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ABsTrACT. This paper investigates the a-posteriori analysis of Branch-and-
Bound (BB) trees to extract structural information about the feasible region of
mixed-binary linear programs. We introduce three novel outer approximations
of the feasible region, systematically constructed from a BB tree. These
are: a tight formulation based on disjunctive programming, a branching-based
formulation derived from the tree’s branching logic, and a mixing-set formulation
derived from the on-off properties inside the tree. We establish an inclusion
hierarchy, which ranks the approximations by their theoretical strength w.r.t. to
the original feasible region. The analysis is extended to the generation of valid
inequalities, revealing a separation-time hierarchy that mirrors the inclusion
hierarchy in reverse. This highlights a trade-off between the tightness of an
approximation and the computational cost of generating cuts from it. Motivated
by the computational expense of the stronger approximations, we introduce
a new family of valid inequalities called star tree inequalities. Although their
closure forms the weakest of the proposed approximations, their practical appeal
lies in an efficient, polynomial-time combinatorial separation algorithm. A
computational study on multi-dimensional knapsack and set-covering problems
empirically validates the theoretical findings. Moreover, these experiments
confirm that computationally useful valid inequalities can be generated from
BB trees obtained by solving optimization problems considered in practice.

1. INTRODUCTION

The Branch-and-Bound (BB) method proposed by Land and Doig [39], has
transformed mixed-integer linear optimization. This central role has motivated
extensive research on the design and analysis of branch-and-bound and its many
components, notably branching rules, valid inequalities, and primal heuristics. Over
time, additional features such as presolve, symmetry handling, parallelization, and
restarts have become standard. Each of these elements continues to be the focus of
significant attention [19].

Despite their practical effectiveness, BB algorithms are difficult to parameter-
ize. The design space is vast: each component admits many alternatives, and
their interactions are subtle. As a result, the parameter choices implemented in
state-of-the-art solvers rely heavily on expert judgment and extensive empirical
tuning [12]. This reliance on heuristic selection sits uneasily with the prescriptive
spirit of optimization and has motivated a recent body of work that seeks a rigorous,
mathematical understanding of branch-and-bound. Recent research seeks to address
fundamental questions, such as identifying classes of instances that are solvable
efficiently using BB [26], and analyzing the circumstances under which specific
algorithmic components are most or least effective [27].

The present work contributes to this new perspective but approaches it from an
“a-posteriori” angle. We study the following question: given a mixed-binary linear
program, what information about its feasible region can be recovered from a branch-
and-bound tree (that may or may not certify optimality)? To address this question,
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we study how to derive valid inequalities and construct outer approximations of the
feasible region using only the information contained in a BB tree.

Beyond its theoretical contributions, this work is motivated by a recurring
computational pattern in mathematical optimization: the need to solve sequences
of closely related mixed-binary programs. For instance, decomposition methods,
such as column generation [33, 46] and Lagrangian decomposition, repeatedly
solve subproblems that differ only in their objective coefficients. Similarly, restart
strategies within MIP solvers [21] halt and restart the search, creating an opportunity
to carry over knowledge from one BB tree to the next. Bilevel optimization algorithms
often involve an outer loop that repeatedly queries an optimal solution to a follower’s
MIP under varying parameters. The pattern also appears in application-specific
contexts, where models for energy systems [45], scheduling [2], or vehicle routing [1]
are re-solved with updated data, and in modern machine learning pipelines, where
differentiating through an optimization model requires solving many perturbed
instances [44, 11, 24, 29]|. In all these settings, the ability to extract and reuse
structural information from a BB tree, such as the outer approximations we develop,
can significantly reduce the cost of subsequent solves.

Because our primary motivations are computational, we emphasize scalable con-
structions. In particular, we quantify the size of each proposed outer approximation,
in terms of variables and constraints, as a function of the number of leaves in the
BB tree. For each construction, we also analyze the computational complexity and,
where relevant, the formulation size required to separate valid inequalities for the
proposed outer approximations.

1.1. Contributions.

(1) We introduce three novel outer approximations of the feasible region of
mixed-binary programs that can be systematically constructed from a BB
tree. The first approximation is derived from disjunctive programming [4],
the second is related to binary polynomial optimization [28], and the third
is based on the mixing-set [35, 3]. For each approximation, we propose a
linear extended formulation.

(2) We establish a strict inclusion hierarchy among them, demonstrating that
they form a sequence of increasingly weaker approximations.

(3) We develop separation procedures for each outer approximation by projecting
its extended formulation onto the original space of variables. In particular,
we adapt the cut-generating linear program framework [7, 6] to the extended
formulations. We analyze the size of each extended formulation in terms
of the number of leaf nodes in the BB tree and the number of decision
variables. This analysis reveals a trade-off: the computational effort required
for separation is inversely related to the tightness of the approximation.
This trade-off justifies the study of each formulation, including those that
are comparatively weaker.

(4) To provide a computationally cheaper alternative to solving a linear sep-
aration program, we introduce a new class of valid inequalities, which we
call star tree inequalities. We prove the validity of these inequalities and
present a combinatorial, polynomial-time algorithm for the corresponding
separation problem. We show that the closure of the star tree inequalities
contains the disjunctive- and branching-based outer approximations.

(5) We conduct a computational study on multi-dimensional knapsack and
set-covering problems instances to evaluate the practical effectiveness of the
proposed outer approximations. The experiments illustrate numerically the
inclusion and separation hierarchies emphasized throughout the manuscript.
Further, they demonstrate that useful structural information about the
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feasible region can be extracted a posteriori from BB trees. In fact, by
varying the structure of the BB tree, we empirically show that the choice of
tree significantly influences separation.

1.2. Relevant literature. Our work takes place within a recent and growing body
of research that seeks to understand the mathematical and computational properties
of BB. This research often investigates the theoretical limitations and performance of
the BB algorithm. Several foundational papers have established that even seemingly
simple integer programs can be difficult for BB. Jeroslow [36] constructs a class
of simple zero-one integer programs that require an exponential number of nodes
to be solved by any BB algorithm. Similarly, Chvatal [18] identifies classes of
knapsack problems that are computationally hard to solve. More recently, Dey
et al. [26] extends these complexity results by constructing packing, set covering,
and traveling salesman problem instances for which any general BB tree must
be of exponential size. Mahajan and Ralphs [41] show that selecting an optimal
disjunction for branching is an NP-hard problem. Gldser and Pfetsch [34] further
reinforce this by proving that approximating the size of the smallest possible BB
tree is computationally hard, unless the strong exponential time hypothesis fails.

Despite these worst-case complexity results, the practical success of BB has
motivated research into its performance under specific conditions. Dey et al. [25]
provide a theoretical justification for this success by showing that, for random
binary integer programs with a fixed number of constraints, the BB algorithm
is expected to terminate in polynomial time. The choice of branching rule is
also critical to performance. Dey et al. [27] conduct a detailed theoretical and
computational analysis of full strong-branching, identifying classes of problems where
it performs provably well. Complementing this, Owen and Mehrotra [43] demonstrate
experimentally that using general disjunctions, instead of simple variable disjunctions,
can significantly reduce the size of the BB tree for general mixed-integer linear
programs.

Another stream of research compares the strength of BB with other well-known
techniques, particularly cutting planes. Basu et al. [9] investigate the theoretical
complexity of BB and cutting plane (CP) algorithms, showing that for convex
0/1 problems, CPs are at least as powerful as BB based on variable disjunctions.
Cornuéjols and Dubey [22] introduced “skewed k-trees” to show that the hierarchy of
relaxations from BB is incomparable to classical lift-and-project hierarchies. Fleming
et al. [32] analyzed the Stabbing Planes proof system, which models the reasoning
in modern solvers, and related its power back to the Cutting Planes system.

While the aforementioned literature provides a deep understanding of BB trees,
our work differs by focusing on the a-posteriori extraction of structural information
from a single, already computed tree. To the best of our knowledge, we are the
first to reuse the information of a BB tree to generate outer approximations of the
feasible region and valid inequalities. The most closely related works are discussed
next.

The work of Mufioz et al. [42] on tree compression also performs an a-posteriori
analysis of a BB tree. Their goal is to compress the tree into a smaller one
with an equivalent or stronger dual bound, which can serve as a more compact
certificate of optimality or help identify strong disjunctions. Fischetti and Monaci
[31] propose “backdoor branching”, a method that identifies a small set of critical
branching variables by sampling fractional solutions during a preliminary phase.
This “backdoor” set is then used to guide the branching process in a subsequent,
full solve. Their approach shares the idea of using information gathered from one
process to improve another, but it does not analyze the structure of a complete
BB tree. The recent work by Becu et al. [10] proves that for a family of instances
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with right-hand-sides belonging to a lattice, the Gomory Mixed-Integer Cut (GMIC)
closure can be obtained using the same finite list of aggregation weights. This result
motivates a simple heuristic to efficiently select aggregations for generating GMICs
from historical data of similar instances. Finally, Kiling et al. [37] is perhaps the
most related work in spirit. The authors propose using the “discarded” information
from strong-branching to generate valid inequalities. This is similar to our goal
of using dual bounds to create valid inequalities. However, their method extracts
information during the node selection process of an active BB search, whereas our
approach performs an a-posteriori analysis on an entire, static BB tree that is
already generated.

1.3. Outline. Section 2 introduces the first and tightest outer approximation, which
is based on disjunctive programming. It also discusses its extended formulation and
analyzes the computational cost of generating valid inequalities from it. Section 3
presents a second, novel outer approximation derived from the branching logic
of the tree. This section shows that while this approximation is looser than the
first, its corresponding separation problem is computationally more manageable.
Section 4 introduces a third outer approximation based on a mixing-set formula-
tion and establishes its relationship to the second approximation, showing that
its continuous relaxation is weaker and offers no computational benefits for cut
generation. Motivated by the computational challenges of the previous methods,
Section 5 introduces a new family of valid inequalities called Star Tree Inequalities,
proves their validity, and demonstrates that they can be separated efficiently using
a polynomial-time combinatorial algorithm. Section 6 provides a computational
analysis to empirically evaluate the trade-offs between the theoretical strength of
the proposed approximations and the practical cost of generating cuts from them.
Finally, Section 7 concludes with a summary of the main findings and outlines
potential avenues for future research.

2. A DISJUNCTIVE PROGRAMMING BASED OUTER APPROXIMATION

In this section, we introduce an outer approximation based on disjunctive pro-
gramming. We begin by defining the approximation and formally proving its validity.
Next, we present its linear reformulation in an extended space and analyze its
size. We then describe the use of a Cut-Generating Linear Program (CGLP) to
derive valid inequalities in the original variable space. Finally, we examine the
dimensions of this CGLP to motivate the development of more computationally
tractable approximations in subsequent sections.

2.1. Notation and Assumptions. We first introduce the notation for the class
of optimization problems under study. We consider Mixed-Binary linear Prob-
lems (MBPs) in the following standard form:

min ¢z
zER™
s.t. Az > b,

: 1)
x; € {0,1}, i € Ip,

bigxiggi; ZGIC

Here, ¢ € R™ is the objective vector, A € R™*" is the constraint matrix, and b € R™
is the right-hand side vector. The vector x € R™ represents the decision variables.
The index set of these variables I := {1,...,n} is partitioned into a set for binary
variables, Iy = {1,...,m}, and a set for continuous variables, Ic = {n; +1,...,n}.
The continuous variables are bounded by b; and b;, which may be infinite. The



THE BRANCH-AND-BOUND TREE CLOSURE 5

feasible region of Problem (1) is given by F := {x € X : Ax > b}, where X is the
set constructed by considering only the variable bounds, i.e.,

x; € {0,1}, i € Ig,
X:=<zeR": .

Throughout this document, we use the “hat” notation, as in a , to denote the
continuous relaxation of a set. For instance, F' is the feasible region of the continuous
relaxation of Problem (1), where the binary constraints z; € {0,1} are relaxed
to z; € [0,1] for all ¢ € I.

Next, we introduce the notation and assumptions regarding the BB tree considered.
The BB method solves an MBP by constructing a search tree, G = (V, E), where V
is the set of nodes and F is the set of edges. Each node v € V corresponds to a
subproblem of the original MBP, while each edge represents a branching decision
that partitions the feasible set of the parent node’s subproblem.

We make two common assumptions regarding the BB tree G that we consider:

(1) Branching is restricted to elementary binary branching, where any child
node is created by fixing a binary variable to either zero or one.

(2) Every node has either zero or two children. Nodes with zero children are
the leaf nodes, which we denote by the set L C V.

These assumptions imply that the leaf nodes L induce a partition of the binary
variable space and, by extension, of the feasible region F. Any feasible point « € F’
satisfies the branching decisions corresponding to exactly one leaf node. Following
standard literature terminology [13], we refer to a tree with this structure as a “full
binary tree”.

We remark that considering full binary trees is not restrictive in practice. Any
binary tree that does not directly imply a partition of the feasible region, for instance,
due to pruning of some nodes in the BB process, can be completed by reintroducing
the missing nodes. Since the methods discussed in this paper only require valid dual
bounds for any node of the tree, we can assign them the dual bound of their parent,
which is necessarily valid.

We also define notations capturing the relationships between nodes in the trees.
For any non-root node v € V'\ {r}, we denote its unique parent and sibling as p(v)
and s(v), respectively. Similarly, for any non-leaf node v € V'\ L, its children created
by branching on variable x; are denoted by co(v) (such that z; = 0) and ¢;(v)
(where z; = 1). The path from the root r to any node v is defined by a series of
variable fixings. We define the sets 0, C Iy and 1,, C Iy as the indices of the binary
variables fixed to 0 and 1, respectively, along this unique path. We let i(v) € I be
the index of the variable on which branching occurred to create node v.

As mentioned earlier, we assume that a valid dual bound [, is available at each
node v € V. This value is a lower bound on the optimal objective of the subproblem

at node v:
r e F

l, < min ¢z x; =0, €0,
x;=1, i1€l,,

2.2. Definition and Validity of the Outer Approximation. We construct the
outer approximation using the disjunctive theory established by Balas [4]. Central
to this construction are the atoms of the branch-and-bound tree, a concept recently
employed in [27, 26]. For each leaf node v € L, we define the corresponding atom A,
as

cla >y,

Ay =_azeX: z;,=0, 1€0,, 5. (2)
x;, =1, i1 €1,
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Each atom A, is a polyhedron that incorporates three sets of constraints: the
branching decisions that define the path to node v, the local dual bound ¢"z > I,
at that node, and the original variable bounds contained within the definition of X.
We recall that X is the continuous relaxation of the set X.

Using this notation, the first outer approximation O; is defined as the convex
hull of the union of all atoms:

O = conv (U .AU) . (3)
vEL

This formulation differs from the classical approach in disjunctive programming [4],
where the sets in the union are typically defined by the original problem con-
straints Az > b rather than by the dual bound inequality ¢Tx >1,. This choice is
motivated by our objective to construct approximations using only the information
contained within the BB tree. The dual bound [, is a fundamental piece of data
generated during the BB process for each node. This decision also results in a
more compact formulation, introducing the central trade-off between approximation
tightness and computational cost that we explore throughout this work.

We now formally establish that O, is a valid outer approximation of the feasible
set F.

Proposition 1. The set O; is an outer approximation of the set F; that is,
F C 0.

Proof. Consider an arbitrary point € F. We show that Z € O;. Since by
assumption (see Section 2.1), we assume that the BB tree partitions the feasible
region, T must satisfy the branching conditions corresponding to a unique leaf
node u € L. Therefore, we have

_ S 0, 2¢€ Ou,
xe{xeX.xi:L ie1, }
Furthermore, because T € F, it must also satisfy the local dual bound at node u,

so c'Z > 1,. It follows that z € A,. Consequently,

re A, C UAvgconv<UAv>Ol.

veL veEL

O

Since each set A, in the union shares the same recession cone, their convex hull Oy
is a polyhedron. This set admits a linear reformulation in an extended variable
space [20]. To express this, we first write each atom as A, = {x € R" : Dyz > f,},
where the matrix D, € R**™ and vector f, € R* are formed by combining the
dual bound constraint, the branching constraints (written as inequalities), and the
variable bounds from X. Note that the number of rows, k, is the same for all atoms
and is given by k = 1 + 2|Ig| + o, where o is the number of bound constraints on
the continuous variables.

The extended formulation of O; is constructed by introducing auxiliary vari-
ables z¥ € R™ and 2§ € R for each leaf node v € L. We collect these auxiliary
variables into a single vector z € R?, where ¢ = |L|(n+1). The extended formulation,
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which we denote by O1 iy, is then given by
D,z" > fuzy, veL,

pOEg
O11in ==« (x,2) € R" x R?: vek ) ) (4)
zo =1,
veL
z5>0, vel

The following theorem establishes the equivalence between O; and the projection
of O 1in in the z-space.

Theorem 1 (Balas [5]). The set Oy i, defined in (4) provides an extended formu-
lation of O1. Its projection onto the space of the original x-variables is precisely O1;
that 1is,

p10J, (O1,1im) = O1.
This formulation introduces |L|(n+1) auxiliary variables and |L|(k+1)+4 inequality
constraints.

2.3. Cut Separation. Outer approximations of a set in an extended variable space
are computationally impractical. Therefore, we focus on generating valid inequalities
in the original space of z-variables. We consider the Cut-Generating Linear Program
(CGLP) to perform this projection, following the approach of Balas et al. [7, 6].

To formalize this process and make it applicable to the outer approximations
presented in further sections, we adopt generic notations. Let the feasible region in
the extended space be represented by a generic polyhedron

P={(z,2) e R" xRY | Wz + W,z > h},

where W, € R™*™ and W, € R"*4. The number of constraints, » € Z,, depends on
the specific extended formulation used.

The goal of cut separation is to find a valid inequality 7 "z > 7 that is the most
violated by a given point & € R™. The CGLP is designed to find the components of
such a cut. It employs dual multipliers u € R’ associated with the constraints of P.
The CGLP reads

T

max TmWg—Tm T
U

st. hlu=m,

W u=nmn,
W u=0,
flu) =1,
u >0,
where constraint f(u) = 1 is added to normalize the dual multipliers u. We

recall that r» and ¢ represent the number of constraints of the generic formulation
and the number of auxiliary variables used to construct the extended formulation,
respectively. By eliminating the variables 7 and 7y, the CGLP can be simplified to
a more compact form with r variables and g + 1 constraints [20].

In this paper, we emphasize the construction of computationally tractable outer
approximations. Therefore, we analyze the size of the CGLP associated with the
extended formulation O jin. From Theorem 1, we know that for Oy jin, the number of
auxiliary variables is ¢ = |L|(n+1) and the number of constraints is r = |L|(k+1)+4,
where k = 1+ 2|Ig| + o and o represents the number of variable bound constraints.
This leads to the following observation on the size of the resulting CGLP.
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Observation 1. The CGLP associated with the extended formulation Oy iy, Tequires
the construction of O(|L|(|Ig| + 0)) variables and O(|L|n) constraints.

Observation 1 highlights the computational challenge associated to the CGLP
of Oj1in. While O; provides a tight outer approximation of F, the size of its
corresponding CGLP grows with the number of leaf nodes in the BB tree and the
number of variables. Solving a linear problem that is |L| times larger than the
original problem to generate each valid inequality not only increases the number of
iterations needed for the resolution step to finish, but also requires constructing and
storing a model that is |L| times larger in memory. This is observed and discussed in,
e.g., [15, 16]. In the remainder of this paper, we explore alternative approximations
that, while less tight than Oy, allow for the generation of valid inequalities with
computational requirements that scale better with the size of the BB tree.

3. A BRANCHING-BASED OUTER APPROXIMATION

This section presents the second outer approximation. Unlike the disjunctive
approximation in Section 2, this new approximation is extracted from an interpretable
structure, namely, a binary polynomial set. We first define this outer approximation
and prove its validity. We then focus on a subset of its defining constraints, for which
we derive a linear reformulation. This reformulation can subsequently be tightened
and simplified by leveraging the disjunctive structure of the BB tree. We show that
the resulting outer approximation is weaker than the one presented in Section 2.
Finally, we analyze the size of the corresponding CGLP. This analysis reveals why
the approximation, despite its relative weakness, remains computationally attractive.

3.1. Definition and Validity of the Outer Approximation. We introduce the
second outer approximation of the set F', which we denote by O,. This approximation
is the intersection of two sets, B and H. The set B models the activation of leaf nodes,
while the set H enforces the local validity of the dual bound. Before proceeding to
the formal definition, we offer a remark to avoid ambiguity.

Remark 1. Contrary to Oy, the second outer approzimation Oy is directly defined
using auziliary variables z. In addition, these variables satisfy (z,z) € X x {0, 1}‘L|.
This is done on purpose and s relaxed later when the continuous relaxation is
considered.

The first component of Os is the set B, which we call the binary polynomial set.
It is defined as

B := {(3@2) e X x {01}t 2, = H(l — ;) - H Tiy VE L}. (6)
1€0, i€l,
This set links the branching decisions in the tree to the auxiliary variables z. For any
point (z,z) € B, the variable z, is equal to one if and only if the decision vector x
satisfies all branching decisions along the path from the root to the leaf node v.
The second component is the set H, defined as

H:= {(m,z) e X x {0, 1} :cTa > le} (7)

veEL
The set H relates the objective function value to the dual bounds of the leaf nodes,
activated by the z variables.
The outer approximation Os is then defined as the intersection of these two sets:
O, :=BNH. (8)

We now show that O, defines a valid outer approximation of F.
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Proposition 2. The set proj,(02) is an outer-approzimation of the set F; that is,
F C proj,(0s).

Proof. Let x € F be a feasible point. We show that there exists a z € {0, 1}
such that (z,z) € O2. By assumption, see Section 2.1, there exists exactly one
leaf node u € L such that x satsifies all branching decisions to reach that node.
We set z, = 1, and 2z, = 0 for all v € L\ {u}. The pair (z,z) satisfies the
defining equations of B. For (x,z), the defining inequality of H reduces to ¢'x >
Zve 1, lwzy = 1, which is necessarily satisfied for x since [, is a locally valid dual
bound. O

3.2. Reformulation and Tightening of the Binary Polynomial Set. We
now discuss the reformulation and tightening of the binary polynomial set B.
We first present the linear reformulation of B, denoted as By,. It requires the
introduction of auxiliary binary variables for the non-leaf nodes. We then show how
to strengthen By, by taking advantage of the disjunctive structure of the BB tree.
This leads to a tightened set, Byigne. Finally, we define the linear reformulation O3 jin
of Oy , using this tightened set.

To define the linear reformulation By;,,, we introduce an auxiliary binary variable z,,
for each non-leaf node v € V'\ L. We also define the following subsets of nodes.
The set V| contains nodes reached by branching on a variable and fixing it to zero,
while V7 contains nodes reached by fixing a variable to one. Formally,

Vor={ve V\{r}: 2, =0}, Vi={veV\{r}: z =1} (9)
The set By, is then defined as
zr =1,
2y < Zpy, v EV\{r},
Bin =4 (2,2) € X x {0, 1}V ; z i i()x”v . 1;/16 Yo
2o 21— (1= 2p0)) — Ti(), vE W,
2o 21— (1= 2p0) — (1 —25)), vEW

(10)
The following proposition establishes that By, is a valid extended formulation
for B.
Proposition 3. The projection of the set By, onto the (x,[z,]ver) space is equal
to the set B; that is,
Pr0ja [z,),cr) (Biin) = B.

Proof. Consider the extended binary polynomial set

zr =1,
. V M
Byt = (l‘,Z) € X x {071}‘ l Zy = H(l_xz) H Ly UGV\{T}’
€0, €1,

This set extends B by introducing indicator variables z, for all nodes v € V' \ L,
along with their corresponding activation constraints. Since the z variables do not
depend on each other, we have proj, r..1,.,)(Bext) = B.

For any node v € V' \ {r}, the definition of z, in Beyt can be expressed recursively
in terms of its parent’s indicator variable, z,,). If v € Vy, we have

Zy = Zp('u) . (1 - JZl) (11)
and, complementarily, if v € V7, we have

2y = Zp(v) * Ti- (12)
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We can thus rewrite Byt using this recursive notation:
zr =1,
Bext = ¢ (7,2) € X x {0, l}W| D2y = Zpey - (1= 1), wel,
2y = Zp(v) " Ti, UV E VA,
By linearizing each bilinear constraint of Bey; using the standard procedure of,
e.g., [28], we obtain By;,. Consequently, the equivalence Bext = Biin holds. We may
write

proj(xw[zv]veL)(Blin) = proj(z,[zv]“EL)(Bext) = B.
(]

We now further tighten the set By, using the disjunctive property of BB trees.
Proposition 4. For any non-leaf node v € V' \ L, the equality

2y = Zeo(v) + Z¢, (v) (13)

is valid for the set By,. Furthermore, if we strengthen B, by adding Equation (13)
for every v € V'\ L, then the inequalities

2y < Zp(v), U ev \ {T}V (14)
Zy 2> 1- (1 - Zp('u)) — Li(v), U € V07 (15)
Zy > 1- (1 - Zp('u)) - (1 - xi(v))7 (NS V17 (16)

become redundant and can be removed from the definition of Byy.

Proof. First, we prove the validity of Equation (13). Let v € V' \ L be an arbitrary
non-leaf node. Recall that for co(v) and ¢ (v) we have 2;(c,(v)) = 0 and z;(c, (v)) = 1.
We may write

Zeg(w) = 2o (1 = Tieo(v)) )
Zer(v) = v Lifea (v))-
Summing both inequalities and noting that i(co(v)) = i(¢1(v)) yields the desired
result.
Second, we show that inequalities (14)—(16) are redundant when Equation (13)
is added. Equation (13) states that z,(,) = 2, + 25 for any node v € V'\ {r}, .
Since zg(,) > 0, this equality implies 2z, < z,(,), making Inequality (14) redundant.
To show that Inequality (15) is redundant, assume v € V. Its sibling s(v)
must then be in V;. From the constraints of By, we have zy,) < @j,). Using
Equation (13), we derive

20 = Zp(v) T Zs(v) 2 Zp(v) T Liv)-
This is precisely Inequality (15). A symmetric argument holds for Inequality (16)
when v € V;. O

Based on Proposition 4, we define the tightened, linearized binary polynomial
set Biigne by adding the valid equalities (13) to By, and removing the now-redundant
inequalities:
zr =1,

Zy <1 — Ti(v)s Vo € VO7
2y < Ty, Vv E VW,
Zy = Zey(v) T Rea(v)s YveV \ L,

Biight == { (z,2) € X x {0,1}V] (17)

Remark 2. The definition of Byigh: in Equation (17) resembles a network design
formulation [23]. The z variables characterise the flow in the network whereas the
variables model the design decisions.
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Remark 3. Proposition 4 implies the following. For any node v € V' \ L, we have

where L, C L is the set of leaf nodes descending from v. As a result, all intermediate
variables z, for v € V \ L can be eliminated from the formulation of Bign by
substitution.

We now define the linearized and tightened branching-based outer approximation
as:
OQ,lin =HnN Btight-
Finally, we compare the strength of the continuous relaxation OAgJin of O3z jin With
the disjunctive approximation O;.

Proposition 5. The projection of the set OAng in the x space is weaker than the
set Oy1. Specifically,

970§, (01 1in) = O1 C proj, (Oa 1in).

Proof. We have O/\271in =HnNn Btight. The projection of an intersection is a subset of
the intersection of the projections, i.e., projI(OAg)lin) = projw(fi) N projI(Bﬁght). it
suffices to show that O, C proj, (H) and Oy C proj,(Biight)-

First, we show O; C proj, (H). We have

01 C conv (U {x eX:cla> lv}> C{reX:c"z>min{l,}} C proj,(H),
vel veL
where X is the continuous relaxa:cion of X.

Second, we show Oy C proj, (Biignt). For any leaf node v € L, we introduce the
modified atom

o 5 x; =0, forie0,,
Av—{xeX. z; =1, foriel,, }’
which is a relaxation of the original atom A, defined in Equation (2), i.e.,
A, C A,.

Let an arbitrary point € A, be selected. Next, we construct z € {0, 1}|V‘ and
show that it satisfies z € Byjgny. We set z, = 1 for any node v € V' \ {v} located on
the unique path between the root node r and the leaf node v, otherwise z, = 0. We
have (2, z) € Biigns. Consequently, any point € | J, o, A, satisfies € proj, (Btigns)-
Finally, we can state the set of inclusions

01 C conv <U /_lv> C conv(projm(Btight)) = projw(conV(Btight)) = projw(Btight),
veL

where the last equality holds because Btight is a convex set. O

Proposition 5 states that the CGLP associated with 01,1111 necessarily produces
valid inequalities that are at least as strong as those from the CGLP associated
with Og 1in. However, the two CGLP do not scale in the same manner, as we further
discuss.
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3.3. Cut Generation. We now discuss the generation of inequalities parameterized
in x and valid for the continuous relaxation OAQ,hn. The auxiliary variables z are
projected out and the CGLP of Section 2.3 is used to generate valid inequalities.

After substituting the non-leaf indicator variables as described in Remark 3, the
mathematical formulation of (527111, has |L| auxiliary variables. We now count the
number of linear constraints of OAgﬁhn. First, the constraints necessary to bound the
variables in X equals 2|Ig|+ o for the x variables, where we recall that o corresponds
to the number of upper and lower bound constraints necessary for bounding the
continuous variables. The number of constraints necessary to bound the z variables
in X equals |L|. Second, the set H introduces one constraint. Third, the set Biight
introduces

L+ Vol + Vi = V| = 2/2] — 1 (18)

constraints. The equality in Equation (18) holds because the branch-and-bound
tree is assumed to have a full binary structure (see Section 2.1). For such a tree, the
number of internal nodes and leaves are related by |V| = 2|L| — 1, and the branches
are divided equally, so |Vo| = [Vi| = (|[V| —1)/2 [13].

This analysis, combined with the general discussion in Section 2.3 leads to the
following observation.

Observation 2. The CGLP associated with the extended formulation OAQ’lin requires
the construction of O(|L|) variables and O(|L| + |Ig| + 0) constraints.

A comparison between Observation 2 and Observation 1 reveals that the CGLP
for 0271111 scales more favorably compared to the CGLP of OAl_’ﬁn when the number
of leaf nodes and original x variables increase. Nevertheless, this computational
advantage comes at a price. As established in Proposition 5, the resulting inequalities
are provably weaker than those derived from Oy, though our numerical results in
Section 6 indicate that the increased separation speed compensates this drawback.

4. A MIXING-SET BASED OUTER-APPROXIMATION

This section introduces a third outer approximation of the set F. We first
define this outer approximation using a mixing set. We then prove that this new
formulation is equivalent to the branching-based outer approximation from Section 3.
Subsequently, we study the relationship between the continuous relaxations of these
two sets. Finally, we analyze the size of the corresponding CGLP. This analysis
reveals that the new approximation offers no computational advantage over the
branching-based approach. This observation motivates the development presented
in Section 5 where the mixing-set is taken advantage of to construct a family of
valid inequalities separated in polynomial time.

4.1. Definition and Validity of the Outer Approximation. Let g = min,e (L)
be the minimum of the dual bounds over all leaf nodes of the BB tree. The value pu
is a valid lower bound on the optimal objective value of Problem (1). We define the
mixing set M as follows:

M := {(x,z) eX x{0, 1YV eTa 4 (u—1y)z >p ve V}. (19)

The set describes a strengthened mixing set in the sense of Luedtke et al. [40]. We
skip the definition of the set O3 and directly define the linearized outer approxi-
mation Oz yin. It is constructed as the intersection of the set M and the set Biight
defined in Equations (19) and (17), such that

O3 1in = Biighe N M.

The following proposition establishes the equivalence of O3 jin with Og jin.
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Proposition 6. The sets Oz in, and Os i, are equivalent; that is,
O2.1in = O3 jin.

Proof. Let (x,2) € Byignt. We show that for any such point, the sets H and M are
equal.

By assumption, the BB tree yields a disjoint partition of the feasible space
(see Section 2.1). Let u € L be the unique leaf node for which z, = 1. We also

have )7 o 2, = 1.
First, consider the defining inequality for the set H given in Equation (7).
Since z,, = 1 and z, = 0 for all v € L\ {u}, this inequality simplifies to

cla>1,. (20)
Second, consider the inequalities defining M given in Equation (19). We analyze
these inequalities by considering four cases.

Case 1. The considered node is v = wu, which satisfies z, = 1. The associated
constraint simplifies to the same inequality as Inequality (20):

cle>1,. (21)

Case 2. The considered node is v € L \ {u}. We necessarily have that z, = 0. The
associated constraint reduces to

'z > .
This constraint is dominated by Inequality (21), since l,, > p by definition.
Case 3. The considered node is v € V'\ L and z, = 1. The condition z, = 1 implies
that node v lies on the unique path from the root node to the leaf node u. In that
case, the associated constraint reduces to

clx > 1,

and is dominated by Equation (21) because ,, > [, always holds by monotonicity of
the dual bounds of BB trees.
Case 4. The considered node is v € V' \ L and z, = 0. As in Case 2, the constraint
becomes

ez > W
and is dominated by Equation (21). O

We now compare the continuous relaxations Os jin and Os jin.

Proposition 7. For any point (x,z) in the continuous relazation Btight, the in-

equality
x> Z lvZe
veEL
dominates the inequality
> p+ (ly — )z
foranyueV.

Proof. First, we rewrite the expression ) ; l,z,. Using the property > ., 2, =1
discussed in Remark 3, we have

Z lyzy = Z(H + 1y — )2y

veEL vel

=p (Z ZU> + 3 (s — 1)z

vEL veL

=p+ Z(lv - M)Zv- (22)

veEL
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Next, we show that for any node u € V, the following inequality holds:
Z(lv — )20 2 (ly = 1) 2u- (23)
veL

The set L,, denote the set of leaf nodes in the subtree rooted at u. From Remark 3,

we know that z, = Zve r, 2v- Moreover, the dual bounds are non-decreasing,
so I, > 1, for all v € L,,. We can therefore write

Z(lv — )2y > Z (ly —

velL VEL,
vEL,
= (lu - N) Z )
vEL,
= (ly — 1) zy. (24)
Combining the result from Equation (22) with Inequality (24) yields the desired
dominance result. O

Corollary 1. The continuous relaxation OAg,lm is a subset of the continuous relaz-
ation O3 jin; that is,
O2.1in, € O3 jin.

Proof. Let (z,z2) € OAthn. By definition, (z, z) belongs to Btight and satisfies the
inequality ¢'2 > > wer lvzy. Proposition 7 implies that this inequality domi-
nates ¢'x > p+ (I, — i)z, for any u € V. Therefore, (,z) also satisfies all the
defining inequalities for M. Tt follows that (z,2) € Btight NM = 03711n. O

4.2. Cut Generation. We now discuss the generation of inequalities valid in the x
space using the continuous relaxation OAg,lin. Just like Section 2.3 and Section 3.3,
the auxiliary variables z are projected out and the CGLP is used to generate valid
inequalities. We analyze the size of this CGLP to demonstrate why OAg,lin is not a
practical candidate for cut separation via such an approach.

The formulation introduces one auxiliary variable for each node in the tree,
yielding |V| = 2|L| — 1 variables [13]. Next, we count the constraints. As discussed
in Section 3.3, the set X and the set Btlght introduce 2|Ig|+0+2|L|—1 and 2|L| -1
constraints, respectively. The set M contributes to |V| = 2|L| — 1 constraints [13].
This analysis, combined with the general discussion in Section 2.3 on the size of the
CGLP for an extended formulation, leads to the following observation.

Observation 3. The CGLP associated with the extended formulation OAg,lm requires
the construction of O(|L|) variables and O(|L| + |Ig| + o) constraints.

A comparison of Observation 3 with Observation 2 reveals that the CGLPs
for Og)lin and OA2’“H are of the same order of magnitude in size. In fact, a direct
comparison of the constraint and variable counts shows that the CGLP for OAgyhn is
larger. By combining this size analysis with the inclusion result from Corollary 3,
we conclude that generating valid inequalities using 03,1111 offers no computational
advantage over using OAg,lin. This conclusion motivates the work in the subsequent
section, where we introduce a new family of valid inequalities that can be separated
more efficiently via a combinatorial algorithm.
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5. THE STAR TREE INEQUALITIES

Motivated by the discussion of Section 4.2, we propose a novel family of valid
inequalities for F'. We coin them “Star Tree Inequalities” (STIs), as their construction
combines the star inequalities presented in [35] and the inequalities that model the
tree disjunctions in the set Bijgns.

This section is organized as follows. First, we review the formulation of star
inequalities, also known as mixing inequalities. Second, we introduce the STIs and
prove their validity for the set O3 1in. Subsequently, we analyze the closure of the
STIs and establish that it contains the linear relaxation of the set Oz ji,. Finally,
we demonstrate that the associated separation problem can be solved to optimality
with a polynomial-time combinatorial algorithm.

The following theorem, adapted from Luedtke et al. [40], presents the star
inequalities for the strengthened mixing set defined in Equation (19).

Theorem 2 (Luedtke et al. [40]). Let ¢ be a permutation of the set V that satis-
fiesly, >+ > l¢|v‘. The inequalities

k
e >ty + Y (= ly)zy, T={t,....ts} C{o1,..., Q1) (25)
j=1

withty <--- <tg andly, = lg, , are valid for M. Moreover, the inequalities (25)
are facet-defining for conv(M) if and only if l;, =g, .

Star inequalities are studied extensively in the mathematical programming litera-
ture due to their favorable computational properties and the frequent appearance
of mixing sets in integer programming models. Notably, the separation problem
for the star inequalities (25) can be solved in polynomial time by reduction to a
shortest-path problem on a graph [3, 35].

Remark 4. The presentation of inequalities (25) in Luedtke et al. [40] differs
slightly from our own. Equivalence can be established by substituting each binary
vartable z, with its complement, 1 — z,.

5.1. Definition and Validity of the STI. We now formally introduce the STTs.
Their construction relies on the following lemma, which establishes a lower bound
on the auxiliary variables z,.

Lemma 1. For any point (x,2) € Byight and any node v € V, the following inequality

holds:
szl—Z(l—l"i)—ZIi- (26)

i€l, 1€0,

Proof. We proceed by induction on the nodes of a BB tree.

Base Case. Consider the root node, v = r. By definition, the sets 1, and 0, are
empty. Inequality (26) therefore simplifies to z, > 1. This is valid because z,. = 1 is
a defining constraint of the set Byignt, as specified in Equation (17).

Inductive step. Assume the inequality holds for a node p(u). We show it holds for
its child v € V'\ {r}. We assume w.l.o.g. that u € V; as defined in Equation (9).
From Proposition 4 it follows that any point in Biigne satisfies

Zy 21— (1= 2zp)) — (1 = Zi(w))

>1-— Z (l—wi)— Z xi_<1_xi(v))

1€1,(u) 1€0,(u)

>1-Y (l—w)— Y a

i€ly 1€0,,
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The case u € Vj is complementary.
d

The following proposition formally defines the STIs. Their validity is established
by strengthening the star inequalities from Theorem 2 with the lower bound from
Lemma 1.

Proposition 8 (Star-Tree Inequalities). Let ¢ be a permutation of the set V that
satisfies Ly, > -+ > lg,,,. For any arbitrary set T = {ta,...,tx} C{d2,...,dv|-1}
with t1 := ¢1, ta < -+ <y, and tg41 = Py, the inequality
k
-
c T ltl - Z(ltj ]+1)At ( ) (27)
j=1
where for any v € V:

Ay(z) := min (1 d(—w)+ Zx)

i€l, €0,
is valid for the set O3 pip.

Proof. From Theorem 2, the star inequality

C €T > lt\L| + Z J+1 (28)

is valid for the set M. Consequently, it is also valid for the set M N Biign = O3, 1in-
For any node v € V, Lemma 1 states that

p>1=Y (1—z)= > =z (29)

i€l, €0,
is valid for the set Byign¢. By definition of z, we also have z, > 0. The inequality

zv>max(071—Z(l—xi)—in>

i€l, 1€0,
— 1 min (1,2(1—%)4—2%). (30)
€1, 1€0,

is valid for the set Bigne. Consequently, it is also valid for the set M N Byighy = O3 jin.

Since the coefficients (I;; — l;,,,) are non-negative by construction, we can
substitute the lower bound from Inequality (30) into Inequality (28) to derive the
STIL:

e >y, + Z —lt;0) 2,

. +Z Ity <1min (1, -z + > z>)

i€1tj ’iGOtj
k
>y + (I —lyy) = > (= li,,,) min (1 -z + ) x>
j=1 Zeltj iEOtj
k
>0 = 3000, = e min (1Y (-0 + 3 )
=1 i€l i€0,;

which terminates the proof. O
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Corollary 2. Inequality (27) is valid for Os i, and depends only on the = variables.
Thus, STIs are valid for proj,(Os 1in) and, in particular, for the feasible region F.

Remark 5. Although Inequality (27) is nonlinear because of the A operator, it
implies a family of linear inequalities. For any given point x, a linear inequality is
obtained by replacing each A operator with either 1 or the corresponding sum over
variables. The choice that yields the strongest cut is determined during separation,
as formalized in Proposition 10.

The following result establishes a relationship between the continuous relax-
ation Os jin and the closure of the STIs, which we define subsequently.

Proposition 9. Let ¢ be a permutation of the set V' that satisfies lg, > --- >
l¢|v‘. For any point (z,z) inside the continuous relazation Btight and any T =
{ta, ..., tn} C{d2,...,P|v|-1}, the inequality
e > Z lv2y

veL
dominates the inequality

k

= S S (T P E
j=1

where t1 = ¢1 and tpy1 = d)M.

Proof. From Equation (22) in the the proof of Proposition 7 we know that
since (z, 2) € Byight,
Z lyzy = 1+ Z(l” — )2y (31)
veEL veL
holds. It remains to show that for any arbitrary T' = {ta,...,tx} € {¢2,...,d|z|-1},

the inequality
k

liyyy + Z(ltj =l )2 S pt Z(l” — 1)zo (32)
j=1 veV
holds. We first introduce some notation. Recal that 7' C V. We introduce the set of
leaf nodes L(T) that are descendants of the nodes selected inside 7. Mathematically
speaking, we have

k
L(T) := | Ly,
j=1

where L;; C L is the set of leaves that descend from the node ¢;. Second, for any
node v € V, we introduce the set of ancestor nodes A(v) of v that are also included
in the set T. Mathematically speaking, we have

A(w) :=TnN P(r,v),

where P models all the nodes located on the unique path between the root node r
and node v, including v itself.



18 M. ROLAND, N. SUGISHITA, A. FOREL, Y. EMINE, R. FUKASAWA, T. VIDAL

We proceed to show the validity of Inequality (32). We use the facts that lx11 = p,

that z;, = EveLtj 2y for (z,2) € Btight (see Remark 3), and that L(T) C L:

lin + Z(ltj o J+1

kol

J+1

vELtj

u+ Z Zy Z (ltj_ltj+1) 5
veEL(T

) t;€A(v)

<p+ Z Zy Z (ltj - th+1) . (33)

veL t;€A(v)
Furthermore, for any leaf node v € L, the inequality
Z (ltj - ltg+1) <ly— 12 (34)
t;eA(v)
is valid. Validity follows because v is an descendant of any t; € A(v) so that I, >
maxy cA(y)(lu) and because p is the smallest possible dual bound in the tree so
that p = min,ev (o) < ming e ae) (e, )-
Combining Inequality (33), Inequality (34), and Equation (31) yields the desired
result. O

The dominance result in Proposition 9 allows us to compare the STI closure with
the projection of the continuous relaxation OAg,lin. With some abuse of notation,
let G denote the information collected from the BB tree. The STI closure for G is
defined as

k

c(Q) := N zeR o>l =Y (I, — 1, ) A (2) 3,

Te{p2,..,djvi-1} j=1

where the intersection is over all valid sets T' = {t2,...,t;}. We can now state the
following inclusion result.

Corollary 3. The projection of the continuous relazation OAQJZ'" onto the x-space is
a subset of the STI closure C(G); that is,

p70j, (Oa.1i) € C(G).
Proof. By Proposition 9, for any arbitrary subset T' € {¢2, ..., |y |1} the inequality

=

CT"E > ltk+1 + Z(l lt;+1)

=1
is satisfied if (z,2) € Oglin = Etight N M. By Lemma 1, the inequality

szl_zl_xz le

i€l, 1€0,

is satisfied if (z,2) € OAQ’HH = 3tight N M. Combining both inequalities as is
done in the proof of validity of the STI demonstrates that any x for which there
exists a z such that (z,z) € Og’lin also satisfies any STI and is hence part of the
closure C(G). O
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Corollary 3 shows that no STI can cut off a point in the set projI(OAg,Hn). Although
this may seem discouraging, it is only one aspect to consider. The practical efficacy
of a family of inequalities also depends on the computational cost of their separation.
The next section shows that a polynomial-time algorithm exists to separate the
STIs, motivating their use in our numerical study.

5.2. Cut Generation. We now study the separation problem for the STIs. In
contrast to the approaches discussed in Sections 2.3, 3.3, and 4.2, we do not use
a CGLP. The following proposition shows that separation can be done with an
efficient combinatorial algorithm.

Proposition 10. The separation problem for STIs admits a polynomial-time com-
binatorial algorithm.

Proof. The separation problem for a given point T requires us to find a sequence T =
(ta,...,tx) that defines the most violated STI. This is equivalent to minimizing the
right-hand side of Inequality (27).

Given a point Z, the values A, (Z) are computed in linear time. We show how this
is carried out. Let v € V be an arbitrary node of the BB tree. We assume w.l.o.g.
that the last branching carried out to reach v is z;(,) = 1. Then, the following series
of equalities hold,

Ay(z) = min (1, -+ ) :c)

i€l, i€0,
= min (1, Z (L —zi) + (1 = z0)) + Z ﬂfi),
i€1p(0) 1€0,()

= min (1, Apwy(@) + (1= xi(v)))

Hence, the term A, (Z) can be computed from the value of A, (Z) which associates
to its parent node p(v). A straightforward algorithm starts at the root node and
iteratively computes A, (Z) for the remaining child nodes until no more nodes are
left. This algorithm needs a maximum of O(|V]) operations. Then, the value of A,
implies if the minimum operator is replaced by 1 or » .y (1 — ;) + >0, ¥i to
obtain a linear inequality which answers the point made in Remark 5.

With these pre-computed A, (Z) values, the separation problem reduces to finding

a sequence T = (ta,...,tx) that maximizes
k
ltl — Z(ltj — lt_j+1)Atj (f) — CTCZ'.
j=1

This is equivalent to minimizing the sum Z?Zl(ltj —lt;.,)A; (). This optimization
problem can be modeled as a shortest-path problem on a directed acyclic graph,
just like the original mixing inequalities [35, 40]. It runs in O(|V|?) iterations. [

While a CGLP is theoretically powerful tool, its practical application for separat-
ing inequalities requires constructing and solving an auxiliary linear program that
can be prohibitively large. For example, the CGLP for the set OAUin has O(|L|n)
constraints, which can make the separation problem much larger than the original
MBP. Modern solvers typically rely on specialized algorithms to generate cuts from
specific families of inequalities. These algorithms often exploit the problem structure
to generate cuts efficiently. This context emphasizes the practical value of families
of inequalities, like the STIs, that admit tailored, polynomial-time separation al-
gorithms. The trade-off between the theoretical strength of inequalities and the
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practical cost of their separation is a central theme that we revisit in the numerical
analysis in Section 6.

6. NUMERICAL ANALYSIS

Our numerical experiments are designed to achieve four primary objectives.

(1) First, we empirically validate the theoretical inclusion hierarchy established
in Proposition 5 and Corollary 3, namely, that

proj, (01 1in) € proj, (Oz1in) C C(G).

(2) Second, we empirically compare the computational effort required for sepa-
ration over each outer approximation. Let sep(S) denote the time required
to separate over a set S. We expect the separation time hierarchy to mirror
the inclusion hierarchy, such that

sep(C(G)) < sep(proj, (Oa.1in)) < sep(proj, (01 1in))-

as discussed in Sections 2.3, 3.3, and 5.2. Moreover, such a comparison
allows us to evaluate the tractability of each formulation and offers guidance
on selecting an appropriate separation procedure.

(3) One of the practical motivations of this paper is the use of the outer
approximation to generate non-trivial valid inequalities that may be used
when solving a problem with a similar structure but different problem
coefficients. We want to show that there is information that can be salvaged
from a BB tree and has value in a computational context. In addition, we
want this information to be reused in an efficient manner, which is valuable
for practical applications.

(4) Fourth, we investigate the influence of the BB tree’s structure on the quality
of the outer approximation. Specifically, we test the hypothesis that larger
or more detailed trees yield tighter approximations relative to the feasible
set F'. Moreover, we also aim to provide insights into how the considered
tree influences separation time.

)

To achieve these objectives, our experimental design is inspired by the “shooting’
experiment of [38], in which the authors measure polyhedral approximations of a
stability region. Our approach consists of a two-phase process. In the first phase,
we solve a MBP instance, termed the “original instance”, and store the complete
BB tree that certifies its optimality. In the second phase, we use this BB tree to
generate valid inequalities for a “perturbed instance”. This perturbed instance is
the same instance but with a perturbed set of objective coefficients.

We employ a pure cutting plane approach as used in, for example, [8, 30, 14].
This iterative procedure involves repeatedly solving the continuous relaxation of
the perturbed instance and separating the most violated valid inequality until no
more cuts can be found. We repeat this experiment for five perturbed objective
vectors for each original instance. Furthermore, to study the impact of tree size, we
replicate these experiments using truncated versions of the original BB tree.

6.1. Problem Instances and Computational Environment. Our numerical
experiments are conducted on two classes of problems: multi-dimensional knapsack
problems (MKP) and set-covering problems (SCP). For each class, we use instances
with n = 10, 20, 40, and 60 variables, which have n/2 constraints, respectively.
The instances were generated according to the procedure described in [17], with
further details provided in Appendix A. All experiments were performed on a
machine with two Intel(R) Xeon(R) Gold 6226 CPUs (12 cores each) and 384 GB
of RAM. Each experiment was executed on a single thread. We use CPLEX
22.1 as the linear programming solver, and all algorithms are implemented in
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Python. The source code and data for all experiments are publicly available at
https://gitlab.com/branchandboundtreeclosure/bnbtc.

6.2. Implementation Details. As previously mentioned, our evaluation method
consists of two phases. We now provide more details for the execution of each.

6.2.1. Branch-and-Bound on the Original Instance. We execute a branch-and-bound
algorithm to solve the original instance to optimality. For each node in the resulting
search tree, we record its feasibility status and, if feasible, the objective value of its
linear relaxation. Unfortunately, open-source and commercial MIP solvers do not
reliably provide all the information required for our analysis. For instance, Gurobi
does not provide any access to the tree structure. On the other hand, while CPLEX,
Xpress, and SCIP provide branching information, they only give partial information
about explored nodes. Specifically, when a node is pruned, it is not possible to
distinguish whether the pruning is due to the node bound being sub-optimal or due
to the node being infeasible. Therefore, we implemented a custom branch-and-bound
algorithm.

To ensure that clear patterns can be identified, our implementation is intentionally
minimalist. The two main algorithmic components are: (i) node selection, which is
performed using the best-first search, and (ii) branching, which is performed using
the most-fractional variable rule. That is, we branch on the variable that has the
most fractional value in the solution of the current node’s relaxation and has not
been branched upon in the current path from the root to the node. Dual bounds
are obtained by solving the continuous relaxation at each node. Valid inequalities
are not added when solving the original instance.

6.2.2. Cut Generation on the Perturbed Instance. We apply a pure cutting plane ap-
proach to the perturbed instance. We compare the performance of valid inequalities
generated from the three proposed outer approximations: the classical disjunc-
tive approximation proj,(O11n), the network-design reformulation projx(OAgJin)
obtained after reformulating and tightening the binary polynomial set, and the
closure of the star-tree inequalities C(G). As a baseline, we also consider a trivial
outer approximation formed by the single objective cut ¢'z > lopt, where lopt is
the tightest valid dual bound available in the considered tree. The value of Iy,
equals the optimal objective value if the BB tree certifies optimality for the original
instance. This baseline, which we refer to as 0bj, demonstrates what is achievable
without the proposed outer approximations.

The perturbed instances are created by modifying the objective coefficients of
the original instance. Each coefficient ¢; is perturbed by sampling from a normal
distribution with mean ¢; and standard deviation 0.1 - |¢;|. The cut generation
process for each perturbed instance is subject to a strict 10-minute time limit.
This limit includes all computations: constructing the CGLP, solving the CGLP,
extracting and adding the new cut, and re-solving the tightened linear relaxation of
the perturbed instance. The CGLP for a given tree is constructed only once and is
reused in all subsequent iterations. For C(G), we implement the separation procedure
from Proposition 10, which does not require a CGLP. This entire process is repeated
for five different perturbed versions of each original instance. Furthermore, each
experiment is replicated using truncated BB trees. We truncate a tree by retaining
only the nodes up to a certain depth d, defined as

d= Tdepthdmax y

where dpmax is the maximum depth of the full tree and the depth ratio rqeptn is
varied in {0.25,0.5,0.75,1.0}.
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6.3. Results. Tables 1 and 2 summarize the results for the MKP and SCP instances,
respectively. Fach table reports the following metrics: instance type (Instance),
instance size (Size), the outer approximation used (Approx), the relative tree depth
(Depth), the final dual bound tightness (Gap), the total time for the cutting plane
procedure (Time), the number of instances (out of 5) that reach the cut generation
time limit (Timeout) and the number of cuts generated (Cuts).

The dual bound tightness is measured by the relative gap with respect to the
true optimal value of the perturbed instance,

Gap _ ldual - lopt’
lopt
where [4ya is the dual bound obtained after the cutting plane procedure terminates
and [yt is the optimal objective value of the perturbed instance. The reported
values for the optimality gap, computation time, and number of cuts are averages
computed over the five perturbed instances.

The results in Tables 1 and 2 are consistent with the inclusion hierarchy established
previously. For instances where no cutting plane method timed out, we observe
that 0bj, C(G), pI‘ij(OAQ,lin), and proj, (O1 1in) yield progressively tighter relative
gaps, which confirms our first objective.

Second, the separation times mirror the inverse of the inclusion hierar-
chy. On instances where no method timed out, the total separation times
for Obj, C(G), projﬁ(OAg,hn), and proj, (Oq 1in) are progressively longer for the same
tree depth. Also, when proj, (O 1) is used to approximate large problems, more
time-outs occur due to the high computational cost associated. This confirms our
second objective. We note that while separating the STT can be time-consuming, as
is the case for MKP 60, for instance, the separation algorithm used in the experiments
is a straightforward Python implementation. Significant speed-ups can be achieved
by implementing this procedure in a compiled language such as C++-.

Regarding our third objective, in the context of reoptimization, the proposed
outer approximations effectively reduce the optimality gap. While the improvement
over the Obj method is marginal in a few cases (e.g., for SCP 10 with a tree depth
of 0.25), the approximations always perform better, often reducing the gap by a
quarter and in some cases by half. It is difficult to conclude whether the methods are
more effective for MKP or SCP instances, as performance depends on multiple factors.
We remark that, although we have shown that there is potential to implement the
proposed cutting planes in a reoptimization fashion, carrying this out in practice is a
very complicated task that requires deep knowledge of modern optimization solvers,
substantial engineering effort, and extensive testing. Therefore, we believe this to be
beyond the scope of this paper and deserving of its own research endeavor. Instead,
our work offers a good starting point for identifying which outer approximation
should be used in specific reoptimization contexts.

Finally, we address our fourth objective concerning the impact of tree size. A
clear trend is observed: outer approximations constructed using deeper trees yield
smaller optimality gaps. Interestingly, using larger trees does not uniformly increase
the total separation time. For instance, with the MKP 20 instance, separation
using the full-depth tree (depth ratio 1.0) is faster than using a tree with a depth
ratio of 0.75. This highlights that tree selection is a critical factor influencing the
computational tractability of the approach. A more striking example is the SCP 60
instance with proj,(O1,1n), where the total separation time drops dramatically
from 120 to 0.13 seconds when increasing the tree depth ratio from 0.50 to 1.00.
This suggests that larger, more informative trees can sometimes lead to deeper cuts
such that the overall separation process becomes faster.
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TABLE 1. Results on MKP instances

Instance Size Approx Depth Gap Time Timeout Cuts
050 7.12%  0.00 0 1.0

075  6.18%  0.00 0 1.0

1.00 233%  0.00 0 1.0

025 787 % 0.0 0 12

@) 050 6.8 %  0.00 0 1.8
075  573%  0.01 0 5.2

1.00  1.70%  0.01 0 4.6

025 78 % 0.0 0 1.0

proj. (O ) 030 683 % 0.0 0 2.4
«\C2lin) o075  550%  0.01 0 102
.00  1.29%  0.01 0 9.0

025 78 % 0.0 0 12

proj. (01 ) 030 6:80 % 0.0l 0 2.2
«\ULlin) 75 544%  0.02 0 3.8
1.00 124%  0.03 0 3.4

025  296% 0.0 0 1.0

0b; 050  2.73%  0.00 0 1.0
075  248%  0.00 0 1.0

.00  125%  0.00 0 1.0

025  284% 0.0 0 24

c(©) 050  252%  0.02 0 3.4
075  225%  0.08 0 6.6

20 .00  120%  0.07 0 4.6
025  283% 0.0 0 18

s 050  242%  0.02 0 10.0
projy(Oziin) 75 905% 008 0 240
1.00  115%  0.07 0 16.6

025 283% 001 0 18

. 050 241%  0.30 0 5.2
Projz(Orin) o7 500 9% 12057 1 6366.2
1.00  112% 12155 1 6612.0

025 156 % _ 0.00 0 0.8

0b; 050 1.36%  0.00 0 1.0
075 1.26%  0.00 0 1.0

.00  1.02%  0.00 0 1.0

025 154% 007 0 3.0

(@) 050 1.31%  1.56 0 4.6
075 1.17%  3.11 0 4.8

10 .00  1.02%  1.85 0 2.6
025  150%  0.02 0 12

A 050 114 % 120.72 1 4263.0
Projy(Oziin) 75 101 % 24051 2 7587.0
1.00  1.00% 120.77 1 2958.4

025  150%  2.50 0 28

. 050 117 % 484.82 4 3925.4
Projz(Orain) 75 104%  600.00 5 5970.2
1.00  1.01% 510.38 4 3381.8

025  1.06% 0.0 0 1.0

ob; 050  093%  0.00 0 1.0
075 084%  0.00 0 1.0

1.00  076%  0.00 0 1.0

025  1.00% 1041 0 238

@) 050  0.88%  43.97 0 4.4
075  0.80% 3551 0 3.2

60 1.00 076 %  23.47 0 2.4
025 0092 % 241.18 2 4160.4

A 050 078 % 251.99 2 1935.8
proje(O2in) (75 076 %  251.36 2 1963.0
1.00 075 % 42.14 0 380

025  1.14% 480.03 1 0.6

. 050  1.14% 600.00 5 2045.2
proje (Oviin) 075 113%  600.00 5 0.2
.00  1.13% 600.00 5 0.2

23
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TABLE 2. Results on SCP instances

Instance Size Approx Depth Gap  Time Timeout Cuts
025 1034%  0.00 0 0.0

ob; 0.50 807 %  0.00 0 0.2
0.75 807 %  0.00 0 0.2

1.00 3.66 %  0.00 0 0.6

025 1034 % _ 0.00 0 0.0

@) 0.50 8.05%  0.00 0 0.2
0.75 8.05%  0.00 0 0.2

o 1.00 2.74%  0.00 0 0.6
025 1034 % _ 0.00 0 0.0

A 0.50 805%  0.00 0 0.2
Projz(O2.1in) 75 8.05%  0.00 0 0.2
1.00 2.74%  0.00 0 0.6

025 1034 % _ 0.00 0 0.0

) 0.50 8.05%  0.00 0 0.2
projz (Ovtin) g 75 8.05%  0.00 0 0.2
1.00 2.74%  0.00 0 0.6

025  12.09% _ 0.00 0 0.2

ob; 050  1092%  0.00 0 0.6
075 1026 %  0.00 0 0.8

1.00 7.45%  0.00 0 1.0

025 1157 % _ 0.00 0 0.2

() 0.50 9.82%  0.00 0 0.8
0.75 9.35%  0.00 0 1.2

20 1.00 562 %  0.00 0 1.6
025 1157 % _ 0.00 0 0.2

s 0.50 9.82%  0.00 0 1.0
projy(Oz1in) ) 75 9.16 %  0.00 0 1.2
1.00 488 %  0.00 0 1.8

025 1157 % _ 0.00 0 0.2

) 0.50 9.82%  0.00 0 0.8
projz (Ovtin) 75 916 %  0.00 0 1.0
scp 1.00 488 %  0.00 0 1.6
025 1418 % _ 0.00 0 0.6

ob; 050 1178 %  0.00 0 0.8
0.75 8.890 %  0.00 0 0.8

1.00 502 %  0.00 0 1.0

025 13.71% _ 0.00 0 1.0

¢(6) 050 1085 %  0.00 0 2.6
0.75 807 %  0.01 0 4.4

10 1.00 377 %  0.00 0 1.8
025 1362 % _ 0.00 0 1.0

s 050  1055%  0.00 0 2.0
projy(Oz1in) ) 75 738%  0.01 0 3.2
1.00 358 %  0.01 0 3.0

025 1362 % _ 0.00 0 1.0

) 050  1055%  0.02 0 2.0
Projz(Oiin) g 7 718%  0.05 0 4.0
1.00 3.44% 0.0 0 3.2

025  2494% _ 0.00 0 1.0

ob; 050 2146 %  0.00 0 1.0
075 1675 %  0.00 0 1.0

1.00  13.16%  0.00 0 1.0

025 2365 % _ 0.00 0 2.2

() 050  2020%  0.01 0 4.4
075 1588 %  0.01 0 4.6

60 1.00  1275%  0.01 0 1.8
025  2339% _ 0.00 0 16

s 050  19.55%  0.01 0 6.2
projy(Oziin) 75 1540%  0.01 0 5.6
1.00 12.64%  0.01 0 3.4

025  2339% 0.1 0 18

) 050  19.43 % 120.06 1 3933.0
projz(Orin) 75 1519 % 0.8 0 6.4
1.00 12.63%  0.13 0 3.0
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7. CONCLUSION

This paper introduced three a-posteriori outer approximations of the feasible re-
gion of mixed-binary programs derived from a branch-and-bound (BB) tree, together
with a new family of valid inequalities, the Star Tree Inequalities (STIs). We estab-
lished an inclusion hierarchy among the approximations (disjunctive programming-
based, branching-based, and mixing-set based), as well as a reverse separation time
hierarchy. This hierarchy theoretically formalizes the trade-off between tightness and
computational tractability of the proposed approaches. The STTs, while theoretically
weakest in closure, stand out practically due to a polynomial-time combinatorial
separation algorithm. Our computational study on multi-dimensional knapsack and
set-covering problems empirically confirms the hierarchy and demonstrates that
cuts generated a posteriori from BB trees can reduce optimality gaps in perturbed
instances.

These results support the idea that BB trees contain structural information about
the underlying optimization problem that is valuable beyond a single solve. Reusing
this information can be leveraged in multiple settings, such as reoptimization, restarts,
decomposition, or sensitivity analyses of problem parameters. More generally, this
paper highlights a novel perspective on data-driven optimization: rather than
treating each solve as a one-shot experiment, one can view the entire process as a
sequence where information accumulates and can be systematically reused. From
this perspective, a central trade-off emerges between exploration and exploitation.
Building richer trees and tighter approximations might require more time at first,
but may provide substantial speed-ups later on as the available BB information is
exploited to generate strong cuts. This dilemma motivates research on new design
principles for optimization solvers.
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APPENDIX A. INSTANCE GENERATION

This section describes the procedure used to generate the test instances for the
numerical experiments presented in the main text.

Multi-Knaspack Problem: Given a number of variables n, we construct
instances of the multi-knapsack problem in the following form:

max{c’z : Az < b},
where ¢ € R", b € R"/? and A € R("/2)*"_ The instance data is generated as follows:

e Each entry of the cost vector ¢ is drawn independently from the uniform
distribution U(1,2).

e Each entry of the matrix A is drawn independently from ¢/(0, 1).

e Each entry of b is defined as

bi =09 Ay, i=1,...,n/2
j=1

Set-Covering Problem: Given a number of variables n, representing the
number of subsets, and a number of constraints m, representing the elements of the
ground set, we consider a density parameter ¢ € (0,1) that specifies the probability
that a given element belongs to a subset. An instance of the Set-Covering Problem
can then be generated as

max{c’z: Az > 1},
where ¢ € R™ and A € {0,1}"*". Each entry of A takes the value 1 independently
with probability ¢, and the cost vector ¢ is drawn independently from the uniform
distribution #(1, 2).

To simulate a change in the objective function, we generate a perturbed instance
from each original instance by modifying the cost vector. Let ¢ be the cost vector of
the original instance. The perturbed cost vector ¢ is defined as:

c=c+e,
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where each component ¢; is sampled independently from the normal distribution
N(0,0.1¢;), fori = 1,...,n.
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