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Abstract

In this work, we propose a method for minimizing non-convex functions with Lipschitz con-
tinuous pth-order derivatives, starting from p > 1. The method, however, only requires derivative
information up to order (p — 1), since the pth-order derivatives are approximated via finite differ-
ences. To ensure oracle efficiency, instead of computing finite-difference approximations at every
iteration, we reuse each approximation for m consecutive iterations before recomputing it, with

m > 1 as a key parameter. As a result, we obtain an adaptive method of order (p — 1) that
+1
requires no more than O(e_pT) iterations to find an e-approximate stationary point of the objec-

tive function and that, for the choice m = (p — 1)n + 1, where n is the problem dimension, takes

no more than O(n'/? e_%) oracle calls of order (p —1). This improves previously known bounds
for tensor methods with finite-difference approximations in terms of the problem dimension.

Keywords: Nonconvex Optimization; Higher-Order Methods; Tensor Methods; Finite Differ-
ence; Worst-Case Complexity

1 Introduction

1.1 Motivation

We consider the problem of unconstrained minimization of a smooth function f : R™ — R, which
can be non-convex. The choice of appropriate algorithms, as well as their performance guarantees,
depends fundamentally on the smoothness properties of f and on the extent to which its derivative
information can be computed. When for a given = € R"™ one can evaluate f(z) as well as all
derivatives V' f(z) for i = 1,...,q for some ¢ < p, we say that a gth-order oracle for f is available.
Any algorithm that relies on such an oracle is referred to as a gth-order method.

In this context, the Gradient Method is a first-order method that, when applied to an objective
function f with the Lipschitz continuous gradient, requires at most 0(6*2) calls to the first-order
oracle to find an e-approximate stationary point [19]; that is, a point z satisfying ||V f(Z)|| <.
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Turning to second-order methods, Newton’s Method with Cubic Regularization [14], 22], [6], when
applied to an objective function f with an Lipschitz continuous Hessian, requires at most 0(6_3/ )
calls to the second-order oracle to find an e-approximate stationary point [22]. More generally,
if f has a Lipschitz continuous pth-order derivative, the methods based on regularized pth-order
Taylor models [2] require at most O(e~®+1)/P) calls to the pth-order oracle to find an e-approximate
stationary point. As shown in [3], this represents an optimal worst-case complexity bound for pth-
order methods applied to the class of functions with Lipschitz continuous pth-order derivatives.

In minimizing a p-times differentiable function f, one often has access only to a g-th order oracle,
where ¢ < p. For example, when f(z) can be evaluated only through a black-box simulation or
experiment, the gradient vector V f(x) is not readily available. In such cases, one must rely solely on
function evaluations to minimize f, which motivates the use of derivative-free (zeroth-order) methods
[8, [I, 16]. Another example arises when calibrating the parameters of ODE or PDE models to fit a
given dataset. Although the error function may be twice differentiable, computing the Hessian via
adjoint equations can be computationally prohibitive or practically challenging [24], forcing users to
rely solely on a first-order oracle [15], 23] [17].

A common approach to exploiting pth-order smoothness with a lower-order oracle is to approx-
imate the unavailable higher-order derivatives via finite differences of the available lower-order in-
formation. For example, by approximating gradient vectors with forward finite differences of func-
tion values, one can design zeroth-order implementations of first-order methods [II] that find e-
approximate stationary points using no more than O (ne‘2) calls to the zeroth-order oracle (i.e.,
function evaluations), where n is the problem dimension. Similarly, finite differences of gradients
can be used to approximate Hessian matrices in second-order methods, leading to first-order imple-
mentations [4, 12] with worst-case oracle complexity O (ne*“q’/ ?). Recently, in [I0], we established
an improved complexity bound of O (nl/ 2¢3/ 2) for a lazy variant of Newton’s Method with Cubic
Regularization [9], in which finite-difference Hessian approximations are computed only once ev-
ery n iterations and kept fixed in between. Further developing the lazy technique, [7] proposed a
method of order (p — 1) in which finite-difference approximations of the pth-order derivatives are
computed only once every m iterations and updated in between via quasi-tensor rules [25], where
m € N\ {0} is a user-defined parameter. It was shown in [7] that this method requires at most

_ptl _ptl
(’)(n max{el Pey Pt }> calls to the oracle of order (p — 1) to find an (€1, €2)-approximate second-

order stationary point, i.e., an e;-approximate stationary point of f at which the smallest eigenvalue
of the Hessian is at least —es.

1.2 Contributions

In this work, we propose a new method of order (p—1) for minimizing p-times differentiable functions
with Lipschitz continuous pth-order derivatives. To ensure oracle efficiency, we extend the lazy
approach from [I0] to the general case p > 1, where each finite-difference approximation of the
pth-order derivative is reused for at most m consecutive iterations before a new approximation is
computed. We show that, by choosing m = (p — 1)n + 1, our method requires at most

O (nl/pe_p%>

calls to the oracle of order (p — 1) to find an e-approximate stationary point. With respect to
explicit dependence on the problem dimension n, this is, to our knowledge, the sharpest known



oracle complexity bound for (p — 1)th-order methods applied to functions with Lipschitz-continuous
pth derivatives. Importantly, our method is adaptive, automatically adjusting the Lipschitz constant
of the pth derivative and the parameter of the finite-difference approximation, without the need to
fix them in advance.

1.3 Contents

The paper is organized as follows. Section [2] introduces the problem and presents the necessary au-
xiliary results. In Section[3] we describe our new method and analyze its worst-case oracle complexity.
Section [ concludes with a discussion of open problems and directions for future research.

1.4 Notation

For a differentiable function f : R™ — R, we denote by V¢f(x) the derivative of order ¢ > 1, which
is a g-linear symmetric form. The value of this form on a set of fixed directions hy,...,hy € R"
is denoted by V9f(x)[hi,...,hq] € R, which is the gth-order directional derivative of f along the
given directions. When all directions are the same, hy = ... = hy = h € R" we use the shorthand
Vif(z)[h]? € R. More generally, for an arbitrary 1 < ¢ < ¢, we use the convenient notation
Vi f(x)[h]’ for the (¢ — £)-form with the first £ directions substituted as h; by definition, it satisfies

Vaf ()M ur,. .. ug—e) = VIf()[h,...hout,...,ug—) € R, forallu,...,u;p € R™

We fix the standard Euclidean inner product in our space, (z,y) :== > | x(i)y(i), for any x,y €
R™ and denote by ey, ...,e, € R™ the canonical basis. Using the inner product, we treat the 1-form
Vf(x) € R as the gradient vector: (Vf(x),u) = Vf(z)u] € R for z,u € R". And for general
q > 1 and a fixed direction h € R, we can treat V9f(z)[h]?" € R as the vector, which satisfies
(Vif(z)[R]7 Y u) = VIf(z)[h]?  [u] € R, for all x, h,u € R™.

We denote by || - || the standard Euclidean norm for vectors, ||z|| := (z,z)/“, x € R™. Corre-
spondingly, for an arbitrary g-linear (not necessary symmetric) function T'[hy,...,hy] € R, ¢ > 1 we
use the induced operator norm:

1/2

Tl := hl,.{l,lh?éR": TR, ..., hgl.
llhil|<1,V1<i<q

When T' is symmetric, it holds (see, e.g., Appendix 1 in [21]) [|T|| = maxyegn:n<1 [T[h]4].
In what follows, we will use the following construction. For a given symmetric (¢ — 1)-linear
form E, and an arbitrary vector e € R"™, we denote by T'= FE ® e the g-linear form, defined by

T[hi,...hg] = E[hi,...,hq-1] - (e,hy) € R, hi,...,hqy € R".
It holds that || T|| = || E| - |le]|. Clearly, T is not symmetric in general. Introducing the function
g(h) = %T[h]q € R, h € R”, we find that its gradient vector is equal to
Vg(h) = %(E[h]q_le +(q— 1)<e,h>E[h]q—2) c R™. (1)
It is possible to make tensor 1" symmetric, using the following standard symmetrization operation:
Poym(T)[h1, ..., hy] = %quT[ha(l), s hegls



for which we have: Py, (T)[h]? = T[h]%, Vi Psym (T)[R]9 = qPsym (T)[R]971, and || Psym (T)| < |7
Throughout our analysis, we will use Young’s inequality:

Yy < %—I—% forx,yZOandé+%=1,aa5>1- (2)

2 Problem Formulation and Auxiliary Results
In this work we consider the smooth unconstrained optimization problem

min f(z),

under the following assumptions:

Al. f: R" —» R is a p-times differentiable function with L-Lipschitz continuous pth-order
derivative (p > 1). Thus,

IVPf(x) =VPFll < Liz—yll,  Ve,yeR™ (3)

A2. Function f is bounded from below: f(z) > fiow, for all x € R™.

It follows from Al that

F) < Pupy) + Grmly — 2P, Vo,yeRY, (4)

where

Doply) = f<x>+il 1 f(2)ly — 2

defines the pth-order Taylor polynomial of f(-) around z. Moreover, we also have the global bound
for the gradient approximation:

IVF@) = Verp)ll < gly—alP,  Vo,yeR™ ()

Given a point £ € R™ and a regularization parameter ¢ > 0, we define the following augmented
Taylor approximation

—1
anl) = 1)+ T AV @l =l + V5@l =3 + GEply—alP. (©)

According to (4)), this is a global upper approzimation of our objective, i.e., f(y) < Qz0p(y), when
the regularization parameter is large enough: ¢ > L. However, in general, this approximation might
not be convex. It was shown in [20] that for convex function f(-), the augmented Taylor model (6]
is convex for o > pL, and, therefore, its minimizer can be efficiently computed.

Let us consider a p-linear tensor 7T that approximates pth-order derivative of the objective,
T =~ VP f(Z), and use it in the following model:

p—1

Magyy) = F()+ T AVF@l a4 3Tl — 2+ gyl - 2l (7)



Therefore, we keep all derivatives of our function up to order (p—1) in our model, while approximating
the pth derivative. As we will see further, such an approximation can be done efficiently using lower
derivatives of the function. Note that model depends only on the symmetric part Py, (T") of our
tensor, while we do not assume that T is symmetric. The gradient of our model is given by

VMQ?,U,p(y) = ) (ljl)'vzf(i.)[y - f]i_l + ﬁpsym(T) [y - "E]p_l + I%Hy - i‘Hp_l(y - 57)7
and, correspondingly, the difference between VMg ,,(-) and VQz , ,(-) can be bounded as

IVMaop(y) = V00l = gyl (Poym(T) = VP£(2))ly — 27|

(8)
< il Poym (D) = VPF@) - ly —2lP" < G2l T = VPF@)| - lly — 2P~
The following lemma is one of the main tools of our analysis that relates the length of the step
|zt — Z|| of a method, with the gradient norm ||V f(z")| at new point, where x* is an inexact
minimizer to our approximate model .

Lemma 2.1. Suppose that Assumption A1 holds and let ™ be an inexact minimizer of Mz s ,( ),
defined in @, satisfying the following condition
IVMzop(@®)l < olla™ — 2|7 (9)

If 0 > 2L and, for some z € R"™ and 6 > 0, we have

T =VPf)l < 4, (10)
then - " "
p+1 _ sp+1 P _Zlp
VO < 3ot [ao)lat —a|ptt 4 oy L] (11)
Proof. Let us denote r = ||z —Z||. From the previous reasoning, triangle inequality, and the equation

VQz.0p(xt) = VOz6p(2T) + 1%7’1”’1(95r — ), it follows that
IV f(z™)]]

< IVET) = VQa0p@ ) + IVQa0p(@T) = VM 0p(2) || + [V Mz 0p(z )|

< IVI@t) = V@l + 57+ iy | T - VEF@)|[r 4

(12)
(G + 5+ o) + el T — VP (@)

< (Gt g+ )+ iy (IT = VPR + [VPF(2) = VP F@)])re

< AP <ﬁ + Gamille - f||)7"p_1,



where in the last inequality we also used that ¢ > 2L. In view of ( and using the inequality
(a+b+c)? <397 (a? + b9 + 1) for a,b,c > 0 and q := p‘H > 1, we get

pt1
N 20 s -1 L =ll-p—1] P
IVf(™)| > < P! P+ (p71)!7“p + -1 |z — z||r?
p+1 ptl p+1
< 31/p{(g)%0%}rp+1+ 5P 1T<p Dery % Hz,furlp T<p 1><p+1)} (13)
= 1
' (Clilr (i
pt1 o pt1 ptl
. 31/p01/p{(2)p710rp+1+ L T%+ L'p Hzfilu » TW}
pPTl prl
[((p—1)1] » ol/p [(p—1)1] » ot/P

When p = 1, this inequality immediately gives . Now, we assume that p > 2.
Using Young’s inequality with o = p and § = pf T
in can be bounded as follows

st (p=1)(p+1) p=t <p ()
pir 7 =
(1) 7 ot/P [

_p_
-1 (p=1)(p+1) | p—1
< 1 p— o'pT'r P )
<[<p e ) P ( (14)
§p+1 -1
= e-nper T (pp Lorvtt
< or+] + orPtl,

Using again Young’s inequality, we can also bound the third term inside the brackets in ,

L5 )" r% - (LT”ZCBHT) (UTTM@W)
— i = | =1l
(o-1)"7 o1/p -1 o
p
p=1 (p=D)(p+1) \ p—1
p-1 (U,,Tp)
’ (15)

LPH sz [P+ (p=1)orit!
Plip— D7+ To7 v

(VAN
==
Y

h
s+
=0
318
= s
o
~
i
+

Lt z—g|Pt? +1
< Pp-DFtTor +orfT

pt+1
Finally, combining , and , and using the inequality (z%) » <1, p> 2, we conclude that

Bl +1 Lt y—z|p+1
IVFEOI < 31Pglle [30Tp+1+p[(p—61p)!]1’+1op p[(p—Hl)!]PﬂlaP}

1/p 1 +1 sp+1 Lt ||z—g||P*!
< 3YPoMP Ao 4 G e+ e
That is, is true for all p > 1. O



The next lemma shows that minimizing an approximate upper model of the objective leads to a
progress in terms of the function value.

Lemma 2.2. Suppose that Assumption A1 holds and let % be an inezact minimizer of Mz s (),
defined in @, satisfying the following condition

Mz op(z®) < f(2). (16)

If 0 > 2L and, for some z € R™ and § > 0, (@) holds, then

_ o _ 8(p+1))P- (6Pt [Ptz —z||PT+L
f@ ~ f@t) = gepllet Pt - (8(p+1)) (UP~(p+1)! l==al) (17)

Proof. Let r = ||z — z||. We have

=

fat) 2 Qarpat) = Queplet) + gt
= Maop(a™) + 5 (VPF(@) = T) o — 2P + Lyt
< F@) + HIVPE@) - T+ gt (18)

< @)+ 5 (IVPf(@) = V() + VP F(2) = Tl 7P + ™

@O .
< f(a:)—l—i(LHz—xH +0)rP — 2.(pcf|-1)!rp+1>

where in the last inequality we used the assumption ¢ > 2L. Using Young’s inequality with
a=p+land = 1%1, and the inequality (a +b)9 < 297 (a9 +b9) for a,b > 0 and ¢ := p+ 1, we get

D

P p _ _p_
yets- oo = (o) (e )

o PFT .pl 4PFT [(p+1))]PFT
_p_ _p_ p+1 p ptl
< 1 (4P [(p+D)PH (64 L]|z—z[|) + P oPHIpp P
= pHl o7 pl PHEN4PHT [(p)) 74T
_ 2l POt | porrt (19)
o (p+1)-[pl]p+1-oP 4(p+1)-(p+1)!
(A(p+1)P(S+L||z—z[)"** 1
< £ UP-(p+1§! - + 4-(p11)!rp+
(B(p+1))P- (62 +LP || z—z||P+1) 4o _p+l
> aP-(p+1)! 4-(p+1)! .
Now, combining and , it follows that
- (8(p+1))P- (P HLPH |z —z|PHT
f($+) S f(l') + ( g'p‘(p-f—l)! ) - 4.(p11)!7«p+1,
which implies that is true. ]



Now, we can combine the two previous lemmas to obtain progress in the function value in terms
of the gradient norm.

Lemma 2.3. Suppose that Assumption A1 holds and let zt be an inexact minimizer of Mz s (-
defined in @, satisfying conditions @ and (@ If 0 > 2L and, for some z € R™ and § > 0,
holds, then

pt+1
_ v :1:+ _ . _ Cp- 5p+1+Lp+1Hzfi||p+l
f@) = f@*) = 25~|:‘31/J;(~al/)1‘>|~(2+1)! + 5 [l* — [Pt — ( oP-(p+1)! )v (20)
where ¢, = gromtaymer + (8(p+1))P <2+ (8(p+1))P.
Proof. Let r = ||* — Z||. In view of Lemma we have
pt+il
o o1 @ eI st (21)
8:(p+1)! = 25.3U/p.gl/p.(p+1)!  25-p[(p—1)NPFL.oP-(p+1)!"

Then, combining with inequality in Lemma we conclude that

_ (7 (8(p+1))P- (P14 Lo+ | z—g|p+1
f@) = f=") = ss-(;Jil)ﬂJgJrl + 8~(p(11)!7“erl - ( oP-(p1)! )
e e el P
1 _ PP+ LP T a—g|P 1
> malren i) T RGN T el |:25~p[(p—1)!]p+1 + B +1)"|,
that is is true. ]

Up to this moment, we have considered an arbitrary tensor T' ~ VPf(z) satisfying the J-
approximation guarantee , for some § > 0. In this work, we are interested in using for T
the finite-difference approximation provided by the (p — 1)th-order derivatives. To this end, we use
the following lemma.

Lemma 2.4. Suppose that Assumption A1 holds. Given z € R™ and h > 0, let T be the p-linear
form defined by

T — ;(V?*lf(2+h6i;‘)*vp*1f(z)> R €, (22)

where e; is the ith vector of the canonical basis of R™. Then

Lyn
IT- Wi < B (23)
Proof. Let us fix arbitrary directions w1, ..., u,—1 € R™" s.t. ||u;|| < 1 for all j. Then, for an arbitrary

1 <i < n, we have
(T = VP f(2))[ut, - - un—1, €|
= (VPG hei) = VPUf(2) = RVPF)fed) [un, ot

1 1
= | [(V2f(z + Ther) = V2D, unor,eldr| 2 L[ rhdr = Lh,
0 0



where we used that VP f is a symmetric form, and the standard Newton-Leibniz formula. Therefore,

T —VPf(z)]| = max (T — VPf(2)|uL,...,up—1,x]
UL, sUn—1,TER™
Vi lug[|<1, ||| <1

n .
= max (T — VPf(2)|uL,...,up—1, Z:):(Z)ei]]
UL yeenyUn—1,2ER™ i=1
Vi [Jus | <1, ]|z <1

n

< max lz®| (T = VPf(2)[ut, .. s Un_1, e
UL, Un—1,TER™ i=1
V3 [lus | <1, <1
(24) n )
< max S e Lh = LT\/ﬁh,
zeR™: 3 [2(D]2<1 =1
=1
where the last equation follows from the Cauchy-Schwartz inequality. O

Remark 2.5. Note that the tensor T’ defined by s not symmetric. Since our model @ depends
only on the symmetric part of T, one can replace T by Psym(T') (see Section , which possesses
the same approximation guarantee:

1Poym(T) = VPF(2)|| < |T=VPf(2)| < L%

All our results remain valid regardless of whether T is symmetric or not. However, the use of
symmetrization affects the implementation of an inner solver for our subproblem (see expression
for computing the gradient of pth-order term of our model).

From , we see that the key parameter that controls the finite-difference approximation error
is the discretization step h > 0. If h is chosen sufficiently small, we can ensure the same progress as
in the method using the exact pth derivative.

Lemma 2.6. Let ¢ > 0 be fized. Suppose that Assumption Al holds, and let x™ be an inexact
minimizer of the model Mz () defined in @), where the tensor T is constructed by finite differences
as in Lemma with stepsize

1
p+1
1
oP-e P

4
hos o | Gorpz s

(25)

Assume further that x+ satisfies conditions (9) and (16), and that |V f(27)|| > €. If 0 > 2L, then

p+1
_ o _ LpHl||z—z||P+1
F@) = F@) 2 gmserer + syl — @l - e (26)

Proof. Since o > 2L, it follows from that

p+1 p+1
gP.e P

2
ho< Ly/n | (8(p+1))r-27-31/pgl/p




Thus, as T is constructed by finite differences with stepsize h, Lemma implies that

IT-vrrl < B o< s 27)
where
5 e T (28)
T (8(p+1))P-27~31/p<71/1’] :
Then, by (27), Lemma 2.3 and the assumption ||V f(z*)|| > €, we have
pt1
_ b SpH
f@) = f=") = 25.31/;011}?.@“)! N cr(z(pﬂ)! (29)
_ Lt 5| ptHT
+ sz llet - [Pt — %
Note that by and the bound ¢, <2 (8(p+ 1))P, we have
cp-6P 1 c pTng thl
oppv(p—i-l)! = 2(8(pj—1))P ’ 26.31/p.601/p.(p+1)1 < 26.31/p.601/p.(p+1)1' (30)
Then, combining and we conclude that is true. O

We are now ready to prove the main result of this section, which serves as a building block of our
algorithm. We start with a fixed initialization o € R™ and perform m > 1 steps of the method using
a fixed finite-difference approximation tensor 7', computed once at z := xg, and a fixed regularization
parameter o > 0. We show that for an appropriate choice of o, we guarantee strict progress for the
iterates of the method.

Theorem 2.7. Let € > 0 be fized. Suppose that Assumption A1 holds. Given z € R™, o > 0, and
m € N\ {0}, let {z¢};", be a sequence of points defined as follows

i) = Z,
o 31
{$t+1 e {yeRr: My oy() < fle) and |VMy, op)] < illy 2} t=0.m—1, @Y

where, for every t € {0,...,m — 1}, the model is given by

p=l ,
Mz, 0.p(y) flae) + 21 aVif(@)ly — ]’ + %T[y — o’ + iy — [P, (32)

with T being a fired tensor defined by finite differences, as in Lemma with stepsize h satisfy-

ing (@ If

o > 1l(p+1)Lm, (33)
and
IVf(xis)|| = € fori=0,...,¢t, (34)
for some t € {0,...,m — 1}, then
ptl
f(@o) = f(ze41) = 26.31/P.€o-1p/p.(p+1)[ (t+1). (35)

10



Proof. Assume that ¢ > 1 and consider i € {0,...,t}. In view of (31))-(34) and the construction of
the tensor T, Lemma applies with 7 = x;,1 and Z = x;. Hence, we obtain

p+1
7 LR z—gy ||
f(ml) - f<$i+1) > 26,31/p,€a.117/p,(p+1)! + 8.(;,_1)1 Hxi-i-l - xin+1 - %- (36)
Let us denote r; = ||x;+1 — 2;]|. Summing inequalities over i = 0,...,t and using z = xg, we
obtain
ppil o ! p+1
f(ﬂfo) - f(xt'f'l) > 26431/p<~501/p‘(p+1)! (t + 1) + 8-(p+1)! 1;) L
(37)
g1 &
~ P G ZO i — @ol[P*.
1=
Note that
t ) t . t |li-1 ptl
> Nz —wolPH = 3 i —wolPT = Y| w4 -
i=0 i=1 i=1 ||j=
(38)
t [i-1 ptl ¢ fic1 \PT!
< X (Z 41 —ffj||> = ( Tj) :
i=1 \j=1 i=1 \ j=0

In addition, by the Holder inequality, we also have

_p_ 1 1
i—1 i=1 py1 \ P [i-1 p+1 » i—1 p+1
Z ] Z 2 Z p+1 R p+1

2. Tj = : 1> 2. Ty < orH Z Ty

Jj=0 j=0 j=0 Jj=0

and so, since 7 < t, it follows that

i—1 pHl i1 ¢ )
E T < P rl.)Jr < tp Z Tp+ . (39)

Thus, combining and we get
t t
Y N A O R (40)
i=0 i=0
It follows from and that
ptl Cp.Lp+l.tp+1

t
f(l‘o) - f(xtJrl) > 26,31/p$a.1;)/p,(p+1)! (t + 1) + [8.(;}_1)! T oP(pt1)! } ;)rf—i-l- (41)

By we have

1
o > 1l(p+1)Lm > (8¢p)r+1Lt,
which implies that

o e [P+1.p+1
|56~ ST = 0 (42)

Thus, by combining and , we conclude that holds for ¢t > 1. Next, observe that when
t = 0, inequality also holds for ¢ = ¢t = 0, and the last term on its right-hand side vanishes, since
in this case x; = x¢ = z. Consequently, also holds for ¢ = 0, which completes the proof. O

11



3 A Lazy Method of Order (p —1)

In view of Theorem let us define the algorithm
(2%, a) = LazyTensorSteps (z, T, o, m, ¢)

that attempts to perform m inexact pth-order steps, starting from z, using the same tensor 7" and
regularization parameter o, and recomputing the derivatives of f up to order p — 1 at each step.
The algorithm stops earlier whenever an e-approximate stationary point of f is found, or when the
functional decrease with respect to f(z) does not satisfy condition . If the m steps are performed,
or the algorithm stops due to the violation of , the output z* is the point with smallest function
value among those generated by the algorithm. Otherwise, if an e-approximate stationary point is
found, that point is returned as z*. The output « specifies the reason why the algorithm stopped,
and thus characterizes the type of the output.

Algorithm 1: (27, a) = LazyTensorSteps(z,T, 0, m,¢)

Step 0. Set xp:=x, Tg :=x and ¢t := 0.
Step 1. If ¢ = m then stop and return (#;, success).

Step 2. Compute z;11 as an approximate solution to the subproblem

p—1 . )
;relIiRg Mz, op(y) = f(z) + Zl GV f@)ly — "+ 5Ty — 2P + iy ly — 2P,
1=
such that

Mayop(er1) < flz) and  [|[VMe, op(zea)ll < gyllzegs — P

Define #4417 = argmin {f(y) : y € {Z¢, x441}}-
Step 3. If |V f(x¢+1)|| < € then stop and return (z;41, solution).
Step 4. If

pt1l

f(xO) - f(jt+1) 2 26.31/pi71p/p.(p+1)! (t + 1) (43>

holds then set t := ¢ + 1 and go to Step 1. Otherwise, stop and return (Z;41,halt).

Algorithm 1 outputs both the point 2™ and the status indicator
« € {success, solution, halt},

which specifies the termination condition. The value success indicates that all prescribed m steps
were completed; solution signals that an e-approximate stationary point of f was identified; and
halt means that progress in reducing the objective function was insufficient. As a direct consequence
of Theorem we have the following result.

Lemma 3.1. Suppose that Assumption A1 holds. Given z € R™, e >0, o0 > 0 and m € N\ {0}, let
(27, ) be the corresponding output of Algorithm 1 with

T — ;(Vp*lf(z-i-he};)—vpflf(ﬁ) ® e, (44)
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for some h > 0. If

4 p.e pH1 (45)
o > 1ll(p+1)Lm and h < oV | BTy T i eis .

then either a = solution (and so ||V f(z7)| <€) or a = success and so

p+1

O R G = 26~31/;af/1’~(p+1)!m' (46)

Proof. Suppose that « # solution. Then 2 = #;, ;1 for some t, < m and

IVf(xiz1)]] > € fori=0,..., ¢, (47)
In view of , , , and Theorem it follows that
thl

f(xo) = f(xe.11) 2 mgmgrmprmits+1)- (48)

Since f(#t,+1) < f(xt,41), this means that condition was satisfied for ¢ = t.. Therefore, the
only way Algorithm 1 could have returned z* = Z;, 11 is if t, + 1 = m. Consequently, o = success,
and by we conclude that holds. O

Building upon Algorithm 1, we can design an adaptive lazy scheme that emulates a pth-order
method while using only a lower-order oracle of order p — 1. At the kth iteration of the lazy method,
we have the current iterate z; and an estimate Lj of the Lipschitz constant L. Defining

1
» p+1 p+1
0p."€ p
/p ’

_ _ 4
or = 11(p+1)Lym and h; = oo/n [(8(p+1))p,27431/p.0;

we then compute a pth-order tensor 7}, as in Lemma (with z = 2z, and h = hy). The next iterate
zp+1 is computed by calling Algorithm 1:

(2k+1,,) = LazyTensorSteps(zg, Tk, ok, m,€).
If a, = solution, this means that |V f(zx11)|| < ¢, and the algorithm terminates. If o) = success,
then it follows from Lemma [3.1] that
p+1

fzr) = f(2h1) > .

m
26~31/1"~a,1€/p~(p+1)!

In this case, we say that the iteration was successful and, to allow a larger step in the next iteration,
we set L1 = Li/2. Conversely, if ap = halt, we say that the kth iteration was unsuccessful and
set Lxi11 = 2Lj. In what follows we provide a detailed description of this algorithm.

Note that the number of consecutive unsuccessful iterations is finite: by doubling Ly, we will
eventually have o = 11(p + 1)Lgm > 11(p + 1)Lm, and by Lemma this ensures that oy €
{solution, success}. This fact allows us to establish the following upper bound for the sequence
of estimates Ly.
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Algorithm 2: Lower-Order Implementation of a pth-Order Method

Step 0. Given zp € R, Ly > 0, € > 0, and m € N\ {0}, set k := 0.
Step 1. If ||V f(z)|l < e, stop.
Step 2. Using
P+l 1

O'Z'G p p+1 (49)

B o 4
- 11(p+ 1)Lkm and hp = o.k.\/ﬁ|:(8(p+1))p_27.31/l’0-11§/p )

compute the finite difference tensor:

T, = S (VP*1f<Zk+hkhe;>—vp*f<z;€>) ® e;. (50)

i=1
Step 3. Attempt to perform m lazy tensor steps using the same tensor T:
(2g+1, o) = LazyTensorSteps(zg, Tk, 0k, m, €). (51)
Step 4. Update the estimate of the Lipschitz constant:

2Ly  if aj = halt,
Ly =X Ly if o, = solution, (52)
Ly/2 if oy, = success.

Step 5. Set k:=k + 1 and go back to Step 1.

Lemma 3.2. Suppose that Assumption A1 holds and let {zk}szo be generated by Algorithm 2. Then
Ly < Lpax = max{Lg,2L} (53)
for all k € {0,...,K}.

Proof. Let us show it by induction over k. By the definition of L.y, it follows that is true for
k = 0. Suppose K > 1 and that holds for some k € {0,..., K —1}.

Case I: o), € {solution, success}.

In this case, by and the induction assumption we have
Ly < L < Liax,

that is, holds for k£ + 1.

Case II: o, = halt.

In this case, we must have
Ly < L, (54)

since otherwise we would obtain o = 11(p + 1)Lym > 11(p + 1)Lm. By Lemma this would
imply oy, € {solution,success}, contradicting the hypothesis of the present case. Hence, in view

of , we deduce

(54)
Lk+1 = 2Lk < 2L < Lmax;
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which shows that also holds for k£ + 1. O
Given {Zk}szo generated by Algorithm |2l with K > 1, let

Sk = {ke{0,...,K -1} : a) = success}, (55)
Uk = {ke{0,...,K —1} : aj, = halt}. (56)

Lemma 3.3. Suppose that Assumptions A1-A2 hold and let {zk}kK:O be generated by Algorithm
with K > 2. Then

St : / 20)— _ptl
ISk—1] < 26-(3-11(p+1) Lm;:(ll_;(z)ﬂ)!(f( 0)=fiow) . 5 (57)

Proof. Since zx has been generated, it follows that
IVf(zks1)| = € ke{0,...,K—2}.
By Lemma we then have
ay, € {success,halt}, kec{0,...,K —2}.

Consequently, from together with Steps 1 and 4 of Algorithm (1, we have

f(zrr1) < f(z), ked{0,...,K —2}. (58)
Finally, combining A1, , and Lemma we deduce
K—2
f(20) = fiow = f(20) — f(zr-1) = kgo fQzr) = f(z141)
> > fla) = flare)
keESK_1
pt1
2 keé,l 26-31/p.eg§/1’.(p+1)!m
pt1
= k:eg;:(,l 26-31/P.(11(p—£1)kam)l/p-(p—‘rl)!m
pt1
= keg,l 26-(3.11(p+1)61:1:axm)1/1>-(p+1)!m
= T mP=D/P|Spe_|,

26'(3'11(p+1)Lmax)1/p'(p+1)!

and therefore,

26-(3-11(p+1)-Lmax) /P (0+1)!(f (20) — frow) . —2EL
[Sx—1] < n=D/p L
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Lemma 3.4. Suppose that Assumptions A1-A2 hold and let {zk}szg be generated by Algorithm
with K > 2. Then

(3. . /p _ p+1
Ux_1| < 26-(3-11(p+1) - Linax) /P (p+D)!(f (20) — frow) . — 2L + log, (Lﬂ?x>. (59)

m(r=1/p e v
Proof. As in the proof of Lemma [3.3] the fact that zx has been generated implies
ayp, € {success,halt}, ke{0,...,K —2}.
Therefore, by and Lemma we obtain

Sk—
LO (%)‘ K1l . 2‘2’{K*1| = LK*I < Lmax-

Dividing both sides by Ly and then taking the logarithm, it follows that

ISkl + Urca| < logs (L)

and hence
U] < [Sk—1]+ 10g2(L2173x) :
Thus, by Lemma relation follows. O

+1
Now we can establish an iteration-complexity bound of O (Lrln/fx( f(z0) — flow)e_pT> for Algo-
rithm [21

Theorem 3.5. Let € > 0 be fized. Suppose that Assumptions A1-A2 hold, and let K (¢) € NU{+oo}
denote the termination time of Algorithm @ i.e., the smallest inder such that ||V f(zx@)| < e.
Then

3 . / _ _p1
K(e) < 14 2@ 1E+) Lm;:;c(ll_f)(/i;jrl)!(f(ZO) fiow) =57 | 1og, (LILHSX) (60)

Proof. If K(¢) < 1, then follows immediately. Hence, suppose that K(g) > 2. In this case,
Lemmas and imply that

K(e) =1 = [Sk)-1l + Ux)-1l
27 (3 11(p+ 1) Lina) /(0 + D! (f (50) — fiow) 22 .
- m@-1)/p £’ +log2< Lo >’
and therefore holds. O

For x € R", a single call to the oracle of order (p — 1) corresponds to the computation of any
nonempty subset of

{f(@),Vf(x),..., V" f(2)}.
At iteration t, Algorithm [I] computes
{F (@), Vf(xe), ..., VP f(x)} and  {f(zi41), V(1))

which amounts to two oracle calls. Since Algorithm[I|performs at most m iterations, each run requires
at most 2m oracle calls. In turn, at iteration k, Algorithm executes Algorithm computes V f(zx)
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at Step 1, and computes {VP~1 f(z), + hye;)}?; at Step 2. Therefore, each iteration of Algorithm
requires at most 2m+ (1+n) = O (m + n) oracle calls. Thus, by Theorem Algorithm [2| requires

at most
_p+1l

O ([t | EaB(f (20) = fiow)e™ ™) (61)
calls to the oracle of order (p — 1) to find an e-approximate stationary point of f. Recall that
m € N\ {0} is a user-defined parameter specifying the maximum number of iterations of Algorithm 2

(i.e., the number of lazy tensor steps). A natural question then arises: how should one choose m?
One approach is to select m so as to minimize the corresponding factor in the oracle complexity

bound . Let

For p = 1, the optimal value is m = 1. Consider p > 2. Note that the minimum of the unimodal
function ¢( -) is achieved when

_2p-—1

0 = ¢'(m) = m » {mf@(mqtn)}

which holds if, and only if, m = (p — 1)n. Therefore, with such a choice of m we obtain the following
oracle complexity bound for Algorithm [2, combining both cases p =1 and p > 2.

Corollary 3.6. Suppose that A1-A2 holds. Then Algom'thm@ with ‘m =(p-1)n+1 ‘ requires at
most

o (nl/le%n/aI,)x(f(zO) - flow)e_ppi> (62)
calls to the oracle of order (p — 1) to find an e-approximate stationary point of f(-).

In particular, our analysis shows that for p = 1 (the zeroth-order approximation of the first-order
method), the best strategy is m = 1, which means not using stale derivatives and updating the
information at every iteration.

For p > 2, we show that the best strategy is to choose m o n (i.e., updating the pth-order
tensor approximation once every (p — 1)n iterations). It is also interesting that, as the order of
the method p increases, we obtain an improved dependence on the problem dimension in the oracle

complexity .

4 Discussion

In summary, for objectives with Lipschitz continuous pth-order derivatives, it is known [3] that the

optimal oracle complexity of pth-order tensor methods for finding an e-approximate stationary point
pt+l

is O(G_ P ), a bound attained by regularized pth-order methods (e.g., [2]). Our contribution is

p+1

a method of order (p — 1) which achieves complexity O(nl/ Pe p ), thereby extending the result

of [10] beyond the case p = 2. To complete the picture, complexity bounds of order O(ne=?2) and
O(n®/2¢73/2) have been established in [I1] and [I0], respectively, for zeroth-order methods applied to
the classes of functions with Lipschitz continuous gradient and Lipschitz continuous Hessian. These
results are summarized in Table [1| where the present work fills the entries highlighted in gray.
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Method/Class Vf Lip. V2f Lip. ‘ V3 f Lip.

zeroth-order | O (ne2) | O (nie ) ? ? ?
Ist-order | O(c2) | O(nte?) ? ? ?
2nd-order - @ <e—%) o (n%e—%> ? ?
3rd-order - - 0 (e—%) - ? ?
- - - | O (et ?
(p — 1)th-order - - - o) |o (n%e—%)
pth-order - - - - O (e"%l)

Table 1: Summary of the best-known complexity bounds for finding e-approximate stationary points
using gth-order methods applied to functions with Lipschitz continuous pth-order derivatives (p > q).

In view of Table [l to complete our understanding of the worst-case complexity of gth-order
method applied to functions with Lipschitz continuous pth-order derivatives (p > ¢), the case

g<p-—1, for p>3

still needs to be investigated. Even for the known bounds, outside the main diagonal (¢ = p) it is
unclear whether they can be improved, as the question of their tightness ramains open. From a prac-
tical perspective, it would be interesting to design a less lazy variant of Algorithm 1 that incorporates
quasi-tensor updates [25], as in [7], while still preserving the improved complexity bound with re-
spect to the problem dimension n. Additionally, exploring universal lower-order implementations of
higher-order methods for convex and nonconvex functions with Holder-continuous derivatives would
also be of interest [13| I8, [5]. We plan to address these questions in future work.
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