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Abstract

We propose a derivative-free trust-region method based on finite-difference gradient approxi-
mations for smooth optimization problems with convex constraints. The proposed method does

not require computing an approximate stationarity measure. For nonconvex problems, we estab-
L

lish a worst-case complexity bound of O (n (;e) _2) function evaluations for the method to reach

an ( %6)-approximate stationary point, where n is the number of variables, L is the Lipschitz con-

stant of the gradient, and ¢ is a user-defined estimate of L. If the objective function is convex, the
L

complexity to reduce the functional residual below (L /o )e is shown to be of O (n (Le) _1) function
evaluations, while for Polyak—-Lojasiewicz functions on unconstrained domains, the bound further
improves to O (n log ((%e)_lD Numerical experiments on benchmark problems and a model-

fitting application demonstrate the method’s efficiency relative to state-of-the-art derivative-free
solvers for both unconstrained and bound-constrained problems.

1 Introduction

1.1 Problem and Contributions

We are interested to solve optimization problems of the form
Minimize f(x) subject to x € Q, (1)

where f: R™ — R is assumed to be a continuously differentiable function with Lipschitz continuous
gradient, and (2 is a nonempty closed convex set. Specifically, we consider the scenario where f ()
is a black-box function, i.e., given z, all we can compute is f(x). Problems of this type appear
in several applications (see, e.g., [1]), and require the use of Derivative-Free Optimization (DFO)
methods [13] 5, 22].

In DFO, there exist two main classes of methods: direct-search methods and model-based trust-
region methods. At each iteration of a direct-search method, a mesh of trial points is built around the
current iterate. If one of them decreases sufficiently the objective function, then the point is accepted
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as the next iterate. Otherwise, the method remains at the current point and a new set of trial points
is built. Regarding model-based trust-region methods, the aim at each iteration is to minimize an
interpolation-based model inside a region around the current iterate. If the trial point resulting from
the minimization of the model produces a sufficient decrease for the objective function, then the
point is accepted as the next iterate, and the trust-region radius can be increased. Otherwise, the
method stays at the same point, the radius is shrunk and the model is possibly rebuilt, before being
minimized inside the new region.

For smooth optimization with convex constraints, the model-based trust-region methods BOBYQA
and CDFO-TR were designed by Powell [26] and by Hough and Roberts [21], respectively. In the
latter work, a worst-case evaluation complexity of O(n3e¢~?) is proved for linear interpolation models
of the objective function to bring the stationarity measure below €. For unconstrained smooth and
composite nonsmooth optimization, Garmanjani, Jidice and Vicente [I7] proposed a model-based
trust-region method enjoying a worst-case complexity bound of O (n26_2) function evaluations to
reach an e-approximate stationary point.

Recently, improved worst-case evaluation complexities have been established in deterministic
DFO by considering finite-difference based methods. For functions with Lipschitz continuous gradient,
Grapiglia [I8, 19] proposed methods based on finite differences with a quadratic regularization term
for smooth unconstrained problems, enjoying the bounds of O (ne_Q), O (ne‘l) and O (n log (e_l))
evaluations when the function is possibly nonconvex, convex and strongly convex, respectively. For
composite nonsmooth functions of the form f(x) = h(F(x)) with convex constraints, worst-case
evaluation complexity bounds have been established for TRFD [16], a derivative-free trust-region
method based on finite differences. For specific instances, it was shown that TRFD requires no more
than O (ne*Z) evaluations of F'(-) to bring the stationarity measure below €, and no more than
O (ne™!) evaluations to put the functional residual below € when h (F( -)) is convex. However, TRFD
requires to solve two trust-region subproblems: one to compute the approximate stationarity measure,
and one to compute the trial step. Moreover, TRFD only relies on first-order approximations of the
inner function by approximating the Jacobian of F'( - ) at « with forward finite differences. This makes
TRFD uncompetitive with respect to methods that use second-order approximations for smooth
problems, i.e., problems where F': R — R and h(z) = z, Vz € R.

Therefore, in this paper we propose TRFD-S, a derivative-free trust-region method based on
finite differences for smooth problems with convex feasible sets. Compared to the method proposed
in [16], TRFD-S relies on quadratic models and assumes a weaker sufficient model decrease, which
is expressed through a Cauchy decrease. Moreover, TRFD-S does not require the computation of
the approximate stationarity measure, thereby reducing the cost per iteration to a single subproblem
solve. Of course, such a reduction in the cost per iteration comes at the expense of slightly weaker
worst-case complexity guarantees. Specifically, we prove that TRFD-S takes at most O (n (%e) _2>
function evaluations to find an (%6)—approxima‘ce stationary point of f () in 2 for nonconvex prob-
lems, where o is a user-defined estimate of the Lipschitz constant L. This bound is improved to

@) <n (%e)_1> to find an (%e)-approximate minimizer of f (-) in €, by assuming the objective func-
tion to be convex. In addition, a bound of O (n log ((%e)_l>> is obtained for Polyak-Lojasiewicz

functions to reach an (%e)—approximate minimizer of f (), in the particular case where 2 = R".
The appearance of the factor L/o in our complexity bounds highlights a tradeoff determined by
the choice of 0. When o overestimates L, the method can ensure that the resulting stationarity
measure lies below €, though this may increase the number of function evaluations required in the



worst-case. In contrast, when o underestimates L, the oracle complexity decreases, but the method
can only guarantee convergence to an approximate stationary point with reduced accuracy. Finally,
we present numerical results, illustrating the relative efficiency of TRFD-S with respect to state-of-
the-art derivative-free solvers such as NEWUOA [31], DFQRM [19], BOBYQA [31] and NOMAD
[6]. We conducted experiments on both unconstrained test problems and constrained test problems
with unrelaxable box constraints. Additionally, we evaluated the performance of TRFD-S on the
calibration of an Ordinary Differential Equations (ODEs) model.

1.2 Contents

The paper is structured as follows. In Section [2 we give the assumptions and auxiliary results. In
Section [3| we present TRFD-S for problems with relaxable convex constraints and prove worst-case
evaluation complexity bounds for nonconvex, convex and Polyak-Lojasiewicz objective functions. In
Section ], we propose an adaptation of TRFD-S to unrelaxable bound constraints. Finally, in Section
we provide numerical results on benchmark problems for unconstrained and bound constraints sets,
in addition to showing a model fitting application.

2 Assumptions and Auxiliary Results

Through the paper, we will consider the following assumptions:

Al. Q C R” is a nonempty closed convex set.
A2. f:R"™ — Ris differentiable and its gradient V f is L-Lipschitz with respect to the Euclidean
norm.

In addition, the following definition of stationarity will be used.

Definition 2.1. A point x* € Q is a stationary point of f when
(Vf(z"),s) >0, VseQ—{z"}

Definition [2.1] motivates the use of the following stationarity measure. Given r > 0, let us denote

Yr(z) = % - Segli?z} (Vf(x),s)|. (2)
sl <r

The lemma below provides some properties on this stationarity measure.

Lemma 2.2. (Lemma 2.6 in [10]). Suppose that A1 and A2 hold, and let ¢, be defined by (2)).
Then,

(a) Yr(z) >0, VYaecQ;

(b) ¥ (x*) = 0 if, and only if, x* is a stationary point of f in Q.

In view of Lemma [2.2] we say that a point x € Q is an e-approximate stationary point of f in  with
respect to r > 0, when ¢, (z) < e.



Since the gradient is supposed not to be accessible, the stationarity measure defined in will be
approached by

np(z) = | = min {g,s) |, 3)
lIsl<r

where g € R” is an approximation to the gradient of f at x.

The following lemma gives a bound for ||V f(x) — g|| when g is a forward finite-difference approxi-

mation of V f(x).

Lemma 2.3. (Lemma 2.8 in [16]). Suppose that A2 holds. Given x € R™ and T > 0, let g € R™ be
defined by
f(z+71ei) — f(2)

lgi = - . i=1,..,n.

Then,
L
I91(@) - gll < 5y,

3 Trust-Region Method for Relaxable Convex Constraints

In what follows, we present TRFD-S, a derivative-free Trust-Region method based on Finite Differences
for Smooth problems with relaxable convex constraints, that is, problems in which function values
can be computed at points outside the feasible set. At the k-th iteration of TRFD-S, an approx-
imation g of V f(xy) is built by using finite differences. Then, a step dj is computed by solving
approximately a trust-region subproblem, where the model to minimize is given by

() = F(ex) + {g1d) + 3 (Hid. d),

with H}, being an approximation to the Hessian of f at xj. After, we assess the quality of the step
dp. If
faw) — flag + dy)
Q

mi(0) —my(dy)
with a € (0,1), then we define z11 = x + di, the trust-region radius can grow, and the finite-
difference stepsize remains constant by defining 7411 = 7. Otherwise, the method sets x4 = 2y,
the trust-region radius is halved, while the finite-difference stepsize is possibly reduced to ensure the
following bound (see Assumption 4 in Conejo et al. [I1] and (7)):

L
IV f(xr) — grll < §Ak-

The trust-region radius keeps decreasing until the step is accepted. In what follows, we describe
precisely the steps of our new method.



Algorithm 1: TRFD-S for relaxable convex constraints

Step 0. Given a feasible set {2, an initial point xzg € (), a parameter ¢ > 0, an estimate o > 0
of L, and a threshold « € (0, 1) for accepting trial points, define

€

ovn

Choose an initial trust-region radius Ay and an upper bound on the trust-region radii Apax such
that 7904/n < Ap < Apax, and set k := 0.

To =

Step 1. Construct g € R™ with

i), = LD =Ty,

and choose a nonzero symmetric matrix H; € R"*",

Step 2. Compute an approximate solution dj of the trust-region subproblem

min mg(d) = F() + gk, d) + 5 (Hid d)

deR"
st ||d|| < Ag
T +de
such that (z2)
3 max x

R(0) = k(0] 2 i { 5, P2 (4
where x € (0,1) is a constant independent of k.
Step 3. Compute

f(@x) — f(@x + dy
o ) = St ) 5

my(0) — my(dy,)
If pr, > «, define x1 =z + di, Agr1 = min {20, Apax}, Tkr1 = Tk, set k:= k 4+ 1 and go to
Step 1.

Step 4 Define zp11 = 1 and Agyq = %Ak. If 7i/n < Agyq, define 7401 = 7%, grr1 = G,
Hy 1 = Hy, set k:=k+ 1 and go to Step 2. Otherwise, define 7,411 = %Tk, set k:=k+ 1 and
go to Step 1.

Remark 3.1. In contrast with TRFD [16] when applied to smooth optimization (i.e., the case F :
R™ = R and h(z) = z,Vz € R), TRFD-S approximates second-order information through Hy, which
may be constructed from approximate first-order information using various strategies, such as the
safequarded BFGS update outlined in Subsection [5.1.1. In addition, TRFD requires to compute
two trust-region subproblems per iteration, while TRFD-S only needs to solve one. Finally, TRFD
assumes that the model decrease is at least proportional to a fraction of the exact model decrease,
while TRED-S assumes inequality . In the case where Q) = R™, condition 1s naturally satisfied
by any step at least as good as the Cauchy step. In the case where Q # R™ and A1 holds, condition
s also guaranteed by any step at least as good as the Generalized Cauchy step, which can be



computed by Algorithm 12.2.2 in [12]. Notice that despite condition , TRFD-S never computes
nAmax (xk)

In TRFD-S, we have the following sets of iterations:

1. Successful iterations (S): those where p; > .
2. Unsuccessful iterations of type I (L{(l)): those where pr, < o and 7/n < Agyy.

3. Unsuccessful iterations of type II (L{(Q)): those where pr, < a and 7iv/n > Agy1.

The lemma below shows that the finite-difference stepsize 73 is always bounded from above by

Ag/v/n.
Lemma 3.2. Given T > 1, let {Tk}zzo and {Ak};‘gzo be generated by TRED-S. Then
Tk\/ﬁ < Ak, fOT k= 0, ...,T. (6)

Proof. Let us work through an induction argument. By Step 0 of TRFD-S, we have that @ holds
for k = 0. By assuming @ to be true for some k € {0,...,7 — 1}, let us show that @ also holds for
k + 1. With our sets of iterations, we have three possible cases:

Case I: k € S.
By Step 3 of TRFD-S, we have 741 = 7, and Ag4q > Ag. Thus, by the induction assumption,

Ter1vVn = Tev/n < Ap < Agqa,

which means that @ is true for £ + 1.
Case IT: k e U,
By Step 4 of TRFD-S, we have 7411 = 7 and 75v/n < Agy1. Then,

Thr1Vn = Tev/n < Apyq,
S0 @ is true for k + 1.

Case IIT: k € U®,

By Step 4 of TRFD-S, we have 141 = %Tk and Apyp = %Ak. Thus, by using the induction
assumption, we have

1 1
Thy1V/n = iTk\/ﬁ < 58k = Bkt
that is, @ is true for k + 1, which concludes the proof. O

In view of Lemmas and the finite-difference approximation g; in TRFD-S satisfies
L
V) - el < Ean i >0 .

Using the previous inequality, the next lemma proves that if the trust-region radius is sufficiently
small, then k € S.



Lemma 3.3. Suppose that A1 and A2 hold, and let x be generated by TRFD-S. If

(1 - a)rnan.. (2)
< (
BT AT AT (®)

then k € S, where k is the constant in .
Proof. By , A2, and @, we have

my(0) — my(di) — (f (k) — [z + di))
my(0) — my(d)
fxp +di) = f(xr) = (VF (), di) + (V[ (er), di) = (g, di) — 5(Hidg, di)
my(0) — my(dy,)
|f (g + di) — f(ar) = (Vf (@r), di)| + [(Vf (@r), di) — {9k, die)| + |5 (Hidp, di)|

K1) A (T1) MiD {Ak’ Mﬁlf)l(llm }

Lldkll® + IV £ (k) — gilllldill + 311 Hgll || dwl?

KNA .y (7)) min {Ak, 77“'““}?;(”%) }

LA2 | LA2 H 2

(2L + || Hy|) AR

KT A, (k) min {Ak, 777A‘r“}?[’;(|f’“) }

L= pr =

<

<

IN

IN

Since a € (0,1), kK € (0,1) and 2L > 0, by we get

NAmax (k)
Ak < max
| H||
So, it follows that
(2L + [[Hk ) Ak

1-— Pk <
KN Amax (Tk)

Finally, by we have
1—pr<1—o0a.

Thus, we get pr > «, meaning that k € S, which concludes the proof. O

The next lemma bounds the error |¢)a
IV.f(zk) = gll-

Lemma 3.4. (Lemma 2.10 in [16]). Suppose that A1 and A2 hold, and let xj be generated by
TRED-S. Then,

(Tk) — NA.. (k)| With the same quantity as for

max

90 (78) ~ M ()] < ST/ )

By using the tolerance (%e), the following lemma provides a lower bound on the approximate sta-
tionarity measure na,,. (k).



Lemma 3.5. Suppose that A1 and A2 hold, and let x be generated by TRFD-S. If

then

Proof. By the update rules of TRFD-S, we have
K <19, VEk>0. (12)

Then, by Lemma , the definition of 7y in Step 0 of TRFD-S and , it follows that

<L

L Le
< STV A N (k) = 5= + N2 (Th)
2 20
1
< §¢Amax (Q:k) + T]Amax (‘/Ek)
Thus, we get
1
nAmax(xk) > §wAmax (':Uk) (13)
Therefore, by , it follows that is true. O

Now let us consider the following assumption on the matrix Hy:

A3. There exists a nonzero positive constant M such that ||Hg| < M, for all k > 0.

The next lemma gives a lower bound on the trust-region radius Ag.

Lemma 3.6. Suppose that A1-A3 hold. Given T > 1, let {Ak};‘::o be generated by TRFD-S. If

L
wAmax(’:L'k) > <6> ) fo/r k - 0, ,T — 1,
g

then

(1-—a)k (L
Ap> R (LN A (o) —0,.. .. T 14
F= 8L+ 4aM \o° (€), for k=0 (14)

where K 1s the constant in .
Proof. For k =0, by Step 0 of TRFD-S, since « € (0,1), x € (0,1) and m € (0,1), we have

e (1—-wk (L
> = — - | — — . X
Bo=movn = > e <06> Amin(€)

So, is true for k = 0. Now, let us assume that is true for some k € {0,...,7 — 1}. On one
hand, if px > «, then Step 3 of TRFD-S and the induction assumption imply that

Agy1 > A > Apin(e).



On the other hand, if p < «, then by Lemmas and A3, we must have

(I1-akl /(L
Ae> 573\ o€ (15)

since otherwise we would have pp > «, contradicting the assumption that pp < «. Then, by the
update rule in Step 4 of TRFD-S and , it follows that

1 (1-a)s (L
Apyr = iAk > m <J€> = Anin(€),

which shows that is true. O

3.1 Worst-Case Complexity Bound for Nonconvex Problems
Given j € {0,1,...}, let
S; = {0,....,5}1nS,
u = {o,.... 5 nu,
u? = {0,....53nu®.
Also, let
1) = inf {k € N+ s o) < (L) | (16)

be the first iteration index reaching an (%e)—approximate stationary point of f in £, if it exists. Our

goal is to obtain a finite upper bound for Ty (e). If Ty(e) > 1, it follows from the notation above that
1 2
Ty(€) =[Sty 01| + [UStlo 1 VUL |- (17)

In the next two lemmas, we will provide upper bounds for the two terms in . To that end, let us
consider the following additional assumption:

Ad4. There exists fj, € R such that f(z) > fiow, for all x € Q.

The next lemma provides an upper bound on ‘STg(e)q‘-

Lemma 3.7. Suppose that A1-A4 hold, and assume that Ty(e) > 1. Then

16L + 8M)(f (x0) — fiow) <Le> - ,

(
|8Tg(6)—1’ < a(l — a)K? o

where K is the constant in (4)).

Proof. Given k € Sr,(¢)—1, by , , Lemmas and A3, we have

1A max (Tk) }

Far) = f(aren) = arna,,,, (@) min {A’“ 1 Hl

9



2 \o¢ SLt+4aM \o ) om \ ¢

Since o € (0,1), k € (0,1) and L > 0, it follows that

Fxr) — f( )>M AN when k € S (18)
Tk TR = 6Ly 8 \o) 0 T Ty(e)=1
Notice that when k ¢ St ()—1, then f(zx) = f(2k+1). So, by A4 and we get
Ty(e)—1
f(l'()) - flow > f(xo) ng Z f karl) Z f(l'k) - f(karl)
k=0 kESTg(e)—l
a(l — a)k? L 2

> Sl A et

= IS0 Tor3sar (56)
which concludes the proof. O

The lemma below provides an upper bound on ‘L{% L U L{; )(6) 1‘

Lemma 3.8. Suppose that A1-A3 hold, and assume that Ty(e) > 1. If T € {1,...,

S8L+4M)Ag (L \ !
e, 22, | < tog, <()0 (O_g) ) + 1871,

(1-a)k
where £ is the constant in (4.
Proof. By the update rules for Ay in TRFD-S, we have
Apr < 24, if ke S,
Apyr = %Ak, it keul uul?,.
In addition, by Lemma [3.6] we have
Ay > Apin(e), for k=0,...,T

where Apin(€) is defined in . So, in view of ({20 @—@, it follows that

(1) (2)
2\57" 1= ‘UT YUz’ ’A > Ar > Amm( )

which gives
(1) (2) .
Q\ST 1]— ‘UT WUp” 1 > Amln(ﬁ).
0

Then, taking the logarithm on both sides, we get

Amin €
Spr_1| — )u“)l uu}z_)l‘ > log, < Ao( )> ,
which is equivalent to
O Ao
‘UT—l UUT—1‘ < log, <Amin(6)> + [S7-1] -

Therefore, by the definition of A, (€) in , we conclude that is true.

10

Ty(e)}, then

(19)



Combining the previous results, we obtain the following worst-case iteration complexity bound of
TRFD-S to find an (%e)—approximate stationary point of f in €.

Theorem 3.9. Suppose that A1-A4 hold, and let Ty(e) be defined by (16]). Then

10 < B2LA 1M o) — fiow) <§E>‘2 ¢ log, ((8L+4M)Ao <L€>—1> L (@

a(l — a)k? (1-a)k o

where K 18 the constant in .

Proof. 1f T,(e) < 1, then we have that is true. Let us assume that Ty(e) > 2. By (17),
_ (1) (2)
Tg(é) - ‘STQ(E)*l} + ‘UT(](E)_l UuTg(e)—l‘ :

Then, follows from Lemmas and O

Since each iteration of TRFD-S requires at most (n + 1) evaluations of f, from Theorem we
obtain the following upper bound on the number of function evaluations required by TRFD-S to find
L

an (Ee) -approximate stationary point of f in ).

Corollary 3.10. Suppose that A1-A4 hold, and let FET, ) be the number of function evaluations
executed by TRFD-S up to the (Ty(e) — 1)-st iteration. Then

g

a(l — a)k? " (1—a)k (29)

(32L + 16M)(f(z0) — fiow) (L >_2+1og2 <(8L+4M)A0 <L€>—1> +1

FETg(e) < (n+ 1) [

In view of , TRFD-S needs no more than

10 <n (%)2 L (£(x0) — fiow) 62) (26)

function evaluations to reach a point xj € € such that ¢¥a,, (zx) < ge. Therefore, in the case

where the user-defined parameter o equals the Lipschitz constant L, we get a worst-case evaluation
complexity of

O (nL (f(x0) = fiow) € ?) (27)
to satisfy ¥a,.. (zx) < €. Otherwise, when o # L, Table [1| shows the different impacts of o.

11



I t the t t
Value of o Impact on ([26)) mapact on the I arge
accuracy (Ze)
(26)) lower than (27) Accuracy weaker than e
o< L . o\ 2 I
by a quadratic factor (f) by a factor (;)
(26) larger than (27) Accuracy stricter than e
o>1L . o) 2 L
by a quadratic factor (f) by a factor (;)

Table 1: Impacts of the user-defined parameter ¢ for nonconvex problems

3.2 Worst-Case Complexity Bound for Convex Problems

Let us consider two additional assumptions:

A5. f is convex.

AG6. f has a global minimizer x* in (2 and

Do= sup {flz — 2"} < +oo,
xeﬁf(xo)

for Ly(xo) ={r € Q: f(x) < f(xo)}.

The lemma below establishes the relationship between the stationarity measure and the functional
residual when the reference radius r is sufficiently large.

Lemma 3.11. (Lemma 3.14 in [16]). Suppose that A1, A2, A5 and A6 hold, and let x}, € L(xo).
If r > Dy, then
flag) — f2")

r

wr(xk) Z

The next lemma provides a lower bound on the approximate stationarity measure na_,. (zx) in terms
of the functional residual.

Lemma 3.12. Suppose that A1, A2, A5 and A6 hold, and let x be generated by TRFD-S. If
Amax > DO and

o) = ) > B ) 29)

then
flaw) = f(@*)

2
2Amax ( 9)

N Amasx (Th) >

Proof. By Lemma and (28), it follows that

D) > (e (30)

o
Therefore, by and Lemma we obtain (29)), which concludes the proof. O

Next, we establish an upper bound for f(x’“)A;kf(z*).

12



Lemma 3.13. Suppose that A1-A3, A5 and A6 hold. Given T > 1, let {xy}i_y and {Ag}i_, be
generated by TRFD-S. If Apax > Do and

flxg) — f(2") > Amax (ﬁe) , for k=0,..,T-1,

then

(8L 4+ 4M)Anax } _5 (31)

(1) o= ) < max{ (5] () — ), B0
for k=0,...,T, where x is the constant in .

Proof. By the definition of , is true for £k = 0. Suppose that is true for some k €
{0,...,T — 1}. Let us show that it is also true for k + 1.

In the case where py > a, by Step 3 of TRFD-S we have A1 > Ag. Since f(zpi1) < f(ag), it
follows that

(5 ) Ul = fe) < (5 ) (o) - 16) < 5,

JAVES]
where the last inequality is the induction assumption. Therefore, holds for k£ 4 1 in this case.
In the case where pi, < «, by Step 4 of TRFD-S we have

1
Apy1 = iAk- (32)

In addition, in view of Lemma [3.3] and A3, we must have

(1 — Q) ENA o (T1)
2L+ M ’

since otherwise, by Lemma |3.3] we would have pr > «, contradicting our assumption that p; < a.
Notice that (33)) is equivalent to

A >

(33)

1 2L+ M
— _ 4
(5 ) o) < 520 (34)
Finally, it follows from (32)), Lemma and that
(5 ) Ut 1) = (o) Ulorn) - 16 = (& ) (Gl = 1)
4Amax 2L+ M
4Amax7
Ak nAmax (wk) < (1 _ OJ)H
< B,
that is, also holds for k£ + 1 in this case, which concludes the proof. ]
Let I
Ty(e) = inf {k eN: f(ap) — f(2") < Apax <06>} (35)

be the first iteration index reaching a Apax (%e)—approximate solution of in Q, if it exists. Our
goal is to establish a finite upper bound for T¢(e). In this context, the lemma below provides an

upper bound on ‘STf(e),l .

13



Lemma 3.14. Suppose that A1-A3, A5 and A6 hold, and assume that Ty(€) > 2. If Apax > D,

then .
2 L\~
‘STf(e)—l <1l+ £ <€> )

aK \ O

where B is defined in and K is the constant in .
Proof. Let k € Sty(¢)—2- By | . Lemmas u H and A3, we have

f(xr) = f(@pg1) > QRNA L, (2) min {Ak, W}
oI 1y (Sl I ) I}
B 2Amax B ’ 2Amax M
anlf (k) = f(@7))" min { : : }
2Amax ﬁ 2AmaxM

By the definition of 8 in (31), since a € (0,1), x € (0,1) and L > 0, we get

ar(f(zk) — f(a%))?
2Amax6 ‘

flze) = f(zpe1) >

Denoting 6 = f(zr) — f(x*), becomes

K
Op — Oppq > —— 52
S YA
Consequently,
1 1 Ok — 041 ﬁ@? K
Ohy1 Ok Ok0pp1 67 YN K Ty (e)—2

Since dx41 = 0y for any k ¢ S71y(e)—2, it follows from that

v 1 L o1 ‘5 ‘ _ar
orp(e-1  do P SRR S Sps1 O 1T oA LB
Tf(e)—2
Therefore, as §y > 0, we have
L * 2Amax/8
Amax <06> < f(@rpe-1) — f(@") = dpp0-1 < :
ak ’STf(e)f2

which implies

[Stj0- <1+ [0 <14 22 (5)

o
that is, is true.

The next lemma establishes the relationship between T¢(e) and Ty(e).
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Lemma 3.15. Suppose that A1, A2, A5 and A6 hold, and let Tt(e) and Ty(e) be defined by
and , respectively. If Amax > Do, then Tt(e) < Ty(e).

Proof. Suppose by contradiction that T¢(e) > Ty(e). Then, by Apax > Do, Lemma and the
definition of Ty(€), we would have the contradiction

<L6> < f(ng(Z) - f(l'*) < wAmax(ng(e)) < <§6> .

o
So, we conclude that T's(e) < T,(e). O

The following theorem gives an upper bound on the number of iterations required by TRFD-S to
reach a Apax (%e) -approximate solution of in Q, when f is a convex function.

Theorem 3.16. Suppose that A1-A3, A5 and A6 hold, and let T (¢) be defined by . If Apax >

D, then
Ti(e) < ii <06> + log, (W <£6>_1> +2, (39)

where B is defined in and K is the constant in ({4]).
Proof. 1f Ty(e) < 1, then is true. Let us assume that Ty(e) > 2. Similarly as in (L7), we have

(1) (2)

Ti( ‘STf (e)— 1‘ + ‘qu(e 1 VUL (o 1‘ (40)

By Lemma we have Ty(e) < Ty(e). Thus, by considering T' = T(e) in Lemma it follows
that

-1
(1) (2) (8L +4M)Ay (L ‘ ‘
‘uﬂ() VU, ’Sk%2<(1—am% = + 181,01 (41)
Then, by combining (40, Lemma and (1)), we conclude that is true. O

Since each iteration of TRFD-S requires at most (n + 1) function evaluations, from Theorem
we obtain the following upper bound on the number of function evaluations required by TRFD-S to
find a Apax (%e)-approximate solution of in 2, when f is a convex function.

Corollary 3.17. Suppose that A1-A3, A5 and A6 hold, and let FEr, () be the number of function
evaluations executed by TRFD-S up to the (Ty(e) — 1)-st iteration. If Aymax > Do, then

) (5 (1)) ]

In view of and the definition of g in , TRFD-S needs no more than

O (n () L)

FEp, < (n+1) (42)
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function evaluations to find zj € Q such that f(zx) — f(z*) < Amax (%e) . Thus, given €; > 0, if we
use TRFD-S with € = €f/Apax, then it will need no more than

o (n (%) LAfnaXejil) (43)

function evaluations to find x; € Q such that f(z) — f(2*) < %ef. So, in the case where o = L, we
get a worst-case evaluation complexity of

@ (nLA2 e—l) (44)

max - f

to satisfy f(zx)— f(2z*) < €p. Otherwise, when o # L, Table gives the different scenarios depending
on the value of o.

Impact on the target
Value of o Impact on (43)) T
() accuracy (Zey)

lower than (44]) | Accuracy weaker than e

o<l by a linear factor (%) by a factor (%)

(43) larger than (44]) | Accuracy stricter than ef
o>1L . - L

by a linear factor (f) by a factor (E)

Table 2: Impacts of the user-defined parameter o for convex problems

3.3 Worst-Case Complexity Bound for P-L functions

For the case where f is a Polyak-Lojasiewicz (P-L) function [25], we will assume that the feasible
set is unconstrained, i.e., Q2 = R"™. Therefore, given z;, € R", the stationarity measure ¥a, (7k)
reduces to ||V f(zy)||, while the approximate stationarity measure na . (%) reduces to ||gx/|.

Now, let us consider the following assumption:

A7. f is a P-L function, i.e., it has a global minimizer z* € R", and

IVF@)I* > 210 (f(2) = f(z*)), VzeR™ (45)

The following lemma relates the approximate stationarity measure ||gx|| with the functional residual.

Lemma 3.18. Suppose that A2 and A7 hold, and assume that = R™. Moreover, let xy, be generated
by TRFD-S. If

2
Flew) - fa) > (L) , (46)
then
lowl > /5 (Fan) = £, (47)

Proof. By and A7, we have

(L ) < VE(F(a) — F@ )2 < BR(f () — F)Y2 < [V Fa)l.

—€
o
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Then, by Lemma we have that holds. Therefore, by combining and , we conclude

that is true. O
(o 1/2
The next lemma provides an upper bound on %.

Lemma 3.19. Suppose that A2, A3 and A7 hold, and assume that = R™. Moreover, given T’ > 1,
let {l’k}g:o and {Ak}fzo be generated by TRFD-S. If

2
flxg) — f(z*) > ; (ie) , for k=0,..,T-1,

then
(5) Gt - 1 < ma{ () (a0 - stary 2 [PEEEROL = g
for k=0,...,T, where x is the constant in .

Proof. Let us work through an induction argument. For k = 0, clearly holds. Now, let us
assume that is true for some k € {0,...,7—1}. In the case where py > «, similarly as in Lemma

BI3 we get

1 T — f(*)) /2 i Y.
(5 ) U - 10 < (5 Ul - Fe) 2 <

So, holds in this case. Let us now consider the case where p; < «. Similarly as in Lemma
we have

lgrll _ 2L+ M
. 49
Ay < (1—-a)k (49)
Then, since Ap1 = %Ak and f(zky1) = f(zx), by combining Lemma and , we get
1 £\ 1/2 2 £\\1/2 2 || gl \/§4L+2M
_ B _ <9, /2 Ik i
() Glanen) - 5@ D2 = () o) - gy <2y 21l o 20020
<7
So, is also true in this case, which concludes the proof. ]
Now, let
1 (L\?
Tpr(e) =inf ke N : f(xg) — f(z") < m (0_6) (50)

be the first iteration index reaching a % (%e)Q—approximate solution of in R™, if it exists. Our
goal is to establish a finite upper bound for Tp(€¢). In this context, the following lemma gives an
upper bound for |STPL(€)*1|'

Lemma 3.20. Suppose that A2, A3 and A7 hold, and assume that Q@ = R"™. If Tpr(€) > 2, then

log (M(f(m‘o) — f(@")) (56)_2>

o (1 sz [

St (0-1] <1+

(51)

where v is defined in and K s the constant in .
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Proof. Let k € Sp,; (¢)—2- By . . Lemmas (3.18 . H 3.19 and A3, we have

Fon) = Flanen) > %Hgkumm{Ak, ‘\‘\gfj‘l‘}

) — f(x* 1/2 ) — flz* 1/2
> aﬁ\/g(f(mk)—f(x*))l/Qmin{(f( AR LA AR () }

Y

_ %@m—ﬂx*»mm{i Mﬂlf}

By the definition of v in (48], we have v > \/74L+2M So, since a € (0,1) and x € (0,1), we get

AL +2M
NoEpE (52)

which implies

Therefore, by and , it follows that
Flae) = Flaner) = P2 (1) — g0 (54)
Denoting 6 = f(zr) — f(z*), becomes
Ok — 041 = W%,

which gives
ak(4L +2M
6k’+1 S <1 - (,-)/2)

where M < 1 by the definition of ~ in and by u < L. Then, since dxy1 = J; when
k & Sty (e)—2, We have

> Ok, when k € Stp; (625

2
l <L€) < f('ITPL(E)_l) — f(z%) = 5TPL(5)_1 = H (1 N w) %
n\o kE€STL; ()2 7
L M ’STPL(E)*QI
= (1- oL 20 (F(wo) — F(a)),

which is equivalent to

(1 B a(%v;wM)) e u(f(xo)l— f(@) <L>

Then, taking the logarithm on both sides,

[Sre0(09-2] log (1 B W) > o8 (M(f(wo)l— f@) (§>> |
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So,
log (M(f(ﬂfo) = f@@) (3e) _2>

o (1 sz [

|STPL 1‘<1+‘STPL 2’<1+

which shows that is true. O

The next lemma shows that Tpr(€) < Ty(e).

Lemma 3.21. Suppose that A2 and A7 hold, and assume that Q = R™. Moreover, let Tpr(€) and
Ty(€) be defined by and (L6), respectively. Then, Tpr(e) < Ty(e).

Proof. Suppose by contradiction that Tpr(e) > Ty(e). Then, by and the definition of Ty(e), we
would have

<L ) < Vulf(xr,@e) — N2 <\ 2u(f( flar,) - flx /2 < IV f (g, o)l < (g >7

leading to a contradiction. So, we conclude that Tpr(e) < Ty(e). O

The next theorem gives an upper bound on the number of iterations required by TRFD-S to reach
a i (%e) 2—approximate solution of 1) in R™, when f is a P-L function.

Theorem 3.22. Suppose that A2, A3 and A7 hold, and assume that Q@ = R™. Moreover, let Tpr(€)
be defined by . Then

21o z0) — Flz*) (Le) 2 -
e < g (1(/ (w0) = fa")) (Le) )+10g2<(8L+4M)A0 (§> 1>+2, -

‘log (hw)‘ (1-a)k

where v is defined in and K s the constant in .

Proof. If Tpr(e) <1, then is true. Let us assume that Tpz(€) > 2. As in (17), we have

Tpr(e) = [Srp, 1] + ’u(l) Luu (56)

Tpr(e)— 1"

Moreover, by Lemma we have Tpr(e) < Ty(e). Thus, by considering T' = Tpr,(€) in Lemma
it follows that

-1
(2) (8L +4M)Ao (L
‘ (e)— 1Y pr(€)— 1‘ < log, ( (1 _ Oé)H ;6 + ‘STPL(E)—1’ (57)
holds. Then, combining , Lemma and , we conclude that is true. ]

Since each iteration of TRFD-S requires at most (n + 1) function evaluations, from Theorem
we obtain the following upper bound on the number of function evaluations required by TRFD-S to

find a i (%e) Q—approximate solution of in R”, when f is a P-L function.
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Corollary 3.23. Suppose that A2, A3 and A7 hold, and assume that Q = R"™. Moreover, let FEr,, ()
be the number of function evaluations executed by TRFD-S up to the (Tpr(e) —1)-st iteration. Then

0 z0) — f(2*)) (Le) 2 _
FEpy < (1) |- gflz;f((lwaﬁiiw)ﬂlgs) . (W (%) 1) 2| (s9)
,YQ

In view of and the definition of ~ in , TRFD-S requires at most

L 2
0 (105 ( () ntsan) - 1ae?) )
function evaluations to find xp € R™ such that f(xg) — f(a*) < i(%e)Q Thus, given e; > 0, if
€=/ (%) pe ¢, then TRFD-S requires no more than

0 (%106 () (7tan) - Fa ")) (59)

function evaluations to find x; € R™ such that f(zy)— f(z*) < Le;. Therefore, when the user-defined
parameter o equals L, we obtain a worst-case evaluation complexity of

0 (108 ((/20) - 1) ") (60)

to satisfy f(xr) — f(2*) < €s. Otherwise, when o # L, Table [3| summarizes the different impacts of
0.

I t the t t
Value of ¢ Impact on ([59) fapact on eL aree
accuracy (;ef)
(59) lower than Accuracy weaker than e
o <L cps L o L
by an additive term ni log (Z) by a factor (;)
(59)) larger than Accuracy stricter than e
oc>1L oy L el L
by an additive term ny log (f) by a factor (;)

Table 3: Impacts of the user-defined parameter o for strongly convex problems

4 Trust-Region Method for Unrelaxable Bound Constraints

In this section, we propose an adaptation of TRFD-S for unrelaxable bound constraints problems, i.e.,
the case where Q = [¢, u] with £,u € R™ being lower and upper bounds on the variables, respectively,
and where f cannot be evaluated outside §2. Such scenario typically appears in parameters-tuning,
where the parameters have a particular range of values for intrinsic reasons [IJ.

As it is, Step 1 of TRFD-S may require evaluating f at points outside €. For problems where
this is not feasible, we modify the step as follows. For each component i € {1,...,n} of gi, forward

20



and backward finite-difference stepsizes, T,f ;, and T,fi, are initially set to a default 7. These stepsizes
are reduced if necessary to ensure that x + TkF ;€ and xp — T,fiei remain in :

T,fi = min{[u — xg)i, 7% }, T,fi = min{ [z — £];, Tk}

Since one of these stepsizes might become too small—or even zero—we take, for each i, the larger of
TkF ; and T,fi as the effective stepsize to avoid numerical errors. Figure |1|illustrates this procedure in

a two-dimensional box.

[ul2
Tk = Tk T£,1
[xx]2 —
Xk
[xe — €]y [u — xp]f
[£]2 |

€2
(€11 [xely  [uls

e

Figure 1: Hlustration of Step 1 for unrelaxable bound constraints

Specifically, adapting TRFD-S (Algorithm 1) to handle unrelaxable bound constraints requires
only a modification of Step 1; all other steps remain unchanged.

Adaptation of Step 1 in TRFD-S for unrelaxable bound constraints
Step 1. Let

T,fji = min{[u — 2], , 7%} and T,fi =min{[zy — (), , 7%}, i=1,..,n.
Compute each component of g, € R™ as

flaptrl e)—f(ay)

e F B
T , lka,i > Theis
[gk]i T flar)—flze—TP ) .
= otherwise.
Thyi

Choose a nonzero symmetric matrix Hy € R™ ",

Remark 4.1. By constructing the vector g as above, we have that Lemma remains true. More-
over, since the update rules of 7, and Ay are unchanged, we have that gy still satisfies . So, we

conclude that the worst-case complezity bounds established in Corollaries and [3.17 for general
nonempty closed convex sets () are also true for TRFD-S with unrelazable bound constraints.
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5 Numerical Experiments

To assess the numerical performance of TRFD-S, we conducted experiments using a MATLAB
implementation, comparing it against other derivative-free methods. First, we considered benchmark
problems for unconstrained sets and unrelaxable bound constraints. Secondly, we looked at the model
fitting of a synthetic Predator-Pray dataset. For unconstrained benchmark problems (see subsection
[.1.1)), we compared TRFD-S against NEWUOA [27, 31], DFQRM [19] and an instance of TRFD
[16]. For unrelaxable bound constraints benchmark problems (see subsection [5.1.2), TRFD-S was
tested with BOBYQA [26], B1], NOMAD [6] and an instance of TRFD. Finally, for the model fitting
problem (see subsection , we compared TRFD-S with BOBYQA.

5.1 Benchmark Problems

For each problem, a budget of 100 simplex gradients was allowed to each SOIVGIE. In addition, our
implementations of TRFD-S were equipped with the stopping criterion A, < 10713, The implemen-
tations were compared by using data proﬁlesﬂ [24], where a code M is said to solve a problem with
some Tolerance when it reaches x,; such that

f(xo) = f(em) = (1 = Tolerance) (f (o) = f(xBest)) ,

where f(xpest) is the lowest function value found among all the methods, and Tolerance € (0,1).
All experiments were performed with MATLAB (R2023a) on a PC with microprocessor 13-th Gen
Intel(R) Core(TM) 15-1345U 1.60 GHz and 32 GB of RAM memory.

5.1.1 Unconstrained Problems

Here, we considered smooth unconstrained problems. We tested 134 functions f : R® — R defined
by the OPM collection [20], for which 2 < n < 110, and where the initial points z( were provided by
the collection. The following codes were compared:

- TRFD-S: Implementation of TRFD-S, freely available on G‘ritHubET]7 with initial parameters: ¢ =
107°, a = 0.01, Ag = max {1,79y/n}, Amax = max {1000, A¢} and o = #\/678, where eps is the
machine precision, and with the matrix Hy updated according to the safeguarded BFGS rule:

yryy  Hesesp Hi if
sgyk s{Hksk

|(Sk>yr)| > 0,
Hypq =

Hj; otherwise,

with Hy = I, sp = 41 — ok and yx = gx+1 — gr- The trust-region subproblem is solved via the
method proposed in [2], which is implemented in the function TRSgep.m from the MANOPT toolbox,
freely available on GitHuHY]

- NEWUOA: Implementation of Powell’s method [27, B1], freely available on GitHubﬂ The initial

1One simplex gradient corresponds to n + 1 function evaluations, with n being the number of variables of the
problem.

2The data profiles were generated using the code data_profile.m, freely available at the website
https://www.mcs.anl.gov/~more/dfo/.

Shttps://github.com/danadavar/TRFD-S

“https://github.com/NicolasBoumal/manopt

Shttps://github.com/libprima/prima
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parameters were not changed.
- DFQRM: Implementation of the quadratic regularization method described in Section 4 of [19].

- TRFD-2: Implementation of TRFD [16], with p =2, m =1 and h(z) = z, Vz € R, freely available
on GitHuHﬂ The initial threshold is set to @ = 0.01, while the other parameters follow the same
setup as Section 4 in [16].

Data profiles are presented in Figure[2 As we can see, TRFD-S outperforms DFQRM and TRFD-2
for all presented tolerances, while exhibiting a competitive performance with NEWUOA. Notably,

TRFD-S achieves better results than NEWUOA for tolerances 10~ and 10~7.
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Figure 2: Data profiles for smooth unconstrained problems

5.1.2 Unrelaxable Bound Constraints Problems

Here, we considered smooth problems of the form

min f(x)

= (|F 2
min f(z) = |F(2) 3,

where (2 is defined by the unrelaxable bounds ¢; = 0.1 and u; = 20, for ¢ = 1, ..., n, as set in Section
5 of [2I]. We tested 53 functions F' : R” — R™ defined by the Moré-Wild collection [24], for which
2 <n <12 and 2 <m < 65, and where the initial points zg were provided by the collection. In the
case where z( violated the bound constraints, an orthogonal projection was applied to 2. With this

Shttps://github.com/danadavar/TRFD
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setting, the following codes were compared:

- TRFD-S: Implementation of TRFD-S, freely available on GitHubﬂ with the same update rule for
H;. and with the same initial parameters as in subsection The inner solver used for solving the
trust-region subproblem was FISTA [9] with Dykstra’s algorithm [I5] [I0] for projection to the set
Q. The same parameters and stopping criteria were used than those described in Section 5 of [21],
except for the stopping criterion on Dykstra’s algorithm, which we set to 1075,

- BOBYQA: Implementation of Powell’s method [26] [31]. The initial parameters were unchanged,
while the option honour_x0 was set to true to force the method not to move the position of the initial
point.

- NOMAD: Implementation of the version 4 of NOMAD, proposed in [6]. The initial parameters
were not changed.

- TRFD-Inf: Implementation of TRFD [16], freely available on GitHulﬂ, with p = +00, m = 1
and h(z) = z, Vz € R. The threshold is the same as in subsection namely, a = 0.01, while the
other parameters follow the same setup as in Section 4 of [16].

Data profiles are shown in Figure[3] As shown, TRFD-S outperforms NOMAD and TRFD-Inf, while
exhibiting a performance comparable to BOBYQA. In particular, TRFD-S achieves better results
than BOBYQA when the tolerance is set to 1077.
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Figure 3: Data profiles for smooth unrelaxable bound constraints problems

"https://github.com/danadavar/TRFD-S
8https://github.com/danadavar/TRFD
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5.2 Calibration of an ODE Model

Parameter calibration in differential equation models plays a central role in describing physical,
biological, and engineering processes. Although gradient-based optimization methods provide an
efficient framework for this task, their practical use is often limited by the complexity of implementing
adjoint equations or automatic differentiation techniques. Consequently, many practitioners still
favor derivative-free methods for their ease of application (see, e.g., [3, 4. [7, 8, 23, [30]). In this
section, we compare the performance of TRFD-S and BOBYQA in calibrating the parameters of the
Rosenzweig-MacArthur extension of the Lotka—Volterra Predator-Prey model [28, 29]:

dY () Y(#) Y(t) Z(t)
a Y <1 0 ) ALY

dZ(t) Yt Z(t)
it u+Y () —§20),

(61)

where Y (¢) and Z(t) are the Preys and Predators densities, respectively. Using the initial conditions
Y (0) = 400 and Z(0) = 20, we generated a synthetic dataset based on the solutions of the system
, which depend on the vector of parameters z = [(,0, A, u, v, &]7. The solutions of the system
are denoted by Y (t;x) and Z(t; z).

We begin by selecting a ground-truth parameter vector z* = [0.723,447,2.88,21.9, 5.54, 4.99].
Using this reference set of parameters, we numerically solved the system with the MATLAB function
ode45 to obtain the solutions at a discrete set of time points {¢; = 0.5¢ Zgo, yielding the trajectories
{Y (ti;2%)}10, and {Z(t;;2*)}12,. To simulate observational noise, we perturbed the exact solutions
with additive Gaussian noise. Specifically, we defined the synthetic observations as:

Y; =Y (ti;2*) + 10e;, Zi = Z(ti;z*) + 1085, e ~ N(0,1),

for i = 0,...,70. The resulting datasets {(t;,¥;)}72, and {(t;, Zi)}7°, served as the testbed for
calibrating z. Thus, given both datasets, by denoting Y and Z as the mean values of the Preys and
Predators populations, respectively, we defined the least-square error as:

TR o L o
f@) =252 (Yltaa) = V) + 2 > (Z(tia) - Z)
i=0 =0

We set the initial point xo = [0.6,400, 1, 10, 3, 2], the unrelaxable bounds
¢ = [0.001,0.001,0.001,0.001,0.001,0.001]7 and u = [5,1000, 10,500, 10, 5]

A budget of 350 evaluations (corresponding to 50 simplex gradients) was given to TRFD-S and
BOBYQA. Moreover, the initial parameters of both methods were the same as in subsection [5.1.2

On the left-hand side of Figure [l we see the evolution of the lowest function value found with
respect to the number of function evaluations that were executed. In addition, the right-hand side
of Figure [ provides the resulting Predator-Prey models after 350 evaluations. As we can see, within
the given function evaluation budget, TRFD-S identified a parameter vector that outperforms the
one found by BOBYQA, as reflected in the superior quality of the corresponding fits.
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Figure 4: Model Fitting on a Synthetic Predator—Prey Dataset

6 Conclusion

This work presented TRFD-S, a derivative-free trust-region method based on finite-difference gra-
dient approximations designed for smooth convexly constrained optimization problems. TRFD-S
relies on second-order models, which are assumed to produce at least a Cauchy decrease. Moreover,
the method does not require the computation of the approximate stationarity measure na,,. (zx).
In this setting, worst-case evaluation complexity bounds were established. Specifically, for non-

convex problems, it was shown that TRFD-S requires at most O (n (%e) 72) function evaluations

to reach an (%e)—approximate stationary point of f () in €, while a bound of O (n (%e)fl) was

proved for convex problems to find an (%e)—approximate minimizer of f(-) in . Also, a bound

of O (n log ((%6)_1)) was obtained when ) = R™ for Polyak-Lojasiewicz functions. In addition,

a simple adaptation of the method was proposed for problems with unrelaxable bound constraints.
Numerical results were also presented, illustrating the efficiency of TRFD-S on smooth problems with
respect to TRFD [16], DFQRM [19] and NOMAD [6], and its competitve behaviour with NEWUOA
[27, 31] and BOBYQA [26] 31].
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