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Abstract

Many mathematical models base on the coupling of two or more optimization
problems. This paper surveys possibilities to couple two optimization problems
and discusses how solutions of the different models are interrelated with each
other. The considered pairs stem from the fields of standard and generalized
Nash equilibrium problems, optimistic and pessimistic bilevel problems, saddle
problems, standard and generalized semi-infinite problems, robust optimization,
Lagrange duality, bicriteria optimization problems, minimax problems, decompo-
sition, and two-stage stochastic optimization. Connections to vector optimization
and variational inequalities are discussed as well.

1 Introduction

Mathematical models from application fields like economics, finance, engineering,
operations research, and machine learning often base on the coupling of two or more
optimization problems. This paper surveys, in a structured manner, possibilities to
couple two optimization problems and discusses how solutions of the different models
are interrelated with each other. The focus is on these structural relations, but less
on applications, optimality conditions, stability, or solution methods.

In Section [2| we propose general models for symmetrically (Section and
asymmetrically (Section coupled pairs of optimization problems, provide their
interpretations as Nash equilibrium problems and Stackelberg games, respectively,
and briefly introduce bicriteria and vector optimization problems in Section [2.3]



Section [3] discusses special symmetrically coupled pairs of optimization problems,
partly supported by the variational inequality formulation (Section . We discuss
problems with a potential function (Section , saddle problems (Section and
generalized saddle problems (Section . Motivated by the latter, also two concepts
of local saddle points are briefly compared (Section .

Special asymmetrically coupled pairs are considered in Section [4 in particular
standard and generalized semi-infinite problems with applications to robust optimiza-
tion (Section [4.1)), minimax problems (Section [4.2)), decomposition (Section [4.3), and
two-stage stochastic optimization (Section .

Interconnections between models based on symmetrically and asymmetrically cou-
pled pairs, and also some relations to vector optimization, are discussed in Section[5] A
fundamental connection between symmetrically and asymmetrically coupled pairs of
optimization problems is the characterization of saddle points by solutions of minimax
problems (Section [5.1]), which lies at the heart of Lagrange duality in nonlinear opti-
mization (Section . A connection between Nash equilibrium and bilevel problems
under far more general assumptions in discussed in Section Section [5.4] con-
siders relations between Nash equilibrium and vector optimization problems, before
Section provides results on relations between bilevel and vector optimization
problems.

Some final remarks close this survey in Section [6]

2 General models

The coupling of two optimization problem may either be symmetric (Section [2.1]) or
asymmetric (Section [2.2]). In both cases we will assume one of the two problems to be
of the form

(Q(x)) min f(x,y) st yeY(r)

with parameter vectors x from a host set X C R™ and vectors y of decision variables
from a host set ) C R™. The parameter-dependent feasible sets are defined via the
set-valued mapping

Y X2V, e—={yc)|glry) <0, hiz,y) =0}

with vector-valued constraint functions g, h defined on X x ). The objective function
f is real-valued and also defined on X x Y. The functional description of Y (z) will
play a minor role in the following. Integrality constraints on (some of) the variables
in the vector y or parameters in the vector x may be modeled by appropriate choices
of the host sets Y and X, respectively.

With the set R = R U {00} of extended real numbers, we denote the minimal

value function of by

0: X =R, o inf f(z,y), (2.1)
yeY (x)



where we adopt the usual convention p(z) = —oo if f(z,-) is not bounded from below
on Y(z), and ¢(x) = +oo for Y (z) = (). The (possibly empty) set of minimal points
of Q(z) may then be written as

S(z) = argmin f(z,y) = {y € Y(z) | f(z,y) = ¢(2)}.
yeY(x)

When required, the equality constraint in the definition of S(z) may equivalently be
replaced by f(z,y) < ¢(z).

To avoid confusion, we remark that the ‘min’ in the problem statement of
refers to the task of minimizing the objective function, but does not imply that a
minimal point of exists. Therefore the minimal value function ¢ is defined with
the ‘inf’ notation, which takes the several types of unsolvability of into account.
In the solvability case this infimum is attained as a minimum and we shall write
@(z) = mingecy(y) f(z,y). The ‘max’ and ‘sup’ notations are handled analogously.

Example 2.1. For the choices X =Y = [—4,4], f(z,y) =y and Y(z) = {y € ) |
x+y > 2} with x € X one obtains p(z) =2—x and S(z) = {2—=x} for all z € [-2,4]
as well as ¢(x) = 400 and S(z) =0 for all x € [-4,-2).

2.1 Symmetric coupling

2.1.1 Model

For symmetrically coupled optimization problems, the second problem possesses essen-
tially the same format as the problem , but now with y playing the role of a
parameter vector, while z is the vector of decision variables. The host sets X’ and ) are
identical to the ones in , but the defining functions may differ. More explicitly,
we consider the problem

(P(y)) min F(z,y) st z€X(y)

with parameter y € ). The feasible sets are defined via the set-valued mapping
X: V=X, y—={recX|Gx,y) <0, H(z,y) =0}

with vector-valued constraint functions G, H defined on X x ). The objective function
F' is real-valued on X x ). We denote the minimal value function of (P(y)|) by

®:Y =R,y inf F(x,y)
z€X(y)

and the set of minimal points by

R(y) = aregxn(ﬂ?F(m,y) ={z € X(y) | F(z,y) = (y)}.



We will refer to (P(y), Q(z)) with (z,y) € X x Y as a pair of symmetrically coupled
optimization problems.

Note that not all decision variables z1, ..., z, of P(y) need to enter Q(z) as param-
eters, and likewise not all decision variables yi,...,yn of Q(x) need to enter P(y).
The variables x; and y; which do are called linking variables. Furthermore, not all
constraints in the system G(x,y) <0, H(z,y) = 0 need to depend on the parameter
y, and not all constraints in the system g(x,y) < 0, h(x,y) = 0 need to depend on
the parameter x. The ones which do are called coupling constraints.

2.1.2 Solution concept

The basic solution concept for pairs of symmetrically coupled optimization problems
is that of an equilibrium. Indeed, a point (Z,y) € X x ) is called equilibrium of the
pair (P(y),Q(x)) if Z € R(y) and § € S(Z) hold. This notion may be restated using
the graphs

gph R = {(z,y) e X x Y|z € R(y)}
and

gph S = {(z,y) e X x Y|y € S(x)}
of the set-valued mappings R : Y = X and S : X == ), respectively. The set F of
equilibria of the pair (P(y),Q(x)) can thus be written succinctly as

E =gph RNgphS. (2.2)

The generalization of this equilibrium concept to more than two coupled optimization
problems is straightforward.

We remark that the identity relies on a slight abuse of notation with respect
to the set gph R. The standard definition of this graph is {(y,2) € Y x X |z € R(y)}
[62]. Indeed, in standard notation our set gph R is the graph of the inverse mapping of
R. However, this non-standard definition only re-orders the variable groups and does
not affect the development of the subsequent results. The same remark applies to the
graph of X, which will appear in Section [2.2.1

Example 2.2. In addition to the choices from Ezample let F(z,y) = 2% + 32,
and X(y) = X = [—4,4] for all y € Y. This yields ®(y) = 0 and R(y) = {0} for
all y € Y. Since the graphs of R and S are gph R = {(x,y) € [-4,4]? | = = 0} and
eph S = {(z,y) € [-4,4)> | x +y = 2}, the pair (P(y),Q(x)) possesses the unique
equilibrium point (Z,7) = (0, 2).

One can easily construct symmetrically coupled pairs of optimization problems
which do not possess equilibrium points, just by choosing (P(y)) and (Q(z)) with
(x,y) € X x Y such that the graphs gph R and gph S of their minimal point map-
pings do not intersect. Sufficient conditions for the existence of equilibrium points are
presented in, e.g., [25, Sec. 4.1], [26, Prop. 2.2.9], and in the references therein. Their
basic versions rely on the observation that the set F coincides with the set of fixed
points of the set-valued mapping T': X x Y = X x Y, (z,y) — R(y) x S(x). In partic-
ular; under certain compactness and convexity assumptions as well as the closedness




of the graphs gph R and gph S, Kakutani’s fixed point theorem [41] guarantees that
T possesses a fixed point on X x ). The closedness of gph S will be further discussed

in Section 2.2.21

2.1.3 Game theoretic interpretation

A main, but not exclusive (see Section , source of coupled optimization problems
are applications from non-cooperative game theory. There one interprets the problems
and as to be owned by two respective decision makers, also named
players or agents, who do not cooperate. The decision of either player enters the other
player’s problem as a parameter. Let player 1 and player 2 own the problem
and , respectively. In this context the set-valued mapping S is termed response
mapping of player 2, given the decision x of player 1, and vice versa R is the response
mapping of player 1, given the decision y of player 2. Again, the generalization of such
a two-person game to an N-person game with N > 2 is straightforward.

Equilibria (Z,7) of (P(y), Q(x)) are exactly the points in which none of the two
players possess a rational incentive to deviate from their decision, since both players
have chosen a minimal point of their respective problem, given the other player’s deci-
sion. In the game theoretic context, such points are called generalized Nash equilibria.
The task to find a point in E = gph R N gph S is called a (two-person) generalized
Nash equilibrium problem (GNEP). GNEPs go back to [Il 19]. We refer to [25] [27]
for comprehensive surveys of theory, applications, methods, and history of GNEPs.

In the game theoretic context the feasible sets X (y) and Y (z) are called strategy
sets. In the case of constant strategy sets X(y) = X C X and Y(z) =Y C ) one
speaks of a (two-person) standard Nash equilibrium problem (NEP), and the points
in E = gph RN gphS are called (standard) Nash equilibria. Standard NEPs were
introduced by Nash in [60].

In the following we will frequently return to the assumption of constant feasi-
ble sets, since it simplifies theory as well as algorithmic approaches across different
couplings of optimization problems.

2.2 Asymmetric coupling
2.2.1 Models

In pairs of asymmetrically coupled optimization problems, there exists a hierarchy in
which the problem (Q(x)) is subordinate to a higher level problem. Therefore, such
problems are also called bilevel problems. To distinguish symmetric from asymmetric
coupling the former is sometimes called horizontal, and the latter vertical coupling.

To derive the two main formats of bilevel problems, we start with the equivalent
[70] epigraph reformulation

P, i t. F < X
(Pepi(y)) L st. F(z,y) <z, v € X(y)

of P(y). Both bilevel approaches turn its parameter y into a decision variable which is
constrained to lie in the minimal point set S(z) of Q(x). To ensure that the resulting



problem is well-defined, ¥y is equipped with a quantifier. More specifically, the strong
version of a bilevel problem in epigraph formulation is

(Ps epi) (I’Zr)nei?(x]R z st. YyeS(x): Fla,y) <z, z € X(y),

whereas the weak version has the form

(Puy,epi) (I’Zr)nei?(XR z st. JyeS(x): Fla,y) <z, z € X(y).

In the well-posed case [75] when S(x) is a singleton {y(x)} for all z € X (in other
words, when @Q(x) possesses a unique minimal point for each x € X, so that the set-
valued mapping S is single-valued, like in Example , the strong and the weak
versions both reduce to the problem

- i t. <
(Pepi) ppin s t. F(z,y(r)) <z, 2 € X(y(x)),

and reversing the epigraph reformulation results in the problem

(Pyyp) ;Iél)f(l F(z,y(x)) st. ze€ X(y(x)).

Since single-valuedness of S is often not guaranteed in applications, in the following
we shall not consider the well-posed case, but rather discuss the more challenging
general setting.

We remark that the attribution of ‘strong’ and ‘weak’ to the problems and
is not consistently used in the literature. While, e.g., [49] switches the two
attributes, we adapt the seemingly more established choice from, e.g., [20].

The strong version (|Ps ¢pi) may be rewritten as

min 2z s.t. sup F(x,y) <z, z€ X (y),
(z,z)eX xR yeS(x) yGQI)

and reversing the epigraph reformulation leads to the general format

(Ps) g[élg(l sup F(z,y) st. z¢€ ﬂ X(y)
yeS(x) yeS(z)

of the strong version of a bilevel problem.
For the weak formulation one cannot argue analogously, since the problem

min z st. inf F(z,y) <z x€ X
(z,2)EXXR yeS(x) ( y) yELéJ(z) (y)

is only a possibly proper relaxation of (P, cpif) without further assumptions (see
below).



However, by a projection argument one can see that with respect to global minimal
points and the global minimal value the problem (P, epil) is equivalent to

g in g b Fly) <z e X(y), yeS) (2:3)

We emphasize that, in the terminology of [10, [55], this reformulation makes the
implicit variable y explicit. Consequently one must expect that possesses more
local minimal points than . Such spurious local minimizers may occur as the
output of methods from local nonlinear optimization, although they do not correspond
to local minimizers of the original problem. A sufficient condition for the absence of
spurious local minimizers is given in [55, Th. 4.2].

Reversing the epigraph formulation in results in the format

Py, min  F(x, s.t. € X(y), ye Sx),
(Pew) L (z,y) (), y € 5(x)

called the standard weak version of a bilevel problem. Observe that in (Ps,) F' is
minimized in the pair of variables (z,y) over the set

gph X Ngph S = {(z,y) € gph X NgphY | f(z,y) = ¢(x)}, (2.4)

which is referred to as the optimal-value-function (or briefly value-function) formula-

tion. As mentioned above, the equality constraint in (2.4]) may equivalently be replaced

by f(z,y) < ¢(x). The set gph X Ngph S is also called inducible region of (Psyl).
The set

Q=gphXNgphY (2.5)

from (2.4) is called shared constraint set (or shared feasible set) of (Psy|), and the
Pow)

minimization of F' over (2 is referred to as the high point relaxation of (| . While in
a general model the shared constraint set €2 it is derived from the set-valued mappings
X and Y by , vice versa, as a structural assumption one can also derive X and
Y from a given shared constraint set € by taking its fibers

X(y)={zeX|(x,y) €9}, ye), (2.6)
Y()={yeY|(z,y) €}, xze€ki.

This yields especially Q2 = gph X = gphY, so that is trivially satisfied. That X
and Y are derived from this set 2 is actually equivalent to the requirement that Y is
the inverse mapping of the set-valued mapping X [62, Ch. 5A].

Also GNEPs, as pairs of symmetrically coupled optimization problems, are often
studied under this assumption. If 2 is also closed and convex, and F' and f are convex
on ), then a GNEP is said to enjoy joint convexity [25]. We remark that in the
literature it is less common to call ) from the shared constraint set of a general
GNEP, but the formulation that a GNEP ‘possesses a shared (or joint) constraint set’



rather refers to the fact that X and Y are derived from a given set ) via and
. To avoid confusion, we adopt the latter terminology in this paper. Observe that
also here one may equivalently require that Y is the inverse mapping of X, but that
this view does not generalize to N-player GNEPs with N > 2.

Returning to bilevel problems, other equivalent reformulations of the problem
(Pw.epi) are possible for a y-independent function F(x) or for a y-independent feasi-
ble set X(y) = X C X. The first case will be discussed in detail in Section In the
second case ([P, epil) becomes

min _z st. JyeS(x): Fla,y) <z z€X. (2.8)
(z,z) EXXR

Under the assumption that finite infima of F(z, ) over S(z) are attained for all x € X
(e.g., for polyhedral problems), problem (2.8)) may be rewritten as

min 2z st.  inf F(z,y) <z v €X,
(z,z) EXXR y€S(x)

and reversing the epigraph reformulation yields the format

P in inf F(z, t. z€X,
(Pou) uiy ol Fle) st o

called the original weak version of a bilevel problem. Since going from the original
weak version (P,,|) to the standard weak version

min  F(z,y) st. z€ X, yeS(z 2.9
L (2,9) y € S(x) (2.9)

still makes the implicit variable y explicit, the two problems are in general only equiv-
alent with respect to global minimal points and the global minimal value, but not
with respect to the local ones. This effect is investigated in detail in [75]. Despite this
drawback of the standard weak version, it is often studied, since it indeed possesses a
two-level structure. In contrast, the original weak version exhibits a three-level struc-
ture, since it interrelates three minimization problems in a hierarchical fashion. Its
theoretical and algorithmic treatment is thus more intricate than in the standard
setting.

Analogously, one may call the original strong version of a bilevel problem
[73]. A corresponding standard strong version is introduced in [47]. It also makes the
implicit variable y explicit, and it allows a reformulation of the strong version by a
bilevel problem in standard weak version with a parametric two-player GNEP as the
lower level problem. Roughly speaking, this replaces the vertical three-level structure
of the original strong version by a vertical two-level structure with a horizontally (i.e.
symmetrically) coupled pair of optimization problems in the lower level.

Linking variables and coupling constraints in asymmetrically coupled pairs of opti-
mization problems are defined as for symmetrically coupled pairs (Section .
Comprehensive introductions to bilevel optimization are given in [5] [20] [64], and for
a bibliography with more than 1,500 entries see [21].



2.2.2 Solution concept

In contrast to symmetrically coupled problems, no special solution concept (in analogy
to equilibria) needs to be introduced for asymmetrically coupled problems. In fact,

one needs to find minimal points of , Py or .

Example 2.3. With the specifications from FExample the feasible set of (Psyl) is
gph X NgphS = {(z,y) € [-4,4]? | z +y = 2}, so that the unique minimal point
of is (z,9) = (1,1). In comparison to Ezxample this illustrates that the
symmetric and asymmetric couplings of the same problems in general possess different
solutions.

The statement of sufficient conditions for the existence of such minimal points is
an intricate issue, even under continuity and compactness assumptions on the involved
functions and sets. Indeed, semi-continuity properties of the set-valued mapping S
play a crucial role for solvability.

For example, proving the existence of a minimal point of by the Weierstrass
theorem requires, besides lower semi-continuity of F' and a non-empty and bounded
feasible set gph X N gph S, the closedness of the latter intersection. The set gph X
is easily seen to be closed for lower semi-continuous and continuous entries of the
functions G and H, respectively, but the closedness of gph S may fail even for a linear
function f and non-empty compact sets Y (z), z € X, if Y is not inner semi-continuous
[3,162] on X. The following mixed-integer example with even single-valued S illustrates
this issue.

Example 2.4 ([45, Ex. 1.1]). The choices X =R, Y =Z, F(z,y) =z —y, X(y) =
0,1], f(z,y) =y, and Y (z) ={y € Y | 2 <y < 1} lead to gph S = {(0,0)} U ((0,1] x
{1}), so that the infimum —1 of (Psw)) is not attained.

The closedness of gphS actually corresponds to a semi-continuity property of
S, namely its outer semi-continuity [3, 62]. A proof of the solvability of by
the Weierstrass theorem requires the lower semi-continuity of its objective function
SUPy e 5(x) F(z,y). However, this does not follow from continuity of F' and outer semi-
continuity of S, but under the rather strong assumption of inner semi-continuity of S
[3]. This is illustrated by the next example, inspired by [50, Ex. 4.2].

Example 2.5 ([47, Ex. 3.1]). The choices X =Y =R, F(z,y)
X(y) = Y(x) = [-1,1], result in the closed graph gph S = (]
[—1,1]) U ((0,1]) x {~1}) and

= 2*+y, f(z,y) =y,
—1,0) x {1}) U ({0} x

sup F(z,y) =

2 +1, z€[-1,0],
yeS(x)

2?2 —1, z€(0,1].

Therefore the infimum —1 of (Ps)) is not attained. Observe that S is not inner semi-
continuous at T = 0 and, indeed, the above function is not lower semi-continuous



at . On the other hand, the infimum —1 of the original weak formulation (P,,)) is
attained, since its objective function inf,cg,) F(x,y) is lower semi-continuous (but
not upper semi-continuous) at T.

More detailed discussions of solvability in bilevel optimization may be found in
[20, [44] [75] and the references therein.

2.2.3 Game theoretic interpretation

Like symmetrically coupled problems, also asymmetrically coupled problems may be
motivated from a game theoretic perspective. Again, two players are involved, namely
an upper level player and a lower level player, also called leader and follower, respec-
tively. Unlike in GNEPs, these players do not decide simultaneously, but sequentially.
Indeed, the leader passes a decision vector x to the follower, who then returns an
element y of S(z) to the leader. The leader anticipates the choice of y and thus can
solve an optimization problem in the variable x. This structure is called a Stackelberg
game [67]. The minimal point Z of the leader together with the selected minimal point
7y € S(Z) of the follower’s problem is called Stackelberg equilibrium (although ‘only’
optimization problems are solved). Under appropriate conditions, for the leader it is
advantageous to move first, which is a natural motivation to consider a Stackelberg
game rather than a Nash game (e.g., the Nash equilibrium (z,7) = (0, 2) from Exam-
ple possesses the objective value F(Z,§) = 4, whereas the Stackelberg equilibrium
(z,9) = (1,1) from Example has the lower value F(Z,y) = 2). For a succinct
discussion of the first mover advantage see [54].

Stackelberg games are considered under the assumption of a constant upper level
feasible set X (y) = X C X. Let us also assume that S(z) is non-empty and compact
for each # € X. Then the original strong version of the Stackelberg game is

SG s i F(x, .t. cX,
(5Gos) min max (z,y) st

while the original weak version (P,,|) is

SGow i i F 5 t. e X.
( ) min min (z,y) st

Hence, if the leader solves the strong version , she expects that the follower
returns a point y from S(z) with the worst possible value of her upper level objective
function F'(x,-). This makes sense if the follower is an adversary of the leader. Of
course this approach only has an effect for points x € X with a non-unique lower level
minimal point set S(x).

On the other hand, solving the weak version means that the leader expects
a cooperative follower who returns some y € S(z) with the best possible value of
F(z,-). For these reasons the strong version (SG,s)) of the Stackelberg game is also
called pessimistic, while the weak version called optimistic. More generally,
for the two versions of any bilevel optimization problem the terms pessimistic bilevel

10



problem and optimistic bilevel problem are used as synonyms for their strong and
weak versions, respectively.

In case that the follower’s problem does not depend on z (since F(z,y) and Y (x)
are constant with respect to x), also the set-valued mapping S is constant with S(z) =
S. Then the Stackelberg game is called purely hierarchical or simple. The distinction
between the pessimistic and the optimistic version then still makes sense, as long as
S is not a singleton.

We mention that the recent paper [I7] calls a point (Z,7) a lower Stackelberg
equilibrium if it satisfies (7,%) € gph S and F'(7,y) < min, 5 max,cg ) F'(z,y). Each
such point satisfies

min min F(z,y) < F(Z,y) < min max F(z,y)
zeX yeS(x) zeX yeS(z)

[I7, Rem. 3.2] and, thus, covers the notions of, both, optimistic and pessimistic
solutions. In [I7] it is shown that lower Stackelberg equilibria are stable under per-
turbations of the definition functions, as opposed to merely optimistic or pessimistic
solutions.

2.3 Bicriteria and vector optimization

This section briefly discusses optimization problems with two objective functions, also
called bicriteria problems, and their generalization to vector optimization problems.
Bicriteria problems are typically not considered as coupled pairs of optimization prob-
lems, since they are not used to model interrelated decisions of two agents, but rather
to model the decision of a single agent who is confronted with two conflicting objec-
tives. Still, in Section [5.4] we will report a connection between pairs of symmetrically
coupled optimization problems and vector optimization problems.

A general bicriteria optimization is given by a host set X C R", a feasible set
M C X and two objective functions F, f : M — R. Its statement

min (1;((;5))) st. zeM

requires an appropriate definition of minimality. Since the image space R? of the two-
dimensional objective function cannot be equipped with a total order (respecting its
vector space structure), this is not straightforward.

Appropriate generalizations from the single-objective case are based on the nega-
tive formulation of global minimality, namely the lack of feasible points with strictly
better objective values. Indeed, a point Z € M is called weakly efficient (or weakly
Pareto optimal) if no x € M satisfies (F'(z), f(z)) < (F(Z), f(Z)), where the inequality
sign is meant componentwise. This notion covers points & € M for which still x € M
with, e.g., Fi(x) = F(Z) and f(x) < f(Z) exist. Since a decision maker would prefer
any such x over Z, some weakly efficient points may not be interesting in practice.

Therefore, as a second, more appropriate generalization from the single-objective
setting, a point & € M is called efficient (or Pareto optimal) if no x € M satisfies

(F(z), f(z)) < (F(&), f(z)) and (F(a), f(x)) # (F(z), f(z)), where the inequality

11



sign is again meant componentwise. In contrast to single-objective optimization, the
set of efficient points is not even a singleton under regularity assumptions, but in
general an infinite set. From this the decision maker may choose according to her
subjective preferences (if any).

To mention a pair of optimization problems arising in bicriteria optimization, let
F and f both be bounded from below on M, let y; be the optimal value of the
minimization of F' over M, and let yo be the optimal value of the minimization of
f over M. Then the point y = (y1,y2) in the image space R? is called the ideal
point of the bicriteria problem. The ideal point may be attained as (F(z), f(z)) with
some T € M only for consenting objectives. In this case, however, T can also be
found by minimizing either one of the two objectives, that is, by solving some single-
objective problem. Such situations are not relevant for bicriteria optimization. For
conflicting objectives, on the other hand, the ideal point cannot be attained. It still
plays an important role in the formulation of some scalarization approaches for the
determination of efficient points, e.g., in the compromise approach [24] 56].

For more than two objective functions, say 61, ..., 0, (weak) efficiency of T € M
can be defined analogously. With the function vector 8 = (61,...,0;) an equivalent
formulation for efficiency of T € M requires 6(Z) < 6(z) for all x € M with §(z) <
6(z). Since both of these two conditions involve the same binary relation between
vectors in R¥, it can be generalized to other binary relations. Indeed, in Section
we will use that every cone C' C R* induces a binary relation on R* by virtue of the
definition

v <cy e P -ytel.
A partial order on R¥ is defined by a binary relation which is reflexive, transitive and
antisymmetric. The binary relation <¢ is reflexive if and only if 0 € C' holds, transitive
if and only if C is convex, and antisymmetric if and only if C' is pointed [24, Th. 1.20].
Hence, with the k-dimensional standard ordering cone RY = {y € R* | y > 0} the
binary relation <gk induces a partial order on R¥.

Efficiency can be defined with respect to any binary relation, not only ones leading
to a partial order. In fact, in Section [5.4] we will use a nonconvex ordering cone C
with 0 € C and call & € M efficient with respect to C if 8(Z) <¢ 6(x) holds for
all x € M with 6(z) <¢ 6(Z). In the case C = R one speaks of multi-objective or
multicriteria optimization, whereas optimization with respect to a general ordering
cone on a possibly infinite-dimensional host set X is referred to as vector optimization.

A generalized definition of weak efficiency requires an ordering cone C with
nonempty interior int C' and defines y' <¢ 32 by y? — y! € intC. Then z € M is
called weakly efficient if no = € M with 0(x) <¢ 0(Z) exists.

3 Special symmetric couplings

3.1 Equilibria and variational inequalities

In this section we assume that the problems P(y), y € Y, and Q(z), x € X, are
smooth and convex in the following sense.

Assumption 3.1. The following two properties hold:
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(a) For ally € Y the function F(-,y) lies in C1(X,R) and is convez, and the set X (y)
is nonempty and conver.

(b) For all x € X the function f(z,-) lies in C*(Y,R) and is convez, and the set Y (x)
is nonempty and conver.

In the game theoretic setting, the convexity requirements from Assumption [3.1
are referred to as player convexity. It follows, in particular, if the pair (P(y), Q(x))
enjoys joint convexity, that is, X and Y are derived from a closed and convex shared
constraint set 2 via and , respectively, and F' and f are convex on §2.

By the variational formulation of convex optimization problems (cf., e.g., [69, Th.
2.8.2]), also known as the minimum principle [26], Assumption [3.1| guarantees for each
parameter y € ) that the elements of the optimal point set R(y) of P(y) are exactly
the points which solve the variational inequality (VI)

find z € X(y) with (V,F(Z,y),x—Z) >0 Vae X(y) (3.1)

and, analogously, for each z € X the elements of the optimal point set S(z) of Q(z)
are characterized as the solutions of the VI

find geY(z) with (V,f(z,9),y—7) >0 VyeY(zx). (3.2)

The equilibria (Z,7) of (P(y),@Q(x)) are thus characterized as the simultaneous solu-
tions of with parameter y := gy and with parameter z := z. With the
set-valued mapping Q@ : X x Y = X x Y,z := (x,y) = X(y) X Y(z) these two VIs
may be aggregated to

find z € Q(z) with <(Vyf(z)>’z_z> >0 VzeQz). (3.3)

While, like X in and Y in , the feasible set 2 in is not constant, a crucial
difference is that it depends on the decision variable z, rather than on a parameter.
Therefore, is not a parameter-dependent standard VI, but a quasi-variational
inequality (QVI).

Conversely, the QVI can also be de-aggregated into and in the
sense that for each solution z = (z,y) of the point Z solves , and ¢ solves
(3.2)). This readily follows from the particular choices z = (z,¥) and z = (Z,y) in .

This shows the following result.

Theorem 3.2 (|26, Prop. 1.4.2]). Under Assumption the set E of equilibrium
points of the pair (P(y),Q(x)) coincides with the solutions of the QVI (3.3)).

A more general definition of equilibrium problems is studied in [28] (see also [15],
39]) by generalizing the structure of a standard VI to

(EP) find z€ Z with T(z2,2) >0 VzeZ
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for some some closed convex set Z and a function T : ZxZ — R with T'(z, z) = 0 for all
z € Z. Beyond variational inequalities, optimization problems, and Nash equilibrium
problems, also covers complementarity problems, fixed point problems, and
vector optimization problems [39]. The latter is briefly elaborated in Appendix

3.2 Symmetrically coupled pairs with a potential function

In [59] Monderer and Shapley transferred the idea of the potential of a vector field
from physics to Nash equilibrium problems. We formulate this concept for a pair
(P(z),Q(y)) of symmetrically coupled optimization problems with (z,y) € X x Y =:
Z CR™™,

Indeed, from the physics perspective a vector field G : £ — R"*™ is said to be
conservative if a function ¥ € C1(Z,R) with G = V¥ exists, and ¥ is then called
a potential function for G on Z. For a simply connected domain Z a vector field
G € CY(Z,R") is conservative if and only if the Jacobian DG is symmetric on Z [63)
Ths. 10.39,10.40], [26, Th. 1.3.1].

In application to a pair (P(z), Q(y)) of symmetrically coupled optimization prob-
lems with (z,y) € Z, let F,f € C?(Z,R), and let Z be simply connected. Then a
potential function ¥ : Z — R for the vector field

— (VaF(2)
G(z) := (Vyf(z))
on Z satisfies

V(z,y) € Z: V.F(x,y)=V.¥(x,y), (3.4)
V(m,y) € Z : Vyf(xay) = Vy\IJ(CL‘,y), (35>

and such a function exists if and only if the matrix

D2F(z) Dy,V,F(2)
DG(z) = <D$Vyf(2) Dy f(2) )

is symmetric for all z € Z. The latter is characterized by
DyV,F(z) = (D;Vyf(2))T forall z€ Z. (3.6)

By the fundamental theorem of calculus, (3.4]) and(3.5) are equivalent to

Vz,x e X,y€): F(z,9) — F(x,
VzeX,gyel: f(z,y) - f(z,

w(
(

)_ \I/(l',
)_ \Ij(ja

8l

)

Kl
<

<
S—
Il
<
S~— —r

)
) )

which is the formulation presented in [59] for a merely continuous potential function
W. Thus, in a game theoretic setting, the existence of a potential function may be
interpreted as a situation in which both players minimize the same objective function
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in their respective decision variables. Observe that a potential function, if it exists, is
uniquely determined up to an additive constant.

To render the existence of a potential function useful for the computation of equi-
libria, one may combine the first order information from and with the
convexity requirements from Assumption[3.Iland employ Theorem[3.2] It then remains
to find conditions under which becomes a standard VI which characterizes the
optimal points of some convex optimization problem.

Indeed, to obtain a standard VI we assume constant feasible sets X (y) = X C X
and Y(z) =Y C Y like in a standard NEP (as opposed to a GNEP). This yields
Q(z) = Q:= X x Y with Q being nonempty and convex, so that reduces to the
standard VI

V. F(2)

find z € Q with <(Vyf(z)

>,zz>zo Vzell (3.7)

Since X and Y are constant feasible sets, for simplicity we may put X := X and
Y =Y. The convexity of (2 then implies that Z = () is simply connected, so that a
potential function ¥ exists if and only if (3.6) is satisfied. In this case the VI (3.7)
becomes

find z€ Q with (VU¥(2),2—2)>0 Vze. (3.8)

To render (3.8)) the variational formulation of a convex optimization problem

min U(z) s.t. z € Q,

z

one additionally needs that ¥ is convex. Since with " and f also ¥ is a C?-function, it
is convex if its Hessian is positive semi-definite on 2. This shows the following result.

Theorem 3.3. For a pair (P(z),Q(y)) of symmetrically coupled optimization prob-
lems with constant feasible sets X = X, Y =Y and (z,y) € Q@ = X xY, let
Assumptz'on hold with F, f € C?*(Q,R), and let

(DiF(z) DyVmF(z)>
DNy f(z)  Dyf(z)

be symmetric and positive semi-definite on Q. Then the set E of equilibria coincides
with the minimal point set of ¥ on Q.

Theorem [3.3] justifies to call U a potential function for the symmetrically coupled
pair (P(y),Q(x)). In the game theoretic setting, one speaks of a potential game in
this case. In view of Theorem [3.3] equilibria of symmetrically coupled pairs of opti-
mization can be determined using the well-developed algorithmic tools from convex
optimization [I6], provided that ¥ can be easily computed from F and f by inte-
gration. Otherwise, one may apply solution methods for monotone VIs [26] Ch. 10|

directly to (3.8).
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3.3 Saddle problems

Saddle points are a key concept in minimax theory and for duality results. Their
itan(ijrd geﬁnition assumes constant sets Xig X and Y C Y. A point zZ = (Z,7) €
Q=X XY is called a saddle point of F on 2 if

Vee X,ycY: F(z,y) < F(z,9) < F(z,7) (3.9)

holds, and the task to find a saddle point of F on § is called a saddle problem. The
condition (3.9) is equivalent to

max F(z,y) = F(z,5) = min F(z,5). (3.10)
yey rxeX

In particular the maximal and minimal values are attained at ¢ and Z, respectively.
Thus, Zz is a saddle point of F on Q if and only if it is an equilibrium point of the pair
of symmetrically coupled optimization problems (P(y),Q(z)) with constant feasible
sets X(y) = X C X and Y(x) =Y C Y as well as the special choice f := —F. Due to
f+ F =0, in a game theoretic setting this situation is called a two-person zero sum
game.

The symmetric structure of saddle problems admits an important characterization
of their equilibrium points. The main idea is study the connection of the equilibrium
points of the underlying pair of symmetrically coupled optimization problems to the
solutions of two asymmetrically coupled pairs. We postpone the discussion of this
connection to Section (1l

3.4 Generalized saddle problems

In a generalized version, one may also consider saddle points of a function F' on a
nonempty set 2 C X x Y which does not necessarily possess the Cartesian product
structure X x Y. Note, however, that the decomposition of the variable vector z into
the variable groups = and y is prescribed in this concept. Following the definition
from, e.g., [22], (Z,7) € Q is called a saddle point of F' on € if

V(Z,y), (z,9) € Q: F(z,y) < F(z,9) < F(x,7) (3.11)

holds. With the fibers X (y) and Y (z) of  from (2.6) and (2.7, respectively, (3.11)

can be rewritten as

max F(z,y) = F(z,y) = min F(z,¥). 3.12
hax (z,y) = F(z,9) nin (=, ) (3.12)

Therefore (Z,7) € Q is a saddle point in this generalized setting if and only if it
is an equilibrium of the corresponding pair (P(y),Q(z)) of symmetrically coupled
optimization problems with (z,y) € X x ), where X and Y are derived from the
shared constraint set 2.

We remark that in the literature (cf., e.g., [74]) one also finds a different definition
of saddle points for sets 2 not possessing Cartesian product structure. There (Z,7) € Q
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is called a saddle point of F' on 2 if, rather than (3.11)),
V(z,y) € Q: F(z,y) < F(2,9) < F(z,9) (3.13)

holds. Simple examples, even with compact convex sets €2, show that the saddle point
definitions based on and are unrelated. In particular, the one using
is not consistent with the equilibrium concept for pairs of symmetrically coupled
optimization problems.

From the game theoretic perspective, the saddle problem with Q = X x Y corre-
sponds to a two-person standard NEP, whereas the generalized saddle problem with
QC X x)Yand possesses the structure of a two-person GNEP, both with the
special choice f = —F.

A straightforward characterization of generalized saddle points in analogy to the
one discussed in Section for standard saddle points is not possible, as will be
explained there.

3.5 Local saddle points

In addition to the global versions of saddle points discussed so far, there exist at least
two concepts for local versions. Firstly, in and the global minimality of =
and global maximality of § can straightforwardly be replaced by local minimality and
maximality, respectively, to define a (generalized) local saddle point. This admits, for
example, the development of a local Lagrange duality theory as in [51]. Let us call
this a local saddle point of type 1.

Secondly, by , a generalized saddle point Z = (Z,¢) of F' on  is a global
minimal point in z, a global maximal point in y, but (except for trivial cases) neither
a global minimal nor a global maximal point of F' in z. Thus, an interior point Z of
Q C RY can be called a local saddle point of a C''-function F if it satisfies VF(z) = 0,
but is neither a local minimal nor a local maximal point. For the sake of comparison,
we call this concept a local saddle point of type 2. It generalizes the notion of a saddle
point from elementary calculus, where for N = 1 and Q = R the function F(z) = 23
possesses a saddle point of type 2 at Z = 0. For N > 1 local saddle points of type 2
play a prominent role in the global structural analysis of functions [40].

As a major deviation from the concept of local saddle points of type 1, in addition
to the smoothness assumption and the employment of a first order optimality condi-
tion, for local saddle points of type 2 no variable groups are prescribed. In particular,
as opposed to local saddle points of type 1, this concept makes sense for univariate
functions F'. For a more detailed comparison of the two concepts see Appendix

4 Special asymmetric couplings

4.1 Semi-infinite and robust optimization

In this section we specialize the problem (P(y)) with parameter y € ) to a
y-independent objective function F': X — R and to the feasible set mapping

X: =X y{zreX]| f(z,y) >0},
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which employs some set X C X and the objective function f of the problem (Q(x)).
Then the strong and weak versions of the asymmetrically coupled problems from

Section [2.2.1] are

r%ifyl F(z) st. ze€ X, Vye S(x): flz,y) >0 (4.1)
and
Héi)r(l F(z) st. z€X, 3yeS(x): flx,y) >0, (4.2)

respectively. For each y € S(z) one has f(z,y) = o(x) with p(z) = inf ey ) f(2,y)
from (2.1). For simplicity let us assume X C dom S := {z € X | S(z) # (0} (the
effective domain of S), that is, Q(x) is solvable for all z € X' (e.g., under the assump-

tions of the Weierstrass theorem). Then ¢ is real-valued, and (4.1)), (4.2) are both
equivalent to

min F(z) st. x€ X, p(x)>0. (4.3)
zeX
In particular, the strong and weak versions of this bilevel problem are identical. In a
more explicit form, (4.3 can be stated as

(GSIP) Hél;l F(x) st. z€X, f(z,y) >0Vy e Y(x).

Observe that under the assumption X C dom .S the set Y (z) is nonempty for all
zeX.

The problem employs potentially infinitely many inequality constraints for
a finite-dimensional decision variable x, which explains that it is called a generalized
semi-infinite optimization problem [68]. The feasible set Y (x) of Q(x) takes the role of
the index set of the inequality constraints. In the case of a constant index set YCy
one speaks of a standard semi-infinite optimization problem (SIP) [33], [34] 36}, 48].

Since the standard weak version corresponding to is

min _ F(z) st. z€X, f(z,y) >0, ye S(x),
(z,y)€XXY

semi-infinite problems can be studied from the point of view of bilevel optimization
[68].

One application of semi-infinite optimization (among many others, [23] 68]) is the
treatment of uncertainty in an optimization problem [I4]. While (two-stage) stochastic
optimization uses information about the underlying distribution of the uncertainty
(Section , the worst-case approach is called robust optimization, and it is strongly
related to semi-infinite optimization.

Indeed, assume that a nominal parameter yy € R™ in the inequality constraint of
the optimization problem

Héiﬁﬁ F(z) st. ze€X, f(z,y0) >0 (4.4)
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is uncertain, but that at least an uncertainty set ¥ C R™ containing 1o is known.
Then the robust counterpart of (4.4) is

mi;rvl F(z) st. z€X, f(z,y) >0VyeY, (4.5)
BAS

that is, a standard SIP. As above, the infinitely many inequality constraints in
may be rewritten as the the worst-case constraint (z) = inf, 3 f(x,y) > 0. Likewise,
z-dependent uncertainty sets Y (x) give rise to a GSIP.

Hence, robust counterparts of optimization problems with uncertainties in inequal-
ity constraints coincide with semi-infinite optimization models. Nevertheless, consid-
erable attention has been paid to robust optimization in its own right [8| [13], often
with a focus on algorithmically beneficial properties of the optimal value function ¢
(e.g., for linear functions f(z,-), z € X, and an ellipsoidal set Y [7]).

4.2 Minimax problems

With a constant set X C X as well as the objective function F and the set-valued
mapping Y from Section [2| the problem

(MM) min sup F(z,y) st. z€X
=¥ yey (a)

is called a minimax problem. Observe that the inner maximization of the objective
function is performed with respect to y € Y (x), and not y € S(x) as in the original
strong version of a bilevel optimization problem. Therefore, while (Py)) possesses
a three-level structure, is a bilevel problem. Indeed, it is equivalent [70] to its
epigraph reformulation

min z st. z€X, sup F(r,y) <z
(z,2)EXXR yeY ()

which, more explicitly, turns out to be the GSIP (Section {.1J)

i t. xeX, z—F(z,y) >0Vy € Y(z).
omin eostoweX 2o Fley) 209y eY()

We emphasize that minimax problems belong to the class of asymmetrically
coupled pairs of optimization problems and must, hence, not be mistaken for saddle
problems. Nevertheless, an important connection between the two classes exists and
is discussed in Section .11

From the point of view of robust optimization, the arguments from Section [.1]
regarding an uncertain nominal parameter yo € Y (z) in an inequality constraint
readily transfer to an uncertain parameter in the objective function. Indeed, in terms

of minimization, sup,cy (,) £'(z,y) is then the worst-case objective function. Hence
(IM M) is the robust counterpart for this case.
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4.3 Decomposition

We return to the setting from Section that is, a real-valued function f on a set
Q2 C X x Y with the fibers Y(z) = {y € V| (z,y) € Q}, z € X, from (2.7). The
(effective) domain

domY ={z € X | Y(z) # 0}

of the set-valued mapping Y allows the description

0= U (e xv(),

ze€domY

which yields the decomposition of the minimal value of f on € into

inf = inf  inf .
oot f(z,y) onf b f(z,y)

This means that inf(, ,ycq F(z,y) may be determined as the minimal value of the
problem

min o(z) st. xz€domY (4.6)

with the minimal value ¢(z) = inf ey (z) f(z,y) of Q(x) from (2.1)). This can be useful
if the determination of ¢(z) for each x € domY is easier to handle algorithmically
than the direct minimization of F on €, e.g., if Q(z) is a linear or a (smooth) convex
problem for each x € dom Y. In addition, explicit descriptions or approximations of
¢ and dom Y need to be available for the solution of .

Indeed, one main idea of (generalized) Benders decomposition [, [32] is to secure
assumptions under which strong duality holds between @Q(x) and its dual problem
(Section . This reformulates into a minimax problem (Section , which
can be treated as a semi-infinite problem (Section [4.1]).

The historically first application of Benders decomposition [9] focused on linear
mixed-integer optimization problems with discrete variables x and continuous vari-
ables y. Then Q(z) is a linear optimization problem for each z € domY’, and dual
descriptions of both domY and ¢ can be derived. In the resulting semi-infinite refor-
mulation of the minimax problem the polyhedral index set can be replaced by its
vertex set, due to the vertex theorem of linear optimization. This reduces the semi-
infinite to a finite problem with, however, a possibly vast number of constraints
(corresponding to the size of the vertex set of the dual feasible set). These are handled
by considering a relaxed master problem with few constraints and, depending on its
solution, successively adding new constraints in the fashion of a cutting plane method.

It turns out that the same ideas can also be used for the solution of two-stage
stochastic optimization problems (Section , where they lead to the L-shaped
method.
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4.4 Two-stage stochastic optimization

A standard model in stochastic optimization [I4] assumes that the decision variables
can be split into a vector x which does not depend on stochastic information and
a vector y whose optimal choice can only be determined after the realization of a
random variable ¢ has been revealed. Therefore a first-stage decision about z € X
(the here-and-now decision) can be furnished independently of the outcome of &, and
a second-stage decision on y € Y¢(z) (the recourse decision) after the realization of £,
and given the first-stage decision z.

For the formulation of the second-stage problem we introduce the random variable
& into the objective function and feasible set of the problem , and thus obtain

(Qe(w)) min fe(x,y) st yeYe()

with the optimal value function y¢(x).

For the statement of a deterministic first-stage problem, the expected value of
@¢(x) is employed. To avoid integrability issues and to promote the algorithmic
tractability, one usually assumes a discrete and finite random variable with probabil-
ities ps of the scenarios &, s € [o] := {1,...,0} (or a continuous random variable
which is approximated by sampling these finitely many scenarios). This yields the
expected value function

Eepe(z) = Y pee, (x)
s€lo]

of the second-stage problem with the deterministic optimal values ¢, (x) of the
deterministic problems Q¢, (z), s € [o]. The choice z € D := [, domYe, with
domYe, = {z € X | Ye,(z) # 0}, s € [0], secures E¢pe(x) < +o0.

The resulting first-stage problem

F i t zeD
(FS) min EZ[:]ps%(x) stz €

is a bilevel problem with finitely many lower level problems, namely the scenario-
based problems Q¢ (x), s € [o]. For the algorithmic treatment of this entails
the introduction of one lower level decision variable y, for each scenario s, so that for
a large number o of scenarios the problem size may become vast.

Fortunately, under the assumption that the problems Q¢ (x), s € [o], are linear
optimization problems, the dualization and relaxation ideas of Benders decomposition
(Section allow to solve the two-stage stochastic optimization problem by a cutting
plane method (the L-shaped method), controlled by solutions of an appropriate master
problem [14].

One may wonder whether also results from decomposition (Section of
some single-level optimization problem with the large number of decision variables
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T,Y1, - -, Yo- Indeed, with the o-fold Cartesian product Y7 := Y x...x ) the problem

EF min sfe (x,ys) st. w€ X, ys € Ye (1), s€[o],
( ) (Y1, Yo )EX XD S%;]p fg""( Yy ) Y 5.( ) [ ]

is called the extensive form of the scenario-based two-stage stochastic optimization
problem. With the graphs

gphYe, = {(z,91,...,90) € X x V7 | ys € Y (x)}, s € [0],

of the scenario-wise feasible set mappings Y, : X — )7, the set © from Section
is =y, 8Ph Ye,. For z € X its fibers are

Y(x) :{(yla~-~7y0) eyo | (xayla-”ayo) GQ}
={(y1,---,90) € V7 | ys € Ye, (), s € [0]},
=Y (x) x ... x Y (2),

which yields domY” = (7, domY¢, = D. Decomposition thus allows to write the
minimal value of (F'F) as

inf inf Z psfe.(x,ys) = inf Z ps inf  fe (x,ys) (4.7)

zedomY (y1,...,y5)EY (z) el s€lo] YsE€Ye, ()

that is, as the minimal value of the first-stage problem . Hence, decomposition
of the extensive form recovers the two-stage structure of the above recourse
problem.

A crucial step in this derivation is the identity , where a rule of calculus for
optimal values of separable functions on Cartesian products (cf., e.g., [69] Ex. 1.3.2])
is applied to the inner optimal value. This is only possible after the decomposition
into the variable groups x and (y1, ...,y ), since € itself does not necessarily exhibit a
Cartesian product structure. Indeed, this construction decouples the linking variable
x from the large number of variables y;, s € [0], and the latter only appear in the
independent lower level optimization problems Q¢ (z), s € [o]. This decomposition
makes the possibly large-scale optimization problem algorithmically tractable.
As a conceptually different single-level idea for two-stage stochastic optimization we
mention the wait-and-see approach (see Appendix |C| for a brief explanation).

We emphasize that many other stochastic versions of bilevel problems exist (for
references see [2I], Sec. 20.4.1.5]). In particular, the one presented in [53] assumes that
the leader of a Stackelberg game possesses stochastic information about the follower’s
choice from her non-unique optimal point set S(z). In addition to the pessimistic
and optimistic solutions, this allows the introduction of an intermediate Stackelberg
strategy.
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5 Interconnections between models

In Sections [3] and [4] we have seen that several models involving pairs of optimization
problems may be interpreted as special cases of the general symmetrically and asym-
metrically coupled pairs, respectively. In contrast, the focus of the present section is
on connections between symmetrically and asymmetrically coupled models, and on
their relations to vector optimization.

5.1 Characterization of saddle points

A fundamental connection between symmetrically and asymmetrically coupled pairs
of optimization problems arises in a basic characterization of saddle points (Z, ) of a
function F on a set X x Y (Section . Indeed, the symmetric structure of a sad-
dle problem raises the question whether the saddle value F(z,y) may be found by
successive minimization of F' over x and maximization over y, and even regardless
of the order of these optimizations. More precisely, one asks whether the identi-
ties sup, .y inf, x F(z,y) = F(2,y) = inf, gsup v F(z,y) are true. The two
underlying asymmetrically coupled optimization problems are maximin and minimax
problems, respectively (Section .

To formulate the connection between the symmetrically coupled and the two asym-
metrically coupled pairs of optimization problems, recall that ® and ¢ denote the
minimal value functions of P(y) and Q(z), respectively. In the present case of con-
stant feasible sets it suffices to consider X and Y, respectively, as their domains, and
we obtain

®: X =R, yr— inf F(x,y),
zeX
0:Y =R, o inf (=F(z,y)) = —sup F(z,y).
yey yey
With ¢ := —¢p the main idea of said characterization is to ‘counter optimize’ ® and

1, that is, to consider

sup ®(y) = sup inf F(z,y),

yey yey z€X
inf +(z) = inf sup F(z,y),
reX z€X ycy

and to compare these (extended) real values. The following theorem formulates the
central connection between these symmetrically and asymmetrically coupled pairs of
optimization problems.

Theorem 5.1 (|26, Th. 1.4.1]). For F : X x Y — R the minimaz (or mazimin)
inequality

sup inf F(z,y) < inf sup F(z,y) (5.1)
yey 1€X z€X yey
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holds, and for (z,7) € X x Y the following statements are equivalent.

(a) (z,%) is a saddle point of F on X x Y.

(b) 7 is a global minimal point of 1 on X, i is a global mazimal point of ® on'Y, and
equality holds in .

(¢) The identities (T) = ®(y) = F(Z,y) are true.

The assumptions of the following existence result for saddle points strengthen

Assumption

Theorem 5.2 (|26, Cor. 2.2.10]). For nonempty, conver and compact sets X and Y
let F be continuously differentiable on Q = X x Y, let F(-,y) be convex on X for each
y €Y, and let F(x,-) be concave on'Y for each x € X. Then the set of saddle points
of F on Q is nonempty and compact, and the identity

min max F(z,y) = max min F(z,y) (5.2)
z€X yey yeY zeX

1S true.

One may expect that the characterization of standard saddle points from
Theorem [5.1] can be extended to the generalized case from Section [3.4] based on the
generalized minimax inequality

sup inf F(z,y)< if - osup F(z,y). 5.3
yedom X z€X(y) (@9) zedomY ey (g) (z,9) (5.3)

However, the following example shows that fails to hold in general, even for a
convex-concave function F' on a nonempty, polyhedral and compact set Q. In cases
where it does hold, the proof of Theorem can be extended verbatim to the
generalized case.

Example 5.3. For F(z,y) = 22 —y? on Q = {(x,y) € [0,1]? | z+y > 1} one obtains
dom X = [0,1], X (y) = [1—y,1] and inf e x () F(x,y) = 1-2y for ally € dom X, thus
SUPyedom x Nfzex(y) F(z,y) = 1. Analogously, domY = [0,1], Y(z) = [1 — x,1] and
SUPyey () F'(2,y) =22 —1 for all z € domY result in infredomy SUPyey (o) F'(,y) =
—1. Therefore 1s violated.

5.2 Lagrange duality

A prominent example of a saddle problem lies at the heart of Lagrange duality in
nonlinear optimization. Indeed, for the minimization of a function 6 : R™ — R over
a feasible set M = {z € X | ¢(z) < 0, ceq(x) = 0}, described by vector-valued
constraint functions ¢ : R® — RP and ¢ : R" — RY, the Lagrange function aggregates
all defining functions to

L: R"XRP xRY = R, (x,A,u) — 0(x) + (A c(x)) + (i, ceq(2)).
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With the combined multiplier vector y := (), ) and the set Y := RZ x R? one verifies
vp = inf sup, v L(x,y) for the primal optimal value vp := inf,eps 0(x). This
motivates to study saddle points of L on X x Y.

Since, in the above notation, the primal optimal value satisfies vp = inf % ()
with ¢ (x) = Sup, ¢y L(z,y), consequentially one also considers the maximization of
®(y) = inf, % L(x,y) over Y and its maximal value vp := sup, ¢y ®(y). The latter
maximization problem is called the Lagrange dual to the minimization of f over M,
and vp the dual optimal value.

The minimax inequality becomes vp < vp and is referred to as weak duality
between the primal and dual problems. The thus non-negative term vp — vp is called
duality gap. In view of Theorem (z,7) € X x Y is a saddle point of L on X x Y
if and only if T is a global minimal point of the primal problem, 7 is a global maximal
point of the dual problem, and vp = vp holds, that is, the duality gap vanishes. The
latter is referred to as strong duality. In view of the unboundedness of Y, the existence
of saddle points of L on X x Y cannot be deduced from Theorem For appropriate
existence results see, e.g., [I12 Secs. 2.6, 6.2], [61, §36], [72].

Under certain convexity assumptions one can show that (Z,7) is a saddle point
of L on X x Y if and only if z is a Karush-Kuhn-Tucker (KKT) point of the primal
optimization problem with multiplier vector g (cf., e.g., [69] for details). Hence, KKT
points can be interpreted as equilibrium points of a certain symmetrically coupled
pair of optimization problems.

5.3 Nash equilibria and bilevel optimization

The article [46] provides assumptions under which the solutions of the standard weak
(i.e., optimistic) version of a bilevel problem can be related to solutions of an
appropriately formulated Nash equilibrium problem, that is, some symmetrically cou-
pled pair of optimization problems. As in [46], for simplicity let us assume a constant
feasible set X (y) = X C X in and consider the bilevel problem

min  F(z, st. z€X, yeSx
. (z,y) y € 5(x)

from (2.9), where S(z) denotes the optimal point set of (Q(z)). The relation X C
dom S is assumed to hold.
In [46] it is suggested to construct a Nash equilibrium problem from these data by

coupling (Q(x)) symmetrically with the problem

(P'(y)) (Iynr)neigxy F(z,n) st. zeX, f(z,n) < f(z,y), n€Y(x).

Observe that (Q(x)) parametrically depends only on the x-part of the decision
variables of (P’(y)), but not on 7.

To see the main idea of this insertion of the objective function f of | into

the fea51ble set of (P’(y)), with the shared constraint set gphY = {(z, y) € Y Vi
y € Y(x)} of (2.9) we write the feasible set of (P’(y)) succinctly as X'(y) := {(z,n) €
th} | f(l” n) < f(z,y)} and the one of (2.9) as {(z,n) € gphY | f(z,n) < ¢(2)},
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where we have renamed the decision variable y of (2.9) to n. This shows that for each
minimal point § € S(z) with € X the feasible set of (P’(§)) reduces to that of (2.9).
Based on this observation, in [46] the following results are proved.

Proposition 5.4 ([46, Prop. 3.1]). Let (Z,7) be a global minimal point of which
minimizes F even over the whole set gphY (i.e., (Z,7) even solves the high point
relazation of ) Then for each § € S(Z) the triple (Z,7,7) is an equilibrium point
of the symmetrically coupled pair of optimization problems (P’'(y), Q(x)).

Theorem 5.5 ([46, Cor. 3.1]). Let (Q(z)) possess a constant feasible set mapping
Y()=Y CY on X, and let (Z,7,7) be an equilibrium point of the pair (P'(y), Q(x)).
Then (Z,7) is a global minimal point of (2.9)).

The following result covers purely hierarchical bilevel problems.

Theorem 5.6 (|46, Th. 3.2|). Let the optimal point set S(x) = S be constant on
X NdomY. Then the following assertions hold.

(a) For each equilibrium point (T,7,7) of the pair (P'(y),Q(x)), the point (Z,7) is
globally minimal for .

(b) For each global minimal point (Z,7) of and each § € S the point (z,7,7) is

an equilibrium of the pair (P'(y), Q(x)).

The relation between local minimal points of and certain equilibria of the
pair (P'(y),Q(z)) is more intricate, and elaborated in [46, Th. 3.3]. We remark that
Theorem [5.6|is crucial for the mentioned reformulation (Section of the standard
strong version of a bilevel optimization problem to a bilevel problem in standard weak
version with a parametric two-player GNEP in the lower level [47].

As another connection between Nash equilibria and bilevel optimization we men-
tion that by [I7, Th. 4.2], under weak assumptions, lower Stackelberg equilibria
coincide with the outcomes of subgame perfect Nash equilibria. However, the latter
concept interprets the two-step sequential nature of a Stackelberg game as a dynamic
Nash game, which goes beyond the scope of the present survey.

5.4 Nash equilibria and vector optimization

In this section we consider a pair of symmetrically coupled optimization problems
(P(y), Q(z)) with x and y from linear spaces X and Y, respectively, and with X and
Y being derived from a shared constraint set 2 C X x ) via and . One may
then ask whether the equilibrium points of (P(y), Q(x)) are related to the efficient
points of the bicriteria optimization problem

(z,y)€X XY

~ F(x,y)
min (f(:r,y)) s.t. (z,y) € Q (5.4)



with respect to the standard ordering cone C' = R%. The following example, inspired
by [, Ex. 1], shows that the two concepts are unrelated, even in the polyhedral case
(see also [71]).

Example 5.7. For X =Y =R let

Q={(z,y) e X xY|x+y/2>2, —z/d+y<2,
r+y/2<8, z—2y>4, y>0}

F(z,y) =z +y and f(x,y) = —5x —y. The boundary of the polytope Q1 consists of
five edges Eq, ..., E5, corresponding to the activities of the five inequality constraints,
in the order of their above listing (see [{l, Fig. 1] for a visualization). This yields
gph R = F1 U Es, gph S = Es U E3, hence the equilibrium set E = E5. On the other
hand, the set of efficient points of is E4 U E5. This shows that in general the set
E and the set of efficient points can be disjoint.

Nevertheless, a technique presented in [29] shows that the set of equilibria of
(P(y), Q(x)) may be written as the efficient set of some different vector optimization
problem, with n 4+ m + 2 objective functions and an appropriately defined ordering
cone C.

Theorem 5.8 (|29, Th. 2.6]). The equilibrium set E of (P(y),Q(z)) coincides with
the set of efficient points of the function (x,y, F(x,y), f(z,y)) on Q with respect to
the ordering cone

C= ({0} xYxRxR5)U (X x {0} x R> x R). (5.5)
Indeed, for (Z, ), (x,y) € 2 the relation

(j>g’F(i‘7g)>f('i"/g)) <c (J:,y7F(:c,y),f(cv7y))

holds if and only if £ = z, f(z,9) < f(z,y) or § =y, F(Z,y) < F(z,y) are true.
This means f(Z,y) < f(z,y) for y € Y(Z) or F(Z,y) < F(z,y) for x € X(g), which
motivates the relation to equilibrium points. The assumption of X and Y being derived
from a shared constraint set is for simplicity only and may also be dropped (see [29,
Cor. 3.2|). The following result is immediate from our considerations in Section

Corollary 5.9. For QQ C X x Y the set of saddle points of a real-valued function F
on Q) coincides with the set of efficient points of the function (z,y, F(z,y), —F(z,y))
on Q with respect to the ordering cone C from (5.5)).

In view of the results in Section Corollary also provides a relation between
Lagrange duality and vector optimization.

Observe that the cone C' from contains the origin, but is neither convex nor
pointed. Therefore the binary relation <¢ is reflexive, but neither transitive nor anti-
symmetric, which limits the algorithmic applicability of this reformulation to special
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cases. In [30] the set of all Nash equilibria of low-rank bi-matrix games is determined
using weakly efficient sets of vector linear optimization problems.

Taking a different point of view, since efficient points of (F, f) with respect to the
standard ordering cone are unrelated to equilibria (Example , one may want to
determine the efficient ones among all equilibria. In their seminal work [35] Harsanyi
and Selten introduce the notion of payoff dominance to explain how players select
some solution of a Nash equilibrium problem from a set of nonunique equilibria. In
[6] this concept is formulated for generalized Nash equilibrium problems, and payoff
dominance is relaxed to the more widely applicable requirement of payoff nondomi-
natedness. In fact, this amounts to the selection of efficient ones among all elements
of the equilibrium set. In [6] it is shown how different characterizations of generalized
Nash equilibria yield different semi-infinite optimization problems (Section for
the computation of payoff nondominated equilibria.

5.5 Bilevel and vector optimization

As discussed in Section the optimal-value-function formulation of the standard
weak version ([P,|) of a bilevel problem can be written as

(z,yr)nei.)réxy F(Jj,y) s.t. (xvy) € Q, f(x,y) = QO(JZ) (56)

with the shared constraint set = gph X Ngph Y. In analogy to Section[5.4] this raises
the question whether the minimal points of are related to the efficient points of
the bicriteria optimization problem with respect to the standard ordering cone
C = R2. Like in Section the answer is negative, and a counterexample results from
the same data as in Example H (which was, in fact, the original intention of [4 Ex.
1]). Note that in this example X and Y are derived from a given shared constraint
set Q.

Example 5.10. Consider X, Y, Q, F and f from Ezample[5.7 As seen there, with
the five edges Fn, ..., Es of the polytope Q0 one obtains gph S = E5 U E3. Hence the
unique minimal point of is (Z,9) = (8/9,20/9) € Ey N Ey. Since, on the other
hand, the set of efficient points of is E4UEs, the point (T,7) is not efficient. This
illustrates that in general the set of minimal points of and the set of efficient
points of can be disjoint.

Under rather strong assumptions the picture changes.

Theorem 5.11 ﬂ57, Ths. 3,4]). For X C X and YCYItQ=XxY, let S be
single-valued on X with S(z) = {y(z)}, z € X, and let

{(z,&y,m) e X x X xY xY | f(&,n) < f(z,y)}
C{(x,&y,m) e X x X xY xY | F(&n) < F(x,y)}

be satisfied. Then the following assertions hold.
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(a) For each minimal point T of (5.6) the pair (Z,
(b) For each efficient point (Z,5) of (b.4) with g
59).

y(Z)) is efficient for .

y(Z) the point T is minimal for

Finally we mention that the set of weakly efficient points of minimizing a vector
function § : R™ — R™ with convex entries over a convex compact set Y C R™ with
respect to the standard ordering cone RZ may be characterized as the collection of
all minimal points S(z), z € X := {z € RL | Y1, x; = 1}, of with f(z,y) =
(x,0(y)) (i.e., by the weighted sum scalarization, [24} [56]). Hence, the minimization
of some objective function F over the set of weakly efficient points may be written as

min F(y) st. 3z € X: ye S(x).
yey

By making the implicit variable x explicit, one obtains the bilevel problem

min F st. z€X, yeSx
in () y € S(x)

in a standard weak version (Ps,)). For details on this approach see [I1l, 66] and [21]
Sec. 20.4.1.2].

6 Final remarks

This paper intends to provide a high-level survey about different possibilities to couple
pairs of optimization problems. It does not cover, though, the important aspects of
optimality conditions for smooth and nonsmooth problems, stability considerations,
and algorithmic approaches.

Since pairs of symmetrically coupled optimization problems correspond to two-
player GNEPs, surveys of appropriate optimality conditions and solution methods
can be found in [25] BI]. For tractability reasons, often convexity assumptions are
imposed on the problems and , and algorithms are mostly designed to

compute or approximate a single equilibrium point. In particular, under convexity
assumptions and constraint qualifications the optimal points of and
coincide with their respective KKT points, so that the equilibria coincide with the
solutions of the corresponding joint KKT system. However, since the KKT conditions
comprise the notoriously hard to handle complementarity constraints, the latter sys-
tems require specialized solution methods [25]. A branch-and-bound approach for the
approximation of all solutions of a standard NEP without any convexity assumptions
is presented in [43].

Optimality conditions and solution methods for pairs of asymmetrically coupled
problems may be found in the vast literature on bilevel and (generalized) semi-infinite
optimization [20 2T, 36, 37, [42], 58] [65] [68], [76] and the references therein. Again, under
convexity assumptions and a lower level constraint qualification, the optimal points
of coincide with its KKT points. Thus, in a pair of asymmetrically coupled
optimization problems, the lower level may be rewritten as a KKT system, which
gives rise to an equivalent single-level optimization problem (with potentially spurious
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local minimizers). Again in view of the appearing complementarity constraints, the
algorithmic treatment of such problems is challenging, and they are referred to as
the class of mathematical programs with complementarity constraints. For specialized
solution methods see, e.g., [62].

The concept of pairs of symmetrically coupled optimization problems is easily gen-
eralized to finitely many symmetrically coupled optimization problems, corresponding
to N-person GNEPs. Also the concept of pairs of asymmetrically coupled optimization
problems can be generalized to finitely many asymmetrically coupled optimization
problems. This can be in the form of multi-level optimization problems [21, Sec.
20.3], for example the three-level structures of the original weak and strong versions
and of a bilevel optimization problem. Alternatively, in multi-follower
bilevel problems [2I] Sec. 20.7] there are only two levels, but multiple follower prob-
lems which are not coupled symmetrically among each other, but only via the upper
level. An example is the first-stage problem in two-stage stochastic optimization
(Section [4.4).

There also exist many models which mix both symmetric and asymmetric struc-
tures. For example, the standard weak reformulation of the standard strong version
of a bilevel optimization problem from [47] couples a single leader with a two-
player GNEP in the lower level. Such structures are called multi-follower games.
In multi-leader-follower games the upper as well as the lower level can be GNEPs
[2, 18], [38].
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Appendix A Vector optimization and variational
inequalities

Consider a vector optimization problem (Section with objective function 6 : M —
R* on a closed set M as well as a closed convex ordering cone C' C R* such that
both C and its polar cone C* := {¢ € R* | {y,¢) > 0Vy € C} possess a nonempty
interior. Then the weakly efficient points Z of # on M with respect to C' agree with
the solutions of the equilibrium problem with Z := M and

T(x,z) := <ecrfﬁ|}§u:1<g’9(j) = 0(z))

if M is convex and 6 is C-convex on M [39]. The latter means that 6((1 — \)a! +
Az?) <o (1 — N)0(x') + N\0(2?) holds for all x!,2? € M and X € (0,1).

Appendix B Local saddle points of type 1 and 2

This section provides a detailed comparison of local saddle points of type 1 and type 2
from Section [3.5 For brevity this comparison is confined to interior points of §2, which
locally corresponds to the unconstrained case.

Definition B.1. A point z = (Z,§) is called a local saddle point of type 1 for F :

R"™ x R™ — R if there exist neighborhoods U and V' of T and y, respectively, such that
Z is a saddle point of F on U x V, that is, (3.9)) holds with X :=U and Y :=V.
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By (3.10), (z,%) is a local saddle point of type 1 for F if and only if Z is a local
minimal point of F(-,7), and g is a local maximal point of F(Z,-).

Definition B.2. Let F' : RN — R be differentiable at z. Then % is called a local
saddle point of type 2 for F if VF(z) = 0 holds and z is neither a local minimal nor
a local mazximal point of F'.

Both Definition [B.1] and can be extended to the constrained case. While this
is straightforward for Definition in Definition [B:2] one needs a criticality concept
which covers, both, local minimal and local maximal points of constrained optimiza-
tion problems. Even if a description of 2 by smooth constraints is assumed, this is
not the case for the KKT conditions, but they need to be weakened by dropping the
sign constraints on the Lagrange multipliers corresponding to active inequality con-
straints. A feasible point satisfying this relaxed concept of a KKT point is called a
critical point of F' on € [40]. The subsequent discussion can be extended to this case,
but we omit it for the ease of presentation.

Since no variable groups are prescribed in Definition [B:2} local saddle points of
type 2 cover situations like at the critical point zZ = 0 of the function F(z) = 2z125. The
Hessian D2F(0) is indefinite, but not a diagonal matrix. Indeed, F' possesses a local
minimizer at Z = 0 along range((1,1) ") and a local maximizer along range((1,—1)").
Also observe that D?F(0) is non-singular, while for N = 1 each type 2 local saddle
point z of a C%-function F must possess the singular Hessian F”(Z) = 0 (making it an
inflection point), since otherwise, by the standard second-order sufficient optimality
conditions, it would be a local minimal or local maximal point. As a consequence,
type 2 local saddle points for N = 1 exist, but vanish under small perturbations of
F', while type 2 local saddle points for N > 1 with non-singular Hessian are stable
and, therefore, must e.g. be considered when studying the convergence behavior of
optimization algorithms (see [40] for detailed stability considerations). This motivates
the following definition.

Definition B.3. Let F' be twice continuously differentiable at Z. Then a type 2 local
saddle point z of F is called non-degenerate if the Hessian D*F(Z) is non-singular.

In this terminology, all type 2 local saddle points of univariate C?-functions are
degenerate, and F'(z) = 2129 possesses a non-degenerate type 2 local saddle point at
z=0.

Even if local saddle points of type 1 are considered under smoothness assumptions,
and variable groups are prescribed for local saddle points of type 2, without additional
assumptions the two concepts are unrelated. Indeed, for the function F(z,y) = 22 the
point Z = (&, y) = (0,0) is a local saddle point of type 1, but not of type 2 since, while
it is a critical point of F', it is also a local minimizer of F' in both variables (z,y).
Furthermore, the function F(z,y) = 22 +y?sin(1/y) is differentiable at z = (0, 0) and
possesses Z as a critical point which is neither a local minimizer nor a local maximizer
of F', hence a local saddle point of type 2. However, while Z is a local minimizer of
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F(-,9), ¥ is not a local maximizer of F(z,-), so that z is not a local saddle point of
type 1.

Additional non-degeneracy assumptions rule out such examples. Indeed, in the
following result we let F' be twice continuously differentiable at zZ. Then any local
maximizer j of F'(z,-) satisfies V,, F'(z) = 0, and the Hessian D2 F(Z) is negative semi-
definite. We shall use that such a matrix is not the zero matrix iff it possesses at least
one negative eigenvalue.

Proposition B.4. Let F be twice continuously differentiable at Z = (Z,y). Then the
following assertions hold.

(a) Let (Z,9) be a local saddle point of type 1 for F, and let none of the matrices D2F (%)
and D;F(Z) be a zero matrix. Then Z is a local saddle point of type 2 for F.

(b) Let Z be a non-degenerate local saddle point of type 2 for F, let D*F (%) possess n
positive and m negative eigenvalues, collect pairwise orthogonal eigenvectors cor-
responding to the positive eigenvalues of D*F(Z) as columns of the matriz V7T,
and collect pairwise orthogonal eigemvectors corresponding to the negative eigen-
values of D*F(Z) as columns of the matriz V~. If range V' = R" x {0,,} and
range V'~ = {0,} x R™ hold (where actually each one of the two conditions implies
the other one), then T is a local saddle point of type 1 for F.

Proof Part (a): Fermat’s rule yields V4 F(Z,y) = 0 for the local minimal point & of F(-,7)
and V4 F(Z,y) = 0 for the local maximal point § of F(Z,-), so that altogether Z is a critical
point of F. Assume that z is even a local minimal point of F. Then the Hessian D?F(z) is
positive semi-definite, which contradicts the fact that its lower right block DZQIF(Z) possesses
at least one negative eigenvalue. Likewise, Z cannot be a local maximal point of F'. Hence, 2z
is a local saddle point of type 2 for F'.

Part (b): Since Z is a local saddle point of type 2 of F, T is a critical point of F(-, 7).
Moreover the Hessian D2 F(z, ) satisfies for all d € R™ \ {0}

.

d"D2F(2)d = (g) D*F(z) (g) = (V) D*F(z)(VTy)
=0 (V) D*F(H)VFn>0

with some 7 € R™ \ {0}. Hence D2F(%) is positive definite, which shows that Z is a local

minimal point of F(-,%). Analogously one demonstrates that § is a local maximal point of
F(z,-). This shows the assertion. O

Appendix C The wait-and-see approach in
stochastic optimization

Based on the notation from Section [1.4] the wait-and-see approach assumes that for
every scenario £, one can decide simultaneously over x and y. One then determines
the expected value ZSG[U] pss of the optimal values ¢ of the problems

i 3 .t P S hY;
(m57yglen2(xy fe(ws,ys) st (z5,ys) € gph Ve,
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with s € [o]. In contrast to the here-and-now solution of the two-stage problem with
recourse from Section [£.4] not a single decision z is determined as an optimal point
of the second-stage expected value function, but for each scenario a different x4 is
computed, before the expected value is taken. This amounts to the assumption of
complete information about the scenarios already in the first-stage. Therefore the
resulting value typically turns out to be an unrealistic underestimate of the expected
minimal value, but it serves as a benchmark for the more realistic result from the
two-stage approach [14].
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