A 4-steps elementary proof of existence of Lagrange multipliers
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Abstract We present a simplified proof of Lagrange’s theorem using only elementary properties of sets and sequences.

Consider the problem of minimizing a real valued
function f(z), with x € R™, subject to m equal-
ity constraints hi(x) = 0,...,hn(z) = 0 where all
functions are continuously differentiable. Let T be
a local solution with gradients Vhi(ZT),..., Vhn,(T)
linearly independent. We will show that there exist
so-called Lagrange multipliers Aq,..., A, € R with

Step 1: Build the sequence

Let 6 > 0 be such that f(Z) < f(z) for all z with
h(z) =0 and ||z — Z|| < 4§, where h := (hy,...,hp)
and ||-|| is the Euclidean norm. Consider the bounded
sequence {z¥}.en where each 2%, k € N, minimizes

() = f(@) + o = T|* + K[| ()]

over the compact set {x € R" : ||z — Z|| < d}.

Step 2: Prove convergence

Take an arbitrary infinite set K C N such that
{x*}rex converges and let us show that its limit (say,
x*) is T. Since

F@®) +llz* —7|* < gr(a®) < on(@) = f(2), (1)

one must have by the definition of ¢, that h(z*) = 0,
since otherwise ¢ (%) would be unbounded. But
||[z* —Z|| < § and, from the definition of 4, it follows
that f(z) < f(z*). Taking the limit for k¥ € K in (1)
we arrive at f(z*)+||z* —7Z||?> < f(Z) < f(«*), which
implies that x* = x. This, together with the bound-
edness of {z¥}xen, proves that {z¥}en converges to
z.
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Step 3: Take derivatives

For k € N large enough one must have ||z —Z|| < 6.
Thus, =¥ must be an unconstrained local minimizer
of ¢y, implying V¢ (z%) = 0, that is,

m

ViR 420" —7) + ) A Vhi(ah) =0,
with AF = 2kh;(2%),i = 1,25 m.

(2)

Step 4: Bound and take limit

It must be that [\¥| < M,i = 1,...,m, for some
M € R, since otherwise we could divide (2) by
max{|A\f[,i = 1,...,m} and take the limit in
a suitable subsequence to contradict the linear
independence assumption. The proof is com-
pleted using the continuity of the gradients in (2)
by taking a subsequence such that each A¥ converges.

This proof is an adaptation of the ideas from
[Bel69, Ber99, AHM11] and we note that the linear in-
dependence assumption may be replaced by the con-
stant rank of the gradients nearby T with a simple
additional step rewriting the sum Y i~ AFVh;(z¥)
using a constant index set corresponding to a ba-
sis of the space generated by Vh;(z*),i = 1,...,m.
Inequality constraints gi(z) < 0,...,g,(z) < 0
may be treated similarly by adding the term
k>P |, max{0, g;(z)}? in the definition of ¢y (z).
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