Va(f(xx) = @)Y < V/20(f (2r) = f(2)2 < IV f ().

—€
o

Then, by Lemma we have that holds. Therefore, by combining and , we conclude

that is true. O
pax\\1/2
The next lemma provides an upper bound on %.

Lemma 3.22. Suppose that A2, A3 and A7 hold, and assume that = R™. Moreover, given T’ > 1,
let {xk}gzo and {Ak}gzo be generated by TRFD-S. If

2
flxg) — f(z*) > ; (Le> , for k=0,..,T-1,

(o)
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e (5) e - a2 < max { (L) () = pays 2D =0 o)

0 (1-a)k
for k=0,...,T, where x is the constant in @

Proof. Let us work through an induction argument. For k = 0, clearly holds. Now, let us
assume that is true for some k € {0,...,7 —1}. In the case where p; > «, similarly as in Lemma
[3:16], we get

1

! x — f(z* 1/2 I ) — f(z* 1/2
(5 ) Ul = Fa)2 < (52 ) Ul - 1@ )2 <

So, holds in this case. Let us now consider the case where p;, < a. Similarly as in Lemma
we have

lgell 2L+ M
. 1
Ay < (1—-a)k (51)
Then, since Ap 1 = %Ak and f(xgy1) = f(x), by combining Lemma and , we get
1 N 2 "
(5 ) Gl = 102 = (5) (o) - fa )
AV} Ak
o o [Zlal _ \f4L+2M
1Ay p(l—a)k
< 7.
So, is also true in this case, which concludes the proof. ]
Now, let
. . _1/L\?
Tpr(e) = inf k:EN:f(xk)—f(x)gﬁ P (52)

be the first iteration index reaching a i (%e) -approximate solution of in R™, if it exists. Our
goal is to establish a finite upper bound for Ty (€). In this context, the following lemma gives an

upper bound for |STPL(€)—1|'
Lemma 3.23. Suppose that A2, A3 and A7 hold, and assume that Q@ = R"™. If Tpr(€) > 2, then

tog (1 (a0) — £(a*) (2e) )

o (1 ez [

1STps (-1 <1+ (53)

where 7y is defined in and K s the constant in @

Proof. Let k € Sty (0)—2- By , @, Lemmas and A3, we have
f(xg) = fzrs1)

. 9k
ot 24}

AV

) — F(z*))2
o [E () — £ min {(f( SR (G e

v

M

(f(a) — f(a*)!/? }
2 v
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_ aKVEaﬂmo—fuﬂwmn{i St}

(54)

By the definition of v in (50), we have vy > f“““'zM So, since o € (0,1) and k € (0,1), we get

\ﬁ AL +2M
- ’)/ )

which implies

1. /pt
¥y~ V2M
Therefore, by , and , it follows that
ak(4L +2M .
) = flonen) = SO () - pa)).
Denoting 6 = f(zr) — f(z*), becomes
ark(4L +2M
O — 041 2 %5@
Y
which gives
ak(4L +2M)

Op+1 < <1 - 5

v

> Or, when k € STPL(G),Q

(55)

(56)

where w < 1 by the definition of v in and by p < L. Then, since ;11 = d; when

k & Sty (e)—2, We have

1 (L\? )
- (6> < f@rppo-1) = F@) =001 <[] (1 -
n\o kE€STp, (6)-2
akK ’STPL(E)*QI
= (1- L) (f(m0) ~ (),

which is equivalent to

ar(4L + 2M)\ [Srerco-2| 1 L
(1 )2 ) >uﬁww—ﬂﬁ»<

Then, taking the logarithm on both sides,

ark(4L +2M)

_anldL M)\ 1
81,0102l (1= )>1g<Mﬂmﬂ—ﬂﬂ»

So,

log (1u(f(x0) = f(z") (&

|STPL 1‘<1+‘STPL 2’<1+

which shows that is true.
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The next lemma shows that Tpr(€) < Ty(e).
Lemma 3.24. Suppose that A2 and A7 hold, and assume that Q = R™. Moreover, let Tpr(€) and
Ty(€) be defined by and (18), respectively. Then, Tpp(e) < Ty(e).

Proof. Suppose by contradiction that Tpr(e) > T,(e). Then, by and the definition of T, (¢), we
would have

(6) < V) - 02 < VS en0) - S < 19l < (Ee),

leading to a contradiction. So, we conclude that Tpr(e) < T,(e). O

The next theorem gives an upper bound on the number of iterations required by TRFD-S to reach

a % (%e) Q—approximate solution of in R™, when f is a P-L function.

Theorem 3.25. Suppose that A2, A3 and A7 hold, and assume that Q@ = R™. Moreover, let Tpr(e)
be defined by . Then

o z0) — f(x) (Le) 2 -1
Tpr(e) < 2o (IZ;fél()) M{4(L+3])W()3 ) ) + log, <(SI(/1+_42/‘)[/)€A0 (56) ) + 2, (58)

where v is defined in and K s the constant in @

Proof. 1f Tpr(€) < 1, then is true. Let us assume that Tpz(€) > 2. As in (19), we have
(1) (2)
Tpr(e) = |Spp, 01| + ’uTPL() vu? )_1‘. (59)

Moreover, by Lemma we have Tpr(e) < Ty(e). Thus, by considering T' = Tpr,(€) in Lemma
it follows that

-1
(2) (8L +4M)Ay (L
‘ Tpr(e)— l pr(€)— l’ < log, ( (1 _ Oé):‘ﬂ? ;6 + ‘STPL(E)_l‘ (60)
holds. Then, combining , Lemma and , we conclude that is true. d

Since each iteration of TRFD-S requires at most (n + 1) function evaluations, from Theorem
we obtain the following upper bound on the number of function evaluations required by TRFD-S to
find a i (%e)g—approximate solution of in R™, when f is a P-L function.

Corollary 3.26. Suppose that A2, A3 and A7 hold, and assume that Q@ = R"™. Moreover, let FEr,, ()
be the number of function evaluations executed by TRFD-S up to the (Tpr(e) —1)-st iteration. Then

R

FE < 1
ECHE ‘log (1 — Mj”@) (1-a)s o
Y

(61)
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In view of and the definition of 7 in (50)), TRFD-S requires at most

L 2
0 (105 ( ()" ntstan) - 1 ?) )
function evaluations to find z; € R™ such that f(z) — f(z*) < i(%ef Thus, given e; > 0, if

€=/ (%) pe ¢, then TRED-S requires no more than
L o AN —
0 (s 108 () (7tan) - Fa; ")) (62)

function evaluations to find z3 € R™ such that f(xg)—f(z*) < %e ¢. Therefore, when the user-defined
parameter o equals L, we obtain a worst-case evaluation complexity of

0 (w2 10g ((an) - Fla) ") ) (63)

to satisfy f(xr) — f(2*) < €. Otherwise, when o # L, Table |3| summarizes the different impacts of
o.

I t the t t
Value of o Impact on (62) mpact on eL aree
accuracy (Zey)
(62) lower than (63) Accuracy weaker than e
o<L ips L el L
by an additive term n¢ log (%) by a factor (£)
(62) larger than (63)) Accuracy stricter than ef
o> 1L p L el L
by an additive term n. log (f) by a factor (;)

Table 3: Impacts of the user-defined parameter o for P-L functions

3.4 Trust-Region Method for Unrelaxable Bound Constraints

In this subsection, we propose an adaptation of TRFD-S for unrelaxable bound constraints problems,
i.e., the case where ) = [¢,u] with ¢, u € R™ being lower and upper bounds on the variables, respec-
tively, and where f cannot be evaluated outside 2. Such scenarios typically appear in parameter
tuning, where the parameters have a particular range of values for intrinsic reasons [1].

As it is, Step 1 of TRFD-S may require evaluating f at points outside €. For problems where
this is not feasible, we modify the step as follows. For each component i € {1,...,n} of gi, forward
and backward finite-difference stepsizes, T]f: ; and T]fi, are initially set to a default 7. These stepsizes
are reduced if necessary to ensure that x + T,f ;6 and xp — T,fz-ei remain in :

T,fi = min{[u — xg]i, Tk}, T,fi = min{ [z — {];, 7%}

Since one of these stepsizes might become too small—or even zero—we take, for each ¢, the larger of
T,fj ; and T,fi as the effective stepsize to avoid numerical errors. Figure [1]illustrates this procedure in
a two-dimensional box.

Specifically, adapting TRFD-S (Algorithm 1) to handle unrelaxable bound constraints requires

only a modification of Step 1; all other steps remain unchanged.
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TEJ =Tk Th1
[xr]2 —
Xk
[xr — €11 [u — xp]4f
(€12 I

]
[¢]1 [x )1 [uls

€1

Figure 1: Illustration of Step 1 for unrelaxable bound constraints

Adaptation of Step 1 in TRFD-S for unrelaxable bound constraints
Step 1. Let

T,fi = min{[u — xy],, 7%} and T]fi =min{[zy — ¢, , 7%}, i=1,...,n.
Compute each component of g € R™ as

flaptrfe)—f(ar)

o F B
] T , lka,i > Theis
Ikli =N fle) 1 @e—rP e .
=—, otherwise.
Thi

Choose a nonzero symmetric matrix Hy € R™*".

Remark 3.27. By constructing the vector gy as above, we have that Lemma remains true.
Moreover, since the update rules of 7, and Ay are unchanged, we have that gi still satisfies @
So, we conclude that the worst-case complezity bounds established in Corollaries and [3.20 for
general nonempty closed convex sets ) are also true for TRED-S with unrelazable bound constraints.

4 Numerical Experiments

To assess the numerical performance of TRFD-S, we conducted experiments by using MATLAB
implementations. First, we considered unconstrained benchmark problems. Secondly, we considered
unrelaxable bound constraints benchmark problems. Finally, we looked at the model fitting of a

synthetic Predator-Pray dataset, in an unrelaxable bound constraints setting.

For unconstrained benchmark problems (see subsection , we compared TRFD-S against
NEWUOA [32, 39, DFQRM [22] and an instance of TRFD [18], without and with additive noise.
For unrelaxable bound constraints benchmark problems (see subsection , we compared TRFD-S
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with BOBYQA [31, 39], NOMAD [6] and an instance of TRFD, without and with additive noise.
Finally, for the model fitting problem (see subsection , we compared TRFD-S with BOBYQA.

For each problem, a budget of 100 simplex gradients was allowed to each solverﬂ In addition,
our implementations of TRFD-S were equipped with the stopping criterion

A < 10713,

All implementations were compared by using data proﬁleﬂ [28], where a code M is said to solve a
problem with some Tolerance when it reaches xj; such that

f(zo) — f(xar) > (1 — Tolerance) (f(xo) — f(TBest)) s

where f(xpest) is the lowest function value found among all the methods, and Tolerance € (0,1).
All experiments were performed with MATLAB (R2023a) on a PC with microprocessor 13-th Gen
Intel(R) Core(TM) i5-1345U 1.60 GHz and 32 GB of RAM memory.

4.1 Unconstrained Benchmark Problems

Here, we considered smooth unconstrained problems. We tested 134 functions f : R™ — R defined
by the OPM collection [23], for which 2 < n < 110, and where the initial points x( were provided by
the collection.

4.1.1 Performance of TRFD-S with other DFO methods

The following codes were compared:

- TRFD-S: Implementation of TRFD-S, freely available on GitHubﬂ with initial parameters: ¢ =
107%, a = 0.01, Ag = max {1,790/}, Amax = max {1000, A¢} and o = ﬁ@’ where eps is the
machine precision. Such definition for ¢ ensures that 79 = \/eps, which is the stepsize widely used

for finite differences [29, Chapter 8]. Such setting ranges the values of o from 64 to 475 on the OPM
collection. The matrix Hy is updated according to the BFGS ruleﬂ

YrYL Hyspsi Hy, if
H — k sTy - sUHy sy, 1
Hj;, otherwise,

’<8k7 yk>| > 07

with Hy = I, s = 41 — o and Yy = gr+1 — gr- The trust-region subproblem is solved via the
method proposed in [2], which is implemented in the function TRSgep.m from the MANOPT toolbox,
freely available on GitHubf]

- NEWUOA: Implementation of Powell’s method [32], 39], freely available on GitHubﬂ The initial

20One simplex gradient corresponds to n + 1 function evaluations, with n being the number of variables of the
problem.

3The data profiles were generated using the code data_profile.m, freely available at the website
https://www.mcs.anl.gov/~more/dfo/.

“https://github.com/danadavar/TRFD-S

SPreliminary numerical tests motivated this choice of update, as BEGS outperformed both the SR1 update and a
scaled identity matrix using the Barzilai-Borwein step size.

Shttps://github.com/NicolasBoumal/manopt

"https://github.com/libprima/prima
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parameters were not changed.
- DFQRM: Implementation of the quadratic regularization method described in Section 4 of [22].

- TRFD-2: Implementation of TRFD [18], with p =2, m =1 and h(z) = z, Vz € R, freely available
on GitHublﬂ The threshold is set to @ = 0.01, while the other parameters follow the same setup as
Section 4 in [18].

Data profiles are presented in Figure[2 As we can see, TRFD-S outperforms DFQRM and TRFD-2
for all presented tolerances, while exhibiting a competitive performance with NEWUOA. Notably,
TRFD-S achieves better results than NEWUOA for tolerances 10™° and 1077.

Tolerance 10 Tolerance 10

-
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- e
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e
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100 0 20 40 60 80
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Figure 2: Data profiles for smooth unconstrained problems.

4.1.2 Performance of TRFD-S with other DFO methods with additive noise

Here, we considered additive noise by following the same setup as in [35, Sections 2 and 4], i.e, the
noise follows a uniform distribution with interval [—+/3, /3], and we have s.d. € {10™,1073,107°,1077},
where s.d. is the standard deviation. Data profiles are shown on Figure|3] As we can see, NEWUOA
outperforms TRFD-S when s.d. = 10~!, while it shows a competitive behavior with TRFD-S on
smaller levels of noise. Qualitatively, this is similar to the results obtained in [35] for a comparison
between NEWUOA and another finite-difference based method.

®https://github.com/danadavar/TRFD
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Figure 3: Data profiles for smooth unconstrained problems with noise.

4.2 Unrelaxable Bound Constraints Problems

Here, we considered smooth problems of the form

min f(z) = 1E ()13

where €2 is defined by the unrelaxable bounds ¢; = 0.1 and u; = 20, for ¢ = 1, ..., n, as set in Section
5 of [24]. We tested 53 functions F' : R” — R™ defined by the Moré-Wild collection [28], for which
2<n <12 and 2 <m < 65, and where the initial points zg were provided by the collection. In the
case where xg violated the bound constraints, an orthogonal projection was applied to ).

4.2.1 Performance of TRFD-S with other DFO methods

The following codes were compared:

- TRFD-S: Same setup as TRFD-S in subsection but with the condition (s, yx) > 0 in the
update of the Hessian approximation, which ensures to have a convex quadratic model. Such model
is minimized over a convex set that is the intersection of a ball and a box, by using the inner solver
FISTA [9] supported by Dykstra’s algorithm [I7, [I0]. The latter ensures that the points generated
by FISTA {x,},., remain in the set C := [{,u] x {s € R" : ||s — z3,|| < A}, leading to the
iteration process xy,, , = F¢ (azkl — %gki), where g, is the gradient of my at xj,, and L= | Hpl|

The parameters were 100n2, 10~% and 10712 for the maximum number of iterations in FISTA, the
stopping criterion in Dykstra’s algorithm, and the stopping criterion for the distance between the
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iterates in FISTA, respectivelyﬂ

- BOBYQA: Implementation of Powell’s method [31], [39]. The initial parameters were unchanged,
while the option honour_x0 was set to true to force the method not to move the position of the initial
point.

- NOMAD: Implementation of the version 4 of NOMAD, proposed in [6]. The initial parameters
were not changed.

- TRFD-Inf: Implementation of TRFD [I8], freely available on GitHub™%} with p = 400, m = 1
and h(z) = z, Vz € R. The threshold is the same as in subsection namely, o = 0.01, while the
other parameters follow the same setup as in Section 4 of [18].

Data profiles are shown in Figure[d As shown, TRFD-S outperforms NOMAD and TRFD-Inf, while
exhibiting a performance comparable to BOBYQA. In particular, TRFD-S achieves better results
than BOBYQA when the tolerance is set to 107 7.
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i
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Percentage of problems solved
Percentage of problems solved
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Number of simplex gradients Number of simplex gradients
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081

03 £ ——TRFD-S |[{

Percentage of problems solved
o
Percentage of problems solved

031 —TRFD-S |[{  @osr g7
02lid —=--BOBYQA| | 024 —==BOBYQA ||
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o | ! | T o | ! | T
0 20 40 60 80 100 0 20 40 60 80 100
Number of simplex gradients Number of simplex gradients

Figure 4: Data profiles for smooth unrelaxable bound constraints problems.

4.2.2 Performance of TRFD-S with other DFO methods with additive noise

Similarly as in subsection additional uniform noise was considered with the interval [—\/g, \/ﬂ
and standard deviation s.d. € {107!,1073,107°,1077}, following the same setup as in [35] Sections
2 and 4]. Data profiles are shown on Figure As we can see, TRFD-S remarkably outperforms
BOBYQA, NOMAD and TRFD-Inf for all levels of noise, with the gap decreasing as we increase the
noise level.

9Preliminary numerical tests led to these choices of parameters.
https://github.com/danadavar/TRFD
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Figure 5: Data profiles for smooth unrelaxable bound constraints problems with noise.

4.3 Calibration of an ODE Model

Parameter calibration in differential equation models plays a central role in describing physical,
biological, and engineering processes. Although gradient-based optimization methods provide an
efficient framework for this task, their practical use is often limited by the complexity of implementing
adjoint equations or automatic differentiation techniques. Consequently, many practitioners still
favor derivative-free methods for their ease of application (see, e.g., [3, 4, [7, 8, 26, 38]). In this
section, we compare the performance of TRFD-S and BOBYQA in calibrating the parameters of the
Rosenzweig-MacArthur extension of the Lotka—Volterra Predator-Prey model [34, [36]:

dy(t) Y\, Y()Z()

dt =Y (1 6 > A pu+Y(t)’ (64)
dZ(t)  Y(t)Z(t) ez

at utY () ’

where Y (t) and Z(t) are the Preys and Predators densities, respectively. Using the initial conditions
Y (0) = 400 and Z(0) = 20, we generated a synthetic dataset based on the solutions of the system
, which depend on the vector of parameters z = [(,0, A, u, v, &]7. The solutions of the system
are denoted by Y (t;x) and Z(t; x).

We begin by selecting a ground-truth parameter vector

¥ =[0.723,447,2.88,21.9, 5.54, 4.99] .

Using this reference set of parameters, we numerically solved the system with the MATLAB function
ode45 with default options to obtain the solutions at a discrete set of time points {t; = 0.5i}i720, yield-
ing the trajectories {Y (t;;2%)}1%, and {Z(t;;2*)}7%,. To simulate observational noise, we perturbed
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the exact solutions with additive Gaussian noise. Specifically, we defined the synthetic observations
as:
Y/i = Y(ti; l'*) + 10¢;, ZZ = Z(ti; I‘*) + 10g;, €5 ~ N(O, 1),

for i = 0,...,70. The resulting datasets {(t;,Y;)}1, and {(t;, Z;)}1%, served as the testbed for
calibrating x. Thus, given both datasets, by denoting Y and Z as the mean values of the Preys and
Predators populations, respectively, we defined the least-square error as:

TR 2 1D 9
f@) =553 (Yitao) - %) + 2 Y (Ztsa) - Z) (65)
i=0 i=0

Given the objective function , we created a set of 171 problems defined by the initial point
zo=1[0.1,100,1,10,1,1]7, i=1,1.5,...,9,9.5,10
and the unrelaxable bounds
¢ = [0.001,0.001,0.001,0.001,0.001,0.001]7  and w =z + j (zo — £),

for j =1,1.5,...,4,4.5,5. We justify the choice of the vector [0.1,100,1,10,1,1]7 in 2y by the order
of magnitude that the parameters should have, for intrinsic biological reasons. Indeed, setting x(
with components that are out of the right order of magnitude could lead to numerical issues with
the ODE solver, independently of the method that is used.

For both methods, we used the same setup as in subsection [£.2.1]and gave a budget of 100 simplex
gradients. As we can see in Figure [0 for this application TRFD-S outperforms BOBYQA for all
tolerances presented.
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Figure 6: Data profiles for the calibration of an ODE model.
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5 Conclusion

This work presented TRFD-S, a derivative-free trust-region method based on finite-difference gra-
dient approximations designed for smooth convexly constrained optimization problems. TRFD-S
relies on second-order models, which are assumed to produce at least a Cauchy decrease. Moreover,
the method does not require the computation of the approximate stationarity measure na,,. (zx).

In this setting, worst-case evaluation complexity bounds were established. Specifically, for non-

. . -2 . .
convex problems, it was shown that TRFD-S requires at most O (n (%e) ) function evaluations

to reach an (%e)—approximate stationary point of f(-) in Q, while a bound of O (n (%e)_1> was
proved for convex problems to find an (%6)—appr0ximate minimizer of f(-) in Q. Also, a bound

of O (n log ((56)71>> was obtained when ) = R™ for Polyak-Lojasiewicz functions. In addition,
a simple adaptation of the method was proposed for problems with unrelaxable bound constraints.

Numerical results were also presented without and with additive uniform noise, showing the superior
performance of TRFD-S on smooth problems compared with TRFD [18], DFQRM [22], and NOMAD
[6], as well as its competitive behavior relative to NEWUOA [32], 39] and BOBYQA [31] [39)].
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A Sufficient Decrease via the Generalized Cauchy Step

For clarity, we omit the iteration index k in this section.

Let us consider the following definition:

Definition A.1. Given Q, v € Q, 0 < A < Apax, g € R?, H € R™™ and t > 0, let us denote
d = Po(x —tg) — x. If the step d satisfies both

[l <A and m(d) <m(0) + ku(g,d) (66)
and at least
|d]| > kfA (67)
or
m(d) > m(0) + (g, d) (68)
or
g,d
I1Prsa (o)l < xEDL (69)
where )
0<ry<rke<l, kre(0,1), &ee€(0, 5), (70)

then we denote d°C := d, and d°C is called the Generalized Cauchy step.
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Moreover, we define

e The normal cone of 2 at x:
N(z)={yeR": (y,z—x) <0, Vz € Q}.

e The polar of N(x):
NO(z):={y e R": (y,2) <0, Vz € N(x)}.

e The tangent cone of Q at x: T (z) = N9(z).

e The Moreau decomposition of z relative to y:
Tr = PT(y) (33‘) + PN(y) (33)

The following lemma provides two properties on the approximate stationarity measure.

Lemma A.2. Suppose that A1 holds. Given r > 0, let n, be defined by . Then,

(a) ne(x) >0, VxeQ;
(6) mp(w) < K2 49| Priy sy (—g)ll, Vs € (@ = {z}) N B(0,7).

Proof. The proof of (b) is an adaptation of Theorem 12.1.5 (iii) in [13].

Clearly,
min (g,s) < (g,s), Vse (Q—{z})nB[0,r].

In particular,
min (g,s) <0. (71)

seQ—{z}
[Isli<r

By and the definition of 7, in ([5)), we conclude that (a) holds. To prove (b), let s* € (@ —{z})N
B0, r] be a solution of

min s
,Jnin (g, s),
[[sl|<r

and consider some s € (2 — {z}) N B[0,7]. On one hand, by applying the Moreau decomposition to
—g at x + s, we have

—9 = Prizts)(—=9) + Prnats)(—9)-

So, we get

<g,s* - S) = <_PT(z+s)(_g) - P./\/(x+s)(_g)73* - 3>
= _<PT(CC+S)(_g)78* —8) — <PN(x+s)(_g)75* —s). (72)

Moreover,
s*—s=(x+s) = (x+s) € Nz +5),

since x + s* € Q, by definition of s*. Therefore,

(s —s8,2) <0, VzeN(z+s). (73)
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Since Py (g+s)(—g) € N(x +s), by we have that reduces to
(98" = 8) 2 —(Pr(z4s)(—9), 8" — s). (74)
On the other hand, by definition of s*,
{9,5") < {9,5)-

Thus,
(g,s" —s) <0, Vse (Q—{z})nB0,r]. (75)

As a result, by combining with , we have

(g, 5" = 8)| = —(9,5" = 5) < (Prats)(=9), 8" = 8) < [(Pr(ars)(—9), 5" — 9] (76)
< NPra+s) (=9)llls™ = sl < [[Prats)(=g)|l (Is™[I + lIs]])
< 1Pr(a+s)(=g)|2r- (77)

Then, by the definition of 7,(z) in (], (a) and (77), we have

(=005 = |- {ons

*

D] = Mgl = g =)

n(z) = = -

—_

S|Il= 3|

|<ga5* - S> + <g>5>| S 7(|<ga5* - 5>| + |<g,s>|)

g,$
< 2 Prisn(-g)l + 1221,

<

which shows that (b) is true. O
Additionally, let us consider the following definition:

Definition A.3. Given x € Q and g € R", the projected approximated gradient path is defined as
the set {p(t,x) := Po(z —tg), Vt > 0}.

The following lemma states that each element of the projected approximated gradient path is the
solution of a particular optimization problem.

Lemma A.4. Suppose that A1 holds. Given x € Q, g € R" and t > 0, the step p(t,z) — x is a
solution of the problem
min (g, s). (78)

seQ—{z}
lIslI<llp(t,z)—=|l

Proof. This proof is an adaptation of Theorem 12.1.4 in [13].

Let us denote
*

u =p(t,z) -2 (79)
as the solution of

i —tg) — (z+u)|?= min |tg+ ul> 80

ueglg}g&}ll(w g9) — (@ +u ueglg%x}ll g+ ull (80)

Case I: t = 0.

31



In this case, we have p(¢,x) = x. Moreover, t = 0 implies that the feasible set of is the singleton
{0}. Thus, the step p(t,z) — z is the solution of (78).

Case II: ¢t > 0.

On one hand, let us rewrite (78) as
i . 81
i, {gs) (81)
IslI2<lp(t,z) -2

Then, the KKT conditions of (see Theorem 3.2.11 in [13]) are given by

(g4 2Xs", 2 — (x4 57)) >0, VzeQ, (82)
A >0, (83)
A(llp(t,z) — 2| = |Is*]1%) = o, (84)

where s* is a solution of . On the other hand, consider the necessary condition for u* to be a

solution of , i.e.,
(2(tg+u*),z— (r+u")) >0, Vzel.

Dividing by 2¢ > 0 on both sides, we get
u*
<g—|—t,z— (:r~|—u*)> >0, VzeQ.

Notice that if )
s*=u" and A= — >0,
2t

then and are satisfied. Moreover, is also satisfied, by the definitions of ©* in and
of s*. Since is a convex problem, the KKT conditions are sufficient. Thus, we conclude that the
step s* = p(t,z) — z is a solution of (78). O

The next lemma gives the relation between two approximate stationarity measures that have a
different reference radius.

Lemma A.5. Suppose that A1 holds. Given x € Q, g € R" and 0 < r1 < ro, we have
Ny (T) > 1y ().
Proof. See Lemma 2.12 in [I8] with p =2, F': R” — R and h(z) = z, Vz € R. O

Given the quadratic model m(d) = f(z) + (g,d) + 3(Hd, d), the following theorem shows that the
Generalized Cauchy step d° gives a sufficient decrease inside this approximation.

Theorem A.6. Suppose that A1 holds and let d°C be the Generalized Cauchy step. Then,
m(0) = ) 2 s )i { 8, P (O (55)

where r = min {2k, (1 — K¢), “5L }, and na,..(z) is defined by with 7 = Apmax-
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Proof. This proof is inspired by Theorem 12.2.2 in [13].
By the second inequality in , Lemma and , we have

1
m(0) = m(d®?) > —ru(g, d%) = 5| d°C < e (g,dGC>> = kulldC nygecy(z).  (36)
Now, let us consider the three following cases.
Case I: ||[d%C|| > KA.
By , and Lemma it follows that
m(0) — m(d%) > Kuk fAnqeo| (T) = Kuk fANA(T) = Kuk fANA .. (T). (87)
Case IT: m(d%“) > m(0) + ry(g, d°).
From the model definition, we have
(Hd,d) =2 (m(d“°) = m(0) — (g,d““)). (88)

Then, by , , Lemma and , it follows that

[ dSN? _ (Hd, d%C) _ 2(m(d“Y) —m(0) — (g,dT)) _ 2(relg,d“C) — {g,dT))

IH| = >

[dseyz = [ldee;? 14|12 1d<C]?
2(kp — 1){g,d%C)  2(1 — Ky) 1 o 2(1 — ky)
- GC|2 - GC — a9, d7) | = coy Miase (),
1d““]] [1d“]] 1d““]] [d““]]
which is equivalent to
Njace|(x)
145 > 2(1 = rp) =
IH ||
Multiplying by 7 4ec||(z) on both sides, we obtain
2
x
0 ey 2) 2 201 — ) 1271 (%)
Using , and Lemma we get
N|acc (93)2 max \L 2
m(0) — m(d%C) > k,2(1 — w)% > 2k, (1 — W)MHH(H)' (90)

Case TIT: || Pr(,., goc)(—9)|| < e 828 and d9C| < ryA.
From (b) in Lemma we have

{g,d“©)|
KA

Then, by , the definitions of ke, xy in , Lemma and (a) in Lemma it follows
that

Mega(x) < +2/|Prpracey (=), VAT € (2 —{z}) N B(0, ksA).

1
145

(9. d%O)  2rellg, d“O)| _ 2l(g,d“)| _ 2]d

GC
N A = kA KA (g,d™")

anA(w) <
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2[|d<C| 2[|dC|
= A ‘_77||dGCH(x)’: A nyace) (@),

which is equivalent to

K
14 lmjace) (2) = = Anea ). (91)

By , and Lemma it follows that

Ryk f
2

m(0) = m(d“C) = “L Ay a (@) = L A, (@). (92)

Finally, by combining , , and the definition of k, we obtain

2
(0) = 10) 2 i {803 (0) 201 = ) 22 BT A ()]

. T 2 Ryk
= min {QKIU(]‘ - K‘z)nArﬁaHx'(H ) Y u2 fA/rlAmax (ZB)}

> kmin§ —ro——— Ana_. (x
S @

= KNA .y () min { NAmax (%) A} |

1=l
which implies that is true. O
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