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Abstract

In this paper we propose a sequential minimax optimization (SMO) method for solving a class of
constrained bilevel optimization problems in which the lower-level part is a possibly nonsmooth con-
vex optimization problem, while the upper-level part is a possibly nonconvex optimization problem.
Specifically, SMO applies a first-order method to solve a sequence of minimax subproblems, which
are obtained by employing a hybrid of modified augmented Lagrangian and penalty schemes on the
bilevel optimization problems. Under suitable assumptions, we establish an operation complexity
of O(ε−7 log ε−1) and O(ε−6 log ε−1), measured in terms of fundamental operations, for SMO in
finding an ε-KKT (Karush-Kuhn-Tucker) solution of the bilevel optimization problems with merely
convex and strongly convex lower-level objective functions, respectively. The latter result improves
the previous best-known operation complexity by a factor of ε−1. Preliminary numerical results
demonstrate significantly superior computational performance compared to the recently developed
first-order penalty method.
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1 Introduction

Bilevel optimization (BO) is a two-level hierarchical optimization, which is typically in the form of

f∗ = min f(x, y)

s.t. y ∈ argmin
z
{f̃(x, z)|g̃(x, z) ≤ 0}.1 (1)

BO has widely been used in many areas, including adversarial training [51, 52, 64], continual learning [43],
hyperparameter tuning [3, 19, 54], image reconstruction [10], meta-learning [4, 30, 57], neural architecture
search [17, 41], reinforcement learning [25, 33], and Stackelberg games [67]. More applications about it
can be found in [2, 9, 13, 14, 15, 61] and the references therein. Theoretical properties including optimality
conditions of (1) have been extensively studied in the literature (e.g., see [15, 16, 49, 66, 75]).

Numerous methods have been developed for solving some special cases of (1). For example, constraint-
based methods [23, 60], deterministic gradient-based methods [18, 19, 21, 26, 50, 56, 57], and stochastic
gradient-based methods [7, 22, 25, 27, 28, 31, 32, 36, 37, 71] were proposed for solving (1) with g̃ ≡ 0, f , f̃
being smooth, and f̃ being strongly convex with respect to y. For a similar case as this but with f̃ being
convex with respect to y, a zeroth-order method was recently proposed in [6], and also numerical methods
were developed in [38, 63, 40] by solving (1) as a single or sequential smooth constrained optimization
problems. Besides, when all the functions in (1) are smooth and f̃ , g̃ are convex with respect to y,
gradient-type methods were proposed by solving a mathematical program with equilibrium constraints
resulting from replacing the lower-level optimization problem of (1) by its first-order optimality conditions
(e.g., see [1, 48, 55]). Furthermore, a single-loop gradient method was recently introduced in [74] based on
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a novel reformulation of the bilevel optimization problem as a single-level smooth optimization problem
using Moreau envelope of the Lagrangian function of the lower-level problem. Recently, difference-of-
convex (DC) algorithms were developed in [76] for solving (1) with f being a DC function, and f̃ , g̃
being convex functions. Lately, a practically efficient multi-stage gradient descent and ascent algorithm
was developed in [68] for (1) with g̃ ≡ 0, f being convex and Lipschitz continuous, and f̃ being strongly
convex and Lipschitz smooth via solving the aforementioned minimax reformulation of (1). In addition,
penalty methods were proposed in [29, 46, 58] for solving (1). Notably, the paper [46] demonstrates for
the first time that BO can be approximately solved as minimax optimization. Specifically, it reformulates
BO as minimax optimization by a novel double penalty scheme and proposes a first-order method with
complexity guarantees for BO via solving a single minimax problem. In addition, a novel single-loop
Hessian-free algorithm based on a doubly regularized gap function was proposed in [73] for solving (1).
More discussion on algorithmic development for BO can be found in [2, 9, 15, 42, 62, 66]) and the
references therein.

In this paper, we consider problem (1) under similar assumptions as in [46]. Specifically, we assume
that problem (1) has at least one optimal solution and satisfies the following assumptions.

Assumption 1. (i) f(x, y) = f1(x, y) + f2(x) and f̃(x, y) = f̃1(x, y) + f̃2(y) are respectively Lf - and

Lf̃ -Lipschitz continuous on X ×Y with X := dom f2 and Y := dom f̃2, where f̃1(x, ·) is σ-strongly-
convex for any given x ∈ X for some σ ≥ 0,2 f1, f̃1 are respectively L∇f1- and L∇f̃1

-smooth on

X × Y, and f2 : Rn → R ∪ {+∞} and f̃2 : Rm → R ∪ {+∞} are proper closed convex functions.

(ii) The proximal operators associated with f2 and f̃2 can be exactly evaluated.

(iii) g̃ : Rn×Rm → Rl is Lg̃-Lipschitz continuous and L∇g̃-smooth on X ×Y, and g̃i(x, ·) is convex for
all x ∈ X and i = 1, 2, . . . , l.

(iv) The sets X and Y (namely, dom f2 and dom f̃2) are compact.

Due to the sophisticated structure described in Assumption 1, existing methods except the first-order
penalty method [46] are generally not applicable to problem (1). In particular, instead of solving (1)
directly, the latter method applies a first-order method [44] to solve an approximate counterpart of (1)
given by a single minimax problem

min
x,y

max
z

f(x, y) + ρ
(
f̃(x, y) + µ ∥[g̃(x, y)]+∥2 − f̃(x, z)− µ ∥[g̃(x, z)]+∥2

)
(2)

with a suitable choice of penalty parameters ρ, µ > 0. Notice that the minimax problem (2) can be
obtained from (1) by performing two steps: (i) apply the classical quadratic penalty scheme to the lower-
level problem of (2) and approximate (1) by a simpler BO problem, minx,y{f(x, y)|y ∈ argminz f̃(x, z)+

µ ∥[g̃(x, z)]+∥2}, which can be viewed as

min
x,y

{
f(x, y)

∣∣f̃(x, y) + µ ∥[g̃(x, y)]+∥2 ≤ min
z

f̃(x, z) + µ ∥[g̃(x, z)]+∥2
}
, (3)

and (ii) apply a penalty method to (3) to obtain the minimax problem (2). While this method enjoys
complexity guarantees for finding an approximate KKT (Karush-Kuhn-Tucker) solution of (1), it may
suffer from practical inefficiency issues. Specifically, the penalty parameters are pre-chosen to achieve a
desired operational complexity and may be overly large in practice. Additionally, the classical quadratic
penalty scheme is used to obtain the minimax problem (2), and its associated penalty parameter could
be much larger than the one associated with an augmented Lagrangian scheme.

To address the aforementioned issues, in this paper we propose a novel sequential minimax optimiza-
tion (SMO) method to solve problem (1), which substantially outperforms the first-order penalty method
[46] as observed in our numerical experiment. Specifically, instead of using the classical quadratic penalty
scheme for the lower-level problem of (1), we propose a new augmented Lagrangian scheme by replacing

the quadratic penalty function f̃(x, y) + µ ∥[g̃(x, y)]+∥2 with a modified augmented Lagrangian function
f̃(x, z) + 1

2ρµ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)
for λ ∈ Rl

+ and µ > 0.3 Performing such a replacement in (2)

2f̃1(x, ·) is either merely convex for any given x ∈ X if σ = 0 or strongly convex with parameter σ if σ > 0.
3The standard augmented Lagrangian function associated with the lower-level problem of (1) is f̃(x, z) +

1
2µ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)
. Therefore, f̃(x, z) + 1

2ρµ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)
can be viewed as a modified aug-

mented Lagrangian function. Its advantage over the standard augmented Lagrangian function will be discussed in Section
2.
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results in a new minimax problem

min
x,y

max
z

f(x, y) + ρ
(
f̃(x, y) +

1

2ρµ
∥[λ+ µg̃(x, y)]+∥2 − f̃(x, z)− 1

2ρµ
∥[λ+ µg̃(x, z)]+∥2

)
. (4)

Our SMO method solves a sequence of minimax subproblems in the form of (4). Specifically, let
{ρk}, {µk}, (x0, y0, z0, λ0) be given. At each iteration k ≥ 0, SMO finds an approximate solution
(xk+1, yk+1, zk+1) of (4) with λ = λk, ρ = ρk and µ = µk, starting at (xk, yk, zk), and then updates λk+1

according to λk+1 = [λk + µkg̃(x
k+1, zk+1)]+. The resulting SMO enjoys the following notable features.

• It uses only the first-order information of the problem. Specifically, its fundamental operations
consist only of gradient evaluations of g̃ and the smooth component of f and f̃ and also proximal
operator evaluations of the nonsmooth component of f and f̃ (see Algorithm 1).

• It has theoretical guarantees on operation complexity, which is measured by the aforementioned
fundamental operations, for finding an ε-KKT solution of (1). Specifically, it enjoys an operation
complexity of O(ε−7 log ε−1) when the lower objective function f̃1(x, ·) is merely convex (see The-
orem 1). Moreover, it enjoys an operation complexity of O(ε−6 log ε−1) when f̃1(x, ·) is strongly
convex, which improves the previous best-known operation complexity [46, Theorem 5] by a factor
of ε−1 (see Theorem 2).

• It demonstrates significantly superior computational performance compared to the first-order penalty
method [46] (see Section 3).

The rest of this paper is organized as follows. In Subsection 1.1, we introduce some notation and
terminology. In Section 2, we propose a sequential minimax optimization method for solving (1) and
study its complexity. Preliminary numerical results and the proofs of the main results are presented in
Sections 3 and 4, respectively.

1.1 Notation and terminology

The following notation will be used throughout this paper. Let Rn denote the Euclidean space of
dimension n and Rn

+ denote the nonnegative orthant in Rn. The standard inner product, l1-norm and
Euclidean norm are denoted by ⟨·, ·⟩, ∥ · ∥1 and ∥ · ∥, respectively. For any v ∈ Rn, let v+ denote
the nonnegative part of v, that is, (v+)i = max{vi, 0} for all i. For any two vectors u and v, (u; v)
denotes the vector resulting from stacking v under u. Given a point x and a closed set S in Rn, let
dist(x, S) = minx′∈S ∥x′ − x∥ and IS denote the indicator function associated with S.

A function or mapping ϕ is said to be Lϕ-Lipschitz continuous on a set S if ∥ϕ(x)−ϕ(x′)∥ ≤ Lϕ∥x−x′∥
for all x, x′ ∈ S. In addition, it is said to be L∇ϕ-smooth on S if ∥∇ϕ(x)−∇ϕ(x′)∥ ≤ L∇ϕ∥x− x′∥ for
all x, x′ ∈ S. For a closed convex function p : Rn → R ∪ {+∞}, associated with p is denoted by proxp,
that is,

proxp(x) = argmin
x′∈Rn

{
1

2
∥x′ − x∥2 + p(x′)

}
∀x ∈ Rn.

Given that evaluation of proxγp(x) is often as cheap as proxp(x), we count the evaluation of proxγp(x)
as one evaluation of proximal operator of p for any γ > 0 and x ∈ Rn.

For a lower semicontinuous function ϕ : Rn → R∪{∞}, its domain is the set domϕ := {x|ϕ(x) <∞}.
The upper subderivative of ϕ at x ∈ domϕ in a direction d ∈ Rn is defined by

ϕ′(x; d) = lim sup

x′ ϕ→x, t↓0

inf
d′→d

ϕ(x′ + td′)− ϕ(x′)

t
,

where t ↓ 0 means both t > 0 and t → 0, and x′ ϕ→ x means both x′ → x and ϕ(x′) → ϕ(x). The
subdifferential of ϕ at x ∈ domϕ is the set

∂ϕ(x) = {s ∈ Rn
∣∣sT d ≤ ϕ′(x; d) ∀d ∈ Rn}.

We use ∂xi
ϕ(x) to denote the subdifferential with respect to xi. In addition, for an upper semicontinuous

function ϕ, its subdifferential is defined as ∂ϕ = −∂(−ϕ). If ϕ is locally Lipschitz continuous, the above
definition of subdifferential coincides with the Clarke subdifferential. Besides, if ϕ is convex, it coincides
with the ordinary subdifferential for convex functions. Also, if ϕ is continuously differentiable at x , we
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simply have ∂ϕ(x) = {∇ϕ(x)}, where ∇ϕ(x) is the gradient of ϕ at x. In addition, it is not hard to
verify that ∂(ϕ1 + ϕ2)(x) = ∇ϕ1(x) + ∂ϕ2(x) if ϕ1 is continuously differentiable at x and ϕ2 is lower or
upper semicontinuous at x. See [8, 69] for more details.

Finally, we introduce an (approximate) primal-dual stationary point (e.g., see [11, 12, 34]) for a
general minimax problem

min
x

max
y

Ψ(x, y), (5)

where Ψ(·, y) : Rn → R∪ {+∞} is a lower semicontinuous function, and Ψ(x, ·) : Rm → R∪ {−∞} is an
upper semicontinuous function.

Definition 1. A point (x, y) is said to be a primal-dual stationary point of the minimax problem (5) if

0 ∈ ∂xΨ(x, y), 0 ∈ ∂yΨ(x, y).

In addition, for any ϵ > 0, a point (xϵ, yϵ) is said to be an ϵ-primal-dual stationary point of the minimax
problem (5) if

dist (0, ∂xΨ(xϵ, yϵ)) ≤ ϵ, dist (0, ∂yΨ(xϵ, yϵ)) ≤ ϵ.

2 A sequential minimax optimization method for problem (1)

As discussed in Section 1, the first-order penalty method [46] may suffer practical inefficiency issues
due to possibly overly large penalty parameters. To address these issues, in this section we propose a
sequential minimax optimization (SMO) method for finding an approximate KKT solution of (1), which
substantially outperforms the first-order penalty method [46] as observed in our numerical experiment.

To motivate our SMO method, we first apply a modified augmented Lagrangian (AL) scheme to
migrate the constraint g̃(x, y) ≤ 0 of the lower-level problem of (1) to its objective function and obtain
an approximation to (1) given by

min f(x, y)

s.t. y ∈ argmin
z
{f̃(x, z) + 1

2ρµ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)
} (6)

for some ρ, µ > 0 and λ ∈ Rl
+. By applying a penalty scheme, problem (6) can be approximated by

min
x,y

f(x, y)+ρ

(
f̃(x, y) +

1

2ρµ

(
∥[λ+ µg̃(x, y)]+∥2 − ∥λ∥2

)
−min

z

{
f̃(x, z) +

1

2ρµ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)})
,

which is equivalent to the minimax problem

min
x,y

max
z
L(x, y, z, λ; ρ, µ), (7)

where

L(x, y, z, λ; ρ, µ) :=f(x, y) + ρf̃(x, y) +
1

2µ
∥[λ+ µg̃(x, y)]+∥2 − ρf̃(x, z)− 1

2µ
∥[λ+ µg̃(x, z)]+∥2. (8)

As observed above, the function f̃(x, z) + 1
2ρµ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)
, which serves as a mod-

ified AL function for the lower-level problem of (1), induces the minimax problem (7), where the
penalty parameters ρ and µ are separately associated with the lower-level objective and constraint
functions, respectively. This separation plays a crucial role in designing a practically efficient SMO
method that achieves the desired operation complexity. In contrast, the standard AL function f̃(x, z) +
1
2µ

(
∥[λ+ µg̃(x, z)]+∥2 − ∥λ∥2

)
for the lower-level problem of (1) leads to a minimax problem that lacks

this property and over-penalizes the constraints. As a result, the corresponding first-order method based
on such a minimax problem cannot guarantee finding an ε-KKT solution of problem (1), since the con-
dition |f̃(xk, yk)− f̃∗(xk)| ≤ ϵ may fail to hold for the generated solution sequence when k is sufficiently
large, which is required by the definition of an ε-KKT point (see Definition 2). Furthermore, under
Assumption 1, one can observe that L possesses the following desirable structure.

• For any given ρ, µ > 0 and λ ∈ Rl
+, L is the sum of smooth function h(x, y, z) with Lipschitz con-

tinuous gradient and possibly nonsmooth function p(x, y)− q(z) with exactly computable proximal
operator, where

h(x, y, z) = f1(x, y) + ρf̃1(x, y) +
1

2µ
∥[λ+ µg̃(x, y)]+∥2 − ρf̃1(x, z)−

1

2µ
∥[λ+ µg̃(x, z)]+∥2,

p(x, y) = f2(x) + ρf̃2(y), q(z) = ρf̃2(z).
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• L is nonconvex in (x, y) but ρσ-strongly-concave in z.

Thanks to the above nice structure of L, an approximate primal-dual stationary point of problem (7)
can be suitably found by Algorithm 5 (see Appendix B). Additionally, recall from the above discussion
that the minimax problem provides an approximation to the bilevel optimization problem (1). Based
on these observations, we propose solving problem (1) by iteratively solving a sequence of minimax
subproblems in the form of (7), similar to the classical AL method for constrained nonlinear optimization.

Specifically, let {(ρk, µk)} be a sequence of penalty parameters. Given the current iterate (xk, yk, zk, λk),
our method calls Algorithm 2 or 3 (see Appendix A), depending on σ = 0 or σ > 0, to obtain an ap-

proximate solution ykinit of minz L̃(x
k, z, λk; ρk, µk), where

L̃(x, z, λ; ρ, µ) := f̃(x, z) +
1

2ρµ
∥[λ+ µg̃(x, z)]+∥2. (9)

It then uses (xk, yk, ykinit) as the initial point and calls Algorithm 5 (see Appendix B) with properly chosen
parameters to find an approximate primal-dual stationary point (xk+1, yk+1, zk+1) of minx,y maxz L(x, y,
z, λk; ρk, µk). Subsequently, it updates λ

k+1 in a standard manner.
Let g̃hi = max{∥g̃(x, y)∥|(x, y) ∈ X ×Y}. We now present our method for solving problem (1) below.

Algorithm 1 A sequential minimax optimization (SMO) method for (1)

Input: ε, τ ∈ (0, 1), ϵ0 ∈ (τε, 1], x0 ∈ X , z0 ∈ Y, ϵk = ϵ0τ
k, ρk = ϵ−1

k , µk = ϵ−3
k , and λ0 ∈ Rl

+.
1: for k = 0, 1 . . . do
2: Call Algorithm 2 (see Appendix A) if σ = 0 or Algorithm 3 (see Appendix A) if σ > 0 with

Ψ(·) ← L̃(xk, ·, λk; ρk, µk), ϵ̃ ← ϵk, σϕ ← σ, L∇ϕ ← L̃k, x̃
0 ← yk to find an approximate solution

ykinit of minz L̃(x
k, z, λk; ρk, µk) such that

L̃(xk, ykinit, λ
k; ρk, µk)−min

z
L̃(xk, z, λk; ρk, µk) ≤ ϵk, (10)

where L̃ is given in (9) and

L̃k = L∇f̃1
+ ρ−1

k (µkL
2
g̃ + µkg̃hiL∇g̃ + ∥λk∥L∇g̃). (11)

3: Call Algorithm 5 (see Appendix B) with ϵ ← ϵk, x̂0 ← (xk, ykinit), ŷ0 ← zk, L∇h ← Lk, and
ϵ̂0 ← ϵk/(2

√
µk) if σ = 0 and ϵ̂0 ← ϵk/2 if σ > 0 to find an ϵk-primal-dual stationary point

(xk+1, yk+1, zk+1) of
min
x,y

max
z
L(x, y, z, λk; ρk, µk), (12)

where
Lk = L∇f1 + 2ρkL∇f̃1

+ 2µkL
2
g̃ + 2µkg̃hiL∇g̃ + 2∥λk∥L∇g̃. (13)

4: Set λk+1 = [λk + µkg̃(x
k+1, zk+1)]+.

5: If ϵk ≤ ε, terminate the algorithm and output (xk+1, yk+1).
6: end for

We next provide some remarks regarding the well-definedness of Algorithm 1.

Remark 1. Notice that L̃(xk, y, λk; ρk, µk) = ϕ(y)+f̃2(y) with ϕ(y) = f̃1(x
k, y)+∥[λk+µkg̃(x

k, y)]+∥2/(2ρkµk).

By Assumption 1 and (28), one can see that ϕ is L̃k-smooth and σ-strongly-convex on domP and the
proximal operator of f̃2 can be exactly evaluated. It then follows from this and Theorems 3 and 4 (see
Appendix A) that ykinit satisfying (10) can be successfully found in step 2 of Algorithm 1 by applying Al-

gorithm 2 or 3 to the problem minz L̃(x
k, z, λk; ρk, µk). In addition, by Theorem 5 (see Appendix B), one

can see that an ϵk-primal-dual stationary point of (12) can be successfully found in step 3 of Algorithm 1
by applying Algorithm 5 to problem (12). Consequently, Algorithm 1 is well-defined.

2.1 Complexity results for Algorithm 1

In this subsection we study iteration and operation complexity for Algorithm 1. In particular, in order
to characterize the approximate solution found by Algorithm 1, we first introduce a notion called an

5



ε-KKT solution of problem (1). Then we establish iteration and operation complexity of Algorithm 1
for finding an O(ε)-KKT solution of (1).

For notational convenience, we define

f̃∗(x) := min
z
{f̃(x, z)|g̃(x, z) ≤ 0}. (14)

Observe that problem (1) can be equivalently reformulated as

min
x,y
{f(x, y)|f̃(x, y) ≤ f̃∗(x), g̃(x, y) ≤ 0}. (15)

The Lagrangian function associated with (15) is given by

L̂(x, y, ρ, λy) = f(x, y) + ρ(f̃(x, y)− f̃∗(x)) + ⟨λy, g̃(x, y)⟩. (16)

In the same spirit of classical constrained optimization, one would naturally be interested in a KKT
solution (x, y) of (15), namely, (x, y) satisfies

f̃(x, y) ≤ f̃∗(x), g̃(x, y) ≤ 0, ρ(f̃(x, y)− f̃∗(x)) = 0, ⟨λy, g̃(x, y)⟩ = 0, (17)

and moreover (x, y) is a stationary point of the problem

min
x′,y′
L̂(x′, y′, ρ, λy) (18)

for some ρ ≥ 0 and λy ∈ Rl
+. Yet, due to the sophisticated problem structure, characterizing a stationary

point of (18) is generally difficult. On the other hand, notice from Lemma 1 and (16) that problem (18)
is equivalent to the minimax problem

min
x′,y′,λ′

z

max
z′

{
f(x′, y′) + ρ

(
f̃(x′, y′)− f̃(x′, z′)− ⟨λ′

z, g̃(x
′, z′)⟩

)
+ ⟨λy, g̃(x

′, y′)⟩+ IRl
+
(λ′

z)
}
, 4

whose stationary point (x, y, λz, z), according to Definition 1 and Assumption 1, satisfies

0 ∈ ∂f(x, y) + ρ∂f̃(x, y)− ρ(∇xf̃(x, z) +∇xg̃(x, z)λz; 0) +∇g̃(x, y)λy, (19)

0 ∈ ρ(∂z f̃(x, z) +∇z g̃(x, z)λz), (20)

λz ∈ Rl
+, g̃(x, z) ≤ 0, ⟨λz, g̃(x, z)⟩ = 0.5 (21)

Based on this observation, the equivalence of (1) and (15), and also the fact that (17) is equivalent to

f̃(x, y) = f̃∗(x), g̃(x, y) ≤ 0, ⟨λy, g̃(x, y)⟩ = 0, (22)

we are instead interested in a (weak) KKT solution of problem (1) and its inexact counterpart that are
defined below.

Definition 2 (KKT solution and ϵ-KKT solution). The pair (x, y) is said to be a KKT solution
of problem (1) if there exists (z, ρ, λy, λz) ∈ Rm ×R+ ×Rl

+ ×Rl
+ such that (19)-(22) hold. In addition,

for any ε > 0, (x, y) is said to be an ε-KKT solution of problem (1) if there exists (z, ρ, λy, λz) ∈
Rm × R+ × Rl

+ × Rl
+ such that

dist
(
0, ∂f(x, y) + ρ∂f̃(x, y)− ρ

(
∇xf̃(x, z) +∇xg̃(x, z)λz; 0

)
+∇g̃(x, y)λy

)
≤ ε,

dist
(
0, ρ(∂z f̃(x, z) +∇z g̃(x, z)λz)

)
≤ ε,

∥[g̃(x, z)]+∥ ≤ ε, |⟨λz, g̃(x, z)⟩| ≤ ε,

|f̃(x, y)− f̃∗(x)| ≤ ε, ∥[g̃(x, y)]+∥ ≤ ε, |⟨λy, g̃(x, y)⟩| ≤ ε,

where f̃∗ is defined in (14).

4IRl
+
(·) denotes the indicator function associated with the set Rl

+.
5The relations in (21) are equivalent to 0 ∈ −g̃(x, z) + ∂IRl

+
(λz).
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The notions of KKT solution and ϵ-KKT solution were initially introduced in [46, Section 3]. Notably,
it was demonstrated in [46, Theorem 2] that under suitable assumptions, an ϵ-KKT solution (x, y) of
problem (1), with conditions such as g̃ = 0, f2 = 0, f̃2 = 0, f̃1 being twice differentiable, and f̃1(x, ·)
being strongly convex, implies that x is an O(ϵ)-hypergradient-based stationary point of (1).

The notions of KKT solution and ϵ-KKT solution were initially introduced in [46, Section 3]. Notably,
it was demonstrated in [46, Theorem 2] that under suitable assumptions, an ϵ-KKT solution (x, y) of
problem (1), with conditions such as g̃ = 0, f2 = 0, f̃2 = 0, f̃1 being twice differentiable, and f̃1(x, ·)
being strongly convex, implies that x is an O(ϵ)-hypergradient-based stationary point of (1).

We next study iteration and operation complexity for Algorithm 1. To proceed, recall that X =
dom f2 and Y = dom f̃2. We define

f̃∗
hi := sup{f̃∗(x)|x ∈ X}, (23)

Dx := max{∥u− v∥
∣∣u, v ∈ X}, Dy := max{∥u− v∥

∣∣u, v ∈ Y}, (24)

fhi := max{f(x, y)|(x, y) ∈ X × Y}, flow := min{f(x, y)|(x, y) ∈ X × Y}, (25)

f̃low := min{f̃(x, z)|(x, z) ∈ X × Y}, g̃hi := max{∥g̃(x, y)∥
∣∣(x, y) ∈ X × Y}, (26)

K := ⌈(log ε− log ϵ0)/ log τ⌉+ , K := {0, 1, . . . ,K + 1}, K− 1 = {k − 1|k ∈ K}. (27)

It then follows from Assumption 1(iii) that

∥∇g̃(x, y)∥ ≤ Lg̃ ∀(x, y) ∈ X × Y. (28)

In addition, by Assumption 1 and the compactness of X and Y, one can observe that Dx, Dy, fhi, flow,

f̃low and g̃hi are finite. Moreover, f̃∗
hi is also finite (see Lemma 1(ii) in Section 4).

The following assumption will be used to establish complexity of Algorithm 1.

Assumption 2 (Slater’s condition). There exists ẑx ∈ Y for each x ∈ X such that g̃i(x, ẑx) < 0 for
all i = 1, 2, . . . , l and G := inf{−g̃i(x, ẑx)|x ∈ X , i = 1, . . . , l} > 0.6

We are now ready to present an iteration and operation complexity of Algorithm 1, measured by the
amount of evaluations of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2, for finding an O(ε)-KKT
solution of (1), whose proofs are deferred to Section 4.

Theorem 1 (iteration and operation complexity of Algorithm 1 for problem (1) with σ = 0).
Suppose that Assumptions 1 and 2 hold with σ = 0, i.e., f̃1(x, ·) being convex but not strongly convex for
any given x ∈ dom f2. Let {(xk, yk, zk, λk)}k∈K be generated by Algorithm 1, f∗, f̃∗

hi, Dx, Dy, fhi, flow,

f̃low, g̃hi and K be defined in (1), (23), (24), (25), (26) and (27), Lf , Lf̃ , L∇f1 , L∇f̃1
, Lg̃, L∇g̃ and G

be given in Assumptions 1 and 2, and ε, ϵ0, τ , µK , ρK and λ0 be given in Algorithm 1. Let

ϑ =
1

2
∥λ0∥2 + f̃∗

hi − f̃low
1− τ4

+
Dyϵ0
1− τ3

, (29)

L = L∇f1 + 2L∇f̃1
+ 2L2

g̃ + 2g̃hiL∇g̃ + 2
√
2ϑL∇g̃, L̃ = L∇f̃1

+ L2
g̃ + g̃hiL∇g̃ +

√
2ϑL∇g̃, (30)

α = min
{
1,
√

4/(DyL)
}
, δ = (2 + α−1)L(D2

x +D2
y) + max{1/Dy, L/4}D2

y, (31)

M = 16max
{
1/(4L2

g̃), 2/(αL
2
g̃)
} [

(3L+ 1/(2Dy))
2/min{2L2

g̃, 1/(2Dy)}+ 3L+ 1/(2Dy)
]2

×
(
δ + 2α−1

(
f∗ − flow + f̃∗

hi − f̃low + Lf̃Dy + 3ϑ+ g̃2hi +Dy/4 + L(D2
x +D2

y)
))

, (32)

T =
⌈
16 (fhi − flow + 1 +Dy/4)L+ 8(1 + 4D2

yL
2)
⌉
+
, (33)

λK+1
y = [λK + µK g̃(xK+1, yK+1)]+, λK+1

z = ρ−1
K [λK + µK g̃(xK+1, zK+1)]+. (34)

Suppose that ε−2 − 8τ−3G−2ϑ ≥ 0. Then the following statements hold.

(i) Algorithm 1 terminates after K+1 outer iterations and outputs an approximate point (xK+1, yK+1)

6If Assumption 2 fails to hold, one may instead consider the perturbed counterpart of (1) with g̃(x, z) replaced by
g̃(x, z)− ϵ for some suitable ϵ > 0, which clearly satisfies Assumption 2.
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of (1) satisfying

dist
(
0, ∂f(xK+1, yK+1) + ρK∂f̃(xK+1, yK+1)− ρK

(
∇xf̃(x

K+1, zK+1) +∇xg̃(x
K+1, zK+1)λK+1

z ; 0
)

+∇g̃(xK+1, yK+1)λK+1
y

)
≤ ε, (35)

dist
(
0, ρK

(
∂z f̃(x

K+1, zK+1) +∇z g̃(x
K+1, zK+1)λK+1

z

))
≤ ε, (36)

∥[g̃(xK+1, zK+1)]+∥ ≤ 2ε2G−1(ϵ0 + Lf̃ )Dy, (37)

|⟨λK+1
z , g̃(xK+1, zK+1)⟩| ≤ 2ε2G−1(ϵ0 + Lf̃ )Dy max{∥λ0∥, 2G−1(ϵ0 + Lf̃ )Dy}, (38)

∥[g̃(xK+1, yK+1)]+∥ ≤ 2ε2G−1(ϵ0 + Lf + Lf̃ )Dy, (39)

|⟨λK+1
y , g̃(xK+1, zK+1)⟩| ≤ 2εG−1(ϵ0 + Lf + Lf̃ )Dy max{∥λ0∥, 2G−1(ϵ0 + Lf + Lf̃ )Dy}, (40)

|f̃(xK+1, yK+1)− f̃∗(xK+1)| ≤ max
{
2ε2G−2Lf̃ (ϵ0 + Lf + Lf̃ )D

2
y, ε3 max{∥λ0∥, 2G−1(ϵ0 + Lf̃ )Dy}/2

+ ε
(
fhi − flow + 1 +Dy/4 + L−2

g̃ /4 + 2D2
yL

)}
. (41)

(ii) The total number of evaluations of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2 performed
in Algorithm 1 is no more than N , respectively, where

N =
(⌈

96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

)⌉
+ 2
)
max

{
2,
√

DyL
}
T (1− τ7)−1

× (τε)−7 (56K log(1/τ) + 56 log(1/ϵ0) + 2(logM)+ + 2 + 2 log(2T ))

+ (τε)−3/2(1− τ3/2)−1Dy

√
2L̃+K. (42)

Remark 2. One can observe from Theorem 1 that Algorithm 1 enjoys an iteration complexity of
O(log ε−1) and an operation complexity of O(ε−7 log ε−1), measured by the amount of evaluations of
∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2, for finding an O(ε)-KKT solution (xK+1, yK+1) of
(1) satisfying

dist
(
0, ∂f(xK+1, yK+1) + ρK∂f̃(xK+1, yK+1) +∇g̃(xK+1, yK+1)λK+1

y

− ρK
(
∇xf̃(x

K+1, zK+1) +∇xg̃(x
K+1, zK+1)λ̃K+1

z ; 0
))
≤ ε, (43)

dist
(
0, ρK

(
∂z f̃(x

K+1, zK+1) +∇z g̃(x
K+1, zK+1)λK+1

z

))
≤ ε, (44)

∥[g̃(xK+1, zK+1)]+∥ = O(ε2), |⟨λK+1
z , g̃(xK+1, zK+1)⟩| = O(ε2), (45)

∥[g̃(xK+1, yK+1)]+∥ = O(ε2), |⟨λK+1
y , g̃(xK+1, zK+1)⟩| = O(ε), (46)

|f̃(xK+1, yK+1)− f̃∗(xK+1)| = O(ε), (47)

where f̃∗ is defined in (14), ρK = (ϵ0τ
K)−1, and λK+1

y , λK+1
z ∈ Rl

+ are given in (34).

Theorem 2 (iteration and operation complexity of Algorithm 1 for problem (1) with σ > 0).
Suppose that Assumptions 1 and 2 hold with σ > 0, i.e., f̃1(x, ·) being strongly convex with parameter σ
for any given x ∈ dom f2. Let {(xk, yk, zk, λk)}k∈K be generated by Algorithm 1, f∗, f̃∗

hi, Dx, Dy, f̃low,

flow, fhi, g̃hi, K, ϑ, L, L̃, λK+1
y and λK+1

z be defined in (1), (23), (24), (25), (26), (27), (29), (30) and
(34), σ, Lf , Lf̃ , L∇f1 , L∇f̃1

, Lg̃, L∇g̃ and G be given in Assumptions 1 and 2, and ε, ϵ0, τ , µK , ρK
and λ0 be given in Algorithm 1. Let

α̃ = min
{
1,
√
8σ/L

}
, δ̃ = (2 + α̃−1)(D2

x +D2
y)L+max{1/Dy, L/4}D2

y, (48)

M̃ = 16max
{
1/(4L2

g̃), 2/(α̃L
2
g̃)
} [

9L2/min{2L2
g̃, σ}+ 3L

]2
×
(
δ̃ + 2α̃−1

(
f∗ − flow + f̃∗

hi − f̃low + Lf̃Dy + 3ϑ+ g̃2hi + L(D2
x +D2

y)
))

, (49)

T̃ =
⌈
16 (fhi − flow + 1)L+ 8(1 + σ−2L2)

⌉
+
. (50)

Suppose that ε−2 − 8τ−3G−2ϑ ≥ 0. Then the following statements hold.
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(i) Algorithm 1 terminates after K+1 outer iterations and outputs an approximate point (xK+1, yK+1)
of problem (1) satisfying (35)-(40) and

|f̃(xK+1, yK+1)− f̃∗(xK+1)| ≤ max
{
2ε2G−2Lf̃ (ϵ0 + Lf + Lf̃ )D

2
y, ε3 max{∥λ0∥, 2G−1(ϵ0 + Lf̃ )Dy}/2

+ ε
(
fhi − flow + 1 + L−2

g̃ /4 + σ−2L/2
)}

. (51)

(ii) The total number of evaluations of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2 performed

in Algorithm 1 is no more than Ñ , respectively, where

Ñ =3397max
{
2,
√
L/(2σ)

}
T̃ (1− τ6)−1

× (τε)−6
(
38K log(1/τ) + 38 log(1/ϵ0) + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
+ 2(τε)−1(1− τ)

⌈√
L̃/σ + 1

⌉
max

{
1,
⌈
2 log(2L̃D2

y) + 6K log(1/τ)− 6 log ϵ0

⌉}
+K. (52)

Remark 3. One can observe from Theorem 2 that Algorithm 1 enjoys an iteration complexity of
O(log ε−1) and an operation complexity of O(ε−6 log ε−1), measured by the amount of evaluations of
∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2, for finding an O(ε)-KKT solution (xK+1, yK+1)
of (1) satisfying (43)-(47). Such an operation complexity significantly improves the previous best-known
operation complexity O(ε−7 log ε−1) established in [46, Theorem 5] by a factor of ε−1.

3 Numerical results

In this section, we conduct some preliminary experiments to test the performance of our SMO method
(Algorithm 1), and compare it with a first-order penalty (FOP) method ([46, Algorithm 4]). Both
algorithms are coded in Matlab and all the computations are performed on a laptop with a 2.30 GHz
Intel i9-9880H 8-core processor and 16 GB of RAM.

3.1 Constrained bilevel linear optimization

In this subsection, we consider constrained bilevel linear optimization in the form of

min cTx+ dT y + I[−1,1]n(x)

s.t. y ∈ argmin
z

{
d̃T z + I[−1,1]m(z)

∣∣Ãx+ B̃z − b̃ ≤ 0
}
,

(53)

where c ∈ Rn, d, d̃ ∈ Rm, b̃ ∈ Rl, Ã ∈ Rl×n, B̃ ∈ Rl×m, and I[−1,1]n(·) and I[−1,1]m(·) are the indicator
functions of [−1, 1]n and [−1, 1]m respectively.

For each triple (n,m, l), we randomly generate 10 instances of problem (53). Specifically, we first
randomly generate c and d with all the entries independently chosen from the standard normal distri-
bution. We then randomly generate Ã and B̃ with all the entries independently chosen from a normal
distribution with mean 0 and standard deviation 0.01. In addition, we randomly generate ŷ ∈ [−1, 1]m
with all the entries independently chosen from a normal distribution with mean 0 and standard deviation
0.1 and then projected to [−1, 1]m and choose d̃ and b̃ such that ŷ is an optimal solution of the lower-level
optimization of (53) with x = 0.

Notice that (53) is a special case of (1) with f(x, y) = cTx + dT y + I[−1,1]n(x), f̃(x, z) = d̃T z +

I[−1,1]m(z) and g̃(x, z) = Ãx + B̃z − b̃. We now apply SMO and FOP to solve (53). In particular, we
choose 0 as the initial point for both methods. In addition, we set (ε, ϵ0, τ) = (10−2, 1, 0.8) for SMO.
To enhance the efficiency of FOP, we adopt a dynamic updating scheme on its penalty and tolerance
parameters. Specifically, we set ρk = 5k−1, εk = ρ−1

k and x−1 = 0 for [46, Algorithm 2]. For each
k > 1, let (xk−1, yk−1) be the output of [46, Algorithm 2] with (ε, ρ) = (εk−1, ρk−1). We run [46,
Algorithm 2] with (ε, ρ) = (εk, ρk) and (xk−1, ỹk−1) as the initial point to generate (xk, yk), where
ỹk−1 ∈ argminz f̃(x

k−1, z) is found by CVX [20]. We terminate both algorithms once ϵk ≤ 10−2 for
SMO, εk ≤ 10−2 for FOP, and (xk, yk) satisfies

∥[g̃(xk, yk)]+∥ ≤ 10−2, f̃(xk, yk)− f̃∗(xk) ≤ 10−2

9



for some k, and output (xk, yk) as an approximate solution of(53), where f̃∗ is defined in (14) and the
value f̃∗(xk) is computed by CVX [20].

The computational results of SMO and FOP for problem (53) with the instances randomly generated
above are presented in Table 1. In detail, the values of n, m and l are listed in the first three columns.
For each triple (n,m, l), the average initial objective value f(x0, ŷ) with ŷ being generated above,7 the
average final objective value f(xk, yk) and the average CPU time (in seconds) over 10 random instances
are given in the rest of the columns. One can observe that both SMO and FOP find an approximate
solution with much lower objective value than the initial objective value. Moreover, SMO outputs an
approximate solution with a similar objective value as FOP, while SMO significantly outperforms FOP
in terms of average CPU time.

Initial objective value Final objective value CPU time (seconds)
n m l SMO FOP SMO FOP
100 100 5 0.22 −75.78 −75.75 7.4 22.1
200 200 10 −0.38 −154.20 −154.18 12.5 107.9
300 300 15 −0.11 −246.70 −246.66 24.1 267.8
400 400 20 0.34 −305.97 −305.89 37.0 561.6
500 500 25 0.96 −394.74 −394.70 63.8 719.8

Table 1: Numerical results for problem (53)

3.2 Constrained bilevel optimization with quadratic upper level and linear
lower level

In this subsection, we consider constrained bilevel optimization with quadratic upper level and linear
lower level in the form of

min xTAx+ xTBy + yTCy + cTx+ dT y + I[−1,1]n(x)

s.t. y ∈ argmin
z

{
d̃T z + I[−1,1]m(z)

∣∣Ãx+ B̃z − b̃ ≤ 0
}
,

(54)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×m, c ∈ Rn, d, d̃ ∈ Rm, b̃ ∈ Rl, Ã ∈ Rl×n, B̃ ∈ Rl×m, and
I[−1,1]n(·) and I[−1,1]m(·) are the indicator functions of [−1, 1]n and [−1, 1]m respectively.

For each triple (n,m, l), we randomly generate 10 instances of problem (54). Specifically, we first
randomly generate A, B, C, c and d with all the entries independently chosen from a normal distribution
with mean 0 and standard deviation 0.1. We then randomly generate Ã and B̃ with all the entries
independently chosen from a normal distribution with mean 0 and standard deviation 0.01. In addition,
we randomly generate ŷ ∈ [−1, 1]m with all the entries independently chosen from a normal distribution
with mean 0 and standard deviation 0.1 and then projected to [−1, 1]m and choose d̃ and b̃ such that ŷ
is an optimal solution of the lower-level optimization of (54) with x = 0.

Notice that (54) is a special case of (1) with f(x, y) = xTAx+xTBy+yTCy+cTx+dT y+I[−1,1]n(x),

f̃(x, z) = d̃T z + I[−1,1]m(z) and g̃(x, z) = Ãx + B̃z − b̃. We now apply our SMO method (Algorithm
1) to solve (54).8 Specifically, we choose 0 as the initial point and set the parameters of SMO as
(ε, ϵ0, τ) = (10−2, 1, 0.8). We terminate SMO once ϵk ≤ 10−2 and (xk, yk) satisfies

∥[g̃(xk, yk)]+∥ ≤ 10−2, f̃(xk, yk)− f̃∗(xk) ≤ 10−2

for some k and output (xk, yk) as an approximate solution of (54), where f̃∗ is defined in (14) and the
value f̃∗(xk) is computed by CVX [20].

The computational results of SMO for problem (54) with the instances randomly generated above
are presented in Table 2. In detail, the values of n, m and l are listed in the first three columns. For each
triple (n,m, l), the average initial objective value f(x0, ŷ) with ŷ being generated above and the average
final objective value f(xk, yk) over 10 random instances are given in the rest of the columns. One can
see that the approximate solution (xk, yk) found by SMO significantly reduces the initial objective value.

7Note that (x0, y0init) may not be a feasible point of (53). Nevertheless, (x0, ŷ) is a feasible point of (53) due to x0 = 0
and the particular way for generating instances of (53). Besides, (53) can be viewed as an implicit optimization problem
in terms of the variable x. It is thus reasonable to use f(x0, ŷ) as the initial objective value for the purpose of comparison.

8Clearly, problem (54) is more sophisticated than (53). As shown in Table 1, problem (53) already poses significant
challenges for FOP [46] when the dimension n is relatively large. Therefore, we do not apply FOP to solve (54).
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n m l Initial objective value Final objective value
100 100 5 −0.04 −95.70
200 200 10 0.03 −275.34
300 300 15 0.15 −487.64
400 400 20 0.20 −749.02
500 500 25 0.13 −1085.57

Table 2: Numerical results for problem (54)

3.3 Hyperparameter tuning for support vector machine

In this subsection, we consider a hyperparameter tuning model for support vector machine (SVM):

min
c,w,b,ξ

1

m

∑
n<i≤n+m

ℓ
(
ŷi, w

T x̂i + b
)
+ I[0,10]n(c) (55)

s.t. (w, b, ξ) ∈ argmin
w̃,b̃,ξ̃

{ ∑
1≤i≤n

ℓ
(
ŷi, w̃

T x̂i + b̃
)
+ cT ξ̃ + I[−1,1]q+1(w̃, b̃) + I[0,20]n(ξ̃)

∣∣∣
ŷi(w̃

T x̂i + b̃) ≥ 1− ξ̃i, i = 1, . . . , n
}
,

where {(x̂i, ŷi)}1≤i≤n is the training set, {(x̂i, ŷi)}n<i≤n+m is the validation set, c ∈ Rn, w ∈ Rq, b ∈ R,
ξ ∈ Rn, ℓ(u, v) = log(1 + e−uv) is the binomial deviance loss function [24], and I[0,10]n , I[−1,1]q+1 , and
I[0,20]n are the indicator functions of [0, 10]n, [−1, 1]q+1 and [0, 20]n, respectively. Specifically, at the
lower level of (55), we train a linear SVM on the training set with a decision hyperplane of the form
{x ∈ Rq : wTx+ b = 0}, where the binomial deviance is used as the loss function, and a slack variable ξ
and penalty parameter c are introduced to handle non-separable datasets.9 At the upper level of (55),
we minimize the validation loss to select the hyperparameter c and the corresponding (w, b, ξ). Similar
bilevel SVM models have been widely studied in the literature (e.g., [3, 54, 76]).

In our experiments, we solve problem (55) on five datasets from the LIBSVM repository [5]. For each
dataset, one-fourth of the samples are randomly selected as the validation set, and the remainder are
used as the training set. Notice that (55) is a special case of (1) with x = c, y = (w, b, ξ), z = (w̃, b̃, ξ̃),

f(x, y) =
1

m

∑
n<i≤n+m

ℓ
(
ŷi, w

T x̂i + b
)
+ I[0,10]n(c),

f̃(x, z) =
∑

1≤i≤n

ℓ
(
ŷi, w

T x̂i + b
)
+ cT ξ̃ + I[−1,1]q+1(w̃, b̃) + I[0,20]n(ξ̃),

g̃i(x, z) = 1− ξ̃i − ŷi(w̃
T x̂i + b̃), i = 1 . . . , n.

As a result, both SMO (Algorithm 1) and FOP ([46, Algorithm 2]) are suitable for solving (55). We now
apply both methods to solve (55), starting from x0 = 0 and y0 with the entries independently drawn
from the uniform distribution on [0, 1]. In addition, we set (ε, ϵ0, τ) = (10−2, 1, 0.9) for SMO. To enhance
the efficiency of FOP, we adopt a dynamic updating scheme on its penalty and tolerance parameters.
Specifically, we set ρk = 5k−1, εk = ρ−1

k for [46, Algorithm 2]. For each k > 1, let (xk−1, yk−1) be the
output of [46, Algorithm 2] with (ε, ρ) = (εk−1, ρk−1). We run [46, Algorithm 2] with (ε, ρ) = (εk, ρk)
and (xk−1, ỹk−1) as the initial point to generate (xk, yk), where ỹk−1 ∈ argminz f̃(x

k−1, z) is found by
CVX [20]. We terminate both algorithms once ϵk ≤ 10−2 for SMO, εk ≤ 10−2 for FOP, and (xk, yk)
satisfies

∥[g̃(xk, yk)]+∥ ≤ 10−2, f̃(xk, yk)− f̃∗(xk) ≤ 10−2

for some k, and output (xk, yk) as an approximate solution of (55), where f̃∗ is defined in (14) and the
value f̃∗(xk) is computed by CVX [20].

The computational results of SMO and FOP for problem (55) are presented in Table 3. In detail, the
names of the datasets are listed in the first column. For each dataset, the initial objective value f(x0, y∗0),
where y∗0 is the lower-level optimal solution with x = x0 computed by CVX [20], the final objective value
f(xk, yk), validation accuracy, and the CPU time (in seconds) are given in the rest of the columns. It
can be observed that both SMO and FOP find approximate solutions with objective values substantially

9The vector c is introduced to assign weights to individual data points in the weighted SVM formulation. This technique
has been studied in the literature to capture the relative importance of data points in the training set (see [59, 70, 72]).
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lower than the initial value, and the resulting support vector machine achieves good validation accuracy.
Moreover, SMO produces an approximate solution with an objective value similar to that of FOP but
significantly outperforms FOP in terms of CPU time.

Dataset Initial objective value Final objective value Validation accuracy CPU time (seconds)
SMO FOP SMO FOP SMO FOP

breast-cancer scale 2.894 0.336 0.352 100.0% 98.5% 175.8 1537.9
heart scale 1.359 0.556 0.551 75.9% 72.4% 402.6 3335.5

ionosphere scale 1.063 0.443 0.447 88.9% 86.7% 792.5 7520.7
german.numer scale 1.609 0.544 0.562 87.7% 84.2% 278.6 2453.0
australian scale 2.565 0.654 0.678 72.5% 72.5% 224.6 2138.0

Table 3: Numerical results for problem (55)

4 Proof of main results

In this section, we provide a proof of our main results presented in Subsection 2.1, which are particularly
Theorems 1 and 2.

It should be noted that while the first-order penalty method (FOP) ([46, Algorithm 4]) and the SMO
method (Algorithm 1) both require solving minimax subproblems, they differ substantially in several
aspects: (i) FOP solves a single minimax subproblem with fixed penalty parameters and without a
warm-start strategy, whereas SMO solves a sequence of minimax subproblems with dynamically updated
penalty parameters and a tailored warm-start strategy; (ii) The minimax subproblem in FOP arises from
a quadratic penalty scheme applied to the lower-level problem, while in SMO it is derived from a modified
augmented Lagrangian scheme; (iii) FOP is designed for problems with a merely convex lower-level ob-
jective and cannot exploit strong convexity, whereas SMO can leverage it to achieve stronger complexity
results. As a result, the convergence proofs for FOP and SMO are fundamentally different. Moreover,
due to SMO’s more intricate structure, establishing its convergence is significantly more challenging.

To proceed, one can observe from (9) and (14) that

min
z
L̃(x, z, λ; ρ, µ) ≤ f̃∗(x) +

∥λ∥2

2ρµ
∀x ∈ X , λ ∈ Rl

+, ρ, µ > 0, (56)

which will be frequently used later.
We now introduce several technical lemmas that will be utilized to prove Theorems 1 and 2 subse-

quently. The following lemma presents several properties of the lower-level problem of (1), whose proof
can be found in [46].

Lemma 1 ([46, Lemma 3]). Suppose that Assumptions 1 and 2 hold. Let f̃∗, f̃∗
hi, Dy, Lf̃ and G be

given in (14), (23), (24), and Assumptions 1 and 2, respectively. Then the following statements hold.

(i) λ∗ ≥ 0 and ∥λ∗∥ ≤ G−1Lf̃Dy for all λ∗ ∈ Λ∗(x) and x ∈ X , where Λ∗(x) denotes the set of optimal
Lagrangian multipliers of problem (14) for any x ∈ X .

(ii) The function f̃∗ is Lipschitz continuous on X and f̃∗
hi is finite.

(iii) It holds that
f̃∗(x) = max

λ
min
z

f̃(x, z) + ⟨λ, g̃(x, z)⟩ −IRl
+
(λ) ∀x ∈ X ,

where IRl
+
(·) is the indicator function associated with Rl

+.

The next lemma provides an upper bound on ∥λk∥ for all 0 ≤ k ∈ K− 1.

Lemma 2. Suppose that Assumption 1 holds. Let K and ϑ be defined in (27) and (29), µk and ρk be
given in Algorithm 1, and {λk}k∈K be generated by Algorithm 1. Then we have

∥λk∥2 ≤ 2ρkµkϑ ∀0 ≤ k ∈ K− 1. (57)

Proof. One can observe from (23), (26) and Algorithm 1 that f̃∗
hi ≥ f̃low and µ0 ≥ ρ0 ≥ 1 > τ > 0,

which together with (29) imply that (57) holds for k = 0. It remains to show that (57) holds for all
1 ≤ k ∈ K− 1.
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Since (xt+1, yt+1, zt+1) is an ϵt-primal-dual stationary point of (12) for all 0 ≤ t ∈ K − 1, it follows
from Definition 1 that there exists some u ∈ ∂zL(xt+1, yt+1, zt+1, λt; ρt, µt) with ∥u∥ ≤ ϵt. Notice

from (8) and (9) that ∂zL(xt+1, yt+1, zt+1, λt; ρt, µt) = −ρt∂zL̃(xt+1, zt+1, λt; ρt, µt). Hence, −ρ−1
t u ∈

∂zL̃(xt+1, zt+1, λt; ρt, µt). Also, observe from (9) and Assumption 1 that L̃(xt+1, ·, λt; ρt, µt) is convex.

Using this, (24), −ρ−1
t u ∈ ∂zL̃(xt+1, zt+1, λt; ρt, µt) and ∥u∥ ≤ ϵt, we obtain

L̃(xt+1, z, λt; ρt, µt) ≥ L̃(xt+1, zt+1, λt; ρt, µt) + ⟨−ρ−1
t u, z − zt+1⟩.

≥ L̃(xt+1, zt+1, λt; ρt, µt)− ρ−1
t Dyϵt ∀z ∈ Y,

which implies that

min
z
L̃(xt+1, z, λt; ρt, µt) ≥ L̃(xt+1, zt+1, λt; ρt, µt)− ρ−1

t Dyϵt. (58)

By this, (9) and (56), one has

f̃∗(xt+1)
(56)

≥ min
z
L̃(xt+1, z, λt; ρt, µt)−

∥λt∥2

2ρtµt

(9)(58)

≥ f̃(xt+1, zt+1) +
1

2ρtµt

(
∥[λt + µtg̃(x

t+1, zt+1)]+∥2 − ∥λt∥2
)
− ρ−1

t Dyϵt

= f̃(xt+1, zt+1) +
1

2ρtµt

(
∥λt+1∥2 − ∥λt∥2

)
− ρ−1

t Dyϵt,

where the equality follows from the relation λt+1 = [λt+µtg̃(x
t+1, zt+1)]+ (see Algorithm 1). Using this

inequality, (23), (26) and ϵt ≤ ϵ0 (see Algorithm 1), we have

∥λt+1∥2 − ∥λt∥2 ≤ 2ρtµt(f̃
∗(xt+1)− f̃(xt+1, yt+1)) + 2µtDyϵt ≤ 2ρtµt(f̃

∗
hi − f̃low) + 2µtDyϵ0.

Summing up this inequality for t = 0, . . . , k − 1 with 1 ≤ k ∈ K− 1 yields

∥λk∥2 ≤ ∥λ0∥2 + 2(f̃∗
hi − f̃low)

k−1∑
t=0

ρtµt + 2Dyϵ0

k−1∑
t=0

µt. (59)

Recall from Algorithm 1 that ϵt = ϵ0τ
t, µt = ϵ−3

t and ρt = ϵ−1
t . It is not hard to verify that

∑k−1
t=0 ρtµt ≤

ρk−1µk−1/(1− τ4) and
∑k−1

t=0 µt ≤ µk−1/(1− τ3). Using these, (59), ρk > ρk−1 ≥ 1 and µk > µk−1 ≥ 1
(see Algorithm 1), we obtain that for all 1 ≤ k ∈ K− 1,

ρ−1
k µ−1

k ∥λ
k∥2 ≤ ρ−1

k µ−1
k

(
∥λ0∥2 + 2ρk−1µk−1(f̃

∗
hi − f̃low)

1− τ4
+

2µk−1Dyϵ0
1− τ3

)

≤ ∥λ0∥2 + 2(f̃∗
hi − f̃low)

1− τ4
+

2Dyϵ0
1− τ3

(29)
= 2ϑ.

It implies that the conclusion of this lemma holds.

The following lemma provides an upper bound on ∥[g̃(xk+1, zk+1)]+∥ and ∥[g̃(xk+1, yk+1)]+∥.

Lemma 3. Suppose that Assumptions 1 and 2 hold. Let Dy, K and ϑ be defined in (24), (27) and (29),
Lf , Lf̃ and G be given in Assumptions 1 and 2, and ϵ0, ρk and µk be given in Algorithm 1. Suppose

that (xk+1, yk+1, zk+1, λk+1) is generated by Algorithm 1 for some 0 ≤ k ∈ K− 1 with

ρ−1
k µk ≥ 8G−2ϑ. (60)

Then we have

∥[g̃(xk+1, zk+1)]+∥ ≤ µ−1
k ∥λ

k+1∥ ≤ 2µ−1
k G−1(ϵ0 + ρkLf̃ )Dy, (61)

∥[g̃(xk+1, yk+1)]+∥ ≤ µ−1
k ∥[λ

k + µkg̃(x
k+1, yk+1)]+∥ ≤ 2µ−1

k G−1(ϵ0 + Lf + ρkLf̃ )Dy. (62)
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Proof. Suppose that (xk+1, yk+1, zk+1, λk+1) is generated by Algorithm 1 for some 0 ≤ k ∈ K − 1
satisfying (60). Notice that (xk+1, yk+1, zk+1) is an ϵk-primal-dual stationary point of (12). It then
follows from (8), Definition 1 and Assumption 1 that

dist
(
0,∇yf(x

k+1, yk+1) + ρk∂y f̃(x
k+1, yk+1) +∇y g̃(x

k+1, yk+1)[λk + µkg̃(x
k+1, yk+1)]+

)
≤ ϵk, (63)

dist
(
0,−ρk∂z f̃(xk+1, zk+1)−∇z g̃(x

k+1, zk+1)[λk + µkg̃(x
k+1, zk+1)]+

)
≤ ϵk. (64)

We first show that (61) holds. Notice from Algorithm 1 that λk+1 = [λk +µkg̃(x
k+1, zk+1)]+. Hence,

it follows from (64) that there exists some u ∈ ∂z f̃(x
k+1, zk+1) such that

∥ρku+∇z g̃(x
k+1, zk+1)λk+1∥ ≤ ϵk. (65)

By Assumption 2, there exists some ẑk+1 ∈ Y such that −g̃i(xk+1, ẑk+1) ≥ G for all i. Observe that
⟨λk+1, λk + µkg̃(x

k+1, zk+1)⟩ = ∥[λk + µkg̃(x
k+1, zk+1)]+∥2 ≥ 0, which implies that

−⟨λk+1, µ−1
k λk⟩ ≤ ⟨λk+1, g̃(xk+1, zk+1)⟩. (66)

Using these, (65), λk+1 ≥ 0 and u ∈ ∂z f̃(x
k+1, zk+1), we have

ρkf̃(x
k+1, zk+1)− ρkf̃(x

k+1, ẑk+1) +G∥λk+1∥1 − ⟨λk+1, µ−1
k λk⟩

≤ ρkf̃(x
k+1, zk+1)− ρkf̃(x

k+1, ẑk+1) + ⟨λk+1,−g̃(xk+1, ẑk+1)− µ−1
k λk⟩

(66)

≤ ρkf̃(x
k+1, zk+1)− ρkf̃(x

k+1, ẑk+1) + ⟨λk+1, g̃(xk+1, zk+1)− g̃(xk+1, ẑk+1))⟩
≤ ⟨ρku, zk+1 − ẑk+1⟩+ ⟨∇z g̃(x

k+1, zk+1)λk+1, zk+1 − ẑk+1⟩
= ⟨ρku+∇z g̃(x

k+1, zk+1)λk+1, zk+1 − ẑk+1⟩ ≤ Dyϵk, (67)

where the first inequality is due to λk+1 ≥ 0 and −g̃i(xk+1, ẑk+1) ≥ G for all i, the third inequality
follows from u ∈ ∂z f̃(x

k+1, zk+1), λk+1 ≥ 0 and the convexity of f̃(xk+1, ·) and g̃i(x
k+1, ·) for all i, and

the last inequality is due to (24), (65) and zk+1, ẑk+1 ∈ Y.
In view of (24), (67), zk+1, ẑk+1 ∈ Y, and the Lipschitz continuity of f̃ , one has

Dyϵk + ρkLf̃Dy

(24)

≥ Dyϵk + ρkLf̃∥z
k+1 − ẑk+1∥ ≥ Dyϵk + ρk(f̃(x

k+1, ẑk+1)− f̃(xk+1, zk+1))

(67)

≥ G∥λk+1∥1 − ⟨λk+1, µ−1
k λk⟩ ≥ (G− µ−1

k ∥λ
k∥)∥λk+1∥, (68)

where the first inequality is due to (24) and zk+1, ẑk+1 ∈ Y, the second inequality follows from Lf̃ -

Lipschitz continuity of f̃ , and the last inequality is due to ∥λk+1∥1 ≥ ∥λk+1∥. In addition, it follows
from (57) and (60) that

G− µ−1
k ∥λ

k∥
(57)

≥ G−
√
2ρkµ

−1
k ϑ

(60)

≥ G/2,

which together with (68) yields
∥λk+1∥ ≤ 2G−1(ϵk + ρkLf̃ )Dy.

The statement (61) then follows from this, ϵk ≤ ϵ0, and

∥[g̃(xk+1, zk+1)]+∥ ≤ µ−1
k ∥[λ

k + µkg̃(x
k+1, zk+1)]+∥ = µ−1

k ∥λ
k+1∥.

We next show that (62) holds. Indeed, let λ̃k+1 = [λk + µkg̃(x
k+1, yk+1)]+. It then follows from (63)

that

dist
(
0,∇yf(x

k+1, yk+1) + ρk∂y f̃(x
k+1, yk+1) +∇y g̃(x

k+1, yk+1)λ̃k+1
)
≤ ϵk.

Hence, there exists some v ∈ ρ−1
k ∇yf(x

k+1, yk+1) + ∂y f̃(x
k+1, yk+1) such that

∥ρkv +∇y g̃(x
k+1, yk+1)λ̃k+1∥ ≤ ϵk.

The rest of the proof of (62) is similar to the one of (61) with u, zk+1 and λk+1 being replaced with v,
yk+1 and λ̃k+1 respectively and thus omitted.
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The next lemma provides an upper bound on the quantities associated with an approximate KKT
solution (xk+1, yk+1).

Lemma 4. Suppose that Assumptions 1 and 2 hold. Let Dy, K and ϑ be defined in (24), (27) and (29),
Lf , Lf̃ and G be given in Assumptions 1 and 2, and ϵ0, τ , ρk and µk be given in Algorithm 1. Suppose

that (xk+1, yk+1, zk+1, λk+1) is generated by Algorithm 1 for some 0 ≤ k ∈ K− 1 with

ρ−1
k µk ≥ 8τ−2G−2ϑ. (69)

Let
λk+1
y = [λk + µkg̃(x

k+1, yk+1)]+, λk+1
z = ρ−1

k [λk + µkg̃(x
k+1, zk+1)]+. (70)

Then we have

dist
(
0, ∂f(xk+1, yk+1) + ρk∂f̃(x

k+1, yk+1)− ρk
(
∇xf̃(x

k+1, zk+1) +∇xg̃(x
k+1, zk+1)λk+1

z ; 0
)

+∇g̃(xk+1, yk+1)λk+1
y

)
≤ ϵk, (71)

dist
(
0, ρk

(
∂z f̃(x

k+1, zk+1) +∇z g̃(x
k+1, zk+1)λk+1

z

))
≤ ϵk, (72)

∥[g̃(xk+1, zk+1)]+∥ ≤ 2µ−1
k G−1(ϵ0 + ρkLf̃ )Dy, (73)

|⟨λk+1
z , g̃(xk+1, zk+1)⟩| ≤ 2ρ−1

k µ−1
k G−1(ϵ0 + ρkLf̃ )Dy max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}, (74)

∥[g̃(xk+1, yk+1)]+∥ ≤ 2µ−1
k G−1(ϵ0 + Lf + ρkLf̃ )Dy, (75)

|⟨λk+1
y , g̃(xk+1, yk+1)⟩| ≤ 2µ−1

k G−1(ϵ0 + Lf + ρkLf̃ )Dy max{∥λ0∥, 2G−1(ϵ0 + Lf + ρkLf̃ )Dy}. (76)

Proof. Suppose that (xk+1, yk+1, zk+1, λk+1) is generated by Algorithm 1 for some 0 ≤ k ∈ K − 1
satisfying (69). Notice that (xk+1, yk+1, zk+1) is an ϵk-primal-dual stationary point of (12). It then
follows from Definition 1 that

dist
(
0, ∂(x,y)L(xk+1, yk+1, zk+1, λk; ρk, µk)

)
≤ ϵk, (77)

dist
(
0, ∂zL(xk+1, yk+1, zk+1, λk; ρk, µk)

)
≤ ϵk. (78)

In view of these, (8) and (70), one has

∂(x,y)L(xk+1, yk+1, zk+1, λk; ρk, µk)

= ∂f(xk+1, yk+1) + ρk∂f̃(x
k+1, yk+1) +∇g̃(xk+1, yk+1)[λk + µkg̃(x

k+1, yk+1)]+

−
(
ρk∇xf̃(x

k+1, zk+1) +∇xg̃(x
k+1, zk+1)[λk + µkg̃(x

k+1, zk+1)]+; 0
)

= ∂f(xk+1, yk+1) + ρk∂f̃(x
k+1, yk+1)− ρk

(
∇xf̃(x

k+1, zk+1) +∇xg̃(x
k+1, zk+1)λk+1

z ; 0
)

+∇g̃(xk+1, yk+1)λk+1
y ,

∂zL(xk+1, yk+1, zk+1, λk; ρk, µk) = −ρk∂z f̃(xk+1, zk+1)−∇z g̃(x
k+1, zk+1)[λk + µkg̃(x

k+1, zk+1)]+

= −ρk
(
∂z f̃(x

k+1, zk+1) +∇z g̃(x
k+1, zk+1)λk+1

z

)
.

These relations together with (77) and (78) imply that (71) and (72) hold.
Notice from Algorithm 1 that 0 < τ < 1, which together with (69) implies that (60) holds for µk and

ρk. It then follows that (61) and (62) hold, which immediately yields (73), (75), and

∥λk+1∥ ≤ 2G−1(ϵ0 + ρkLf̃ )Dy, ∥[λk + µkg̃(x
k+1, yk+1)]+∥ ≤ 2G−1(ϵ0 + Lf + ρkLf̃ )Dy. (79)

Also, notice from (70) and λk+1 = [λk+µkg̃(x
k+1, zk+1)]+ that λk+1

z = ρ−1
k λk+1. By this, (70) and (79),

one has
∥λk+1

z ∥ ≤ 2ρ−1
k G−1(ϵ0 + ρkLf̃ )Dy, ∥λk+1

y ∥ ≤ 2G−1(ϵ0 + Lf + ρkLf̃ )Dy. (80)

Observe from (70) that ⟨λk+1
y , λk + µkg̃(x

k+1, yk+1)⟩ = ∥[λk + µkg̃(x
k+1, yk+1)]+∥2 ≥ 0, which implies

that
−⟨λk+1

y , µ−1
k λk⟩ ≤ ⟨λk+1

y , g̃(xk+1, yk+1)⟩. (81)

In addition, we claim that
∥λk∥ ≤ max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}. (82)
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Indeed, (82) clearly holds if k = 0. We now assume that k > 0. Notice from Algorithm 1 that µk−1 = τ3µk

and ρk−1 = τρk, which along with (69) imply that ρ−1
k−1µk−1 ≥ 8G−2ϑ. By this and Lemma 2 with k

replaced by k − 1, one can conclude that ∥λk∥ ≤ 2G−1(ϵ0 + ρk−1Lf̃ )Dy. This together with ρk−1 < ρk
implies that (82) holds as desired.

We next show that (74) and (76) hold. By λk+1
y , λk+1

z ≥ 0, (73), (75), (80), (81) and (82), one has

⟨λk+1
z , g̃(xk+1, zk+1)⟩ ≤ ⟨λk+1

z , [g̃(xk+1, zk+1)]+⟩ ≤ ∥λk+1
z ∥∥[g̃(xk+1, zk+1)]+∥

(73)(80)

≤ 4ρ−1
k µ−1

k G−2(ϵ0 + ρkLf̃ )
2D2

y,

⟨λk+1
z , g̃(xk+1, zk+1)⟩ = ρ−1

k ⟨λ
k+1, g̃(xk+1, zk+1)⟩

(66)

≥ −ρ−1
k ⟨λ

k+1, µ−1
k λk⟩ ≥ −ρ−1

k µ−1
k ∥λ

k+1∥∥λk∥
(79)(82)

≥ −2ρ−1
k µ−1

k G−1(ϵ0 + ρkLf̃ )Dy max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy},

⟨λk+1
y , g̃(xk+1, yk+1)⟩ ≤ ⟨λk+1

y , [g̃(xk+1, yk+1)]+⟩ ≤ ∥λk+1
y ∥∥[g̃(xk+1, yk+1)]+∥

(75)(80)

≤ 4µ−1
k G−2(ϵ0 + Lf + ρkLf̃ )

2D2
y,

⟨λk+1
y , g̃(xk+1, yk+1)⟩

(81)

≥ ⟨λk+1
y ,−µ−1

k λk⟩ ≥ −µ−1
k ∥λ

k+1
y ∥∥λk∥

(80)(82)

≥ −2µ−1
k G−1(ϵ0 + Lf + ρkLf̃ )Dy max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}.

These relations imply that (74) and (76) hold.

The following lemma provides an estimate on operation complexity at step 3 of Algorithm 1 for
problem (1) with σ = 0, i.e., f̃1(x, ·) being convex but not strongly convex for any given x ∈ dom f2.

Lemma 5. Suppose that Assumption 1 holds with σ = 0, i.e., f̃1(x, ·) being convex but not strongly
convex for any given x ∈ dom f2. Let f∗, Lk, f̃

∗
hi, Dx, Dy, fhi, flow f̃low, g̃hi, K and ϑ be defined in

(1), (13), (23), (24), (25), (26), (27) and (29), Lf̃ be given in Assumption 1, ϵk, ρk and µk be given in
Algorithm 1, and

αk = min
{
1,
√
4ϵk/(DyLk)

}
, (83)

δk = (2 + α−1
k )Lk(D

2
x +D2

y) + max {ϵk/Dy, αkLk/4}D2
y, (84)

Mk =
16max {1/(2Lk),min {Dy/ϵk, 4/(αkLk)}}µk

[(3Lk + ϵk/(2Dy))2/min{Lk, ϵk/(2Dy)}+ 3Lk + ϵk/(2Dy)]
−2

ϵ2k
×
(
δk + 2α−1

k

×
(
f∗ − flow + ρk(f̃

∗
hi − f̃low) + ρkLf̃Dy + 3ρkϑ+ µkg̃

2
hi + ϵkDy/4 + Lk(D

2
x +D2

y)
))

, (85)

Tk =
⌈
16 (fhi − flow + ρkϵk + ϵkDy/4)Lkϵ

−2
k + 8(1 + 4D2

yL
2
kϵ

−2
k )µ−1

k − 1
⌉
+
, (86)

Nk =
(⌈

96
√
2
(
1 + (24Lk + 4ϵk/Dy)L

−1
k

)⌉
+ 2
)
max

{
2,
√

DyLkϵ
−1
k

}
× ((Tk + 1)(logMk)+ + Tk + 1 + 2Tk log(Tk + 1)) . (87)

Then for all 0 ≤ k ∈ K − 1, an ϵk-primal-dual stationary point (xk+1, yk+1, zk+1) of problem (12) is
successfully found at step 3 of Algorithm 1 that satisfies

max
z
L(xk+1, yk+1, z, λk; ρk, µk) ≤ fhi + ρkϵk +

ϵkDy

4
+

1

2µk

(
L−1
k ϵ2k + 4D2

yLk

)
. (88)

Moreover, the total number of evaluations of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2 performed
at step 3 in iteration k of Algorithm 1 is no more than Nk, respectively.

Proof. Observe from (8) and Assumption 1 that problem (12) can be viewed as

min
x,y

max
z
{h(x, y, z) + p(x, y)− q(z)}

with

h(x, y, z) = f1(x, y) + ρkf̃1(x, y) +
1

2µk
∥[λk + µkg̃(x, y)]+∥2 − ρkf̃1(x, z)−

1

2µk
∥[λk + µkg̃(x, z)]+∥2,

p(x, y) = f2(x) + ρkf̃2(y), q(z) = ρkf̃2(z).
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By (28) and Assumption 1, it can be verified that ∥[λk+µkg̃(x, y)]+∥2/(2µk) and ∥[λk+µkg̃(x, z)]+∥2/(2µk)
are both (µkL

2
g̃ + µkg̃hiL∇g̃ + ∥λk∥L∇g̃)-smooth on X × Y. Using this and the fact that f1 and f̃1 are

respectively L∇f1- and L∇f̃1
-smooth on X ×Y, we can see that h(x, y, z) is Lk-smooth on X ×Y ×Y for

all 0 ≤ k ∈ K− 1, where Lk is given in (13). In addition, it follows from Assumption 1 and σ = 0 that
h(x, y, ·) is concave but not strongly concave. Consequently, it follows from Theorem 5 (see Appendix
B) that an ϵk-primal-dual stationary point (xk+1, yk+1, zk+1) of problem (12) is successfully found by
Algorithm 5 at step 3 of Algorithm 1.

In addition, by (8), (9) and (25), one has

min
x,y

max
z
L(x, y, z, λk; ρk, µk)

(8)(9)
= min

x,y

{
f(x, y) + ρkL̃(x, y, λk; ρk, µk)−min

z
ρkL̃(x, z, λk; ρk, µk)

}
≥ min

(x,y)∈X×Y
f(x, y)

(25)
= flow. (89)

Let (x∗, y∗) be an optimal solution of (1). It then follows that f(x∗, y∗) = f∗, f̃(x∗, y∗) = f̃∗(x∗) and
g̃(x∗, y∗) ≤ 0, where f∗ and f̃∗ are defined in (1) and (14), respectively. Using these, (8), (9), (23), (26)
and (57), we obtain that

min
x,y

max
z
L(x, y, z, λk; ρk, µk) ≤ max

z
L(x∗, y∗, z, λk; ρk, µk)

(8)(9)
= f(x∗, y∗) + ρkf̃(x

∗, y∗) +
1

2µk
∥[λk + µkg̃(x

∗, y∗)]+∥2 −min
z

ρkL̃(x
∗, z, λk; ρk, µk)

≤ f∗ + ρkf̃
∗(x∗) +

1

2µk
∥λk∥2 −min

z

{
ρkf̃(x

∗, z) +
1

2µk
∥[λk + µkg̃(x

∗, z)]+∥2
}

(23)(26)

≤ f∗ + ρk(f̃
∗
hi − f̃low) +

1

2µk
∥λk∥2

(57)

≤ f∗ + ρk(f̃
∗
hi − f̃low) + ρkϑ, (90)

where the second inequality is due to f̃(x∗, y∗) = f̃∗(x∗), g̃(x∗, y∗) ≤ 0, and (9). Also, by (8), (24), (25),
(26) and (57), one has

min
(x,y,z)∈X×Y×Y

L(x, y, z, λk; ρk, µk)

(8)

≥ min
(x,y,z)∈X×Y×Y

{
f(x, y) + ρk(f̃(x, y)− f̃(x, z))− 1

2µk
∥[λk + µkg̃(x, z)]+∥2

}
≥ min

(x,y,z)∈X×Y×Y

{
f(x, y)− ρkLf̃∥y − z∥ − 1

2µk

(
∥λk∥+ µk∥[g̃(x, z)]+∥

)2}
≥ min

(x,y,z)∈X×Y×Y

{
f(x, y)− ρkLf̃∥y − z∥ − 1

µk
∥λk∥2 − µk∥[g̃(x, z)]+∥2

}
≥ flow − ρkLf̃Dy − 2ρkϑ− µkg̃

2
hi, (91)

where the second inequality is due to λk ∈ Rl
+ and Lf̃ -Lipschitz continuity of f̃ (see Assumption 1(i)),

and the last inequality is due to (24), (25), (26) and (57). Notice from step 2 of Algorithm 1 that ykinit
is an approximate solution of minz L̃(x

k, z, λk; ρk, µk) satisfying (10). It then follows from (8), (9), (10)
and (25) that

max
z
L(xk, ykinit, z, λ

k; ρk, µk)
(8)(9)
= f(xk, ykinit) + ρk

(
L̃(xk, ykinit, λ

k; ρk, µk)−min
z
L̃(xk, z, λk; ρk, µk)

)
(10)

≤ f(xk, ykinit) + ρkϵk
(25)

≤ fhi + ρkϵk. (92)

To complete the rest of the proof, let

H(x, y, z) = L(x, y, z, λk; ρk, µk), H∗ = min
x,y

max
z
L(x, y, z, λk; ρk, µk), (93)

Hlow = min
{
L(x, y, z, λk; ρk, µk)|(x, y, z) ∈ X × Y × Y

}
. (94)
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In view of these, (89), (90), (91) and (92), we obtain that

max
z

H(xk, ykinit, z)
(92)

≤ fhi + ρkϵk,

flow
(89)

≤ H∗
(90)

≤ f∗ + ρk(f̃
∗
hi − f̃low) + ρkϑ,

Hlow

(91)

≥ flow − ρkLf̃Dy − 2ρkϑ− µkg̃
2
hi.

Using these and Theorem 5 (see Appendix B) with x̂0 = (xk, ykinit), ϵ = ϵk, ϵ̂0 = ϵk/(2
√
µk), L∇h = Lk,

L̂ = 3Lk + ϵk/(2Dy), σy = 0, σ̂y = ϵk/(2Dy), α̂ = αk, δ̂ = δk, Dp =
√

D2
x +D2

y, Dq = Dy, and H, H∗,

Hlow given in (93) and (94), we can conclude that the ϵk-primal-dual stationary point (xk+1, yk+1, zk+1)
of problem (12) found at step 3 of Algorithm 1 satisfies (88). Moreover, the total number of evaluations
of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2 performed by Algorithm 5 at step 3 of Algorithm 1
is no more than Nk, respectively.

The next lemma presents an upper bound on the optimality violation of yk+1 for the lower-level
problem of (1) when σ = 0 and x = xk+1.

Lemma 6. Suppose that Assumptions 1 and 2 hold with σ = 0, i.e., f̃1(x, ·) being convex but not strongly
convex for any given x ∈ dom f2. Let f̃∗, Lk, Dy, fhi, flow and K be defined in (14), (13), (24), (25)
and (27), Lf , Lf̃ and G be given in Assumptions 1 and 2, and ϵk, ρk, µk and λ0 be given in Algorithm

1. Suppose that (xk+1, yk+1, λk+1) is generated by Algorithm 1 for some 0 ≤ k ∈ K− 1 satisfying (69).
Then we have

|f̃(xk+1, yk+1)− f̃∗(xk+1)| ≤ max

{
2µ−1

k G−2Lf̃ (ϵ0 + Lf + ρkLf̃ )D
2
y,

ρ−1
k µ−1

k max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}/2

+ ρ−1
k

(
fhi − flow + ρkϵk +

ϵkDy

4
+

1

2µk

(
L−1
k ϵ2k + 4D2

yLk

))}
.

Proof. Notice from (69) and the proof of Lemma 4 that (82) holds. Using this, (8), (9), (25) and (56),
we have

max
z
L(xk+1, yk+1, z, λk; ρk, µk)

(8)(9)
= f(xk+1, yk+1) + ρkf̃(x

k+1, yk+1) +
1

2µk
∥[λk + µkg̃(x

k+1, yk+1)]+∥2 −min
z

ρkL̃(xk+1, z, λk; ρk, µk)

≥ f(xk+1, yk+1) + ρkf̃(x
k+1, yk+1)−min

z
ρkL̃(xk+1, z, λk; ρk, µk)

(25)(56)

≥ flow + ρk
(
f̃(xk+1, yk+1)− f̃∗(xk+1)

)
− 1

2µk
∥λk∥2

(82)

≥ flow + ρk
(
f̃(xk+1, yk+1)− f̃∗(xk+1)

)
− µ−1

k max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}/2.

This together with (88) implies that

f̃(xk+1, yk+1)− f̃∗(xk+1) ≤ ρ−1
k

(
fhi − flow + ρkϵk +

ϵkDy

4
+

1

2µk
(L−1

k ϵ2k + 4D2
yLk)

)
+ ρ−1

k µ−1
k max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}/2. (95)

On the other hand, let λ∗ ∈ Rl
+ be an optimal Lagrangian multiplier of problem (14) with x = xk+1. It

then follows from Lemma 1(i) that ∥λ∗∥ ≤ G−1Lf̃Dy. Using these, (14) and (75), we have

f̃∗(xk+1) =min
y

{
f̃(xk+1, y) + ⟨λ∗, g̃(xk+1, y)⟩

}
≤ f̃(xk+1, yk+1) + ⟨λ∗, g̃(xk+1, yk+1)⟩

≤ f̃(xk+1, yk+1) + ∥λ∗∥∥[g̃(xk+1, yk+1)]+∥ ≤ f̃(xk+1, yk+1) + 2µ−1
k G−2Lf̃ (ϵ0 + Lf + ρkLf̃ )D

2
y.

The conclusion of this lemma then follows from this and (95).
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The following lemma provides an operation complexity of step 2 of Algorithm 1 for problem (1) with
σ = 0, i.e., f̃1(x, ·) being convex but not strongly convex for any given x ∈ dom f2.

Lemma 7. Suppose that Assumption 1 holds with σ = 0, i.e., f̃1(x, ·) being convex but not strongly

convex for any given x ∈ dom f2. Let L̃k, Dy and K be defined in (11), (24) and (27), ϵk be given in
Algorithm 1, and

N ′
k =

⌈
Dy

√
2ϵ−1

k L̃k

⌉
. (96)

Then for all 0 ≤ k ∈ K− 1, ykinit satisfying (10) is found at step 2 of Algorithm 1 by Algorithm 2 in no
more than N ′

k evaluations of ∇f̃1, ∇g̃ and the proximal operator of f̃2, respectively.

Proof. Notice from (9) and Algorithm 1 that ykinit satisfying (10) is found by Algorithm 2 applied to the
problem

min
y

{
L̃(xk, y, λk; ρk, µk) = ϕ(y) + P (y)

}
,

where ϕ(y) = f̃1(x
k, y) + ∥[λk +µkg̃(x

k, y)]+∥2/(2ρkµk) and P (y) = f̃2(y). By Assumption 1, σ = 0 and

(28), one can see that ϕ is convex but not strongly convex and L̃k-smooth on domP , where L̃k is given

in (11). It then follows from this and Theorem 3 (see Appendix A) with ϵ̃ = ϵk, DP = Dy and L∇ϕ = L̃k

that Algorithm 2 finds ykinit satisfying (10) in no more than N ′
k iterations. Notice that each iteration

of Algorithm 2 requires one evaluation of ∇ϕ and the proximal operator of P , respectively. Hence, the
conclusion of this lemma holds.

We are now ready to prove Theorem 1.

Proof of Theorem 1. (i) Observe from the definition of K in (27) and ϵk = ϵ0τ
k that K is the smallest

nonnegative integer such that ϵK ≤ ε. Hence, Algorithm 1 terminates and outputs (xK+1, yK+1) after
K + 1 outer iterations. Also, one can see from Algorithm 1 that

ρK = ϵ−1
K , µK = ϵ−3

K , ηK = ϵK . (97)

Moreover, notice from the assumption of Theorem 1 that ε−2− 8τ−2G−2ϑ ≥ 0. It then follows from this
and (97) that

ρ−1
K µK = ϵ−2

K ≥ ε−2 ≥ 8τ−2G−2ϑ,

which implies that (69) holds for k = K. In addition, by (13), (30), (57) and µk ≥ ρk ≥ 1, one has that
for all 0 ≤ k ∈ K− 1,

2µkL
2
g̃ ≤ Lk

(13)
= L∇f1 + 2ρkL∇f̃1

+ 2µkL
2
g̃ + 2µkg̃hiL∇g̃ + 2∥λk∥L∇g̃

(57)

≤ L∇f1 + 2ρkL∇f̃1
+ 2µkL

2
g̃ + 2µkg̃hiL∇g̃ + 2

√
2ρkµkϑL∇g̃ ≤ µkL. (98)

It then follows from ϵK ≤ ε, (97) and Lemmas 4 and 6 that (35)-(41) hold, which proves statement (i)
of Theorem 1.

(ii) Let K and N be given in (27) and (42). Recall from Lemmas 5 and 7 that the number of
evaluations of∇f1,∇f̃1,∇g̃, proximal operators of f2 and f̃2 performed by Algorithms 2 and 5 at iteration
k of Algorithm 1 is at mostNk+N ′

k, whereNk andN ′
k are given in (87) and (96), respectively. By this and

statement (i) of this theorem, one can observe that the total number of evaluations of ∇f1, ∇f̃1, ∇g̃ and

proximal operators of f2 and f̃2 performed in Algorithm 1 is no more than
∑K

k=0(Nk+N ′
k), respectively.

As a result, to prove statement (ii) of this theorem, it suffices to show that
∑K

k=0(Nk +N ′
k) ≤ N .
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To this end, using µk ≥ 1 ≥ ϵk, (31), (32), (33), (83), (84), (85), (86) and (98), we obtain that

1 ≥ αk ≥ min

{
1,
√

4ϵk/(µkDyL)

}
≥ ϵ

1/2
k µ

−1/2
k α, (99)

δk ≤ (2 + ϵ
−1/2
k µ

1/2
k α−1)µkL(D

2
x +D2

y) + max{1/Dy, µkL/4}D2
y ≤ ϵ

−1/2
k µ

3/2
k δ, (100)

Mk ≤
16max

{
1/(4µkL

2
g̃), 2/(ϵ

1/2
k µ

−1/2
k αµkL

2
g̃)
}
µk[

(3µkL+ 1/(2Dy))2/min{2µkL2
g̃, ϵk/(2Dy)}+ 3µkL+ 1/(2Dy)

]−2

ϵ2k

×

(
ϵ
−1/2
k µ

3/2
k δ

+ 2ϵ
−1/2
k µ

1/2
k α−1

(
f∗ − flow + ρk(f̃

∗
hi − f̃low) + ρkLf̃Dy + 3ρkϑ+ µkg̃

2
hi +

Dy

4
+ µkL(D

2
x +D2

y)
))

(101)

≤
16ϵ

−1/2
k µ

−1/2
k max

{
1/(4L2

g̃), 2/(αL
2
g̃)
}
µk

ϵ2kµ
−4
k

[
(3L+ 1/(2Dy))2/min{2L2

g̃, 1/(2Dy)}+ 3L+ 1/(2Dy)
]−2

ϵ2k

× (ϵ
−1/2
k µ

3/2
k )

×

(
δ + 2α−1

(
f∗ − flow + f̃∗

hi − f̃low + Lf̃Dy + 3ϑ+ g̃2hi +
Dy

4
+ L(D2

x +D2
y)
))

= ϵ−5
k µ6

kM,

(102)

Tk ≤

⌈
16

(
fhi − flow + ρkϵk +

Dy

4

)
ϵ−2
k µkL+ 8(1 + 4D2

yµ
2
kL

2ϵ−2
k )µ−1

k − 1

⌉
+

≤ ϵ−2
k µkT, (103)

where (99) follows from (31), (83) and (98); (100) is due to (31), (84), (99) and µk ≥ 1 ≥ ϵk; (101) is
due to (85), (98), (99), (100) and ϵk ∈ (0, 1]; (102) follows from µk ≥ ρk ≥ 1 ≥ ϵk and (32); and (103) is
due to (98), (33) and the fact that ϵk ∈ (0, 1] and ρkϵk = 1. By the above inequalities, (87), (98), T > 1
and µk ≥ 1 ≥ ϵk, one has

K∑
k=0

Nk ≤
K∑

k=0

(⌈
96
√
2
(
1 + (24µkL+ 4/Dy) /(2µkL

2
g̃)
)⌉

+ 2
)
max

{
2,
√

DyµkLϵ
−1
k

}
×
(
(ϵ−2

k µkT + 1)(log(ϵ−5
k µ6

kM))+ + ϵ−2
k µkT + 1 + 2ϵ−2

k µkT log(ϵ−2
k µkT + 1)

)
≤

K∑
k=0

(⌈
96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

)⌉
+ 2
)
max

{
2,
√
DyL

}
ϵ
−1/2
k µ

1/2
k

× ϵ−2
k µk

(
(T + 1)(log(ϵ−5

k µ6
kM))+ + T + 1 + 2T log(ϵ−2

k µkT + 1)
)

≤
K∑

k=0

(⌈
96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

)⌉
+ 2
)
max

{
2,
√
DyL

}
× ϵ

−5/2
k µ

3/2
k T

(
2(log(ϵ−5

k µ6
kM))+ + 2 + 2 log(2ϵ−2

k µkT )
)

≤
K∑

k=0

(⌈
96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

)⌉
+ 2
)
max

{
2,
√
DyL

}
T

× ϵ
−5/2
k µ

3/2
k (14 logµk − 14 log ϵk + 2(logM)+ + 2 + 2 log(2T )) , (104)

where the first inequality follows from ϵk ∈ (0, 1], (87), (98), (102) and (103), and the second and third
inequalities are due to the fact that µk ≥ 1 ≥ ϵk and T > 1. By the definition of K in (27), one has
τK ≥ τε/ϵ0. Also, notice from Algorithm 1 that µk = ϵ−3

k = (ϵ0τ
k)−3. It then follows from these and

(104) that

K∑
k=0

Nk ≤
K∑

k=0

(⌈
96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

) ⌉
+ 2
)
max

{
2,
√

DyL
}
T

× ϵ−7
k (56 log(1/ϵk) + 2(logM)+ + 2 + 2 log(2T ))

=
(⌈

96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

) ⌉
+ 2
)
max

{
2,
√
DyL

}
T

×
K∑

k=0

ϵ−7
0 τ−7k (56k log(1/τ) + 56 log(1/ϵ0) + 2(logM)+ + 2 + 2 log(2T ))
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≤
(⌈

96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

) ⌉
+ 2
)
max

{
2,
√
DyL

}
T

×
K∑

k=0

ϵ−7
0 τ−7k (56K log(1/τ) + 56 log(1/ϵ0) + 2(logM)+ + 2 + 2 log(2T ))

≤
(⌈

96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

) ⌉
+ 2
)
max

{
2,
√
DyL

}
Tϵ−7

0

× τ−7K(1− τ7)−1 (56K log(1/τ) + 56 log(1/ϵ0) + 2(logM)+ + 2 + 2 log(2T ))

≤
(⌈

96
√
2
(
1 + (12L+ 2/Dy) /L

2
g̃

) ⌉
+ 2
)
max

{
2,
√
DyL

}
Tϵ−7

0 (1− τ7)−1

× (τε/ϵ0)
−7 (56K log(1/τ) + 56 log(1/ϵ0) + 2(logM)+ + 2 + 2 log(2T )) , (105)

where the second last inequality is due to
∑K

k=0 τ
−7k ≤ τ−7K/(1 − τ7), and the last inequality follows

from τK ≥ τε/ϵ0.
In addition, observe from (11), (30), (57) and ρ−1

k µk ≥ 1, one has that for all 0 ≤ k ∈ K− 1,

L̃k = L∇f̃1
+ρ−1

k (µkL
2
g̃+µkg̃hiL∇g̃+∥λk∥L∇g̃) ≤ L∇f̃1

+ρ−1
k (µkL

2
g̃+µkg̃hiL∇g̃+

√
2ρkµkϑL∇g̃) ≤ ρ−1

k µkL̃.

Using this, (96), ϵk = ϵ0τ
k, ρk = ϵ−1

k , and µk = ϵ−3
k , we have

K∑
k=1

N ′
k ≤

K∑
k=1

Dy

√
2µk(ρkϵk)−1L̃+K =

K∑
k=1

ϵ
−3/2
k Dy

√
2L̃+K =

K∑
k=1

ϵ
−3/2
0 τ−3k/2Dy

√
2L̃+K

≤ ϵ
−3/2
0 τ−3K/2(1− τ3/2)−1Dy

√
2L̃+K ≤ ϵ

−3/2
0 (τε/ϵ0)

−3/2(1− τ3/2)−1Dy

√
2L̃+K,

where the second last inequality is due to
∑K

k=0 τ
−3k/2 ≤ τ−3K/2/(1 − τ3/2), and the last inequality

follows from τK ≥ τε/ϵ0. This together with (42) and (105) implies that
∑K

k=1(Nk +N ′
k) ≤ N . Hence,

statement (ii) of Theorem 1 holds.

In the remainder of this section, we first establish several lemmas and then use them to prove Theorem
2. In particular, the following lemma provides an operation complexity of step 3 of Algorithm 1 for
problem (1) with σ > 0, i.e., f̃1(x, ·) being strongly convex with parameter σ for any given x ∈ dom f2.

Lemma 8. Suppose that Assumption 1 holds with σ > 0, i.e., f̃1(x, ·) being strongly convex with param-
eter σ for any given x ∈ dom f2. Let f∗, Lk, f̃

∗
hi, Dx, Dy, fhi, flow f̃low, g̃hi, K and ϑ be defined in (1),

(13), (23), (24), (25), (26), (27) and (29), Lf̃ and σ be given in Assumption 1, ϵk, ρk and µk be given
in Algorithm 1, and

α̃k = min
{
1,
√

8σρk/Lk

}
, (106)

δ̃k = (2 + α̃−1
k )(D2

x +D2
y)Lk +max {2σρk, α̃kLk/4}D2

y, (107)

M̃k =
16max {1/(2Lk),min {1/(2σρk), 4/(α̃kLk)}}

[9L2
k/min{Lk, σρk}+ 3Lk]

−2
ϵ2k

×
(
δ̃k + 2α̃−1

k

(
f∗ − flow + ρk(f̃

∗
hi − f̃low) + ρkLf̃Dy + 3ρkϑ+ µkg̃

2
hi + Lk(D

2
x +D2

y)
))

, (108)

T̃k =
⌈
16 (fhi − flow + ρkϵk)Lkϵ

−2
k + 8σ−2ρ−2

k L2
k + 7

⌉
+
, (109)

Ñk = 3397max
{
2,
√

Lk/(2σρk)
}(

(T̃k + 1)(log M̃k)+ + T̃k + 1 + 2T̃k log(T̃k + 1)
)
. (110)

Then for all 0 ≤ k ∈ K − 1, an ϵk-primal-dual stationary point (xk+1, yk+1, zk+1) of problem (12) is
successfully found at step 3 of Algorithm 1 that satisfies

max
z
L(xk+1, yk+1, z, λk; ρk, µk) ≤ fhi + ρkϵk +

1

2ϵ2k

(
L−1
k + σ−2ρ−2

k Lk

)
. (111)

Moreover, the total number of evaluations of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2 performed
at step 3 in iteration k of Algorithm 1 is no more than Ñk, respectively.

Proof. Observe from (8) and Assumption 1 that problem (12) can be viewed as

min
x,y

max
z
{h(x, y, z) + p(x, y)− q(z)}
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with

h(x, y, z) = f1(x, y) + ρkf̃1(x, y) +
1

2µk
∥[λk + µkg̃(x, y)]+∥2 − ρkf̃1(x, z)−

1

2µk
∥[λk + µkg̃(x, z)]+∥2,

p(x, y) = f2(x) + ρkf̃2(y), q(z) = ρkf̃2(z).

By (28) and Assumption 1, it can be verified that ∥[λk+µkg̃(x, y)]+∥2/(2µk) and ∥[λk+µkg̃(x, z)]+∥2/(2µk)
are both (µkL

2
g̃ + µkg̃hiL∇g̃ + ∥λk∥L∇g̃)-smooth on X × Y. Using this, Assumption 1 with σ > 0, and

the fact that f1 and f̃1 are respectively L∇f1- and L∇f̃1
-smooth on X × Y, we can see that h(x, y, ·)

is σρk-strongly-concave on Y, and h(x, y, z) is Lk-smooth on X × Y × Y for all 0 ≤ k ∈ K − 1, where
Lk is given in (13). Consequently, it follows from Theorem 5 (see Appendix B) that an ϵk-primal-dual
stationary point (xk+1, yk+1, zk+1) of problem (12) is successfully found by Algorithm 5 at step 3 of
Algorithm 1.

In addition, by (8), (9) and (25), one has

min
x,y

max
z
L(x, y, z, λk; ρk, µk)

(8)(9)
= min

x,y

{
f(x, y) + ρkL̃(x, y, λ

k; ρk, µk)−min
z

ρkL̃(x, z, λ
k; ρk, µk)

}
≥ min

(x,y)∈X×Y
f(x, y)

(25)
= flow. (112)

Let (x∗, y∗) be an optimal solution of (1). It then follows that f(x∗, y∗) = f∗, f̃(x∗, y∗) = f̃∗(x∗) and
g̃(x∗, y∗) ≤ 0, where f∗ and f̃∗ are defined in (1) and (14), respectively. Using these, (8), (9), (23), (26)
and (57), we obtain that

min
x,y

max
z
L(x, y, z, λk; ρk, µk) ≤ max

z
L(x∗, y∗, z, λk; ρk, µk)

(8)(9)
= f(x∗, y∗) + ρkf̃(x

∗, y∗) +
1

2µk
∥[λk + µkg̃(x

∗, y∗)]+∥2 −min
z

ρkL̃(x
∗, z, λk; ρk, µk)

≤ f∗ + ρkf̃
∗(x∗) +

1

2µk
∥λk∥2 −min

z

{
ρkf̃(x

∗, z) +
1

2µk
∥[λk + µkg̃(x

∗, z)]+∥2
}

(23)(26)

≤ f∗ + ρk(f̃
∗
hi − f̃low) +

1

2µk
∥λk∥2

(57)

≤ f∗ + ρk(f̃
∗
hi − f̃low) + ρkϑ, (113)

where the second inequality is due to f̃(x∗, y∗) = f̃∗(x∗), g̃(x∗, y∗) ≤ 0 and (9). Also, by (8), (24), (25),
(26) and (57), one has

min
(x,y,z)∈X×Y×Y

L(x, y, z, λk; ρk, µk)

(8)

≥ min
(x,y,z)∈X×Y×Y

{
f(x, y) + ρk(f̃(x, y)− f̃(x, z))− 1

2µk
∥[λk + µkg̃(x, z)]+∥2

}
≥ min

(x,y,z)∈X×Y×Y

{
f(x, y)− ρkLf̃∥y − z∥ − 1

2µk

(
∥λk∥+ µk∥[g̃(x, z)]+∥

)2}
≥ min

(x,y,z)∈X×Y×Y

{
f(x, y)− ρkLf̃∥y − z∥ − 1

µk
∥λk∥2 − µk∥[g̃(x, z)]+∥2

}
≥ flow − ρkLf̃Dy − 2ρkϑ− µkg̃

2
hi, (114)

where the second inequality is due to λk ∈ Rl
+ and Lf̃ -Lipschitz continuity of f̃ (see Assumption 1(i)),

and the last inequality is due to (24), (25), (26) and (57). Notice from step 2 of Algorithm 1 that ykinit
is an approximate solution of minz L̃(x

k, z, λk; ρk, µk) satisfying (10). It then follows from (8), (9), (10)
and (25) that

max
z
L(xk, ykinit, z, λ

k; ρk, µk)
(8)(9)
= f(xk, ykinit) + ρk

(
L̃(xk, ykinit, λ

k; ρk, µk)−min
z
L̃(xk, z, λk; ρk, µk)

)
(10)

≤ f(xk, ykinit) + ρkϵk
(25)

≤ fhi + ρkϵk. (115)

To complete the rest of the proof, let

H(x, y, z) = L(x, y, z, λk; ρk, µk), H∗ = min
x,y

max
z
L(x, y, z, λk; ρk, µk), (116)

Hlow = min
{
L(x, y, z, λk; ρk, µk)|(x, y, z) ∈ X × Y × Y

}
. (117)
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In view of these, (112), (113), (114) and (115), we obtain that

max
z

H(xk, ykinit, z)
(115)

≤ fhi + ρkϵk,

flow
(112)

≤ H∗
(90)

≤ f∗ + ρk(f̃
∗
hi − f̃low) + ρkϑ,

Hlow

(114)

≥ flow − ρkLf̃Dy − 2ρkϑ− µkg̃
2
hi.

Using these and Theorem 5 (see Appendix B) with x̂0 = (xk, ykinit), ϵ = ϵk, ϵ̂0 = ϵk/2, σ̂y = σy = σρk,

L∇h = Lk, L̂ = 3Lk, α̂ = αk, δ̂ = δk, Dp =
√
D2

x +D2
y, Dq = Dy, and H, H∗, Hlow given in (116)

and (117), we can conclude that the ϵk-primal-dual stationary point (xk+1, yk+1, zk+1) of problem (12)
found at step 3 of Algorithm 1 satisfies (88). Moreover, the total number of evaluations of ∇f1, ∇f̃1,
∇g̃ and proximal operators of f2 and f̃2 performed by Algorithm 5 at step 3 of Algorithm 1 is no more
than Ñk, respectively.

The next lemma presents an upper bound on the optimality violation of yk+1 for the lower-level
problem of (1) when σ > 0 and x = xk+1.

Lemma 9. Suppose that Assumptions 1 and 2 hold with σ > 0, i.e., f̃1(x, ·) is strongly convex with
parameter σ for any given x ∈ dom f2. Let f̃∗, Lk, Dy, fhi, flow and K be defined in (14), (13), (24),
(25) and (27), Lf , Lf̃ , σ and G be given in Assumptions 1 and 2, and ϵk, ρk, µk and λ0 be given

in Algorithm 1. Suppose that (xk+1, yk+1, λk+1) is generated by Algorithm 1 for some 0 ≤ k ∈ K − 1
satisfying (69). Then we have

|f̃(xk+1, yk+1)− f̃∗(xk+1)| ≤ max

{
2µ−1

k G−2Lf̃ (ϵ0 + Lf + ρkLf̃ )D
2
y,

ρ−1
k µ−1

k max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}/2

+ ρ−1
k

(
fhi − flow + ρkϵk +

1

2ϵ2k

(
L−1
k + σ−2ρ−2

k Lk

))}
.

Proof. Using (8), (9), (25), (56), and (82), we have

max
z
L(xk+1, yk+1, z, λk; ρk, µk)

(8)(9)
= f(xk+1, yk+1) + ρkf̃(x

k+1, yk+1) +
1

2µk
∥[λk + µkg̃(x

k+1, yk+1)]+∥2 −min
z

ρkL̃(xk+1, z, λk; ρk, µk)

≥ f(xk+1, yk+1) + ρkf̃(x
k+1, yk+1)−min

z
ρkL̃(xk+1, z, λk; ρk, µk)

(25)(56)

≥ flow + ρk
(
f̃(xk+1, yk+1)− f̃∗(xk+1)

)
− 1

2µk
∥λk∥2

(82)

≥ flow + ρk
(
f̃(xk+1, yk+1)− f̃∗(xk+1)

)
− µ−1

k max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}/2.

This together with (111) implies that

f̃(xk+1, yk+1)− f̃∗(xk+1) ≤ ρ−1
k

(
fhi − flow + ρkϵk +

1

2ϵ2k

(
L−1
k + σ−2ρ−2

k Lk

))
+ ρ−1

k µ−1
k max{∥λ0∥, 2G−1(ϵ0 + ρkLf̃ )Dy}/2. (118)

On the other hand, let λ∗ ∈ Rl
+ be an optimal Lagrangian multiplier of problem (14) with x = xk+1. It

then follows from Lemma 1(i) that ∥λ∗∥ ≤ G−1Lf̃Dy. Using these, (14) and (75), we have

f̃∗(xk+1) =min
y

{
f̃(xk+1, y) + ⟨λ∗, g̃(xk+1, y)⟩

}
≤ f̃(xk+1, yk+1) + ⟨λ∗, g̃(xk+1, yk+1)⟩

≤ f̃(xk+1, yk+1) + ∥λ∗∥∥[g̃(xk+1, yk+1)]+∥ ≤ f̃(xk+1, yk+1) + 2µ−1
k G−2Lf̃ (ϵ0 + Lf + ρkLf̃ )D

2
y.

The conclusion of this lemma then follows from this and (118).
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The following lemma provides an estimate on operation complexity at step 2 of Algorithm 1 for
problem (1) with σ > 0, i.e., f̃1(x, ·) being strongly convex with parameter σ for any given x ∈ dom f2.

Lemma 10. Suppose that Assumptions 1 and 2 hold with σ > 0, i.e., f̃1(x, ·) being strongly convex with

parameter σ for any given x ∈ dom f2. Let L̃k, Dy and K be defined in (11), (24) and (27), σ be given
in Assumption 1, ϵk be given in Algorithm 1, and

Ñ ′
k = 2

⌈√
L̃kσ−1

⌉
max

{
1,
⌈
2 log(2ϵ−1

k L̃kD
2
y)
⌉}

+ 1. (119)

Then for all 0 ≤ k ∈ K− 1, ykinit satisfying (10) is found at step 2 of Algorithm 1 by Algorithm 2 in no

more than Ñ ′
k evaluations of ∇f̃1, ∇g̃ and the proximal operator of f̃2, respectively.

Proof. Notice from (9) and Algorithm 1 that ykinit satisfying (10) is found by Algorithm 2 applied to the
problem

min
y

{
L̃(xk, y, λk; ρk, µk) = ϕ(y) + P (y)

}
,

where ϕ(y) = f̃1(x
k, y)+ ∥[λk +µkg̃(x

k, y)]+∥2/(2ρkµk) and P (y) = f̃2(y). By Assumption 1 with σ > 0

and (28), one can see that ϕ is σ-strongly-convex and L̃k-smooth on domP with L̃k given in (11). It
then follows from this, Theorem 3 (see Appendix A) and (129) with ϵ̃ = ϵk, DP = Dy, σϕ = σ and

L∇ϕ = L̃k that Algorithm 3 finds ykinit satisfying (10) in no more than T̃ ′
k iterations, where

T̃ ′
k =

⌈√
L̃kσ−1

⌉
max

{
1,
⌈
2 log(2ϵ−1

k L̃kD
2
y)
⌉}

.

Notice that the first step of Algorithm 2 requires one evaluation of ∇ϕ and the proximal operator of P ,
respectively, and each iteration of Algorithm 2 requires two evaluation of ∇ϕ and the proximal operator
of P , respectively. Hence, the conclusion of this lemma holds.

We are now ready to prove Theorem 2.

Proof of Theorem 2. (i) Recall from the proof of Theorem 1 that (98) holds. It then follows from this,
ϵK ≤ ε, (97) and Lemmas 4 and 9 that (35)-(40) and (51) hold, which proves statement (i) of Theorem
2.

(ii) Let K, α̃, δ̃, M̃ , T̃ and Ñ be given in (27), (48), (49), (50) and (52), respectively. Recall from
Lemmas 8 and 10 that the number of evaluations of ∇f1, ∇f̃1, ∇g̃, proximal operators of f2 and f̃2
performed by Algorithms 3 and 5 at iteration k of Algorithm 1 is at most Ñk + Ñ ′

k, where Ñk and Ñ ′
k

are given in (110) and (119), respectively. By this and statement (i) of this theorem, one can observe
that the total number of evaluations of ∇f1, ∇f̃1, ∇g̃ and proximal operators of f2 and f̃2 performed in
Algorithm 1 is no more than

∑K
k=0(Ñk + Ñ ′

k), respectively. As a result, to prove statement (ii) of this

theorem, it suffices to show that
∑K

k=0(Ñk + Ñ ′
k) ≤ Ñ .

To this end, using µk ≥ ρk ≥ 1 ≥ ϵk, (48), (49), (50), (98) (106), (107), (108) and (109), we obtain
that

1 ≥ α̃k ≥ min
{
1,
√
8σρk/(µkL)

}
≥ ρ

1/2
k µ

−1/2
k α̃, (120)

δ̃k ≤ (2 + ρ
−1/2
k µ

1/2
k α̃−1)(D2

x +D2
y)µkL+max{2σρk, µkL/4}D2

y ≤ ρ
−1/2
k µ

3/2
k δ̃, (121)

M̃k ≤
16max

{
1/(4µkL

2
g̃), 2/(ρ

1/2
k µ

−1/2
k α̃µkL

2
g̃)
}

[
9µ2

kL
2/min{2µkL2

g̃, σρk}+ 3µkL
]−2

ϵ2k

×
(
ρ
−1/2
k µ

3/2
k δ̃

+ 2ρ
−1/2
k µ

1/2
k α̃−1

(
f∗ − flow + ρk(f̃

∗
hi − f̃low) + ρkLf̃Dy + 3ρkϑ+ µkg̃

2
hi + µkL(D

2
x +D2

y)
))
(122)

≤
16ρ

−1/2
k µ

−1/2
k max

{
1/(4L2

g̃), 2/(α̃L
2
g̃)
}

ρ2kµ
−4
k

[
9L2/min{2L2

g̃, σ}+ 3L
]−2

ϵ2k

× ρ
−1/2
k µ

3/2
k

×
(
δ̃ + 2α̃−1

(
f∗ − flow + f̃∗

hi − f̃low + Lf̃Dy + 3ϑ+ g̃2hi + L(D2
x +D2

y)
))

= ϵ−2
k ρ−3

k µ5
kM̃, (123)

T̃k ≤
⌈
16 (fhi − flow + ρkϵk) ϵ

−2
k µkL+ 8σ−2ρ−2

k µ2
kL

2 + 7
⌉
+
≤ ϵ−2

k µkT̃ , (124)
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where (120) follows from (48), (98) and (106); (121) is due to (48), (107), (120) and µk ≥ 1 ≥ ϵk; (122)
is due to (98), (108), (120), (121) and ϵk ∈ (0, 1]; (123) follows from µk ≥ ρk ≥ 1 ≥ ϵk and (49); and
(124) is due to (50), (98) and the fact that ϵk ∈ (0, 1] and ρkϵk = 1. By the above inequalities, (98),

(110), T̃ > 1 and µk ≥ 1 ≥ ϵk, one has

K∑
k=0

Ñk ≤
K∑

k=0

3397max
{
2,
√
µkL/(2σρk)

}
×
(
(ϵ−2

k µkT̃ + 1)(log(ϵ−2
k ρ−3

k µ5
kM̃))+ + ϵ−2

k µkT̃ + 1 + 2ϵ−2
k µkT̃ log(ϵ−2

k µkT̃ + 1)
)

≤
K∑

k=0

3397max
{
2,
√
L/(2σ)

}
ρ
−1/2
k µ

1/2
k × ϵ−2

k µk

(
(T̃ + 1)(log(ϵ−2

k ρ−3
k µ5

kM̃))+ + T̃ + 1 + 2T̃ log(ϵ−2
k µkT̃ + 1)

)
≤

K∑
k=0

3397max
{
2,
√
L/(2σ)

}
ϵ−2
k ρ

−1/2
k µ

3/2
k T̃

(
2(log(ϵ−2

k ρ−3
k µ5

kM̃))+ + 2 + 2 log(2ϵ−2
k µkT̃ )

)
≤

K∑
k=0

3397max
{
2,
√
L/(2σ)

}
T̃ ϵ−2

k ρ
−1/2
k µ

3/2
k

(
12 logµk − 6 log ρk − 8 log ϵk + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
,

(125)

where the first inequality follows from ϵk ∈ (0, 1], (98), (110), (123) and (124), and the second and third

inequalities are due to the fact that µk ≥ 1 ≥ ϵk and T̃ > 1. By the definition of K in (27), one has
τK ≥ τε/ϵ0. Also, notice from Algorithm 1 that ρk = ϵ−1

k = (ϵ0τ
k)−1 and µk = ϵ−3

k = (ϵ0τ
k)−3. It then

follows from these and (125) that

K∑
k=0

Ñk ≤
K∑

k=0

3397max
{
2,
√
L/(2σ)

}
T̃ ϵ−6

k

(
38 log(1/ϵk) + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
= 3397max

{
2,
√
L/(2σ)

}
T̃

K∑
k=0

ϵ−6
0 τ−6k

(
38k log(1/τ) + 38 log(1/ϵ0) + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
≤ 3397max

{
2,
√

L/(2σ)
}
T̃

K∑
k=0

ϵ−6
0 τ−6k

(
38K log(1/τ) + 38 log(1/ϵ0) + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
≤ 3397max

{
2,
√
L/(2σ)

}
T̃ ϵ−6

0 τ−6K(1− τ6)−1
(
38K log(1/τ) + 38 log(1/ϵ0) + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
≤ 3397max

{
2,
√
L/(2σ)

}
T̃ ϵ−6

0 (1− τ6)−1

× (τε/ϵ0)
−6
(
38K log(1/τ) + 38 log(1/ϵ0) + 2(log M̃)+ + 2 + 2 log(2T̃ )

)
, (126)

where the second last inequality is due to
∑K

k=0 τ
−6k ≤ τ−6K/(1 − τ6), and the last inequality follows

from τK ≥ τε/ϵ0.
In addition, observe from (11), (30), (57) and ρ−1

k µk ≥ 1, one has that for all 0 ≤ k ∈ K− 1,

L̃k = L∇f̃1
+ρ−1

k (µkL
2
g̃+µkg̃hiL∇g̃+∥λk∥L∇g̃) ≤ L∇f̃1

+ρ−1
k (µkL

2
g̃+µkg̃hiL∇g̃+

√
2ρkµkϑL∇g̃) ≤ ρ−1

k µkL̃.

Using this, (119), ϵk = ϵ0τ
k, ρk = ϵ−1

k , and µk = ϵ−3
k , we have

K∑
k=1

Ñ ′
k ≤

K∑
k=1

2


√

ρ−1
k µkL̃

σ

max
{
1,
⌈
2 log

(
2ϵ−1

k ρ−1
k µkL̃D

2
y

)⌉}
+ 1


=

K∑
k=1

2

(ϵ0τk)−1

√
L̃

σ

max
{
1,
⌈
2 log(2L̃D2

y) + 6k log(1/τ)− 6 log ϵ0

⌉}
+K

≤
K∑

k=1

2(ϵ0τ
k)−1


√

L̃

σ
+ 1

max
{
1,
⌈
2 log(2L̃D2

y) + 6K log(1/τ)− 6 log ϵ0

⌉}
+K
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≤ 2ϵ−1
0 τ−K(1− τ)


√

L̃

σ
+ 1

max
{
1,
⌈
2 log(2L̃D2

y) + 6K log(1/τ)− 6 log ϵ0

⌉}
+K

≤ 2(τε)−1(1− τ)


√

L̃

σ
+ 1

max
{
1,
⌈
2 log(2L̃D2

y) + 6K log(1/τ)− 6 log ϵ0

⌉}
+K

where the second last inequality is due to
∑K

k=0 τ
−k ≤ τ−K/(1− τ), and the last inequality follows from

τK ≥ τε/ϵ0. This together with (52) and (126) implies that
∑K

k=1(Ñk + Ñ ′
k) ≤ Ñ . Hence, statement

(ii) of Theorem 2 holds.

References

[1] G. B. Allende and G. Still. Solving bilevel programs with the KKT-approach. Mathematical Pro-
gramming, 138(1):309–332, 2013.

[2] J. F. Bard. Practical bilevel optimization: algorithms and applications, volume 30. Springer Science
& Business Media, 2013.

[3] K. P. Bennett, G. Kunapuli, J. Hu, and J.-S. Pang. Bilevel optimization and machine learning. In
IEEE World Congress on Computational Intelligence, pages 25–47. Springer, 2008.

[4] L. Bertinetto, J. F. Henriques, P. Torr, and A. Vedaldi. Meta-learning with differentiable closed-form
solvers. In International Conference on Learning Representations, 2018.

[5] C.-C. Chang and C.-J. Lin. LIBSVM: A library for support vector machines. ACM transactions on
intelligent systems and technology (TIST), 2(3):1–27, 2011.

[6] L. Chen, J. Xu, and J. Zhang. Bilevel optimization without lower-level strong convexity from the
hyper-objective perspective. arXiv preprint arXiv:2301.00712, 2023.

[7] T. Chen, Y. Sun, Q. Xiao, and W. Yin. A single-timescale method for stochastic bilevel optimization.
In International Conference on Artificial Intelligence and Statistics, pages 2466–2488, 2022.

[8] F. H. Clarke. Optimization and nonsmooth analysis. SIAM, 1990.

[9] B. Colson, P. Marcotte, and G. Savard. An overview of bilevel optimization. Annals of Operations
Research, 153(1):235–256, 2007.

[10] C. Crockett, J. A. Fessler, et al. Bilevel methods for image reconstruction. Foundations and Trends®
in Signal Processing, 15(2-3):121–289, 2022.

[11] Y.-H. Dai, J. Wang, and L. Zhang. Optimality conditions and numerical algorithms for a class of
linearly constrained minimax optimization problems. SIAM Journal on Optimization, 34(3):2883–
2916, 2024.

[12] Y.-H. Dai and L. Zhang. Optimality conditions for constrained minimax optimization. arXiv preprint
arXiv:2004.09730, 2020.

[13] S. Dempe. Foundations of bilevel programming. Springer Science & Business Media, 2002.
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A Optimal first-order methods for unconstrained convex opti-
mization problems

In this part we review optimal first-order methods for solving convex optimization problem

Ψ∗ = min
x
{Ψ(x) := ϕ(x) + P (x)}, (127)

where P : Rm → (−∞,∞] are closed convex functions, ϕ : Rm → (−∞,∞] is a σϕ-strongly-convex
function with σϕ ≥ 0, and ∇ϕ is L∇ϕ-Lipschitz continuous on dom P . In addition, we assume that
dom P is compact and let DP := maxx,y∈dom P ∥x− y∥.
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We first present an optimal first-order method in Algorithm 2 for solving problem (127) with σϕ = 0,
i.e., ϕ being convex but not strongly convex. It is a variant of Nesterov’s optimal first-order method [53]
and has been studied in, for example, [65, Section 3].

Algorithm 2 An optimal first-order method for problem (127) with σϕ = 0

Input: ϵ̃ > 0, x̃0 ∈ dom P and x0 = z0 = x̃0.
1: for k = 0, 1, . . . do
2: Set yk = (kxk + 2zk)/(k + 2).
3: Compute zk+1 as

zk+1 = argmin
z

{
ℓ(z; yk) +

L∇ϕ

k + 2
∥z − zk∥2

}
,

where
ℓ(x; y) := ϕ(y) + ⟨∇ϕ(y), x− y⟩+ P (x). (128)

4: Set xk+1 = (kxk + 2zk+1)/(k + 2).
5: Terminate the algorithm and output xk+1 if

Ψ(xk+1)−Ψk+1 ≤ ϵ̃, where Ψk+1 =
4

(k + 1)(k + 3)
min

{
k∑

i=0

i+ 2

2
ℓ(x; yi)

}
.

6: end for

The following result provides an iteration complexity of Algorithm 2 for finding an ϵ̃-optimal solution10

of (127). It is an immediate consequence of [65, Corrolary] and its proof is thus omitted.

Theorem 3. Let {(xk, yk)} be generated by Algorithm 2 and ℓ(·; ·) be defined in (128). Then, Ψ(xk)−
Ψ∗ ≤ Ψ(xk)−Ψk for all k ≥ 1. Moreover, for any given ϵ̃ > 0, Algorithm 2 finds an approximate solution
xk+1 of problem (127) such that Ψ(xk+1) − Ψ∗ ≤ Ψ(xk+1) − Ψk+1 ≤ ϵ̃ in no more than K̄ iterations,
where

K̄ =

⌈
DP

√
2L∇ϕϵ̃−1

⌉
.

We next present an optimal first-order method [47, Algorithm 4] for solving problem (127) with
σϕ > 0, i.e., ϕ being strongly convex with parameter σϕ, which is a slight variant of Nesterov’s optimal
first-order methods [39, 53].

10An ϵ̃-optimal solution of problem (127) is a point x satisfying Ψ(x)−Ψ∗ ≤ ϵ̃.
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Algorithm 3 An optimal first-order method for problem (127) with σϕ > 0

Input: ϵ̃ > 0 and x̃0 ∈ dom P .
1: Compute

x0 = proxP/L∇ϕ

(
x̃0 − L−1

∇ϕ∇ϕ(x̃
0)
)
.

2: Set z0 = x0 and α =
√
σϕ/L∇ϕ.

3: for k = 0, 1, . . . do
4: Set yk = (xk + αzk)/(1 + α).
5: Compute zk+1 as

zk+1 = argmin
z

{
ℓ(z; yk) +

αL∇ϕ

2
∥z − αyk − (1− α)zk∥2

}
,

where ℓ(x; y) is defined in (128).
6: Set xk+1 = (1− α)xk + αzk+1.
7: Compute

x̃k+1 = proxP/L∇ϕ

(
xk+1 − L−1

∇ϕ∇ϕ(x
k+1)

)
.

8: Terminate the algorithm and output x̃k+1 if

∥x̃k+1 − xk∥ ≤ ϵ̃

2L∇ϕDP
.

9: end for

The following result provides an iteration complexity of Algorithm 3 for finding an approximate
optimal solution of problem (127), which was established in [47, Proposition 4].

Theorem 4. Let {x̃k} be the sequence generated by Algorithm 3. Then for any given ϵ̃ > 0, an ap-
proximate solution x̃k+1 of problem (127) satisfying dist(0, ∂Ψ(x̃k+1)) ≤ 2L∇ϕ∥x̃k+1 − xk+1∥ ≤ ϵ̃/DP is

generated by running Algorithm 2 for at most K̃ iterations, where

K̃ =

⌈√
L∇ϕ

σϕ

⌉
max

{
1,

⌈
2 log

2L∇ϕD
2
P

ϵ̃

⌉}
.

Remark 4. By the convexity of Ψ, DP = maxx,y∈dom P ∥x− y∥, and Theorem 4, it is not hard to show
that the output x̃k+1 of Algorithm 3 satisfies

Ψ(x̃k+1)−Ψ∗ ≤ dist(0, ∂Ψ(x̃k+1))DP ≤ ϵ̃. (129)

B A first-order method for nonconvex-concave minimax prob-
lem

In this part, we present a first-order method for finding an ϵ-primal-dual stationary point of the nonconvex-
concave minimax problem

H∗ = min
x

max
y
{H(x, y) := h(x, y) + p(x)− q(y)} , (130)

which has at least one optimal solution and satisfies the following assumptions.

Assumption 3. (i) p : Rn → R ∪ {∞} and q : Rm → R ∪ {∞} are proper convex functions and
continuous on dom p and dom q, respectively, and moreover, dom p and dom q are compact.

(ii) The proximal operators associated with p and q can be exactly evaluated.

(iii) h is L∇h-smooth on dom p × dom q, and moreover, h(x, ·) is σy-strongly-concave with σy ≥ 0 for
any given x ∈ dom p.
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For ease of presentation, we define

Dp = max{∥u− v∥
∣∣u, v ∈ dom p}, Dq = max{∥u− v∥

∣∣u, v ∈ dom q}, (131)

Hlow = min{H(x, y)|(x, y) ∈ dom p× dom q}. (132)

Recently, a first-order method was proposed in [44, Algorithm 2] for finding an ϵ-primal-dual station-
ary point of problem (130) with σy = 0, while another first-order method was proposed in [45, Algorithm
1] for finding an ϵ-primal-dual stationary point of problem (130) with σy > 0. We will present a unified
first-order method in Algorithm 5 below by combining these two methods. Specifically, given an iterate
(xk, yk), this unified first-order method finds the next iterate (xk+1, yk+1) by applying [44, Algorithm 1],
which is a slight modification of a novel optimal first-order method [35, Algorithm 4] by incorporating a
forward-backward splitting scheme and a verifiable termination criterion (see steps 23-25 in Algorithm
4), to the strongly-convex-strongly-concave minimax problem

min
x

max
y
{hk(x, y) + p(x)− q(y)},

where

hk(x, y) =

{
h(x, y)− ϵ∥y − y0∥2/(4Dq) + L∇h∥x− xk∥2, if σy = 0,

h(x, y) + L∇h∥x− xk∥2, if σy > 0.
(133)

This minimax problem arises from applying a proximal point method to the minimization problem
minx{maxy h(x, y)−q(y)−ϵ∥y−y0∥2/(4Dq)+p(x)} if σy = 0 or the minimization problem minx{maxy h(x, y)−
q(y) + p(x)} if σy > 0. One can easily observe that hk is L∇h-strongly-convex-σ̂y-strongly-concave and

L̂-smooth on dom p× dom q, where

σ̂y =

{
ϵ/(2Dq), if σy = 0,

σy, if σy > 0,
L̂ =

{
3L∇h + ϵ/(2Dq), if σy = 0,

3L∇h, if σy > 0.
(134)

Before presenting a unified first-order method for problem (130), we first present the modified optimal
first-order method [44, Algorithm 1] in Algorithm 4 below for solving a general strongly-convex-strongly-
concave minimax problem

min
x

max
y

{
h̄(x, y) + p(x)− q(y)

}
, (135)

where h̄(x, y) is σ̄x-strongly-convex-σ̄y-strongly-concave and L∇h̄-smooth on dom p × dom q for some

σ̄x, σ̄y > 0. The functions ĥ, akx and aky arising in Algorithm 4 are defined as follows:

ĥ(x, y) = h̄(x, y)− σ̄x∥x∥2/2 + σ̄y∥y∥2/2,

akx(x, y) = ∇xĥ(x, y) + σ̄x(x− σ̄−1
x zkg )/2, aky(x, y) = −∇yĥ(x, y) + σ̄yy + σ̄x(y − ykg )/8,

where ykg and zkg are generated at iteration k of Algorithm 4 below.

32



Algorithm 4 A modified optimal first-order method for problem (135)

Input: τ > 0, z̄0 = z0f ∈ −σ̄xdom p,11 ȳ0 = y0f ∈ dom q, (z0, y0) = (z̄0, ȳ0), ᾱ = min
{
1,
√
8σ̄y/σ̄x

}
,

ηz = σ̄x/2, ηy = min {1/(2σ̄y), 4/(ᾱσ̄x)}, βt = 2/(t + 3), ζ =
(
2
√
5(1 + 8L∇h̄/σ̄x)

)−1
, γx = γy =

8σ̄−1
x , and ζ̂ = min{σ̄x, σ̄y}/L2

∇h̄
.

1: for k = 0, 1, 2, . . . do
2: (zkg , y

k
g ) = ᾱ(zk, yk) + (1− ᾱ)(zkf , y

k
f ).

3: (xk,−1, yk,−1) = (−σ̄−1
x zkg , y

k
g ).

4: xk,0 = proxζγxp(x
k,−1 − ζγxa

k
x(x

k,−1, yk,−1)).

5: yk,0 = proxζγyq(y
k,−1 − ζγya

k
y(x

k,−1, yk,−1)).

6: bk,0x = 1
ζγx

(xk,−1 − ζγxa
k
x(x

k,−1, yk,−1)− xk,0).

7: bk,0y = 1
ζγy

(yk,−1 − ζγya
k
y(x

k,−1, yk,−1)− yk,0).
8: t = 0.
9: while

γx∥akx(xk,t, yk,t) + bk,tx ∥2 + γy∥aky(xk,t, yk,t) + bk,ty ∥2 > γ−1
x ∥xk,t − xk,−1∥2 + γ−1

y ∥yk,t − yk,−1∥2
do

10: xk,t+1/2 = xk,t + βt(x
k,0 − xk,t)− ζγx(a

k
x(x

k,t, yk,t) + bk,tx ).
11: yk,t+1/2 = yk,t + βt(y

k,0 − yk,t)− ζγy(a
k
y(x

k,t, yk,t) + bk,ty ).

12: xk,t+1 = proxζγxp(x
k,t + βt(x

k,0 − xk,t)− ζγxa
k
x(x

k,t+1/2, yk,t+1/2)).

13: yk,t+1 = proxζγyq(y
k,t + βt(y

k,0 − yk,t)− ζγya
k
y(x

k,t+1/2, yk,t+1/2)).

14: bk,t+1
x = 1

ζγx
(xk,t + βt(x

k,0 − xk,t)− ζγxa
k
x(x

k,t+1/2, yk,t+1/2)− xk,t+1).

15: bk,t+1
y = 1

ζγy
(yk,t + βt(y

k,0 − yk,t)− ζγya
k
y(x

k,t+1/2, yk,t+1/2)− yk,t+1).
16: t← t+ 1.
17: end while
18: (xk+1

f , yk+1
f ) = (xk,t, yk,t).

19: (zk+1
f , wk+1

f ) = (∇xĥ(x
k+1
f , yk+1

f ) + bk,tx ,−∇yĥ(x
k+1
f , yk+1

f ) + bk,ty ).

20: zk+1 = zk + ηzσ̄
−1
x (zk+1

f − zk)− ηz(x
k+1
f + σ̄−1

x zk+1
f ).

21: yk+1 = yk + ηyσ̄y(y
k+1
f − yk)− ηy(w

k+1
f + σ̄yy

k+1
f ).

22: xk+1 = −σ̄−1
x zk+1.

23: x̂k+1 = proxζ̂p(x
k+1 − ζ̂∇xh̄(x

k+1, yk+1)).

24: ŷk+1 = proxζ̂q(y
k+1 + ζ̂∇yh̄(x

k+1, yk+1)).

25: Terminate the algorithm and output (x̂k+1, ŷk+1) if

∥ζ̂−1(xk+1 − x̂k+1, ŷk+1 − yk+1)− (∇h̄(xk+1, yk+1)−∇h̄(x̂k+1, ŷk+1))∥ ≤ τ.

26: end for

We now present a first-order method for finding an ϵ-primal-dual stationary point of problem (130)
in Algorithm 5 below by unifying [44, Algorithm 2] and [45, Algorithm 1].

Algorithm 5 A first-order method for problem (130)

Input: ϵ > 0, ϵ̂0 ∈ (0, ϵ/2], (x̂0, ŷ0) ∈ dom p× dom q, (x0, y0) = (x̂0, ŷ0), and ϵ̂k = ϵ̂0/(k + 1).
1: for k = 0, 1, 2, . . . do
2: Call Algorithm 4 with h̄ ← hk, τ ← ϵ̂k, σ̄x ← L∇h, σ̄y ← σ̂y, L∇h̄ ← L̂, z̄0 = z0f ← −σ̄xx

k,

ȳ0 = y0f ← yk, and denote its output by (xk+1, yk+1), where hk is given in (133), σ̂y and L̂ are
given in (134).

3: Terminate the algorithm and output (xϵ, yϵ) = (xk+1, yk+1) if

∥xk+1 − xk∥ ≤ ϵ/(4L∇h).

4: end for

The following theorem presents complexity results for Algorithm 5, which is a combination of [44,

11For convenience, −σ̄xdom p stands for the set {−σ̄xu|u ∈ dom p}.
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Theorem 2] for σy = 0 and [45, Theorem 1] for σy > 0.

Theorem 5 (Complexity of Algorithm 5). Suppose that Assumption 3 holds. Let H∗, H, Dp, Dq,

Hlow, σ̂y and L̂ be defined in (130), (131), (132) and (134), L∇h and σy be given in Assumption 3, ϵ, ϵ̂0
and x̂0 be given in Algorithm 5, and

α̂ = min

{
1,
√
8σ̂y/L∇h

}
,

δ̂ = (2 + α̂−1)L∇hD
2
p +max {2σ̂y, α̂L∇h/4}D2

q ,

T̂ =

⌈
16(max

y
H(x̂0, y)−H∗ + (σ̂y − σy)D

2
q/2)L∇hϵ

−2 + 32ϵ̂20(1 + σ̂−2
y L2

∇h)ϵ
−2 − 1

⌉
+

,

N̂ =
(⌈

96
√
2
(
1 + 8L̂L−1

∇h

)⌉
+ 2
)
max

{
2,
√
L∇h/(2σ̂y)

}
×

(
(T̂ + 1)

(
log

4max
{

1
2L∇h

,min
{

1
2σ̂y

, 4
α̂L∇h

}}(
δ̂ + 2α̂−1(H∗ −Hlow + (σ̂y − σy)D

2
q/2 + L∇hD

2
p)
)

[
L̂2/min{L∇h, σ̂y}+ L̂

]−2

ϵ̂20

)
+

+ T̂ + 1 + 2T̂ log(T̂ + 1)

)
.

Then Algorithm 5 terminates and outputs an ϵ-primal-dual stationary point (xϵ, yϵ) of (130) in at most

T̂ + 1 outer iterations that satisfies

max
y

H(xϵ, y) ≤ max
y

H(x̂0, y) + (σ̂y − σy)D
2
q/2 + 2ϵ̂20

(
L−1
∇h + σ̂−2

y L∇h

)
.

Moreover, the total number of evaluations of ∇h and proximal operators of p and q performed in Algo-
rithm 5 is no more than N̂ , respectively.
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