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Abstract

In many applications, gradient evaluations are inherently approximate, motivat-
ing the development of optimization methods that remain reliable under inexact
first-order information. A common strategy in this context is adaptive evalua-
tion, whereby coarse gradients are used in early iterations and refined near a
minimizer. This is particularly relevant in differential equation–constrained opti-
mization (DECO), where discrete adjoint gradients depend on iterative solvers.
Motivated by DECO applications, we propose an inexact general descent frame-
work and establish its global convergence theory under two step-size regimes.
For bounded step sizes, the analysis assumes that the error tolerance in the com-
puted gradient is proportional to its norm, whereas for diminishing step sizes,
the tolerance sequence is required to be summable. The framework is imple-
mented through inexact gradient descent and an inexact BFGS-like method,
whose performance is demonstrated on a second-order ODE inverse problem and
a two-dimensional Laplace inverse problem using discrete adjoint gradients with
adaptive accuracy. Across these examples, adaptive inexact gradients consistently
reduced optimization time relative to fixed tight tolerances, while incorporating
curvature information further improved overall efficiency.

Keywords: Inexact optimization, Gradient-based methods, DE-constrained
optimization, Discrete adjoint method
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1 Introduction

Conventionally, convergence analyses of gradient-based algorithms assume the avail-
ability of exact information, encompassing both zeroth-order and first-order informa-
tion. Nevertheless, in various settings, the acquisition of such information is subject to
error. These errors can arise, for example, when the objective function lacks an ana-
lytic representation, exhibits stochasticity, is affected by finite-precision errors from
floating-point arithmetic, or constitutes a smoothed approximation of an inherently
non-smooth function. Moreover, errors can also stem from the tolerance-limited accu-
racy of iterative methods used to compute functional values, gradients, or broader
search directions. This phenomenon is especially prevalent in differential equation-
constrained optimization (DECO) problems. In this case, the objective function
evaluation requires one or more numerical simulations, typically implemented through
iterative procedures. Likewise, when the discrete adjoint method is used, computing
the gradient normally involves the iterative solution of the adjoint equation. Conse-
quently, in such contexts, both the objective function and its gradient are routinely
subject to inexactness. Viewed more broadly, inexactness in numerical analysis arises
along two complementary channels, namely (a) inexact solves, where subproblems or
linear and nonlinear systems are solved only approximately, and (b) inexact informa-
tion, where objective, constraint, and/or their gradients evaluations are themselves
approximate.

Research on nonlinear equations has predominantly focused on channel (a). Foun-
dational work introduced and developed inexact Newton methods to reduce the
computational cost associated with solving Newton equations, showing that exact
solves are often unnecessary when the current iterate is far from the solution [1–3].
This line of study has since been extended to quasi-Newton methods, where Hes-
sian approximations replace the exact Jacobian and the resulting system is solved
only approximately. Applications of such techniques to sparse nonlinear systems of
equations have been explored [4], and subsequent studies have addressed issues of
global convergence and constraints such as non-negativity [5, 6]. Recent investigations
continue to advance the theory and practice of such inexact methods [7, 8].

From an optimization perspective, both channels (a) and (b) have been sys-
tematically investigated. Natural extensions of inexact Newton-type techniques to
optimization arise from viewing first-order optimality systems as nonlinear equations
[9]. In unconstrained problems, this leads to inexact Newton and quasi-Newton
schemes, while for constrained problems, it gives rise to inexact Sequential Quadratic
Programming (SQP) methods. Among these, inexact SQP methods have been exten-
sively studied due to their broad applicability across diverse classes of problems. These
methods interpret the resolution of first-order optimality conditions as a sequence
of quadratic subproblems solved only approximately, thereby introducing inexact-
ness primarily through channel (a) [10–12]. Inexactness of type (a) also arises when
approximately solving subproblems across several optimization frameworks, includ-
ing higher-order methods [13], interior-point strategies [14], augmented Lagrangian
formulations [15], and in the broader class of inexact restoration techniques [16].

Regarding chanel (b), trust-region and inexact restoration frameworks have been
rcently developed to manage accuracy in optimization problems where inexactness is
intrinsic, such as finite-sum minimization, in which the objective function is typically
approximated via data subsampling to reduce computational cost [17–20]. Because
such approaches enable the scalable training of large-scale AI models, this has become
an active and rapidly growing area of research within the optimization community.
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On the other hand, the investigation of the effect of inexactness in traditional
methods, which constitute the foundation of many modern optimization algorithms,
dates back to a few decades earlier. The analysis by Polyak [21] examined how gradi-
ent inaccuracies affect the steepest descent method in smooth, convex, unconstrained
settings, and Bertsekas and Tsitsiklis [22] later established convergence guarantees
when the error is bounded by the step size times a gradient-dependent term. The
accelerated framework of Nesterov [23] was extended by d’Aspremont [24] to inexact
gradients without loss of optimal complexity.

Devolder et al. [25] formalized the inexact first-order oracle and analyzed primal,
dual, and accelerated methods with oracle errors in smooth and convex regimes. The
analysis revealed that the accelerated gradient method accumulates errors linearly
with the number of iterations, whereas the standard gradient method is not affected
by this issue. Building on these findings, Devolder et al. [26] proposed the intermediate
gradient method, which integrates the strengths of both prior approaches. It achieves
a convergence rate comparable to the accelerated gradient method while maintaining
the robustness of the standard gradient method in the presence of inexact oracles. The
scope of the intermediate gradient method was subsequently broadened to address
problems involving stochastic oracles in [27]and Ghadimi and Lan [28]. This analysis
was further expanded to include constrained optimization problems [29].

Khanh et al. [30] developed an inexact reduced gradient method for nonconvex,
continuously differentiable problems, both with and without Lipschitz continuous
gradients, establishing convergence under various step-size strategies. This research
direction was further explored in Khanh et al. [31], where a new inexact gradient
method for smooth functions was introduced.

Inexact trust-region and multilevel SQP algorithms have also been developed
for DECO applications, where both the state and adjoint equations, as well as the
quadratic subproblems, are solved only approximately, with adaptive mechanisms con-
trolling inexactness and discretization accuracy [32, 33]. In the same context, Brown
and Nadarajah [34, 35, 36] analyzed how inexactness in discrete adjoint computations
impacts gradient methods. They argue that when the state and adjoint equations are
solved with an adaptive tolerance proportional to the gradient norm, the inexact gra-
dient method achieves the same convergence rate as its exact counterpart. In these
works there is a connection between inaccuracies in solving systems of equations and
in the gradient of the functions of the optimization problem.

As we can notice, inexact gradient-based algorithms have become increasingly
important, driven by both theoretical challenges and practical demands. In response,
we introduce a novel inexact general descent method and demonstrate its applications
to DECO problems, a domain where inexactness is inherent and remains a central
focus of research. Our approach provides convergence proofs for an inexact version of
classical general directions strategies under both bounded and diminishing step-size
rules. The analysis focuses on these more restricted step-size strategies because, in
DECO settings, line-search procedures are not readily applicable due to inexactness
in the objective function.

Among the works discussed so far, the most closely related are [22], [25], [36], and
[30], yet our contributions differ in several key aspects. Bertsekas and Tsitsiklis [22]
formulate the inexact conditions for the general direction using the unknown exact gra-
dients, whereas our method applies these conditions directly with the available inexact
gradients. The focus of Devolder et al. [25] is convex, first-order (gradient) settings
with fixed search directions, rather than flexible direction schemes for general smooth
problems, and it does not address DECO applications. An unconventional strategy
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is adopted in Brown and Nadarajah [36], where the convergence is done assuming a
strong connection between the iterates generated by an exact algorithm and its inex-
act counterpart. In contrast, we follow the traditional approach by directly proving the
convergence of the inexact methods. The analysis in Brown and Nadarajah [36] also
leaves the step-size rules unspecified and restricts some results to the gradient method.
Finally, the search direction in Khanh et al. [30] is also limited to being proportional to
the inexact gradient, whereas our approach admits fully general directions. Algorith-
mically, our method is also simpler, arising as a straightforward extension of classical
general descent methods.

The remainder of the paper is organized as follows. Section 2 reviews the DECO
setting, its applications, standard solution approaches, and alternative formulations.
Section 3 introduces two inverse DECO case studies, specifying the objectives and
the discretizations of the governing equations. Section 4 states preliminary mathe-
matical facts and then develops the proposed inexact general descent framework with
a convergence analysis. Section 5 details the adaptive test-and-tighten scheme used
to compute discrete adjoint gradients with known and controlled accuracy. Section 6
reports numerical experiments on the two case studies and evaluates the effective-
ness of the methods. Finally, Section 7 summarizes the main findings and outlines
directions for future research.

2 DECO Framework and Formulations

DECO combines high-fidelity numerical simulations with optimization algorithms to
solve problems governed by differential equations [37, 38]. Applications include inverse
problems, design optimization, and optimal control. Inverse problems seek to identify
unknown parameters in the governing equations from limited measurements of the
system state, such as estimating thermal conductivity from sparse temperature data.
Design optimization aims to enhance system performance through systematic mod-
ifications of geometry, configuration, or operating conditions. A classical example is
aerodynamic shape optimization, where the goal may be to reduce drag or maximize
the lift-to-drag ratio of an aircraft wing. Optimal control focuses on determining con-
trol inputs that steer a system toward a desired state while satisfying physical and
operational constraints and optimizing a performance criterion.

To address such applications, two principal approaches to DECO have been devel-
oped: optimize–then–discretize (OD) and discretize–then–optimize (DO) [39]. In the
OD approach, one derives continuous optimality conditions, such as the Karush–
Kuhn–Tucker (KKT) conditions, and subsequently discretizes them for numerical
implementation. By contrast, the DO approach first discretizes the governing equations
and then derives the optimality conditions directly from the discrete system. These
two approaches are not equivalent in general and can lead to distinct solutions [40].

Within the DO approach, the control variables z ∈ Rm and state variables y ∈ Rn
are coupled through the discrete governing equations

R(z,y) = 0Rn , (1)

where R : Rm × Rn → Rn denotes the residual vector of the discretized system. The
equations in (1) are also known as state equations. Depending on how (1) is enforced,
two distinct formulations arise [41, 42].

In the simultaneous analysis and design (SAND) formulation, both the state and
control variables are treated as unknowns, and the state equation is imposed as a
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constraint. This yields the following full-space optimization problem:

minimize F (z,y), z ∈ Rm, y ∈ Rn,

subject to R(z,y) = 0Rn ,

where F : Rm ×Rn → R is a continuously differentiable objective function. Although
SAND provides a unified framework, its application to high-fidelity simulations is often
hindered by the computational cost and memory demands of treating both the state
and control variables simultaneously [43].

Despite the state equation may not admit a unique solution in general [44], under
suitable regularity conditions the implicit function theorem guarantees local unique-
ness of the state for a given control [45]. In this context, the state variables can be
eliminated, which leads to the nested analysis and design (NAND) formulation. In
this work, we focus on residual functions that are affine in the state variable and asso-
ciated with well-conditioned, nonsingular matrices, so that a global mapping can be
defined. Thus, we can find a mapping

u : Rm → Rn such that R
(
z,u(z)

)
= 0Rn ,

and, by substituting y = u(z) into the objective function, we obtain a reduced-space
optimization problem

minimize
z ∈ Rm

F̃ (z) = F (z,u(z)), (2)

where F̃ : Rm → R denotes the reduced objective function, assumed to be L-smooth
and bounded from below in this work. This formulation closely resembles the classical
Generalized Reduced Gradient (GRG) methods [46, 47] when the state variables are
computed exactly. In practice, however, this is rarely the case, since the state depen-
dence on the controls is obtained through numerical solvers, introducing inexactness
into both the objective and its gradient evaluations. SAND and NAND are therefore
fundamentally distinct and need not produce equivalent solutions [48].

With the formulation established, attention turns to solution strategies.
Approaches fall broadly into two classes: gradient-free and gradient-based methods
[49]. Gradient-free approaches rely solely on function evaluations and are effec-
tive for nonsmooth or noisy objectives, but their high computational cost typically
restricts them to small- or medium-scale problems [50–52]. Gradient-based methods,
by contrast, exploit derivative information, scale efficiently to high-dimensional con-
trol spaces, and are thus the preferred choice for large-scale DECO [53, 54]. Their
performance, however, depends critically on the accurate and efficient computation
of sensitivities. Several techniques are available for this purpose, including finite
differences, complex-step differentiation [55], adjoint methods [56], and algorithmic dif-
ferentiation (AD) [57]. Among these, adjoint methods are particularly advantageous in
large-scale settings because their cost is essentially independent of the number of con-
trol variables [58]. In practice, hybrid adjoint–AD strategies are increasingly adopted
to automate derivative computation and further enhance efficiency [59].

As noted above, adjoint methods enable scalable gradient-based optimization.
In fact, the discrete adjoint method arises naturally when deriving the first-order
necessary optimality conditions for (2). Specifically, applying the chain rule to F̃ yields

∇F̃ (z) ≡ ∇zF (z,u(z))−

[
∂R

∂z

∣∣∣∣
(z,u(z))

]⊤
ψ = 0Rm , (3)
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where ∂R
∂z : Rm × Rn → Rn×m and ∇zF : Rm × Rn → Rm represent the partial

Jacobian and gradient of R and F with respect to z, respectively, and the adjoint
variable ψ ∈ Rn is obtained by solving the so called adjoint equation

Rψ(ψ; z,u(z)) ≡

[
∂R

∂y

∣∣∣∣
(z,u(z))

]⊤
ψ −∇yF (z,u(z)) = 0Rn . (4)

In this context, ∂R∂y : Rm×Rn → Rn×n and ∇yF : Rm×Rn → Rn denote the partial
Jacobian and gradient with respect to y. Since the state and adjoint equations are
enforced in the exact NAND formulation, the optimizer needs only to drive (3) to zero.

In summary, the discrete adjoint method provides an efficient and scalable way
to compute gradients in DECO problems. However, in practical implementations, the
state equation is often not solved exactly, especially during the early iterations when
high accuracy is unnecessary. Consequently, the state u(z) is not computed exactly,
and the quantities involved in the gradient and adjoint equations (3)-(4) become
inexact. In addition, the adjoint equation may itself be solved only approximately,
introducing another source of error. As a result, the gradient ∇F̃ (z) is evaluated at
inexact state and adjoint variables, leading to an inexact gradient. These observa-
tions indicate that inexact gradient-based methods naturally arise as an appropriate
and effective framework for differential-equation-constrained optimization (DECO)
problems.

3 Case Studies

This section presents two study cases, each formulated as an inverse problem consistent
with the NAND formulation (2). In the first case, which is detailed in Subsection 3.1,
the governing equation is a second-order ODE. The second case, described in Sub-
section 3.2, uses the Laplace equation as its governing equation. These particular
governing equations were chosen because they lead to state and adjoint equations
with a sparse tridiagonal structure. Such systems can be efficiently solved by itera-
tive methods terminated when the residuals meet a specified tolerance, giving explicit
control of the state and adjoint residuals and, consequently, adjoint-based gradients
of known accuracy, as discussed in Section 5. The controls, which are either boundary
data or coefficients, are adjusted to fit measurements at selected locations. In both
study cases, the associated state equation is linear in the state variable and can be
expressed in the following affine form:

R(z,y) = A(z)y − b(z), (5)

where A : Rm → Rn×n is a matrix-valued function determined by the governing
equation and the finite-difference stencil used for discretization, and b : Rm → Rn is
a vector-valued function that incorporates boundary conditions and may also include
source terms.

3.1 Case Study 1: Inverse Problem with Parametrized
Coefficients and Dirichlet Boundary Conditions

In the first case study, the governing equation consists of a boundary value problem
(BVP) defined by a second-order ODE with Dirichlet boundary conditions and a

6



polynomial source term, as follows:

z0
d2u

dx2
+ z1

du

dx
+ z2u = z3 + z4x+ z5x

2︸ ︷︷ ︸
p(x)

, x ∈ (0, 1),

u(0) = z6, u(1) = z7,

(6)

where z =
[
z0 z1 · · · z7

]
∈ R8 denotes the vector of control variables, with z0 ̸= 0. This

ODE commonly appears in the analysis of second-order oscillatory systems, including
mechanical (mass-spring) and electrical (RLC) systems.

Discretizing (6) with a Cartesian mesh of M > 0 interior points, mesh spac-
ing ∆x = 1/(M + 1), and second-order central difference operators, leads to a state
equation in which A : R8 → R(M+2)×(M+2) and b : R8 → R(M+2) are defined as
follows:

A(z) =

 1 0⊤RM 0

a e1 tridiag
(
a, b, c

)
c eM

0 0⊤RM 1

 , and b(z) =



z6
p(x1)
p(x2)

...
p(xM−1)
p(xM )
z7


,

respectively, with

a =
( z0
∆x2

− z1
2∆x

)
, b =

(
− 2z0
∆x2

+ z2

)
, and c =

( z0
∆x2

+
z1
2∆x

)
.

Here, e1 and eM denote the first and last canonical basis vectors of RM . If A(z)
is strictly diagonally dominant, the Levy–Desplanques theorem ensures the matrix
is non-singular, thus guaranteeing a unique solution to the state equation. For this

problem, given z1 ̸= 0 and M > 0, it is sufficient to choose z0 ≥ |z1|
2(M+1) and any

z2 < 0 to obtain strict diagonal dominance. The other coefficients do not affect this
property. Thus, u : R8 → RM+2 is defined as u(z) = [A(z)]−1b(z).

Regarding the objective function and the reference values, we proceed as follows.
First, a reference control vector zref ∈ R8 is defined and used to generate the corre-
sponding reference state values. Specifically, the analytical solution of (6), denoted by
u(x; z), is evaluated at zref, and the reference values are set as

u∗k = u(xk; zref), ∀ k ∈ S,

where S ⊂ {0, 1, . . . ,M+1} is a subset of mesh indices obtained by uniformly sampling

nP ∈ (0,M +1) points. The objective function F̃ : R8 → R is then defined as the sum
of squared residuals between the computed solution and the reference values, both
evaluated at the indices in S:

F̃ (z) =
∑
k∈S

[uk(z)− u∗k]
2
+ α [u0(z)− 1]

2
, (7)

where uk : R8 → R denotes the k-th component of u(z), and F : RM+10 → R is defined
as F (z,y) =

∑
k∈S [yk − u∗k]

2. The last term in (7), weighted by the parameter α > 0,
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penalizes deviations of u0(z), the leading coefficient, from unity, ensuring consistency
with the normalized form of the second-order ODE.

For completeness, Figure 1 illustrates the solution of a specific instance of this
inverse problem on a representative grid (M = 64). The optimized curve aligns
precisely with the analytical solution at the sampled reference points.

Fig. 1: Optimized solution curve with reference points.

3.2 Case Study 2: Inverse Problem with Parametrized
Boundary Conditions

In the second case study, the governing equation is a BVP defined by Laplace’s
equation on a unit square, subject to Dirichlet boundary conditions, as follows:

∂2u

∂x2
+

∂2u

∂y2
= 0, (x, y) ∈ Ω,

u(x, y)− u0(x, y; z) = 0, (x, y) ∈ ∂Ω,

(8)

where z =
[
z0 z1 z2 · · · zℓ

]T ∈ Rℓ+1, with ℓ > 1, and Ω = {(x, y) ∈ R2 | x, y ∈ (0, 1)}
is the unit square domain with boundary ∂Ω = ∂Ω1∪∂Ω2∪∂Ω3∪∂Ω4. These boundary
subsets are defined by

∂Ω1 = {(x, 0) ∈ R2 | x ∈ (0, 1)}, ∂Ω2 = {(x, 1) ∈ R2 | x ∈ (0, 1)},
∂Ω3 = {(0, y) ∈ R2 | y ∈ [0, 1]}, ∂Ω4 = {(1, y) ∈ R2 | y ∈ [0, 1]}.

The function u0 : ∂Ω → R defines the shape of the Dirichlet boundary conditions. It
is expressed as

u0(x, y; z) =

{
0, (x, y) ∈ ∂Ω1 ∪ ∂Ω2 ∪ ∂Ω3,

f(y; z), (x, y) ∈ ∂Ω4,
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where f : [0, 1] → R is a polynomial function given by

f(y; z) = z0 + z1y + z2y
2 + · · ·+ zℓy

ℓ.

It is important to note that (8) arises when modeling steady-state temperature
distributions in thermodynamic systems.

The BVP described in (8) can be discretized using a uniform two-dimensional
Cartesian mesh with M > 0 interior points in each direction and mesh spacing h =
1/(M+1). Since Laplace’s equation is elliptic, central difference operators are suitable
for approximating the derivatives. By organizing the algebraic equations resulting
from the discretization in a row-wise fashion, we obtain a state equation for which
A : Rℓ+1 → R(M+2)2×(M+2)2 and b : Rℓ+1 → R(M+2)2 are defined as follows:

A(z) =



I
B T B

B T B
B T B

. . .
. . .

. . .

B T B
B T B

I


, and b(z) =


0(M+1)(M+2)×1

f(0; z)
f(h; z)

...
f((M + 1)h; z)

 ,

respectively, where

T =

 1 0⊤RM 0

e1 tridiag(1,−4, 1) eM

0 0⊤RM 1

 , and B =

 0 0⊤RM 0

0RM IM×M 0RM

0 0⊤RM 0


are in R(M+2)×(M+2). Here, IM×M is the identity matrix of order M . It should be
noted that if the boundary conditions are addressed separately,A can be simplified to a
symmetric, negative definite block tridiagonal matrix. This property guarantees thatA
is non-singular. As a result, we can define u : Rℓ+1 → R(M+2)2 by u(z) = [A(z)]

−1
b(z)

as in the first case study.
Turning to the construction of the objective function and the reference values

for this problem, we proceed as follows. Initially, we define Ωd ⊂ Ω as the set of
desired point coordinates used to evaluate each reference value. To construct this set,
we employ the Latin hypercube sampling technique, which enables the generation of
a uniformly distributed set of points across the domain [60]. Next, these points are
mapped to the corresponding mesh points to build Ωd, and we outline the set of its
mesh indices as

I(Ωd) = {(j, k) ∈ I × I | (jh, kh) ∈ Ωd}, where I = {0, 1, . . . ,M + 1}.

For the evaluation of the reference values, we consider the analytical solution of (8) at
a reference vector of control variables zref ∈ Rℓ+1, denoted by u(x, y; zref), obtained by
solving the problem with f(y; zref). This analytical solution is then used to compute

the reference state values uj,kd at the points in Ωd, so that

uj,kd = u(jh, kh; zref), ∀ (j, k) ∈ I(Ωd).
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Then, we finally define the objective function F̃ : Rℓ+1 → R as

F̃ (z) =
∑

(j,k)∈I(Ωd)

[
uj,k(z)− uj,kd

]2
,

where uj,k : Rℓ+1 → R denotes the (j, k)-th component of u(z), and F :

Rℓ+1+(M+2)2 → R is defined as F (z,y) =
∑

(j,k)∈I(Ωd)

[
yj,k − uj,kd

]2
.

For completeness, Figure 2 illustrates the solution of a specific instance of this
inverse problem in a representative grid (M = 64). The optimized surface aligns
precisely with the analytical solution at the sampled reference points.

Fig. 2: Optimized solution surface with reference points.

4 Convergence Theory

This section begins with preliminaries that establish the necessary background for the
analysis, which will be restricted to the case of smooth functions. We then introduce
the proposed algorithm and outline its key properties. Following this, we determine
conditions under which we carry out a convergence analysis.

4.1 Mathematical Preliminaries

It is well known that smooth functions can be upper-bounded by a quadratic poly-
nomial [61]. In a series of works, Devolder et al. [25], Devolder [62, 63] demonstrated
a similar result for inexact gradients, as shown in the following lemma. The proof
provided here follows Claim 4.1 in [64].
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Lemma 4.1 Let F̃ : Rm → R be an L-smooth function, and z ∈ Rm a specified vector
of control variables. Suppose that the inexact gradient of F̃ , denoted by ∇F̃ : Rm → Rm,
satisfies ∥∥∥∇F̃ (z)−∇F̃ (z)

∥∥∥
2
≤ δz, ∀z ∈ Rm, (9)

where ∇F̃ : Rm → Rm denotes the exact gradient of F̃ , and δz ∈ R≥0 indicates the error
tolerance at z. Then,

F̃ (x) ≤ F̃ (z) +∇F̃ (z)T (x− z) +
L′

2
∥x− z∥22 + δ′z, ∀x, z ∈ Rm,

where L′ = L+ 1 and δ′z = δ2z/2.

Proof Since F̃ is L-smooth, it follows that

F̃ (x) ≤ F̃ (z) +∇F̃ (z)T (x− z) +
L

2
∥x− z∥22, ∀x ∈ Rm. (10)

The gradient term in (10) can be rewritten as

∇F̃ (z)T (x− z) = ∇F̃ (z)T (x− z) +
[
∇F̃ (z)−∇F̃ (z)

]T
(x− z). (11)

Now, define w = ∇F̃ (z)−∇F̃ (z) and v = x− z. Since ∥w − v∥22 ≥ 0 by the non-negativity
property of norms, we can deduce that[

∇F̃ (z)−∇F̃ (z)
]T

(x− z) ≤ 1

2

[∥∥∥∇F̃ (z)−∇F̃ (z)
∥∥∥2
2
+ ∥x− z∥22

]
. (12)

Substituting (12) in (11) yields the following upper bound for the gradient term:

∇F̃ (z)T (x− z) ≤∇F̃ (z)T (x− z) +
1

2
∥x− z∥22 +

1

2

∥∥∥∇F̃ (z)−∇F̃ (z)
∥∥∥2
2
. (13)

Applying (13) to (10), and subsequently utilizing (9) within the result, yields the desired
inequality. □

4.2 Inexact General Descent Method

This section introduces an Inexact General Descent Method (IGDM) to address
smooth unconstrained problems. The method is characterized by the following update
rule:

zk+1 = zk + tksk, ∀k ∈ N0, (14)

where (tk)k∈N0 represents a positive step size sequence, and sk ∈ Rm indicates an
inexact general direction. The directional conditions we use here originate from clas-
sical descent methods such as in [22], but we replace the exact gradients with their
inexact counterparts. We assume that there exist constants c′1 > 0 and c′2 > 0 such
that sk satisfies the following conditions:

c′1

∥∥∥∇F̃ (zk)
∥∥∥2
2
≤ −∇F̃ (zk)

T sk, ∀k ∈ N0, (15a)

and

∥sk∥2 ≤ c′2

∥∥∥∇F̃ (zk)
∥∥∥
2
, ∀k ∈ N0. (15b)

Having introduced the update rule, the search direction, and the error condition for
the inexact gradient, we can consolidate the procedure of the IGDM in Algorithm 1.
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For this, we consider that the inexact gradient error ek = ∇F̃ (zk)−∇F̃ (zk) is such
that

∥ek∥2 ≤ δk, ∀k ∈ N0, (16)

where (δk)k∈N0 is a non-negative error tolerance sequence.

Algorithm 1: Inexact General Descent Method

Data: An initial point z0 ∈ Rm

Result: A sequence (zk)k∈N0
⊂ Rm whose limit points, if they exist, are stationary

Step 1. Set k ← 0.
Step 2. Choose δk ≥ 0.

Step 3. Compute ∇F̃ (zk) ∈ Rm such that∥∥∥∇F̃ (zk)−∇F̃ (zk)
∥∥∥
2
≤ δk.

Step 4. Compute sk ∈ Rm so that (15) holds.
Step 5. Choose tk > 0 by a specific rule.
Step 6. Set zk+1 ← zk + tksk.
Step 7. Set k ← k + 1 and go to Step 2.

As will be shown in the next subsection, the method converges provided the sequence
(δk)k∈N0 satisfies additional conditions that depend on the step–size rule.

4.3 Convergence Analysis

We now turn to the convergence analysis of the IGDM. We begin by presenting sev-
eral auxiliary results that form the foundation of the proofs. By combining the IGDM
update rule with its associated directional conditions, we introduce the following
assumption, which will be used throughout the subsequent results:

Assumption A.1 Let F̃ : Rm → R be an L-smooth function. Given an initial point z0 ∈ Rm,
consider the sequence (zk)k∈N generated by (14) employing a positive sequence of step sizes
(tk)k∈N, and a general directions (sk)k∈N that fulfills (15a) and (15b) for a pair of constants
c′1 > 0 and c′2 > 0.

Following the classical gradient descent method, our analysis is built upon a key
relation between the change in the objective function value across successive iterations
and the (inexact) gradient at the current point. This relation, which will be instru-
mental in establishing the convergence theorems for the step-size strategies considered
later, is formalized in the following lemma.

Lemma 4.2 Suppose that Assumption A.1 is satisfied. If (16) holds, then

F̃ (zk+1) ≤ F̃ (zk)− tk

(
c′1 − (c′2)

2L
′tk
2

)∥∥∥∇F̃ (zk)
∥∥∥2
2
+ δ′k, ∀k ∈ N0, (17)

where L′ = L+ 1 and δ′k = δ2k/2.

Proof Since F̃ is an L-smooth function and (16) holds, we can apply Lemma 4.1 with x =
zk+1, z = zk, and δ′zk

= δ′k. Proceeding in this way, we obtain

F̃ (zk+1) ≤ F̃ (zk) +∇F̃ (zk)
T (zk+1 − zk) +

L′

2
∥zk+1 − zk∥22 + δ′k

≤ F̃ (zk) + tk∇F̃ (zk)
T sk +

L′

2
t2k∥sk∥

2
2 + δ′k. (18)

Using (15a) and (15b) in (18) yields (17). □

12



Remark 4.1 Note that Lemma 4.2 does not inherently guarantee the monotonic descent

property of
(
F̃ (zk)

)
k∈N0

, even when tk <
c′1

(c′2)
2

2
L is satisfied for all k ∈ N0, owing to the

presence of an additional error term in (17). This limitation was previously documented by
[25].

When the sequence (δk)k∈N0 is defined as a quantity proportional to the gradient
or the inexact gradient norm, a common practice in the literature [64], it proves useful
in ensuring the descent property. The subsequent result formalizes this observation.

Lemma 4.3 Suppose that Assumption A.1 and (16) hold. If there exists β ∈
[
0,

1√
L′

c′1
c′2

)
such that the sequence (δk)k∈N0

satisfies

δk ≤ β
∥∥∥∇F̃ (zk)

∥∥∥
2
, ∀k ∈ N0, (19)

then

(a)

F̃ (zk+1) ≤ F̃ (zk)− (c′2)
2L
′

2

(
tk − t1

) (
t2 − tk

) ∥∥∥∇F̃ (zk)
∥∥∥2
2
, ∀k ∈ N0,

where

t1 =
c′1 −

√
∆

(c′2)
2L′

, and t2 =
c′1 +

√
∆

(c′2)
2L′

, with ∆ = (c′1)
2 − L′(c′2)

2β2,

(b) and

0 ≤ t1 < t2 ≤
c′1

(c′2)
2

2

L′
. (20)

Proof Combining (17), the definition of δ′k in Lemma 4.2 and (19) yields

F̃ (zk+1) ≤ F̃ (zk)−
(
−(c′2)2

L′

2
t2k + c′1tk −

β2

2

)∥∥∥∇F̃ (zk)
∥∥∥2
2

≤ F̃ (zk)− (c′2)
2L
′

2
(tk − t1)(t2 − tk)

∥∥∥∇F̃ (zk)
∥∥∥2
2
,

which completes the proof of item (a). Now, observe that β ∈
[
0,

1√
L′

c′1
c′2

)
implies that

0 < ∆ ≤ (c′1)
2. So the roots t1 and t2 satisfies (20). □

Remark 4.2 Lemma 4.3 guarantees monotonic descent if tk ∈ (t1, t2) for all k. The size of
this interval depends on the error: larger β (greater error) shrinks the interval, while smaller
β (less error) widens it. This limits how small the step size can be, unlike in the exact case.

IGDM convergence can be analyzed using either Lemma 4.2 or Lemma 4.3. With
Lemma 4.2, convergence is shown for bounded or diminishing step sizes if (δk)k∈N0 is
quadratically summable or summable, respectively. Without extra conditions, mono-
tonic descent isn’t guaranteed. In contrast, Lemma 4.3 guarantees monotonic descent,
but only for bounded step sizes, since diminishing step sizes strategy certainly would
not result in steps within an interval with a positive lower bound.
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4.3.1 Convergence under a Bounded Step Size

This subsection proves that, provided the step sizes remain bounded by some specific
values, any limit point of the sequence is a stationary point.

Theorem 4.3 Suppose that Assumption A.1 holds and that F̃ is bounded below. Assume
further that (16) is satisfied by a non-negative sequence (δk)k∈N0

which fulfills (19) with β ∈[
0,

1√
L′

c′1
c′2

)
. Let t1 and t2 be as in Lemma 4.3, and let γ ∈

(
0,

t2 − t1
2

]
. If tk ∈ [t1+γ, t2−γ]

for all k ∈ N0, then

(a) F̃ (zk+1) ≤ F̃ (zk), ∀k ∈ N0.

(b) lim
k→∞

∇F̃ (zk) = 0Rm , and lim
k→∞

∇F̃ (zk) = 0Rm .

Furthermore, every limit point of (zk)k∈N0
is a stationary point of F̃ .

Proof Combining item (a) of Lemma 4.3 with the fact that tk ∈ [t1+γ, t2−γ], we have that

F̃ (zk+1) ≤ F̃ (zk)−
L′(c′2)

2γ2

2

∥∥∥∇F̃ (zk)
∥∥∥2
2
≤ F̃ (zk), ∀k ∈ N0. (21)

Summing from 0 to K − 1, with K ≥ 1, results in

F̃ (zK) ≤ F̃ (z0)−
L′(c′2)

2γ2

2

K−1∑
k=0

∥∥∥∇F̃ (zk)
∥∥∥2
2
. (22)

Given that F̃ is bounded below, it follows from (22) that

∞∑
k=0

∥∥∥∇F̃ (zk)
∥∥∥2
2
<∞. (23)

Consequently,
lim
k→∞

∇F̃ (zk) = 0Rm . (24)

Combining (16), (19) and (24) yields

lim
k→∞

∇F̃ (zk) = 0Rm . (25)

This concludes the proof of item (b). By continuity, every limit point of (zk)k∈N0
is a

stationary point of F̃ . □

4.3.2 Convergence under Diminishing Step Size

We now analyze convergence under diminishing step sizes. In contrast to the bounded
(constant) step-size regime, which often requires tuning using problem-specific quan-
tities such as a Lipschitz constant, we focus on a positive sequence (tk)k∈N0 that
satisfies

∞∑
k=0

t2k < ∞, (26)

and

∞∑
k=0

tk = ∞. (27)

14



These classical conditions guarantee sustained progress while steps vanish, thereby
mitigating the need for precise knowledge of problem constants.

For this step size strategy, our proof relies on the general argument presented in
[65], when analyzing the exact version of the method. In this context, the following
technical auxiliary lemma is crucial.

Lemma 4.4 Suppose that Assumption A.1 holds, and that (16) is satisfied by a non-negative,
summable sequence (δk)k∈N0

. If

∞∑
k=0

tk

∥∥∥∇F̃ (zk)
∥∥∥2
2
<∞, (28)

and

lim
k→∞

inf
∥∥∥∇F̃ (zk)

∥∥∥
2
= 0, (29)

then
lim
k→∞

∥∥∥∇F̃ (zk)
∥∥∥
2
= 0. (30)

Proof In order to derive a contradiction, suppose that (30) fails to hold. Consequently, there
exists ϵ > 0 such that

lim
k→∞

sup
∥∥∥∇F̃ (zk)

∥∥∥
2
≥ ϵ. (31)

Since (29) and (31) hold, the sequence of inexact gradient norms exhibit an oscillatory pattern,
which allows the partition of the sequence into segments characterized by relatively small or
large norms. Accordingly, define (mj)j∈N0

and (nj)j∈N0
as sequences of indices such that

mj < nj < mj+1, ∀j ∈ N0,

and ∥∥∥∇F̃ (zk)
∥∥∥
2
>

ϵ

3
, for mj ≤ k < nj , (32)

∥∥∥∇F̃ (zk)
∥∥∥
2
≤ ϵ

3
, for nj ≤ k < mj+1. (33)

Since (δk)k∈N0
is summable, given

ϵ

12
> 0 there exist a sufficiently large constant j1 ∈ N0

such that
∞∑

k=mj1

δk <
ϵ

12
. (34)

Analogously, based on (28), it is possible to determine a sufficiently large constant N0 ∋ j2 >
j1 such that

∞∑
k=mj2

tk

∥∥∥∇F̃ (zk)
∥∥∥2
2
<

ϵ2

18L
. (35)

Now, note that∥∥∥∇F̃ (zk+1)−∇F̃ (zk)
∥∥∥
2
≤

∥∥∥∇F̃ (zk+1)−∇F̃ (zk+1)
∥∥∥
2
+

∥∥∥∇F̃ (zk+1)−∇F̃ (zk)
∥∥∥
2

+
∥∥∥∇F̃ (zk)−∇F̃ (zk)

∥∥∥
2

≤ δk+1 + L∥zk+1 − zk∥2 + δk. (36)

Consequently, for every j ∈ N0, where j ≥ j2, and each m ∈ N0 satisfying mj ≤ m ≤ nj − 1,
it follows from (34) and (36) that∥∥∥∇F̃ (znj )−∇F̃ (zm)

∥∥∥
2
≤
nj−1∑
k=m

∥∥∥∇F̃ (zk+1)−∇F̃ (zk)
∥∥∥
2

15



≤
nj−1∑
k=m

δk+1 + L

nj−1∑
k=m

∥zk+1 − zk∥2 +

nj−1∑
k=m

δk

=
ϵ

6
+ L

nj−1∑
k=m

tk

∥∥∥∇F̃ (zk)
∥∥∥
2
. (37)

By exploiting (32) and (35), the right-hand side of (37) simplifies to∥∥∥∇F̃ (znj )−∇F̃ (zm)
∥∥∥
2
≤ ϵ

6
+

3L

ϵ

nj−1∑
k=m

tk

∥∥∥∇F̃ (zk)
∥∥∥2
2

≤ ϵ

6
+

3L

ϵ

ϵ2

18L

=
ϵ

3
. (38)

Based on (33) and (38), it can be established that∥∥∥∇F̃ (zm)
∥∥∥
2
≤

∥∥∥∇F̃ (zm)−∇F̃ (znj )
∥∥∥
2
+

∥∥∥∇F̃ (znj )
∥∥∥
2

≤ ϵ

3
+

ϵ

3

=
2ϵ

3
, ∀j ≥ j2, mj ≤ m ≤ nj − 1. (39)

By combining (33) and (39), it is immediate that∥∥∥∇F̃ (zm)
∥∥∥
2
≤ 2ϵ

3
, ∀j ≥ j2, mj ≤ m < mj+1

which means that ∥∥∥∇F̃ (zm)
∥∥∥
2
≤ 2ϵ

3
, ∀m ≥ mj2 .

However, this contradicts (31). Therefore, (30) must holds. □

Utilizing Lemma 4.4, we can complete the convergence proof for the diminishing
step-size scenario, as detailed in the theorem below.

Theorem 4.4 Suppose that Assumption A.1 holds and that F̃ is bounded below. Assume
further that (16) is satisfied by a non-negative, summable sequence (δk)k∈N0

. If the sequence
(tk)k∈N0

is diminishing in accordance with (26) and (27), then

lim
k→∞

∇F̃ (zk) = 0Rm , and lim
k→∞

∇F̃ (zk) = 0Rm .

Furthermore, every limit point of (zk)k∈N0
is a stationary point of F̃ .

Proof By Lemma 4.2, we have that

F̃ (zk+1) ≤ F̃ (zk)− tk

(
c′1 − (c′2)

2L
′tk
2

)∥∥∥∇F̃ (zk)
∥∥∥2
2
+ δ′k, ∀k ∈ N0. (40)

Since (tk)k∈N0
is quadratically summable, it converges to zero. Thus, for a given c̃ ∈ (0, c′1)

there exists a constant k1 ∈ N such that

tk ≤
2(c′1 − c̃)

(c′2)
2L′

, ∀k ≥ k1.

Rearranging terms yields

−c̃ ≥ −
(
c′1 − (c′2)

2L
′tk
2

)
, ∀k ≥ k1. (41)
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Using (41) in (40), we arrive at

F̃ (zk+1) ≤ F̃ (zk)− c̃tk

∥∥∥∇F̃ (zk)
∥∥∥2
2
+ δ′k, ∀k ≥ k1. (42)

By summing (42) over k = k1, . . . ,K − 1, with K − 1 > k1, we obtain

F̃ (zK) ≤ F̃ (zk1) +
1

2

K−1∑
k=k1

δ2k − c̃

K−1∑
k=k1

tk

∥∥∥∇F̃ (zk)
∥∥∥2
2
. (43)

As (δk)k∈N0
is nonnegative and summable, it follows that it is also quadratically summable.

Thus, using the fact that F̃ is bounded below, we obtain that
∞∑

k=k1

tk

∥∥∥∇F̃ (zk)
∥∥∥2
2
<∞. (44)

Now, suppose for contradiction that there exist a constant ϵ > 0, and k2 ∈ N such that∥∥∥∇F̃ (zk)
∥∥∥
2
≥ ϵ, ∀k ≥ k2.

Thus, since (tk)k∈N0
is not summable, we have

∞∑
k=k2

tk

∥∥∥∇F̃ (zk)
∥∥∥2
2
≥ ϵ2

∞∑
k=k2

tk =∞.

However, this contradicts condition (44). Hence,

lim inf
k→∞

∥∥∥∇F̃ (zk)
∥∥∥
2
= 0. (45)

By virtue of conditions (44) and (45), Lemma 4.4 ensures that

lim
k→∞

∇F̃ (zk) = 0Rm . (46)

From the triangle inequality and (16), we obtain∥∥∥∇F̃ (zk)
∥∥∥
2
≤

∥∥∥∇F̃ (zk)
∥∥∥
2
+

∥∥∥∇F̃ (zk)−∇F̃ (zk)
∥∥∥
2

≤
∥∥∥∇F̃ (zk)

∥∥∥
2
+ δk. (47)

As both terms on the right-hand side of (47) approach zero as k →∞, the proof is completed.
□

4.4 Computation of the General Direction

Having established the convergence analysis of Algorithm 1, attention now turns to
its practical implementation. Fortunately, a procedure can be formulated for selecting
a general direction sk that inherently fulfills the conditions in (15). The following
theorem formalizes this result. The statement parallels the sufficient-descent results for
Newton-type directions in Forsgren et al. [66], adapted here to allow inexact gradients
on the right-hand side and to ensure positive definiteness via a uniformly bounded
spectrum.

Theorem 4.5 Let F̃ : Rm → R be a differentiable function. Given an initial point z0 ∈
Rm, consider the sequence (zk)k∈N generated by (14) using a positive sequence of step sizes
(tk)k∈N0

, and a general direction sk ∈ Rm that satisfies

Hksk = −∇F̃ (zk), ∀k ∈ N0,

where Hk ∈ Rm×m is a real symmetric with a uniformly bounded spectrum matrix, which
means that there exist constants µ, η > 0 such that

0 < µ ≤ λi(Hk) ≤ η, ∀i ∈ {1, . . . ,m}, ∀k ∈ N0,

where λi(Hk) denotes the ith eigenvalue of Hk. Then the conditions (15a) and (15b) are
valid for some pair of constants c′1 > 0 and c′2 > 0.

Proof See Lemma 2.3 in [66]. □
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5 Adjoint-Based Gradient Error

The convergence results in Subsection 4.3 are based on the assumption of a bounded
inexact-gradient error (16). This condition holds for several sensitivity schemes, includ-
ing finite differences, linear interpolation, and Gaussian and spherical smoothing [67].
Importantly, this requirement is also met by the discrete adjoint method, which we use
in this work to evaluate the sensitivities of the objective functions in our study cases.
Below, we outline why the adjoint-based gradient meets the bounded-error condition,
drawing on the framework of [36], which analyzes how inexact state and adjoint solves
propagate to gradient inaccuracies in the discrete adjoint method.

Suppose that a state equation of the form given by (5) is approximately solved in
each iteration as follows: ∥∥∥R(

zk,u(zk)
)∥∥∥

2
≤ τR,k, ∀k ∈ N0, (48)

where u(zk) ∈ Rn is an approximation for u(zk), and τR,k > 0 is an adaptive state
tolerance. Similarly, given these approximate states, assume that the adjoint equation
in (4) is solved inexactly, namely,∥∥∥Rψ

(
ψk; zk,u(zk)

)∥∥∥
2
≤ τψ,k, ∀k ∈ N0, (49)

where ψk ∈ Rn denotes an approximation of the exact solution of the adjoint equation
with inexact state variables, and τψ,k > 0 is an adaptive adjoint tolerance. Using both
the inexact state and adjoint variables obtained from (48) and (49), we obtain the
following inexact gradient from (3):

∇F̃ (zk) = ∇zF
(
zk,u(zk)

)
−

[
∂R

∂z

∣∣∣∣
(zk,u(zk))

]⊤
ψk, ∀k ∈ N0. (50)

For linear state equations as described by (5), it can be shown from the theoretical
framework established by [36] that the inexact gradient presented in (50) satisfies∥∥∥∇F̃ (zk)−∇F̃ (zk)

∥∥∥
2
≤ C ′τR,k + C ′′τψ,k, ∀k ∈ N0, (51)

where C ′ > 0 and C ′′ > 0 are constants that depend on the Lipschitz continuity and
boundedness of the partial Jacobians of F and R with respect to both the control and
state variables. Thus, if we define the state and adjoint tolerances as

τR,k ≤ γ1

∥∥∥∇F̃ (zk)
∥∥∥
2
, and τψ,k ≤ γ2

∥∥∥∇F̃ (zk)
∥∥∥
2
, ∀k ∈ N0, (52)

where γ1 ∈
(
0,

β

2C ′

]
and γ2 ∈

(
0,

β

2C ′′

]
are defined constants for a given β > 0, it

follows from (51) and (52) that∥∥∥∇F̃ (zk)−∇F̃ (zk)
∥∥∥
2
≤

(
C ′

β

2C ′
+ C ′′

β

2C ′′

)∥∥∥∇F̃ (zk)
∥∥∥
2

≤ β
∥∥∥∇F̃ (zk)

∥∥∥
2
, ∀k ∈ N0. (53)
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The established condition corresponds with that outlined in (19) if β is small enough.
Consequently, we can ensure the convergence of the IGDM by employing a suitable
constant step size, with gradients computed inexactly through the discrete adjoint
method.

To enforce (53), the inexact gradient at iteration k ≥ 0 is computed via a discrete-
adjoint test-and-tighten scheme (Algorithm 2) with a state–adjoint nesting. Because
the target bounds in (51) depend on the (unknown) inexact gradient, we start with
trial tolerances and tighten them geometrically as needed. Given zk, the outer loop

solves the state equation (48) up to a trial target τ
(i)
R,k. An inner loop solves the adjoint

equation (49) up to τ
(j)
ψ,k and compute the inexact gradient, and it is repeated tighten-

ing τ
(j)
ψ,k until the adjoint residual meets the bound proportional to γ2 times the inexact

gradient. Then we check if the state residual meets the required bound, proportional
to γ1 times the inexact gradient. If the criterion is satisfied, the approximate value

of the state variables is set, otherwise τ
(i)
R,k is tightened and the outer loop repeats.

The procedure terminates whenever the exact gradient is not null, ensuring that both
bounds in (48) and (49) are satisfied simultaneously for

τR,k = γ1

∥∥∥∇F̃ (zk)
∥∥∥
2
, and τψ,k = γ2

∥∥∥∇F̃ (zk)
∥∥∥
2
, (54)

which guarantees (53). The trial tolerances τ
(i)
R,k and τ

(j)
ψ,k are recognized only as iterates

used to discover these levels.
As we can see, the test-and-tighten scheme allows us to ensure that the inexact

gradient error satisfies (53). This differs from the approach in [36], where the authors
employ a purely heuristic strategy, fixing the tolerances in the solution of the state
and adjoint equations to be proportional to the inexact gradient norm at the previous
iterate.
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Algorithm 2: Adaptive Inexact State–Adjoint Residual Algorithm

Data: Current iterate zk; previous gradient norm
∥∥∥∇F̃ (zk−1)

∥∥∥
2
; initial tolerances

τ
(0)
R , τ

(0)
ψ ; lower bounds τR, τψ; and parameters γ1 ∈

(
0,

β

2C′

]
,

γ2 ∈
(
0,

β

2C′′

]
.

1 Set i← 0 and define the state tolerance as
2 if k = 0 then

3 τ
(i)
R,k ← τ

(0)
R

4 else

5 τ
(i)
R,k ← min

(
0.5 · γ1

∥∥∥∇F̃ (zk−1)
∥∥∥
2
, τ

(0)
R

)
6 repeat

7 Compute u(zk) ∈ Rn by solving
∥∥∥R(

zk,u(zk)
)∥∥∥

2
≤ τ

(i)
R,k

8 Set j ← 0 and the adjoint tolerance
9 if k = 0 then

10 τ
(j)
ψ,k ← τ

(0)
ψ

11 else

12 τ
(j)
ψ,k ← min

(
0.5 · γ2

∥∥∥∇F̃ (zk−1)
∥∥∥
2
, τ

(0)
ψ

)
13 repeat

14 Compute ψk ∈ Rn by solving
∥∥∥Rψ

(
ψk; zk,u(zk)

)∥∥∥
2
≤ τ

(j)
ψ,k

15 ∇F̃ (zk)←∇zF
(
zk,u(zk)

)
−

[
∂R
∂z

∣∣∣(
zk,u(zk)

)
]⊤

ψk

16 j ← j + 1

17 Update: τ
(j)
ψ,k ← 0.1 · γ2

∥∥∥∇F̃ (zk)
∥∥∥
2

18 until
∥∥∥Rψ

(
ψk; zk,u(zk)

)∥∥∥
2
≤ γ2

∥∥∥∇F̃ (zk)
∥∥∥
2

19 i← i+ 1

20 Update: τ
(i)
R,k ← 0.5 · γ1

∥∥∥∇F̃ (zk)
∥∥∥
2

21 until
∥∥∥R(

zk,u(zk)
)∥∥∥

2
≤ γ1

∥∥∥∇F̃ (zk)
∥∥∥
2

6 Numerical Results

This section presents numerical experiments involving the DECO problems described
in Section 3. The objective is to assess the computational savings obtained by using
inexact adjoint gradients with adaptive tolerances, as opposed to fixed, restrictive tol-
erances. In addition, we aim to determine whether incorporating a BFGS-like update
for additional flexibility in the search direction provides further computational bene-
fits within the inexact framework. To achieve these objectives, we implemented two
instances of the Inexact General Descent Method (IGDM) in C++, computing inexact
gradients with the adaptive procedure in Algorithm 2, which keeps the gradient error
tolerance proportional to the inexact gradient. Since convergence has been demon-
strated under this error tolerance condition for bounded step sizes, we adopted a
constant, data-aware step size that scales inversely with the number of sampled refer-
ence points. The specific step-size rule used in each problem setup is discussed in the
following subsections.
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In the first instance, we consider an Inexact Gradient Descent (IGD) method
defined by the search direction

sIGD
k = −∇ F̃ (zk), k ∈ N0.

In this configuration, the inexact adjoint gradients are computed using Algorithm 2
with adaptive tolerance parameters γ1 = 60 and γ2 = 3. These parameters were
chosen through preliminary grid searches and demonstrated stable performance across
problem sizes, and they are consistently used in both case studies presented in this
section. For reference, we also implemented a conventional Gradient Descent (GD)
method, in which adjoint gradients are computed using fixed tight tolerances τR,k =
τψ,k = 10−9 for all k ∈ N0, and termination occurs when the norm of the exact
gradient falls below the same threshold.

To investigate whether curvature information could provide additional savings
beyond the inexact gradient scheme, we implemented a second instance of IGDM that
updates an inverse-Hessian approximation through a BFGS-type recursion. Starting
with H−10 = Im×m, this approximation is updated at each iteration by

H−1k+1 =
(
Im×m − ρkpky

⊤
k

)
H−1k

(
Im×m − ρkykp

⊤
k

)
+ ρkpkp

⊤
k ,

where

ρk =
1

y⊤k pk
, pk = zk+1 − zk, yk = ∇ F̃ (zk+1)−∇ F̃ (zk).

The corresponding search direction is then given by

sIBFGS
k = −H−1k ∇ F̃ (zk).

IGDM with this choice of direction yields an inexact BFGS-like method (IBFGS). Due
to the inexact nature of the gradient, we apply a few stabilization measures to ensure
robustness. First, the adaptive tolerance parameters γ1 and γ2 are tuned separately
for each case study to maintain reliable curvature updates and mitigate instabilities.
In addition, a Powell-type damping is employed to preserve the symmetry and positive
definiteness of the inverse-Hessian approximations [68].

As noted before, both IGD and IBFGS were implemented under the same adaptive
tolerance framework given by Algorithm 2. A practical aspect of this implementation
concerns the choice of its input parameters. The trial targets start from fixed initial

tolerances τ
(0)
R > 0 and τ

(0)
ψ > 0 and are progressively tightened during the iterations.

To prevent oversolving as these targets decrease, we enforce lower bounds τR and
τψ, both set to 10−9 in this work. Regarding the coefficients γ1 and γ2, we selected
their values empirically based on short preliminary runs, since their theoretical upper
bounds depend on Lipschitz-type constants that are typically unknown or unreliable
in practice.

The numerical experiments for both instances of IGDM are presented separately
in Subsection 6.1 and Subsection 6.2, corresponding to the two case studies consid-
ered. All computations were performed on a system equipped with an Intel Core
i7-8550U CPU running at 1.80GHz, 8 GB of RAM, and a 512GB SSD, using
Ubuntu 24.04.2 LTS.
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6.1 Case Study 1: Second-Order Inverse Problem

For the second-order inverse problem described in Subsection 3.1, both the state and
adjoint equations were solved using in-house C++ implementations based on a succes-
sive over-relaxation (SOR) scheme. Since the corresponding linear systems are Toeplitz
tridiagonal, we used a relaxation factor close to its optimal value in the SOR iterations.
For the inverse reconstruction, we uniformly sampled nP = 12 mesh indices to form the
set S. At these locations, we evaluated the analytical solution u(x; z) with the refer-

ence control vector zref =
[
1 −3 −4 1 1 5 0 0

]⊤
to obtain the reference state values.

To ensure consistency across mesh refinements, we anchored the sampling locations so
that approximately the same physical coordinates were used to compute the reference
values for all tested values of M . Preliminary tests indicated that the optimizers oper-
ated effectively across these mesh sizes using a step size t = 1.15/nP = 9.583× 10−2.

The initial guess was z0 =
[
1.5 2.0 −7.0 0.2 −0.4 0.1 1.0 −0.2

]⊤
, and the stop-

ping criterion was defined as the inexact gradient norm falling below the tolerance
ϵ = 1× 10−6. These settings were applied consistently across all methods. It is worth
noting that all optimizations successfully converged.

To evaluate the numerical performance under these settings, we analyzed wall-
clock optimization times and the associated computational savings across different
mesh resolutions. For each grid size M from 16 to 128, we measured total optimization
time for GD and IGD and presented the corresponding runtime curves, comparing
the results across small, medium, and large instances. In addition, we reported the
percentage-reduction curve of IGD relative to GD for M = 64 through 128, where
the gap between the methods became more pronounced, and included a horizontal
line indicating the average percentage reduction over this interval. We then used the
IGD curve obtained from this first comparison as a baseline to benchmark the IBFGS
method, applying the same range of problem sizes and reporting optimization time as
a function of M . Finally, we also included the percentage-reduction curve of IBFGS
relative to IGD, together with the average reduction over the range, which quanti-
fied the computational savings attributable to curvature information in the inexact
framework.

The results of these comparisons are summarized in Figure 3, which presents
wall-clock optimization time (seconds) as a function of M for GD, IGD, and
IBFGS, together with the corresponding percentage-reduction curves. On average,
IGD reduced runtime by 45.55% relative to GD, while IBFGS achieved an average
reduction of 87.69% relative to IGD. Thus, IBFGS consistently outperformed IGD,
as expected. Aside from a few outliers, the pointwise reductions clustered near these
averages across M , indicating robust behavior. Further exploratory repeats with the
same settings, not shown here, confirmed the same qualitative behavior. For IBFGS,
we used γ1 = 1× 10−3 and γ2 = 1× 10−3. With these settings, curvature safeguards,
the descent-check fallback, and bad-curvature events were rare across M , and no resets
to the identity were observed in the reported runs. We also verified that the counts
of state and adjoint solves closely tracked the iteration count across M , indicating
minimal overhead from the adaptive tolerance mechanism prescribed by Algorithm 2.
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Fig. 3: Optimization time versus interior points M with percentage-reduction curves.
IGD uses γ1 = 60, γ2 = 3, and IBFGS uses γ1 = 1×10−3, γ2 = 1×10−3. All methods
use constant step size t = 9.583×10−2 and stopping tolerance ϵ = 1×10−6. Horizontal
lines show the mean reduction for 64 ≤ M ≤ 128.

6.2 Case Study 2: Laplace Inverse Problem

For the Laplace inverse problem described in Subsection 3.2, the state equation was
solved using an alternating direction implicit (ADI) scheme, where the tridiagonal sub-
systems in each coordinate direction were handled via Thomas’ algorithm. The adjoint
equation was solved using restarted GMRES with sparse matrix–vector products and
SOR preconditioning. In contrast to Case Study 1, where the number of sampled mea-
surements was fixed, here we scaled the number of samples with the grid size to provide
more data to fit and to increase the effective complexity of the reconstruction as the
mesh was refined. This design is meant to test whether the algorithm can preserve its
efficiency under these more demanding conditions. Specifically, for each grid size M we
drew ns = 4(M+1)+2 mesh indices by Latin hypercube sampling to form I(Ωd), and
at these locations we evaluated the analytical solution at zref =

[
0 1 −1

]⊤
to obtain

the reference state values. Since ns increases with M , we used the grid-dependent
step size t = 3.5/(ns − 2), which empirically maintained stability and yielded consis-

tent efficiency across mesh sizes. The initial guess was z0 =
[
0.5 1.0 0.25

]⊤
, and the

stopping criterion was set to the inexact gradient norm falling below ϵ = 10−6. These
configurations were uniformly applied across all methods.

23



The same comparison procedure described in Case Study 1 was adopted here to
evaluate performance across methods and mesh resolutions. The results are summa-
rized in Figure 4, which presents wall-clock optimization time as a function of M for
GD, IGD, and IBFGS, together with the corresponding percentage-reduction curves.
The qualitative pattern resembled that of Case Study 1, with one key difference: the
saving for IGD over GD was much larger here, averaging 90.21%, whereas the addi-
tional saving of IBFGS over IGD averaged 79.61%. Although the latter was smaller
than in Case Study 1, it remained substantial. These percentage reductions translated
into larger absolute time savings than in Case Study 1, particularly for the GD-to-IGD
comparison. For IBFGS, we set γ1 = 1× 10−1 and γ2 = 1× 10−1, following the same
rationale as in the previous case. Pointwise reductions remained close to the averages
across M , confirming robust behavior as before. Safeguard triggers and descent-check
fallbacks were infrequent, no identity resets were observed, and the counts of state and
adjoint solves closely tracked the iteration counts across M , again indicating minimal
overhead from the adaptive tolerance mechanism prescribed by Algorithm 2.
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Fig. 4: Wall-clock optimization time as a function of interior points M , together with
percentage-reduction curves. IGD uses γ1 = 60 and γ2 = 3. IBFGS uses γ1 = 1×10−1

and γ2 = 1× 10−1. All methods use stopping tolerance ϵ = 1× 10−6. Horizontal lines
indicate the mean reduction for 64 ≤ M ≤ 128.
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7 Final Remarks and Future Research

Motivated by DECO applications, this work introduced a novel inexact-gradient-based
framework with general inexact search directions for smooth unconstrained optimiza-
tion. A comprehensive convergence analysis was developed for this framework under
both bounded and diminishing step-size rules. For bounded step sizes, we identified an
admissible interval that ensures convergence while guaranteeing a monotonic-descent
property when the error-tolerance sequence is proportional to the norm of the com-
puted inexact gradient. For diminishing step sizes, convergence was achieved under
summable error-tolerance sequences, although monotonic descent could not be ensured
in this case. Furthermore, the proposed framework combines theoretical rigor and prac-
tical implementability by allowing flexible search directions and by defining acceptance
conditions that depend directly on the inexact gradient rather than on its unavailable
exact counterpart.

Two instances of the framework were implemented and tested with constant step
sizes: the Inexact Gradient Descent (IGD) and the Inexact BFGS-like (IBFGS) meth-
ods. These were applied to a second-order inverse problem and to a two-dimensional
Laplace inverse problem. In both applications, gradients were computed via an adap-
tive adjoint test-and-tighten scheme, which adjusts the state and adjoint tolerances
dynamically to produce gradients with controlled accuracy. The use of adaptive inexact
gradients led to significant runtime reductions compared to fixed-tolerance baselines,
while incorporating curvature information through the IBFGS scheme provided addi-
tional computational savings. Both IGD and IBFGS exhibited consistent performance
across mesh sizes, with negligible overhead from the adaptive tolerance mechanism.
For IBFGS, the implemented safeguards effectively maintained a well-conditioned
inverse-Hessian approximation.

Despite these encouraging results, several limitations remain. The study cases
considered residual functions that are linear in the state variables, ensuring globally
well-defined state mappings. A natural continuation is to address nonlinear residuals,
where such mappings may fail to exist globally. The present framework also focuses
solely on unconstrained problems, and its extension to include equality and inequality
constraints remains an open and practically relevant challenge. Moreover, the numer-
ical experiments were restricted to the bounded step-size regime because only in this
setting we could prove convergence for error tolerances proportional to the inexact
gradient norm. Finally, the current implementation does not employ a line-search
procedure, as inexact objective evaluations make its direct use nontrivial.

Future research will primarily focus on overcoming these limitations. We plan to
broaden the theoretical analysis to nonlinear residual and constrained problems and to
design line-search or trust-region mechanisms that incorporate precision-control explic-
itly. In addition, an important theoretical direction involves developing conditions that
allow the use of diminishing step sizes even when error tolerances remain proportional
to the inexact gradient. Beyond these extensions, further research avenues include the
use of Inexact Restoration techniques to globalize the optimization process, allowing
the algorithm to follow infeasible paths with respect to the state variable.
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