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Abstract

In this paper we propose a sequential minimax optimization (SMO) method for solving a class of
constrained bilevel optimization problems in which the lower-level part is a possibly nonsmooth con-
vex optimization problem, while the upper-level part is a possibly nonconvex optimization problem.
Specifically, SMO applies a first-order method to solve a sequence of minimax subproblems, which
are obtained by employing a hybrid of modified augmented Lagrangian and penalty schemes on the
bilevel optimization problems. Under suitable assumptions, we establish an operation complexity
of O(e™"loge™) and O(¢ %loge™"), measured in terms of fundamental operations, for SMO in
finding an e-KKT (Karush-Kuhn-Tucker) solution of the bilevel optimization problems with merely
convex and strongly convex lower-level objective functions, respectively. The latter result improves
the previous best-known operation complexity by a factor of e~!. Preliminary numerical results
demonstrate significantly superior computational performance compared to the recently developed
first-order penalty method.
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1 Introduction

Bilevel optimization (BO) is a two-level hierarchical optimization, which is typically in the form of

J* = min f(x,y) B
s.t. y € argmin{f(x, 2)|g(x,z) <0} (1)

BO has widely been used in many areas, including adversarial training [51, 52, 64], continual learning [43],
hyperparameter tuning [3, 19, 54|, image reconstruction [10], meta-learning [4, 30, 57], neural architecture
search [17, 41], reinforcement learning [25, 33], and Stackelberg games [67]. More applications about it
can be found in [2, 9, 13, 14, 15, 61] and the references therein. Theoretical properties including optimality
conditions of (1) have been extensively studied in the literature (e.g., see [15, 16, 49, 66, 75]).
Numerous methods have been developed for solving some special cases of (1). For example, constraint-
based methods [23, 60], deterministic gradient-based methods [18, 19, 21, 26, 50, 56, 57], and stochastic
gradient-based methods [7, 22, 25, 27, 28, 31, 32, 36, 37, 71] were proposed for solving (1) with § =0, f, f
being smooth, and f being strongly convex with respect to y. For a similar case as this but with f being
convex with respect to y, a zeroth-order method was recently proposed in [6], and also numerical methods
were developed in [38, 63, 40] by solving (1) as a single or sequential smooth constrained optimization
problems. Besides, when all the functions in (1) are smooth and f, § are conver with respect to y,
gradient-type methods were proposed by solving a mathematical program with equilibrium constraints
resulting from replacing the lower-level optimization problem of (1) by its first-order optimality conditions
(e.g., see [1, 48, 55]). Furthermore, a single-loop gradient method was recently introduced in [74] based on
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a novel reformulation of the bilevel optimization problem as a single-level smooth optimization problem
using Moreau envelope of the Lagrangian function of the lower-level problem. Recently, difference-of-
convex (DC) algorithms were developed in [76] for solving (1) with f being a DC function, and f, g
being convex functions. Lately, a practically efficient multi-stage gradient descent and ascent algorithm
was developed in [68] for (1) with § = 0, f being convex and Lipschitz continuous, and f being strongly
convex and Lipschitz smooth via solving the aforementioned minimax reformulation of (1). In addition,
penalty methods were proposed in [29, 46, 58] for solving (1). Notably, the paper [46] demonstrates for
the first time that BO can be approximately solved as minimax optimization. Specifically, it reformulates
BO as minimax optimization by a novel double penalty scheme and proposes a first-order method with
complexity guarantees for BO via solving a single minimax problem. In addition, a novel single-loop
Hessian-free algorithm based on a doubly regularized gap function was proposed in [73] for solving (1).
More discussion on algorithmic development for BO can be found in [2, 9, 15, 42, 62, 66]) and the
references therein.

In this paper, we consider problem (1) under similar assumptions as in [46]. Specifically, we assume
that problem (1) has at least one optimal solution and satisfies the following assumptions.

Assumption 1. (i) f(z,y) = fi(z,y) + fa(z) and f(:v,y) = fl(oz,y) + fg(y) are respectively Ly- and
L ¢-Lipschitz continuous on X x Y with X := dom fa and Y := dom fo, where f1(z,-) is o-strongly-

convex for any given x € X for some o > 0,2 f1, fl are respectively Ly, - and Lgy, -smooth on
X xY, and fo : R" = RU {400} and fo : R™ — RU {+oc} are proper closed convex functions.

(i) The proximal operators associated with fo and fg can be exactly evaluated.

(iii) §:R™ x R™ — R is L-Lipschitz continuous and Lyg-smooth on X x Y, and §;(z,-) is convex for
allx € X andi=1,2,...,1.

(iv) The sets X and Y (namely, dom fy and dom fs) are compact.

Due to the sophisticated structure described in Assumption 1, existing methods except the first-order
penalty method [46] are generally not applicable to problem (1). In particular, instead of solving (1)
directly, the latter method applies a first-order method [44] to solve an approximate counterpart of (1)
given by a single minimax problem

min max f(z,y) + p(F@,9) + nlllg@ n)l” = f@,2) — nllla, )] 1*) (2)
with a suitable choice of penalty parameters p,u > 0. Notice that the minimax problem (2) can be
obtained from (1) by performing two steps: (i) apply the classical quadratic penalty scheme to the lower-
level problem of (2) and approximate (1) by a simpler BO problem, min, ,{f(z,y)|y € argmin, f(x,z)+
1 l[G(z, 2)]+|I*}, which can be viewed as

min {f@ )| f@y) + Gy < min f(z, 2) + 1[5z, 21, 3)

and (ii) apply a penalty method to (3) to obtain the minimax problem (2). While this method enjoys
complexity guarantees for finding an approximate KKT (Karush-Kuhn-Tucker) solution of (1), it may
suffer from practical inefficiency issues. Specifically, the penalty parameters are pre-chosen to achieve a
desired operational complexity and may be overly large in practice. Additionally, the classical quadratic
penalty scheme is used to obtain the minimax problem (2), and its associated penalty parameter could
be much larger than the one associated with an augmented Lagrangian scheme.

To address the aforementioned issues, in this paper we propose a novel sequential minimax optimiza-
tion (SMO) method to solve problem (1), which substantially outperforms the first-order penalty method
[46] as observed in our numerical experiment. Specifically, instead of using the classical quadratic penalty
scheme for the lower-level problem of (1), we propose a new augmented Lagrangian scheme by replacing
the quadratic penalty function f(z,y) + u ||[§(x, y)]+||> with a modified augmented Lagrangian function

flz, )+ ﬁ (X + gz, 2)]+ 1> = [[A|?) for A € R, and p > 0.® Performing such a replacement in (2)

2f1 (z,-) is either merely convex for any given = € X if o = 0 or strongly convex with parameter o if o > 0.

3The standard augmented Lagrangian function associated with the lower-level problem of (1) is f(a;, z) +
ﬁ (NX + pg(z, )]+ 12 = |1AlI%). Therefore, f(z,z) + ﬁ (A + pg(z, 2))+11> — [IAlI?) can be viewed as a modified aug-
mented Lagrangian function. Its advantage over the standard augmented Lagrangian function will be discussed in Section
2.



results in a new minimax problem

minmax f(z,9) + p(F(,9) + 5 — A+ (e ]2~ Fo,2) = s A+ w2 7). (@)
Ty 2 Pl 2pp

Our SMO method solves a sequence of minimax subproblems in the form of (4). Specifically, let
{oe}, {pr}, (@°,9°,2°,0%) be given. At each iteration & > 0, SMO finds an approximate solution
(a1 Ykl k1) of (4) with A = A*| p = pi, and p = ps, starting at (2, y*, 2*), and then updates \F+1
according to N1 = [\F 4 ;. g(x*+1, 25+1)], . The resulting SMO enjoys the following notable features.

e It uses only the first-order information of the problem. Specifically, its fundamental operations
consist only of gradient evaluations of g and the smooth component of f and f and also proximal
operator evaluations of the nonsmooth component of f and f (see Algorithm 1).

e It has theoretical guarantees on operation complexity, which is measured by the aforementioned
fundamental operations, for finding an e-KKT solution of (1). Specifically, it enjoys an operation
complexity of O(e~"loge~!) when the lower objective function fi (z,-) is merely convex (see The-
orem 1). Moreover, it enjoys an operation complexity of O(~%loge™") when f(z,-) is strongly
convex, which improves the previous best-known operation complexity [46, Theorem 5] by a factor
of e71 (see Theorem 2).

e It demonstrates significantly superior computational performance compared to the first-order penalty
method [46] (see Section 3).

The rest of this paper is organized as follows. In Subsection 1.1, we introduce some notation and
terminology. In Section 2, we propose a sequential minimax optimization method for solving (1) and
study its complexity. Preliminary numerical results and the proofs of the main results are presented in
Sections 3 and 4, respectively.

1.1 Notation and terminology

The following notation will be used throughout this paper. Let R™ denote the Euclidean space of
dimension n and R’} denote the nonnegative orthant in R". The standard inner product, {;-norm and
Euclidean norm are denoted by (-,-), || - |1 and || - ||, respectively. For any v € R™, let v, denote
the nonnegative part of v, that is, (v;); = max{v;,0} for all i. For any two vectors u and v, (u;v)
denotes the vector resulting from stacking v under u. Given a point z and a closed set S in R™, let
dist(x, S) = ming g ||z’ — z|| and .5 denote the indicator function associated with S.

A function or mapping ¢ is said to be L -Lipschitz continuous on a set S if ||¢p(x) —d(a')|| < Lg|lz—2'||
for all z,2’ € S. In addition, it is said to be Lyg-smooth on S if ||[V(z) — Vo(2')|| < Lyg|lz — 2’| for
all z,2’ € S. For a closed convex function p : R" — R U {400}, associated with p is denoted by prox,,
that is,

prox,(z) = argmin {;Hx' —z|? —l—p(x')} Vo € R™.
z’eR™
Given that evaluation of prox., () is often as cheap as prox,(z), we count the evaluation of prox.,,(z)
as one evaluation of proximal operator of p for any v > 0 and = € R".

For a lower semicontinuous function ¢ : R" — RU{oo}, its domain is the set dom ¢ := {z|¢(z) < co}.

The upper subderivative of ¢ at x € dom ¢ in a direction d € R™ is defined by

¢'(x;d) = limsup di/nf P(a' +td') — p(a')

Lo —d t ’
x>z, t]0

where ¢ | 0 means both ¢ > 0 and ¢ — 0, and 2’ % 2 means both 2/ — 2 and o(z') — ¢(x). The
subdifferential of ¢ at x € dom ¢ is the set

9¢(z) = {s € R"|s"d < ¢/(x;d) Vd € R"}.

We use 0,,¢(z) to denote the subdifferential with respect to x;. In addition, for an upper semicontinuous
function ¢, its subdifferential is defined as ¢ = —9(—¢). If ¢ is locally Lipschitz continuous, the above
definition of subdifferential coincides with the Clarke subdifferential. Besides, if ¢ is convex, it coincides
with the ordinary subdifferential for convex functions. Also, if ¢ is continuously differentiable at x , we



simply have 9¢(z) = {Vé(x)}, where Vo(x) is the gradient of ¢ at x. In addition, it is not hard to
verify that d(¢1 + ¢2)(x) = V1 (z) + O¢2(x) if ¢1 is continuously differentiable at « and ¢o is lower or
upper semicontinuous at x. See [8, 69] for more details.
Finally, we introduce an (approximate) primal-dual stationary point (e.g., see [11, 12, 34]) for a
general minimax problem
mIinmgux U(z,y), (5)

where U(-,y) : R" - RU {+0o0} is a lower semicontinuous function, and ¥(z,-) : R™ — RU{—oc} is an
upper semicontinuous function.

Definition 1. A point (z,y) is said to be a primal-dual stationary point of the minimaz problem (5) if
0€9,9(x,y), 0€9,¥(z,y).

In addition, for any € > 0, a point (x.,ye) is said to be an e-primal-dual stationary point of the minimazx
problem (5) if
dist (0,0, ¥ (xe,ye)) <€, dist (0,0, ¥(ze,ye)) < e.

2 A sequential minimax optimization method for problem (1)

As discussed in Section 1, the first-order penalty method [46] may suffer practical inefficiency issues
due to possibly overly large penalty parameters. To address these issues, in this section we propose a
sequential minimax optimization (SMO) method for finding an approximate KKT solution of (1), which
substantially outperforms the first-order penalty method [46] as observed in our numerical experiment.

To motivate our SMO method, we first apply a modified augmented Lagrangian (AL) scheme to
migrate the constraint g(x,y) < 0 of the lower-level problem of (1) to its objective function and obtain
an approximation to (1) given by

min  f(z,y) .
ste € argmin{Fe,2) + 24 (1N + g, 2412 - IN12)) ©)

for some p, 0 >0 and X € Rl+. By applying a penalty scheme, problem (6) can be approximated by

. r3 1 ~ 2 2 . r3 1 ~ 2 2
min f(z,y)+p <f(w,y) + o I+ 1@, y)]4° ~ M) — min {F,2)+ aop (I + e, 20 = 1A }) :
which is equivalent to the minimax problem

minmaxﬁ(x,y,z,)\;p, /’L)7 (7)

T,y z

where

£l 10) =1 (.9) + (. 9) + 3NN+ e P = pF,2) = 5o+ i 2l (8)

As observed above, the function f(z,z) + ﬁ (X + pg(z, 2)]+ 1> = [ AlI?), which serves as a mod-
ified AL function for the lower-level problem of (1), induces the minimax problem (7), where the
penalty parameters p and p are separately associated with the lower-level objective and constraint
functions, respectively. This separation plays a crucial role in designing a practically efficient SMO
method that achieves the desired operation complexity. In contrast, the standard AL function f (z,2)+
i (1A + wg(z, 2)]+|I* = [IA][?) for the lower-level problem of (1) leads to a minimax problem that lacks
this property and over-penalizes the constraints. As a result, the corresponding first-order method based
on such a minimax problem cannot guarantee finding an e-KKT solution of problem (1), since the con-
dition |f(x*,y*) — f*(2*)| < € may fail to hold for the generated solution sequence when k is sufficiently
large, which is required by the definition of an e-KKT point (see Definition 2). Furthermore, under
Assumption 1, one can observe that £ possesses the following desirable structure.

e For any given p, > 0 and A € Ri, L is the sum of smooth function h(z,y, z) with Lipschitz con-
tinuous gradient and possibly nonsmooth function p(x, y) — ¢(z) with exactly computable proximal
operator, where

[>\ + Mg(xa Z)]+||23

h(z,y,2) = fi(z,y) + pfi(z,y) + i”[)\%—,ug(x,y)h”? —pfilz, z) — i”

p(x,y) = fa(2) + pfa(y),  a(2) = pfa(2).



e [ is nonconvex in (x,y) but po-strongly-concave in z.

Thanks to the above nice structure of £, an approximate primal-dual stationary point of problem (7)
can be suitably found by Algorithm 5 (see Appendix B). Additionally, recall from the above discussion
that the minimax problem provides an approximation to the bilevel optimization problem (1). Based
on these observations, we propose solving problem (1) by iteratively solving a sequence of minimax
subproblems in the form of (7), similar to the classical AL method for constrained nonlinear optimization.

Specifically, let {(px, i)} be a sequence of penalty parameters. Given the current iterate (2, y*, 2%, A\F),
our method calls Algorithm 2 or 3 (see Appendix A), depending on o = 0 or o > 0, to obtain an ap-
proximate solution y¥ .. of min, Z(mk, 2, \¥: pr., uy), where

L(z,2, X p,p) = f(x,2) N+ ug (e, 2))4 (9)

o]
2pp
It then uses (z¥, 3", yi’;it) as the initial point and calls Algorithm 5 (see Appendix B) with properly chosen
parameters to find an approximate primal-dual stationary point (z¥1 y*+1 2k+1) of min, , max, £(z,y,
2, \¥; pr, pir). Subsequently, it updates A\**! in a standard manner.
Let gni = max{||g(z, y)|||(z,y) € X x Y}. We now present our method for solving problem (1) below.

Algorithm 1 A sequential minimax optimization (SMO) method for (1)

Input: ¢,7 € (0,1), ¢g € (76,1], 2° € X, 2° € Y, ex = o7, pr = e,zl, L = 6;3, and A0 € }Rﬁ_.

1: for k=0,1... do

2:  Call Algorithm 2 (see Appendix A) if ¢ = 0 or Algorithm 3 (see Appendix A) if ¢ > 0 with
V() E(xk, AR o )y € < €k, 0p 0, Ly Ek, 7% + y* to find an approximate solution
yk . of min, L(zF, z, \¥; py, i) such that

L(* yf o N5 prs i) — leinz(xk7zy)\k59k7ﬂk) < €k, (10)

where £ is given in (9) and
L = Lgj, + pp  (1eL3 + pedniLvg + |N*[| Lyg)- (11)
3. Call Algorithm 5 (see Appendix B) with € + ez, 20 < (2%, yF.), 9° < 2F, Lyn < Lg, and

€0 — €x/(2\/ug) if 0 = 0 and €y < €;/2 if 0 > 0 to find an eg-primal-dual stationary point
(2R, 1 R of

minmax £(x,y, 2, \*; pr, pk), (12)
€,y z
where
L = Lyy, +2pkLgj, + 2p L3 + 2pkdni Ly + 2| Lyg. (13)

40 Set AP = [\F 4 ppg(ahtt A,
5. If €, < e, terminate the algorithm and output (z*+1,y*+1).
6: end for

We next provide some remarks regarding the well-definedness of Algorithm 1.

Remark 1. Notice that L(z*,y, A pr, i) = 6(y)+ o) with 6(y) = fi (@, y)+ N+ a®, )]+ 12/ 2priae).
By Assumption 1 and (28), one can see that ¢ is Li-smooth and o-strongly-convex on dom P and the
proximal operator of fg can be exactly evaluated. It then follows from this and Theorems 3 and 4 (see
Appendiz A) that yE .. satisfying (10) can be successfully found in step 2 of Algorithm 1 by applying Al-
gorithm 2 or 8 to the problem min, z(xk, 2, \¥: pr, ug). In addition, by Theorem 5 (see Appendiz B), one
can see that an e-primal-dual stationary point of (12) can be successfully found in step 3 of Algorithm 1
by applying Algorithm 5 to problem (12). Consequently, Algorithm 1 is well-defined.

2.1 Complexity results for Algorithm 1

In this subsection we study iteration and operation complexity for Algorithm 1. In particular, in order
to characterize the approximate solution found by Algorithm 1, we first introduce a notion called an



e-KKT solution of problem (1). Then we establish iteration and operation complexity of Algorithm 1
for finding an O(e)-KKT solution of (1).
For notational convenience, we define

f*(x) == min{f(z, 2)|(x, 2) < 0}. (14)
Observe that problem (1) can be equivalently reformulated as
rg};l{f(%yﬂf(x,y) < [*(x), g(a,y) <O} (15)
The Lagrangian function associated with (15) is given by

L(w,y,p, Ay) = f@,9) + p(f(2,9) = F7(2)) + Oy, () (16)

In the same spirit of classical constrained optimization, one would naturally be interested in a KKT
solution (z,y) of (15), namely, (z,y) satisfies

fly) < fr@), gla,y) <0, p(flz,y) — f(2) =0, Ny, d(z,y)=0, (17)

and moreover (x,y) is a stationary point of the problem

mlnﬁ(:z: v ps Ay) (18)

z'y’

for some p > 0 and Ay € Rﬁr. Yet, due to the sophisticated problem structure, characterizing a stationary
point of (18) is generally difficult. On the other hand, notice from Lemma 1 and (16) that problem (18)
is equivalent to the minimax problem

mln InzaX {f ' Y ) + p(f( /) - f(xlazl> - <)‘/z7§(xlvz/)>) + <)‘y’§(x/7y/)> + ijF ()‘;)}74

z',y' Ay

whose stationary point (x,y, Az, z), according to Definition 1 and Assumption 1, satisfies

0 € 0f(z,y) + pof (z,y) — p(Vaf(x,2) + Vai(@, 2)As; 0) + Vi(z, y) Ay, (19)
0 € p(0:f(x,2) + V.i(x,2)\s), (20)
A €ERL, §(7,2) <0, (A, §(2,2)) =07 (21)

Based on this observation, the equivalence of (1) and (15), and also the fact that (17) is equivalent to

fl@y)=f (@), §lz.y) <0, (A, i(x,y) =0, (22)

we are instead interested in a (weak) KKT solution of problem (1) and its inexact counterpart that are
defined below.

Definition 2 (KKT solution and eKKT solution). The pair (x,y) is said to be a KKT solution
of problem (1) if there exists (z,p, Ay, As) € R™ x Ry x RY x RY such that (19)-(22) hold. In addition,
for any € > 0, (x,y) is said to be an e-KKT solution of problem (1) if there exists (z,p, Ay, Az) €
R™ x Ry x R{F X ]Rl+ such that

dist (0, 0f (,y) + pdf (x,y) — p(Vaf (2, 2) + Vad(x, 2)As;0) + Vi(z,y) Ay ) <,
dist (0, p(. f (2, 2) + V.3(z, 2) A\, ) <e

[[9(z, )]+l <&, (A2, g(z,2))| <

|f(z,y) = f*(2)| <&, H[g(w,y)hH <e |y, d(zy) <e,

where f* is defined in (14).

4JRL (+) denotes the indicator function associated with the set ]Rl+.
+
5The relations in (21) are equivalent to 0 € —§(z, 2) + 05 (Az).
+



The notions of KKT solution and e-KKT solution were initially introduced in [46, Section 3]. Notably,
it was demonstrated in [46, Theorem 2] that under suitable assumptions, an e-KKT solution (z,y) of
problem (1), with conditions such as § = 0, fo = 0, fo = 0, f1 being twice differentiable, and fi(z, )
being strongly convex, implies that z is an (9( )-hypergradient-based stationary point of (1).

The notions of KKT solution and e-KKT solution were initially introduced in [46, Section 3]. Notably,
it was demonstrated in [46, Theorem 2] that under suitable assumptions, an e-KKT solution (z,y) of
problem (1), with conditions such as § = 0, f = 0, fo = 0, f1 being twice differentiable, and f; (z,-)
being strongly convex, implies that = is an O(e)-hypergradient-based stationary point of (1).

We next study iteration and operation complexity for Algorithm 1. To proceed, recall that X =
dom f; and Y = dom fg. We define

fii = sup{f* ()] € X}, (23)
Dy = max{|lu — v|||u,v € X}, Dy :=max{||u—vl||u,v € Y}, (24)
Jui = max{f(z,y)l(z,y) € X x Y}, fiow := min{f(z,y)|(z,y) € X x Y}, (25)
fiow := min{f(z, 2)|(x,2) € X x Y}, gui := max{||g(z, y)ll|(z,y) € X x Y}, (26)
K :=[(loge —logeg)/logT],, K:={0,1,...,K+1}, K-1={k-1[keK}. (27)

It then follows from Assumption 1(iii) that
Vg, < Lg  Y(zy) € X x Y. (28)

In addition, by Assumption 1 and the compactness of X and ), one can observe that Dy, Dy, fui, fiow,
fiow and gp; are finite. Moreover, fi% is also finite (see Lemma 1(ii) in Section 4).
The following assumption will be used to establish complexity of Algorithm 1.

Assumption 2 (Slater’s condition). There exists 2, € Y for each x € X such that §;(z,2;) < 0 for
alli=1,2,...,1 and G := inf{—g;(z,2,)|[xr € X, i=1,...,1} >0.°

We are now ready to present an iteration and operation complexity of Algorithm 1, measured by the
amount of evaluations of V f1, Vf1, V§ and proximal operators of fo and fa, for ﬁndmg an O(e)-KKT
solution of (1), whose proofs are deferred to Section 4.

Theorem 1 (iteration and operation complexity of Algorithm 1 for problem (1) with ¢ = 0).
Suppose that Assumptions 1 and 2 hold with o =0, i.e., fl (z,-) being convex but not strongly convex for
any given x € dom fa. Let {(x*,y*, 2%, \¥)}rex be generated by Algorithm 1, f*, fi\, Dx, Dy, fuis fiow,
fiow, gni and K be defined in (1), (23), (24), (25), (26) and (27), Ly, Ly, Ly, Lyf,, Ly, Lyg and G
be given in Assumptions 1 and 2, and €, €y, T, i, pr and Ao be given in Algorithm 1. Let

1 f* - Jz;low Dy eq
— Liop2 4 Jni y
Lo ¢ s ew | Dyeo,
L= LVf1 + 2va1 + 2L£2~7 + 2§hiLV§ + 2V 2’19ng, L= LVf1 + Lz + ghing + V 219ng, (30)

a = min {1, 4/(DyL)}, 5= (24 a Y)L(D2 + D2) + max{1/Dy, L/4} D2, (31)
M = 16max {1/(4L2),2/(aL2)} [(3L + 1/(2D,))*/ min{2L2,1/(2Dy)} + 3L + 1/(2Dy))”

x (5 + 2071 (f* = fiow + fis = fiow + LDy + 39 + 3% + Dy /4 + L(D + Df,))), (32)
T = [16 (fui = fiow + 1+ Dy/4) L+ 8(1 +4D;L?)] (33)
Ay = I gy ] AT = R IV g (e 2R (34)

Suppose that €2 — 873G 29 > 0. Then the following statements hold.

(i) Algorithm 1 terminates after K+1 outer iterations and outputs an approzimate point (x5+1, y&+1)

61f Assumption 2 fails to hold, one may instead consider the perturbed counterpart of (1) with §(z,z) replaced by
g(z, z) — € for some suitable € > 0, which clearly satisfies Assumption 2.



of (1) satisfying
dist (0,0 (&) predf @y ) = prc (Va F@ T 2 4 T 2N 0)

+ Vg™, yK“)/\ff“) <e, (35)
dlst(O PK(a f( K+1 K+1)+vzg(xK+1’ZK+1)A£(+l)) <e, (
g™ 2" D]l < 26*G ™ (eo + L7) Dy, (37
(AT g™ ) < 26°G 7 (6o + L) Dy max{[[A|l, 267 (o + L) Dy}, (
g™,y )|l < 26°G 7 (eo + Ly + L) Dy, (
[y g™ 2 < 26G7 (eo + Ly + L) Dy max{||X°], 2G™" (co + Ly + L7) Dy}, (40
If (@™ %) — (2" )] < max {282G72Lf(60 +Ls+ L5 )D2 &2 max{||\°||, 2G~"(eo + L7)Dy}/2

+& (fui — fiow + 1+ Dy /4 + L:%/4+ 2D2L) } (41)

(#i) The total number of evaluations of V f1, Vfi, V§ and prozimal operators of fo and fo performed
in Algorithm 1 is no more than N, respectively, where

N = ([96\@ (14 (12L+2/D,) /Lg)] + 2) max {2, DyL} T(1—77)"!
x (1)~ (56 K log(1/7) + 56 log(1/€p) + 2(log M) 4 + 2 + 21og(27T))
+ (re)*2(1 = /%) "Dy V2L + K. (42)
Remark 2. One can observe from Theorem 1 that Algorithm 1 enjoys an iteration complexity of
O(loge™ 1) and an operation complezity of O(e 710g€ 1Y, measured by the amount of evaluations of

Vfi, Vfi, V§ and proximal operators of fo and fa, for finding an O(e)-KKT solution (zX+1 yK+1) of
(1) satisfying

dist (07 Of (@ T yM ) 4 pr0f (@ YY) + wg(a" Ty A

— prc (Ve f(aH 25 4 W, (i, 2K A+, o)) <e, (43)
dist (0, prc (0. F @+, 2550) 4 Vog(@R 1 2N ) <, (44)
IGEST L = O@E), (KT §aR T, 24| = 0(e?), (45)
5"y ] = O3, 5 g ) = 0(e), (46)
[F T,y — fr @) = o), (47)

where f* is defined in (14), px = (eo7%)~1, and AN e Rl are given in (34).

Theorem 2 (iteration and operation complexity of Algorithm 1 for problem (1) with o > 0).
Suppose that Assumptions 1 and 2 hold with o > 0, i.e. fl( *) being strongly convex with parameter o
for any given x € dom f2 Let {(zF, 9", 2F )\k)}keK be genemted by Algorithm 1, f*, fhl, Dy, Dy, Frows
fiows fuis Gni» K, 9, L, L, MEH and NET be defined in (1), (23), (24), (25), (26), (27), (29), (30) and
(34), o, Ly, L, Lvy, Ly, Ly, Lvg and G be given in Assumptions 1 and 2, and €, €y, T, K, PK
and Ao be given in Algorithm 1. Let

& = min {1, \/W} , §=(2+a D2+ D)L+ max{1/Dy, L/4}D2, (48)
M = 16 max {1/(4L3),2/(aL3)} [9L?/ min{2L%, 0} + 3L] 2

x (84267 (" = fiow + fis = fow + LDy + 30 + % + L(DZ + D2)) ). (49)
T = [16 (fui — frow + ) L+ 8(1+ 0 2L2)] . (50)

Suppose that e=2 — 873G =29 > 0. Then the following statements hold.



K+1 K+1)
)

(i) Algorithm 1 terminates after K+1 outer iterations and outputs an approzimate point (x
of problem (1) satisfying (35)-(40) and

Y

FE ™) = @) < max {26262 Lieo + Ly + Lp)DE, € max{|\°l, 26~ (co + L) Dy}/2

& (fui = fiow + 1+ L5°/4+07°L/2) }. (51)

(i) The total number of evaluations of V f1, Vfl, Vg and proximal operators of fo and fg performed
in Algorithm 1 is no more than N, respectively, where

N —3397 max {2, L/(QU)} T(1— 761

x (1e)7° (38K log(1/7) 4+ 381og(1/€e0) + 2(log Mﬁ +2+4+2 log(2f)>

+2(re) "1 - 1) {\/Ei/a—i— 1-‘ max {1, [2 log(QEDf,) + 6K log(1/7) — 6log 60—‘ } + K. (52)

Remark 3. One can observe from Theorem 2 that Algorithm 1 enjoys an iteration complexity of
O(loge™1) and an operation complexity of O(e~%loge™1), measured by the amount of evaluations of
Vfi, Vfi, V§ and prozimal operators of fo and fa, for finding an O(e)-KKT solution (xf+1 yHK+1)
of (1) satisfying (43)-(47). Such an operation complexity significantly improves the previous best-known

operation complexity O(e~"loge™t) established in [46, Theorem 5] by a factor of 1.

3 Numerical results

In this section, we conduct some preliminary experiments to test the performance of our SMO method
(Algorithm 1), and compare it with a first-order penalty (FOP) method ([46, Algorithm 4]). Both
algorithms are coded in Matlab and all the computations are performed on a laptop with a 2.30 GHz
Intel 19-9880H 8-core processor and 16 GB of RAM.

3.1 Constrained bilevel linear optimization

In this subsection, we consider constrained bilevel linear optimization in the form of

min 'z +d"y+ S g0 (@)

- ~ ~ - 53
s.t. y € argmin {de + F_11ym (2)| Az + Bz — b < 0} , (53)

where ¢ € R", d,d € R™, b € R, Ae R, Be R>™  and F—1,17(+) and 1 1 (+) are the indicator
functions of [—1,1]™ and [—1,1]™ respectively.

For each triple (n,m,l), we randomly generate 10 instances of problem (53). Specifically, we first
randomly generate ¢ and d with all the entries independently chosen from the standard normal distri-
bution. We then randomly generate A and B with all the entries independently chosen from a normal
distribution with mean 0 and standard deviation 0.01. In addition, we randomly generate § € [—1,1]™
with all the entries independently chosen from a normal distribution with mean 0 and standard deviation
0.1 and then projected to [—1,1]™ and choose d and b such that 7 is an optimal solution of the lower-level
optimization of (53) with z = 0. . .

Notice that (53) is a special case of (1) with f(z,y) = o + d'y + F_1 1= (2), f(2,2) = d'z +
H_1m(2) and g(z,2) = Az + Bz — b. We now apply SMO and FOP to solve (53). In particular, we
choose 0 as the initial point for both methods. In addition, we set (g,€g,7) = (1072,1,0.8) for SMO.
To enhance the efficiency of FOP, we adopt a dynamic updating scheme on its penalty and tolerance
parameters. Specifically, we set pp = 571, g = plzl and z_; = 0 for [46, Algorithm 2]. For each
k > 1, let (z*=1 y*=1) be the output of [46, Algorithm 2] with (g,p) = (er—_1,pk—1). We run [46,
Algorithm 2] with (g,p) = (e, px) and (271, 5%~1) as the initial point to generate (z*,y*), where
§*~1 € argmin, f(z*~1, 2) is found by CVX [20]. We terminate both algorithms once e < 1072 for
SMO, ¢, < 1072 for FOP, and (z*, y*) satisfies

I[g(®,y")]ll <1072, F(a*,y%) — f*(2%) <1072



for some k, and output (z*,y*) as an approximate solution of (53), where f* is defined in (14) and the
value f*(z*) is computed by CVX [20].

The computational results of SMO and FOP for problem (53) with the instances randomly generated
above are presented in Table 1. In detail, the values of n, m and [ are listed in the first three columns.
For each triple (n,m,[), the average initial objective value f(z°,7) with § being generated above,” the
average final objective value f(z*,4*) and the average CPU time (in seconds) over 10 random instances
are given in the rest of the columns. One can observe that both SMO and FOP find an approximate
solution with much lower objective value than the initial objective value. Moreover, SMO outputs an
approximate solution with a similar objective value as FOP, while SMO significantly outperforms FOP
in terms of average CPU time.

Initial objective value || Final objective value || CPU time (seconds)
n m SMO FOP SMO FOP
100 100 5 0.22 —75.78 —75.75 74 22.1
200 200 10 —0.38 —154.20 —-154.18 12.5 107.9
300 300 15 —0.11 —246.70  —246.66 24.1 267.8
400 400 20 0.34 —305.97  —305.89 37.0 561.6
500 500 25 0.96 —394.74  —394.70 63.8 719.8

Table 1: Numerical results for problem (53)

3.2 Constrained bilevel optimization with quadratic upper level and linear
lower level

In this subsection, we consider constrained bilevel optimization with quadratic upper level and linear
lower level in the form of

min 27 Az + 2By +y ' Cy+ Tox +dTy + 1 1pn (2)

. ~ ~ - 54
sty eargmin{de—i—f[,l’l]m(z)|Aaz+Bz—bS 0}, (54)

where A € R™" B € R"™*™ (C € R™™ ¢ e R", d,d € R™, b € R, A € R*" B € R*™ and
SH—1,1»(-) and f 1,1)m (+) are the indicator functions of [—1,1]™ and [—1, 1]™ respectively.

For each trlple (n m, 1), we randomly generate 10 instances of problem (54). Specifically, we first
randomly generate A, B, C, c and d with all the entries independently chosen from a normal distribution
with mean 0 and standard deviation 0.1. We then randomly generate A and B with all the entries
independently chosen from a normal distribution with mean 0 and standard deviation 0.01. In addition,
we randomly generate § € [—1,1]™ with all the entries independently chosen from a normal distribution
with mean 0 and standard deviation 0.1 and then projected to [—1,1]™ and choose d and b such that Y
is an optimal solution of the lower-level optimization of (54) with z = 0.

Notice that (54) is a special case of (1) with f(z,y) = 27 Az+aT By+y’ Cy+cTa+d y+ .71 1) (),
fz,2) =d"z + F_1m(2) and g(z, 2) = Az + Bz — b. We now apply our SMO method (Algorithm
1) to solve (54).8 Specifically, we choose 0 as the initial point and set the parameters of SMO as
(e,€0,7) = (1072,1,0.8). We terminate SMO once ¢, < 1072 and (z*, y*) satisfies

Ig(*, g4l <1072, fa,y") = f*(@*) <1072

for some k and output (z*,y*) as an approximate solution of (54), where f* is defined in (14) and the
value f*(z*) is computed by CVX [20].

The computational results of SMO for problem (54) with the instances randomly generated above
are presented in Table 2. In detail, the values of n, m and [ are listed in the first three columns. For each
triple (n,m,[), the average initial objective value f(z°,#) with § being generated above and the average
final objective value f(z*,3"*) over 10 random instances are given in the rest of the columns. One can
see that the approximate solut1on (x*, y*) found by SMO significantly reduces the initial objective value.

"Note that (2%, y9,,) may not be a feasible point of (53). Nevertheless, (z°,4) is a feasible point of (53) due to z° =

and the particular way for generating instances of (53). Besides, (53) can be viewed as an implicit optimization problem

in terms of the variable . It is thus reasonable to use f(x°, ) as the initial objective value for the purpose of comparison.
8Clearly, problem (54) is more sophisticated than (53). As shown in Table 1, problem (53) already poses significant

challenges for FOP [46] when the dimension n is relatively large. Therefore, we do not apply FOP to solve (54).
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n m l Initial objective value Final objective value
100 100 5 —0.04 —95.70
200 200 10 0.03 —275.34
300 300 15 0.15 —487.64
400 400 20 0.20 —749.02
500 500 25 0.13 —1085.57

Table 2: Numerical results for problem (54)

3.3 Hyperparameter tuning for support vector machine

In this subsection, we consider a hyperparameter tuning model for support vector machine (SVM):

.1 . T
Join Z 0 (Gi, w" & + b) + Fjo 101 (c) (55)
n<i<n+m
st (w,b,€) €argmin{ S € (53,075 +b) + TE+ A1 e (,8) + So,2010 (€)

w,b,€ 1<i<n
:IQZ(’IJ)TLIA%—FE) > 1—&‘, 1= 17...,’[7,},

where {(2;,9:) }1<i<n is the training set, {(Z;, i) tn<i<ntm is the validation set, c € R”, w € R?, b € R,
§ € R™, L(u,v) = log(1 +e™") is the binomial deviance loss function [24], and Fjg 1j», F|_1,1]a+1, and
0,20 are the indicator functions of [0,10]", [-1, 1]9+1 and [0,20]", respectively. Specifically, at the
lower level of (55), we train a linear SVM on the training set with a decision hyperplane of the form
{x € RY : wl'z + b = 0}, where the binomial deviance is used as the loss function, and a slack variable ¢
and penalty parameter ¢ are introduced to handle non-separable datasets.” At the upper level of (55),
we minimize the validation loss to select the hyperparameter ¢ and the corresponding (w, b, §). Similar
bilevel SVM models have been widely studied in the literature (e.g., [3, 54, 76]).

In our experiments, we solve problem (55) on five datasets from the LIBSVM repository [5]. For each
dataset, one-fourth of the samples are randomly selected as the validation set, and the remainder are
used as the training set. Notice that (55) is a special case of (1) with x = ¢, y = (w,b,§), z = (0, b, §),

1 . .
flz,y)=— Z ¢ (yi,wai + b) + Ho,107(¢),

m
n<i<n+m

f(33 z) Z 5 yuw $z+b)+0 §+f[ 1,1)a+1 (W 75)4'%[0720]”(5),

1<i<n
Gi(z,z) =1-§& — (0" %; +b),i=1...,n

As a result, both SMO (Algorithm 1) and FOP ([46, Algorithm 2]) are suitable for solving (55). We now
apply both methods to solve (55), starting from % = 0 and y° with the entries independently drawn
from the uniform distribution on [0, 1]. In addition, we set (e, €q, 7) = (1072, 1,0.9) for SMO. To enhance
the efficiency of FOP, we adopt a dynamic updating scheme on its penalty and tolerance parameters.

Specifically, we set pr = 5571, g, = plzl for [46, Algorithm 2]. For each k > 1, let (2%~ ~1) be the
output of [46, Algorithm 2] with (g, p) = (ex—1, pr—1). We run [46 Algorlthm 2] with (5 p) (ek, pi)
and (zF~1,7%~1) as the initial point to generate (z*,y*), where §*~! € argmin, f(z*~', 2) is found by

CVX [20]. We terminate both algorithms once €, < 1072 for SMO, & < 1072 for FOP, and (x*, y¥)
satisfies _ -
g(z", v <1072, fa®,9%) - f*(a*) <1072
(5

for some k, and output (z*,y*) as an approximate solution of (55), where f* is defined in (14) and the
value f*(z*) is computed by CVX [20].

The computational results of SMO and FOP for problem (55) are presented in Table 3. In detail, the
names of the datasets are listed in the first column. For each dataset, the initial objective value f(z°, yg),
where ;) is the lower-level optimal solution with z = 2° computed by CVX [20], the final objective value
f(a¥ y*), validation accuracy, and the CPU time (in seconds) are given in the rest of the columns. It

can be observed that both SMO and FOP find approximate solutions with objective values substantially

9The vector ¢ is introduced to assign weights to individual data points in the weighted SVM formulation. This technique
has been studied in the literature to capture the relative importance of data points in the training set (see [59, 70, 72]).
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lower than the initial value, and the resulting support vector machine achieves good validation accuracy.
Moreover, SMO produces an approximate solution with an objective value similar to that of FOP but
significantly outperforms FOP in terms of CPU time.

Dataset Initial objective value || Final objective value || Validation accuracy || CPU time (seconds)
SMO FOP SMO FOP SMO FOP
breast-cancer_scale 2.894 0.336 0.352 100.0% 98.5% 175.8 1537.9
heart_scale 1.359 0.556 0.551 75.9% 72.4% 402.6 3335.5
ionosphere_scale 1.063 0.443 0.447 88.9% 86.7% 792.5 7520.7
german.numer_scale 1.609 0.544 0.562 87.7% 84.2% 278.6 2453.0
australian_scale 2.565 0.654 0.678 72.5% 72.5% 224.6 2138.0

Table 3: Numerical results for problem (55)

4 Proof of main results

In this section, we provide a proof of our main results presented in Subsection 2.1, which are particularly
Theorems 1 and 2.

It should be noted that while the first-order penalty method (FOP) ([46, Algorithm 4]) and the SMO
method (Algorithm 1) both require solving minimax subproblems, they differ substantially in several
aspects: (i) FOP solves a single minimax subproblem with fixed penalty parameters and without a
warm-start strategy, whereas SMO solves a sequence of minimax subproblems with dynamically updated
penalty parameters and a tailored warm-start strategy; (ii) The minimax subproblem in FOP arises from
a quadratic penalty scheme applied to the lower-level problem, while in SMO it is derived from a modified
augmented Lagrangian scheme; (iii) FOP is designed for problems with a merely convex lower-level ob-
jective and cannot exploit strong convexity, whereas SMO can leverage it to achieve stronger complexity
results. As a result, the convergence proofs for FOP and SMO are fundamentally different. Moreover,
due to SMO’s more intricate structure, establishing its convergence is significantly more challenging.

To proceed, one can observe from (9) and (14) that

Al

Vee X, NeR ppu>0, 56

min £(z, 2, \; p, ) < f*(x) +

which will be frequently used later.

We now introduce several technical lemmas that will be utilized to prove Theorems 1 and 2 subse-
quently. The following lemma presents several properties of the lower-level problem of (1), whose proof
can be found in [46].

Lemma 1 ([46, Lemma 3]). Suppose that Assumptions 1 and 2 hold. Let f*, fﬁ‘i, Dy, L; and G be
given in (14), (23), (24), and Assumptions 1 and 2, respectively. Then the following statements hold.

(i) X* >0 and ||\ < G_lLny for all \* € A*(x) and x € X, where A*(x) denotes the set of optimal
Lagrangian multipliers of problem (14) for any x € X.

(i) The function f* is Lipschitz continuous on X and ff; 1s finite.

(i4i) It holds that

F*(a) = maxmin (@, 2) + (0 3@, 2) — S () Vo€,
where jRi(') is the indicator function associated with R, .

The next lemma provides an upper bound on ||A¥|| for all 0 < k € K — 1.

Lemma 2. Suppose that Assumption 1 holds. Let K and ¥ be defined in (27) and (29), pr and py be
given in Algorithm 1, and {\*}rcx be generated by Algorithm 1. Then we have

N2 < 2pppd VO<keK-—1. (57)

Proof. One can observe from (23), (26) and Algorithm 1 that fﬁ‘l > fiow and po > po > 1> 7 > 0,
which together with (29) imply that (57) holds for & = 0. It remains to show that (57) holds for all
1<keK-1.
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Since (zt*1,y'1 2#*1) is an ¢-primal-dual stationary point of (12) for all 0 < ¢t € K — 1, it follows
from Definition 1 that there exists some u € 9,L(x!T T 2tH1 Nt o, 1y) with [jul| < €. Notice
from (8) and (9) that 0,L(zt,y 2, 2L X py ) = —ped. L(x+E, 21 E py, ). Hence, —p; tu €
9. L(xHL, 2+ £ pt,ut) Also, observe from (9) and Assumption 1 that E( LN py, ) is convex.
Using this, (24), —pr € B L(aM, 2 M py, ) and Jul| < e, we obtain

E(xt+17 2 At;pta ,u't) > ‘C( t+1 t+17 )‘t;pta ,u't) + <7pt_lu z = Zt+1>'
> ﬁ( t+1 t+17)\t;pt;,ut) o pt_lDyet o= y’
which implies that
min Z(xt+17 2, )‘ta Pt ,ut) > Z(xt+17 Zt+17 )‘t7 Pt Mt) - p;lDy6t~ (58)
By this, (9) and (56), one has
f*(xt+1) (5>6) mlnﬁ( t+1 =~ )\t'pt Mt) _ ”)‘tHQ
) ) ) ) thut
0)658) - t+1 _t+1 1 t+1 St 2 (2 -1
> @t ) 4 (N + gt 2L — X)o7 Dye
Pl
~ 1
= fla" 2 4+ o (NP~ A7) - oy Dyer,
2p¢pe

where the equality follows from the relation AT = [Af + 1, g(z 1, 2¢+1)] . (see Algorithm 1). Using this
inequality, (23), (26) and ¢ < ¢ (see Algorithm 1), we have

INFHZ = (INP < 2pepe (F* (@) = F@F1 4" ) + 20 Dyer < 2p0pe(fis = fiow) + 2Dy co-

Summing up this inequality for t =0,...,k —1 with 1 <k € K — 1 yields

k—1 k-1
N2 <IN + 205 = fow) D peise +2Dye0 Y (59)
=0 =0

Recall from Algorithm 1 that ¢, = eo7?, py = €; > and p; = €, *. Tt is not hard to verify that Zf;ol pepy <

pr—1ptr—1/(1 —74) and 77 s < pe—1/(1 — 7). Using these, (59), pp > pr—1 > 1 and pp > pip—1 > 1
(see Algorithm 1), we obtain that for all 1 <k e K—1,

1 - 2061 ftk—1(f5 — flow) . 21r—1Dyeo
pr i IR < o gt <||/\0||2+ 1_7_}:1 + 1_7-;’

2(f = fow)  2Dyeo (29)
< [IA%)1% + 2_740 +1_73 = 20.

It implies that the conclusion of this lemma holds. O
The following lemma provides an upper bound on ||[§(z**1, 2*T1)] || and ||[g(«* T, y*+ )], ||.

Lemma 3. Suppose that Assumptions 1 and 2 hold. Let Dy, K and ¥ be defined in (24), (27) and (29),
Ly, Ly and G be given in Assumptions 1 and 2, and €y, pr and g be given in Algorithm 1. Suppose

that (xF+1 Y1 Zk+1 A1) s generated by Algorithm 1 for some 0 < k € K — 1 with

Py > 8G T (60)

Then we have
G 22l < g HINT < 20 G eo + prLf) Dy, (61)
G g T < g A+ g (2 g* )4l < 20 G (eo + Ly + prLf) Dy. (62)
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Proof. Suppose that (zF*+1 yk+1 k+1 \k+1) is generated by Algorithm 1 for some 0 < k € K — 1
satisfying (60). Notice that (z**! y*+1 2F+1) is an e,-primal-dual stationary point of (12). It then
follows from (8), Definition 1 and Assumption 1 that

dist (0, V f (T yF 1) + 0, F(2* T yF ) + Vyg(aF T g T P 4 g (0P R TH]L) < e, (63)
dist (0, —p0. f(z* T, 2M) = Vg (2" 2FT NP 4 g (2T 2M L) < e (64)

We first show that (61) holds. Notice from Algorithm 1 that A*™ = [A* 4+ g (2", 251)] . Hence,
it follows from (64) that there exists some u € 9, f(zF1, 2¥+1) such that

llpru + Vg (@ ZFFHATL| < . (65)

By Assumption 2, there exists some 2¥*! € ) such that —g;(x**!, 2¥*1) > @G for all i. Observe that
(NEFLNF b e g (2T 2RH0)) = ||[[NF + e g(2F L 28 1)), || > 0, which implies that

=N AR < (gt 2R, (66)
Using these, (65), \¥t1 > 0 and u € 8, f(z"1, 2¥1), we have

pef(@M ) — pp faM 2 £ QIR = O AR
< PP ) () O, (e, )

(66) - ~ - ~ A
S pkf(xk+1,zk+1) _ ,0kf($k+172’k+1> 4 ()\k+1,g(xk+1,zk+1) _ g(ka,zkH)))

< <pkU,Zk+1 _ 2k+1> + (Vzg(xk+1,zk+1))\k+l,zk+l _ 2k+1>

= <pku + vz§($k+17 Zk+1)Ak+17 Zk+1 - 2k+1> < Dy€k7 (67)
where the first inequality is due to A**! > 0 and —g;(2**!, 2**1) > G for all i, the third inequality
follows from u € 9, f(z*+1, k1) \k+1 > 0 and the convexity of f(z**1,.) and §;(x**1,.) for all 4, and

the last inequality is due to (24), (65) and 2F*1, 2k+1 € Y. 3
In view of (24), (67), z**1, 2¥+1 € Y. and the Lipschitz continuity of f, one has

(24) _ _
Dyer, + PkaDy > Dyer + pka"”Z]H_1 - 2k+1“ > Dyeg + Pk(f(xk+la 2k+1) - f(xk+la Zk+1))
(67) _ _
> G = L I > (G = i HIAFID IS (68)

where the first inequality is due to (24) and zK*+1 2K+l € | the second inequality follows from L i
Lipschitz continuity of f, and the last inequality is due to [|[A\*+1[|; > |A*+1||. In addition, it follows

from (57) and (60) that
(57) (60)
G = INN > G = 20ep "0 > G2,

which together with (68) yields
IAFH < 26 (ex + prLf) Dy.

The statement (61) then follows from this, € < ¢p, and
g™+, 2]l < g N 4 g (@ 25D L = g I

We next show that (62) holds. Indeed, let A¥*1 = [XF 4+ 1. g(2F 1 y*+1)] . It then follows from (63)
that

dist (0, Vi f(@ 1, 55 h) + o0, f (21 M) 4 Vg (2 y A <
Hence, there exists some v € p 'V, f(a*+1, y*+1) + 9, f(2*+1, y*+1) such that
loro + Vg™ g N < e
The rest of the proof of (62) is similar to the one of (61) with u, 2**1 and A\**! being replaced with v,

y*+1 and A\t respectively and thus omitted. O
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The next lemma provides an upper bound on the quantities associated with an approximate KKT
solution (zF+1 ¢+ +1).

Lemma 4. Suppose that Assumptions 1 and 2 hold. Let Dy, K and 9 be defined in (24), (27) and (29),
Ly, Lf and G be given in Assumptions 1 and 2, and eg, T, pr and pg be given in Algorithm 1. Suppose

that (xR 1 Y1 2L AR s generated by Algorithm 1 for some 0 < k € K — 1 with
ot > 872G, (69)
Let
M = L AR = AR (e, ) (70)

Then we have
dist (0, 0 (2", y™+1) + RO f (25, y* ) = g (Vo f@h 1,20 4 Vg (ah A 0)
i Vg(xk+l,yk+l))\;c’+1> < e, (71)

dist (0, pi (0. f (a1, 2440) 4 Wog(a 1, N ) < (72)
("1, 25 D]l < 20 G (eo + prLf) Dy, (73)
[ (@ 2PN < 200 i G (eo + prLp) Dy maxc{ ||\, 2G7 (e + pi L) Dy}, (74)
g ™ D]l < 20 PG Heo + Ly + pr L) Dy, (75)
(AT G g )| < 2 G (eo + Ly + puLp) Dy max{[|X°|l, 2G~"(eo + Ly + prL7) Dy} (76)

Proof. Suppose that (zF*+1 yk+1 k+1 \k+1) is generated by Algorithm 1 for some 0 < k € K — 1

satisfying (69). Notice that (z**! y*+1 2F+1) is an e,-primal-dual stationary point of (12). It then

follows from Definition 1 that
dist (0, Qg y) L1y 2PN o, ) < e (77)
dist (0, 9, L(x* T, yF T 2FTLNR o)) < e (78)

In view of these, (8) and (70), one has

gy L(2 M 2P TNE: o, )

_ 8f(mk+1,yk+1)+pk6f(mk+1,yk+1)+V§(m’“+1, k+1)[)\k+uk§(xk+l7yk+l)]+
o (kaxf($k+1,zk+1) + vzg(xk+1’zk+1)[)\k + g g( k+1 k+1)]+;0)

= Of (@ YY) + (@ M) — pr (Ve feT zk“) + Vog(at 2 AT 0)
V(T ykJrl))\;C[Jrl’

0Ly N g ) =~ fl L ) < Vgt D g, )

=~k (@f(wk“, )+ Vg (2t AT,

These relations together with (77) and (78) imply that (71) and (72) hold.

Notice from Algorithm 1 that 0 < 7 < 1, which together with (69) implies that (60) holds for y and
pi. It then follows that (61) and (62) hold, which immediately yields (73), (75), and

INHHE < 267 (eo + puLp) Dy, I + g™y )] | <267 o + Ly + prLy)Dy. (79)

Also, notice from (70) and A+ = [NF + pp g(2F+1, 28+1)], that A1 = p " AR+L. By this, (70) and (79),
one has
M2 < 20 G o+ pkLp) Dy, 1N < 2G7 (o + Ly + piLf) Dy (80)

Observe from (70) that (AET1NF 4 g g(aF+h 1)) = |IIAF + g (2P, y* )] ||1> > 0, which implies
that
_<)‘§€/+1a lu‘k 1)‘k> <)‘k+1 ~( ]H_la yk+1)>' (81)

In addition, we claim that
1IN < max{[IX°[], 2G™*(eo + px L) Dy }- (82)
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Indeed, (82) clearly holds if k = 0. We now assume that & > 0. Notice from Algorithm 1 that ps_1 = 73us
and py_1 = 7pg, which along with (69) imply that p, ' px—1 > 8G~29. By this and Lemma 2 with k
replaced by k — 1, one can conclude that || N\*| < 2G~1(¢y + pr—1L7)Dy. This together with pr—1 < py
implies that (82) holds as desired.

We next show that (74) and (76) hold. By AE+! X:+1 >0, (73), (75), (80), (81) and (82), one has

ASTL g™ 2M) < G [9MT 2 L) < Mg 2

(T)E0) 1 142 22
< dpy G (€0+pka) Dy,

(66)
>

AL Gt 2Ry = o PO (e T 2P > — o PO TR > = g IR

> =2p; 'y 'G e + pr L) Dy max{||A°||, 2G™ (eo + prL7) Dy},

DAL G g ) < L R L) < ISP G g )L

80)

A
~
o

N

=

Ap ' G (eo + Ly + prL§)* Dy,

AYFL gttty ) O = T P[] P
s0)82) 0 .
> =2u; G (o + Ly + piLj) Dy max{[|A\"|[, 2G™" (€0 + pxLf) Dy }-
These relations imply that (74) and (76) hold. O

The following lemma provides an estimate on operation complexity at step 3 of Algorithm 1 for
problem (1) with o = 0, i.e., fi(x,-) being convex but not strongly convex for any given x € dom f5.

Lemma 5. Suppose that Assumption 1 holds with o = 0, i.e., fl(x, ) being convexr but not strongly
convex for any given x € dom fo. Let f*, Ly, fii, Dx, Dy, fni, fiow fiow, Gni, K and ¥ be defined in
(1), (13), (23), (24), (25), (26), (27) and (29), L7 be given in Assumption 1, €, pr and py, be given in
Algorithm 1, and

a = min {1,,/4ek/(DyLk)}, (83)

5k = (2+ o, ) Li(Di + D) + max {e /Dy, aLi /4} D3, (84)
M — 16 max {1/(2.Lk)’ min {Dy /ex, 4/ (o L)} } p o x (5k 4 207!
(3L + €/ (2Dy))?/ min{ L, €./ (2Dy)} + 3Ly + €1/ (2Dy)] "~ €;,

X (f* = frow + pr(fiii = fiow) + kL Dy + 3pi® + puxdi; + €x Dy /4 + Li(D3 + Di))), (85)

Ty = [16 (fui — fow + prex + exDy/4) Luei® +8(1 + 4Dy L ")y — 1], (86)
Ne = ([96v2 (14 4Lk + de/Dy) L) | +2) max {2, \/DyT@l}
X (T + 1)(log M)+ + T + 1 + 2T} log(T), + 1)) . (87)

Then for all 0 < k € K — 1, an e-primal-dual stationary point (xF+1 yF+1 2k+1Y of problem (12) is
successfully found at step 3 of Algorithm 1 that satisfies

erD 1 _
mbeE(kavka,Z,)\k;Pk,#k) < Jfui + prex + k4 Y+ 2Uin (L' +4D3Lk) . (88)

Moreover, the total number of evaluations of V f1, V f1, V§ and prozimal operators of fo and fo performed
at step 3 in iteration k of Algorithm 1 is no more than Ny, respectively.

Proof. Observe from (8) and Assumption 1 that problem (12) can be viewed as

min max{h(z,y, z) + p(z,y) — q(z)}

x,y z

with

b, 2) = fi(0,9) + pufi(0,9) + sV + e, ] |2 = pifi . 2) N+ g (e, 2)]4 1%,

24,
p(z,y) = f2(2) + prfo(y),  a(z) = prfa(z).

L
2,
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By (28) and Assumption 1, it can be verified that ||[\*+peg (2, y)]4 12/ (2ue) and [|[N+peg(a, 2)]+ 12/ (20
are both (MkL2 + pkgniLvg + ||A\¥||Lyg)-smooth on X x Y. Using this and the fact that f; and f; are
respectively val and Ly, 7 -smooth on X x ), we can see that h(z,y,z) is Ly-smooth on X' x Y x Y for
all 0 < k € K— 1, where Lk is given in (13). In addition, it follows from Assumption 1 and o = 0 that
h(z,y,-) is concave but not strongly concave. Consequently, it follows from Theorem 5 (see Appendix
B) that an e-primal-dual stationary point (zF+1, y¥1 2#+1) of problem (12) is successfully found by
Algorithm 5 at step 3 of Algorithm 1.
In addition, by (8), (9) and (25), one has

. ®)(9) . > . 5
I;uynmzaxﬁ(:c,y,z,/\k;pk,uk) = r;nyn{f(x,y)+pk£(x,y,/\’“;pk,uk) —mzlnpkﬁ(x,z,kk;pk,uk)}
. (25)
> min x, =" flow- 89
= (Ly)eXny( Y) 1 (89)

Let (z*,y*) be an optimal solution of (1). It then follows that f(z*,y*) = f*, f(z*,y*) = f*(z*) and
g(x*,y*) <0, where f* and f* are defined in (1) and (14), respectively. Using these, ( ), (9), (23), (26)
and (57), we obtain that

minmax £(z,y, 2, A pr, o) < max L, y", 2, A" pr, )

T,y oz

(8)(9) * % Flo% ok ~0 k% . Tox
= f@y") +pef(a,y )+%IIW+M:@9($ ) lI? = min prL(x*, 2, A% pr, o)

* pk [k 1 . Flox 1 ~7 %
< f* 4 prf* (@) + A" — min {pkf(w ,2) 5|+ g (@ 7z)]+||2}
24, z 24,

(23)(26) P 1 e G0, s =
< ST e — fow) + %H)\ 17 < F" + pr(fis = frow) + pi?, (90)
where the second inequality is due to f(z*,y*) = f*(z*), g(z*,y*) < 0, and (9). Also, by (8), (24), (25),
(26) and (57), one has
i E K ) ’Ak; )

(z,w)I.g(nxyxy (z,y,2 Phs Hks)

(8) . ~ = 1 & ~ 2

> i L)+ ouFa) - Fe2) - I e )|

(z,y,2)EXXY XY

> min {f(w,y)—Pkaly—le - i (II/\kII+uk||[§(:v72)}+||)2}

(2,y,2) EXXYXY

(2,y,2)€EXXYXY
> fiow = kL Dy = 2p19 — 1, (91)

. 1 N
> i {f<x,y>—pka|y—z||—MWH?—ukn[g(x,z)un?}

where the second inequality is due to A* € R} and L 7-Lipschitz continuity of f (see Assumption 1(i)),
and the last inequality is due to (24), (25), (26) and (57). Notice from step 2 of Algorithm 1 that y& .,

is an approximate solution of min, L(x*, 2, \¥; py., uy) satisfying (10). It then follows from (8), (9), (10)
and (25) that

8)(9 ~ .
mgxﬁ(xk, yiknitv 2, )‘k; Pk /“Lk) ( L )f(mkv yiknit) + Pk (‘C(xk’ yiknit’ )‘k§ Pk :uk) - Inzlnﬁ(xk’ 2 >‘k5 Pk Nk))

(10) (25)

S f( 7y1n1t) + PLEL < fhl + PkEk- (92)

To complete the rest of the proof, let

H(z,y,2) = L(z,y, 2, \*; pi, ), H* = minmax L(z,y, 2, \*; pi, fur,), (93)
Ty oz
Hlow = min {‘C(IayazvAk;pkauk”(xvyaz) € X x y X y} . (94)
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In view of these, (89), (90), (91) and (92), we obtain that

(92)
maXH(xkvyil;imz) S fhi+pk€ka
(89 _ (90) e -
fow < H* < f*+ pr(fisi — frow) + pr?,

(91) )
Hiow > fiow — prL Dy — 2p40 — px -

Using these and Theorem 5 (see Appendix B) with 20 = (z*,y£.), € = ek, €0 = ex/(2y/1%), Lvn = Lk,
L= 3Ly +€ex/(2Dy), 0y =0, 6, = €/(2Dy), & = au, 5= Ok, Dp = (/D2 —|—D)2,, Dy = Dy, and H, H*,
Hioy given in (93) and (94), we can conclude that the ej-primal-dual stationary point (zF+1,gF+1 2k+1)
of problem (12) found at step 3 of Algorithm 1 satisfies (88). Moreover, the total number of evaluations

of Vf1, Vf1, V§ and proximal operators of f, and fo performed by Algorithm 5 at step 3 of Algorithm 1
is no more than Ny, respectively. O

The next lemma presents an upper bound on the optimality violation of y**! for the lower-level
problem of (1) when ¢ =0 and z = z*+1.

Lemma 6. Suppose that Assumptions 1 and 2 hold with o = 0, i.e., fl (z,-) being convex but not strongly
convex for any given x € dom fo. Let f*, Ly, Dy, fui, fiow and K be defined in (14), (13), (24), (25)
and (27), Ly, Lf~ and G be given in Assumptions 1 and 2, and €y, py, px and \° be given in Algorithm

1. Suppose that (xF+1 yF+1 \F+1) is generated by Algorithm 1 for some 0 < k € K — 1 satisfying (69).
Then we have

|f (@ ) — 5 (2] < max {2Mk1G_2Lf"(€0 +Lys + prLj) D3,

pr iy max{ | A°]], 2G (o + prL7) Dy }/2

- exD 1 _
+ ot (fhi — flow + prex + k4 Y+ T (Lk16i+4D§Lk)) }

Proof. Notice from (69) and the proof of Lemma 4 that (82) holds. Using this, (8), (9), (25) and (56),
we have

max E(mk+1, yk+17 2, Ak§ Ples k)

z

®)) . 1 N -
= FEN YT o f T ) o IV g (P P - min peL(aE 2, N o i)

24
> f(@™ ) 4 o faF T yF Y — min pp L(2 Y 2, AR o, )
(25)(56) . - 1
Z flow + Pk(f($k+1vyk+1) - f (xk+1)) - %H)‘kuz
(82) . _

> fiow + o (F(@" Ty ) — F1 (@) =t max{A°), 2G (eo + prLf) Dy} /2.

This together with (88) implies that

_ - B erD 1 _
F g = PR < g (= ow + pren+ Y+ o (L + 4D L)
+ py gy max{ X0, 2G7 (eo + prL ) Dy} /2. (95)

On the other hand, let \* € Rﬁr be an optimal Lagrangian multiplier of problem (14) with 2 = z*+1. Tt
then follows from Lemma 1(i) that ||A*]] < G_lLny. Using these, (14) and (75), we have

Fr @) =min {F@* T y) + 5@ ) b < FE Ly 0 g )
Y
< FEEL YD) NI GE D < FE LYY 4 20 G Lo + Ly + prL) Dy

The conclusion of this lemma then follows from this and (95). O
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The following lemma provides an operation complexity of step 2 of Algorithm 1 for problem (1) with
o =0, ie., fi(z,) being convex but not strongly convex for any given = € dom fo.

Lemma 7. Suppose that Assumption 1 holds with o = 0, i.e., fl(x, -) being convex but not strongly
convez for any given x € dom fo. Let Ly, Dy and K be defined in (11), (24) and (27), €k be given in

Algorithm 1, and
Ni = ’VDy\/Qeklzk-‘ : (96)

Then for all0 < ke K—1, yi’;it satisfying (10) is found at step 2 of Algorithm 1 by Algorithm 2 in no
more than N}, evaluations of V f1, V§ and the prozimal operator of fa, respectively.

Proof. Notice from (9) and Algorithm 1 that y¥,, satisfying (10) is found by Algorithm 2 applied to the
problem

myin{f(wk,y, N i ) = oY) + P(y)} ;

where ¢(y) = f1(z*,y) + ||\ 4+ peg(@®, v)] 12/ (201u%) and P(y) = f2(y). By Assumption 1,0 =0and
(28), one can see that ¢ is convex but not strongly convex and Lj-smooth on dom P, where Ly, is given
n (11). It then follows from this and Theorem 3 (see Appendix A) with € = €, Dp = Dy and Ly, = Ly
that Algorithm 2 finds y¥;, satisfying (10) in no more than N} iterations. Notice that each iteration
of Algorithm 2 requires one evaluation of V¢ and the proximal operator of P, respectively. Hence, the
conclusion of this lemma holds. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. (i) Observe from the definition of K in (27) and €, = ¢o7" that K is the smallest
nonnegative integer such that ex < e. Hence, Algorithm 1 terminates and outputs (z%+! y5+1) after
K + 1 outer iterations. Also, one can see from Algorithm 1 that

pKZEI_(l, ,U,K:EI_(g, NK = €K. (97)

Moreover, notice from the assumption of Theorem 1 that =2 — 872G =29 > 0. It then follows from this
and (97) that

pr K = € > €72 > 8r2G7,

which implies that (69) holds for k¥ = K. In addition, by (13), (30), (57) and pux > pr > 1, one has that
foral 0 <keK-1,

(13) ~
2/},ka~] S Lk = LVf1 + Zpkval + zﬂkLg + Z,nghiLVg + 2|‘/\k||Lv§

(57)
< val + 2pkva1 + 2/LkL§ + 2,UfkghiLV§ + 24/ 2pk,ufk19LV§ < prL. (98)

It then follows from ex < e, (97) and Lemmas 4 and 6 that (35)-(41) hold, which proves statement (i)
of Theorem 1.

(ii) Let K and N be given in (27) and (42). Recall from Lemmas 5 and 7 that the number of
evaluations of V f1, V fl, Vg, proximal operators of f5 and fg performed by Algorithms 2 and 5 at iteration
k of Algorithm 1 is at most N +Nj,, where N, and Nj, are given in (87) and (96), respectively. By this and
statement (i) of this theorem, one can observe that the total number of evaluations of V f1, V f1, V§ and
proximal operators of f; and fo performed in Algorithm 1 is no more than ZkK:O(Nk + NJ), respectively.
As a result, to prove statement (ii) of this theorem, it suffices to show that Zf:o(Nk + Nj) <N.
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To this end, using pr > 1 > €, (31), (32), (33), (83), (84), (85), (86) and (98), we obtain that

1> aj > min {1, 4ek/(ukDyL)} > 6116/2/1];1/2047 (99)
5 < 2+ ¢, Py a™ ) L(D2 + D2) + max{1/Dy, ux L/4} D2 < ¢ 2136, (100)
16 max {1/ (4 L2),2/ (6>, 2o £2) } s e
My < —— X | &, Ty
(3L +1/(2Dy))?/ min{2pu L2, ./ (2Dy)} + 3L +1/(2Dy)| €}

_ _ . e ~ N D
+26,% a7 (f — fiow + pk(fii = fiow) + prL Dy + 3px0 + pi; + = + e L(D3 + Di))

4
(101)
—-1/2 —1/2
166, /%y, /? max {1/(4L2),2/(aL2)} iy 12 82
< — X (Gk Hy, )
G [(BL+1/(2Dy))2/ min{212,1/(2Dy)} + 3L +1/(2Dy)| &
D
X ((5 + 2a71 (f* — fiow + fiii = fiow + LDy + 30 + gi; + Ty + L(D2 + Df,))) = €. "uL M,
(102)
D
Ty < {16 (fhi — fiow + prex + 4y> € 2l +8(1+ 4D i L )yt — 1} < e 2T, (103)
JF

where (99) follows from (31), (83) and (98); (100) is due to (31), (84), (99) and ur > 1 > €; (101) is
due to (85), (98), (99), (100) and € € (0,1]; (102) follows from uy > pr > 1 > €; and (32); and (103) is
due to (98 ), (33) and the fact that €, € (0,1] and prer = 1. By the above inequalities, (87), (98), T > 1
and pp > 1 > €, one has

iNk < Z ([96[(1 + (24 L + 4/Dy) /(2 L2 ))} +2) maX{Q w/DyukLe,zl}

=0 k=0
< (e, 2uxT + 1) (log (e, *up M) 4 + €, >uxT + 1+ 26, s T log (e, *ux T + 1))

i({%\f (1+ (12L +2/Dy VL?” +2) max{z \/ﬁ}im 1/2

x € 2 (T + 1) (log (e, *ug M)+ + T + 1+ 2T log(e;, > T + 1))

({96\/5 (14 (12L +2/Dy) /Lg)w + 2) max {2, \/ﬁ}

6;5/2ui/2T (2(log(e;5,u2M))+ +2+2 log(26g2,ukT))

([96v2 (1+ (12L +2/Dy) /L2)] +2) max {2, /Dy L} T

5;5/2,ui/2 (141og p — 14logex, + 2(log M) 4+ + 2 + 21og(27)), (104)

where the first inequality follows from e € (0, 1], (87), (98), (102) and (103), and the second and third
inequalities are due to the fact that ur > 1 > €, and T" > 1. By the definition of K in (27), one has
K > Te/€p. Also, notice from Algorithm 1 that ug = 6;3 = (€0Tk)_3. It then follows from these and

(104) that

<

i\

X

<

Nk

X

K K
SN < Z [96v2 (1 + (12L +2/Dy) /L2) | + )max{2, DyL}T

=0

=

T (561og(1/e) + 2(log M) 4 + 2 + 2log(2T))
- ((96[2 (1+ (120 +2/Dy) /I2) ] + 2) max {2, DyL} T

K
x> ey TR (56klog(1/7) + 561og(1/€n) + 2(log M)+ + 2 + 21og(2T'))
k=0
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< ([96v2 (1 + (12L +2/Dy) /13) ] + 2) max {2, /D, L} T

K
X Z 6o 7" (56 K log(1/7) + 56log(1/€q) 4 2(log M)y + 2 + 21log(2T))
k=0
< ([96v2 (1 + (12L +2/Dy) /13) ] + 2) max {2, /D, L }Te"

x 77 (1 — 7)1 (56 K log(1/7) + 56 log(1/€o) + 2(log M) 4 + 2 + 21log(27T))

([96[(1 +(12L+2/Dy) /12) ] + ) ax {2, \/DTL} Te;T(1—77)"!

x (1e/e0) " (56K log(1/7) + 56log(1/€) + 2(log M) + 2 + 21log(2T)), (105)
where the second last inequality is due to Zszo 77T < 7778 /(1 — 77), and the last inequality follows

from 75 > 7¢/eg.
In addition, observe from (11), (30), (57) and pj, 'y, > 1, one has that for all 0 < k € K — 1,

Ly = va"l+P;1(ﬂkL§+,uk§hing+||)\kHng) < Lgj, +p5 (e Lo+ prdni L g++/ 2pkp9 Lvg) < Py L.

Using this, (96), e, = eoT", pp = 6;1, and py = e;?’, we have

K K K K

STNL <Y Dy 2nprer) L+ K =Y 62Dy Vel + K =3 6P 2Dy VoL + K
k=1 k=1 k=1 k=1

< 663/27'_3}(/2(1 — 73/2)_1Dy V2L + K < 663/2(7'8/6())_3/2(1 - 73/2)_1Dy\/i+ K,

where the second last inequality is due to Z/I::o 773k/2 < 773K/2 /(1 — 73/2) and the last inequality
follows from 7 > 7¢/¢y. This together with (42) and (105) implies that ZkK:l(Nk + Nj) < N. Hence,
statement (ii) of Theorem 1 holds. O

In the remainder of this section, we first establish several lemmas and then use them to prove Theorem
2. In particular, the following lemma provides an operation complexity of step 3 of Algorithm 1 for
problem (1) with o > 0, i.e., fi(x,-) being strongly convex with parameter o for any given x € dom f5.

Lemma 8. Suppose that Assumption 1 holds with o > 0, i.e. fl( *) being strongly convex with param-
eter o for any given x € dom fy. Let f*, Ly, fhl, Dy, Dy, fhl, fiow fiow, gni, K and ¥ be defined in (1),
(13), (23), (24), (25), (26), (27) and (29), L; and o be given in Assumption 1, €y, pr and py be given
in Algorithm 1, and

Gy, = min{l, SUpk/Lk}, (106)
6k = (2+ 6y, 1) (D2 + D2) Ly, + max {20y, éu Ly, /4} D3, (107)
A, — 19 maX{l/(2Lk),min{1/(2apk),4_/2(&kLk)}}
[9L2 / min{Ly,opr} + 3Li] "€l
x (Sk + 2a; (f* — frow + pr(fii = fiow) + L Dy + 3px0 + pxi; + Li (D3 + Df,))) , (108)
Ty = [16 (fui — fiow + Pr€r) Lye,® + 85 2p, L3 + ﬂJr , (109)
Ny, = 3397 max {2, Lk/(QO'pk)} ((Tk + 1)(log M)+ + Tp + 1 + 2T}, log (T, + 1)) . (110)

Then for all 0 < k € K — 1, an e-primal-dual stationary point (xF+1 yF+1 2F+1) of problem (12) is
successfully found at step 8 of Algorithm 1 that satisfies

max L(z" T yF 2 N o, ) < fui + prer + 272 (Lt +07%p L) - (111)
# €k

Moreover, the total number of evaluations of V f1, V fi, Vg and proximal operators of fo and fa performed
at step 3 in iteration k of Algorithm 1 is no more than Ny, respectively.

Proof. Observe from (8) and Assumption 1 that problem (12) can be viewed as

rgiyn mgx{h(x, y,2) +p(z,y) —q(2)}
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with
~ 1 5 ~ 1 -
hz,y,z) = fi(z,y) + prfi(z,y) + %H[/\k + kg (@, )4 ? = pefi(z, 2) — %H[/\k + pg(z, 2)]+ 1%,

p(z,y) = f2(2) + prfo(y),  a(z) = prfa(z).

By (28) and Assumption 1, it can be verified that ||[N+uxd(x, y)]+ 1|2/ (2p) and |[[Ne+prg(z, 2)]+ 112/ (200
are both (ukL + prgnilvg + [|\¥|| Lyg)-smooth on X x Y. Using this, Assumption 1 with o > 0, and
the fact that f; and fi are respectively LVf1' and Ly f -smooth on X x Y, we can see that h(z,y,-)
is opg-strongly-concave on Y, and h(z,y, z) is Li-smooth on X x Y x Y for all 0 < k € K — 1, where
Ly, is given in (13). Consequently, it follows from Theorem 5 (see Appendix B) that an €j- prlmal dual
stationary point (zF+1, yF+1 2F+1) of problem (12) is successfully found by Algorithm 5 at step 3 of
Algorithm 1.
In addition, by (8), (9) and (25), one has

. 8)(9 . ~ . =
minmax £(z, , 2, A pgy i) L )rgcnyn {f(x, y) + oL@, y, A pi, o) — min prL(w, 2, A pi. uk)}

) (25)
> = fiow. 112
> (z’yr)rggxyf(x,y) Jio (112)

Let (z*,y*) be an optimal solution of (1). It then follows that f(z*,y*) = f*, f(z*,y*) = f*(2*) and
g(x*,y*) <0, where f* and f* are defined in (1) and (14), respectively. Using these, ( ), (9), (23), (26)
and (57), we obtain that

minmax £(z,y, 2, A pr, i) < max L, y", 2, X" pr, jn)

Ty oz

(8)(9) x %k Flok % ~7 %% . Tox
= J@y) ety )+%II[>\’“+M€9($ )7 — min i L (2", 2, A% i, pik)

* k(K 1 : Flo* 1 c ~ %
< f* o prf* (@) + A" — min {pkf(ﬂ«“ ,2) + 5 I + g ,z)]+||2}
20 z 20

(23)(26) L 1 ens G o
< f +pk(fhi_flow)+%”>‘ 1 < f* + pr(fii = frow) + pr?, (113)

where the second inequality is due to f(z*,y*) = f*(z*), §(z*,y*) < 0 and (9). Also, by (8), (24), (25),
(26) and (57), one has
i E 9 ) ’Ak; ) C
oo B0 ey DT 2 AT iy )
(8) . ~ z 1 k ~ 2
2 min fl,y) + pr(f () — flz,2) - %H[/\ + g (@, 2)] ¢ |

(7,y,2) EXXY XY

> min {f(x,y)—pkaly—le - i (IIAkII+uk||[§($,2)}+||)2}

(v,y,2) EXXYXY

(%,y,2)EX XY XY
Z flow - pkaDy - 2pk19 - ,ukrgﬁp (114)

. 1 .
> min {f(fvvy)PkalyZII - MIIA’“H?Mkll[g(I,Z)hllz}

where the second inequality is due to \¥ € Rﬁr and L ;-Lipschitz continuity of f (see Assumption 1(i)),
and the last inequality is due to (24), (25), (26) and (57). Notice from step 2 of Algorithm 1 that y¥ .,

is an approximate solution of min, L(x*, 2, \¥; py., uy,) satisfying (10). It then follows from (8), (9), (10)
and (25) that

masc £, yhie, 7 X% s i) 2P ybi) + o (£GE, phies A o ax) = min £, 2,05 )
(10) (25)
< F@, i) + ok < fui + pre (115)
To complete the rest of the proof, let
H(z,y,2) = L@y, 2\ pro ), H* = minmax L(w,y, 2, A" pi, ), (116)
Hiow = min {E(az,y,z,)\k;pk,uk)|(x,y,z) cX x)Y X )}} . (117)
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In view of these, (112), (113), (114) and (115), we obtain that

(115)
maXH(xkayiknitaz) < fhi + prek,
(112) (90 -
flOW < H* < f +pk(fh1 flow)+pk197
(114)

Hlow > flow - pkaDy - 2,0k19 - /J/kg}211

Using these and Theorem 5 (see Appendix B) with 20 = (2%, y%..), € = ek, é0 = €/2, 6y = 0y = opi,
Lyn, = Ly, L= 3Lk, & = ag, 6 = O, D, = /D2 + D%, Dy = Dy, and H, H*, Ho, given in (116)
and (117), we can conclude that the e,-primal-dual stationary point (zF+1, y#+1 2*+1) of problem (12)
found at step 3 of Algorithm 1 satisfies (88). Moreover, the total number of evaluations of Vfi, Vfi,

Vg and proximal operators of f> and fo performed by Algorithm 5 at step 3 of Algorithm 1 is no more
than Ny, respectively. O

The next lemma presents an upper bound on the optimality violation of y**1 for the lower-level
problem of (1) when ¢ > 0 and z = z*+1.

Lemma 9. Suppose that Assumptions 1 and 2 hold with o > 0, i.e., fl(z,-) is strongly convex with
parameter o for any given x € dom fo. Let f*, Ly, Dy, fui, fiow and K be defined in (14), (13), (24),
(25) and (27), Ly, L, o and G be giwen in Assumptions 1 and 2, and €k, pr, pr and X0 be given

in Algorithm 1. Suppose that (x*+1,y*+1 A\+1) s generated by Algorithm 1 for some 0 < k € K —1
satisfying (69). Then we have

|F@* Ty = F* (@] < max {2%16?2%(60 + Ly + prL) Dy,
pr, P max{[|\°]l, 2G (e + prL§) Dy} /2
' (fhl fiow + prex + 212 (L' + szgsz)) }
Proof. Using (8), (9), (25), (56), and (82), we have

max £(z" Ty 2 A% o, k)

f($k+17 yk+1) + pkf(mk+17yk+1> + 7”[)‘]C + ng<xk+1a yk+1)]+”2 - Irgnpk£<xk+1a Z, )\képk, /Jk)

2pp
> f(aF T yF ) 4 opp f(aR Ty — leinpkz(xk+17 2, N pie, i)
(25&6) Fah ™t k) = (it L AF 2
> fiow + e (f(z ) — fH(=") 5 A"l
22
(82)

> frow + ok (F@™ L yM ) = Fr (@) = gt max{|IAl], 26 (eo + prLf) Dy }/2-

This together with (111) implies that
. . - 1
f(xk+1ayk+1)7f*(mk+l) S pk;l <fh1 flow+pk6k+ 2 (L +o kaLk>>
k
T et max{ 0], 26 eo + prL)Dy /2 (118)

On the other hand, let \* € ]Rl+ be an optimal Lagrangian multiplier of problem (14) with z = z*+1. Tt
then follows from Lemma 1(i) that [|\*|| < G_lLJ;Dy. Using these, (14) and (75), we have

Fr@ ) =min { @, y) + (7,5 ) | < FEHL Y + (0, gLy )
< @Y Iy L < F@ ) + 200 G (e + Ly + piL ) D

The conclusion of this lemma then follows from this and (118). O
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The following lemma provides an estimate on operation complexity at step 2 of Algorithm 1 for
problem (1) with o > 0, i.e., fi(x,-) being strongly convex with parameter o for any given € dom f5.

Lemma 10. Suppose that Assumptions 1 and 2 hold with o > 0, i.e., fl(x, -) being strongly convex with
parameter o for any given x € dom fs. Let Ly, Dy and K be defined in (11), (24) and (27), o be given
in Assumption 1, € be given in Algorithm 1, and

Nl =2 szgﬂ max {1, [2 1og(26,;1ZkD§,)] } +1. (119)

Then for all0 < ke K—1, ylmt satisfying (10) is found at step 2 of Algorithm 1 by Algorithm 2 in no
more than Nk evaluations of V f1, V§ and the prozimal operator of fa, respectively.

Proof. Notice from (9) and Algorithm 1 that y¥ ., satisfying (10) is found by Algorithm 2 applied to the
problem

myiH{Z((Ek,y, Ak?ﬂlw/lk) = (b(y) + P(y)} ’

where ¢(y) = fi(z*,y) + [N + 1g(a*,9)]+ 17/ (2pk 1) and P(y) = fa(y). By Assumption 1 with o > 0
and (28), one can see that ¢ is o-strongly-convex and Lg-smooth on dom P with Lj given in (11). It
then follows from this, Theorem 3 (see Appendix A) and (129) with € = ¢;, Dp = Dy, 04, = o and
Lyy = Lk that Algorithm 3 finds ylmt satisfying (10) in no more than T,C iterations, where

T, = [\/ zko—l—‘ max {1, [2 log(2€;1ZkD§2,)-‘ } .

Notice that the first step of Algorithm 2 requires one evaluation of V¢ and the proximal operator of P,
respectively, and each iteration of Algorithm 2 requires two evaluation of V¢ and the proximal operator
of P, respectively. Hence, the conclusion of this lemma holds. O

We are now ready to prove Theorem 2.

Proof of Theorem 2. (i) Recall from the proof of Theorem 1 that (98) holds. It then follows from this,
ex < g, (97) and Lemmas 4 and 9 that (35)-(40) and (51) hold, which proves statement (i) of Theorem
2.

(ii) Let K, @&, 0, M, T and N be given in (27), (48), (49), (50) and (52), respectively. Recall from
Lemmas 8 and 10 that the number of evaluations of V fi, Vfi, Vg, proximal operators of f, and f2
performed by Algorithms 3 and 5 at iteration k of Algorithm 1 is at most Nj + Nj,, where N and N},
are given in (110) and (119), respectively. By this and statement (i) of this theorem, one can observe
that the total number of evaluatlonb of Vf, V fl, Vg and proximal operators of fy and fg performed in
Algorithm 1 is no more than Zk O(Nk + NJ ), respectively. As a result, to prove statement (ii) of this
theorem, it suffices to show that Zk O(Nk +NJ)<N.

To this end, using pr > pr > 1 > €, (48), (49), (50), (98) (106), (107), (108) and (109), we obtain
that

1> Gy, > min {1 80pk/(ukL)} > pl/2u G, (120)
3 < 2+ pp Py 2a ) (D2 + D)y L+ max{20py, px L/4} D2 < pp %13/, (121)

o 16max{1/(4,uk.L§),2/( 1/2%: /2 aﬂkLg)}
k < -2

- {9p2L2/ min{2u; L, opy.} + 3,ukL] €

+2p *1/2 1/2 a7H(f* = frow + pr(fi — flow) + piL Dy + 3pi0 + gy + pur L(D% + Di)))
(122)

% (P;:l/zﬂi/zg

16p, 202 max {1/(4L2), 2/ (G L2
< Pr Mg { /( g) /( _Qg)} % p;1/2’ui/2
gt [9L2/ min{212,0} +3L) &
X (5 + 26 (f* = fow + fii = fow + LDy + 30 + g3 + L(D2 + Di))) = e o M, (123)

Ty < [16 (fui = frow + prew) € "Ll + 80 2pi 2up L + 7} < e 2T, (124)

24



where (120) follows from (48), (98) and (106); (121) is due to (48), (107), (120) and pp > 1 > e; (122)
is due to (98), (108), (120), (121) and €, € (0,1]; (123) follows from ug > pr > 1 > € and (49); and
(124) is due to (50), (98) and the fact that e, € (0,1] and prex, = 1. By the above inequalities, (98),
(110), T > 1 and > 1 > €, one has

K

K
Z N, < Z3397max {2, ,ukL/(Qapk)}
k=0 k=0

X ((EIZQ/L]CTV + 1)(log(6;2p,:3,u2M))+ + e 2T + 1+ 26 2 T log (e 2T + 1))
<

3397 max {2, L/(20’)} Pk 1/2u,1€/2 X €52 L, ((T + 1)(1og(e;2p;3u2]\7))+ +T+1+ 2flog(e,;2,ukf + 1))

3397 max {2, L/(QU)} €2y UQui/QT ( (log(efpfuiﬁ)ﬁ +2+ 210g(2e,§2ukf))

<

1> 0= 114

3397 max {2, L/(2a)} Te2p %20 (12 log 11 — 6log pr. — 8log e + 2(log M)4 + 2 + 21og(2f)> :

>
Il
o

(125)

where the first inequality follows from €, € (0, 1], (98), (110), (123) and (124), and the second and third

inequalities are due to the fact that pr > 1 > € and 7" > 1. By the definition of K in (27) one has
7K > 7¢ /€. Also, notice from Algorithm 1 that py = €, ' = (eo7%) ™! and p = €;,° = (€o7*) 3. It then
follows from these and (125) that

K
2,V/L/(20){ T> egSr % (38k log(1/7) + 38log(1/eo) + 2(log M) 4 + 2 + 2 1og(2f))
k=

K
< 3397 max {2, L/(20)} Ty 7o (38K log(1/7) + 381og(1/€0) + 2(log M) 4 + 2 + 2 1og(2f))

< 3397 max {2, VL/(20) } TegS770K (1 — 76)71 (38K log(1/7) + 38log(1/eo) + 2(log M) 4 + 2 + 210g(2f))
< 3397 max {2, L/(za)} Ter0(1— 7%

x (1e/eg) ™8 (38K log(1/7) + 38log(1/eo) + 2(log M)y + 2 + 210g(2f)) , (126)

where the second last inequality is due to Zszo 776k < 776K /(1 — 79), and the last inequality follows
from 75 > 7¢/eg.

In addition, observe from (11), (30), (57) and pj 'us, > 1, one has that for all 0 < k € K — 1,

Ly = val+P;l(ﬂka—,+Mk§hing+Hx\kHng) < Lgj, +p;1(ukL§+uk§hing+\/ 2ppp¥Llyg) < p;l,uki-

Using this, (119), ex = 07", pp = 6;1, and pj = 6;3, we have
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3 -
<27 K(1—7) [{/ = + 1| max {1, [2 log(2LD2) + 6K log(1/7) — 6log 60] } + K
g

<2re) (1 -7) \/E—l- 1| max {1, [2 log(2zD)2,) + 6K log(1l/7) — 6log eo—‘ } + K

where the second last inequality is due to Z?:O 7=k < 77K /(1 —7), and the last inequality follows from
7K > 1¢/€y. This together with (52) and (126) implies that Zszl(Nk + Nj) < N. Hence, statement

(ii) of Theorem 2 holds. O
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Optimal first-order methods for unconstrained convex opti-
mization problems

In this part we review optimal first-order methods for solving convex optimization problem

U = mmln{\Il(x) = ¢(z) + P(x)}, (127)

where P : R™ — (—o00,00] are closed convex functions, ¢ : R™ — (—o0,00] is a o4-strongly-convex
function with o4 > 0, and V¢ is Lyg-Lipschitz continuous on dom P. In addition, we assume that
dom P is compact and let Dp := max, yedom P || — ¥
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We first present an optimal first-order method in Algorithm 2 for solving problem (127) with o4 = 0,
i.e., ¢ being convex but not strongly convex. It is a variant of Nesterov’s optimal first-order method [53]
and has been studied in, for example, [65, Section 3].

Algorithm 2 An optimal first-order method for problem (127) with o4 =0
Input: € >0, 2% € dom P and 20 = 20 = 2V.

1: for k=0,1,... do

2. Set y* = (ka® +22%)/(k + 2).

3. Compute 2T as

L
2+l = argmin {ﬂ(z; y®) + ﬁvgﬂz — zk|2} ,

where
Uzy) == ¢(y) +(Vo(y),z —y) + P(z). (128)

Set 2! = (kak + 2281) /(K + 2).
Terminate the algorithm and output **! if

k.
. 4 . i+ 2 ;
\Ij(ifk+l) — gk_,'_l S €, where gk_,'_l = m mln{ E 75(.%,:1/ )} .

6: end for

The following result provides an iteration complexity of Algorithm 2 for finding an é-optimal solution!?
of (127). It is an immediate consequence of [65, Corrolary] and its proof is thus omitted.

Theorem 3. Let {(z*,y*)} be generated by Algorithm 2 and ((-;-) be defined in (128). Then, ¥(z*) —
U < U(zk)—W, forall k > 1. Moreover, for any given € > 0, Algorithm 2 finds an approzimate solution
a1 of problem (127) such that W(z"1) — O < (g1 — W, | < € in no more than K iterations,

where
K = IVDP\/QLVQEI—‘ .

We next present an optimal first-order method [47, Algorithm 4] for solving problem (127) with
oy >0, ie., ¢ being strongly convex with parameter o4, which is a slight variant of Nesterov’s optimal
first-order methods [39, 53].

10An &optimal solution of problem (127) is a point z satisfying ¥(z) — ¥* < &
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Algorithm 3 An optimal first-order method for problem (127) with o4 > 0

Input: ¢ > 0 and 2° € dom P.
1: Compute

B ProXp) o, (560 — L%;Vﬂio)) .

2: Set 20 = 2% and a = \/04/Lvy.

3: for k=0,1,... do
4 Set y* = (2% + a2¥) /(1 + ).
5. Compute zF*1 as

L

21 — argmin {az;yk) P a)z’w?} |
where ¢(x;y) is defined in (128).

6:  Set ¢l = (1 — a)a® + azktl.

7. Compute

gt = ProXp/pq ., (x’”l - L%;Vgﬁ(xkﬂ)) .

8:  Terminate the algorithm and output #*+! if

2| < — .
- 2Lv¢Dp

4+ -

9: end for

The following result provides an iteration complexity of Algorithm 3 for finding an approximate
optimal solution of problem (127), which was established in [47, Proposition 4].

Theorem 4. Let {7*} be the sequence generated by Algorithm 8. Then for any given € > 0, an ap-
prozimate solution ¥ of problem (127) satisfying dist(0, 0% (3FT1)) < 2Lgy||zF Tt — 2| < &/Dp is
generated by running Algorithm 2 for at most K iterations, where

~ L 2Lv D2
K:{ ﬂmax{l, [zlogw”.
0’¢ €

Remark 4. By the convezity of ¥, Dp = max, yedom P ||z — y||, and Theorem 4, it is not hard to show
that the output T*T1 of Algorithm 3 satisfies

T(FF) — 0" < dist(0,00(2"1))Dp < €. (129)

B A first-order method for nonconvex-concave minimax prob-
lem

In this part, we present a first-order method for finding an e-primal-dual stationary point of the nonconvex-
concave minimax problem

H* = minmax {H(z,y) = h(z,y) +p(z) —a(¥)}, (130)

which has at least one optimal solution and satisfies the following assumptions.

Assumption 3. (i) p : R —» RU {oo} and ¢ : R™ — R U {oc0} are proper convex functions and
continuous on domp and dom q, respectively, and moreover, domp and dom q are compact.

(i) The prozimal operators associated with p and q can be exactly evaluated.

(i11) h is Lyp-smooth on domp x domgq, and moreover, h(x,-) is o,-strongly-concave with o, > 0 for
any giwen x € dom p.
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For ease of presentation, we define

D, = max{|ju — v[||u,v € domp}, Dy = max{|ju — v[||u,v € domg}, (131)
How = min{H (z,y)|(z,y) € domp x domg}. (132)

Recently, a first-order method was proposed in [44, Algorithm 2] for finding an e-primal-dual station-
ary point of problem (130) with o, = 0, while another first-order method was proposed in [45, Algorithm
1] for finding an e-primal-dual stationary point of problem (130) with o, > 0. We will present a unified
first-order method in Algorithm 5 below by combining these two methods. Specifically, given an iterate
(2, y*), this unified first-order method finds the next iterate (z**1,4**1) by applying [44, Algorithm 1],
which is a slight modification of a novel optimal first-order method [35, Algorithm 4] by incorporating a
forward-backward splitting scheme and a verifiable termination criterion (see steps 23-25 in Algorithm
4), to the strongly-convex-strongly-concave minimax problem

IIEDHI;%X{hk(-Tyy) +p() —a(y)},

where

h(z,y) — elly —y°||?/(4D,) + Lvn||x — «*||?, if o, =0,
(., ):{( y) —€elly =y [7/(4Dg) + Lvn| | y (133)

h(x,y)+LVh||x—ka2, if oy > 0.
This minimax problem arises from applying a proximal point method to the minimization problem
min, {max, h(z,y)—q(y)—ely—y°||?/(4Dy)+p(z)} if o, = 0 or the minimization problem min, {max, h(z,y)—
q(y) + p(x)} if o, > 0. One can easily observe that hy is Lyp-strongly-convex-é,-strongly-concave and

~

L-smooth on dom p x dom ¢, where

2D,), if =0, ~ 3Ly, +¢€/(2D,), if =0,
, = {e/< o i oy ; { vh+e/(2Dy), if o, (134

Oy, if o, >0, - 3Ly, if o, >0.

Before presenting a unified first-order method for problem (130), we first present the modified optimal
first-order method [44, Algorithm 1] in Algorithm 4 below for solving a general strongly-convex-strongly-
concave minimax problem

min max {h(z,y) +p(z) —q(y)}, (135)

where h(z,y) is ,-strongly-convex-,-strongly-concave and Lgj-smooth on domp x domg for some
Gz, 0y > 0. The functions h, a® and a’; arising in Algorithm 4 are defined as follows:

h(z,y) = hiz,y) — &, |z]?/2 + &ylly]/2,
af(z,y) = Voh(z,y) + 0a(x — 6, '25) /2,  al(z,y) = =Vyh(z,y) + oy + .(y — y}) /8,

where y;f and z;f are generated at iteration k of Algorithm 4 below.
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Algorithm 4 A modified optimal first-order method for problem (135)
Input: 7 > 0, 2 = 2§ € —g,domp,"" 7% = ¢} € domg, (2°,9°) = (z°,7°), a = min{l7 \/863//61.},

o1
N = %/2 Ny = mln{l/(%y) 4/(ag,)}, By = 2/(t+3), ¢ = (2V5(1 +8Ly/5s)) e = W =
85,1, and { = mm{az,ay}/L
:fork—0,1,2 . do
: (z;?,y’;)Zd(zk7y’“)+(1—@)(2’;,y’;)-
(L yhTh) = (=, 2 vy)-
2k0 = proxmzp(xk’_ — (ypak (pFt R 1)),

1
2
3
4
5y =proxe, (Y57 = Cyap (@B yR ).
6
7
8
9

b0 = %(xk,—l — Crypat (zh L 1) — gk0),
IO = e (g = Cab (et ) — ),

t=0.
while
Tallab (e, ) 4 D2 -y () B > o R — g g
do
10: Ik,t+1/2 — xk,t 4 5t(:17k’0 _ xk,t) _ C'ym(aﬁ(:ck’t,yk’t) + blacc,t)'
1 P =g By (R0 — B — Gy (ag (@B ) + bt
19 xk,tJrl _ prOXC%p(xk,t + ﬁt(xk’o _ xk,t) _ C’Yza];(ivk’t+l/2,yk’t+1/2)).
13- yk,t-i-l _ pl“OX -~ q(ykt + ﬁt( k,0 _ yk,t) _ C’yya];(xk’t+1/2,yk’t+1/2)).
14- bl;,tJrl _ Ci{ ( k.t + ﬂ ( k,t) o C’yma’j(:c’“t“ﬂ,yk’t“/?) o xk,t+1)'
15 bl; A1 C’lw (yk by Bily k,0 yk,t) . C,yyalg(xk,t+1/2’yk,t+1/2) _ yk,tJrl).
16: t<«t+1.
17:  end while

18 (2T ypth) = (@Mt R,

19: ( 1;+1 ?Jrl) (V h( k+1’ k+1) bkt i v/ h( k+1’yl;+l) b};’t).

200 2Pl =2F pna7l(z ]JfH 2F) — nz(xljfl +ao;tz k“).
21 yFth=yh 4 nygy(y];+l y*) - ﬁy(wa + Uyy];+1)~
22 kTl = g 1kl

23: R+l — proxép(l.k-‘rl (v h( k+1 k+1)).
24 :ngrl _ proxéq(yk“ + vah($k+1, yk:+1)).
25:  Terminate the algorithm and output (#5+1 g*F+1) if

[ (=GR gERL R (TR ) TREE ) < .

26: end for

We now present a first-order method for finding an e-primal-dual stationary point of problem (130)
in Algorithm 5 below by unifying [44, Algorithm 2] and [45, Algorithm 1].

Algorithm 5 A first-order method for problem (130)
Input: € >0, & € (0,¢/2], (2°,9°) € domp x dom g, (2°,9°) = (2°,9°), and & = & /(k + 1).

1: for k=0,1,2,... do - R

2. Call Algorithm 4 with h < hy, T < é, G5 < Lyp, 6y < 6y, Ly < L, 2° = z? — —G,z",
k+1

7° = y? + y*, and denote its output by (z*+1, y*+1), where hy is given in (133), 6, and L are
given in (134).

3. Terminate the algorithm and output (z.,y.) = (z**+!

7yk+1) if

lz** = 2*|| < ¢/ (4Lwn).

4: end for

The following theorem presents complexity results for Algorithm 5, which is a combination of [44

HFor convenience, —&,dom p stands for the set {—Fulu € dom p}.
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Theorem 2| for o, = 0 and [45, Theorem 1] for o, > 0.

Theorem 5 (Complexity of Algorithm 5). Suppose that Assumption 3 holds. Let H*, H, D,,, D,,,
Hiow, 6y and L be defined in (130), (131), (132) and (134), Ly and o, be given in Assumption 3, €, €
and z° be given in Algorithm 5, and

min{l, \/85'y/LVh},

& =
0= (24 a ") Ly D2 + max {26,, &Ly /4} D2,
T= ’716(maxH(5:0, y) — H* + (6y — 0y)D2/2)Lyne > + 3263(1 + 6, ° Ly )e > — 1} :
2 :
+
N = ([o6v2 (1+8LLg}) | +2) max {2,/Len/(26,) }

( ~ < 4max{ﬁ,min{%,dfﬁ}} (5+2@1(H*—H10W+(&y—ay)D§/2+LVhDg))>
X log
+

(T'+1) — ——
[L? Jmin{Lyn, &} + L} &
+T +1+2Tlog(T + 1)).
Then Algorithm 5 terminates and outputs an e-primal-dual stationary point (x.,y.) of (130) in at most

T + 1 outer iterations that satisfies

mng(xe,y) < mng(:%O,y) +(6y — 0y)D2/2+ 26 (Lg), + 6, Lvn) -

Moreover, the total number of evaluations of Vh and proximal operators of p and q performed in Algo-
rithm 5 is no more than N, respectively.
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