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Abstract

In this paper, we focus on nonconvex composite optimization, whose objective is the sum of a smooth
but possibly nonconvex function and a composition of a weakly convex function coupled with a linear
operator. By leveraging a smoothing technique based on Moreau envelope, we propose a stochastic
proximal linearized ADMM algorithm (SPLA). To understand its convergence behavior we consider a
stochastic differential equation (SDE) that serves as a continuous-time stochastic model of the discrete
scheme SPLA. Under mild conditions, we establish the almost-sure convergence for the smoothed objec-
tive function along the SDE’s solution trajectory, and the associated in-expectation convergence rates
in the context of  Lojasiewicz inequality. We further establish the almost-sure global convergence and
the in-expectation convergence rates of the SDE’s solution. Building upon these convergence results, we
derive the in-expectation convergence rates of a trajectory derived from the SDE’s solution to some ap-
proximate critical point of the original nonsmooth problem. Finally, under certain conditions we obtain
the convergence properties of the objective function values along the discrete iterates of SPLA.

1 Introduction

In this paper we consider the following nonconvex composite optimization problem

min
x∈Rn

H(x) := f(x) + h(Ax), (1)

where f : Rn → R is a continuously differentiable and possibly nonconvex function, A : Rn → Rm

is a linear operator, and h : Rm → (−∞,+∞] is a weakly convex function that is commonly referred
to as the regularizer. The regularizer is used to guarantee certain desirable properties of the solution.
Popular regularizers in the literature include the convex ℓ1, ℓ2 and total variation, as well as weakly convex
regularizers such as the minimax concave penalty (MCP) and smoothly clipped absolute deviation (SCAD).
Problem (1) arises in various applications including signal processing, image processing, machine learning,
and statistics. In this paper, we assume that the exact gradient of f is unavailable, and only stochastic
oracles can be accessed.

Regardless of the stochastic nature of f , the problem (1) in the convex setting has been extensively
studied, and various primal-dual algorithms have been proposed, such as primal-dual hybrid gradient
method, alternating direction method of multipliers (ADMM) and their variants. Related references include
[23, 15, 48, 14, 35]. However, it is challenging to directly extend these algorithms to problem (1) in the
fully nonconvex setting, due to the nonconvexity of f and h. To address this challenge, recent study
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has focused on the Kurdyka- Lojasiewicz (KL) inequality, which provides a tool for analyzing the global
convergence of optimization algorithms in the nonconvex setting. Relevant works include but are not
limited to [1, 2, 3, 11, 51, 27, 29]. Li and Pong [31] applied ADMM to solve the nonconvex problem
(1). They showed that under the assumptions that f and h are semialgebraic, and A is surjective, the
iterates generated by ADMM converge to some critical point of the objective H. It is proved in [12]
that the bounded iteration sequence generated by some Lagrangian-based methods, including proximal
methods of multipliers and proximal ADMM, is globally convergent to a critical point in the semialgebraic
setting. Under the assumption that the associated augmented Lagrangian satisfies the KL inequality, Boţ
and Nguyen [14] proved that the iterates of proximal ADMM converge to a Karush-Kuhn-Tucker point,
and established the corresponding convergence rates using the  Lojasiewicz inequality. There has been
a growing recognition of the significance of stochastic approximation techniques in the development of
effective numerical algorithms for convex optimization problems, see, for instance, [19, 54, 5, 53]. For
solving nonconvex problem (1), Bian et al. [7] proposed a general framework of stochastic ADMM with a
class of variance-reduced gradient estimators. With the aid of the  Lojasiewicz inequality and the properties
of variance reduced gradient estimators, the global convergence and in-expectation convergence rates were
also established.

Recently, there has been a lot of attention paid to the behavior of optimization algorithms from the
viewpoint of continuous-time systems. For instance, the classic gradient descent method for minimizing a
smooth function can be regarded as the Euler discretization of a first-order ordinary differential equation
(ODE). Su et al. [50] showed that the exact limit of Nesterov’s accelerated gradient method [43] is a
second-order ODE. In [25], it was shown that the continuous limits of ADMM and its accelerated variant
for solving (1) in the convex and smooth setting are first-order and second-order ODEs, respectively, and
their convergence rates were also obtained. Reference [26] further extended the results in [25] to nonsmooth
constrained problems under convex and strongly convex assumptions. An inertial system with damping,
which can be viewed as the inertial continuous counterpart of ADMM-type methods, was studied in [4]. Li
et al. [32] proposed the weak approximations via continuous-time stochastic differential equations (SDEs)
to model the dynamics of stochastic gradient descent (SGD) algorithms. Subsequently, numerous studies
have modeled SGD-type algorithms using SDEs, focusing on convex optimization with noisy gradient
inputs [34, 20, 38, 39, 40, 41, 42]. Maulen-Soto et al. [38] established the almost-sure convergence of
both the objective function value and SDE’s solution in convex setting, as well as their corresponding in-
expectation convergence rates. Dambrine et al. [20] demonstrated that SDEs offer superior approximation
for stochastic gradient methods compared to classical ODEs. Moreover, inspired by [50], they proposed an
inertial SDE of the Nesterov’s accelerated method and derived more favorable convergence rates. Maulen-
Soto et al. [40] further investigated the convergence for an inertial SDE with viscous time-varying damping
and Hessian-driven damping. For nonsmooth and convex optimization, the stochastic differential inclusions
with convergence results were established in [39] and [41]. Orvieto and Lucchi [45] proposed continuous-time
models for stochastic optimization algorithms and derived convergence bounds for nonconvex optimization
problems. Shi et al. [49] analyzed SGD using a learning-rate-dependent SDE, showing how the convergence
rate of probability densities depends on the learning rate and explaining the effectiveness of learning rate
decay in nonconvex optimization. The continuous-time perspective offers valuable insights into the long-
term behavior of algorithms, without being tied to a specific time discretization scheme. However, despite
some recent works on nonconvex problems, the use of SDE-based approaches for analyzing nonconvex
optimization algorithms remains relatively limited.

Contributions. We introduce a stochastic proximal linearized ADMM (SPLA) for problem (1), based
on the smoothing Moreau envelope of the objective function, and study the convergence properties of SPLA
from a stochastic dynamical systems perspective by constructing a first-order SDE. We first establish the
almost-sure global convergence of the smoothed function values along the SDE’s solution trajectory. We
also prove the in-expectation convergence rates of the smoothed function values under the  Lojasiewicz
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inequality. Furthermore, by exploiting the stability and regularity properties of the Moreau envelope and
following the SDE’s solution trajectory x(t), we construct a trajectory x̄(t). For both trajectories we prove
their almost-sure convergence and in-expectation convergence rates to an approximate critical point of
the smoothed problem and the original problem, respectively. Finally, the convergence properties of the
discrete iteration sequences generated by SPLA are established.

Compared with classical discrete-time analysis, the continuous-time analysis allows us to exploit tools
from stochastic calculus, leading to deeper insights into the convergence behavior of algorithms. In partic-
ular, we establish in-expectation convergence rates for both the smoothed objective value and the SDE’s
solution, which are difficult to obtain using discrete techniques alone. This continuous-time viewpoint not
only complements the discrete theory but also reveals fundamental structures underlying the stochastic
dynamics of nonconvex optimization.

Organization. The rest of this paper is organized as follows. Section 2 introduces the necessary
notations and preliminaries. In Section 3, we present a stochastic proximal linearized ADMM (SPLA) for
problem (1), along with its associated first-order SDE. Section 4 is devoted to establishing the convergence
properties of the objective function value by analyzing the SDE. We further derive the global convergence
and convergence rates of solution trajectories in Section 5. Finally, we develop the convergence properties
of the discrete algorithm SPLA in Section 6.

2 Notations and Preliminaries

Take Rn as an n-dimensional Euclidean space equipped with the standard inner product ⟨·, ·⟩ and associated
norm ∥ · ∥ =

√
⟨·, ·⟩. Denote by R+ the set [0,+∞). Given a closed set C ⊆ Rn, the distance between a

point x ∈ Rn and C by dist(x, C) := miny{∥x − y∥ : y ∈ C}. Let Rn×m denote the space of real n × m
matrices, and let In represent the n × n identity matrix. For a matrix A ∈ Rn×m, its Frobenius norm is
defined as ∥A∥F :=

√
Tr(AAT ), where Tr(·) denotes the trace of a matrix.

Consider a function f : Rn → (−∞,+∞] and a point x with f(x) being finite. The Fréchet subdiffer-
ential of f at x, written as ∂f(x), is the set of all vectors v ∈ Rn such that

lim inf
y→x, y ̸=x

f(y) − f(x) − ⟨v, y − x⟩
∥y − x∥

≥ 0.

We denote the set of critical points of f by critf := {x ∈ Rn : dist(0, ∂f(x)) = 0}. Moreover, if f is
differentiable, critf = {x ∈ Rn : ∇f(x) = 0}. A function f : Rn → R is said to be L-smooth, if it is
continuously differentiable and its gradient is L-Lipschitz continuous, i.e., ∥∇f(x) − ∇f(y)∥ ≤ L∥x − y∥
for any x, y ∈ Rn.

2.1 Moreau Envelope and Weak Convexity

Let f : Rn → (−∞,+∞] be a proper and lower semicontinuous function. Given µ > 0, we define the
proximal mapping of f as

proxµf (x) := arg min
y∈Rn

{
f(y) +

1

2µ
∥y − x∥2

}
and the µ-Moreau envelope of f as

fµ(x) := inf
y∈Rn

{
f(y) +

1

2µ
∥y − x∥2

}
.

It is shown in [46, Theorem 1.25] that if infx∈Rn f(x) > −∞, then for any x ∈ Rn, fµ(x) increases to f(x)
as µ decreases to 0.
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With ϱ > 0, a function f : Rn → (−∞,+∞] is said to be ϱ-weakly convex, if the mapping x 7−→
f(x) + ϱ

2∥x∥
2 is convex. For a proper, lower semicontinuous and ϱ-weakly convex function f , the Moreau

envelope fµ satisfies infx∈Rn f(x) ≤ fµ(x) ≤ f(x) for any x ∈ Rn. Moreover, as shown in [52, Proposition
3.1 and Corollary 3.4], the proximal mapping proxµf is single-valued, and fµ is convex and max{ 1

µ ,
ϱ

1−ϱµ}-
smooth, provided that µ < 1/ϱ.

2.2 Stochastic Differential Equation

Let (Ω,F ,P) be a probability space, {Ft}t≥0 be a family of increasing sub-σ-fields of F .
A stochastic process is a function x : R+ × Ω → Rn, where for each ω ∈ Ω, the mapping ω 7→

x(t, ω) defines the corresponding sample path. The stochastic process x is said to be almost surely (a.s.)
continuous, if there exists an event A ∈ F with P(A) = 1 such that for every ω ∈ A, x(·, ω) is continuous.
For brevity, we often use x(t) to represent x(t, ·). We say that x is {Ft}-adapted, if x(t) is Ft-measurable
for every t ≥ 0.

Let W be a Brownian motion defined on the probability space (Ω,F ,P). Let x : R+ → R be a

measurable {Ft}-adapted stochastic process satisfying E[
∫ T
S |x(t)|2dt] < ∞ for 0 ≤ S < T < ∞. Suppose

{xn} is a sequence of simple stochastic processes ([6, Definition 3.28]) such that limn→∞ E[
∫ T
S |x(t) −

xn(t)|2dt] = 0. Following [6, Definition 3.29], the Itô’s integral of x with respect to the 1-dimensional
Brownian motion W (t) over [S, T ] is defined as∫ T

S
x(t) dW (t) = lim

n→∞

∫ T

S
xn(t) dW (t),

which owns the property E[
∫ T
S x(t) dW (t)] = 0.

A stochastic differential equation (SDE) is an equation of the form:

dx(t) = F (t,x(t)) dt + G(t,x(t)) dW (t), (2)

where W is an m-dimensional Brownian motion, F : R+ × Rn → Rn and G : R+ × Rn → Rn×m are
measurable functions. The stochastic process x : R+ → Rn is called a solution of (2) for t ∈ [0, T ], if x is

{Ft}-adapted and a.s. continuous,
∫ T
0 ∥F (s,x(s))∥ ds < ∞ a.s. and

∫ T
0 ∥G(s,x(s))∥2F ds < ∞ a.s., and for

every t ∈ [0, T ],

x(t) = x(0) +

∫ t

0
F (s,x(s)) ds +

∫ t

0
G(s,x(s)) dW (s) a.s.

Let x(t) be a stochastic process governed by the SDE (2). The Itô’s formula ([24]) states that for any
twice continuously differentiable function ϕ : Rn → R, it holds that

dϕ(x(t)) =

(
⟨∇ϕ(x(t)), F (t,x(t))⟩ +

1

2
Tr

(
G(t,x(t))G(t,x(t))T∇2ϕ(x(t))

))
dt

+ ⟨G(t,x(t))T∇ϕ(x(t)), dW (t)⟩, (3)

where ∇2ϕ(·) is the Hessian matrix of ϕ. The twice continuous differentiability of ϕ in Itô’s formula
can be weakened to L-smoothness. If ϕ is L-smooth, it follows from Rademacher’s Theorem that ∇ϕ
is differentiable almost everywhere. Then adapting the methodology from [42, Proposition C.2], we can
derive

dϕ(x(t)) ≤
(
⟨∇ϕ(x(t)), F (t,x(t))⟩ +

L

2
Tr

(
G(t,x(t))G(t,x(t))T

))
dt

+ ⟨G(t,x(t))T∇ϕ(x(t)), dW (t)⟩. (4)
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2.3 Assumption

Throughout the paper, we make some essential assumptions regarding the problem (1).

Assumption 1 For problem (1), suppose that

(i) infx∈Rn f(x) > −∞ and infy∈Rm h(y) > −∞;

(ii) f is Lf -smooth, and h is ϱ-weakly convex and Lh-Lipschitz continuous;

(iii) A is surjective.

Remark 1 Some comments on Assumption 1 are given as follows.

(i) Under Assumption 1(i), as discussed in Subsection 2.1, the µ-Moreau envelope hµ is bounded from
below. Moreover, Assumption 1(ii) ensures that hµ is convex and max{ 1

µ ,
ϱ

1−ϱµ}-smooth, provided
that the parameter µ satisfies 0 < µ < 1/ϱ. This condition is valid as long as µ is taken sufficiently
small. Hence, we will always be working under the condition 0 < µ < 1/ϱ.

(ii) Under Assumption 1(ii), it is straightforward to verify that the function Hµ(x) := f(x) + hµ(Ax) is
L-smooth, where

L := Lf + max

{
1

µ
,

ϱ

1 − ϱµ

}
· ∥A∥2F.

Thus, Hµ can be regarded as a smoothing approximation to H. Besides, Assumption 1(i) guarantees
that Hµ is bounded from below, which is significant for the subsequent convergence analysis.

(iii) It is worth noting that A is surjective if and only if AAT is positive definite. Additionally, according
to [16, Subsection 3.2], Assumption 1(ii)-(iii) is necessary to establish the relationship between critH
and critHµ, as stated in Lemma 1.

Given ϵ > 0, we call a point x ∈ Rn an ϵ-critical point of H if dist(0, ∂H(x)) ≤ ϵ. The set of all ϵ-critical
points of H is denoted by critϵH. The following lemma shows that a critical point of Hµ can be an ϵ-critical
point of H, provided that µ is sufficiently small. The proof of this lemma follows [16, Subsection 3.2].

Lemma 1 Suppose that Assumption 1(ii)-(iii) holds, and let the parameter µ satisfy 0 < µ < min

{
1
ϱ ,

ϵ
√

λmin(AAT )

LfLh

}
,

where λmin(AAT ) denotes the smallest eigenvalue of AAT . Then, for any given x ∈ critHµ, the point

x̄ := x−AT (AAT )−1(Ax− proxµh(Ax)) (5)

is an ϵ-critical point of H, i.e., x̄ ∈ critϵH.

3 SPLA and Continuous-Time System

In this section, we present the details of a stochastic proximal linearized ADMM algorithm, SPLA, for
solving problem (1), and then derive the corresponding first-order SDE of SPLA.

Consider an equivalent form of (1):

min
x∈Rn, z∈Rm

f(x) + h(z) s.t. z = Ax.
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The classical ADMM, as described in [15], runs the update:

xk+1 ∈ arg min
x∈Rn

{
f(x) + ⟨uk, Ax− zk⟩ +

ρ

2
∥Ax− zk∥2

}
, (6a)

zk+1 ∈ arg min
z∈Rm

{
h(z) + ⟨uk, Axk+1 − z⟩ +

ρ

2
∥Axk+1 − z∥2

}
, (6b)

uk+1 = uk + Axk+1 − zk+1, (6c)

where ρ > 0 refers to a penalty parameter. It is worth noting that an inherent challenge arises in updating
xk+1 due to the presence of the coupled term Ax. Meanwhile, the potential nonlinearity and nonconvexity
of f can make it challenging to compute the proximal mapping of f . To address these issues, a linearization
approach with respect to xk in (6a) is used to obtain a more tractable point by solving subproblem

min
x∈Rn

⟨∇f(xk), x− xk⟩ + ⟨uk, Ax− zk⟩ +
ρ

2
∥Ax− zk∥2 +

1

2η
∥x− xk∥2M . (7)

Here, M is a symmetric positive definite matrix and ∥x∥2M := xTMx. Then (7) admits a unique solution.
However, ρATA + 1

ηM is a dense matrix in general. To further ease the potential computational burden,

we set M = η(τI − ρATA) in (7), leading to the update of xk:

xk+1 = xk − 1

τ

(
∇f(xk) + ρAT (Axk − zk +

1

ρ
uk)

)
.

In many scenarios, it is challenging to compute the gradient ∇f at a given point. To cope with this issue,
a stochastic gradient estimator ∇̃f can be used to approximate the full gradient ∇f . Notice that h is
a weakly convex function in the setting of problem (1). Since the Moreau envelope of a weakly convex
function is smooth under certain conditions (shown in Subsection 2.1) and the critical points of H are
closely related to those of Hµ (see Lemma 1), we consider the following Algorithm 1, where ∇̃f(xk) is a

stochastic approximation to ∇f(xk) and hµ is the µ-Moreau envelope of h. Let ξk := ∇̃f(xk) − ∇f(xk)
denote the gradient noise at xk. We assume that the random vector ξk has zero mean conditioned on xk,
i.e., E[ξk|xk] = 0, and its covariance matrix is given by Σ(xk) := E[ξk(ξk)T |xk]. Clearly, there exists a
function σ : Rn → Rn×m such that Σ(xk) = σ(xk)σ(xk)T .

Algorithm 1 SPLA

Initialization: Choose initial point (x0, z0, u0) ∈ Rn×Rm×Rm, parameters η, ρ > 0 and τ > ρ∥A∥2F +
1/η.
for k = 0, 1, 2, . . . do

Update xk, zk, uk as follows:

xk+1 = xk − 1

τ

(
∇̃f(xk) + ρAT (Axk − zk +

1

ρ
uk)

)
, (8a)

zk+1 = arg min
z∈Rm

{
hµ(z) + ⟨uk, Axk+1 − z⟩ +

ρ

2
∥Axk+1 − z∥2

}
, (8b)

uk+1 = uk + Axk+1 − zk+1. (8c)

end for

Under Assumption 1, we consider the following SDE:

dx(t) = − 1

λ
∇Hµ(x(t)) dt +

1

λ
√
ρ
σ(x(t)) dW (t), with x(0) = x0, (9)
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where λ > ∥A∥2F and W (t) is an m-dimensional Brownian motion. In Appendix B, we provide a derivation
to obtain (9) with a sufficiently large ρ in an informal yet insightful way. We now state an assumption
on the diffusion term σ. This mild assumption, also adopted in [38], guarantees the well-posedness of the
SDE (9) and will be maintained throughout the remainder of the paper.

Assumption 2 The function σ : Rn → Rn×m is Lσ-Lipschitz continuous, and there exists a constant
σ̄ > 0 such that ∥σ(x)∥F ≤ σ̄ for any x ∈ Rn.

Remark 2 Assumptions 1 and 2 ensure the Lipschitz continuity of both ∇Hµ(x) and σ(x). Hence, fol-
lowing Theorem 7 in Appendix A, we can guarantee the existence and uniqueness of the solution x(t) of

(9), as well as E
[
supt∈[0,T ] ∥x(t)∥2

]
< +∞ for every T > 0.

The continuous-time SDE (9) is motivated by the structure of the proposed SPLA. Specifically, it
can be viewed as a stochastic perturbation of the continuous-time dynamical system associated with the
deterministic proximal linearized ADMM. Its drift term captures the linearized proximal structure of
SPLA, while diffusion term models the stochastic gradient noise. Under certain smoothness assumptions,
the solution of (9) provides a first-order weak approximation of the discrete iterates of SPLA. The formal
description is shown rigorously in Proposition 1.

In the sequel, we analyze the convergence behavior of SPLA through its associated SDE (9). Throughout
the remainder of the paper, we will assume that Assumptions 1 and 2 hold and let x be a solution of the
SDE (9).

4 Convergence Properties of Hµ(x(t))

In this section we will study the convergence properties of the smoothed objective function Hµ along the
solution trajectory x(t).

4.1 Almost-Sure Convergence of Hµ(x(t))

To proceed, we first define

Ut :=

∫ ∞

t
∥σ(x(s))∥2F ds, Mt :=

∫ t

0
⟨σ(x(s))T∇Hµ(x(s)), dW (s)⟩,

and introduce

L(x(t)) := Hµ(x(t)) +
L

2λ2ρ
Ut −

1

λ
√
ρ
Mt.

The following lemma characterizes the behavior of L(x(t)).

Lemma 2 For any t ≥ t0 ≥ 0, it holds that

L(x(t)) ≤ L(x(t0)) −
1

λ

∫ t

t0

∥∇Hµ(x(s))∥2 ds a.s. (10)

Proof. Proof. Note that (9) corresponds to (2) with F (t,x(t)) = − 1
λ∇Hµ(x(t)) and G(t,x(t)) = 1

λ
√
ρσ(x(t)).

Thus following (4) with ϕ = Hµ and by the L-smoothness of Hµ, we have

dHµ(x(t)) ≤ − 1

λ
∥∇Hµ(x(t))∥2 dt +

L

2λ2ρ
∥σ(x(t))∥2F dt
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+
1

λ
√
ρ
⟨σ(x(t))T∇Hµ(x(t)), dW (t)⟩. (11)

By integrating the above inequality, it follows that for any t ≥ t0 ≥ 0,

Hµ(x(t)) ≤ Hµ(x(t0)) −
1

λ

∫ t

t0

∥∇Hµ(x(s))∥2 ds

+
L

2λ2ρ

∫ t

t0

∥σ(x(s))∥2F ds +
1

λ
√
ρ

∫ t

t0

⟨σ(x(s))T∇Hµ(x(s)), dW (s)⟩ a.s. (12)

Rearranging it yields (10). □
Building on the descent property of L(x(t)), we can prove the in-expectation convergence of both

L(x(t)) and Hµ(x(t)).

Theorem 1 Suppose that E[U0] < +∞, then

(i) E[L(x(t))] converges to a finite value, denoted by L̄, as t → ∞;

(ii) E[Hµ(x(t))] converges to L̄, as t → ∞;

(iii) E[
∫∞
0 ∥∇Hµ(x(s))∥2 ds] < +∞.

Proof. Proof. By Assumption 2, it follows that for any 0 < T < ∞,

E
[∫ T

0
∥σ(x(s))T∇Hµ(x(s))∥2 ds

]
≤ σ̄2E

[∫ T

0
∥∇Hµ(x(s))∥2 ds

]
.

According to the L-Lipschitz continuity of ∇Hµ, we have ∥∇Hµ(x(t))∥2 ≤ 2L2∥x(t)−x∥2+2∥∇Hµ(x)∥2 for
any finite x ∈ Rn. It has been shown in Remark 2 that the solution x(t) satisfies E[supt∈[0,T ] ∥x(t)∥2] < +∞
for every T > 0, therefore, we derive

E
[∫ T

0
∥σ(x(s))T∇Hµ(x(s))∥2 ds

]
< +∞,

which indicates that Mt is a Itô’s integral. Then by the property of Itô’s integral presented in Subsection
2.2, it holds that E[Mt] = 0 for any t ∈ [0, T ], hence,

E[L(x(t))] = E[Hµ(x(t))] +
L

2λ2ρ
E[Ut]. (13)

Then it follows from Lemma 2 that for any t ≥ t0 ≥ 0,

E[L(x(t))] ≤ E[L(x(t0))] −
1

λ
E
[∫ t

t0

∥∇Hµ(x(s))∥2 ds
]
, (14)

which, together with Assumption 1(i) and E[U0] ≥ 0, indicates that E[L(x(t))] is nonincreasing and
bounded from below. Thus, it converges to some finite value, defined as L̄. This, together with limt→∞ E[Ut] =
0, gives limt→∞ E[Hµ(x(t))] = L̄. By letting t → ∞ in (14), we further derive

E
[∫ ∞

0
∥∇Hµ(x(s))∥2 ds

]
< +∞. (15)

The proof is completed. □
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Let Nt :=
∫ t
0 σ(x(s)) dW (s). It follows from [6, Propositions 3.19 and 3.20], together with E[U0] < +∞

and (15), that Nt and Mt are continuous martingales and satisfy

E[∥Nt∥2] = E
[∫ t

0
∥σ(x(s))∥2F ds

]
≤ E

[∫ ∞

0
∥σ(x(s))∥2F ds

]
< +∞, (16)

E[|Mt|2] = E
[∫ t

0
∥σ(x(s))T∇Hµ(x(s))∥2 ds

]
≤ σ̄2E

[∫ ∞

0
∥∇Hµ(x(s))∥2 ds

]
< +∞. (17)

Thus, supt≥0 E[∥Nt∥2] < +∞ and supt≥0 E[|Mt|2] < +∞. Then by Theorem 8 in Appendix A, there exist
random variables N∞ and M∞ satisfying E[∥N∞∥2] < +∞, E[|M∞|2] < +∞ such that Nt → N∞ a.s. and
Mt → M∞ a.s. Moreover, by the almost-sure convergence of Nt and Mt, [6, Proposition 3.20(ii)] guarantees
that

E
[
sup
t≥0

∥Nt∥2
]
< +∞ and E

[
sup
t≥0

|Mt|2
]
< +∞. (18)

Building on Theorem 1 and the aforementioned properties of Nt and Mt, we now establish the almost-
sure convergence of Hµ(x(t)), as well as the asymptotic vanishing of its gradient.

Theorem 2 Suppose that E[U0] < +∞. Then, ∥∇Hµ(x(t))∥ converges to zero almost surely, and Hµ(x(t))
converges almost surely.

Proof. Proof. From (15), we derive∫ ∞

0
∥∇Hµ(x(s))∥2 ds < +∞ a.s. (19)

This implies that there exists an event A1 ∈ F with P(A1) = 1 such that for every ω ∈ A1,
∫∞
0 ∥∇Hµ(x(s, ω))∥2 ds <

+∞. Hence, we have lim inft→∞ ∥∇Hµ(x(t, ω))∥ = 0. To complete the proof, it suffices to prove lim supt→∞ ∥∇Hµ(x(t, ω))∥ =
0. On the contrary, we assume that lim supt→∞ ∥∇Hµ(x(t, ω))∥ > 0, then there exists a constant δ > 0
such that

lim inf
t→∞

∥∇Hµ(x(t, ω))∥ < δ < lim sup
t→∞

∥∇Hµ(x(t, ω))∥.

By the definition of lim sup, there exists an increasing sequence {tk} with limk→∞ tk = ∞ such that
∥∇Hµ(x(tk, ω))∥ > δ for all k. Moreover, for any ϵ0 > 0, we can extract a subsequence {tkj} of {tk} such
that tk − tkj−1

> ϵ0 for all j ≥ 1. Without loss of generality, we fix ϵ0 = 1 and relabel this subsequence as
{tk}. Thus, there exists an increasing sequence {tk} such that ∥∇Hµ(x(tk, ω))∥ > δ and tk − tk−1 > 1 for
all k.

Since Nt → N∞ a.s., there exists an event A2 ∈ F with P(A2) = 1 such that Nt(ω) → N∞(ω) for
every ω ∈ A2, which, together with

∫∞
0 ∥∇Hµ(x(s, ω))∥2 ds < +∞ for every ω ∈ A1, implies that for every

ω ∈ A1 ∩ A2 and any ϵ1, ϵ2 > 0, there exists K > 0 such that for any k > K and t > tk,

∥Nt(ω) −Ntk(ω)∥2 < ϵ1λ
2ρ

4
and

∫ ∞

tk

∥∇Hµ(x(s, ω))∥2 ds < ϵ2λ
2

2
.

Fix ϵ2 and choose ϵ1 such that ϵ1 < min{ δ2

4L2 , ϵ2}. Note that the intervals [tk, tk + ϵ1
2ϵ2

], k ≥ 0 are disjoint.
From (9), there exists an event A3 ∈ F with P(A3) = 1 such that for every ω ∈ A3,

∥x(t, ω) − x(tk, ω)∥ ≤ 1

λ

∫ t

tk

∥∇Hµ(x(s, ω))∥ ds +
1

λ
√
ρ
∥Nt(ω) −Ntk(ω)∥.

9



Therefore, for every ω ∈ A := A1 ∩ A2 ∩ A3 with P(A) = 1, for any k > K and t ∈ [tk, tk + ϵ1
2ϵ2

], we have

∥x(t, ω) − x(tk, ω)∥2 ≤ 2

λ2
(t− tk)

∫ t

tk

∥∇Hµ(x(s, ω))∥2 ds +
2

λ2ρ
∥Nt(ω) −Ntk(ω)∥2 < ϵ1,

which, together with the L-smoothness of Hµ and ϵ1 < min{ δ2

4L2 , ϵ2}, ensures that

∥∇Hµ(x(t, ω)) −∇Hµ(x(tk, ω))∥2 ≤ L2∥x(t, ω) − x(tk, ω)∥2 < L2ϵ1 <
δ2

4
.

Combining the above inequality and ∥∇Hµ(x(tk, ω))∥ > δ follows that

∥∇Hµ(x(t, ω))∥ ≥ ∥∇Hµ(x(tk, ω))∥ − ∥∇Hµ(x(t, ω)) −∇Hµ(x(tk, ω))∥ >
δ

2
.

Then, for every ω ∈ A,∫ ∞

0
∥∇Hµ(x(s, ω))∥2 ds ≥

∑
k>K

∫ tk+
ϵ1
2ϵ2

tk

∥∇Hµ(x(s, ω))∥2 ds >
∑
k>K

δ2ϵ1
8ϵ2

= +∞,

which contradicts with (19). Hence, for every ω ∈ A,

lim sup
t→∞

∥∇Hµ(x(t, ω))∥ = lim inf
t→∞

∥∇Hµ(x(t, ω))∥ = 0,

which indicates that limt→∞ ∥∇Hµ(x(t))∥ = 0 holds almost surely.
From (10), there exists an event A4 ∈ F with P(A4) = 1 such that for every ω ∈ A4 and for any

t ≥ t0 ≥ 0,

L(x(t, ω)) ≤ L(x(t0, ω)) − 1

λ

∫ t

t0

∥∇Hµ(x(s, ω))∥2 ds. (20)

This implies that L(x(t, ω)) is nonincreasing. From (18), it holds that supt≥0 |Mt|2 < +∞ a.s. Thus, there
exists an event A5 ∈ F with P(A5) = 1 such that for every ω ∈ A5, Mt(ω) is bounded. Take Ā := A4∩A5.
Then, we derive that for every ω ∈ Ā with P(Ā) = 1, L(x(t, ω)) is nonincreasing and bounded from below.
Thus, L(x(t, ω)) converges for every ω ∈ Ā, which further indicates that L(x(t)) converges almost surely.
Since Mt → M∞ a.s. and Ut → 0 a.s., it follows that Hµ(x(t)) converges almost surely. □

Remark 3 Following the proof of Theorem 2, L(x(t)) and Hµ(x(t)) converge almost surely, i.e., there
exist random variables L∞ and Hµ,∞ such that L(x(t)) → L∞ a.s. and Hµ(x(t)) → Hµ,∞ a.s. and
L∞ = Hµ,∞ − 1

λ
√
ρM∞.

We have established the in-expectation convergence and the almost-sure convergence of Hµ(x(t)) in
Theorems 1 and 2, respectively. As a direct consequence, we conclude that

lim
t→∞

E[Hµ(x(t))] = E[ lim
t→∞

Hµ(x(t))]. (21)

This follows from the Dominated Convergence Theorem (see [18, 47]), for which we only need to verify the
integrability condition. From (12), it holds that

Hµ(x(t)) ≤ Hµ(x(0)) +
L

2λ2ρ
U0 +

1

λ
√
ρ

sup
t≥0

|Mt −M0| a.s. (22)
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Moreover, by E[U0] < +∞ and

E[sup
t≥0

|Mt −M0|] ≤
(
E[sup

t≥0
|Mt −M0|2]

)1/2

< +∞

deduced from (18), the right-hand side of (22) is integrable. Consequently, by the almost-sure convergence
of Hµ(x(t)) to Hµ,∞, the Dominated Convergence Theorem ensures that E[Hµ(x(t))] → E[Hµ,∞] = L̄, and
thus (21) follows.

4.2 Convergence Rate of Hµ(x(t)) under  Lojasiewicz Inequality

In this subsection, we assume that x is an almost surely bounded solution of (9), i.e., supt≥0 ∥x(t)∥ < +∞
a.s., which is standard in the convergence analysis of nonconvex optimization algorithms (see [7, 22, 17, 33]
for instance).

For any fixed sample ω ∈ Ω, we now define the set consisting of cluster points of the x(t, ω) as follows:

Cω := {x∞(ω) ∈ Rn : ∃ an increasing sequence {tk} such that x(tk, ω) → x∞(ω) as k → ∞} .

Lemma 3 Suppose that x is almost surely bounded and E[U0] < +∞. Then there exists an event A ∈ F
with P(A) = 1 such that for all ω ∈ A, the following statements hold:

(i) The set Cω is nonempty, compact and

lim
t→∞

dist((x(t, ω)), Cω) = 0.

(ii) Hµ is finite and constant on Cω.

(iii) Cω ⊆ critHµ.

Proof. Proof. Since x is almost surely bounded, there exists an event A ∈ F with P(A) = 1, such that
for every ω ∈ A, x(·, ω) is bounded. This implies that Cω is nonempty and bounded. Using a similar proof
as in [13, Lemma 3.3(vii)], it follows that Cω is compact. From the definition of cluster points, we obtain
dist((x(t, ω)), Cω) → 0 as t → ∞, which completes the proof of item (i).

For any x∞(ω) ∈ Cω, by the definition of cluster points, there exists an increasing sequence {tk} such
that x(tk, ω) → x∞(ω). According to the continuity of Hµ, it follows that Hµ(x(tk, ω)) → Hµ(x∞(ω)) as
tk → ∞. It has been shown in Theorem 2 that Hµ(x(t)) → Hµ,∞ a.s., then Hµ(x∞(ω)) = Hµ,∞(ω) for
every ω ∈ A. Hence Hµ is finite and constant on Cω.

We next show that for any x∞(ω) ∈ Cω, it holds that x∞(ω) ∈ critHµ, i.e., ∇Hµ(x∞(ω)) = 0. Since
∇Hµ is continuous, then ∥∇Hµ(x(tk, ω))∥ → ∇Hµ(x∞(ω)) due to x(tk, ω) → x∞(ω). Recall that in
Theorem 2 we have shown ∥∇Hµ(x(t))∥ → 0 a.s., which implies that, for all ω ∈ A, ∥∇Hµ(x(t, ω))∥ →
0. Together with ∥∇Hµ(x(tk, ω))∥ → ∇Hµ(x∞(ω)), it further yields ∇Hµ(x∞(ω)) = 0. The proof is
completed. □

To analyze the convergence rate of Hµ(x(t)), we first provide the definition of the  Lojasiewicz inequality.
The concept of  Lojasiewicz inequality was originally introduced in seminal works such as [36, 28], and has
been further developed and extended in the context of nonconvex optimization, including [10, 1, 2]. Below,
we present a slightly stronger variant of the classical  Lojasiewicz inequality, as stated in [33, Definition
2.1].
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Definition 1 A smooth function f : Rn → R is said to satisfy  Lojasiewicz inequality at a point x̄ ∈ Rn,
if there exist constants η ∈ (0,+∞], θ ∈ (0, 1), ς > 0, and a neighborhood U of x̄ such that for all
x ∈ U ∩ {x : 0 < |f(x) − f(x̄)| < η}, the following inequality holds:

ς|f(x) − f(x̄)|−θ · ∥∇f(x)∥ ≥ 1. (23)

Remark 4 The  Lojasiewicz inequality stated in Definition 1 holds for semialgebraic functions and real
subanalytic functions (see [8, 9, 10]). In the context of the problem considered in this paper, the function
Hµ satisfies the  Lojasiewicz inequality at all point x ∈ Rn provided that both f and h are semialgebraic,
see [2, Section 4].

Prior to applying the  Lojasiewicz inequality in our convergence analysis, we observe from Lemma 3
that the  Lojasiewicz inequality can be reformulated in a uniformized version as follows. This result has
been established in [33, Lemma 3.5].

Lemma 4 Let C be a compact set and let f : Rn → R be a smooth function. Assume that f is constant on
C and satisfies the  Lojasiewicz inequality at each point of C. Then, there exist ϵ, η > 0, θ ∈ (0, 1), ς > 0,
such that for all x̄ ∈ C and x ∈ {x ∈ Rn : dist(x, C) < ϵ} ∩ {x ∈ Rn : 0 < |f(x) − f(x̄)| < η}, one has
ς|f(x) − f(x̄)|−θ · ∥∇f(x)∥ ≥ 1.

Now, we prove the in-expectation convergence rates of Hµ(x(t)) to Hµ,∞ based on Lemma 4 and
Theorem 2.

Theorem 3 Suppose that x is almost surely bounded and E[U0] < +∞. Denote by Hµ,∞ the almost-sure
limit of Hµ(x(t)). If there exists an event A ∈ F with P(A) = 1 such that Hµ satisfies the  Lojasiewicz
inequality at every x ∈

⋃
ω∈A Cω, then the following statements hold true:

(i) If θ ∈ (0, 1/2], there exist constants a1, b1, c1 > 0 and a sufficiently large T > 0 such that

E[|Hµ(x(t)) −Hµ,∞|] ≤ a1 exp(−b1(t− T )) +
c1
ρ
, ∀t > T. (24)

(ii) If θ ∈ (1/2, 1), there exist constants a2, c2 > 0 and a sufficiently large T > 0 such that

E[|Hµ(x(t)) −Hµ,∞|] ≤ a2(t− T )
1

1−2θ +
c2
ρ
, ∀t > T. (25)

Proof. Proof. We have shown in Theorem 2 that Hµ(x(t)) → Hµ,∞ a.s., which implies that there exists
an event A0 ∈ F with P(A0) = 1 such that for every ω ∈ A0, Hµ(x(t, ω)) → Hµ,∞(ω). Hence, for any
η > 0, there exists a time T0 > 0 such that |Hµ(x(t, ω)) − Hµ,∞(ω)| < η for any t ≥ T0. Moreover, by
Lemma 3(i), for any ϵ > 0, there exists T1 > 0 such that dist(x(t, ω), Cω) < ϵ for any t ≥ T1 and every
ω ∈ A. By the above discussion, for every ω ∈ A0 ∩ A, we have x(t, ω) ∈ {x ∈ Rn : dist(x, Cω) < ϵ} ∩ {x :
0 < |Hµ(x)−Hµ,∞(ω)| < η} for all t ≥ T2 := max{T0, T1}. Since Hµ is constant on Cω with value Hµ,∞(ω)
and satisfies the  Lojasiewicz inequality with θ ∈ (0, 1), by Lemma 4 we obtain

∥∇Hµ(x(t, ω))∥2 ≥ 1

ς2
|Hµ(x(t, ω)) −Hµ,∞(ω)|2θ, ∀t ≥ T2, (26)

which indicates

E[∥∇Hµ(x(t))∥2] ≥ 1

ς2
E[|Hµ(x(t)) −Hµ,∞|2θ], ∀t ≥ T2. (27)
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Substituting it into (14) gives that

E[L(x(t))] ≤ E[L(x(T2))] −
1

ς2λ

∫ t

T2

E[|Hµ(x(s)) −Hµ,∞|2θ] ds. (28)

Following Theorem 1 and (21), it holds that L̄ = E[Hµ,∞], which, together with (13), yields

E[L(x(t))] − L̄ ≤ E[|Hµ(x(t)) −Hµ,∞|] +
L

2λ2ρ
E[Ut]. (29)

For any θ ∈ [1/2, 1), we have

(
E[L(x(t))] − L̄

)2θ ≤ (
E[|Hµ(x(t)) −Hµ,∞|] +

L

2λ2ρ
E[Ut]

)2θ

≤ 2E[|Hµ(x(t)) −Hµ,∞|]2θ +
2L2θ

(2λ2ρ)2θ
E[Ut]

2θ

≤ 2E[|Hµ(x(t)) −Hµ,∞|2θ] +
2L2θ

(2λ2ρ)2θ
E[Ut]

2θ, (30)

where the second inequality is obtained by the fact that |a + b|θ ≤ |a|θ + |b|θ and (a + b)2 ≤ 2a2 + 2b2,
the last inequality is deduced from Jensen’s inequality E[|ξ|] ≤ E[|ξ|p]1/p for p ≥ 1. Combining inequalities
(28) and (30), we have

E[L(x(t))] − L̄ ≤ E[L(x(T2))] − L̄ − 1

2ς2λ

∫ t

T2

(E[L(x(s))] − L̄)2θ ds

+
L2θ

22θς2λ4θ+1ρ2θ

∫ t

T2

E[Us]
2θ ds. (31)

Since the condition E[U0] < +∞ holds, there exists a sufficiently large T3 ≥ T2 such that E[Us] < 1 for any
s ≥ T3. Therefore, we obtain E[Us]

2θ ≤ E[Us] for s ≥ T3 from θ ∈ [1/2, 1), and

E[L(x(t))] − L̄ ≥ E[|Hµ(x(t)) −Hµ,∞|] − L

2λ2ρ
, ∀t ≥ T3 (32)

from (13). By letting L (t) := E[L(x(t))] − L̄, it follows from (31) that for any t ≥ T3 > 0,

L (t) ≤ L (T3) −
1

2ς2λ

∫ t

T3

L (s)2θ ds +
L2θ

22θς2λ4θ+1ρ2θ
(t− T3). (33)

Case (i): θ ∈ (0, 1/2]. In this case, the proof can be reduced to the one corresponding to θ = 1/2.
Indeed, since Hµ(x(t, ω)) → Hµ,∞(ω) as t → +∞, there exists a sufficiently large T > 0 such that
|Hµ(x(t, ω))−Hµ,∞(ω)| < 1 for all t ≥ T . Consequently, if (26) holds for θ ∈ (0, 1/2), it also remains valid
for θ = 1/2. Therefore, to prove (i) it suffices to consider the specific case with θ = 1/2. When θ = 1/2,
from (33), we take

b =
1

2ς2λ
, c =

L

2ς2λ3ρ
.

According to Lemma 5 in Appendix A with g(t) = f(t) = L (t) and t0 = T3, it holds that

L (t) ≤ L (T3) exp(−b(t− T3)) +
c

b
. (34)
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Furthermore, by (32) and the definitions of b, c, we have

E[|Hµ(x(t)) −Hµ,∞|] ≤ L (T3) exp(− 1

2ς2λ
(t− T3)) +

3L

2λ2ρ
.

Thus there exist a1, b1 and c1 such that (24) holds.
Case (ii): θ ∈ (1/2, 1). From (33), we set

b =
1

2ς2λ
, c =

L2θ

22θς2λ4θ+1ρ2θ
.

By E[L(x(t))] → L̄ (shown in Theorem 1), for sufficiently large T3, it holds that L (T3) = E[L(x(T3))]−L̄ <

( cb)
1
2θ . Then, by applying Lemma 5 in Appendix A with g(t) = f(t) = L (t) and t0 = T3, we have

L (t) ≤
[
L (T3)

1−2θ + (2θ − 1)b(t− T3)
] 1

1−2θ
+
(c
b

) 1
2θ
, (35)

which, together with (32) and the definitions of b and c, gives that

E[|Hµ(x(t)) −Hµ,∞|] ≤
[
L (T3)

1−2θ +
2θ − 1

2ς2λ
(t− T3)

] 1
1−2θ

+
3L

2λ2ρ
.

Therefore, (25) holds for sufficiently large T . □

Corollary 1 Under the conditions of Theorem 3, we have:

(i) For θ ∈ (0, 1/2], there exist constants a1, b1, c1 > 0 and a sufficiently large T > 0 such that

E[|H(x(t)) −Hµ,∞|] ≤ a1 exp(−b1(t− T )) +
c1
ρ

+
µL2

h

2(1 − ϱµ)
, ∀t > T.

(ii) For θ ∈ (1/2, 1), there exist constants a2, c2 > 0 and a sufficiently large T > 0 such that

E[|H(x(t)) −Hµ,∞|] ≤ a2(t− T )
1

1−2θ +
c2
ρ

+
µL2

h

2(1 − ϱµ)
, ∀t > T.

Proof. Proof. Applying the triangle inequality yields

E[|H(x(t)) −Hµ,∞|] ≤ E[|Hµ(x(t)) −Hµ,∞|] + E[|H(x(t)) −Hµ(x(t))|]. (36)

The first term of the right-hand side of the above inequality admits the upper bounds as in Theorem 3.
For the second term, from Lemma 6 in Appendix A, we have

0 ≤ H(x(t)) −Hµ(x(t)) = h(x(t)) − hµ(Ax(t)) ≤
µL2

h

2(1 − ϱµ)
,

which further derives

E[H(x(t)) −Hµ(x(t))] ≤
µL2

h

2(1 − ϱµ)
.

Combining the two upper bounds for the right-hand side of (36) yields the desired result. □

Note that the bias terms ci
ρ (i = 1, 2) and

µL2
h

2(1−ϱµ) can be made arbitrarily small, i.e., reduced to
any prescribed accuracy, by taking the penalty parameter ρ sufficiently large and the Moreau envelope
parameter µ (with 0 < µ < 1/ϱ) sufficiently small.
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5 Convergence Properties of x(t) and x̄(t)

In this section we will establish the convergence properties of the solution x to (9) and of x̄ as defined
below in (37), including their almost-sure global convergence as well as in-expectation convergence rates.

Motivated by Lemma 1, to approach an ϵ-critical point of H, it is sufficient to get close to a critical
point of Hµ. More specifically, if we can prove the convergence of x(t) towards a critical point of Hµ under
certain conditions, then by applying Lemma 1 we can show that x̄(t), defined by

x̄(t) := x(t) −AT (AAT )−1(Ax(t) − proxµh(Ax(t))), (37)

is convergent to an ϵ-critical point of H, when µ ≤ ϵ
√
λmin(AAT )/(LfLh).

Theorem 4 Suppose that x is almost surely bounded and there exist C > 0 and a > 1 such that

E[Ut] ≤
C

(t + 1)a
, ∀t ≥ 0.

If there exists an event A ∈ F with P(A) = 1 such that Hµ satisfies the  Lojasiewicz inequality at every
x ∈

⋃
ω∈A Cω, then x(t) converges almost surely to a critical point of Hµ, and x̄(t) converges almost surely

to an ϵ-critical point of H, provided that µ ≤ ϵ
√
λmin(AAT )/(LfLh).

Proof. Proof. Note the fact that E[Ut] ≤ C
(t+1)a implies E[U0] < +∞. Therefore, the convergence results

in Section 4 also hold true.
For θ ∈ [1/2, 1), note that E[Ut] ≤ C

(t+1)a and E[Ut]
2θ ≤ E[Ut] for any t ≥ T3, where T3 is defined in the

proof of Theorem 4. It then follows that∫ t

T3

E[Us]
2θ ds ≤

∫ t

T3

E[Us] ds ≤
∫ t

T3

C

(s + 1)a
ds ≤ C

a− 1
.

Substituting the above inequality into (31), with L (t) = E[L(x(t))] − L̄ we have

L (t) ≤ L (T3) −
1

2ς2λ

∫ t

T3

L (s)2θ ds +
CL2θ

22θς2λ4θ+1ρ2θ(a− 1)
.

By Lemma 5 in Appendix A, we derive that for all t ≥ T3 > 0,

L (t) ≤ Q(t) :=

{
a1 exp(−b1(t− T3)), if θ ∈ (0, 1/2],

a2(t− T3)
1

1−2θ , if θ ∈ (1/2, 1),
(38)

where a1, a2, b1 are positive constants.
Let

Vt :=

∫ ∞

t
E[∥∇Hµ(x(s))∥2] ds and Rt := (−Q′(t))−1/2.

It follows from (14) and (38) that

1

λ
Vt ≤ E[L(x(t))] − L̄ = L (t) ≤ Q(t), ∀t ≥ T3 > 0. (39)

Applying Cauchy-Schwarz inequality, we have∫ ∞

t
E[∥∇Hµ(x(s))∥] ds ≤

(∫ ∞

t
RsE[∥∇Hµ(x(s))∥2] ds

)1/2(∫ ∞

t
R−1

s ds

)1/2

.
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According to integration by parts, we obtain that for all t ≥ T3,∫ ∞

t
RsE[∥∇Hµ(x(s))∥2] ds = −

∫ ∞

t
Rs dVs = −(RsVs)|∞t +

∫ ∞

t
Vs dRs

≤ −(RsVs)|∞t + λ

∫ ∞

t
Q(s) dRs = −(RsVs)|∞t + λ(RsQ(s))|∞t − λ

∫ ∞

t
Rs dQ(s)

= −Rt(λQ(t) − Vt) + lim
t→∞

Rt(λQ(t) − Vt) − λ

∫ ∞

t
Rs dQ(s) ≤ −λ

∫ ∞

t
Rs dQ(s),

where the first inequality follows from Vs ≤ λQ(s) for all s ≥ t ≥ T3, the last inequality is derived using
0 ≤ Vt ≤ λQ(t) and limt→∞Q(t) = 0. Combining the above two inequalities yields that∫ ∞

t
E[∥∇Hµ(x(s))∥] ds ≤

(
−λ

∫ ∞

t
Rs dQ(s)

)1/2(∫ ∞

t
R−1

s ds

)1/2

=

(
λ

∫ ∞

t
(−Q′(s))1/2 ds

)1/2(∫ ∞

t
(−Q′(s))1/2 ds

)1/2

=
√
λ

∫ ∞

t
(−Q′(s))1/2 ds.

Hence, following (38), for θ ∈ [1/2, 1) and all t ≥ T3, it holds that∫ ∞

t
E[∥∇Hµ(x(s))∥] ds ≤

√
λ

∫ ∞

t
(−Q′(s))1/2 ds < +∞, (40)

which implies that
∫∞
0 E[∥∇Hµ(x(s))∥ ds] < +∞. Further, we have∫ ∞

0
∥∇Hµ(x(s))∥ ds < +∞ a.s. (41)

From (9), there exists an event A1 ∈ F with P(A1) = 1 such that for every ω ∈ A1 and for any
t2 ≥ t1 ≥ 0,

∥x(t2, ω) − x(t1, ω)∥ ≤ 1

λ

∫ t2

t1

∥∇Hµ(x(s, ω))∥ ds +
1

λ
√
ρ
∥Nt2(ω) −Nt1(ω)∥,

where Nt =
∫ t
0 σ(x(s)) dW (s). Since Nt converges almost surely to N∞, there exists an event A2 ∈ F with

P(A2) = 1 such that Nt(ω) → N∞(ω) for every ω ∈ A2. Thus, for any ϵ > 0, there exists T4 > 0 such that

∥Nt2(ω) − Nt1(ω)∥ <
ϵλ

√
ρ

2 for all t2 ≥ t1 ≥ T4 and ω ∈ A2. Moreover, by (41) there exists an event A3

with P(A3) = 1 such that for every ω ∈ A3,
∫∞
0 ∥∇Hµ(x(s, ω))∥ ds < +∞. Consequently, for any ϵ > 0,

there exists T5 > 0 such that
∫ t2
t1

∥∇Hµ(x(s, ω))∥ ds < ϵλ
2 holds for all t2 ≥ t1 ≥ T5 and ω ∈ A3. Take

Ā := A1∩A2∩A3∩A and T := max{T3, T4, T5}, then for every ω ∈ Ā with P(Ā) = 1, for any t2 ≥ t1 ≥ T ,
∥x(t2, ω) − x(t1, ω)∥ ≤ ϵ. Hence, by the arbitrariness of ϵ and Cauchy’s criterion for convergence, x(t, ω)
is convergent for every ω ∈ Ā. It, together with Lemma 3(iii), implies that x(t, ω) converges to a critical
point of Hµ. Thus, x(t) converges almost surely to some critical point of Hµ, named as x∞.

By the continuity of proxµh, it is clear that x̄(t) converges almost surely to

x̄∞ := x∞ −AT (AAT )−1(Ax∞ − proxµh(Ax∞)). (42)

Then it follows from Lemma 1 and µ ≤ ϵ
√

λmin(AAT )/(LfLh) that x̄∞ ∈ critϵH. □
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Remark 5 A straightforward calculation shows that the condition E[Ut] ≤ C/(t+1)a with a > 1 is satisfied
if ∥σ(x(t))∥F = o(1/(t+1)). This corresponds to the discrete-time condition ∥σ(xk)∥F = o(1/(k+1)) which
implies that the gradient noise ξk = ∇̃f(xk) − ∇f(xk) decays faster than 1/(k + 1). Such decay can be
effectively achieved by gradually increasing the mini-batch size used to estimate the stochastic gradient
∇̃f(xk) for the large-scale optimization problem minx∈Rn

1
N

∑N
i=1 fi(x) + h(Ax), where N is very large.

For example, if the mini-batch size Sk satisfies |Sk| = O((k+1)2a) for some a > 1, then the variance of the
stochastic gradient satisfies E[∥ξk∥2|xk] = O(1/(k + 1)2a) where ξk = 1

|Sk|
∑

i∈Sk
∇fi(x

k) −∇f(xk), which

in turn ensures ∥σ(xk)∥F = O(1/(k + 1)a), a > 1.

Theorem 5 Under the conditions of Theorem 4, let x∞ be the almost-sure limit of x(t), and define x̄(t)
and x̄∞ as in (37) and (42), respectively. Then, there exist v1, v2 > 0 such that:

(i) If θ ∈ (0, 1/2], there exist constants u1, u2 > 0 and T > 0 such that for all t > T ,

E[∥x(t) − x∞∥] ≤ u1 exp(−u2(t− T )) +
v2

(t + 1)a/2
,

E[∥x̄(t) − x̄∞∥] ≤ v1u1 exp(−u2(t− T )) +
v1v2

(t + 1)a/2
.

(ii) If θ ∈ (1/2, 1), there exist a constant w1 > 0 and T > 0 such that for all t > T ,

E[∥x(t) − x∞∥] ≤ w1(t− T )
1−θ
1−2θ +

v2

(t + 1)a/2
,

E[∥x̄(t) − x̄∞∥] ≤ v1w1(t− T )
1−θ
1−2θ +

v1v2

(t + 1)a/2
.

Proof. Proof. It has been shown in Theorem 4 that x(t) → x∞ a.s. and Nt → N∞ a.s. Then, from (9),
we have for any t ≥ 0,

∥x(t) − x∞∥ ≤ 1

λ

∫ ∞

t
∥∇Hµ(x(s))∥ ds +

1

λ
√
ρ
∥Nt −N∞∥ a.s.

By taking expectation on both sides of the above inequality, it holds that

E[∥x(t) − x∞∥] ≤ 1

λ

∫ ∞

t
E[∥∇Hµ(x(s))∥] ds +

1

λ
√
ρ
E[∥Nt −N∞∥]. (43)

Under the assumption that E[Ut] ≤ C
(t+1)a for t ≥ 0, we have

E[∥Nt −N∞∥] ≤ E[∥Nt −N∞∥2]1/2 = E
[∫ ∞

t
∥σ(x(s))∥2F ds

]1/2
≤

√
C

(t + 1)a/2
. (44)

Following (38) and (40), there exists a sufficiently large T > 0 such that for all t ≥ T ,

∫ ∞

t
E[∥∇Hµ(x(s))∥] ds ≤


2

√
a1λ

b1
exp(−b1

2
(t− T )), if θ ∈ (0, 1/2],√

a2λ(2θ − 1)

1 − θ
(t− T )

1−θ
1−2θ , if θ ∈ (1/2, 1),

(45)
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where a1, a2, and b1 are the same as those in (38). Substituting (44) and (45) into (43) yields that for
t ≥ T ,

E[∥x(t) − x∞∥] ≤


2

√
a1
b1λ

exp(−b1
2

(t− T )) +

√
C

λ
√
ρ(t + 1)a/2

, if θ ∈ (0, 1/2],

√
a2(2θ − 1)

(1 − θ)
√
λ

(t− T )
1−θ
1−2θ +

√
C

λ
√
ρ(t + 1)a/2

, if θ ∈ (1/2, 1).

Recall that we have proven that x̄(t) → x̄∞ in Theorem 4. Notice that AT (AAT )−1 is a Moore-Penrose pseu-
doinverse of A, then by the definition of Frobenius condition number cond(A), it follows that ∥AT (AAT )−1∥F·
∥A∥F = cond(A). Then, we derive

E[∥x̄(t) − x̄∞∥] ≤ E[∥x(t) − x∞∥] + E[∥AT (AAT )−1(Ax(t) −Ax∞)∥]

+ E[∥AT (AAT )−1(proxµh(Ax(t)) − proxµh(Ax∞))∥]

≤
(

1 +
2 − µϱ

1 − µϱ
cond(A)

)
E[∥x(t) − x∞∥],

where the last inequality is due to the 1
1−µϱ -Lipschitz continuity of proxµh (see [16, Proposition 3.3]).

Combining the above two inequalities, we derive the in-expectation convergence rates of ∥x̄(t) − x̄∞∥ as
follows:

E[∥x̄(t) − x̄∞∥] ≤


2v1

√
a1
b1λ

exp(−b1
2

(t− T )) +
v1
√
C

λ
√
ρ(t + 1)a/2

, if θ ∈ (0, 1/2],

v1
√
a2(2θ − 1)

(1 − θ)
√
λ

(t− T )
1−θ
1−2θ +

v1
√
C

λ
√
ρ(t + 1)a/2

, if θ ∈ (1/2, 1),

where v1 = 1 + 2−µϱ
1−µϱcond(A). □

Remark 6 For all θ ∈ (0, 1), the convergence of E[∥x(t) − x∞∥] and E[∥x̄(t) − x̄∞∥] is sublinear with the
rate depending on the value of θ:

(i) For θ ∈ (0, 1/2]. Both E[∥x(t) − x∞∥] and E[∥x̄(t) − x̄∞∥] converge at a sublinear rate, since the
exponential term exp(−u2(t− T )) is eventually dominated by 1

(t+1)a/2
.

(ii) For θ ∈ (1/2, 1). The convergence remains sublinear, but the leading term depends on the value of

θ. The decay is governed by 1
(t+1)a/2

if θ ∈ (12 ,
2+a
2a+2), the term (t − T )

1−θ
1−2θ becomes dominant if

θ ∈ ( 2+a
2a+2 , 1).

6 Convergence of Discrete Sequences Hµ(x
k) and H(xk)

In this section, we apply the continuous-time results to the discrete scheme and characterize the convergence
properties of Hµ(xk) and H(xk) during the iteration process of SPLA.

Denote by G the set of continuous functions with most polynomial growth, i.e., g ∈ G if there exist
integers κ1, κ2 > 0 such that

|g(x)| ≤ κ1(1 + ∥x∥2κ2) for all x ∈ Rn.

For each integer α ≥ 1, we denote by Gα the set of α-times continuously differentiable functions, which,
together with their partial derivatives up to order α, belong to G. We write Gα

w for the set of functions g
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possessing weak derivatives up to order α such that, for each multi-index β with size |β| ≤ α, there exist
positive integers κ1, κ2 > 0 satisfying

∥Dβg(x)∥ ≤ κ1(1 + ∥x∥2κ2) for almost every x ∈ Rn,

where Dβg denotes the order β weak derivative of g. Clearly, Gα ⊂ Gα
w. We now state a standard weak-

approximation result adapted from [32, Corollary 10] and [30, Theorem 3], which is a key theoretical tool
for linking the continuous-time model to its discrete counterpart.

Proposition 1 Given T > 0, let {(xk, zk, uk) : k ≥ 0} be the sequence generated by Algorithm 1 with
ρ > max{1, 1/T}, {x(t) : t ∈ [0, T ]} be a solution trajectory defined by the SDE (9). Under Assumptions 1
and 2, and further assuming f, hµ ∈ G3

w, then for every g ∈ G2, there exists a constant C > 0 (independent
of ρ) such that

max
k=0,1,··· ,⌊ρT ⌋

∣∣∣E[g(xk)] − E[g(x(k/ρ))]
∣∣∣ ≤ C

ρ
.

In order to obtain the convergence of Hµ(xk) and H(xk), we require additional smoothness assumptions
on f and hµ. These assumptions are not part of our standing conditions for the nonsmooth problem (1)
and are imposed here exclusively for this purpose.

Theorem 6 Under the conditions of Theorem 3, we further assume f, hµ ∈ G2∩G3
w. Then, for the sequence

{xk} generated by SPLA, the following statements hold for any fixed T > 0 and all k ≤ ρT :

(i) If θ ∈ (0, 1/2], there exist constants a1, b1, c1 > 0 such that

|E[Hµ(xk) −Hµ,∞]| ≤ a1 exp(−b1k) +
c1
ρ
.

(ii) If θ ∈ (1/2, 1), there exist constants a2, c2 > 0 such that

|E[Hµ(xk) −Hµ,∞]| ≤ a2k
1

1−2θ +
c2
ρ
.

Proof. Proof. Under the assumption that f, hµ ∈ G2 ∩ G3
w, the result follows directly from Theorem 3

and Proposition 1 by setting g = Hµ. □
Similar to Corollary 1, we obtain the following corollary which follows directly from Lemma 6 in

Appendix A.

Corollary 2 Under the conditions of Theorem 6, for any fixed T > 0 and all k ≤ ρT , we have:

(i) For θ ∈ (0, 1/2], there exist constants a1, b1, c1 > 0 such that

|E[H(xk) −Hµ,∞]| ≤ a1 exp(−b1k) +
c1
ρ

+
µL2

h

2(1 − ϱµ)
.

(ii) For θ ∈ (1/2, 1), there exist constants a2, c2 > 0 such that

|E[H(xk) −Hµ,∞]| ≤ a2k
1

1−2θ +
c2
ρ

+
µL2

h

2(1 − ϱµ)
.
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7 Conclusion

In this paper, we analyzed the convergence properties of a stochastic proximal linearized ADMM (SPLA)
for nonconvex optimization from a dynamic perspective. We first established a fundamental connection
between SPLA and a first-order SDE, which enabled us to investigate the algorithm from the viewpoint
of stochastic dynamical system. Under mild conditions, we proved the almost-sure convergence of the
smoothed objective, as well as in-expectation convergence rates by leveraging the  Lojasiewicz inequality.
We further showed the SDE’s solution converges almost surely to some critical point of the smoothed
problem, and derived corresponding in-expectation convergence rates. Based on the SDE’s solution, we
constructed a stochastic process that converges almost surely to an approximate critical point of the original
objective function, along with its in-expectation convergence rates. Finally, we presented convergence
properties of the discrete sequences generated by the algorithm SPLA.

A Some Technical Results

Theorem 7 (Existence and Uniqueness Theorem) [44, Theorem 5.2.1] For the SDE (2), if there
exists some constant C ≥ 0 such that for every T > 0,

∥F (t, x) − F (t, y)∥ + ∥G(t, x) −G(t, y)∥F ≤ C∥x− y∥, ∀x, y ∈ Rn, ∀t ∈ [0, T ],

then (2) has a unique solution x and E[supt∈[0,T ] ∥x(t)∥2] < +∞ for every T > 0.

Theorem 8 (Martingale Convergence Theorem) [21, Theorem 4.1] Let {Mt, t ≥ 0} : Ω → R be
a continuous martingale such that supt≥0 E[|Mt|p] < +∞ for some p > 1. Then there exists a random
variable M∞ satisfying E[|M∞|p] < +∞ such that limt→∞Mt = M∞ a.s.

Lemma 5 (Comparison Lemma with Explicit Solution) Let t0 ≥ 0 and T > t0. Given constants
a ≥ 1, b > 0 and c ≥ 0, consider the Cauchy problem

dg(t)

dt
= −bg(t)a + c for almost all t > t0,

g(t0) = g0 > 0,
(46)

which admits an absolutely continuous solution g : [t0, T ] → R+. Then the following statements hold:

(i) If g0 < ( cb)
1
a , then for all t ≥ t0, the solution g satisfies

g(t) ≤


g0 exp(−b(t− t0)) +

c

b
, if a = 1,[

g1−a
0 + (a− 1)b(t− t0)

] 1
1−a +

(c
b

) 1
a
, if a > 1.

(47)

(ii) If a bounded from below and lower semicontinuous function f : [t0, T ] → R+ satisfies

f(t) ≤ f(s) − b

∫ t

s
f(u)a du + c(t− s)

for T ≥ t > s ≥ t0 and f(t0) = g0, then f(t) ≤ g(t) holds for all t ∈ [t0, T ].
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Proof. Proof. For a = 1, the conclusion follows directly from the explicit integration of (46).

For a > 1, from (46) we observe that dg(t)
dt is 0 if g(t) = ( cb)

1
a , and negative if g(t) > ( cb)

1
a , and positive

if g(t) < ( cb)
1
a . Since g0 < ( cb)

1
a , we have maxt≥t0 g(t) = ( cb)

1
a . To determine the solution of (46), we first

solve the simplified equation: 
dh(t)

dt
= −bh(t)a for t > t0,

h(t0) = g0.
(48)

It is easy to obtain the solution of (48):

h(t) =
[
g1−a
0 + (a− 1)b(t− t0)

] 1
1−a ,

which is decreasing in t and converges to 0 as t → +∞. By g(t) ≤
(
c
b

) 1
a and h(t) ≥ 0 for t ≥ t0, it follows

that ϵ(t) := g(t) − h(t) ≤
(
c
b

) 1
a . Therefore,

g(t) = h(t) + ϵ(t) ≤
[
g1−a
0 + (a− 1)b(t− t0)

] 1
1−a +

(c
b

) 1
a
, ∀t ≥ t0,

Then, item (i) holds.
Item (ii) follows directly from [37, Proposition 2.3]. □

Lemma 6 Suppose that f : Rn → (−∞,+∞] is ϱ-weakly convex and L-Lipschitz continuous. Let fµ be
the µ-Moreau envelope of f . Then for any x ∈ Rn, it holds that

0 ≤ f(x) − fµ(x) ≤ µL2

2(1 − ϱµ)
.

Proof. Proof. Since f is ϱ-weakly convex, for any x, y ∈ Rn and any v ∈ ∂f , we have

f(y) ≥ f(x) + ⟨v, y − x⟩ − ϱ

2
∥y − x∥2.

This, together with the definition of Moreau envelope, yields that

fµ(x) = inf
y∈Rn

{
f(y) +

1

2µ
∥y − x∥2

}
≥ f(x) + min

y∈Rn

{
⟨v, y − x⟩ + (

1

2µ
− ϱ

2
)∥x− y∥2

}
,

which implies

f(x) − fµ(x) ≤ µ

2(1 − ϱµ)
∥v∥2.

The L-Lipschitz continuity of f ensures ∥v∥ ≤ L, which leads to the conclusion. □

B An Informal Derivation of (9)

Let {xk}, {zk}, {uk} be generated by Algorithm 1. Substituting ξk = ∇̃f(xk)−∇f(xk) into (8a), and using
the optimality condition of (8b)

0 = ∇hµ(zk+1) − ρ(Axk+1 − zk+1 +
1

ρ
uk),

we obtain

0 = τ(xk+1 − xk) + ∇f(xk) + AT∇hµ(zk+1) + ξk − ρATA(xk+1 − xk) + ρAT (zk+1 − zk). (49)
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Following the similar continuous-time modeling approach as in [50], we assume that the discrete sequences
{xk}, {zk}, {uk} are interpolations of smooth stochastic processes x, z and u, i.e., xk ≈ x(k/ρ), zk ≈ z(k/ρ)
and uk ≈ u(k/ρ). Put k = t/s with s = 1/ρ. Then, for sufficiently small s, we approximate x(t) ≈ xt/s =
xk,x(t + s) ≈ x(t+s)/s = xk+1, z(t) ≈ zt/s = zk, z(t + s) ≈ z(t+s)/s = zk+1,u(t) ≈ ut/s = uk,u(t + s) ≈
u(t+s)/s = uk+1. By applying Taylor expansion we derive the relations

uk+1 = u(t) + su̇(t) + O(s2), (50)

zk+1 = z(t) + sż(t) + O(s2), (51)

xk+1 = x(t) + sẋ(t) + O(s2). (52)

Then it follows from (8c) that

su̇(t) = Ax(t) − z(t) + s(Aẋ(t) − ż(t)) + O(s2).

Note that as s → 0, we have
Ax(t) = z(t) (53)

for any t ∈ R+, which further indicates from the arbitrariness of t that

Aẋ(t) = ż(t). (54)

Assume that ξk is a zero mean random vector with covariance Σ(xk). Then ξk can be approximated by
ξk ≈ −ρ1/2σ(x(t))(W (t + 1

ρ) −W (t)), where W (t) is a standard Brownian motion and Σ(x) = σ(x)σ(x)T .
Hence, (49) becomes

0 = τ(sẋ(t) + O(s2)) + ∇f(x(t)) + AT∇hµ(z(t) + O(s))

− s1/2σ(x(t))
dW (t)

dt
−ATAẋ(t) + AT ż(t) + O(s). (55)

Although dW (t)
dt is not defined in the classical sense due to the almost-sure nowhere differentiability of

Brownian motion, we use this notation formally to represent a white noise process. Since τs > ∥A∥2F +s/η,
there exists a constant λ > ∥A∥2F such that

0 = λẋ(t) + ∇f(x(t)) + AT∇hµ(z(t) + O(s)) − s1/2σ(x(t))
dW (t)

dt

−ATAẋ(t) + AT ż(t) + O(s). (56)

The continuity of ∇hµ and (53) imply ∇hµ(z(t)+O(s)) → ∇hµ(Ax(t)) as s → 0. Moreover, the stochastic

term s1/2σ(x(t))dW (t)
dt remains dominant as s → 0, since its Euler discretization is the stochastic gradient

noise ξk, therefore, it cannot be neglected as s → 0. Then, taking the limit s → 0 in (56), we finally obtain
the SDE (9).
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