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Abstract—Power systems modeling and planning has long
leveraged mathematical programming for its ability to provide
optimality and feasibility guarantees. One feature that has been
recognized in the optimization literature since the 1970s is the
existence and meaning of multiple exact optimal and near-optimal
solutions, which we call alternative solutions. In power systems
modeling, the use of alternative solutions has been limited to
energy system optimization modeling (ESOM) applications and
modeling to generate alternative (MGA) techniques. We present
three key results about alternative solutions for power systems
modeling. First, we give a perspective, based on sublevel sets and
projection, for characterizing alternative solutions as a facet of
general optimization theory. Second, we include pointers to alter-
native solution generation methods and tools beyond MGA-style
techniques. Third, we demonstrate the use cases for alternative
solutions in power system modeling on the fundamental optimal
power flow problem.

Index Terms—Optimal Power Flow, Alternative Optimal So-
lutions, Modeling to Generate Alternatives, Math Programming

I. INTRODUCTION

Power systems has long been a core application area for
computational modeling and computational decision-making.
Mathematical optimization has been essential to discovering
minimal-cost actions and other best-objective style decisions.
One recurring task in the intersection between mathematical
optimization and power systems is the need to continually
bring in cutting-edge advancements in computational solvers,
theoretical results, and modeling tools to address the ever-
expanding demands on our power-system resources in the
electricity grid. Our work extends this tradition by presenting
alternative optimal solutions as an essential part of optimal
power systems modeling.

Alternative (optimal) solutions (AOS) is our term for the
idea that both decision-making problems and mathematical
optimization models can have multiple solutions that achieve
an optimal or near-optimal objective result. The mathematical
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optimization literature recognized the value of generating such
alternative solutions in the 1970s via separate lines of research
in infrastructure planning and agricultural economics, from
Brill in [1] and Paris in [2], respectively. From the advent
of better optimization solvers and cheaper computational re-
sources, there has been a resurgence of interest in generating
alternative solutions for the last 15 years, notably in the
planning of future electrical grids in [3] and in [4]. AOS
methods for design of future electrical grids have largely
been focused on capacity expansion (CapEx) and energy-
system modeling (ESOM) especially in the context of in-
tegrating renewables-based generation. The existing ESOM
communities that leverage AOS generation methods derive
from Brill’s line of work and inherit his terminology of
modeling to generate alternatives (MGA), see reviews in [5]
and [6]. We prefer the AOS terminology over MGA for
several reasons, including: there are more uses for alternative
solutions than solely generation (e.g. analysis of solution sets),
‘alternative solutions’ is clearer than just ‘alternatives’, and
AOS is consistent with phrasing in the textbooks that treat
these concepts in [7] and [8].

In this work, we present three key concepts regarding
alternative solutions. In Section II, we present a framework
for understanding alternative solutions as a component of
the larger theory of mathematical optimization. In Section
III, we present methodological and software resources for
generation and use of alternative solutions to match a range of
modeling structures and model use cases. In Section IV, we
demonstrate how alternative solutions can impact a range of
optimal power systems problems by focusing on a model core
to many applications: optimal power flow. We conclude with
a summary of results and discussion of further applications in
Section V.

II. ALTERNATIVE SOLUTIONS AS A PARADIGM

A. Problem Statement

When we talk about alternative (optimal) solutions, we first
need to recognize that solutions to decision-making problems
are not automatically unique. There may be two ways to tra-
verse a network that take the same amount of time or multiple
generation expansion plans that meet future electric demand
at equal cost. There also may be additional ways to traverse



Fig. 1. Right-angle triangle used for feasibility region.

that network that takes slightly more time but use a different
traversal path. Likewise, it is easy to envision a plethora of
expansion plans that maintain network reliability at marginally
increased cost. When we move to using mathematical models
of decision-making, we still have this possibility for multiple
solutions, and our decision-making tools should reflect this
reality. Alternative optimal solutions is the term we use to to
capture this concept in mathematical optimization.

There are many reasons to care about the existence of
alternative solutions. One reason is to understand how a
particular solution is picked when alternative solutions may
exist. Another reason is to address secondary concerns or
metrics not included in a model – for example, capturing the
impacts of public opinion – by evaluating alternative solutions
using those metrics. An additional reason is to use alternative
solutions to discover, rank, or relate secondary objectives and
tradeoffs in a decision making model. All of these reasons can
occur in optimal power systems.

B. What & So What

For a concrete example of what alternative optimal solutions
can look like mathematically, here is a simple optimization
problem:

max
x∈R2

x1 (1a)

x2 ≤ −x1 + 101 (1b)
x1 ≤ 100 (1c)
x2 ≤ 100 (1d)

The feasible region X of this problem can be seen in Figure
1.

There is exactly one optimal objective value: 100. The
set of points that achieve this optimal objective value is
S1 = {x|x1 = 100, x2 ∈ [1, 100]}; this set clearly contains an
infinite number of points.

This simple example points to two key ideas: infinite
alternative solutions and modeling limits. For the case where
infinite alternative solutions exist, there are techniques to
create finite representations, which is addressed more in Sec-
tion II-C2. For modeling limits, there are often clear bounds

Fig. 2. Slightly obtuse triangle used for feasibility region.

on what can be included in optimization models both in
terms of additional constraints and secondary concerns. As
an example, consider the secondary concern of maximizing
x2. The best possible result for both of these concerns is then
x1 = 100, x2 = 100, achieving the best score of 100 on both
the first and second objective. The worst possible objective for
this secondary concern is at x1 = 100, x2 = 1. This means that
both the best and worst answers for secondary concerns may
be in the set of points that achieve the optimal first objective
value with a solver arbitrarily picking from S1.

There are a few ways of addressing this secondary ob-
jective concern. First, if the secondary condition is known
when solving the original problem and can be treated by
optimization tools, there are techniques like multi-objective
(or Pareto) optimization. Second, alternative solutions from
the S1 set can be identified using the techniques described in
Section III. The second case covers circumstances in which
the secondary concerns are not known a priori or cannot be
included in an optimization model (e.g. ranking by public
utility commission).

In the previous example, we were dealing with exact
alternative solutions. There are also use cases for which
only considering alternative solutions that exactly achieve the
optimal objective value is quite restrictive. This can be seen
in the following problem:

max
x∈R2

x1 (2a)

x2 ≤ −x1 + 101 (2b)
x2 ≤ −99x1 + 9901 (2c)

x2 ≤ 100 (2d)

This results in a slightly different feasible region as see in
Figure 2.

Figure 2 represents an extremely slight shift from Figure 1:
there is a slight perturbation in the location of the upper right
vertex from (100, 100) to (99, 100) due to the change from
Equation 1c to Equation 2c. Small differences in constraints
can arise from different data-sources used, different estimates
of costs, or many other factors. Even this slight change in data
markedly changes the optimal outcomes of our problem. The
set of points that achieves the best objective result of 100 on



the first objective is now a singleton set S2 = (100, 1); the
impact of perturbations on alternative solutions is one element
of stability theory [9] [10].

When the same secondary concern, maximizing x2, is
applied to this perturbed problem, the changes are even more
pronounced. If only solutions in S2 are used – i.e., those that
exactly achieve the best answer on the primary objective –
there is only one option, which achieves a secondary concern
value of 1. When near-optimal solutions, even just 1% from
optimal, are allowed, then a 100x improvement on the sec-
ondary objective can be achieved with x1 = 99, x = 100. This
demonstrates that a general definition of alternative solutions
should be capable of including near-optimal solutions.

C. Analysis of Alternative Solutions

Given a general optimization problem

z∗ = min
x∈X

f(x),

for which there exists an optimal solution, there are three key
tools to analyze and understand alternative solutions: sublevel
sets, minimal representations, and projections.

1) Sublevel Sets: There are several ways to describe sets
of feasible points and feasible points that achieve a specific
objective value. We standardize on the following sublevel set
framework:

S(f,X, τ) = {x ∈ X | f(x) ≤ τ}.

This defines the set of all points in the feasible space that
achieve a function value less than τ , which we call the level
value. When τ < z∗, the result is the empty set. When τ = z∗,
the resulting set is non-empty and takes the form:

S(f,X, z∗) = {x ∈ X | f(x) ≤ z∗}
= {x ∈ X | f(x) = z∗} ∪ {x ∈ X | f(x) < z∗}
= {x ∈ X | f(x) = z∗}.

As a result, this general structure allows description of both
exact and near-optimal alternative solutions depending on the
value of τ . This sublevel set definition is implicitly used but
not named in many papers for AOS generation methods with
description of points as f(x) ≤ z∗ + ϵ [11], [2], [4], [5].
Recognizing and naming this critical object allows usage of
the general theory that the mathematical optimization literature
has developed around sublevel sets, including Rockafellar’s
advanced treatment [12] and Robinson’s stability treatment
[13]. One important case is when sublevel sets are convex,
a property called quasiconvexity. There are large sets of
functions known to be quasiconvex including trivial examples
like linear and convex functions and surprising examples like
the square-root and floor functions [14].

2) Minimal Representations: The representation of alterna-
tive solutions gives a general way of analyzing such points,
but does not necessarily give an easily constructible or compu-
tationally amenable structure. There are two important cases
of sublevel sets to address: singleton sets, and efficient repre-
sentations.

For the case of singleton sets, this corresponds to two cases
where there will be a unique minimizer. When τ = z∗ and
the sublevel set is a singleton, the optimization model has a
unique solution. When τ > z∗ and S(f,X, τ) is a singleton,
not only is there a unique solution to the optimization model
but there are no other feasible points that achieve an objective
value between z∗ and τ . This case is much more common in
optimization problems involving discrete variables. A natural
question would be: what do these singleton sets have to do
with alternative solutions? An AOS generation method that is
exhaustive and run with level τ returning only a single point
gives a certificate of the sublevel set being a singleton and
the uniqueness of the minimizer. This is a broadly applicable
test for uniqueness for problem classes that do not have a
uniqueness guarantee (e.g., integer programs) compared to
those that do (e.g., strongly convex programs).

For efficient representations, there are classes of optimiza-
tion problems that have finite representations of the feasible re-
gion and therefore the sublevel sets. For linear programs (LPs),
the feasible region, and sublevel sets, are polyhedral. This
means there is a finite representation in terms of the extreme
points and extreme rays (as a result of the Minkowski-Weyl
theorem [15]). For mixed-integer linear programs (MILPs),
there is an equivalent representation with a specific relaxation
called a perfect formulation [16]. In both cases, there is a
compact way to represent the sublevel set for a given τ
value and therefore the associated alternative solutions. For
other classes the theory is sparser. For example, quadratic
programming (QP) has some results specifically for τ = z∗

[7]. There are AOS generation methods that take advantage
of this finite representation [17] and those that do not [11].
For the methods that leverage the finite representation, AOS
generation can be reduced to either enumerating this represen-
tation, if the number of points is small enough, or sampling
this representation, in larger cases. The enumeration case is
demonstrated in Section IV-A.

3) Projection: When there is an interesting subset of vari-
ables, then a natural question is: what happens when projecting
onto this subset? We define a projection operator onto the
subspace of the first k variables:

projk(p) := Mp,M ∈ Rk×dim(p),Mij =

{
1 i = j
0 i ̸= j

(3)

This projection operation is defined for points and can be ap-
plied point-wise to the sublevel set representation of alternative
solutions.

In the case where the majority of the decision-making
meaning of the solution is contained in a subset of the
variables, projecting alternative solutions onto that subset can
be useful both for theoretical analysis and for actual generation
of alternative solutions. Both use cases are demonstrated in
the example in Section IV, focusing on generation variables
in a DC optimal power flow problem (DC-OPF). Generating
alternative solutions in the non-projected space and then
projecting it leads to challenges in computation and potential
redundancies. However, there are methods for specific problem



structures (e.g. stochastic programming) that can perform AOS
generation directly in the projected space [18].

III. GENERATION OF ALTERNATIVE SOLUTIONS

We split our discussion of generation of alternative solutions
into theoretical methods and software approaches.

A. Theoretical Methods

Although the details of the many AOS generation theoretical
methods is beyond the scope of this paper, it is impor-
tant to present a brief overview to identify common trends.
The literature on AOS generation methods is split amongst
several research communities that independently developed
techniques. To the best of the authors’ knowledge, there
is not a comprehensive review of methods either generally
or by problem class. We provide pointers to comprehensive
reviews by domain, highlight common techniques, and point
to techniques not otherwise emphasized in the literature.

There are review of techniques from the ESOM literature
using what they call MGA techniques. In the context of
reviewing performance on ESOM at scale, there is a review
from 2024 in [5]. In the context of proposing a new method,
there is a review from 2025 in [6]. The ESOM use case
generally focuses on LPs, but the random vector and variable
max techniques can be applied generally. Additionally, the
term MGA is derived from early work by Brill for infras-
tructure problems in with a method called Hop-Skip-Jump
[11]. Another source of early work was Paris for agricultural
economics applications, his techniques for LPs, QPs, and
complementarity problems are given a combined treatment as
a textbook chapter in [7].

For MILPs and combinatorial problems, there is a review
of generation methods in the context of ‘solution engineering’
in [19]. Diversification of solutions in the MILP context is
treated in [20] and in [21] with the latter providing the classic
‘one-tree’ algorithm.

For further methods, there are techniques for LPs that
generate the extreme point representation in [17]. There are
methods for binary and integer programs that rely on the
general concept of no-good cuts in [22] and in [23]. There are
methods that generate under projections [18], which can be
useful for stochastic programming and bilevel programming.
There are also solver-specific techniques that are not publicly
known, which are described more in the software discussion
below.

B. Software Approaches

While there are many theoretical approaches to generation
of alternative solutions, there are concrete software generation
tools. We focus here on supported software methods that are
part of either active open-source projects or commercial tools.
There are unsupported software projects that may be published
as part of the journal publications for generation methods
described in the previous section.

For supported software, there are several classes. For
application-specific software, the PyPSA family of ESOM

models have several tools either in PyPSA core or in related
models like PyPSA-eu [24]. For optimization solvers, both
Gurobi [25] and CPLEX [26] have the ability to generate alter-
native solutions under construct called ‘solution pool’. Since
both are commercial solvers, their methods are functionally
black-box. As both are primarily MILP solvers, there is some
nuance and ambiguity in how differences between alternative
solutions over the continuous variables are handled. For op-
timization modeling languages, both GAMS [27] and Pyomo
[28] have the ability to connect to solution pool capabilities
in a specific solver. Pyomo also has implementations of both
LP extreme point discovery and binary program no-good cuts
methods that are agnostic to the underlying solver [29].

IV. APPLICATION: OPTIMAL POWER FLOW

We consider the following DC Optimal Power Flow (DC-
OPF) problem [30] on Graph G = (N,E):

z∗ = min
P,f,θ

∑
i∈N

ciPi (4a)

Pi +
∑

(j,i)∈E

fj,i −
∑
(i,j)

fi,j = Li, ∀i ∈ N (4b)

1

xi,j
(θi − θj) = fi,j , ∀(i, j) ∈ E (4c)

Pi ∈ [0, Pmax
i ], ∀i ∈ N (4d)

fe ∈ [−fmax
e , fmax

e ], ∀e ∈ E (4e)
θi ∈ R,∀i ∈ N (4f)

We write the constraints for DC-OPF compactly as

XDC = {(P, f, θ) | (4b), . . . , (4f)}

and the objective as g(P ) = cTP . P denotes generation at
each node, f the flow between nodes, andθ the bus voltage
angles. The data is L for load/demand. We specify the order of
the variables as (P, f, θ) for use in later projection operators.

The Network Flow problem can be made as a relaxation of
the DC-OPF problem with constraints:

XNF = {(P, f) | (4b), (4d), (4e)}.

Similarly, the Copper Plate problem can be made as a further
relaxation, but it requires a new constraint to replace the earlier
flow balance constraint:∑

i∈N

Pi =
∑
i∈N

Li, (5)

then the Copper Plate constraints are:

XCP = {P | (4d), (5)}.

Note that DC-OPF, Network Flow, and Copper Plate all have
the same objective g(P ).

It is clear from this presentation that Network Flow is
a relaxation of DC-OPF, and Copper Plate is a relaxation
of both. Using the sublevel sets and projection operators
developed in Section II-C, this result can be extended to the
alternative solutions. For any level value of the objective g(P ),
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Fig. 3. Three-bus symmetric network used for DC-OPF Exemplar.

the Network Flow sublevel set contains the DC-OPF sublevel
set when projected to the relaxed space; the Copper Plate
sublevel set contains both the Network Flow and DC-OPF
sublevel sets when similarly projected. Since this result holds
for any level value for the objective, it also applies specifically
to the exact alternative solutions. The full statement and proofs
of these results are in Appendix A.

A. 3-Bus Optimal Power Flow

We consider the 3-Bus system described in Figure 3.
Even in this extremely simple optimal power flow problem,

alternative solutions will appear. While this is a toy example
intended to illustrate the concept, in fact, the size and com-
plexity of real-world systems increases the potential number
of such alternative optimal solutions exponentially. This is a
corollary of the curse of dimensionality: two subnetworks each
with alternative solutions may induce a Cartesian product of
alternative solutions for the overall network.

There are obvious solutions for the Copper Plate and Net-
work Flow forms of the OPF problem that assign all generation
to either Generator 1 or to Generator 2. As a matter of fact,
these solutions correspond to optimal solutions for the DC-
OPF problem projected to generation variables. When modeled
in Pyomo and solved with Gurobi, the DC-OPF problem for
this network returns z∗ = 5000 and P ∗ = [100, 0, 0].

There is something that makes even this problem have
additional layers of depth: analysis of the tradeoffs in the
alternative solutions. The solution to place all of the generation
at G1 is optimal on Copper Plate, Network Flow, and DC-OPF,
but it will not be optimal for AC-OPF given line losses. This
solution will not even be feasible for AC-OPF. Notably, if
we had to refine the DC-OPF solution to an AC solution, we
would need to take Generator 2 from entirely off to producing
at some level.

There are any number of other secondary concerns that
could come up including AC feasibility, market fairness,
weather impacts, pollution generation, or availability of fuel.
Generating the alternative solutions on OPF problem allows
the secondary concerns to be treated outside the optimization
model using the finite list of solutions. In its simplest form, this
can happen by ranking the alternative solutions on the basis
of a given secondary concern; this ranking can be done by
additional models/simulators or by a regulatory committee. If
both the original model and secondary concerns are linear, then

ranking the minimal representation is sufficient to guarantee
optimality on the secondary concern.

The minimal representation for the OPF problem will
be the extreme points. On the 3-Bus example, all the
extreme points for the DC, Network Flow, and Copper
Plate OPF problems where generated in Pyomo using
the contrib.enumerate_linear_solutions method
with an optimality gap of 0 [29]. Since the optimal objective
is z∗ = 5000, τ = 5000 was used. For DC-OPF there are
5 extreme points, 4 for Network Flow, and 2 for Copper
Plate. The Copper Plate alternative solutions are the simplest
as P (1) = [100, 0, 0] and P (2) = [0, 100, 0]. The Network
Flow alternative solutions are the same when projected onto
the generation variables. The DC-OPF extreme points differ
when projected onto just the generation variables, P (1) and
P (2) still occur but now P (3) = [50, 50, 0] appears. Since
P (3) ∈ conv(P (1), P (2)), this point implies there is non-
equivalence between the DC-OPF alternative solutions versus
Network Flow and Copper Plate over the projected out vari-
ables.

To see how the extreme points differ on secondary con-
cerns consider the DC to AC feasibility point. The DC-
OPF alternative solutions has an exact optimal solution that
involves splitting the load between both generators equally.
This addresses the point that with any line loss, a single
generator active solution will be inherently AC-OPF infeasible
with solution adjustment requiring activating an otherwise
inactive/cold generator.

V. CONCLUSIONS

The integration of alternative optimal solutions methods into
power systems optimization practice is ongoing. The under-
lying mathematical optimization modeling tools and solvers
continue to advance, and that gives rise to feasible AOS gener-
ation methods. For specific applications, MGA-style methods
have enhanced ESOM and CapEx modeling results [4]. The
effort to improve optimal power system results with alterna-
tive solutions depends on the operations research and power
system researchers having a common framework on which to
build. This paper has endeavored to address the three most
important aspects of building that common framework. First
and foremost, power systems researchers have to be aware that
alternative optimal solutions exist as a concept and given the
mathematical tools to apply these methods. The development
of the combined sublevel set, minimal representation, and
projection framework for analyzing alternative solutions is
one clear step in that direction. Similarly, researchers need
to be aware of the various methods and software already
developed that can be adapted to their specific problems. The
literature review herein pulls together such alternative solution
references from across power systems, infrastructure planning,
agricultural economics, and operations research. Finally, re-
searchers need to understand how alternative solutions look
and behave on their problems. It was this last point that
motivated the choice of example of Optimal Power Flow as the
fundamental example power systems example given use across



economic dispatch, unit commitment, transmission switching,
capacity expansion, and transmission expansion domains [31].
It should now be clear that an optimal solution is not enough
on its own and alternative solutions methods can add critical
context to optimal power systems applications.
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[24] T. Brown, J. Hörsch, and D. Schlachtberger, “PyPSA: Python for
Power System Analysis,” Journal of Open Research Software, vol. 6,
no. 4, 2018. [Online]. Available: https://doi.org/10.5334/jors.188

[25] Gurobi Optimization, LLC, “Gurobi Optimizer Reference Manual,”
2024.

[26] IBM ILOG CPLEX, “User’s Manual for CPLEX,” 2024.
[27] G. D. Corporation, “Gams: The general algebraic modeling system,”

2025, version: 50.1.0. [Online]. Available: https://www.gams.com/
[28] M. L. Bynum, G. A. Hackebeil, W. E. Hart, C. D. Laird, B. L. Nicholson,

J. D. Siirola, J.-P. Watson, and D. L. Woodruff, Pyomo–optimization
modeling in python, 3rd ed. Springer Science & Business Media, 2021,
vol. 67.

[29] W. E. Hart, E. S. Johnson, C. A. Phillips, A. Aquino, B. Ammari,
B. Arguello, S. A. Davis, J. L. Gearhart, C. D. Laird, C. L. Mattes
et al., “CI-MOR Final Report: Analysis and Validation of Critical
Infrastructure Models using Model Order Reduction,” Sandia National
Lab. (SNL-NM), Albuquerque, NM (United States), Tech. Rep., 10
2024. [Online]. Available: https://www.osti.gov/biblio/2480173

[30] S. Frank, I. Steponavice, and S. Rebennack, “Optimal power flow:
A bibliographic survey i: Formulations and deterministic methods,”
Energy systems, vol. 3, no. 3, pp. 221–258, 2012. [Online]. Available:
https://doi.org/10.1007/s12667-012-0056-y

[31] J. K. Skolfield and A. R. Escobedo, “Operations research
in optimal power flow: A guide to recent and emerging
methodologies and applications,” European Journal of Operational
Research, vol. 300, no. 2, pp. 387–404, 2022. [Online]. Available:
https://doi.org/10.1016/j.ejor.2021.10.003

APPENDIX

A. OPF Theorem Appendix

Theorem 1: For τ ∈ R, the following hold:

proj|P |,|f |(S(g,XDC , τ)) ⊆ S(g,XNF , τ)

proj|P |(S(g,XDC , τ)) ⊆ proj|P |(S(g,XNF , τ)) ⊆ S(g,XCP , τ)

Proof: The definitions of XDC , XNF , XCP trivially give:

proj|P |,|f |(XDC) ⊆ XNF

proj|P |(XDC) ⊆ proj|P |(XNF ) ⊆ XCP

Then by construction of the sublevel set as g(P ) ≤ τ applies
an identical cut to all the sublevel sets.
Since this holds for every fixed value of τ we immediately get
the following corollary:

Corollary 1: For z∗ = min(P,f,θ) g(P ), then both:

proj|P |,|f |(S(g,XDC , z
∗)) ⊆ S(g,XNF , z

∗),

and

proj|P |(S(g,XDC , z
∗)) ⊆ proj|P |(S(g,XNF , z

∗))

⊆ S(g,XCP , z
∗)

hold.


