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Abstract

Many applications involve nonsmooth optimization problems that often exhibit
a low-dimensional structure in their optimal solutions. The Projection Gradient
method (PG), the Alternating Direction Method of Multipliers (ADMM), and
the Accelerated Projection Gradient method (APG) are particularly effective for
solving nonconvex composite programming problems and are known to determine
the optimal sparsity pattern after a finite number of iterations. However, the
exact number of iterations required to identify the final sparsity pattern remains
an open problem. In this work, we develop a novel analytical framework to char-
acterize the complexity of determining the active manifold and provide a rigorous
proof. Using this framework, we show that PG, ADMM, and APG satisfy the
necessary assumptions, enabling us to characterize the complexity of identifying
the final active manifold for composite programs with nonsmooth, nonconvex
regularizers, such as the Lo and L, norms, without requiring nondegeneracy
conditions.

Keywords: Partly smooth, Active set, Nonsmooth analysis, Projection gradient
method, Alternating direction method of multipliers, Accelerated projection gradient

method

MSC Classification: 90C26 , 90C30 , 656K05



1 Introduction

Consider the following nonconvex, nonsmooth composite programming problem:

min F(x) = r(x) + p(x), (1)
XEX
where X = R™. The regularization function r : R™ — R is proper, lower semicontinu-

ous (possibly nonsmooth), and ¢ : R™ — R is continuously differentiable. We assume
that

F = min F(x) > —o0. (2)

This type of problem arises frequently in signal processing, machine learning, and
sparse optimization [1]. In particular, regularization functions like r(x) = ||x|o or
r(x) = [[x[|5 (with 0 < p < 1) are commonly used to enforce sparsity in the solution.
These models have been widely studied in the literature [2], [3], [4], [5], [6], [7]-

With the rapid growth of datasets, there is increasing interest in identifying the
sparsity pattern of the solution during the early stages of iterative optimization. Active
set-type methods, frequently used in structured optimization problems, have shown
effectiveness in identifying the sparsity patterns of optimal solutions. A key concept
in this context is the “finite identification” property, where algorithms determine the
active manifold in a finite number of iterations. Proximal algorithms [8], projected
gradient methods [9], projected Newton methods [10], forward-backward-type methods
[6], stochastic methods [11], and second-order methods, such as accelerating inexact
successive quadratic approximation [12], have demonstrated this property under non-
degenerate conditions [13-16].

In addition to finite identification, the concept of partly smoothness [17] has become
an important model property, unifying earlier notions such as identifiable surfaces
[18] and the UV theory [19]. Partly smoothness has been extensively studied in both
convex and nonconvex settings under non-degenerate conditions [20], [21], [22], and
[23]. However, determining the exact timing at which the iterates enter the final active
manifold remains an open problem for nonconvex composite problems [5]. Identifying
this timing is crucial because, once the active manifold is identified, we can transition
to higher-order algorithms to accelerate performance [24], [14], [12].

Recent advancements have been made in identifying the active manifold under
various conditions. Liang et al. [6] studied the iteration complexity for finite iden-
tification using the forward-backward algorithm (including inertial/FISTA variants)
applied to (1), under the assumptions that r is proper, convex, and lower semicon-
tinuous, ¢ is Ly,-smooth, and that dr(x¥) C rbd(0r(x>°)) whenever x* ¢ Myeo.
Additionally, if ¢ is p-strongly convex with an Ly ,-Lipschitz continuous gradient,
and r is separable, convex, and lower semicontinuous, the complexity of identifying
the active manifold has been analyzed in [25] under non-degeneracy conditions. Fur-
thermore, the identification complexity of various constant step size algorithms, e.g.,



accelerated proximal gradient decent algorithm (APG) [26], Douglas-Rachford opera-
tor splitting method (DRS) [27], alternating direction method of multipliers (ADMM)
[28], proximal versions of stochastic algorithms [29] has been explored in terms of the
algorithm’s convergence rate and a problem-dependent “wiggle room” constant [11].
Similar analyses have been conducted for block coordinate descent algorithms [30].

From the above discussion, it is evident that these results primarily apply to convex
problems and do not extend to nonconvex composite programs such as (1). These
limitations motivate the following questions:

Q1: Can we develop an abstract framework to characterize the complexity of man-
ifold identification for commonly used algorithms applied to nonconvex composite
programs like (1)?

Q2: Can we further derive the iteration complexity for identifying the final active
manifold when applying these commonly used algorithms to solve some typical
nonconvex cases of (1)?

Contributions In this paper, we develop a novel framework for analyzing the com-
plexity of manifold identification, based on five abstract assumptions: (i) Convergence
to a critical point; (ii) Descent property of the merit function; (iii) Any nonzero entry
of any solution of the proximal operator of 7 in (1) has a positive lower bound; (iv) Lin-
ear convergence of the concerned algorithm when restricted to a fixed active manifold;
(v) Finite identification. We observe that properties (i)-(ii) and (iv)-(v) are inherent
to the algorithm under consideration, while property (iii) pertains to the model itself.
The assumptions imposed on the algorithm are satisfied by most of the algorithms
mentioned above. Additionally, based on recent seminal work [4, 31, 32], if r(x) = ||x]|o
or 7(x) = [|x|[} with 0 < p < 1, assumption (iii) also holds. One of our main contribu-
tions is to provide a rigorous analysis for characterizing the complexity of reaching the
final active manifold. This significantly advances our understanding of iteration com-
plexities for nonconvex, nonsmooth composite problems like (1), providing a definitive
answer to Q1.

Equipped with this framework, we further analyze the complexity of identifying
the active manifold for the Projection Gradient (PG), Alternating Direction Method
of Multipliers (ADMM), and Accelerated Projection Gradient (APG) algorithms when
applied to (1). Notably, our analysis does not rely on the non-degeneracy assumptions
commonly used in previous works, offering a novel contribution to the study of man-
ifold identification complexity for typical nonconvex, nonsmooth problems. This, in
turn, provides a clear answer to Q2. We emphasize that the techniques developed in
this paper—particularly the proof of the newly developed framework for analyzing man-
ifold identification complexity are novel in the context of active manifold identification
for nonconvex problems.

Organization: The remainder of the paper is organized as follows. Section 2 intro-
duces the necessary concepts and results, and reviews the convergence analysis
framework under the Kurdyka-Lojasiewicz (KL) property. Section 3 presents a novel
Framework for Analyzing the Complexity of Identification (FACI) and provides a
rigorous proof. In Section 4, we establish the theory of partly smoothness and lower
bounds for Ly and L, regularization models (1), and verify that property (A-iii) holds



within the abstract framework (FACI) for these nonconvex regularization models.
Section 5 is devoted to validating that PG, APG, and ADMM satisfy all remain-
ing assumptions in the FACI framework, and thus can apply the derived complexity
results. Finally, Section 6 concludes the paper.

2 Preliminaries and Basic Concepts

Let bold letters denote vectors, e.g., x € R", and let z; and |x| denote the i-th
entry and the absolute value of the vector, respectively. Given two vectors x,y € R",
(x,y) denotes their standard inner product: > . ; z;5;. The notation ||x||, refers to

the p-norm, defined as ||x[l, = (31, m‘p)l/p for 0 < p < o0, and the subscript p
is omitted when p = 2. sign(x) is defined as a vector of the same length as x with
its i-component equal to the set [—1,1] if x; = 0; otherwise being the sign of each
component of x. I(x) := {i | z; # 0} denotes its support set. Given a set of D, D
denotes its complementary. Define [n] := {1,--- ,n}. Given a matrix A € R"*" or a
vector x € R™ and an index set A C [n], Aa A, x|a and Apin(A) to denote A(4, j); jea,
x(1);ea and the minimum nonzero eigenvalue of A, respectively. A > 0 means positive
definite.

A set M is a manifold around a point x if x € M and there is an open set V'
containing x such that M NV = {x € V | ®(x) = 0} where the smooth function ®
has a surjective derivative throughout V. An extended-real-valued function f: R™ —
(=00, 4+00] is said to be proper if domf = {x € R"|f(x) < oo} is nonempty. We
denote the extended reals by R = [—o0, +00].

We review some definitions from [33]. Consider a function h : R™ — R finite at a
point x € R™, the subderivative dh(x)(-) : R® — R is defined by

dh(x)(%) = Timinf XFTW) = PO

70w —w T

and the regular subdifferential 9k (%) and the limiting subdifferential h(X) are defined
as

Oh(%) = {v

i ng M) ) — v, x = %) 0} :

X=X Ix — %x||2
Oh(x) = {v’ﬂ X" = %, h(x") = h(%),v" € h(x*)v* v} ,
respectively. The horizon subdifferential is defined by

0h(x) = {lim Arv”

V' € Oh(X"), X" — x, h(x") = h(x), Ar | o} .

Suppose that h(x) is finite and dh(X) # 0, h is regular at X if and only if & is locally
lower semicontinuous at X with 0h(x) = Jh(x) and 0°h(X) = Oh(X)> [33, Corollary
8.11], where 0h(x) is recession cone (in the sense of convex analysis). Given a vector



x € R", HX”O = Z?:l |xi|07 and

A _ _ n. ) 0,1€ supp(x)
Ax|lo = 9||x]lo = {v eR™ v; = {R, i & supp(x) )

and let 0 <p <1,

Ollg) = a(lxly) = {v e B = { P77 g 1 sl A,

Let f be a proper lower semicontinuous (l.s.c.) function and « > 0, its proximal
mapping defines as

Pron/a(V) = arg min {f(x) + %Hx _ ng}

We assume that f is p-strongly convex so that for some p > 0, we have f(y) >
f(x)+(y—x)"p+4ly —x]|3, for any p € 0f(x). Second, we assume that the gradient
of f is ¢-Lipschitz continuous, meaning that

IVI(y) = Vi) <lx-yl, Vx,y € R".

Next, we review the concepts of partly smooth [17, Definition 2.7] and the Kurdyka-
Lojasiewicz (KL) property [34, 35] from variational analysis.

Definition 1. (Partly snlooth) Suppose that the set M C R™ contains the point x.
The function f : R™ — R is partly smooth at x relative to M if M is a manifold
around x and the following four properties hold:

(i) (Restricted Smoothness) the restriction f|ar is smooth around x;

(ii) (Regularity) at every point close to x in M, the function f is reqular and has
a subgradient;

(i1i) (Normal Sharpness) df (x)(—w) > —df (x)(w) for all nonzero directions w in
Nam(x);

(iv) (Subgradient Continuity) the subdifferential map Of is continuous at x relative

to M.

Definition 2. (Kurdyka-Lojasiewicz property) We say a proper closed function h :
R™ — (—o0,400] satisfies the KL property at a point X € domdh if there exist a
constant a € (0,00], a neighborhood U of X, and a continuous concave function ¢ :
[0,v) — [0,00) with ¢(0) =0 such that

(i) ¢ is continuously differentiable on (0,v) with ¢' > 0 on (0,v);
(i) for every x € U with h(X) < h(x) < h(X) + v, it holds that

¢’ (h(x) — h(x))dist(0, Oh(x)) > 1.



Next, we review the framework for proving global sequential convergence using the
KL property [34].

Proposition 1 (General convergence framework) Let ¢ : R™ — R be a proper lower
semicontinuous function. Consider a sequence that satisfies the following three conditions:

(i) (descent property) There exists ¢ > 0 such that
D) el = xFE < ()

holds for all k € N.
(i3) (relative error) There exist b > 0 and £€¥1 € Op(x*+1) such that

€54 2 < bl = ¥

holds for any k € N.
(iii) (continuity condition) There exist a subsequence {x*i : j € N} and x* such that

xM = x* and p(x") = P(x*), as j — +oo.

If ¢ satisfies the KL property at x*, then > pey [xF — xF71| < 400, limy_y0o x¥ = x*, and
0 € 9Y(x™).

The following descent lemma will play a central role in the convergence analysis. For
its proof we refer to [26, Lemma 1.2.3].

Lemma 1. For the differentiable function ¢ : R™ — R with Ly -Lipschitz continuous
gradient it holds

L
[p(w) = @(v) = (u= v, Vo(v))| < TZJu—v[* VuveR"

3 A Framework for Analyzing the Complexity for
Identification

Let {x*} be the sequence generated by Algorithm A, where x* — x> and x> denotes
the limiting critical point. We first define the minimum indexr number at which the
iterates produced by Algorithm 4 enter the final active manifold. Subsequently, we
develop a unified framework based on five assumptions that characterize the general
properties of Algorithm A and the model (1), under which we analyze and quantify
the iteration complexity required to identify the final active manifold.

Minimum Index for Manifold Identification:

Let {x*} be the sequence generated by Algorithm A with x* — x>. The minimum
index J is defined as the smallest integer such that xF e My, forall k > J, where
M denotes the final active manifold associated with the limiting point x*°.




Next, we present an abstract framework consisting of a set of assumptions imposed
on the sequence {x*} generated by Algorithm A, the merit function sequence ¥ :=
¥(x¥), and the proximity structure of r.

Framework for Analyzing the Complexity for Identification (FACI)

Let ¢ : R — R be a proper, lower semicontinuous function, and define ¥ := ¢(x*).
Let {x*} be a sequence generated by Algorithm A, with x*** € prox, ,.(q"), where
¢ > 0 and k denotes iteration number. The following conditions hold:

(A-i) (Convergence to a Critical Point) limy_,, x* = x> and 0 € 9¢(x>°).
(A-ii) (Descent Property) There exists a constant ¢; > 0 such that

PP <k — e M = XF)?, VR eN.

(A-iii) (Lower Bound for Nonzero Entries) For x**1 € proxr/c(qk)7 there exists a
scalar v > 0 (depending on ¢, but independent on q*) such that

|z" T > v for all i € I(xFT1),
where I(-) denotes the support set.

(A-iv) (Linear Convergence on a Fixed Subspace) There exists a constant ¢ € (0,1)
such that

PP — () < q (¥F - 9(x)).,

for all x¥,x**1 € II,, where
Iy :={x e R"| I(x) = A}.

(A-v) (Finite Manifold Identification) There exists an index K such that
x¥ e My forall k> K,

where M, := My and x> is the critical point defined in (A-i).

We define the minimum index number by
J = inf {k P < % 4 ep? and pFTl — g > 611/2}. (3)

It follows that x/ € My for all j > J. Suppose otherwise. Then there exists k > J
with supp(x*) # supp(x**1). In this case, we obtain the following

o0
cl Z ”Xk _ Xk+1||2 > 011/2,
k=J



which contradicts
o0
¢ Z ||Xk _ Xk+1H2 Z ’(/J ,(/)k‘—‘rl ,(/)J _ woo < C1U2.
k=J k=J

Hence, the definition (3) indeed characterizes the minimum index number J for
entering the active manifold.

Theorem 2 Suppose Algorithm A is applied to problem (1) and the sequence of merit func-
tions satisfies assumptions (A-i)-(A-v). Then the minimum index number J for identifying

the active manifold Moo satisfies J < J° :=

oo

0_ 00 0_
wc t/lg +log1/q¢61f2

Proof We outline the main steps to characterize the minimum index number J.

By assumption (A-ii), we have
,(/Jk-i-l S wk _ clek’ _ Xk+1||2.

By the minimality of J, we know that x* € My« for k > J, but x/~! ¢ Mye.
Let J denote the minimum index number. Then, for k > J, we have I(x*) = I(x>).
Let the index set Z; = {0,1,2,...,J}. We divide Z; into two mutually disjoint sets,
Z,,5 and Z5 j, as follows:

Ty =1{kely: I(x?) = 1(x*™h)},
Tog = {k €Ty I(x*) £ I(x")}. (4)
Clearly, we have Z; =71 ; UZ, ;.
If k € Iy, then by invoking assumption (A-iii), we obtain the following:

" = x| >,

which directly follows from

[x¥ —x**Y| > min | inf |z¥|, inf |2FTY) >
iel(xk) " iel(xk+1)

If k € 7, 5, the merit function h* — ) converges linearly due to being restricted
to the space Iy = {x | I(x) = A} by invoking assumption (A-iii).

Next, we divide into two cases to prove: Case (A): 0 € I, ;, Case (B): 0 € Z; ;.
Case (A): 0 € Zy ;. For the index set Z = {0,...,J}, we partition it into the
following non-overlapping subsets:



Tig=<Rki,....k1+i1— 1, ko,... ko +io—1,... ke,... ks +is—1,,
v(1) v(2) v(s)

Lo,y

.,kl—l,kl +i1,...,k2—1,...,k3_1 —|—7;5_17...,k‘s—1
&(1) &(2) O(s—1)

The iterate on each unit V( ) (1 <t <), it achieves the linear convergence with
the factor gy (1), -+, qv(s) € (0,1), respectively. Let ¢ := max(qy(1),- -, qv(s))- Also,
O0<g<l.

Invoking (3) and (4), J € Z; 5. It implies that J = ks +is — 1. J —1 = ks +1i5 — 2.
To proceed, we further divide it into two cases to verify.

Case (a): J —1€14 ;.

On the space corresponds to the unit v (1), we have
Phh g < g - ),

Analogously, for other units of V(t) (2 <t < s— 1), we have that
¢kt+it _ woo < qit (wkt _ 1/100)

For the iterates on the last union of V(s), we deduce that
Ql)k5+i5_2 woo < qtb—Q(w wOO)

respectively. Equivalent transformation of the above leads to

’l/JOO
Zl < logl/q ¢k1+11 woo
Pphe —p
< logl/q ,(/)kt-’rlt ¢oo
gk — g
wkeriSfQ _ q/)oo :

for2<t<s-—1, i
is —2 < logy,

Combining these above inequalities, we have that

,(/)k] — > '@[Jks — p>®
th—2<10g1/q< <¢k +i _1/)00> x ¢ks+is—2_r(/)00>.

t=1




Invoking

wkj 7woo )
rd}kj—l"rij—l _woo S 1, ] :27 , S,
we have
S
, Pt — e Phr — e PO — >
it —2<lo — <o — — <o -_—
; t = gl/qwkerz.ng — > = 1/q c1v? = 1081/q V2

()
The the second-to-last inequality is due to ¥’/ ~! — 9> > ¢1v?, and the last is due

to ¢F1 < 4%, On the other hand, since /=1 — > > ¢;1?, and k, € V(s) where
V(s) € I, it follows from

P — > > 77t — > > 0. (6)

Furthermore,

S

wks — Z[(,(/)kf _ wkt—l+it—1) + (wkt—1+it—l _ ,(/)kt—l)] + (wkl _ wo) + ¢O~
t=2
(7)

Next, we will consider each term inside the parentheses separately. So, we have

on each {(t—1) : Pt — qpFe—rtie—n < (ke — (ki1 +ds-1)) i, t=3,...,s,
on each v(t): hti —yke <0, t=1,... s,
on (1) 0 PP — ¥ < —kyeyv? (8)

Combining (7) and (8), we have that
PFe < — e (kg + ke — (b +i1) + - + ks — (ks—1 +is-1)).
On the other hand, (6) leads to
Pre > > 4 e,
Combining the above two inequalities, we obtain that

VO —civ? (ky + kg — (ky +i1) + - + ks — (ks—1 +is-1)) > ™ + v

10



Thus,

Consequently,

0 __ .00 S
J:ks+is—1§u+2it—2
t=1

civ? —
PO —p> PO —
< c112 + 10g1/q c11?

where the last is due to (5).

Case (b): J—1€ 1y ;.

Then, i = 1. So, J = ks. Recall the definitions of the units V(¢) (1 <t <s—1)
and T, 7, we have the iterates of x¥t, ... xFeFie=1 xke+it gatisfying the following:

on V(t) : =g < gl — 9.

Combining all these inequalities above, we have that

s—1 kj _ .00 ki _ ,)00
Zit < logy {H;j (M)] = logy <¢k¢1+11¢ q/}oo> :
t=1

(9)
Since ks—1 +i5—1 and J — 1 all both belong to (s — 1), then ks_1 +i5-1 < J — 1.
It leads to
¢k571+i371 _ ,(/)OO 2 ,l/}J—]. _ ,(/)OO 2 Cll/2.
Thus, (9) leads to

s—1
] ,(/)O _ ,(/)oo
<1 —_—
;Zt =BT
On the other hand, since J — 1 =k, — 1 and /=1 — 4> > ¢;1/2, it yields that
PRt — ™ > 2, (10)

On the other hand, we have

wksfl — (1/1’6571 _¢k571+i571) + (,l/)ksfl“risfl _ ,l/]ksfl) + wksfl _ wk572+i572
<

(ks—1—(ks—14is_1))c1v? <0 S(ks—1—(ks—2+is—2))c1v?

11



=+ wksfz-‘risz _ ¢k572 R ("/Jk? _ ¢k1+i1) +wk1+i1 _ ,(/)]ﬁ _,'_,(/}kl _ wO
—_———
<

<0 (k}z*(k}1+i1))cll/2 <0 §k1c1y2

+ 0.
So,
PFet < —erv? (ki ko — (ki +in) + -+ ks — 1= (kso1 +5-1))-
Combining the above inequality with (10), we obtain that

VO —cyv? (ky + kg — (ky +i1) + -+ ks — 1 — (ks—y +is-1)) > 9> + v’

It leads to
s—1 wo _woc
ks — i <
; = 61V2
Consequently,
wo _ 1/)00 s—1
J =k < 7 + Z 123
t=1
wO _ woo wO _ 'L/)OO
= 7611/2 —|—log1/q 701V2 .

Case (B): 0 € Z; ;. For the index set Z = {0,...,J}, we partition it into two
non-overlapping subsets:

117_]: 07"'7k1_17k1+i17"')k2_17"'7k8—1+i8—17"')k8 5

V(1) v(2) v(s)

IQ’]: ki,....ki4+i1—1,ko,....ko+io—1,... ks 1,..., ks_1+is_1—1
&) ¢(2) S(s—1)

According to the definition (4), we have J € Z; ;. We further divide into two cases
to prove: (a) J —1 €Ty y;and (b) J—1€ Iy ;.

Case (a):J —1 € Zy . Thus, J = ks_1 + i5—1. Note that

J = ks—l +is-1

12



s—2 s—1
=k + ( (kt1 — (ke + Zt))) +Zit~
t=1

t=1
~——
a *

Next, we estimate the first term # in the right-hand-side of the above equality.
Consider each space determined by the umits in Z; ;, we have the following
inequalities:

PP — p> < g (g0 — ™),

d)kg _ ,l/}oo < qsz(liril)(wliril _ 1/}00),

,(/)ks—l _ 1/)00 < qks—l_(ks—2+is—2)(,lpks—2+7;s—2 _ ¢OO)

Thus, we can get an upper bound for

11}071/100 z[}Oiwoo

s—2
=k + ;(kt-&-l — (ke +11)) < 10%1/q(m) < logy /, o

where the last inequality is due to 1*s—1 > /=1 > > + ¢, 2.
On the other hand, we have that

¢k1 - 01V2 (il + et — 1) — > > 01V2.

It leads to
s—1 ki _ .00 0_ ,,00
&=, < Y =9 < v =9 .
— civ? civ?
Consequently, we have
PO — > PO —p>
J< I—— 41 —_—
= 2 + 10814 c112

Case (b): J —1 € Z; ;. The proof is similar, and can get the same bound, thus
omitted here.

Thus, the conclusion follows directly. O

13



4 Partly Smoothness of Ly and L, Regularization
Models

In this section, we illustrate the partly smoothness of several nonconvex nonsmooth
functions. To carry out a unified analysis, we consider the function r(x) is defined
in Table 1. Since r(x) = Y1 ri(x;), we denote ro(x) = Y, ri(x;) where A C
{1,--- ,n}. For any vector X(# 0), we define the manifold

Mg ={xecR"|I(x)=1(X)}. (11)
We first characterize the normal cone (normal space) as Mx:

Nu®) ={weR" |w; =0, jc IX)}.

Table 1 Non-Separable Regularizers

Name o(x)

(a) Lo lIxllo = >3 llzillo
(b) Lp 0O<p<1) |x|p =0y =P

Proposition 3 Suppose p(x) is smooth and the function r(x) = yo(x) where o is defined
in Table 1 and v > 0. The objective function F(x) in (1) is partly smooth at X # 0 relative
to Mg.

Proof Since p(x) is smooth, we only need to prove that r(x) is partly smooth at X # 0 relative
to Mx. By invoking Definition 1, the properties of (i), (ii), and (iv) are obviously valid. We
only need to verify the property (iii) normal sharpness. Denote A = I(X). Let w(# 0) in

Npq(X). Next, we prove the following assertion for each r(-) with o(-) defined in Table 1.
dr(X)(w) + dr(X)(—w)
— liminf M + liminf w >0
T I0Wow T TIOWow T ’

Note that

dr(X)(w) = liminf r(X+7w) —r(x)

TIOW—w T
= liminf 2ien Ti(@i + W) = 3 iep Ti(Ti) + Diee Ti(TWi)
TIOW—w T
> limint 2iEA T @ T = 2ieari@) e Dieae (T
THOw—ow T TIOW—w T
! I

(a) r(x) = 7l[xllo-

14



Since w(# 0) in Ny (X),

D ien TilTi +7W;) — e p Ti(Ti)

I = liminf =0,
TIOW—w T
and B
M= liminf 2ierT0)
TI0W—w T
Therefore,
dr(X)(w) = liminf r(X+7w) - r(x) > 0.
TL0W—w T
Analogously,
dr(X)(—w) = liminf rX = 7W) —r(%) > 0.
TJOW—w T
Thus, (12) also holds.
(b) r(x) = 7|x||b. First, for any w(# 0) in Na(X), we have
L= liming 2iea T T0) = 2uienril®) _
TL0,W—w T
Second, IT = liminf Zieac T8 ) Thus, dr(X)(w) > 0.
70, Ww—w
Analogously, dr(X)(—w) > 0. Consequently, (12) is valid. O

Next, we establish that the lower bound properties of the Ly and L, proximities
validate property (A-iii) within the framework of FACI when the model (1) has r
defined by the Lo or L, regularizer.

Let o(-) be a proper Ls.c. function and prox-bounded with threshold )\, = +oo!,
and a vector q € R™ and v > 0, define X(q) to be any global solution of the following
minimization problem:

~ . 1
X(q) € arg min, cp» (’ya(x) + 2 IIx — q||§) . (13)
In the following, we first provide the following two lemmas.

Lemma 2. [31] Consider the following minimization problem.:

'(2) € argmin (6(0) = (= = )7 +3lol

! According to Definition 1.23 in [33] and Theorem 1.25 in [33], for any v > 0, X(q) is well-defined.
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where z € R and 0 < p < 1. Then, let

_1 _
v=2v(1-p)7>, p=v+ypr !, (14)

0 if 2] < p
x*(z) =< {0,sign(z)v} if |z| = p
sign(2) v, if |z| > 1

where for |z| > u, v, is the root of the equation of v + ypvP~! = |z| in the interval
€ (1 ]2]).

Lemma 3. [31] Consider the minimization problem (13) with r(x) = ~||x|lo, the
solution X := X(q) to (13) is

~ 0 if lgil <27
Xi =14 10,a} if |l = V27
i if lgil > /2.

Theorem 4 Given a vector g € R" and q # 0, let X := X(q) and X(q) be defined in (13).
If r(x) = v|x|lo or r(x) = v||x||b (with 0 < p < 1), for any v > 0, there exists a constant
v > 0 such that

%i>v, icl(®), (15)

where v depends only on v, and is independent of q.

Proof 1If 7(x) = v||x||}, by setting the lower bound v := (2v(1 — p))ﬁ7 (15) is satisfied. If
r(x) = v|Ix|lo, by setting the lower bound v := /27, (15) is satisfied. O

5 Applications of Complexity Analysis Framework
for Specific Algorithms

In this section, we investigate several important properties of the model (1) using the
PG, ADMM, and APG. These properties include global convergence, linear conver-
gence restricted to the fixed manifold, and the finite identification property without
imposing any nondegeneracy conditions.

5.1 Projection Gradient Method

Next, we present the global convergence of Algorithm 1 in Theorem 5 which proof
can follow from Proposition 1 to show that the three assumptions in Proposition 1 are
valid.

Theorem 5 (Global convergence) Let r(x) = vo(x) and o(x) be defined in Table 1, and
¢ R" - R be Ly ,-smooth and sub-analytic function. Suppose that o > Lg". Let the
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Algorithm 1 Projection Gradient Method for solving (1)
Let « > 0, and x° be a given starting point. Set k& = 0.

1 x"1 € Prox, , (xF — L1Vp(x¥))

2: Set k =k + 1, and go to Line 1.

sequence {xk} be generated by Algorithm 1 and assume that it is bounded; then it converges
to a critical point of (1). Moreover, the sequence {x"} satisfies >k [[xF 1 — xF|| < +o0.

Theorem 6 (Finite identification and linear convergence) Let r(x) = vo(x) and o(x) be

defined in Table 1, and let p : R™ — R be a Ly -smooth, sub-analytic function, and strongly
L > 0. Let the sequence {xk} be generated by Algorithm

v2-p

1. Assume that the step size o > Lg“" and {Xk} is bounded. Then, the following holds:

convez with o > 7 := Ap(1 — p)

(i) The support set of I(x*) changes only finitely often;
(ii) The sequence of A* := F(x¥) — F(x>"") converges linearly to zero when x* belongs
to the subspace T = {x | I(x) = A} and

x> ¢ al;geglin[r(x) + o(x)]. (16)

Proof (i) First, the subproblem for x*1 involves solving the following minimization problem:

xF*1 = argmin [r(x) + tp(xk) + Vgo(xk)—r(x — Xk) + %Hx — kaQ} . (17)

xellp
From this we have

’I"(Xk+1) + @(Xk) + vw(xk})—r(xk-‘rl _ Xk) + ngk-i-l _ xk||2

2

k kT k o k2 o k+1)2
< r(x) + 9(x") + Vo(x") | (x = x") 4 G llx = xF = Sl - x|

a k2 « k+1(2
< 7(0) + p(x) + Sl —xF2 = e — .
So,
k1 1y = Lve, k41 k2
e R e R
a k2 Q@ k41,2
S (%) + () + Slx—xT" — Sllx —x 2 (18)
It leads to
k+1 Ey Q. k+1 k2
@y s P < FE) = S =2, (19)

where & := 2a — Ly,,. It follows from (19) and (2) that

~ +oo

(07 k k+1 0
52 I =" < P - F
k=0

Thus, ||x*¥ — x**1|| = 0 as k — +oo. By further combining with Theorem 4, the assertion
(i) is valid.
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(ii) Next, we divide into two cases to prove. Case (a): r(x) = Al|x||h. For any x and A := I(x),
we have:

Vre] =[] S .
(V2] = [T+ 20— 1) 3l

i€EA
The positivity of the above matrix follows from the following:

i ([72060] ) 2 Amin(726000) > Xpl1 = ) 5.

and o > 7, we conclude that F(x) is strongly convex with the strong convexity parameter
& = o — 7 on the space II. Case (b): 7(x) = A||x|lo. We conclude that F(x) is strongly
convex with the strong convexity parameter & = o on the space II5. Second, there exists a
positive scalar 7 such that

)

k41 A k k41
@+ " = xR <t =Y, (20)
We only prove that 7(x) = ||x||5. The other case of r(x) = ||x||o can be proved analogously.
Since x*T! and x> on the same space, we have

Siea Ori(al ™) + Vet ] +[Veed)| — [Veet ] +alt —xh) =0
dieA ari (o™ + [V@(X‘X”A) L =0
Consequently,
&||fo\+1 - XRO’AH2 < Z(:cf+1 - xfo’A,ari(fo) — 8ri(xf°’A)>
€A
e =X [V ] — Vx> M)]a)
= (KT = x0T — [Ve()]a) + aleh P = x08 <k — =i,
It follows that (20) holds with 7 = LV(‘;%M. Third, we prove that
@)y P = Feot) < EYE ol b2 (21)

Inequality (21) follows due to the gradient of F being Lipschitz continuous and
[VF(x*")]5 = 0. By combining @k, @k and @k’ we have

AFFL < LN AF,
1+¢
where ¢ = % The conclusion follows directly. O
VF

Remark 1 From Theorem 5, the sequence {x*} generated by Algorithm 1 satisfies F/(x*) —
F(x°), where x*° denotes the limit point of {xk}. If the projection gradient method (i.e.,
Algorithm 1) performs a finite number of iterations within the subspace T, then there exists
a constant ga € (0,1) such that

F(x") — P(x®) < ga (F(x") — F(x™)),
for all successive iterates x* and x**1 lying in the same subspace II,.
Remark 2 When Algorithm A is specified as the projection gradient (PG) method and we
set p(x¥T1) := F(x*1), the assumptions (A-i)-(A-v) in the FACI framework are automat-

ically satisfied as a consequence of Theorem 5, inequality (19), Theorem 6, Remark 1, and
Theorem 4.
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5.2 Alternating Direction Method of Multipliers

To solve the unconstrained problem in (1) via the following equivalent reformulation

miDXEX T(X) + (p(Y) (22)
s.t. XxX=Y,

and we employ the alternating direction multiplier method (ADMM) to solve (22), as
outlined in Algorithm 2.

Algorithm 2 Alternating Direction Method of Multipliers for solving (1)
Let 8 > 0, and y° and z° be given. Set k = 0.

1 xFl ¢ Prox, (yk - %zk)

2 y" T = Prox,, 5(x*t1 + %)

3 ZFtl =gk 4 3 (Xk+1 _ yk+1)
4: Set k =k 41, and go to Line 1.

Theorem 7 [Global Convergence] Let r(x) = yo(x), where o(x) is defined in Table 1, and
let ¢ : R™ — R be an Ly,-smooth and subanalytic function. Consider the sequence {wlC =

(xk, yk,zk)} generated by Algorithm 2. If B > 2Ly, and {xk} is bounded, then the sequence

{wF} has finite length, i.e., hait] |[whtt — w¥|| < oo, and thus converges to a limit point

w = (x>, y™,z%) satisfying

0 € or(x>) +z°°,
VSO(yOO) - ZOO = O:
x> =y>.

Moreover, the sequence {xk} converges to a stationary point x°° of problem (1).

The proof of Theorem 7 is similar to Theorem [36, Theorem 5.8] and Theorem [37,
Theorem 8], thus omitted here.

Theorem 8 (Finite Identification) Let r(x) = ~vo(x), where o(x) is defined in Table 1,
and let ¢ : R™ — R be an Ly -smooth, subanalytic, and strongly conver function with

o> := Ap(1—p) /> P > 0. Suppose that the sequence wk} 1s generated by Algorithm 2. If
8> 2Ly, and {x*} is bounded, then the support set I(x") changes only finitely many times.

Proof First, we define
B
T(x,y) = r(x) o)+ 5 x — y I3
Similarly to the proof in [37], we have that

3Ly
T TR - Sy -y, (23)
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Invoking ||zF — zF1 |, < ng,Hyk — y**Y|5, we further have

L
k+1 k v k k+1
FEL < PR - 22y -y (24)
It follows from (24) that ||y* — y*T!(|2 — 0, as k — +oc0. Consequently,
||zk - zk'HHg — 0, as k = +o0.

Additionally, using 2Pl =24 (xk+1 — yk+1) and z° = 2" "1 + 3 (xk — yk>, we have

k k+1 k k+1 kl k—1
R e Y (e P ) R

Therefore,

F_ x>0, ask — +oo. (25)

[Ix

Suppose the conclusion does not hold. Then, there exists a subsequence {xki} such that
I(x*7) changes. So, ||x* — x**1|| > v which contradicts (25). O

Theorem 9 (Linear Convergence) Let r(x) = yo(x), where o(x) is defined in Table 1, and let
¢ :R" = R be an Ly -smooth, subanalytic, and strongly convez function satisfying o > o =
Ap(1 — p)/y2_p > 0. Let {wk} denote the sequence generated by Algorithm 2. Assume that
B8 > 2Ly, and that {x*1 is bounded. Define the sequence Py = ThH 4 S—Zsz — 2P 2

L2
6 ﬁ2 . Then, the

whenever the iterate x* lies in the subspace Iy .

where x°° is defined in (16) and k = o with k1 = 3L1Z‘P and kg = 3+

sequence { Py} converges linearly to F(x>™)

Proof First, we have the following inequality:

k k412 k k41,2 k+1)2 k—1,2
" =" <3y =y T+ 5z ] A | (26)
B B
Next, multiplying both sides by « and combining with equation (23), we obtain the following:
3 6K .2 ko k412 ko k12

Py <P — (gva — 3Kk — @va) Iy* =y 17 = klx" = x" )2 (27)

Note that %va — 3K ggL %va. Consequently, let u = (x,y),

et k. k412

Pk 1 < Pk - ¢ u —u . 28
+ o [ (28)

The merit function is strongly convex when restricted to IIp, i.e. (let TooA
T(XOO’A,XOO’A))

TW) = T+ (v—u, &+ Z[v—ul, v¢e€oT(w), & =min(B,0—0).
Let v=u-— %5 substitute into the left hand side of the above inequality, it leads to
1
T(v)>T(u) - %dist2(07 dT (u)).

Leaving v = (x>, x>} in the above, we have found that

T(u) — T(xZA, x4 < 2fdlst (0,07 (0))
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On the other hand,

A 1 .. 9 k41 k412
Py = T < oodist®(0,0T (™) + ﬁzLWH -y
1 2y k& _kt1 2 3K k+1
< Q&CTHy - * + BQLVL,OH -y H
e k k412
= ( T + 52LV<,0)||Y -y I
(20 + 3LY,)  Hhee k1 k2
< 3Ly, 3+iL2 ”u —-u H
5T 616[/2 B2 "V
(55 + 351%,)
< 07(1% — Pgt1)-

— 3Ly,
16
3+ 6 L2

The second inequality is due to
dist(0, 07 (0" ) < erlly" — y* 2

which can be proved similarly to [36, Lemma 5.7] and [37, Lemma 4]. So, the claim holds
directly. O

Remark 3 From Theorem 7, the sequence {xk} generated by Algorithm 2 satisfies PF —
F(x>), where x> denotes the limit point of {x*}. If Algorithm 2 performs a finite number
of iterations within the same subspace II,, then there exists a constant gz € (0,1) such that

PM _ F(x™) < gy (PF - F(x™)),

k+1

for all successive iterates x* and x lying in the same subspace II,.

Remark 4 When Algorithm A is instantiated as the Alternating Direction Method of
Multipliers (ADMM), we define

k41 k+1 k41 _k k41 kt1y By k1l _kt1p2 , 3K
O e e D R )+ 5 llx oyt 12+ 55l
Under this setting, the assumptions (A-i)-(A-v) in the FACI framework are automatically

fulfilled as a direct consequence of Theorem 7, inequality (28), Remark 3, Theorem 9 and
Theorem 4.

+1 2
z"t —ZkHQ.

5.3 Accelerated Projection Gradient Method

In the following, we consider using the accelerated projection gradient method to solve
the unconstrained model (1), and summarize in Algorithm. 3.

Theorem 10 (Global convergence) Let r(x) = vo(x), where o(x) is defined in Table 1.
Assume that ¢ : R" = R is an Ly,-smooth, conves, and subanalytic function. Suppose that

—92 —
the step size o in Algorithm 3 satisfies « > 2Ly (" for some B € (0,1). If the sequence {xk}
generated by Algorithm 8 is bounded, then it converges to a critical point of F defined in (1).
Moreover, the sequence {x"} satisfies Sreo [xF 1 — xF|| < +o0.
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Algorithm 3 Accelerated Projection Gradient Method for solving (1)
Let o > 0, and x° be a given starting point. Let {3z} C [0,1) with 3 = sup, B < 1.
Set k= 0.

1 yF =xF 4 Be(xP —xF1).

20 xFTL € Prox, o (xF — 2V (yF)).

3: Set k =k + 1, and go to Line 1.

Theorem 11 (Finite identification and linear convergence) Let r(x) = yo(x), where o(x) is
defined in Table 1, and let ¢ : R" — R be an Ly-smooth, subanalytic, and strongly convex

function with modulus o > & := Ap(1 — p)y_(Q_p) > 0. Suppose that a > 2LV¢BQ for some
B € (0,1), and let the sequence {xk} be generated by Algorithm 3. Assume further that {xk}
is bounded. Then the following statements hold:

(i) The support set I(x*) changes only finitely many times.
(i) The sequence {6*}, defined by

. —2 _ R o —2
5 = F(xM) (e Ly B [xF—x" P F(x0),  where é = 4(§~Lyy—LvyB ),

converges linearly to zero when x* belongs to the subspace I = {x | I(x) = A}
and x> is defined in (16).

Proof (i) Since the subproblem for x**!

amounts to solving
k+1 . kT k a k2
K = arg min [r(x) + Voy*) T y*) + Sl — M7,
x€Ilp 2

we have

r(x" ) 4 Ve(y™) T (M - xPy 4 2

ST =) <.

By Lemma 1, it holds that

L
k k v k k k k k
P —o(y") = TSI =y < T -y R e ")),

In addition,

k k k k k
e(y") —o(x") < (y" —x", Vo(y")).
Adding the above three inequalities yields

L
k+1 k+1 k Vo k+l  ky2 | Qp k+l k2 k
P () = p(x) = = E T =y ST = X < ().

Hence, we obtain the descent inequality
k+1 A 22\ 1Lkt k2 k A 22\ 11k k—12
@Oy : FOM 4@+ LB = xb)2 < FOM) + @+ LB " — x|
~ k+1 k2 k k=12
—([x" = x 7+ " = xPT7). (29)
The remaining proof follows the same reasoning as in the assertion (i) of Theorem 6 and
is thus omitted.

(ii) We first show that there exist positive constants 71 and 72 such that

O e T e e !
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Analogously to the proof of (20), we obtain
k41 A k41 A k41 A k41 A
Do T =@ () = ori(a ) 4 T = x0T Ve A — [Ve(x*M)]a)
i€EA
_<Xk}+1 _ X()O,A7 V(‘D(Xk+1) _ ch(yk)) _ a<xk+1 _ xOO,A’ Xk _ Xk+1>.
On the other hand,
~ A A A
Gl = XM < D (e e o) — ori(ai ™)
i€EA
k+1 A k+1 A
Hx T =X [V A = [Vex™M)a).
Combining the above inequalities gives
kA1 A k1 _k k1 _ky o, Ank k=1
Gl = xR < af XM = xF 4 Lo (M = x| 4 Bl - x ).
Therefore, the relation @ i holds with
o5
R
G G
Similarly to the proof of (21), we have

k+1 Ay _ Lyr_k+1 A2
(®),: F"'H - Fx> )<?\|X+ —x>M2,

L + «
=Yz

Consequently,

L _
FOM) = PO < ZTE e o) 2t - ?).

It follows that
A R =2
FFT) — F(x™®™) 4 (6 4+ Ly B0 — xF|1?
~ k+1 k2 k k—12
< A =X )2  xE — xR

T(FOM) + @+ Lo Bl =XM1 = [FM + (64 LoB) I = x417]),

IN

where 7 = max (vaﬁ2 + (é+ LV¢BZ)7LVF7'22). Therefore, §¥11 < 1_?_1* §¥, where ¢* =
O

SRl

Remark 5 From Theorem 10, the sequence {xk} generated by Algorithm 3 converges to a
critical point x*°, and it satisfies

F(xF) + (64 Ly BO)lIx" —xF 7112 — F(x™).

If Algorithm 3 performs a finite number of iterations within the subspace II,, then there
exists a constant gj € (0,1) such that

FFY 4 (64 Ly B X — xF|2 — F(x™)
< Gh (PO + (@ + Ly B)Ix* = xF7 ) = F(x™)),

for all x/ (j = k,k + 1) lying in the same subspace II.

Remark 6 When Algorithm A is instantiated as the accelerated projection gradient method

(APG), we define ¢(x*1) .= F(xF) + (¢ + LV¢BQ)\|XI“. Under this setting, the assump-
tions (A-i)-(A-v) in the FACI framework are automatically fulfilled as a direct consequence
of Theorem 10, inequality (29), Remark 5, Theorem 11 and Theorem 4.
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6 Conclusion

We consider the nonsmooth, nonconvex composite program (1), which frequently
arises in machine learning applications and is commonly solved using proximal-type
algorithms such as the Projection Gradient (PG), Alternating Direction Method of
Multipliers (ADMM), and Accelerated Projection Gradient (APG). These algorithms
are known to identify the active manifold after a finite number of iterations, assuming
nondegeneracy conditions. However, the quantitative characterization of the iteration
complexity required to enter the active manifold has primarily been confined to convex
instances of the composite model (1).

In this work, we develop a unified analytical framework based on five fundamental
assumptions that jointly capture both the properties of the algorithm and the charac-
teristics of the nonconvex, nonsmooth regularizer r. Within this framework, we provide
a rigorous proof of the active-set identification complexity and derive explicit bounds
on the number of iterations required to identify the active manifold. To demonstrate
the generality of our approach, we show that the PG, ADMM, and APG methods all
satisfy the assumptions in the framework of FACI imposed on the algorithm. Fur-
thermore, we prove that the Lo norm and the L, norm, when used as regularizers,
satisfy the assumptions on r outlined in FACI. As a result, we derive explicit bounds
on the number of iterations required to identify the active manifold for these algo-
rithms. Notably, our analysis extends the understanding of manifold identification and
complexity analysis beyond the convex setting.
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