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Abstract. We consider bilevel programs that involve a leader, who first commits to a mixed-integer decision,
and a follower, who observes this decision and then responds rationally by solving a linear program (LP).
Standard approaches often reformulate these bilevel optimization problems as single-level mixed-integer pro-
grams by exploiting the follower’s LP optimality conditions. These reformulations introduce either comple-
mentarity or quadratic constraints, which become increasingly numerous and burdensome as the number of
constraints in the follower’s problem grows. This growth is arguably the main computational bottleneck for
solving these problems at scale. Accordingly, we propose a dimensionality-reduction approach that projects
the follower’s constraints into a compressed representation of smaller size. Building on this representation, we
develop a surrogate duality theory, from which we derive a feasibility-based lower bound and a surrogate-dual
upper bound on the leader’s optimal objective function value. We also demonstrate the existence of a family of
projections that ensures provable approximation guarantees. Rather than searching for those projections, we
employ linear sketching techniques, offering probabilistic approximation guarantees and highlighting trade-
offs between dimensionality reduction and approximation quality. Finally, our preliminary numerical exper-

iments illustrate the computational promise of dimensionality reduction techniques in bilevel programming.

1 Introduction

Bilevel programming models hierarchical decision-making processes involving two decision mak-
ers: a leader, who acts first, and a follower, who observes and responds to the leader’s deci-
sions (Dempe et al. [2015)). Both decision makers are assumed to be rational, each solving their own
optimization problem with linear objective functions. The leader accounts for the follower’s rational-
ity and anticipates the follower’s optimal response in its own decision-making process. In particular,
we adopt the leader’s perspective and focus on settings in which the leader’s decision variables may
be both integer and continuous, while the follower’s decisions are restricted to continuous variables.

Bilevel programs arise in a broad range of practical applications, from defense and security plan-
ning, particularly through the use of interdiction models (Brown et al. [2006; Gutin et al. 2015), to
network design (Tawfik and Limbourg 2019; Q. Li et al. [2023), energy market (Aravena et al. 2021}
He et al.2024), pricing and revenue management (Labbé et al.|1998; Kuiteing et al.[2017)), and facil-
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ity location (Dan and Marcotte [2019; Lin et al.|2024). For a recent overview of bilevel programming
and its applications, we refer the reader to the surveys by Kleinert et al. (2021) and Beck et al. (2023]).

In this paper, we study a broad class of bilevel optimization problems with linear programs (LPs)
at the lower level. Formally, these problems, further referred to as simply BLPs, are given by:

2* = max a'x+d y*(x)
x,y*(x)

s.t. Gx + Hy"(x) < h,

y*(x) € argmin ¢y,
yeY(x)

x € {0,1}™ x R"?, y*(x) € R,
where, given n := njy+ng, weassumea € Q", d € Q™, c € Q™, G € QP** H € QP*™, and h € QP.
In this formulation, x corresponds to the leader’s decision, while y*(x) denotes the follower’s optimal
decision, or equivalently, the follower’s rational response. We refer to as the upper-level problem
or the leader’s problem, and use these terms interchangeably throughout the paper.
Follower’s problem. The leader’s decision x affects the responses available to the follower.

This dependency is captured by the follower’s feasible region Y(x) in defined by a polyhedron:
V(x):={y eR} :Fy =f — Lx},

in the standard form, where F € Q7™ L € Q9*", and f € Q7. After observing the leader’s

decision, the follower rationally responds by solving a linear program parameterized by x, given by:

p(x) = min{cy 1y € V() |, @)

where we denote by R(x) the set of all optimal solutions to (2)), and ¢(x) is referred to as the
follower’s value function. Furthermore, we refer to as the lower-level problem or the follower’s
problem, and use these terms interchangeably throughout the paper.

For some leader’s decision x, the follower’s rational response y*(x) may violate the leader’s
constraints, making x infeasible. Thus, the leader’s problem includes coupling constraints that

link the follower’s rational response to the leader’s own feasibility conditions. Accordingly, we define:
X = {xe{0,1}" xR} : Fy*(x) € R(x) such that Gx + Hy*(x) < h},

as the leader’s feasible set, or the upper-level feasible region. Any decision x € X is referred to as a
leader’s feasible decision. Also, a pair of leader’s and follower’s decisions (x,y) is said to be bilevel

feasible if x € {0,1}" x R™ |y € R(x), and the coupling constraints Gx + Hy < h are satisfied.



Technical assumptions. For a given leader’s feasible decision x € X, the follower’s problem
is an LP and may admit infinitely many optimal solutions. Hence, the leader’s problem is not
inherently well-defined, as its outcome may depend on which particular optimal solution the follower
selects. In this study, we adopt the optimistic paradigm, under which the follower, when faced with

multiple optimal solutions, selects the one most favorable to the leader. Formally, we require that:
y*(x) € argmax {dTy ccly<ox),yeV(x),Gx+Hy < h}. (3)

The optimistic paradigm is the most extensively studied variant in the literature (Kleinert et al.
2021). By contrast, in the pessimistic paradigm, the follower selects the optimal solution that is least
favorable to the leader (Wiesemann et al. |2013|). There also exist intermediate approaches which
assume that the follower’s response lies between these two extremes (Lagos and Prokopyev 2023)).

Finally, the following assumptions are made throughout our study:

e Al : Y(x)#£0D,VxeX.

e A2 : 36 > 0 such that ||x[[; <0,Vxe X, and |y|; <0,Vy e R(x), Vx e X.

e A3 : min{c'y*(x) : y*(x) € R(x),x € X} > 0.

Assumptions A1 and A2 are relatively standard in bilevel programming (Kleinert et al. [2021);
they ensure feasibility of the follower’s problem for every leader’s feasible decision and bound both
feasible regions in terms of the ¢;-norm || - ||;. We refer to the study by Rodrigues et al. (2025) for
a discussion of the unbounded case. Assumption A3 is also not particularly restrictive. Indeed, by
Assumption A2, the follower’s feasible set is bounded, which implies that the follower’s objective
function is bounded bellow by some constant M = M (6, c¢), where M may depend on the problem’s
dimension, as well as on 6 and c. Specifically, we have ¢’y > M for all y € J(x) and x € X.

If M <0, then one can introduce a follower’s decision variable y,,11, augment y to (¥, ¥m+1),
add ¢p41 := —M to the follower’s cost vector ¢, and, finally, enforce the constraint y,,,+1 = 1. These
operations guarantee that the modified follower’s problem satisfies Assumption A3. However, this
transformation may influence the quality of the performance ratio when solving the leader’s prob-
lem approximately. Yet, the introduction of this auxiliary term M does not diminish the general-
ity of our approach. Taken together, these three assumptions are mild and standard in the literature.

Value function reformulation. The leader’s problem as described in can be reformulated
using the so-called value-function approach. In this formulation, the bilevel structure is ensured by
explicitly incorporating the follower’s value function as a constraint; see, for instance, the studies

by Lozano and Smith (2017) and Tavashioglu et al. (2019). The reformulated problem becomes:



*

2*:= max a'x+d'y*(x)
x,y*(x)

st. Gx+ Hy*(x) <h, y*(x) € Y(x),
¢'y* (%) < p(x),
x € {0,1}" x R}?, y*(x) € RY.

Broadly speaking, the main difficulty in solving bilevel programs typically arises from the value-
function constraint ¢'y*(x) < ¢(x). Combined with the leader’s and follower’s feasibility con-
straints, this condition enforces optimality of the follower’s decision with respect to its problem:;
see . Replacing the follower’s optimality condition with these constraints converts the bilevel LP
into a single-level reformulation that is generally non-convex due to the piecewise-linearity of ¢(x).

Main challenge. As discussed in more detail in Section [2, BLPs are strongly NP-hard in
general (Hansen et al. |1992), but can often be tackled through single-level reformulations that rely
on the necessary and sufficient optimality conditions of the follower’s problem (Audet et al. |1997)).
These reformulations typically introduce complementarity constraints, most often in the form of
quadratic or special ordered set (SOS) constraints.

However, as the number of constraints in the lower-level problem increases, so does the number
of dual variables, which in turn increases the number or “complexity” of the constraints required to
enforce optimality. In particular, the number of either complementarity constraints or the associated
quadratic terms grows. As a result, one can argue that the number of constraints in Y(x) is a key
determinant of the computational difficulty in solving BLPs at scale.

Contribution. To address the scalability limitations of solving bilevel programs, we propose a
dimensionality reduction approach targeting the follower’s problem. The core idea is conceptually
simple: aggregate a subset of the follower’s constraints to reduce the problem’s complexity. We
show that this idea can be rigorously formalized and may serve as a foundation for a broad class of
solution techniques for bilevel programs. Our contributions are threefold, as summarized in Figure[]

e We apply constraints aggregation techniques to bilevel programming. We exploit
surrogate constraints to formalize a surrogate duality theory for BLPs, from which we derive a
feasibility-based lower bound and a dual upper bound on the leader’s optimal objective function
value. These bounds are obtained by formulating two mathematical programs where the follower’s
constraints are projected (or aggregated) into a compressed representation of lower dimension,
thereby reducing their number. Taken together, these bounds establish our first Sandwich Theorem.

We extend the notion of surrogate duality to the bilevel setting and consider conditions under



Surrogate duality Feasibility bound

2" < s(P) s(P,6) < z2*
Theorem [1] Theorem [1]
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Probabilistic dual bound Probabilistic feasibility bound
Plz" < d(P,6) < 2" + O(6)] > O(1) — ne =" P[lz" — O(6) < 50(P,5) < 27] > 1 — me 0=
Theorem [4] Theorem [5]
Section [£.2.11 Section [L.2.2]

“No-free” lunch

Section [£4]

Second Sandwich Theorem ]/ \\

Coupling constraints
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Figure 1: Main contributions: Given a projector P € R**9  we define s(P) and s¢(P) as the surrogate dual func-
tions. Its randomized counterpart, denoted dg(P,d), accounts for projection uncertainty. The quantities s(P,d) and
s¢(P, 0) represent the feasibility-based bounds. The parameter § > 0 controls the approximation error incurred by pro-
jecting the follower’s constraints to dimension k, and C'is a constant; e = O (6(1+60) ") and k = O (m(1+05~")").

which strong duality is guaranteed to hold. While the feasibility and dual programs may, in general,
provide arbitrarily loose bounds, we characterize a class of projectors for which both bounds are
provably within an O(J) absolute neighborhood of the true optimum. Specifically, this class consists
of a subset of O(6)-isometric mappings from RY to some R¥ where k = k(J) depends on the chosen
distortion parameter . These mappings ensure that norms are approximately preserved in the
lower-dimensional space. Accordingly, we obtain what we refer to as our second Sandwich Theorem.
¢ We leverage random projection techniques to identify effective aggregation schemes
and find solutions efficiently with probabilistic approximation guarantees. While the two
mathematical programs introduced in the Sandwich Theorems can provide meaningful bounds, iden-
tifying a “good” projector that narrows the gap between them remains challenging. To circumvent
this difficulty, we leverage random projection techniques, also known as linear sketching, to derive
probabilistic approximation guarantees for these bounds. We show that an O(¢)-approximate so-
lution (in absolute terms) can be obtained with some probability p = p(d), provided the projected
dimension k = k(¢) is sufficiently large and the projector is sampled from a suitable distribution.
As a side result, we show that if both the leader’s and follower’s decision variables are continuous,
then an O(d)-approximate solution to the leader’s problem can be computed in polynomial time with
non-zero probability, assuming that the number of follower’s constraints is sufficiently large. Further-
more, this probability asymptotically approaches one as the number of follower’s constraints grows.
Also, we examine the impact of coupling constraints, which introduce additional challenges when
applying random projection techniques. Accordingly, we propose a reformulated mathematical pro-
grams that, when feasible, still offer meaningful guarantees. In cases where the original formulations

are used, we provide probabilistic bounds on the likelihood of violating the coupling constraints.



We close our theoretical contribution with a discussion on what we call the price of dimensional-
ity reduction. Although random projection may appear to offer a “free lunch,” seemingly allowing a
strongly NP-hard problem to be solved approximately via a randomized method, we show that this
perspective is misleading. Indeed, the expectation over multiple randomized solutions may not be
well-defined, providing no reliable guidance for derandomization. This fundamental limitation illus-
trates the uncertainty inherent to the method: while one can obtain good approximations with high
probability, the lack of reliable averaging strategies is the price one pays for dimensionality reduction.
¢ We numerically illustrate trade-offs induced by dimensionality reduction. We pro-
vide preliminary insights into the practical implications of our techniques. In particular, we focus on
the use of random projection, which we view as a natural first step toward exploring computationally
in depth dimensionality reduction in bilevel programming. Using the min-cost flow interdiction prob-
lem as a testbed, we show that random projection can lead to meaningful runtime improvements on
larger instances without significantly compromising bounds quality. We evaluate multiple projection
strategies and find that their effectiveness depends on the structure of the follower’s constraints.
Organization. Section [2| reviews related work. Section [3| develops a surrogate duality theory.
Section [4] presents an efficient random-projection procedure to construct lower and upper bounds
with probabilistic approximation guarantees. Section [5| identifies a family of projectors for which
the Sandwich Theorem can be strengthened with approximation guarantees. Section [6] reports pre-
liminary computational experiments. Section [7] concludes. All proofs are deferred to the Appendix.
Notations. We denote the ¢1- and ¢3 norms by || - ||; and || - ||2, respectively. Random variables

are defined on a probability space (Q, B, IP’). A full summary of notations appears in Appendix

2 Literature review

Computational complexity. Although LPs can be solved in polynomial time (Khachiyan
1979; Karmarkar [1984), the introduction of a bilevel structure “increases” the computational com-
plexity. Indeed, if decision variables at both levels are all continuous, then bilevel LPs are strongly
NP-hard (Hansen et al. [1992). Consequently, no fully polynomial-time approximation algorithm is
expected to exist for this class of problem unless P=NP. In fact, even finding a local optimum is
known to be NP-hard (Prokopyev and Ralphs [2024)) in that case. Moreover, bilevel LPs are closely
related to disjunctive programs, as the two are, in a broad sense, equivalent (Basu et al. 2021)).

Early developments and specialized algorithms. Bilevel programming is a distinct re-

search area, due to its broad range of applications and exploitable structural properties. Early work



focused on continuous leader—follower models, with methods such as complementary pivoting and
early branch-and-bound (Judice and Faustino 1992; Hansen et al. 1992). We refer to the survey
by Kleinert et al. (2021)) for historical context. For rare specialized classes, the bilevel structure en-
ables approximation algorithms: a central example is interdiction attacker—defender models, where
certain network variants admit constant-factor approximations and, in special cases, polynomial-
time approximation schemes (Zenklusen 2010; Zenklusen 2015; Chestnut and Zenklusen [2017)).

Reformulation-based approach. Bilevel programs with an LP at the lower level are typically
solved using reformulation techniques that make them amenable to off-the-shelf solvers (IBM 2024
Gurobi [2024). These approaches first convert the bilevel program into a linear complementarity
problem (Audet et al.|1997)), which is then linearized to obtain a single-level mixed-integer linear pro-
gram (MILP). The reformulation relies on optimality conditions, such as the Karush-Kuhn—Tucker
conditions or strong duality (Fortuny-Amat and McCarl 1981} Bard and Falk [1982; Bialas and Kar-
wan |1982), by replacing the follower’s LP with its necessary and sufficient optimality constraints.

However, this process introduces quadratic terms that are in turn linearized using big-M con-
straints (Audet et al. 1997, Zare et al. 2019). This step inflates the single-level reformulation with
additional binary variables and constraints and requires careful tuning of the big-M parameters,
which may be difficult by itself (Kleinert et al. [2020). Also, the reformulation’s “size” explodes
with the number of constraints in the lower-level problem, which limits scalability, especially in the
absence of exploitable structural properties in the follower’s problem. Although widely used, these
methods generally remain tractable only for small to moderately sized instances.

Constraint aggregation. Constraint aggregation, often applied through linear projection,
serves as a technique to reduce the dimensionality of an optimization problem by combining multi-
ple constraints into a smaller set. This idea lies at the core of surrogate duality, a well-established
concept in mathematical programming. The foundational work of Glover (1965)) introduces the prin-
ciple of aggregating constraints into a single representative constraint in the context of single-level
integer programming. Later contributions by Greenberg and Pierskalla (1970) and Glover (1975)
further develop this approach and establish a formal theory to surrogate duality. However, despite
their potential, none of these theoretical developments have been extended to bilevel programming.

In contrast to Lagrangian duality, which incorporates constraint violations as penalties in the
objective function, surrogate duality replaces the original constraint set with a single surrogate
constraint formed as a linear combination of the original ones. This transformation projects the

feasible region into a compressed representation and results in stronger dual formulations (Karwan



and Rardin 1979)) compared to the Lagrangian dual. Surrogate duality also provides zero duality
gaps for non-convex and integer programming problems (Glover [1975]).

Although surrogate duality offers strong theoretical foundations, it remains, to the best of our
knowledge, rarely used in the context of single-level optimization. Nonetheless, a few notable im-
plementations do exist. For instance, Trapp and Prokopyev (2015) apply constraints aggregation
techniques in the context of stochastic optimization, Dinkel and Kochenberger (1978) apply surro-
gate duality in nonlinear programming, and more recently, Miiller et al. (2022)) extend it for nonlin-
ear mixed-integer programs. Such developments remain scarce in the literature, primarily because
identifying a “good” projection requires solving the surrogate dual problem, which is hard by itself.

Random projection in single-level optimization. Rather than relying on surrogate dual
formulations to derive a suitable projector, a promising alternative is the use of random projection
techniques. These techniques have shown early success in adjacent fields such as combinatorial
optimization and information retrieval (Vempala 2005), as well as in nearest neighbor search (In-
dyk and Naor |2007)). Recently, their application within optimization has expanded, beginning with
convex optimization problems (Pilanci and Wainwright [2015), extending to linear programs with
equality constraints (Vu et al. [2018), and further advancing to handle inequality and semidefinite
constraints (Poirion et al. 2023)), as well as conic and quadratic programs (Liberti et al. |[2021)).

Random projection techniques appears particularly useful for tackling very large-scale optimiza-
tion problems, where the number of constraints exceeds the capacity of commercial solvers. These
methods typically build upon the Johnson-Lindenstrauss lemma, originally proposed by Johnson
and Lindenstrauss (1984). This lemma indicates that a set of vectors can be embedded into a lower-
dimensional space while approximately preserving pairwise distances with high probability. This
result, in turn, can be leveraged to provide probabilistic guarantees on the quality of the solution
obtained when solving the optimization problem with projected constraints.

Other forms of randomization in single-level optimization. Randomization plays a
growing role in mathematical programming and extends beyond the use of random projection ideas.
In particular, randomization techniques have been studied in the context of sampling columns
in large-scale linear programs. Recent work explores how column sampling can be leveraged to
approximate solutions efficiently in high-dimensional settings, especially when full enumeration is
computationally infeasible (X. Li and Ye 2022; Gao et al. [2023; Akchen and Misi¢ [2025).

This idea traces back to the use of constraint sampling in linear programming, introduced

by De Farias and Van Roy (2004) in the context of approximate dynamic programming. It shares



conceptual similarities with developments in sample-based convex optimization, where a series of
contributions by Calafiore and Campi (2005]), Campi and Garatti (2008), and Campi and Garatti
(2018)) establish rigorous probabilistic guarantees for solution quality. Another related direction is
proposed by Bertsimas and Vempala (2004)), who introduce a sampling-based method that iteratively
reduces the solution space in convex programs.

Summary. Taken together, these various methodologies illustrate how randomization can serve
as a principled and effective paradigm for improving the scalability of optimization algorithms. Ran-
dom projection techniques, though relatively new in the field of mathematical programming, have
already shown promise in single-level optimization, particularly when combined with aggregation
methods. While the number of constraints remains a key bottleneck for solving bilevel linear pro-
grams at scale, such techniques are still largely absent from the bilevel optimization literature. In this
work, we introduce a surrogate duality theory for bilevel programming and leverage random projec-

tion techniques to derive probabilistic approximation guarantees for otherwise intractable instances.

3 Formalizing dimensionality reduction via surrogate duality

To mitigate the computational burden of solving BLPs, we consider a dimensionality reduction
approach that projects the follower’s problem onto one with fewer constraints. We use the term
dimension to refer to the number of constraints in the follower’s problem. This section provides
conceptual background for both Section[fland Section[5] and is intentionally light on technical detail.

Throughout this study, we restrict our attention to dimensionality reduction schemes that are
linear and uniform (applied identically to both the constraint matrix and right-hand side). Such
mappings take the form P : u — Pu, where u € R? and P € R¥*9 is a matrix defining a linear
projector. Since all projection schemes considered in this work are linear, we refer directly to the

matrix P as the projector, omitting further reference to the mapping P when clear from context.
3.1 Surrogate dual problem

Dimensionality reduction of constraints via linear projection essentially provides weighted com-
binations of the original constraints, surrogate constraints, which are the pillar of surrogate dual-
ity (Glover 1975)). As shown below, this duality theory extends naturally to bilevel programs.

To proceed, we introduce a version of the follower’s problem in which constraints are aggregated

according to a linear projector P. Specifically, we define the projected follower’s problem as follows:

o(x,P) := min {cTy : PFy = P(f — LX) ,y € RT} , (4)



where, throughout the paper, we refer to ¢(x,P) as the follower’s projected value function. In
addition, the feasible region of the projected follower’s problem is denoted by Y(x, P).

By applying surrogate duality theory to the follower’s problem, the projected follower’s prob-
lem and the original problem satisfy weak duality (Glover |1975). Therefore, the follower’s
value function is bounded bellow by the projected one, i.e., ¢(x,P) < ¢(x) for all leader’s feasible
decision x € X. We now use the projected follower’s problem to construct the so-called surrogate
problem of the leader’s problem . Specifically, we introduce the surrogate dual function:

s(P):=max a'x+d'y
st. Gx+Hy <h,y e Y(x,P)
p(x,P) <cly < p(x)
x € {0,1}" xR?, y e R

The surrogate problem ([5)) mirrors the value-function reformulation of the leader’s problem ().
The subtle difference is that the follower’s feasible region is replaced by its projected counterpart
with an additional constraint that involves the follower’s projected value function. These constraints
guarantee that any bilevel-feasible pair (x, y*(x)) for the leader’s problem is also feasible for the
surrogate problem . Thus, we obtain a weak duality result; namely z* < s(P) for all projectors
P ¢ R¥*9 for all k € [q]. Accordingly, s(P) provides a surrogate dual-based upper bound (shortly
referred to as dual bound throughout the study) for the leader’s optimal objective function value.

The surrogate problem provides, in a sense, a basis for comparing different dimensionality re-
duction schemes. Consequently, it is natural to ask which projection leads to the strongest bound.

To formalize this question, we introduce the surrogate dual problem as follows:

inf  s(P),
pant., 5(P)

where the infimum is taken over all linear projectors from RY — R¥.
As a side remark, the surrogate dual in the single-level context is originally defined in Glover
(1975) over linear projectors from R? to R. However, the result also holds for any linear projector

P®*) . R? — R¥, given k € [¢]. In particular, we obtain the following hierarchy of bounds:
inf  s(PM)y> inf sPPD)>...> inf sPW@).
P cR1xq P(2) cR2%q P(a)cRaxa
Indeed, for k € [g|, any projector P*) ¢ RFX? can be used to construct a projection scheme into a

(k+1)

higher dimension R *q by adding a row with only zeros as components.

10



3.2 Strong duality

We identify a condition for which the surrogate dual attains the leader’s optimal objective func-
tion value. Our argument proceeds in two steps: (i) we use results from surrogate duality for single-
level convex optimization to show that, for the follower’s problem, the surrogate problem provides
a tighter bound than the Lagrangian dual; (i7) we show that the surrogate dual problem attains
the leader’s optimal objective function value for an optimal solution to the follower’s dual problem.

To begin, we define the Lagrangian dual (Bertsimas and Tsitsiklis{1997)) of the follower’s problem.

Specifically, given a follower’s feasible decision y € J(x), for some x € X, and XA € R1*? we define:
E(y,)\; x) =cly+ )\(f —Fy — LX).

Next, to proceed, we introduce the Lagrangian problem:

Af —Lx), ifc’ —AF >0,

£()\; X) :=min L(y,A; x) =
y
—00, otherwise.
Although the Lagrangian dual is a well-established approach for deriving lower bounds in convex

optimization, we show that, within the context of LP, the surrogate dual can be considered stronger
than its Lagrangian counterpart. The original result is due to Glover (1975). Specifically, we have

that E(P; x) < p(x,P) < ¢(x), for all projectors P € R4, Indeed, let y be a feasible solution to

the projected follower’s problem . Then, we obtain the following inequality:
c'y=c'y+ P(f —Fy — LX) > [,(P; x),

by the definition of Lagrangian and the feasibility of y. Since the follower’s problem is feasible for
all x € X, we conclude by the LP strong duality that there exists some extreme points eV, . .. e¥)
of the polyhedron defined by the constraints D := {)\ eRX™ : ¢ —AF > O} that satisfy:

plax LP;x)= 112% [,(e(z) ;X)) = p(x).

Accordingly, there exists some i € [K] such that o(x,e(?) = p(x). In particular, this relation
holds for all leader’s feasible decision x € X’ (with index ¢ that may depend on x). This result makes
the follower’s optimality constraint binding in (5). However, if the projected follower’s problem ad-
mits multiple optimal solutions, then an optimal solution to need not be optimal for when

using P = e, In that case, a duality gap may persist. Hence, an “optimal” projector has to balance

a trade-off. It should not only approximate the projected follower’s value function well, but also,

11



loosely speaking, shrink )(x, P) to exclude competing optimal solutions. If the projected follower’s
problem has a unique optimal solution for every x € X, then strong duality follows. Specifically,
under this assumption, there exists i € [K] with s (e(i)) = 2" and the hierarchy of bounds collapses.

As shown above, the surrogate dual has limited algorithmic value from a solution-methods
perspective in its current form. Indeed, solving it appears to require enumerating the extreme
points of the follower’s dual feasible region. That enumeration seems necessary but not sufficient;

determining additional conditions that close this gap remains an open question.
3.3 Surrogate constraints & feasibility problem

Dimensionality reduction ideas can also be used to provide a feasibility bound (i.e., a lower
bound) on the leader’s optimal objective function value. To simplify our discussion in this section, we
assume that there are no coupling constraints, i.e., H = 0, x,,. Following Henke et al. (2025), we note
that this assumption is made without loss of generality (at least for bilevel LPs), as any coupling con-
straints can be incorporated into the leader’s objective function through appropriate penalty terms.

To proceed, we fix § > 0 and P € R¥*9, for k € [q], and introduce the following set:

S(P,8) :=argmax a' x+d'y
st. Gx<h,y € ) (x)

¢y <ox,P)+6

x € {0,1}" xR}?, y e R,
which might be empty for small values of §. Accordingly, if the underlying optimization problem
is infeasible, then we adopt the convention S(P,d) = @. This auxiliary problem is closely related
to the original leader’s formulation . Let x* denote an optimal leader’s decision of and set
§ := p(x*) — ¢(x*, P). With this choice, the optimal bilevel pair (x*, y*(x*)) belongs to S(P,4).

Then, given some arbitrary gap parameter § > 0, and projector P € R¥*4, for some k € [q], we
define the feasibility problem as follows:

s(P, ) :== max {aTx—i— d'y*(x) : (x,y) € S(P,é)}, (8)

x,y*(x)
where y*(x) is the follower’s rational response in , which is a subtile yet important point. We
refer to s(P, d) as the feasibility bound. If S(P,d) = 0, then we define s(P, ) := —oo by convention.

The feasibility problem can be interpreted as a reformulation of the leader’s problem in
terms of the follower’s value function. However, we replace the exact follower’s value function with

its projected counterpart and add a non-negative tolerance § to guarantee feasibility. Consequently,
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the resulting feasibility bound satisfies s(P,d) < z* for all § > 0 and P € R¥*9, given k € [q].
Importantly, we could derive a similar hierarchy of bounds to that presented in Section but we

omit it for brevity. Following similar arguments to the ones from Section [3.2] we obtain:

max s(P,J) = max s(e(i),O) = z¥,

PcRkXq 1€[K]
5€R+
where eV ..., e are the extreme points of the feasible region of the follower’s dual problem.

3.4 First Sandwich Theorem

Building on the previous discussion, we establish a first Sandwich Theorem that provides bounds
for the leader’s optimal objective function value z*. Since the result is a direct implication of our

earlier arguments, we omit the formal proof for brevity. Specifically:

Theorem 1 (First Sandwich Theorem). Given k € [q], the following inequalities are satisfied:
s(P,0) < zF < s(P),

for any projector P € RF¥*9 and any relazation parameter § > 0.

Example 1. We provide an instance of the leader’s problem in which the sandwich inequality

is tight, provided ¢ is chosen appropriately. Consider the bilevel linear program of the form:

n)}z;x{yf(x) cxy+x =1, 21,20 €[0,1], y5(x) = 5},

where, for a leader’s feasible decision x = (1, a;Q)T, the follower solves the following linear program:

(v (x),55(x)) " €argmin{y :y1 =1 —x1, y2 =1 — 9, y1,92 € [0,1]}.

The leader’s optimal choice is x* = (%, %)T with the leader’s optimal objective function value
z* =1/2. Then, fix the projector P = (1, 1)T. We obtain s(P) =1/2 and s(P,d) = 1/2 for every

d > 1/2 so that the inequalities from the First Sandwich Theorem are tight for this projector. W

Key takeaway. The two formulations developed in Section [3] offer a new theoretical lens on
surrogate duality for BLPs. Their computational value, however, remains less clear. Although
the sandwich result can, in principle, bound the leader’s optimal objective function value z*, the
practical tightness of the resulting bounds has yet to be assessed. In particular, closing the gap
between the feasibility-based lower bound s(P, §) and the surrogate dual upper bound s(P) hinges
on selecting a good projector P (and an accompanying tolerance §). Identifying such a projector

appears to be at least as difficult as solving the original leader’s problem .
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4 Surrogate bounds via random projection

As emphasized in the previous section, explicitly identifying the “best” projector under the cri-
teria in Section is itself challenging. Instead, we adopt a randomized approach and leverage
the results by Vu et al. (2018)) on dimensionality reduction for single-level linear programs. In this
approach, the projector is not optimized but sampled from a carefully specified distribution, and

performance guarantees follow from the geometric and concentration properties of these projectors.
4.1 Background and notations

Random projection. A random projector is a linear map from R? to a lower-dimensional
space R” for some k < ¢. The projector used throughout this paper is mainly the Gaussian projector
P = (P;j)(ij)e[k]x|g Whose entries are drawn identically and independently as P;; ~ N(0,1/k).

Although Gaussian embeddings offer “clean” theoretical guarantees, other constructions may pro-
vide substantial computational advantages. To name a few, Achlioptas (2003), Matousek (2008,
Kane and Nelson (2014), and Dasgupta et al. (2010) propose sparse random projectors in which each
column contains only a few non-zero entries, greatly reducing the cost of matrix—vector multiplica-
tions. Some variants add sign-consistency constraints so that all non-zero entries in a column share
the same sign, a property exploited in compressed-sensing applications (Allen-Zhu et al. |[2014]).

Concentration results. Random-projection methods trace back to the seminal paper by
Johnson and Lindenstrauss (1984)), which shows that any finite set of vectors can be embedded into

a lower-dimensional space while approximately preserving Euclidean distances.

Theorem 2 (Johnson and Lindenstrauss, 1984). Given € € (0,1) and a matriz F € R?*™ there

exists a matriz P € R¥X9 such that the following inequalities are satisfied:
V1<ig <j <m (1 — 5)||Fz — FjHQ < ”PFZ — PFJHQ < (1 —|—6)”Fl — F]’HQ,
where F; denotes the i-th column of F, and where k = O (e~%log(m)).

In the original proof of the Johnson-Lindenstrauss lemma, the existence of projectors that ap-
proximately preserve the norm is established by construction using Gaussian random matrices. In
our study, we adopt a broader notion of a random projector and allow any linear embedding whose
columns are sub-Gaussian random vectors with unit variance (Matousek [2008]).

Additional notation. Assumption A2 guarantees that the feasible regions of both the leader

and the follower are bounded; recall our discussion in Section This boundedness enters our
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analysis through the constant 8 from Assumption A2, which caps the follower’s aggregate decision

variables. Given a projector P € R¥*¢ with k < ¢, we define the projected follower’s problem as:
(%, P) := min {cTy :PFy =P(f — Lx), 1)y<6,ye RT} , 9)

and define the corresponding feasible region by Vy(x,P). To parallel the notations from Section
we henceforth write so(P), Sg(P, ) and s¢(P, d) instead of s(P), S(P,§) and s(P, §), when referring
to , , and , respectively. This change highlights the dependence of these quantities on the
parameter . Throughout this section, whenever we refer to , , and , we assume that J(x, P)
and ¢(x, P) are replaced by Vy(x, P) and py(x, P), respectively. Similarly, to maintain consistency
and emphasize the dependence of p(x) on 6 in Assumption A2, we write @g(x) instead of p(x).
Uniqueness assumption. Throughout, we assume that for every leader’s feasible decision x €
X, the projected follower’s problem in @ has a unique optimal solution. This assumption is a mild
nondegeneracy requirement. Indeed, under Gaussian perturbations, LPs are almost surely infeasible,
unbounded, or have unique primal-dual optimal solution (Spielman and Teng [2003). Precise prob-
abilistic quantification of this event under absolutely continuous perturbations and in the context

of random-projection is beyond our scope and remains a worthwhile direction for future work.
4.2 Random projection of the follower’s feasible region

We first recall a random-projection result established for single-level LPs. Building on this
foundation, we extend the same ideas to the bilevel setting, obtaining both a feasibility bound and
a dual bound for the leader’s optimal objective function value. Our exposition relies on Vu et al.

(2018)); their main theorem, restated below in our notations, provides the cornerstone for this section.

Theorem 3 (Vu et al., 2018). Let P € R¥*4 be a random projector and x € X be a leader’s feasible

decision. Given § € (0, (pg(X)), we have that the following inequality is satisfied:

P|op(x) — 6 < 0p(x, P) < pp(x)| > 1 — dme=C (="

fore = (’)(

(1+9)||u*(x(;||2|lf—Lx||2)7 where u*(x) denotes the optimal solution of minimal ¢a-norm to

the dual problem of the follower’s linear program in ,

The original result by Vu et al. (2018) is stated for right-hand sides normalized to have unit
norm, an assumption that is without loss of generality in their case. However, it introduces leader-
dependent terms when applied to our setting. These terms can be replaced by a leader-independent

constant; the proof is identical to that of Vu et al. (2018)), so we omit it. Briefly, the proof con-
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sists to project the columns of the follower’s constraint matrix into R* by exploiting the Johnson-
Lindenstrauss lemma. Then, it uses feasibility-based arguments to bound the induced error.
Theorem [3|implies that the follower’s projected value function can closely approximate the orig-
inal one in for a broad class of random projectors. The result stands in sharp contrast to the sur-
rogate duality approach in Section [3, where the “optimal” projector is decision-dependent and hard

to compute in general, whereas here it can be sampled directly from a suitably chosen distribution.

g(e)
h(e)

—_—
-0.5 -0.5
0 0.5 1 0 0.5 1
€ €

Figure 2: (Left) Plot of g(¢) = €® — €®. (Right) Plot of h(¢) = 1 — exp (10(® — €?)). The curves depict the
dependence of the concentration bound of Theorem [3|on £, and, consequently, on §.

Figure 2] illustrates the dependence on ¢ of the probability that Theorem [3[s guarantees hold for
the follower’s projected value function. Whenever € > 1, we have that exp(—C(e? — €3)k) > 1, and
the inequality conveys no information. Also, § — 0 forces ¢ — 0, which renders the bound effectively
vacuous. Thus, d must be carefully chosen: if § is too large, then the approximation guarantee disap-
pears; if it is too small, then the guarantee, though formally valid, may become too weak to be useful.

Coupling constraints. In Sections [£:2.1] and [£.2.2] we use Theorem [3| to refine the reformula-
tion from Section [3] Theorem [3]ensures that an optimal solution to the projected follower’s problem
can often approximate the follower’s fully rational response. Yet, even when the projection error is
small, coupling constraints remain troublesome. Although Section [3:3] argues that they can be ab-
sorbed via penalties in the leader’s objective function (Henke et al.2025), selecting those penalties in
practice is delicate. We therefore analyze the leader’s problem without coupling constraints, i.e.,
set H = 0y, throughout Sections[f.2.T|and[4.2.2] Given their importance, Section [4.3]analyzes the

relation between coupling-constraints violation and projection error, and presents practical remedies.
4.2.1 On a probabilistic dual bound with approximation guarantees

We derive a dual bound on the leader’s optimal objective function value by combining the
random-projection approach introduced earlier with the surrogate-duality theory from Section
All proofs from this section are relegated to Appendix The key idea is to exploit Theorem

to replace the follower’s value function with its projected counterpart in the surrogate problem .
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To that end, we propose a new formulation to replace the surrogate dual function:
dg(P,d) :==max a' x+d'y
st. Gx<h,ye€V(x,P),
(10)
vo(x,P) < c'y < py(x,P) +,
x € {0,1}" xR}?, y e R
We refer to as the adjusted surrogate problem. It is obtained from the original surrogate
problem (j5)) by replacing the follower’s value function with its projected counterpart and introducing
a penalty parameter §. Next, we demonstrate that dyg(P,d) constitutes a valid upper bound on the

leader’s optimal objective function value z* with high probability. Formally:

Lemma 1. Let P € R*? be a random projector. Then, given § € (0,min {pp(x) : x € X'}), we

have that z* < dg(P, ) with probability at least 1 — 4me_c(82_53)k, where € = (’)(%9).

Lemmal[I] does not rely on any specific assumption on the coupling constraints. The same prop-
erty holds for the optimal objective function value dy (P, ¢) of the adjusted surrogate problem ([10)
whenever it contains coupling constraints. In particular, with high probability, dg(P, d) is an upper
bound on z*. Theorem {4| complements this lemma by showing that dg(P,J) remains close to z*,

with an approximation error that can be controlled through § and with probabilistic guarantees.
Theorem 4. Let P € R¥¥9 be a random projector, and define the random variable:
A = A(PF,c) = max{}det(l\/[)‘ : M is a square submatriz of [(PF)" | — (PF)" | —c|c| 1m]} ,

induced by P. Let denote by Fa the distribution of max {A(PF,c), |[PL|x}. Then, for all
9 € (0, min {gog(x) b S X}) and for all pa > 0, we have that the following inequality is satisfied:

]P’[dg(x, P) <+ SpAHdHlm(ﬂ > Falpa) — ve=C(E=)F = pr (5,0,

where e = O (ﬁ), k=0 (m (1 + @)U and C' > 0 is some positive constant.

When the random projector has bounded entries, such as in the construction by Achlioptas
(2003)) where components take values in {—1,0, 1}, Hadamard’s inequality (Brenner and Cummings
1972) can be used to control pa directly. In that case, one can select pa large enough so that
Fa(pa) = 1, and the probability bound in Theorem 4] simplifies to 1 — ke CE* €Mk Thig approach
comes with a looser approximation guarantee, since Hadamard’s inequality is conservative, but it re-

moves the dependence on the distribution of A(PF,c) and ||PL||s. This simplification is restricted

to bounded projectors and cannot be applied to unbounded ones such as Gaussian projectors.
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Theorem [4]also makes explicit a trade-off between approximation accuracy and probabilistic con-
fidence. The approximation error increases linearly in the tolerance through the term 3pa||d|[1md,
while the confidence level improves as k grows and deteriorates if § is chosen too small. Decreasing §
tightens the bound on dy(x,P), but it also decreases € and increases k, so that achieving a com-
parable confidence requires a larger projector’s dimension k. To build intuition about this balance,
we illustrate the behavior of the bound in Example [2] below on a randomly generated instance.

By the definition of k, the bound worsens as n increases: the difficulty progressively shifts from
the follower’s problem to the leader’s decision space. This definition for x comes from a deliberately
generic argument based on an n-covering of the leader’s feasible region with ¢;-balls, which we then
exploit to control the randomness induced by P in ; see the details in the proof provided in
Appendix [B:I] We believe that more refined geometric tools, or the exploitation of the polyhe-
dral structure of the problem, could substantially tighten this dependence on n. Keeping all other
quantities fixed, selecting k of order O ((52 — 371 ( logm + nlog(1l + 5_1)) is enough to make the

2
term ke C(e°—

)k negligible independently of ¢, so that tight approximation guarantees can still
be obtained with high probability as ¢ grows. We emphasize that these bounds are worst-case and
that exploring more sophisticated geometric arguments to improve k is left for future research.
Re-parametrization. Note that finding an appropriate value or range for ¢ such that The-
orem |3 applies may not be intuitive as it requires solving a potentially challenging mixed-integer
linear program of the form min{py(x) : x € X'} to get an absolute scale for §. To circumvent
this difficulty, we reformulate the surrogate problem so that it instead takes as input a relative

tolerance parameter 6 > 0. The re-parametrized adjusted surrogate problem takes the following form:

d(P,5) i=max {aTx+dy : Gx<h,y €)(x,P), 0<cTy - polx,P) <3 loolx, P)| }
X7y

An analogous result to Theorem [] holds for this re-parametrized problem. Formally:

Corollary 1. Let P € R¥*? be a random projector. Then, there exists a sufficiently small value

o € (O, (HCHooﬁ)fl min {pp(x) : x € X}) such that the following inequality is satisfied:

dy(x,P) < 2* + 3palld|liml|e 9,

with probability at least Fa(pa) — ne_C(EQ_Es)k, fore = O(S”f_‘i‘_‘;"g) and k = O (m <1 + ;\i%me)n)

The condition on 6 in Corollary restricts 6 to lie in the interval (0,1), although the bound may
in fact hold for a broader set of values. We impose this restriction mainly for clarity, as it makes

the corollary an immediate consequence of Theorem [
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Figure 3: Empirical cumulative distribution F(v) of the gap v = v(dg ; P,8) = %(Jg (P,6) — z*) for the instance
described in Example [2} where P € R**? is a random projector with iid. entries P;; ~ N(0,1/k); results are shown
for different numbers of follower’s constraints k € {14,17} and values of 6 € {0.5,1.0,1.5,2.0}.

Example 2. We illustrate numerically the trade-offs from Theorem [l and Corollary [1l Our goal is
not to supplant the more complete computational experiments in Section [6] but rather to provide

intuition behind our probabilistic results. To this end, we consider a bilevel program of the form:
max {min {eTy : x+y=£, 1]y <0,y>0,} : x+y <nl,, x>0},

which models a relatively simple zero-sum resource-allocation game between a leader and a follower.

Instance description. We generate the problem data as follows. Set n = m = ¢ = 20. Each entry
of the vector f € R™ is drawn i.i.d. from a Bernoulli(1/2) distribution. The cost vector ¢ € R™ has
entries sampled i.i.d and uniformly from [0,1]. We fix the bound for the follower’s feasible region
at @ = 20. In our example, we consider a random projection matrix P = (F;;);; with entries drawn
i.i.d from the Gaussian distribution P;; ~ N(0,1/k), for i € [k], j € [q].

We vary the projector’s dimension k € {14,17} and the tolerance 6 € {0.5,1.0,1.5,2.0}.
Then, we compute z*, draw 100 realizations of P for each k, and then compute CZQ(P, 5) for
each pair (P,S). We measure the performance of Ci@(P,S) by using the empirical distribution
of the random variable induced by the difference between z* and CZQ(P, 5) Formally, we consider
N = ’}/(CZQ P, 5) = %(J@(P, 5) — z*), and study its empirical distribution over the random draws of
the random projector P; see the results in Figure [3]

Performance. Loosely speaking, Theorem [4 and Corollary [I] ensure the existence of constants Cy
and C5(8) such that the gap ~ (which is a random variable induced by P) is guaranteed to satisfies the
following inequality ]P’[’y(cig . P,0) < C1] = Fa(pa)—Co (8), where C} is independent of 4, and Cy(8)
is non-increasing with ) (at least for small values of 5, as displayed in Figure ; that is, for 8y < 1,
we have Cy(81) < Cy(ds). Consequently, it follows that IP)[’y(d'Q; P,d) < Ci1] > Falpa) — Cy(d2).
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Theorem [ does not provide a direct comparison of the probability ]P’[’y(czg; P, 5) < (] across
different values of 8, but rather a lower bound that improves with increasing 5. This property suggest
that, given 52 > 0, there should exist some 52 < 51 large enough for which ]P)["Y(JQ; P,SQ) <] <
P[y(dg; P,6;) < C1]. We observe this behavior in Figure 3 as P[y(dg; P,0) < C}] increases as 0
grows. Moreover, as the projection dimension & increases, the maximum gap decreases, confirming

that higher-dimensional projectors improve the approximation quality. |

4.2.2 On a probabilistic feasibility bound with approximation guarantees

We establish probabilistic approximation guarantees for the feasibility problem ; see Sec-
tion[3.3] All proofs for this section are deferred to Appendix[B:2] The key step is to invoke Theorem 3]

to certify the feasibility of and to translate that certification into an approximation guarantee.
Theorem 5. Let P € R¥*9 be a random projector. Define:
A = A(F,c) = max {ldet(M)’ : M is a square submatriz of [F' | —F' |c| 1m]} .
Then, given § € (0, min {gpg(x) i X E X}), we have that the following inequality is satisfied:
2" —||d|[imA(F, c)d < s9(P,0) < 27,
with probability at least 1 — 4me_c(€2_€3)k, where € = (9(16@)

Theorem [f offers a systematic approach for computing approximate solutions to bilevel linear
programs with continuous variables at both levels in polynomial time, albeit with probabilistic guar-
antees. This result might seem like a “free lunch,” since these problems are strongly NP-hard (Hansen
et al. [1992). Yet, as we discuss in Section there is no free lunch: the guarantees are inherently
probabilistic, and simple repetition-and-averaging cannot serve as a derandomization strategy.

In fact, the proof of Theorem [5| provides a stronger guarantee than merely bounding the leader’s
optimal objective function value. Indeed, it provides a bound for the distance between the approx-
imate solution (x‘5, y5) obtained with @ and the corresponding pair (Xé, y*(x5)). In other words,

the follower’s approximate response remains provably close to the follower’s rational response.

Corollary 2. Let § € (0,min{py(x) : x € X}), P € R¥*? be a random projector. Then, with
probability at least 1 — 4mefc(52753)k, where € = (’)(15@), the set Sp(P, ) is nonempty, and,

min { (o, y7) — (" () o ¢ 3 (c") € Rx) } < mA(F. )
is satisfied for all (x‘s,y‘s) € Sp(P,0).
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When computing the optimal objective function value s¢(P, ) from the feasibility problem ,
there are two sources of infeasibility in general. The first is that the feasible region defined in ([7))
may itself be empty due to the follower’s optimality-type of constraint. The second arises from
coupling constraints that jointly involve leader’s and follower’s decision variables in the upper-level
constraints. As these coupling constraints are excluded throughout this section, i.e., H = Opyxm,
feasibility of follows directly from that of .

Re-parametrization. For practical purposes similar to Section [£.2.1] we introduce a re-
parametrization of sg(P, d) which takes as input a relative tolerance 5 > 0. The problem is given by:

So(P,0) := max {aTx—l— d'y :xeX,yed(x),c'y <ps(x,P)(1+ )}
x?y

and the re-parametrized feasibility problem thus becomes:

30(P, ) = max {aTx +d Ty (x) @ (x,y) € (P, 5)} .
Next, we show that a variant of Theorem [5] applies to the re-parametrized feasibility problem.

Corollary 3. Let P € R¥*9 be a random projector. Then, there exists a sufficiently small value

o € (O, (HCHooQ)fl min {pp(x) : x € X}) such that the following inequality is satisfied:

2 < 59(P,8) + [|d[imA(E, c) ]| o 5.

2

with probability at least 1 — 4meiC(€ 753)]“, where € = (’)(% min {pp(x) : x € X}).

Then, in Example [3| we present a numerical illustration of the trade-offs identified in Theo-
rem [5| and Corollary [3] Specifically, there exists a trade-off between the size of the gap between the
leader’s optimal objective function value z* and the optimal objective function value so(P,d) of the

feasibility problem , and the probability that the corresponding O(J) bound on this gap holds.

Example 3. We borrow the instance and computational setup from Example 2] We consider
a random projection matrix P = (P;;);; with entries drawn i.i.d from the Gaussian distribution
P;j ~ N(0,1/k), for i € [k], j € [q]. We vary the projection dimension k € {14,17} and the
tolerance § € {0.025,0.050,0.075,0.100}. In particular, we draw 100 realizations of P and compute
both z* and 3(P, 5) for each pair (k, 5) Then, we measure the performance of the re-parametrized
projected feasibility problem by using the empirical distribution of the random variable induced
by the difference between z* and .§9(P,5), ie, v=(S; P,g) = %(2* — EQ(P,S)). We study its

empirical distribution over the random draws of the random projector P; see the results in Figure [4]
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Figure 4: Empirical cumulative distribution F(v) of the gap v = (3¢ ; P,0) = %(z* — 50(P, 8)) for the instance
describe in Example |3} where P € R¥*? is a random projector with iid. entries Pi; ~ N(0,1/k); results are shown
for different numbers of follower’s constraints k € {14,17} and values of § € {0.025,0.050,0.075,0.100}.

Performance. Although Theorem |5/ does not directly compare the probabilities P[y(5g; P, 5) <
(4] for different values of 8, it provides a lower bound which itself becomes larger as ¢ increases.
Empirically, Figure |4]illustrates that this probability grows with 5 larger tolerances shift the distri-
bution of y to the left, reducing the mass in the upper tail. Conversely, very small tolerances (e.g.,
6 = 0.025) make the gap’s distribution left-skewed, making large deviations more likely. More-
over, increasing the projector’s dimension k decreases the maximum observed gap. In turn, this

observation confirms that projectors of higher dimension improve the approximation quality. |
4.3 On the challenge of coupling constraints

In Sections and we develop probabilistic guarantees when using random projection
techniques to approximately solve the leader’s problem . To isolate the effect of projection on
solution quality, we assume that the leader’s problem contains no coupling constraints. Recall that a
coupling-constraint violation occurs when a leader’s decision and the corresponding follower’s ratio-
nal response violates the upper-level constraints in . Appendix exhibits instances in which the
leader’s decision obtained from the feasibility problem and the adjusted surrogate problem
do not satisfy the coupling constraints; the appendix also contains the proofs for this section.

The remainder of this section tackles the coupling-constraints issue for the feasibility problem
studied in Section [1.2.2] Specifically, Section [£.3.1] quantifies the probability of violating the cou-
pling constraints, and Section shows how to preemptively modify to keep those violations
under control. Moreover, analogous concerns arise for the adjusted surrogate dual problem approach
from Section [£:2.1] The techniques developed below, and their associated trade-offs, extend to that

setting; we therefore omit a formal treatment to avoid repetition and for brevity.
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4.3.1 Probability of violating coupling constraints

We adopt a probabilistic approach to quantify the likelihood with which the upper-level cou-
pling constraints are violated. Throughout, the matrix H € RP*™ in is treated as random with
independent and identically uniformly distributed entries Hj, ey ([—a,a]) for some a > 0 on a
probability space (€2, B,P). This setting echoes the analysis in Bertsimas and Sim (2004), where
similar assumptions are used to study constraint-violation probabilities in robust optimization.

To proceed with our analysis, we denote by (x‘s,y‘s) the optimal solution to (7). We aim to
bound the probability that (x5, y*(x5)) does not satisfy the coupling constraints. For that, we fix
a random projector P and make the following assumptions:

e A4 : H and P are independent.

e A5 : P[2* < 00| =P[sp(P, ) < +o0] = 1.

e A6 : R(x)={y*(x)}, forallx € X

While Assumption A4 is mild as one can pick a random projector independent of H, Assump-
tion A5 is admittedly restrictive. We require this additional assumption to simplify our analysis as
they ensure the existence of a solution to both the leader’s problem and . Moreover, Assump-
tion A6 ensures that the follower’s problem has a unique optimal solution for each leader’s decision,
thereby simplifying the presentation of our results. This assumption allows us to avoid dealing with
multiple follower’s responses while still capturing the main trade-offs. We believe that relaxing this
assumption is of great interest for future research in a broader context than our approach to better
understand the effect of uncertainty on coupling constraints in bilevel programming.

Next, we derive an upper bound on the probability of violating the coupling constraints. The

next result lays out the main trade-offs between projection error and coupling constraint violation.

Proposition 1. Let P € R¥*9 be a random projector. Fiz § € (0, min {@y(x) : x € X}) and define
the minimum coupling slack A% := min {hj — (ij‘S + ij‘;) 1 j € [p]} Assume that, conditional
on A%, the entries {Hjje}jepp), ecim) are independent and identically distributed with Hjo ~ U ([—a, a]).

Then, the probability that at least one coupling constraint is violated satisfies:

A%)? ]
P <_ 2m3a2(A(F), c)?- 52) +1—pal(d, C)] ,

where pa (9, C’) s as defined in Theorem with another positive constant C > 0.

P|3j € [p], Grjx‘S +ij*(x5) > h]} <p-Eps

The random variable A% in Proposition |1| measures the slack of the solution (x5, y5) to with

respect to the upper-level constraints. By construction, A? is non-negative P-almost surely, and it
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is equal to zero if and only if at least one constraint is tight. Hence, A% serves as a direct indicator
of how close the solution (x‘;, y5) is to violating an upper-level constraint.

Propositionuses a strong assumption. Because A? is computed from the coupling slacks, condi-
tioning on A9 restricts H to values that, together with y9, produce that slack level. This conditioning
creates dependence between H and y° and can shift the conditional mean, so that E[H | A%] # 0.
To avoid this issue, we assume that, given A°, the entries of H are i.i.d. uniformly distributed. This
assumption preserves unbiasedness and entrywise independence after conditioning, and it allows us
to apply Hoeffding-type concentration bounds. The assumption is admittedly restrictive and is used
to highlight the main trade-offs; below we state a corollary under a more interpretable condition.

IfP [A5 = O] = 1, then at least one upper-level constraint is always tight. In that case, unsurpris-
ingly, the bound in Proposition [1| becomes uninformative. Suppose that one of the constraints (say,
indexed by j € [p]) is always active at (x‘s, y‘s). Then, when replacing y? with the follower’s rational
response y*(x?), it is unclear whether the upper-level constraint G;x’ + H;y*(x°) < h; remains
satisfied. Indeed, the term H; (y*(x5) -y ) might take either sign, regardless of the value of ¢.

Proposition[I] highlights three main drivers of the probability of upper-level constraints’ violation.
First, provided that the dependence of k on § is carefully chosen (to balance the trade-off for pa (9, C )
from Theorem , then the bound decreases as  becomes smaller. Indeed, the closer the estimated
response is to the true one, the lower the risk of infeasibility, especially if the constraint slack at the
upper level is non-negligible. Second, a larger value of A° directly improves the bound, since more
slack makes it more likely that the constraints remain satisfied for the follower’s rational response
y*(x%), especially if it is closed to y°. Third, the bound worsens with larger values of a, reflecting
higher uncertainty in the random matrix H. Viewed differently, higher uncertainty in H necessitates
a smaller deviation between y? and y*(x‘s) in order to maintain the same quality of the bound.

Next, we aim to reduce the dependence of the bound in Proposition [I] on the random variable
A%, whose distribution is generally unknown and seemingly difficult to characterize. If the gap A°
is bounded bellow P-almost surely, so that the upper-level constraints are never tight at (x5,y5),

then the bound in Proposition [I] can be simplified. Formally:

Corollary 4. Let 6 and A? be as defined in Proposition . Assume that there exists n > 0 that sat-

isfies IP[A5 > 17] = 1. Then, the probability that at least one coupling constraint is violated satisfies:

2

» 0 *(x0 1 <p. _ U _ 5
]P EI] S [p]’ G]X +H]y (X ) > h]:| —p (EXI)< 8m3a2A(F,c)2 52> + 1 pA((Sv C)) .
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Proposition [1| relies on the assumption that, conditional on A’ the entries {H. jt}jelp), tefm) are
independent and identically distributed with H;, ~ U ([—a,a]). To avoid this assumption, Corol-
lary 4| replaces it with the margin assumption P[A% > 5] = 1, which is more interpretable and
gives a comparable constraint-violation bound. It is possible to obtain a similar bound without
this assumption. Indeed, one may bypass the assumption P[A® > 5] = 1 by carefully choosing the
parameter 7 instead; see Proposition [2| bellow. As a first step, we establish an intermediate lemma

of independent interest that somehow characterizes the distribution of A?. Formally:

Lemma 2. Fiz an upper-level constraint’s index j in [p] and § € (O,min {npg(x) X E X}) Next,
we assume that hj — max{ij X E X} > 0. Then, for all « € (0,1), there exists some finite

constant 7; = 7;(r, 0, a) such that the following inequality is satisfied:
P|G;jx° + H;y’ > hj —7;| < .
Moreover, there exists some o = (0, a) such that, for all « > o, we have Tj(a, 6,a) > 0.

Lemma [2] is the key ingredient in proving Proposition [2, which quantifies the probability that
at least one coupling constraint is violated. The argument rests on a careful use of the Irwin—Hall

distribution (Irwin 1927; Hall [1927)). Formally, we show:

Proposition 2. Let P € R¥*9 be a random projector and assume that hj—max {ij X E X} > 0.
Fiz § € (0,min {gy(x) : x € X'}). Also, let o € (0,1) be the smallest value that satisfies:

7 =7(a) :=min {h; —max {G;x : x € X} —abgi”, : j € [p]} >0,
where q{{fa is the (1 — «)-quantile of the Irwan-Hall distribution. Then, the probability that at least
one coupling constraint is violated satisfies:

7_2

. ) * (0 | <. — — 0
P{3j € [p], G;x° + H;y (X)>h]:|_p <ap+exp< 2m3a2A(F,c)252)+1 pA((s,C)),

where pa (9, C‘) is as defined in Theorem with another positive constant C > 0.

Proposition [2| restates Proposition |1{ without any explicit reference to the distribution of A%. By
using Lemma , it replaces the expectation over A% with two terms that depend solely on the support
of H, i.e., a. Here, 7 is chosen as the (1 —«)-quantile of the minimal slack across all upper—level con-
straints, capturing the worst-case residual gap. Decreasing « raises this quantile (increasing 7) and
thus shrinks the first term of the bound. At the same time, a smaller « drives up the quantile q{fa,
which in turn reduces 7 and hence increases the second term. Consequently, there remains a trade-

off: lowering o simultaneously tightens the a-dependent term and enlarges the T-dependent term.
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4.3.2 Preemptive correction for coupling constraints

Section gives high-confidence control of violations of the upper-level coupling constraints
but does not provide a solution approach whenever a violation occurs. A simple preventive correc-
tion is to tighten (by subtracting) every right-hand side h in the upper-level constraints by a uniform
margin ¢ > 0, solve the corrected problem (provided it is feasible) to find (XC, y¢ ), and then compute
the follower’s rational response at the resulting leader’s decision to obtain the pair (XC, y*(xc)).

Choosing ¢ = ||H||; mA (F, c) ¢ ensures that coupling constraints are satisfied. Indeed, the fol-
lower’s rational response y*(x¢) is within the m A (F, ¢) § neighborhood of its projected counterpart

y¢ with probability at least 1 — 4mexp (—0(62 — 53)k), where e = O (ﬁ). On that event,

< h,

Gx® + Hy*(x) < h—(+|H; [ly*(x) -y, <
so the resulting pair is bilevel feasible. The price of this correction is an O(6) loss in the leader’s
objective, which we bound by decomposing the error into (i) the follower-response proximity and
(7i) the effect of correction. We defer the full details of the preemptive correction and the corre-

sponding proofs to Appendix where we also relate the tightening step to classical proximity

bounds for (mixed-)integer linear programs (Blair and Jeroslow [1977; Mangasarian and Shiau |1987).
4.4 Price of random projection in bilevel linear programming

In this section, we analyze the impact of randomness on the follower’s projected value func-
tion . We show that, under some suitable but admittedly restrictive assumptions, the follower’s
projected value function follows a Cauchy distribution (Robert [2007). This observation implies that
the expected value of the follower’s projected value function may be undefined. Such a phenomenon
has both theoretical and practical implications for the effectiveness of these methods. Specifically,
although random projection techniques may often produce good approximate solutions, the same
mechanisms can also generate arbitrarily poor solutions with non-negligible probability.

Our analysis relies on the probabilistic properties of the optimal solutions to random linear
programs. These random problems have been studied mainly in the context of sensitivity analysis,
yet such studies remain sparse and highly dependent on some strong assumptions and approxima-
tions (Babbar |1955; Prékopa [1966). We use these ideas to investigate the probabilistic behavior of
randomly projected linear programs and discuss the corresponding implications for BLPs.

Throughout the section, we consider random projectors P € R¥*¢ with independent and iden-

tically normally distributed entries, i.e., P;; ~ N(0,1) for all i € [k] and all j € [¢]. Then, we
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fix some leader’s feasible decision x € X. Also, to streamline the subsequent discussion, we relax
the second part of Assumption A2 (recall Section , namely, the assumption that the follower’s
decision variables in are bounded by a constant 6.

Next, we consider the dual problem of the projected follower’s problem . Formally:
n(x,P) := max { (f - Lx)TPTu :F'P'u<c,uc ]Rk} .
Then, we introduce P := {v €ER!:FTv< c} and re-parametrize this dual problem to obtain:
n(x,P):= max{(f—Lx)Tv cveP,v=P'u,uc Rk}.

By using the Minkowski—Weyl Theorem (Bertsimas and Tsitsiklis [1997)), there exist extreme points

e .. e® and extreme rays of P, denoted by wV), ..., w(") such that P can be represented by:
t ' T )
P = {Zkie(ﬁ) —i—Zujw(J) A >0, i = 0, 1;r>\: 1},
i=1 j=1
and we reformulate the follower’s dual problem as follows:

t T
n(x,P) := .ﬁ?@ (f - Lx)TPTu :PTu— Z)\ie(i) - Z'ujw(j) =0,, 1/ A=1,. (11)
(A)eRH i=1 j=1

Consequently, by taking the dual of , we obtain the following problem:

o(x,P):=min =z
s.t. Ps:P(f—Lx),
z—s' e >0 1=1,....,t,
—s'wl) >0 j=1,....r

seR? zeR.

Therefore, we somehow manage to “simplify” the constraints for the projected follower’s prob-
lem in the sense that the matrix F does not appear explicitly in the problem. To derive explicit
probabilistic insights, we adopt the following simplifying assumptions:

o AT: wl) =0, for all j € [r], and e(?) = 0, for all i € [t] \ {1}.

e A8: The optimal basis B(P) C [q], |B(P)| = k from {s € R? : Ps = P (f — Lx)} does not

depend on the realization of P, i.e., B(P) = By. Also, we assume that By = [k].

Consequently, Assumptions A7 ensures that the projected follower’s problem can be reformulated
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as the following random linear program:
o(x,P) = min{(e(l))Ts : Ps=P(f — Lx), SERq}. (13)

Before proceeding, we discuss the assumptions above. The first part of Assumption A7 ensures
that the feasible region of the follower’s dual problem is bounded. Moreover, we assume that only a
single extreme point is non-zero in the decomposition. While admittedly restrictive, this assumption
simplifies the analysis by eliminating the piecewise linear structure that otherwise arises in the ob-
jective function. Extending our results to the general case, where multiple extreme points are active,
appears possible, but would likely require a more intricate application of the polyhedral theory.

Assumption A8 is unquestionably the most restrictive. This assumption is common in the
limited body of work that analyzes the distribution of the optimal solution to random linear sys-
tems (Babbar 1955; Prékopa [1966). Without this assumption, each realization of the random
projector P may induce a different optimal basis B(P), and consequently, the distribution of the
optimal solution becomes a mixture over potentially many distinct regimes. Assumption A8 thus
serves to simplify the algebraic derivations that follow by ensuring a unimodal distribution for the
solution to the projected system. If this assumption is relaxed, then the resulting distribution may
become multi-modal, significantly complicating the analysis. Extending the observations bellow to
this more general case remains an exciting but challenging direction for future research.

Note that, as the optimal basis is assumed to be given by By = [k] and we denote by N By the in-
dexes {k:+1, e q}. Therefore, we decompose our projector accordingly with P = [[P}BO [P]NBO} .

Hence, we have that the optimal solution s*(x,P) to can be formulated as follows:

s"(x,P) := Toxilf = Ladlp [P]Bi [Plvg,[f — x|y, s*(x,P; By) +s*(x,P; NBy)

0y—k 0y—k
where the non-basic variables are all null, and the basic variables can be decomposed into two

components. In particular, we are interested in deriving the distribution of the second component:
s*(x,P; NBy) := [P|5 [P]n B, [f — Lx]n B,
To proceed, s*(x,P; NBy) is the solution to the following random linear system:
[P]B,s = [P]nB,[f — Lx|nB,-
Moreover, observe that:

[P]B, ~ N (08yx By, LBy x Bo)x (Box By)) and [Py, [f — Lx|np, ~ N (05,, Ri(x)),
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where [P]p, and [P|np,[f — Lx|nB, are independent; furthermore, Ry (x) is the covariance matrix
induced by the linear mapping [f — Lx|yp, — [P]nB, [f —Lx]np,. Hence, using the Theorem 14.1.1
by Girko (2012), we have that s*(x, P ; NBy) follows a distribution Fy with density fs given by:

Fa(s) := ¢ - (det(Rau(x))Y2 (1 n (sTRk(x)s)) , SERTHE

for some normalizing constant ¢ € R.

The distribution Fy has two salient features (Girko 2012). It is heavy-tailed, with power-law
rather than exponential decay; and its expectation is often not well defined in the usual (Lebesgue)
sense. In the special case kK = g — 1, F; reduces to the Cauchy distribution, which has no finite
expectation or variance. Accordingly, the law of large numbers fails as the average of i.i.d. Cauchy
random variables remains Cauchy distributed (Cohen [2012]).

This central observation in our analysis has significant implications. First, the follower’s pro-
jected value function may not possess a finite expectation due to heavy-tailed behavior. Therefore,
derandomization approaches based on repeatedly sampling random projection matrices and aver-
aging the resulting solutions are not theoretically supported in a general sense. Put differently, this
means that randomization through projections may not provide a computational shortcut or “free
lunch” to circumvent the inherent computational complexity of bilevel programs.

Second, with non-negligible explicit probability, the projected follower’s value function may be
arbitrarily far away from the original one. In other words, although random projection may often
perform acceptably, including in our computational experiments in Section [6] it explicitly carries
a significant risk of producing highly inaccurate solutions. As such, practitioners should apply
this randomization-based methods with caution, fully mindful of its heavy-tailed behavior and the

absence of a well-defined expectation established in this analysis.

5 Second Sandwich Theorem

In this section, we build upon the surrogate duality theory from Section [3} and in particular the
first Sandwich Theorem (Theorem [1|in Section [3.4)), to construct a family of projectors that provide
approximation guarantees. Specifically, we establish a two-sided bound that quantifies the deviation
from the leader’s optimal objective function value z*. Under mild conditions relating the parameters
k and 9, there exist constants C1,Cs > 0 and a nonempty family of projectors P(gk) C RF*4 such
that, for every P € ng), the feasibility-based lower bound s¢(P,d) and the surrogate-dual upper

bound sy(P) approximate z* with errors bounded by C1d and C29, respectively.
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Consequently, as 6 — 0 with k increased appropriately (so that tighter tolerances are paired with
a richer set of projectors), both bounds converge to z*. As in Section , we work with no coupling
constraints (i.e., H = 0px,), which simplifies the analysis without much loss of generality (Henke et
al.2025)). The construction of P(gk), the precise link between k and ¢ (including how & scales as § de-

creases), and the full proof are deferred to Appendix with the main intuition provided here-bellow.

Theorem 6 (Second Sandwich Theorem). If k and 0 are chosen so that the projector family ng)

is nonempty, then there exist constants C1,Cy > 0 (independent of k,0) such that,
2= C16 < So (P,5) < 2F < Sp (P) < ZF 4+ C50,
; (k)
for all projectors P € Ps™.

If the leader’s feasible integer decisions are fixed, then the leader’s problem is a parametrized
bilevel LP with continuous variables at both levels. Hence, the leader’s optimal solution corre-
sponds to an extreme point of the polyhedron defined by the parameterized single-level relaxation.
This relaxation is obtained by dropping the follower’s optimality conditions (Bard and Falk 1982}
Bialas and Karwan |1982). Because the leader’s feasible region is a bounded polyhedron (recall
Assumption A2 in Section , it has finitely many extreme points (Bertsimas and Tsitsiklis [1997)).
Consequently, there is a finite set A C X whose convex hull contains every leader’s optimal decision.

To control the approximation error, we require d-accuracy of the follower’s projected value func-
tion on A, namely, pg(x) — 0 < @p(x,P) < pp(x) for all x € A. Random Gaussian projectors
satisfy this property simultaneously for every x € A with high probability provided k is chosen large
enough; notably, the needed dimension grows only logarithmically in |A|. This uniform guarantee
suffices as any leader’s optimal decision can be recovered from A. Propagating the J-error control
to the leader’s objective function via proximity theory then delivers the desired optimality gap of
order O(9). The argument establishes existence but is not constructive; developing deterministic

(k)

and computable constructions of P remains an open direction for future research.

6 Toward a numerical understanding of random projection ideas

While a full computational study is beyond this paper’s scope, we present preliminary numerical
results highlighting the potential of these methods and directions for future computational work.
Section [6.1] first describes the experimental design. Section [6.2] compares several projection schemes
across different types of constraints. Finally, Section [6.3] synthesizes the findings and situates them

within the broader literature on random-projection techniques in mathematical programming.
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Figure 5: Directed grid network with n; = 3 rows and no = 4 columns, including a source node s (left) and a sink
node t (right), generated using variant V3 described in Royset and Wood (2007). For the full formal details of the
generation procedure for grids V1, V2 and V3, we refer to their study.

6.1 Experimental setup

We center our experiments on the min-cost flow interdiction problem (Smith and Song 2020),
where a leader removes edges from a graph, and a follower solves the min-cost flow problem on
the remaining graph. This setting is attractive because (7) the follower’s flow constraints are ideal
for gauging how random projectors may distort any exploitable structure, and (iz) the interdiction
constraints are mutually orthogonal, so any projector compresses sparse constraints into denser ones.

Minimum cost flow interdiction problem. Let G = (V, E) be a directed graph with source
s and sink ¢. For each edge e € E, let u, be the corresponding capacity. The leader chooses
x € {0,1}/!, with z. = 1 if edge e is interdicted, and interdiction budget > ..z z. < R. The

follower, in turn, solves the min-cost flow problem over the surviving network. Formally:

Z¥ = max mfin E Ce [e

x€{0,1} & ey
s.t. Z z. < R
ecE
ofe= D> fe=1l(v=s)-1(v=t) YveV
ecét(v) e€d— (v)

0 S fe S ue(l_xe) veeE?

where 1 (v) and 6~ (v) are the edge sets of the form (v,i) € E, and (i,v) € E, respectively, fori € V.

Test instances. We use the grid networks from Royset and Wood (2007)) introduced for the
maximum-flow interdiction problem; see Figure [f for an example. Specifically, a grid with n; rows
and mg columns contains |V| = ning + 2 nodes, where the additional two nodes are the source s and
sink ¢. Edges e are independently assigned capacities and costs in the form . My ({1,...,50})
and c, S ({1,...,10}), respectively, where U is the uniform distribution. Also, we fix the inter-
diction budget at R = 0.1 x |E|. As in Royset and Wood (2007)), we consider three variants (V1 to

V3) of these grid networks, which differ only in their generation procedure.
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Hardware and software. All experiments are implemented in Python 3.10 and executed on a
cluster comprising 32 Intel(R) Xeon(R) Gold 6126 CPUs, each running at 2.60GHz under Ubuntu
22.04.3. All mixed-integer programs are solved using Gurobi 11.0.0.

Random projectors. In our computational experiments, we employ two types of random
projectors, denoted by P = (Pij)ie[k],je[q]~ The first, and perhaps the most classical one, assigns
entries Pj; as independent and identically distributed random variables with Pj; ~ N(0,1/k) for
i € [k], and j € [g]. Importantly, the theoretical results developed so far assume that the follower’s
problem is subject only to equality constraints. In particular, applying the above projector to
inequality constraints may alter the direction of the inequalities.

To address this issue, we also consider a second class of projectors introduced by Poirion et al.
(2023)). These projectors have the distinctive property of preserving the direction of inequalities: let-
ting S;; ~ N(0,1), we define P;; = %ng, so that P > 0 entrywise. When applied to linear programs
with inequality constraints, these projectors admit theoretical guarantees that parallel Theorem
Consequently, one can derive probabilistic guarantees analogous to those in Section ] whenever the
follower’s problem includes inequality constraints. As these extensions closely parallel our results,
we omit formal statements and proofs to streamline the exposition and due to space limitation.

Benchmark. For each projection matrix P, and given gaps d; > 0 and dq > 0, we compute

two bounds: the feasibility bound 5¢(P,d¢) by solving the re-parametrized version of , and the

dual bound dg(P,d,) by solving the re-parametrized version of ; see Sections [4.2.2 and |4.2.1]

respectively. In both cases, we fix 6 := ||ul|1, which represents the total capacity in the network.

In addition, we compute the leader’s optimal objective function value z* by solving . All
three problems are solved using the commercial MILP solver Gurobi (2024). In particular, they
are solved via single-level reformulations in which the follower’s (or projected follower’s) problem is
replaced by its optimality conditions, following the strong duality-based approach (Zare et al.2019)).
To avoid introducing additional parameters, we do not linearize the resulting constraints (i.e., we
avoid big-M formulations). Consequently, the reformulated problems involve quadratic constraints,
which are handled directly using Gurobi’s quadratic programming capabilities.

As a reference point for the dual bound, we compute an upper bound by solving a single-level (also

known as high-point) relaxation in which the follower’s optimality conditions are omitted. Formally:
Zrelax = max{aTx+ d'y : Gx+Hy <f, y € Vy(x), x € {0,1}™ x R’}f} ,
x?y

and we denote the corresponding optimal solution by (x*,y*). Naturally, we have z* < zjcjax-
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To construct a feasibility bound, we evaluate zgeas := a' x* + d'y*(x*), where y*(x*) is the
follower’s rational response, given the leader’s decision x*. Note that, in general, if H has some
non-zero entries, then zg,s may not constitute a valid lower bound for z*, since the pair (x*, y*(x*))
might violate the coupling constraints. However, in the specific problem considered here, there are
no such coupling constraints, so that zg,s < z* is guaranteed to hold.

Performance metrics. We assess the effectiveness of random projection techniques by ana-
lyzing the quality of both lower and upper bounds in comparison to the leader’s optimal objective
function value. Specifically, we compute the feasibility gap v;(t) = (¢* —t)/2* for values of ¢ taken
from {Zfeas, S9(P,07)}. Similarly, we evaluate the dual gap as v4(t) = (¢t — 2*)/z*, where t be-

longs to {zrelax, do(P, dq)}. We also report the runtime (in seconds) required to solve each instance.

Loosely speaking, one should compare 5¢(P,d7) against zfeqs, and dp (P, 04) against z,ejaq-
6.2 Avoiding blind projection of constraints

A natural question arising from the theoretical results in Section [4]is whether random projection
techniques reduce runtimes and, if so, at what cost in the optimality gap. To sharpen this question,
we further ask whether different projection schemes are, in some sense, equivalent in their impact.

To that end, we examine three variants of random projection schemes: (i) a naive approach in
which all constraints are projected simultaneously using a sign-preserving projector; (i) a selective
projection approach in which only the interdiction constraints are projected using a sign-preserving
projector; (iii) a variant in which only the flow constraints are projected, using a standard Gaussian
projector. The results below provide a snapshot of our broader computational study. Additional
findings for the network variants V2 and V3 are reported in Appendix

Specifically, we consider grid networks with n; € {2,3,4,5} rows and ny = 5 columns. For each
network size, we run 10 independent trials under three different projection schemes: (i) the naive
approach with parameters k& = 10, relative gap 0y = 2-10%, and 64 = 3-107; (ii) the interdiction-only
projection with k = 15 and 0y = 64 = 2.0; and (iiz) the flow-only projection with k =5, 65 = 1.5,
and d4 = 3.5. For each scheme and for each generated network, we generate 10 random projector.

For each lower and upper bound, we compute the corresponding gaps 7y and g4, respectively,
and report both the mean and standard deviation in Table[I] For each problem, we also report the
runtime mean and the corresponding standard deviation, in Table 2]

The gap analysis reveals that the performance guarantees of random projection exhibit distinct

behaviors depending on the type of constraints to which they are applied. We observe the following:
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Network V1 (optimality gap ~)

Projection 2x3 3x3 4x3 5%x3
Zfeas 02(0.2) 04(0.2) 0.5 (0.2) 0.5 (0.2)
Zrelax 68.3 (10.4) 72.5 (17.9) 110.5 (22.6) 132.9 (14.7)
59(P,6;)  flow 0.1(0.2) 0.4(0.2) 04(02)  0.5(0.2)
interdiction 0.2 (0.2) 0.5 (0.2) 0.5 (0.2) 0.6 (0.2)
naive 02(0.2) 05 (0.1) 0.6 (0.2) 0.6 (0.1)
do(P,8;)  flow 1.8 (1.0) 1.1(0.8) 0.5 (0.5) 0.2 (0.4)
interdiction 1.4 (0.4) 0.5 (0.2) 0.4 (0.3) 0.2 (0.3)
naive 3.0 (22.7) 76.9 (91.9) 129.5 (137.3) 157.5 (164.5)

Table 1: Network V1 (optimality gap). Mean (& std) optimality gaps for various bounding approaches applied
to the min-cost flow interdiction problem on Network V1. We compute the feasibility gap 7 for both zgas and
50(P,0p). Also, we compute the dual gap g4 for both zrelax and de (P,04). The table compares: (i) the single-level
relaxation bounds, and (#) feasibility and dual bounds obtained via random projections.

e The lower bound derived from the single-level relaxation consistently delivers moderate perfor-
mance, with mean feasibility gaps vf(2feas) ranging from 20% to 50%; see Table . In contrast, the
corresponding dual gap v4(2relax) deteriorates, reaching up to 13’290% for the (5x3) grid. However,
despite the seemingly reasonable performance of the lower bound in this case, it lacks any theoretical
guarantee and may, in general, be arbitrarily far from the leader’s optimal objective function value.

e When using random projections for feasibility bounds, the gaps v¢(5¢(P,ds)) remain roughly
comparable to that of the single-level relaxation baseline. In particular, projecting only the flow
constraints offers a slight improvement for smaller networks (e.g., a 10% gap for the (2 x 3) grid) but
loses this advantage as the network size increases (up to 50% gap); see Table |1} This observation
suggests that random projection does not offer substantial improvements for the current instances.

However, we emphasize that the feasibility bounds from both random projection and single-level
relaxation already offer reasonably good results. We attribute this observation to the simplicity of
the leader’s constraints and the symmetric structure of the problem (min/max). Nevertheless, we
expect the single-level relaxation to deteriorate in more complicated settings, whereas the projected
feasibility bound benefits from the theoretical guarantees established in Theorem

e As the grid dimension increases, so does the size of the optimization problem. This increase
typically leads to worse approximation performance, in line with Theorem Indeed, larger net-
works leads to more decision variables for both the leader and the follower, which increase quantities
such as ||d||; or A(F,c), both of which impact the theoretical bound in Theorem [5| As expected,
we observe in Table [I| that the feasibility gap v7(39(P,dy)) increases as the network size grows.

e The dual bound under naive projection performs the worst, with gaps ~v4(dg(P, 8,)) exceeding

15’000% for larger grids; see Table [1, In contrast, projecting only the flow or only the interdiction

34



constraints leads to significantly tighter dual bounds in comparison to 2z¢jq.. For example, the
interdiction-only projection has a gap of just 20% on the (5 x 3) grid. This difference can partially
be explained by the large difference in the input parameter dg (i.e., 3 - 107 against 2.0). Indeed,
projecting all the constraints at once deteriorates the quality of the projected follower’s problem ,
necessitating in turn a larger tolerance in to produce a valid upper bound on the leader’s optimal
objective function value.

This outcome is noteworthy, as it highlights that different classes of constraints behave dif-
ferently under projection. Specifically, flow conservation constraints and interdiction constraints
induce fundamentally different polyhedral geometries. Projecting both simultaneously amounts to
projecting the intersection of these two distinct polyhedra, which can distort their individual struc-
tures and lead to information loss. By contrast, projecting one class at a time may preserve more
of the underlying structure, which may explain the tighter bounds observed in our experiments.

e We also observe a counterintuitive trend: when projecting either only the flow or only the inter-
diction constraints, the dual gap v4(dg(P, 8,)) improves as the network size increases. This behavior
lies outside the scope of our theoretical results, which only provide worst-case guarantees; see Theo-
rem (4| A similar phenomenon is noted by Liberti et al. (2023)) for single-level LPs, where empirical
performance sometimes diverges from the worst-case prediction. In particular, the actual bound’s de-
pendence on the problem parameters may deviate significantly from the theoretical (worst-case) one.

In summary, for the instances considered, projection-based methods appear effective for obtain-
ing dual bounds that are better or comparable to the single-level relaxation. However, this obser-
vation is not true for all projection types, especially when selectively applied to certain constraint
types (e.g., flow, interdiction, or all together). Although the feasibility bounds might appear less im-
pressive in comparison, they remain theoretically grounded, unlike those derived from the single-level
relaxation which could be arbitrarily far away from the leader’s optimal objective function value.

The runtime analysis reveals extreme behaviors depending on the type of constraints to which
the random projection is applied. Our main observations are as follows:

e Solving the original leader’s problem exactly becomes computationally expensive as the net-
work grows, requiring over 76 seconds on average for the (5 x 3) grid instance. In contrast, the
runtime for solving the single-level relaxation also increases but remains relatively effective across all
grid sizes, solving even the largest instance in under 0.5 seconds, thanks to its simplified structure
and the absence of follower’s optimality constraints; see Table [2]

e In comparison, random projections show mixed performances for the runtime. The naive
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Network V1 (runtime)

Projection 2x3 3x3 4x3 5x3
z* 0.2 (0.1) 0.5 (0.1) 3.2 (0.2) 76.5 (2.9)
Zfeas 0.1 (0.1) 0.2 (0.1) 0.4 (0.1) 0.5 (0.1)
Zrelax 0.1 (0.1) 0.2 (0.1) 0.4 (0.1) 0.5 (0.1)
0

naive 2 (0.1) 0.6 (0.1) 1.0 (0.4) 1.9 (0.9)
dg(P,6q)  flow 2 (0.1) 0.7 (0.1) 5.0 (0.7) 131.9 (26.4)
2

0
1, 0
interdiction 0.3 (0.1) 0.8 (0.3) 1.6 (0.8) 7.1 (7.2)

2 (

1(

1(

5(P,5;)  flow 2 (0.1) 0.7 (0.1) 5.0 (0.6) 125.8 (17.4)

(
(
(
(
(0.1) 0.4 (0.2) 0.7 (0.7) 4.3 (8.6)

(
(
(
(
interdiction 0.3 (0.1) 0.6 (0.1) 1.0 (0.2) 1.6 (0.8)
(
(
(
(

naive 0.

Table 2: Network V1 (runtime). Mean (& std) runtime (in sec) for various bounding approaches applied to the
min-cost flow interdiction problem on Network V1. The table compares: (7) solving the leader’s problem exactly,
(ii) the single-level relaxation approach, and (éii) the random projection based approach.

projection reduces runtime (for both feasibility and dual bounds) compared to the original problem,
particularly for large instances, since it simplifies “drastically” the size of the problem to k£ = 10
constraints; see Table [2] Similarly, the interdiction-only projection remains computationally light.
However, flow-only projection suffers from runtime explosion (e.g., 125.8 seconds for (5x3) for the
feasibility bound), exceeding even runtime required to solve the original problem. This observation
aligns with an intuitive thought: projecting flow constraints eliminates network-specific
structure that solvers typically exploit, resulting in denser and harder-to-solve problems.
Overall, while random projection may reduce dimensionality, it can increase runtime, especially
when structural properties are lost. Random projection should be used to reduce dimensionality

without destroying problem-specific structure that may be exploited by state-of-the-art solvers.
6.3 Summary insights

Our results provide perspective on single-level relaxation (Kleinert et al. 2021) of bilevel pro-
grams. This relaxation drops the follower’s optimality condition while preserving the polyhedral
structure of the follower’s feasible region. In contrast, our approach retains a form of optimality in-
formation while deliberately modifying (perturbing) the polyhedral structure of the follower’s prob-
lem. When designed carefully, rather than applied naively, our approach provides tighter bounds
with provable guarantees; if handled carelessly and applied naively, however, the follower’s polyhe-
dral feasible region can be effectively destroyed, rendering the optimality conditions of little value.

We emphasize the need for caution when applying random projection techniques developed in
this paper. Not all constraints behave equally under projection; some are more sensitive

to distortion than others. As a result, certain classes of constraints, particularly those with an
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exploitable structure, may require dedicated projection schemes to preserve their computational
tractability. For instance, projecting the network flow constraints may compromise the very struc-
ture that state-of-the-art MILP solvers are designed to exploit.

Another consideration, previously noted by Liberti et al. (2023) for single-level LPs, is that
solvers are typically optimized for sparse instances. In contrast, the use of random projection
techniques often replaces such sparse problems with smaller but significantly denser ones, which
may not be solved more effectively in practice. While dimensionality is reduced, the gain
may be offset by increased computational effort required to process dense constraint matrices.

Although our computational study is limited in scope, our findings are consistent with observa-
tions in the single-level linear programming literature. Random projections may initially appear to
offer a “free lunch” for handling large-scale instances. However, practical outcomes vary considerably,
ranging from substantial improvement to, as described by Liberti et al. (2022)), “catastrophic” per-
formances. Similar empirical discrepancies are discussed in Liberti et al. (2023]), where the observed
gaps do not always match the theoretical predictions. This mismatch can be partly attributed to the
fact that our theoretical results are worst-case guarantees, which apply uniformly across all problem
instances. The specific instances considered in our study may simply not exhibit worst-case behavior.
Also, the instance sizes may be insufficient to reveal the asymptotic properties predicted by theory.

Finally, we identify two key factors behind the performance gap and outline corresponding
research directions to enhance the computational effectiveness of random projection techniques:

(#) Sparsity loss: Replacing a sparse follower’s problem with a denser one can degrade solver
performance. Sparse projection techniques, such as those in Allen-Zhu et al. (2014) and Kane and
Nelson (2014), may alleviate this issue by preserving sparsity during dimensionality reduction.

(#¢) Lack of structure preservation: Sign-preserving projections help extend theoretical
guarantees to inequality constraints, but they do not necessarily retain problem-specific structure.
Developing structure-preserving projectors tailored to flow or other type of commonly used con-
straints could improve empirical performance. For the problems studied here, extending projection

theory to maintain flow conservation structure is, in our view, a particularly promising direction.

7 Conclusion

Surrogate duality. We discuss dimensionality-reduction techniques for a class of bilevel pro-
grams whose leader’s decision variables are mixed-integer and whose follower’s problem is a linear

program. Our approach projects the follower’s constraints into a compressed representation of a
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smaller size. We formalize this idea through a surrogate duality theory, which we exploit to derive
both a feasibility-based lower bound and a surrogate-dual upper bound on the leader’s optimal objec-
tive function value. Under some conditions, we prove the existence of a projection scheme for which
both bounds coincide, and identify a family of projectors that provide approximation guarantees.
Random projection techniques. Since identifying an “optimal” projection scheme appears
to depend on the follower’s optimality conditions, we instead turn to random projectors, which
exploit probabilistic properties from high-dimensional geometry. By using these random projection
schemes, we are able to derive probabilistic approximation guarantees for the bounds obtained from
the surrogate duality theory. Yet, these random projectors are not without drawbacks: the expected
solution to the projected follower’s problem may fail to exist, which preclude using averaging across
projections as a derandomization strategy to obtain an approximate solution to the leader’s problem.
Using the min-cost flow interdiction problem, we illustrate numerically that random projection
can improve the runtime and produce informative bounds, though their effectiveness depends on
which constraints they are applied to. Indeed, projection can distort problem’s features, such as
sparsity or network flow structure, that solvers typically exploit. Still, with judicious constraint
selection, projections can preserve sufficient structure to provide meaningful computational gains.
Coupling constraints. We examine dimensionality reduction techniques in the presence of cou-
pling constraints. While projection is relatively effective for settings in which the leader’s feasible
region does not depend on the follower’s rational response, coupling constraints make our theoretical
approach fragile. Feasibility of the leader’s decision obtained through the projection approach may
not persist once decisions are lifted to the original space. This bilevel-specific interplay of feasibility
and optimality motivates our analysis of the probability of violating coupling constraints as a func-
tion of the “projection’s quality.” To address this issue, we propose an adjustment to the leader’s
feasible region that limits such violations while retaining comparable approximation guarantees.
Future research. The main limitation of our study lies in the admittedly narrow scope of its
computational study. Bilevel programming would benefit from a more extensive empirical investiga-
tion that systematically explores the integration of random projection techniques into exact meth-
ods. A key challenge is that random projections may eliminate structural properties, such as sparsity
or network constraints, that are crucial for the efficiency of modern solvers. Extending the theoreti-
cal results by Vu et al. (2018)) to encompass structure-preserving projections represents a promising
direction for addressing this issue. An alternative and equally compelling approach is to replace

random projections with learned projection schemes, building on ideas by Sakaue and Oki (2024]).
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A Key notations

Notation Description Eq. Section

z* Leader’s optimal objective function value (1) Section I

X Leader’s decision Section T

y Follower’s decision Section I

y*(x) Follower’s rational response (3) Section [1]

0 Upper bound on the /1-norms of x and y in Assumption A2 - Section T

P Linear projector - Section 5

v(x) = ¢p(x) Follower’s value function given leader’s feasible decision x (12) -

o(x,P) Follower’s projected value function (14) Section [3.1]

vo(x,P) Follower’s projected value function when the follower’s deci- @ Section E
sion variables are bounded by 6 o

V(x) Follower’s feasible region - Section H_

Vo(x) Follower’s feasible region when the follower’s decision vari- - Section (4.1
ables are bounded by 6 T

Vo(x,P) Projected follower’s feasible region with the additional con- - Section E
straints that the decision variables are bounded by 6 o

s(P) Surrogate dual function (15) Section (3.1

so(P) Surrogate dual function when the follower’s decision vari- - Section [4.1]
ables are bounded by 6 T

s(P,0) Feasibility bound/problem (8]) Section [3.3

sg(P,9) Feasibility bound/problem when the follower’s decision vari- - Section [4.1]
ables are bounded by 6 T

50(P,0) Re-parametrized feasibility bound/problem when the fol- - Section 4.2.2
lower’s decision variables are bounded by 6

S(P,0) Feasibility set of s(P, ) (7) Section |3.3

So(P,0) Feasibility set of sg(P, ) - Section [4.1]

So (P, 0) Feasibility set of 34(P,0) - Section 4.2.2

dyo(P,0) Adjusted surrogate problem (10) Section 4.2.1

~9(P, 5) Re-parametrized adjusted surrogate problem - Section [4.2.1

Table 3: Summary of the most important notations used throughout the study.




B Proofs for Section

We formally prove our results from Section [l Specifically, Section [B.1] establishes probabilistic
approximation guarantees for the upper bound obtained from the adjusted surrogate problem .
Section provides probabilistic approximation guarantees for the lower bound from the feasibility

problem . Finally, Section contains the proofs for the results involving coupling constraints.

B.1 Proofs for Section 4.2.1

We now turn to the proofs of the results outlined in Section [4.2.1] First, we present a detailed

proof of Lemma [T} which is then exploited to prove Theorem []

Proof of Lemma[l. In this proof, we only consider the case without coupling constraints, i.e.,
H,xm = Opxm, though the same arguments apply to the case which includes these constraints.
We show that the optimal solution to the leader’s problem is feasible to the adjusted surrogate
problem with high probability.

To proceed, we define the following constant term:
= * f—L
= mmas [’ ()2 — Lxz

where, for any given x € X, u*(x) corresponds to the optimal solution (of minimal /3-norm) to
the follower’s dual problem. Next, we fix a leader’s feasible decision x € X, and some arbitrary

o€ (0, min {cpg(x) X EX }), and apply Theorem |3 We obtain the following inequalities:
po(x, P) < pp(x) < pp(x,P) +6

with probability at least 1 — 4me_c(52_53)k, where € = O(W) In particular, this inequality
is satisfied by the leader’s optimal decision obtained when solving the leader’s problem so that

z* < dy(P, ). This feasibility argument, in turn, concludes the proof. |

Observe that we do not make any use of H = 0, in the proof of Lemma |'E£f| Hence, the
result naturally extends to the case where Gx < h is replaced by Gx + Hy < h in the adjusted
surrogate problem by using the same feasibility-based argument. Next, we turn to the proof of
the main result of Section [£.2.1] Formally:



Proof of Theorem[], Our goal in this proof is to compare the leader’s optimal objective function

value z* to the value dy(P,d). As in the proof above, we first define the following constant term:
u” = max [lu”(x)2[[f — Lx|2,
xeX

where, for any given x € X', u*(x) corresponds to the optimal solution (of minimal fo-norm) to the
follower’s dual problem. Then, we fix some arbitrary value for § € (O, min {gog (x) :xeX })

Step 1 (Feasibility): By applying Lemma , we then obtain the following inequalities:
2 < dG(Pa 6)7

with probability at least 1—4mefc(52753)k, where e = O( W). In particular, with probability at
least 1 — 4me_c(£2_53)k, the adjusted surrogate problem is feasible and admits at least one op-
timal solution. This optimal solution, however, is a random variable determined by the random pro-
jector P. This dependence on P creates an additional layer of difficulty in the subsequent analysis.

Step 2 (Covering): We first state and prove an intermediate lemma. The lemma constructs
a cover of the leader’s feasible set by balls of radius at most 7 in the ¢;-norm. We use this cover

to construct a finite collection of leader’s feasible decisions. Then, we apply Theorem [3] to every

leader’s feasible decision in that set to ensure that the bound holds simultaneously for all of them.

Lemma 3. Fizn > 0 arbitrarily. Let N(X,n; ||-]|1) denote the n-covering number of X with respect
to the £1-norm. Then, for every n > 0, the following inequality is satisfied:

Nl < (14 2)

n

Proof. Let BY := {x € R : ||x||; < 1} denote the unit ball in the Euclidian space (R",| -||1). By
Assumption A2, the leader’s feasible region X is bounded by some 6 in the ¢;-norm. Therefore,
we have X C 0B}. Let N(K,n) denote the n-covering number of a set K in this norm. Then,
by “monotonicity” of the covering number with respect to set inclusion, refer to Proposition 9.6

by Tropp (2023)) for more details, the following inequality is satisfied:

n N n 1
N(Xm)éNwBl@):N(Bl,%),

and the equality comes from the definition of covering number.
Using Corollary 9.14 by Tropp (2023), we have that, on the unit ball B} on R™ and for arbitrary

7 > 0, the following inequality is satisfied:

vt s (1+2)



Applying this bound with 77 = 1/26 gives the following inequality:

n 40\"
N <B”, 7> < (1+2) .
V20/ ” ( T )
This result concludes in turn the proof of Lemma u

To proceed, fix some nn > 0 and let N = N (X,n; | - |l1) be as in Lemma . Denote by (C’?)iew]
the corresponding n-cover of X in the #;-norm of minimal cardinality. We then construct a finite
subset X, C X of cardinality N by selecting, for each i € [N], a representative leader’s feasible
decision x}, € X N C{'. This construction guarantees that |X,| = N(&X,7; || - [l1) and that, for every
leader’s feasible decision x € X, there exists some i € [N] such that ||x — x£7||1 <.

Step 3 (Proximity theory): Next, we define the set S(x,u,v;w) that is parametrized by
some scalars u,v € R and a vector w € R™ as follows:

S(x,u,v;w) := arg;r(r)lax {WTy : PFy =P(f — Lx), u < cly<w,1)y< 9} )
y>0m,

Our proof relies on proximity theory to bound the difference between the leader’s optimal objec-
tive value z* and dy(P,d). Since any optimal solution to the adjusted surrogate problem is a
random variable induced by the random projector P, we circumvent this difficulty by working with
deterministic leader’s feasible decisions selected from an n-cover of X.

To proceed, we fix some leader’s feasible decision x € X. Then, we apply a classical prox-
imity result for linear programs, and in particular Theorem 5 in Cook et al. (1986). That is, for
all y(x,P,9) € S(x,pp(x),09(x);0.,), there exists y(x,P,d) € S(x,pp(x,P), vp(x,P);0,,) that

satisfies, together, the following inequality:
Hy<X7P7 6) - y(X?P75)”OO < mA(PF, C)“PG(X) - 909(X7P)|a (15)

where A(PF, ¢) the maximum of the absolute values of the determinants of the square submatrices
of [(PF)" | —(PF)" | —c¢|c| 1], as defined in the statement of Theorem As a side remark, for
a given realization of P, a tighter Liptschtz constant can be derived as in the study by Mangasarian
and Shiau (1987). However, we prefer to use A(PF, c) as its dependence on P is somehow explicit.

As a first observation, we have that y*(x) € S(x, ps(x), pg(x);0y,). Accordingly, there exists
y(x,P,0) € S(x,0(x,P), po(x,P);0,,) that satisfies the following inequality:

Iy*(%) = y(x,P,0)|loc < mA(PF,c)|p(x) — po(x,P)|. (16)

Also, recall that we assume that the projected follower’s problem has always a unique optimal



solution (see our discussion in Section [4.1)). By the definition of the set S(x, o (x, P), pa(x, P); W),
we have that this set is of cardinality one, i.e., S(x, @go(x,P), po(x,P);w) = {y(x,P,d)} for all w €
R™. Next, we apply once again the proximity result for linear programs and in particular Theorem 5
in Cook et al. (1986). Accordingly, we have that, for all y*(x,P,d) € S(x, ¢9(x, P), pg(x, P)+4;d),

the following inequality is satisfied:
ly*(x,P,8) = y(x,P,0)]loc <mA(PF,c)0, (17)

where we use that S(x, pg(x,P), pp(x,P);d) = {y(x,P,0)}.

We denote by (x(P,d),y*(x(P,d),P,d)) the optimal solution to (L0]), assuming it exists. With-
out loss of generality, we assume that this optimal solution is unique as our arguments could be
applied to all optimal pairs. By the definition and optimality of (x(P,¢),y*(x(P,d),P,d)), we have
that y*(x(P,9),P,d) € S(x(P,9), po(x(P,9),P), po(x(P, ), P) + 0;d).

To proceed, we define the follower’s rational response to x(P 5) by y*(x(P,d)). Then, we apply
the previous proximity results, and in particular the ones from (16)) and (|17] . ) to x(P,0). Specifically,

we obtain the following inequality:
ly*(x(P,0),P,8) = y"(x(P,6)) [0 <mA(PF,c)(lpp(x(P,0),P) —g(x(P,))| +9).
Next, we observe that the following sequence of inequalities is satisfied:

(a)
dg(P,0) — 2" < a'x(P,6) +d y*(x(P,6),P,5) —a'x(P,5) —d"y*(x(P,0))

= dTy*(X(P, 5)7 P, 5) - dTy*(X(P, 6))
2 | dlimAPF, ) (54 D(, P)),

where (a) follows from the feasibility (recall that there is no coupling constraints by assumption)
of the leader’s decision x(P,d) and y*(x(P,d)) corresponds to the follower’s rational response
to x(P,d). Also, (b) follows from the proximity theory results and by the definition of D(p, P),
namely, D(¢, P) = sup {|¢o(x,P) — pg(x)| : x € X}.

Moreover, recall that A(PF,c) is a random variable that is induced by P, which is itself de-
fined over a probability space (2, B,P). Next, fix some arbitrary o > 0. By the law of total
probability (Jacod and Protter 2012), we obtain the following equality:

P|A(PF,c)(d+ D(p,P)) <

< fallm] =7 [A0T0 6+ DieP) < i ] ple

+P{A(PF,C)(5+D(¢,P))_HdH \50} £,



where we define the event £ = {max {A(PF,c), |PL|«} < pa}, given the matrix-norm |M|| :=
maX;e[y] MaX e | Mi;| for M € R¥X™  Recall that the random variable within the event £ defined
by max {A(PF,c), |PL|~} has a distribution given by Fa by assumption.

Now, observe that pa (6 + D(¢,P)) < W implies that A(PF,c) (6 + D(¢,P)) < Hdﬁﬂn on

the event £. Hence, the following inequality is satisfied:

(%
df[ym

15} P[€] > P [pA (6 + D(p,P)) < [l 15} P[e].

P |:A(PF,C) (0+ D(p,P)) <

To derive further lower bounds, we introduce another intermediate lemma. Formally:
Lemma 4. Fiz 6 > 0 and a random projector P € REX4. Define the following three constants:

A(PF) := max {\ det (M) | : M is a square submatriz of [(PF)—r | — (PF)" | 1m]}

A(F) := max {\ det (M) | : M is a square submatriz of [FT | —F"| lm} }

A(F,c) := max{ ‘det(M){ : M is a square submatriz of [F' | —F' |c| lm]} .

Then, for every pair x,x € X, the following two inequalities are satisfied P-almost surely:
|00 (%, P) — @o(x', P)| < [lcimA(PF)[PL|wllx — x'||1,
|00 (x) — o(x)| < [lellimA(F)[| Ll [x — x[l1.

Thus, the deviation between the follower’s projected value function and its exact counterpart Z(x,P) :=
lpg(x, P) — @p(x)| is Lipschitz continuous in x. Moreover, one can verify that A(PF) < A(PF,c)
and A(F) < A(F,c). Consequently, the following inequality is satisfied P-almost surely:

|1Z(x,P) — Z(x',P)| < Lz (P) |lx — X1, (20)
where Ly (P) :=||c|lim (A (PF,c) |PL||cc + A (F,c) [|L||co)-
Proof. Fix x,x’ € X and consider the projected follower’s problems given these two leader’s feasible
decision. We apply the proximity result for linear programs and in particular Theorem 5 in Cook
et al. (1986]). Recall that the projected follower’s problem has a unique optimal solution by assump-

tion; see our discussion in Section [4.I] Moreover, the projected follower’s problems only differs in

their right-hand sides for different values of x and x’. Therefore, the following inequality is satisfied:

[0o(x, P) — 0o (X', P)| < [[e[imAPF)||PL (x — X) [l < [leimA(PF)|[PL|o||x — x'[|1.



Then, using a similar argument, we obtain:
|00 (x) — p(x')] < [le[1mAF)|L (x — x') [loo < [le]lmA(F)|[ Lo [x — x|
Finally, to obtain , we simply combine the two Lipschitz bounds. For every x,x’ € X,

1Z(x,P) = Z(x',P)| = | |po(x, P) — @g(x)| — |6 (x', P) — p(xX)] |
< leo(x,P) — @g(x', P)| + [0g(x) — pp(x')]
< leflim (A(PF)||PL|o + A(P)|| Ll o) [|x — x/||1,

where the last inequality is obtained through applying the proximity results above. This inequality,

in turn, concludes the proof of Lemma [4] [

Step 4 (Putting all together): Observe that, conditional on the event &, the bound Lz (P)

as initially defined in the statement of Lemma [4] satisfies the following inequality:

1
L (P) < max { el (64 + A (F.) L) 5 | = Lz

Moreover, we define o := 2||d[[1mpad and n = §(2Lz)"". Then, we define the finite set X
obtained from the n-cover of X in the £;-norm; recall Step 1.
Hereafter, we work on the event £. We assume that the following inequality is satisfied:

« 36

max {Z(x.,P) : i € [N(X,n: |- <o — —.
For all x € X, there exists x}, € X;, for some i € [N (X,n; || -[}1)] such that ||x —x}[|; <n. By

using the triangle inequality, we obtain the following inequality:
|00(x,P) — p(x)| < max {Z(x;, P) : i € [N (X,n; || - [1)]} +|2(x;, P) — Z(x,P)|.

Next, we use the Lipschitz continuity of Z(-,P) from Lemma In particular, we obtain the
following sequence of inequalities:

o 4] ,
o — = —i-Lz”XZ7 — XHl

o0(x,P) —pp(x)| < 77— —
o (x, P) — y(x)] Tdlmpn 5
a 1)
<o —0—-+Lgn < oo —— — 4,
[d[limpa 2 [d[1mpa

where the last inequality comes from the definition of 7.
Therefore, we obtain the following sequence of inequalities:

« 36

P|D(p, P) < _a %
(7. P) [dlmps 2

(@) ,
5|5} ZP[maX{Z(X%,P):iE[N]}g | €

[dl[xmpa



:P[max{Z(xg,P) i€ [N]} < 5\5],

where (a) follows from that D(p, P) = max {|pg(x,P) — pp(x)| : x € X'}.

Consequently, the following sequence of inequalities is satisfied:

P|APF.C) (6 + D@, P) < o] > B |pa (54 D P) < ] Pl

@ p [max {Z(x},P) : i € [N]} < 4]

— P [max {Z(x},P) : i € [N]} <0[E]P[E]
(Q P [max {Z(x],P) : i € [N]} <] —P[£],

where (a) follows from the law of total probability (Jacod and Protter 2012)). Also, (b) follows
from P[E] < 1 for any event E.

Finally, observe that the following sequence of inequalities is satisfied:

P[max{Z(X;,P) ti€[N]}<6]=1-P [{max{Z(X%,P) ci e [N(Xm; |- )]} < 5}6}

Y_p U {Z(x,P) < 6}°
i€ N (X 1)
>1- > P[Z(x},P)>J]
i€[N(X,n;-[11)]
(®)
> 1—2mN (X, 75 | - [1)]e (<)

(g 1—2m <1 + 8LZ€> e Ok

I

0
where (a) follows from a union of bounds. Moreover, (b) follows from Theorem [3| where ¢ =
O (15@). Finally, (c) follows from Lemma (3| with n = %.

Next, observe that P [£¢] = P [{max {A(PF,c), |PL|l«} > pa] = 1 — Fa(pa) by the defini-
tion of the distribution Fa in the statement of Theorem [l Accordingly, since we select o :=

2||d|limpad < 36||d[[1mpa, then we obtain the following inequality:

P[dg(P, §) — 2% < BpAHdHlm(S} > Fa(pa) — we O =)k,

Where550< 0

n
m) and where we define x := 2m (1 + %) . This inequality concludes in turn

the proof of Theorem [ [



B.2 Proofs for Section |4.2.2

Proof of Theorem[J. To begin, we introduce the following constant term:
* = * f—L
" = ma Ju” () — L,

where for any given x € X, u*(x) represents the optimal solution (of minimal ¢3-norm) to the
follower’s dual problem. Then, we denote by (X, y*(x)) the pair of optimal solution to the leader’s

problem , and, introduce auxiliary program:
fo(P,6) == max{a'x+d"y : (x,y) € Sy(P,)}, (22)

where Sy(P, ) is as defined in (7)) in Section [3.3]
Next, we apply Theorem [3| to x which implies that the following inequality is satisfied:

Plpg(x) < po(x,P) + 0 < pp(x)+d] > 1— 4m6—C(62—53)k’

[
for e = O(W) .
Hence, we have that (x,y*(x)) satisfies the constrains of with probability at least p =

—0(52—63)

1—4me k Consequently, the following inequality is naturally satisfied:

z < f@(P76)7

with probability at least p, by using a feasibility-based argument.

To proceed, given some arbitrary leader’s feasible decision X € X and some u € Ry, we intro-
duce the set of approximate follower’s responses. Namely, this set represents all follower’s feasible
decisions which satisfy a relaxed notion of optimality. Specifically, we introduce:

Dy(x,u) := argmax{() : Fy=f - Lx, 1;'7;y <0,c'y< u} :
yER?
From this definition, one can then verify that Dgy(X, pg(X)) simply represents the set of follower’s
rational responses to the leader’s feasible decision x.

Next, we work on the event that (x,y*(x)) is a feasible solution to (7). This event occurs with
probability at least p=1— 4me_c(€2_€3)k. On this event, consider (x°,y?(x?)) € Sy(P,d) a solu-
tion in which f(P, d) is attained. In particular, one can observe that y°(x%) € Dy(x°, pg(x°,P)+9)
by optimality of (x°,y°(x?)) € Sp(P, ). Therefore, we have that y°(x?) € Dg(x?, 0g(x°) + 0) since
©o(x°,P)+8 < y(x°)+3. Moreover, observe that the follower’s reaction set R (x°) for the leader’s

feasible decision x° satisfies R (x°) = Dy(x%, pg(x%)).



We use proximity results for linear programs, in particular Theorem 5 by Cook et al. (1986).
Namely, since y®(x?) € Dg(x%, pg(x°) + §), there exists a follower’s rational response y*(x°) €

Dy(x%, pg(x°)) that satisfies the following inequality:
Iy°(x°) = y* (") o < mA(F, €)5,

where A(F, ¢) the maximum of the absolute values of the determinants of the square submatrices of
[FT|—F"|c|1,]. Note that tighter Liptschtz constant can be derived (in comparison to A(F, c))

as in the study by Mangasarian and Shiau (1987). Accordingly, we have that:
a™x’ +dTy*(x) - (a'x’ +dTy’(x))| = [d7 (y*(x") - y°(x))]
< Jldllally*(x") = ¥° (x")llc
< [|d[1mA(F, c)d.
Then, with probability at least 1 — 4me= ¢ (52_63)k, we obtain the following inequalities:
fo(P,8) =aTx’ +dTy (x") - (aTx’ +d Ty (x")) + (aTx +dTy* (x"))
< [[d[limA(F, c)d + s6(P, 6),

where the last inequality follows by the definition of sy(P, d) as the optimal solution to the feasibility
problem . In particular, by the definition of sy(P,d), we have that sg(P,d) < z*. Finally, the

following inequalities are guaranteed to hold:
so(P,6) < 2" < fy(P,0) < 5p(P,6) + [|d[1mA(F, ¢)d < 2" + |[d[1mA(F, )9,

with probability at least 1 — 4me™ ¢ (52753)16, which, in turn, concludes the proof. [
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B.3 Additional results and proofs for Section 4.3

First, Section presents an example showing that the leader’s optimal solution to fails
to satisfy the coupling constraints. Next, in Section we present another example where the
leader’s optimal solution to does not satisfy the coupling constraints. Then, Section

provides the formal proofs of the coupling-constraints results stated in Section
B.3.1 Coupling constraints violation for the feasibility problem

We show that solving might return a leader’s decision which, together with its corresponding
follower’s rational response, violate the upper-level constraints. Specifically, we construct an instance
of a bilevel program such that (i) the pair (xé, y5) satisfies the upper-level constraints, and (4i) the
pair (xé, y*(x5)) does not not satisfy the coupling constraints. To illustrate this phenomena, we
consider a small instance and a projector, which exhibit together, the said behavior.

Step 1 (Construction of a bilevel program): We introduce a bilevel program of the form:

max I
X,y *(x)

n
st > <1, y5(x)<0
i=1 (25)

y*(X)Earg[im%H{% i A =1l4T, 3+ s =¢c, -7 < ﬂiViE[n]\{3}}
y€0,1]"

x e {0,1}", y* (x) e R},
where € € (0,1). The follower’s problem is feasible for every leader’s feasible decision and its feasible
region is bounded so that Assumption A1 — A3 are satisfied; recall our discussion in Section
Step 2 (Construction of an instance): Next, rather than deriving the results in its full
generality for some family of random projection, we design a projector P € RZ**(27+1) that exhibits

the desired behavior. Specifically, we introduce:

P 01y (27—
p— 1x(2n—1)

)

O2n—1)x2 L@n—1)x(2n-1)

where the projector P € R'*2 is defined as follows:

P=(1,0).

Note that, the projector P is sampled with positive probability under the sparse family of ran-

dom projections introduced by Achlioptas (2003), where entries are drawn from {—1,0,1} with

11



P[P;; = £1] = 1/6 and P[FP;; =0] = 2/3. Moreover, the projected follower’s problem used in-

side , given some leader’s feasible decision x € X', takes the form:

P(xP) = min {0 i+ =142, e m < G Vie ]\ (31},
y s n

s0 p(x,P) = 0 when x; = 1, since g4 = 0 in the optimal solution to the projected follower’s problem.
Step 3 (Solving the projected problem): One can verify that, for any § > &, the pair
(x‘s, y‘s) defined by the following two vectors:

x®=(1,0,0,0,...,0), y°=(1,1,0,e,...,0)

is feasible for the problem constructed from . Since the objective function value of in
that case is bounded above by 1, (X5, y5) is an optimal solution to . The corresponding follower’s

)

rational response for that leader’s decision x° is given by the following vector:

y*(x°) = (1,1,6,0,0 ...,0) ,

which is arbitrarily close to y° as € goes to 0, but violates the coupling constraint, since Y3 (x‘s) =

e > 0. Hence (x‘s, y*(x‘s)) is not bilevel feasible, which concludes the example.
B.3.2 Coupling constraints violation for the adjusted surrogate problem

We show that solving might return a leader’s decision, which, together with its corre-
sponding follower’s rational response, violate the coupling constraints. Specifically, we construct an
instance such that (7) the pair (x‘s, y5), if it exists, always satisfies the upper-level constraints, but
(i) the pair (X‘s,y*(xa)) does not satisfy the coupling constraints. To illustrate this phenomena,
we consider a bilevel program and a projector which exhibit this behavior.

Step 1 (Construction of a bilevel program): Accordingly, we let n := 2k be arbitrary, for

some even integer k > 3. Then, we introduce the following bilevel LP:

k n n
mox QZ:@—I— Z :L’Z—|—§yz*(x)

i=1 i=k+1
n n k
s.t. ZCCZ <2, Zyz*(x) < -
i=1 i=1 2 (26)
. 1 =z +x
« . . _ 2i—1 + X2; ‘
y'(x) € argmm{Zyi D1+ Yo = - + —————— Vi€ [k]}
yelo1r =5 2 2

x € {0,1}", y"(x) € R}.

The bilevel program in above exhibits the following two properties. First, the follower’s

12



problem is feasible for every leader’s feasible decision. Second, the follower’s feasible region is

bounded. Accordingly, Assumption A1 — A3 are all satisfied; recall our discussion in Section
Step 2 (Construction of an instance): Next, rather than deriving the results in its full

generality for some random projection, which would require an extensive probabilistic approach, we

design a projector P € R+ (k4n) that exhibits the desired behavior. Specifically, we introduce:

p_[ P O
0n><l~c In><'rL
where P € R3** defined by:
10 0
p_ Lot
10 0
10 0

Note that P can be sampled from the family of random projections introduced by Achliop-
tas (2003]). Specifically, for these random projectors, each entry is drawn from {—1,0,1} with
P[P;; = +1] = 1/6 and P [P;; = 0] = 2/3. Hence, the probability of sampling P is positive, though
potentially small. Next, we introduce the projected follower’s problem. That is, given some leader’s

feasible decision x € X', we introduce:

o(x,P):=min 1,y

- - - - T+ T2 T42i—1 + Tkt
st Y1+ Y2+ Ykoio1 + Yk = 1+ 2 4 A 5 2

Vie [k/2]
y € [0,1]™.

Step 3 (Solving the projected problem): One can verify that for any 6 > 0, the pair (x, y)
that is defined by x = (1, 1, On_g) and y = (1, 1, On_g) is an optimal solution to (10)) constructed
from . Indeed, one can verify that the optimal objective function value is at most 6 and that
(x,y) is feasible for and its corresponding objective function value is 6. The follower’s rational
response for that leader’s decision x is given by:

10101 01)
27727 727""72'

other n — 2 elements

yi(x) = (1,

On the other hand, one can verify that (x, y*(x)) is not bilevel feasible as Y1 ; y¥(x) = 1+k/2 > &.

Specifically, the coupling constraints are not satisfied, which concludes the example.
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B.3.3 Proofs for Section 4.3.1

As a start, we clarify what we mean by “probability” in this section. We first assume that both
H and P are defined over a probability space, denoted by (Q(H, B(H),]P’(H)) and (Q(P, B(P),]P’(P)),
respectively. To construct the joint probability space on which both H and P are defined inde-
pendently, let Q = Q) x Q) and B = BH @ BP) where B @ B®) denotes the o-algebra
generated by all measurable rectangles A x B with A € BH) and B € B®). We then define the
product measure P on such rectangles by P[A x B] = PH[A] P(P)[B] and extend it uniquely to all
of B via the extension of Fubini’s theorem (Jacod and Protter 2012). The resulting triplet (2, B, P)
is the canonical product probability space whose marginals are PM™) and PP,

In this section, we present the proofs for the results in Section on the likelihood of violating
coupling constraints. We begin with what might be the main result of this section, as it quantifies
the probability that the solution obtained by solving , together with the corresponding follower’s

rational response, violates the coupling constraints. Specifically:

Proof of Proposition [l First, we fix § as in the proposition’s statement and let (X(S, y5) denote the
optimal solution to whenever it exists. Importantly, (x5,y5) is a random vector that depends
on the realization of both H and the random projector P. We are interested in deriving an upper

bound to the following probability:
]P)|:E|j € [p] , GjX(S + ij*(Xa) > hj:| ,

where y* (X5 ) is the follower’s rational response, given that the leader’s acts according to x®, and
G; and H; corresponds to the j-th row of G and H, respectively.
Then, we denote by £ the event defined by:

€= {w €0 pp(x") =6 < pg(x,P) < @9(X5)}
To begin, observe that the following sequence of inequalities holds:
P[G;x’ + H;y* (x°) > hj] = P[G;x’ + H;y*(x°) — H;y’ > h; — H;y’|
<P[H;(y"(x) - ¥°) > A7)
P[H L - [y (x") = ¥°[loo > A7)
O P[H Ly () = 3l > A°|€] - PLE]

+P[H;1y - [y (x°) — ¥l > A°|E] - P[E] = P + Py
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where (a) holds by using the law of total probability (Jacod and Protter [2012)), and where P; and P

are defined by two terms respectively:

P =PH;1, [y (x°) =¥ [e > A% | €] - P[€]

Py :=P[H;l,  |[ly*(x°) = ¥°[lc > A% £ - P[£].

Step 1 (Bounding P;): Using Corollary [2| and in particular the proof of Theorem |5, one can

verify that, conditional on the event £, the following inequality is satisfied:
Iy*(x°) = ¥°lloc < mA(F, c)3,

where we implicitly use Assumption A6, i.e., the optimal solution to the follower’s problem is unique.

Consequently, we can bound P as follows. First, we obtain the following sequence of inequalities:

A9
P — PIH.1. - [v*(x® ) A9 ) H. )

A
<P [Hj 1, > mA(F,c)é] .
Observe that the entries of H are independent and identically distributed with Hjp ~ U([—a, a])
for all j € [p] and £ € [m] after conditioning on A? by assumption. Thus, H o satisfies IEJ[H e A‘S] =
0 for all j € [p] and ¢ € [m]. By the definition of A% we have that A% > 0 P-almost surely. Using

the Hoeffding’s inequality (Boucheron et al. |2013)), we obtain the following inequalities:
A? [ A?
P|H;1 ———— | =Es |P|H;1 —— __|A°
gim > 2mA(F,c)5] Ar | [ jim > 2mA(F,c)(5| ”
<Eu | 2(A0)
= A P Ty (mA(F,c)d)?

_ (a%)°
< Ens jexp " 2m3a2A(F,c)?-62 | |

which provides the first part of the statement’s inequality.

Step 2 (Bounding P,): We provide a bound to P» by using a rather different approach than
in Step 1. Namely, we use the fact that the following inequality is trivially satisfied:

Py =P[Hjly - [y*(x°) =¥l > A’ |EPIE] < P[E°].

Next, our goal is to use the “decoupling” trick from the proof of Theorem [ to obtain the desired

bound. We introduce the event V = {max {A(PF,c), |PL|l«} < pa}. Observe that, conditional
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on the event V, the bound Lz (P) as defined in Lemma {4] satisfies the following inequality:

1
L2 (P) < max {elm (74 + & (F.6) [Llc) 5 } = Lz

Moreover, we define i := §(2Lz)"". Then, we define the finite set X, := where

(X%)z‘e[N]’
N =N (X,n; || |1) is as given in Lemma[3] as the n-cover of X in the ¢;-norm.

Moreover, the following inequality is satisfied:
P[] =P [wo(x") > po(x", P) + 6

To proceed, assume that the event £° occurs. Importantly, x° is a random variable induced by
both H and P. Accordingly, conditioning on £¢ does not make x? any less random. However, on £,
realizations of x° for which @g(x%) > @g(x°,P) 4 § is satisfied. For any given realization x of x%,
there exists i € [N] such that ||x —x}[[; <7 by the definition of &;. Consequently, for any given

realization x of x%, there exists i € [N], which satisfies the following inequality:
‘Z(X%,P) - Z(x,P)|+ ng(X%) — (pg(X%,P) >4

where Z(-,P) is as defined in the proof of Theorem
Next, we use the Lipschitz continuity of Z(-,P) from Lemma In particular, we obtain the

following inequality:
‘Z(X%,P) - Z(Xv P)’ < LZ(P)HX% - XHl < LZ(P)W

where Lz (P) is as defined in Lemma {4} Therefore, the following inequality holds:

PET<P [,561[1]5] {vo(x) = o(x;, P)} > 6 — Lz(P)

By applying the law of total probability (Jacod and Protter 2012), we obtain the following

sequence of inequalities:

P [po(x}) — po(x,,P) > 6 — Lz(P)n] =P [SUP {eo(x}) — @o(x}, P)} > 6 — Lz(P)n| V| PV

1E€[N]

+P

sup {¢o(x}) — @o(x;, P)} > 6 — Lz(P)n| VC] PV

1E€[N]

sup {pa(x),) — o(x;, P)} > 6 — Lyn| V] PV +P V]

Op [SLE};’] {po(x}) — o(x}, P)} > 6 — LG]
1€
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~P [a[lp] {@o(x) — @o(x}, P)} > 6 — Lzn| V| PV + P [V]
i€[N
(©) i i g
<P sup {eo(xy) = o(x, P)} = 5| +1 = Fa(pa)
€[N

(d) ~
< 4mNe O =)k 11 Fa(pa),

where (a) comes from that Lz(P) < Lz on V. Also, (b) follows from once again applying the law
of total probability. Moreover (¢) follows from the definition of  and from the definition of Fa.

Finally, (d) is a consequence of applying Theorem

n
by construction, we have that Ly = max {|[c[im (pA + A (F,c)||L||«),5}. Then, the following

n n
Observe that, by construction, we have that N < <1 + 49) = <1 + 8‘95Lz> . Additionally,

sequence of inequalities holds:
c é 1 (@) 76(52753)16 ~
P =P o(x") > po(x", P) + 6| < ke +1— Falpa) =1 - pal5,C),

where (a) follows from that ¢ := O (W), where v* := max {|[u*(x)||2[|f —Lx : x € X} and
u*(x) corresponds to the optimal solution (of minimal f2-norm) to the follower’s dual problem (and
provided that d is chosen small enough, which we omit to explicitly define for brevity). Also, by its
construction, x satisfies k = O (m (1 + @)n).

Step 3 (Putting all together): We now merge the bounds from Steps 1 and 2 to derive an

upper bound on the probability that the coupling constraints are violated. In particular, we obtain

the following chain of inequalities by using a union of bounds:

P{3j € [p], ij(S + ij*(x(s) > hj} < Z P[ij‘s + ij*(x‘s) > h]|

Jj€lp]
2
(A%) )
P <_ 2m3a?A(F, c)? - 62 +1-pa(5,C)|,

Sp‘EAé

which, in turn, concludes the proof. |

Proposition still involves the random variable A%, whose distribution is not immediately trans-
parent. To overcome this issue, we complement it with three results: Corollary [4] Lemmal[2] and its
simplified form in Proposition 2] Together, these statements give explicit bounds on the deviation
of the upper-level coupling constraints for the optimal solution to problem without requiring

detailed knowledge of the law of A%. We now present the proofs of all three results below.
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Proof of Corollary[f The proof closely follows the one from Proposition [I] First, we fix § and let
(x‘s,y‘s) denote the optimal solution to whenever it exists. Importantly, (X‘;,y‘s) is a random
vector that depends on the realization of both H and the random projector P. We are interested

in deriving an upper bound to the probability of violating coupling constraints, namely to:
]P’[Hj € [p], Gjx° + Hyy*(x°) > hj],

where y*(x°) is the follower’s rational response, given that the leader’s acts according to x?, and
G; and H; corresponds to the j-th row of G and H, respectively.
Then, we denote by £ the event defined by:

€= {w €0 @p(x’) — 0 < pp(x, P) < we(Xd)}
To begin, similarly to the proof of Proposition [1} observe that the following inequality is satisfied:
P[G;x’ + Hy*(x°) > hj] < P+ P
where P; and P, are defined by:

P =PH;1, [y (x°) =¥ [e > A% €] - P[€]

Py :=P[HjLy - y*(x°) = ¥°lle > A | €] - P[£°].

Step 1 (Bounding P;): Using Corollary [2| and in particular the proof of Theorem |5 one can

verify that, conditional on the event &, the following inequality is satisfied:
Iy*(x°) = ¥°[loc < mA(F, c)3,

where we implicitly use Assumption A6, i.e., the optimal solution to the follower’s problem is unique.

Consequently, we can bound P; as follows. First, we obtain the following sequence of inequalities:

r 9
Pi=P[Hjln - [[y*(x) = ¥oc > A’[£] - PIE] <P |HjLpy > —

swos ] 2

- A
< .
<P Hilm > mA(F,c)cS]
n

< .
<P Hjlm > mA(F,c)(S]’

where we use that A% > 5 almost surely in the last inequality.
Observe that the entries of H are independent and identically distributed with Hj, ~ U ([—a, a])
for all j € [p] and ¢ € [m]. Thus, Hj satisfies E[Hj] = 0 for all j € [p] and £ € [m]. Using the
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Hoeffding’s inequality (Boucheron et al. [2013), we obtain the following inequality:
6

2

n
—— | < — .
mA(F, c)5] = &P ( 2m3a?A(F, c)? - (52)

P Hj]-m >

Step 2 (Bounding P»): We provide an upper bound to P, by using the same approach as

)

in the proof of Proposition [1} Since x° is a random variable, we use the decoupling trick from the

proof of Theorem [ to obtain the bound. Specifically, the following inequality is satisfied:
Py < re €20k L1 Fr(pa) =1 pal6,0),

where € := O ((H—%)’ with «* := max {|Ju*(x)[|2||f — Lx : x € X} and u*(x) corresponds to the
optimal solution (of minimal #3-norm) to the follower’s dual problem (and provided that § is chosen
small enough, which we omit to explicitly define). Also, we have that k = O (m (1 + @)n)
Step 3 (Putting all together): We now merge the bounds from Steps 1 and 2 to derive an
upper bound on the probability that the coupling constraints are violated. In particular, we obtain
the following chain of inequalities by using a union of bounds:
P[Hj € [p], ij‘s + ij*(x(s) > h]} < Z IP’[GrjX‘S + ij*(x‘s) > hy]

JEP]
2

"7 ~
<p- <exp <_2m3a2A(F,c)2 ) 52> +1—pa(o, C)) .

where € := O (W), with «* := max {|Ju*(x)[|2||f — Lx : x € X} and u*(x) corresponds to the

optimal solution (of minimal ¢5-norm) to the follower’s dual problem (and provided that § is chosen
n
small enough, which we omit to explicitly define). Also, we have that k = O (m (1 + @) )

The end proof is immediate by combining all the bounds. |

Proof of Lemma[4 Fix j, 6 and a € (0,1) as in the statement of the lemma. Let (x‘;,y‘s) be the
the optimal solution to (7)), which is a random vector that is induced by both H and P. Moreover,

we pick s < min{h; — G;x : x € X'} arbitrarily. Assume that the event:
G;x° + H;y’ > hj —s
occurs. Then, it follows that the following inequality is satisfied:
ij‘S > hj—s— ij‘s.
Accordingly, we have that the following inequality is satisfied:

| > Hjyl > by — s — Gx°,
Lelm]
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and, since s < h; — ij‘s, both the left-hand side and the right-hand side of the inequality are
non-negative. Consequently, the inequality is also satisfied when one takes the absolute value of
both side. Hence, we obtain the following inequality:

Z |ng|y§S > hj —s— ij‘;,

te[m]
and, if we divide both sides by a > 0, then we obtain the following inequality:

Hj, hj—s— G;x°
Z| J|yg> j i*x
a
Lem)]

a

Moreover, recall that the follower’s problem (in both and (7)) is assumed to be bounded.

That is, we have that y? satisfies 1:,;y5 < #. Thus, the following inequality is satisfied:

|ng| hj—S—GjX(S
> -
a af
Lem]

Next, if we define Yj, := %, for £ € [m], then we have that Y}, ~ L{([O, 1]) so that Yji,... Y
are independent and uniformly distributed. Next, if we define X; := Zée[m} Yj¢, then we have that
X follows a Irwan-Hall (IH) distribution (Irwin|1927; Hall[1927). Let ¢/Z, denotes the 1—a quantile
of the Irwan-Hall distribution. Next, if we define s = 7; = hj —max {G;x : x € X} — afqi® | then

we have that that the following inequalities are satisfied:

5 |Hj| _ hj— 7 — G;x° |H (|
7 < hj —G;x° and P[Z e =P Y S gl ] <o,

Le[m] Le[m]
where the first inequality has to be understood as holding P-almost-surely.

Hence, with this choice of 7; = 7;(a, 6, a), we have that:
IP)I:C-}]'X(S + ijé > hj — Tj] < a.

Additionally, the second part of our result follows from that the Irwan-Hall distribution is a contin-

uous distribution with support in [0, m], which, in turn, concludes the proof. |

Proof of Proposition[4 The proof closely follows the one from Corollary [d] First, we fix ¢ and let
(x5,y5) denote the optimal solution to whenever it exists. Importantly, (Xé,ya) is a random
vector that depends on the realization of both H and the random projector P.

Fix j € [p]. Then, recall that, by Lemma [2| for all o, 7; = 7;(«,0,a) defined by 7; = h; —

max{ij X E X} - a@q{fla, where q{fa corresponds to the 1 — « quantile of the Irwan-Hall
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distribution, we have that that the following inequality holds:
P[r; > h; — G;x° + H;y’] < a.
For 7 defined as in Proposition [2, we obtain by a union of bounds:
P[r > A°] < ap,
where A% := min {h; - (ij5 + ij‘s) : j € pl}.
Next, we are interested in deriving an upper bound to the following probability:
P [Elj € [p], ij5 + ij*(x‘s) > hj] ,

where y*(x°) is the follower’s rational response, given that the leader’s acts according to x°, and
G; and H; corresponds to the j-th row of G and H, respectively.
Then, we denote by £ the event defined by:

& ={we: pp(x) =5 < gy’ P) < o) }
To begin, similarly to the proof of Proposition [I observe that the following inequality is satisfied:
]P’[ijé + ij*(Xa) > hj} <P+ P

where (7) holds by using the law of total probability (Jacod and Protter 2012), and where P; and P,

are defined by:

Pr:=P[Hjly - [y"(x") =¥l > A°| €] - P[€]

Py :=P[H;l,, - [[y*(x°) — yOllso > A®| £ - P[£°].

Step 1 (Bounding P;): Using Corollary [2| and in particular the proof of Theorem 5|, one can

verify that, conditional on the event &, the following inequality is satisfied:
[y*(x°) = ¥°[lc < mA(F,c)s,

where we implicitly use Assumption A6, i.e., the optimal solution to the follower’s problem is unique.
Consequently, we can bound P; as follows. First, we obtain the following sequence of inequalities:

A&

_ ] ) * 0\ 6 d . < ; YR
Py =PH;l, - [y (x°) =y’ > A% | €] P{g]—P[Hjlm> mA(F,C)5|

5] PE]

Aé
<P|Hjl,> o |.
= { d >mA(F,c)(5]
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Then, we derive the following sequence of inequalities:

A?° (a) A° s s

P|H;1 —— | =P |H;1 — | T >A°|P|T> A
/ m>mA(F,c)5] [ J m>mA(F,c)5’T_ ] [T_ }
0 1 é

SP[QM}+P[Hj1m>nm|T<A5]P[T<A5}

.
< PH1,> ———— A°| P A°
< ap+ [ j >mA(F,C)(5‘T< } [7‘< ]

-
< P H1, > ————=
s [ gtm = mA(F,c)(S}

where (a) follows by the law of total expectation (Jacod and Protter 2012).
Observe that the entries of H are independent and identically distributed with H;, ~ U ([—a, a])
for all j € [p] and ¢ € [m]. Thus, Hj; satisfies E[Hj¢] = 0 for all j € [p] and £ € [m]. Using the

Hoeffding’s inequality (Boucheron et al. [2013), we obtain the following inequality:

P|Hil,> | <exp(— r
It AT, 06| = TP\ T 2mB2AF, 0202 )

Step 2 (Bounding P): We provide a bound to P, by using the exact same approach as in the

proof of Proposition [1l Note that, implicitly, since x°

is a random variable that depends on both H
and P, we use the decoupling trick from the proof of Theorem [ to obtain the bound. Specifically,

the following inequality is satisfied:

P2§K6_0(82_€3)k—|—1—FA(pA):1_pA(5’C)’

where € := O <(1+9)u*

), with «* := max {||u*(x)|[|2||f — Lx : x € X} and u*(x) corresponds to the
optimal solution (of minimal f2-norm) to the follower’s dual problem (and provided that ¢ is chosen
small enough, which we omit to explicitly define). Also, we have that K = O (m (1 + @)n).
Step 3 (Putting all together): We now merge the bounds from Steps 1 and 2 to derive an
upper bound on the probability that the coupling constraints are violated. In particular, we obtain
the following chain of inequalities by using a union of bounds:
P|3j € [p], G;x° + Hy*(x°) > hj} < PG’ +Hy*(x°) > hy]

JEP]

7_2

<p- <ap+exp <_2m3a2A(F 0)2‘62> +1 —pA(57é)> )

which concludes the proof. |
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B.3.4 Preemptive correction for coupling constraints

In this section, we introduce a simple preemptive correction of the upper-level constraints: by
uniformly reducing each right-hand side h; in by a carefully chosen margin {, we ensure that the
resulting leader’s decision z° together with the follower’s response y*(a:‘s) satisfies all coupling con-
straints with certainty. We then prove a proximity result, analogous to that of Section[4.2.2] showing
that the loss in the leader’s objective due to this right-hand-side adjustment is only of order O(9).

To proceed, we first fix some random projector P, § € (O,min{wg(x) X E X}), and ¢ > 0.

Then, we introduce the following adjusted program:

fo(P,6,¢) i=max a'x+d'y

st. Gx+Hy <h - (1,
y € Yo(x) (45)
c'y <@p(x,P)+4
x € {0,1}™ xR}?, y e R,

and denote the corresponding set of optimal solution by Sp(P, d, (). Then, we define:
s9(P,0,Q) = max{aTx +d'y*(x) : Jy € RT, (x7y) € Sy(P, 9, C)} .

Next, we fix  := |H||;mA(F, ¢)d and we assume that there exists an optimal solution (x*, y*(x*))
to (1)) which satisfies Gjx*+H;y*(x*) < h; for all j € [p]. Thus, there exists § > 0 sufficiently small
such that Sp(I;xq,0,¢) # 0. Therefore, we have that Sp(P, d, ) # 0 is also satisfied with probability
at least p > 1—4mefc(€2753)k, where ¢ = O(W) and v* := min {||u*(x)[]2]|f — Lx|]2 : x € X'}.
Recall that u*(x) is the optimal solution (of minimal ¢3-norm) to the follower’s dual problem by ap-
plying Theoremon the leader’s optimal decision x*. Consequently, is feasible with probability
at least p. Let (x%¢, y%<) be an optimal solution to whenever it exists.

We proceed under the assumption that the event in Theorem [3| holds for x%¢. All subsequent
results are conditional on this event, which we subsequently refer to as £(0). Hence, they should be

6

understood as holding with probability at least p > 1 — 4mefc(52753)k, where € = O(W)'

Then, by using a proximity argument similar to Corollary [2] the following inequality is satisfied:
[ (x%€,5%¢) — (%7€, ¥ (x%9)) loo < mA(F,c)s,

Also, by its feasibility, we have that (X(S’C, y‘S’C) satisfies the upper-level constraints. To proceed,

we first show that (x%¢,y*(x%¢)) is bilevel feasible. Then, we provide performance guarantees.
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Step 1 (Bilevel feasibility to the original problem): To establish bilevel feasibility, we
leverage the proximity result introduced above. By applying this result, we obtain the following
chain of inequalities:

Gx%¢ + Hy* (X&C) = Gx%¢ + Hyé’c + Hy*(xa’c) _ Hy‘s’C
<h— (1, +H(y"(x*) - y*°)

<h = (L + [[H] y* (x*) - y*¢

o <h— (1, + [H|1mA(F, c)51, = b,

where the last inequality follows by the definition of (. Hence, we have that (x5747y*(x5’4)) is a
bilevel feasible solution to ([I)). Note that, this feasibility argument implies that s¢(P,d,¢) < z*.
Step 2 (Value function based reformulation): We formulate an adjusted leader’s prob-
lem by embedding the follower’s rational response into its upper-level constraints (i.e., to include
the coupling constraints) and then adjusting the right-hand side of the upper-level constraints. We
first fix some leader’s feasible decision x € X. Then, recall the dual of the follower’s problem (9)

defines exactly the value function we need. Formally:
0o(x) := pp(x,I5xq) = max{(f — Lx)Tu+ fv : Flutvl, <c' ,ucR? v< O} .

Note that, by Proposition 3.1 from Blair and Jeroslow (1977), the value function of a linear

program is piecewise-convex linear. Therefore, we obtain:
@o(x) := max { [ (f — Lx) ' ,Q}Te(i) : i€ [L]}
where e ... e(L) are the extreme points of the polyhedra defined by:
{(u,v) eRt! . Flu+wl, < cT, v < O}.
Next, we reformulate the leader’s problem by substituting the follower’s value function with

its piecewise-linear representation, and updating the right-hand sides of the upper-level constraints.

fo(Igxq:0,€) := mex a'x+d"y*(x)

st. Gx+ Hy*(x) <h-(1,
¢ y'(x)< [(F—Lx)",6] e® Viel[l]
x € {0,1}" x R?, y*(x) € Vo(x).
Note that the reformulation in may become exponentially large, since the number of extreme

points of the underlying polyhedron can grow exponentially (Bertsimas and Tsitsiklis |1997)).
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Step 3 (Bound on the adjusted optimal objective function value): By an application of
Theorem [5| and in particular Corollary [2| to instead of the original leader’s problem (by simply

changing the right-hand side of the upper-level constraints), we then have that (Xé’C, y‘s’C) satisfies:
2% +d "y — fo(Iyug, 0,0)] < [d1mA(F, €)5,

on the event £(9).
Step 4 (Proximity bound for the bilevel-feasible solution): We bound the deviation of

(x%€, y*(2%)) from the leader’s optimal objective function value z* by considering:
’39(P7 57 C) - Z*"

For that, we proceed in three elementary steps. Specifically, by using the triangle inequality, we

obtain the following inequality:
Iso(P, 6, () — 27| < A1+ Az + Ag,
where A1, Ay and Ag are defined by:
Ay = |a"x% + dTy*(x7¢) — (aTx% + dTy%0)),

)

Ay = ‘aTxé’C + dTyé’C - f@(Iqxqa 0, C)

A3 = ‘fG(IquOa C) - Z*|7

respectively.

By the discussion preceding Step 1, we have that Ay < ||d|[ymA(F, c)d, and by Step 3, Ay <
|d[limA(F, c)é. The last step is to find an upper bound for Az. By using the reformulation in ([47),
we can use classical proximity results for mixed-integer linear programs. Specifically, by the strong
proximity result (Theorem 2.1 by Blair and Jeroslow (1977))), there are constants C7,Cy > 0 such

that for all feasible ( > 0, the following inequality is satisfied:
| fo(Tgxq:0,¢) — 2| < C1¢ + Co.

Note that C} and C might be exponentially large due to the number of constraints in ([47).
Accordingly, in the worst case, a small value of § might be required to obtain a meaningful bound.
However, such choice for § might reduce the quality of the probabilistic lower bound. Moreover,

following Theorem 2.4 by Mangasarian and Shiau (1987), if the leader’s decision variables are all
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continuous, then the constant term Cy disappears and we have that:

’f@(IquOaC) - Z*’ < Clg

Note that, the two constants that appear in Theorem 2.1 by Blair and Jeroslow (1977)) and
Theorem 2.4 by Mangasarian and Shiau (1987)) are not the same. However, to simplify our notations,
we pick C as the maximum between those two constants. Then, as ¢ := ||H|[1ymA(F, c¢)J, we obtain

the following two inequalities:

150(P,6,¢) — 2°| < (2]|d||x + C1|[H|[)mA(F, )3 + Ca, if ny > 0,

150(P,6.¢) — 2| < (2] d]l + CLl|H] ) mA(F, ¢)3, if ny = 0.

As a final remark, while this section enforces exact feasibility of the coupling constraints, alter-
native approximation approaches are available. Instead of imposing all constraints, one can obtain
comparable guarantees with explicit control over allowable constraint violations. Such controlled-
violation schemes are standard in approximation algorithms, including bilevel settings, where con-
straints are relaxed by a tunable margin. We omit these variants, as similar guarantees follow from
arguments analogous to those above. Nevertheless, similar techniques can be adapted to produce

approximate solutions with explicit violation budgets, which we leave as future research.

26



C Proof of Theorem @ in Section

In this section, we complement our results from Section [3] to provide further guarantees on the
quality of our bounds. We show that by restricting the class of projectors, we are able to somehow
provide information on how “bad” the bounds from Section [3| might be. Specifically, we show that,
under some conditions on k£ and §, there exists some family Pék), C7 > 0 and C5 > 0 that satisfies

the following inequalities:

25— C10 < 5p(P,0) < 2" < 59(P) < 2" + 09,

for all projector P € P(gk).

Assumption. As discussed in Section [£-3] coupling constraints pose challenges for deriving
approximation guarantees whenever using an approximate follower’s response. Accordingly, in this
section we assume H = 0y, thereby eliminating all coupling constraints. We anticipate that anal-
ogous results extend to the general case with nonzero H, but we omit that extension here for clarity.

To begin, we introduce Z C {0,1}™, the set of first-stage binary vectors x(M for which there ex-

ists a second-stage vector x(2) € R such that x = (x(1), x(?)) € X. In other words, Z is defined by:
Z = {x(l) e {0,1}™ : I3x@ er™ | (xM) x?) e X}.

For any x) € Z, we can define a leader’s problem analogue to that is parametrized by x(U) in
which the integer part of the leader’s decision is constrained to be equal to x(!). This parametrized
problem is a bilevel linear program with continuous decision variables at both levels. Accordingly,
there exists an optimal solution to this parametrized bilevel linear program that is attained at an

extreme point of the polyhedral (Bard and Falk |1982; Bialas and Karwan [1982)):
P(xD):={(x,y) €R? xRT : Gk +Hy <h,Fy +Lx =f, 7; =2\ ¥je [n]}.

We denote by £(x(M) € P(x(V) the set of leader’s feasible decision that are extreme points
of the parametrized polyhedral P(x(l)). Then, we define A C X as the subset of leader’s feasible

decisions that might potentially be optimal. Specifically, we introduce:

A= | &)

xMez

To proceed, given some k € [g], we define P(gk) the subset of linear mappings from R? to R* that
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somehow provide good approximation guarantees for the projected follower’s problem. Formally:
P(gk) = {P e RF*7 1 pp(x) — 0 < pp(x,P) < py(x) Yx €A}

Step 1 (nonempty set): Next, we provide a condition for both k € [¢] and § that guarantees
that ’P(gk) is nonempty by leveraging the results from Section 4 and in particular Theorem For
any leader’s feasible decision x € X', we denote by u*(x) the optimal solution to the dual of the
follower’s problem with the minimal fs-norm. Recall that, given a random projector P and

0 < 6 < min {py(x) : x € X}, we have that the following inequalities hold:

909(}() -0 < 909(){7 P) < 909(}()7

with probability at least p > 1 — 4me_c(52_53)k, where £(x) := O((1+9)||u*(x(§||2||ffo||2)' Then, we
select x* € A that minimizes £(x)? — £(x)? and introduce u* := max {|Ju*(x)||2[|f — Lx|2 : x € X'}.
In addition, we impose that d is sufficiently small so that e(x*) = D- g < 2 min{1, u*}, for some

2 — g(x*)? is guaranteed

positive constant D > 0 that is independent of k, § and ¢, so that e(x*)
to be positive. Then, given some random projector P (e.g., Gaussian), we have that the following

sequence of inequalities is satisfied:
Plo(x) — 0 < pp(x,P) < pp(x) Vx € A} =1 —]P’{Elx cA: {npg(x) — 0 < pp(x,P) < wg(x)}c}

=1 —IP’[ U {po(x) — 6 < po(x,P) < ‘Pe(x)}c}

xEA

>1— Z <1 — ]P)|:g09(x) — 6§ < pp(x,P) < we(X)D

xEA

>1- Z 4m670(€(x)275(x)3)k
xeA

>1— 4m’A’efC(5(x*)275(x*)3)k.

In particular, one can verify that, if § and k are chosen so that they satisfy, together, the

min{1,u*} and k&2 > 20° log(4m|Al), then the following inequality is satisfied:

conditions § < el

o)
2D
1-— 4m|A\efc(E(w*)27€(m*)3)k > 0.

In that case, there exists at least one realization (and possibly infinitely many) of P with the de-

sired property (which belongs to ng)), as long as k and ¢ satisfy, together, the following inequalities:

(’)(0 W) <0< O(Gmin{l,u*}).
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In the worst case, the number of nondegenerate extreme points grows as O ((p+q)”+m), which im-
mediately provides the estimate log(|A]) < O ((n 4+ m)log(p + ¢)). By choosing ¢ := % min{1,u*},
one can verify that the condition above forces k = Q ((n + m)log(p + ¢)). Hence, to secure the de-
sired probability bound, k£ must grow linearly with the dimension of the decision variables but only
logarithmically with the number of constraints.

Step 2 (On the lower bound): By Theorem [5, and notably by following its proof, one can

verify that, for all P € ng) (provided that the set is nonempty), the following inequality is satisfied:
2" — 59(P,0) < ||d||imA(F, c)d.
Hence, together with the result from Section [3|, we have that:
2" — ||d||1mA(F,c)d < s9(P,0) < z*.

Step 3 (On the upper bound): We fix a projector P € P(gk), where k and  are chosen such
that the set Pék) is nonempty. Then, let (x*, y*(x*)) be the optimal solution to the original bilevel
program . Then, by the definition of P, the following inequalities are satisfied:

wo(x*, P) < pg(x") < g (x*, P) + 6.

Next, for an arbitrary 6 € (0, 4], we introduce the set of follower’s decisions that are feasible
for the projected follower’s problem and additionally satisfy some constraints on their objective

function value. Formally:
Ip(d) := {y ERT : P(Lx* +Fy — f) = 04, pp(x*) > ¢y > pp(x*,P) +4, 1,y < 9}

In particular, if we pick & := ©0p(x*) — pg(x*, P), then we have that y*(x*) € FP(S). Hence, by
using proximity results for linear programs by Cook et al. (1986) (see Theorem 5 in their paper),

there exists some constant C' > 0 and a solution y(?) € T'p(0) that satisfies the following inequalities:
Iy — " (x|l < €3 < C6.
Consequently, we have that the following sequence of inequalities is satisfied:
F=alxt+dTy (x") = alx* + dTy© 4 (dTy*(x*) B dTy(o))
—a'x* +dTy©® 1 |[dTy*(x*) - d'l'y(o)’
<alx +dTyO +ldffly" (") =y

<a'x*+d'y® +|d|,Cs
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< s9(P) + ||d[[1Co,

where the last inequality follows from the feasibility of (x*, y(o)) to (5)).
To summarize, if k and § are chosen such that P(gk) # (), then, there exists some C1,Cy > 0 such

that for all P € Ptgk), the following inequalities are satisfied:
25— C10 < 5p(P,d) < 2% < 59(P) < 2" + Co9.

Note that we could replace sy(P) by dp(P, d) in the above inequalities to obtain a similar result for
the adjusted surrogate problem by applying similar feasibility-based arguments.

The sandwich theorem applies to every projector P € ng) as long as k62 exceeds the order
of O(log(m\AD). Consequently, our main result is driven by the underlying problem structure,
most critically, the number of extreme points in the single-level relaxation of . Moreover, this
perspective offers an alternative description of “good” projectors for the surrogate-based bounds
in Section [3] that does not directly rely on the follower’s optimality conditions. Instead, one can
interpret S(gk) as the set of O(¢)-isometries from R? to R*. that is, embeddings of the type guaranteed

by the Johnson-Lindenstrauss lemma (Johnson and Lindenstrauss 1984).
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D Additional computational study

We present additional computational results that complement the findings reported in Sec-
tion Specifically, we consider instances in which the network variant is chosen to be either V2
or V3, as described by Royset and Wood (2007). For both variants, we report the optimality gap

and the runtime, using the same computational setting as in Section [6.2]

Network V2 (optimality gap )

Projection 2x3 3x3 4x3 5x3
Zfoas 0.2(0.2) 0.4(02) 04(0.1) 05 (0.1)
Zrelax 62.2 (24.3) 67.4 (13.7) 94.8 (11.0) 127.6 (23.9)
59(P,6;)  flow 02(0.2) 04(02) 05 (0.2) 5 (0.2)
interdiction 0.2 (0.2) 0.4 (0.2) 0.5 (0.1) 5 (0.2)
naive 0.2 (0.2) 5 (0.2) 0.5 (0.1) 6 (0.1)
do(P,54)  flow 1.9 (0.9) 1.0 (0.8) 0.4 (0.5) 2 (0.4)
interdiction 1.4 (0.4) 5 (0.4) 0.5 (0.2) 3(0.3)
naive 13.2 (43.4) 88.4 (91.8) 120.4 (119.8) 163.6 (162.1)

Table 4: Network V2 (optimality gap). Mean (& std) optimality gaps for various bounding approaches applied
to the min-cost flow interdiction problem on Network V2. We compute the feasibility gap 7 for both zfas and
5¢(P,6p). Also, we compute the dual gap 4 for both zrelax and dy (P,d4). The table compares: (i) the single-level
relaxation bounds, and (i) feasibility and dual bounds obtained via random projections.

Network V2 (runtime)

Projection 2x3 3x3 4x3 5%x3
z* 0.2 (0.1) 0.5 (0.1) 3.2 (0.1) 76.7 (2.0)
Zfeas 0.1 (0.1) 0.2 (0.1) 0.3 (0.1) 0.5 (0.1)
Zrelax 0.1 (0.1) 0.2 (0.1) 0.3 (0.1) 0.5 (0.1)
59(P,05) flow 0.2 (0.1) 0.8 (0.1) 4.9 (0.5) 129.8 (21.7)
interdiction 0.3 (0.1) 0.6 (0.1) 0.9 (0.2) 1.4 (0.6)
naive 0.2 (0.1) 0.6 (0.1) 1.0 (0.3) 2.0 (1.0)
Jg(P,éd) flow 0.2 (0.1) 0.7 (0.1) 5.1 (0.7) 127.4 (22.5)
interdiction 0.3 (0.1) 0.8 (0.3) 1.5 (0.8) 6.3 (7.6)
naive 0.2 (0.1) 0.4 (0.2) 0.7 (0.7) 3.5 (5.9)

Table 5: Network V2 (runtime). Mean (& std) runtime (in sec) for various bounding approaches applied to the
min-cost flow interdiction problem on Network V2. The table compares: (i) solving the leader’s problem exactly,
(#) the single-level relaxation approach, and (i) the random projection based approach.
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Network V3 (optimality gap )

Projection 2x3 3x3 4x3 5%3
Zfoas 0.2 (0.2) 0.4 (0.2) 0.4 (0.2) 0.5 (0.2)
Zrelax 62.2 (11.2) 63.3 (16.0) 104.6 (17.6) 127.0 (24.3)
59(P,6¢) flow 0.2 (0.2) 0.4 (0.2) 0.5 (0.2) 5 (0.2)
interdiction 0.2 (0.2) 0.5 (0.2) 0.5 (0.2) 5 (0.1)
naive 0.3 (0.2) 0.5 (0.2) 0.6 (0.1) 6 (0.2)
dg(P,84) flow 1.7 (0.9) 0.9 (0.7) 0.5 (0.5) 2 (0.4)
interdiction 1.2 (0.4) 0.5 (0.3) 0.3 (0.3) 3 (0.3)
naive 12.8 (41.2) 77.7 (87.2) 139.1 (133.0) 139.4 (146.3)

Table 6: Network V3 (optimality gap). Mean (& std) optimality gaps for various bounding approaches applied
to the min-cost flow interdiction problem on Network V3. We compute the feasibility gap s for both zgas and
59(P,0,). Also, we compute the dual gap v for both zeiax and dp(P,d4). The table compares: (i) the single-level
relaxation bounds, and (i) feasibility and dual bounds obtained via random projections.

Network V3 (runtime)

Projection 2x3 3x3 4x3 5x3
2 0.2 (0.1) 0.5 (0.1) 3.2 (0.2) 78.5 (4.5)
Zfoas 0.1 (0.1) 0.2 (0.1) 0.3 (0.1) 0.5 (0.1)
Zrelax 0.1 (0.1) 0.2 (0.1) 0.3 (0.1) 0.5 (0.1)
5(P,6;)  flow 0.2 (0.1) 0.7 (0.1) 5.0 (0.6) 123.5 (19.6)
interdiction 0.3 (0.1) 0.6 (0.2) 0.9 (0.2) 1.5 (0.7)
naive 0.2 (0.1) 0.6 (0.2) 1.0 (0.3) 2.1 (1.2)
do(P,8y)  flow 0.2 (0.1) 0.7 (0.1) 5.1 (0.8) 130.6 (26.8)
interdiction 0.3 (0.1) 0.7 (0.3) 1.7 (1.0) 4.1 (4.3)
naive 0.2 (0.1) 0.4 (0.2) 0.7 (0.6) 3.3 (5.6)

Table 7: Network V3 (runtime). Mean (& std) runtime (in sec) for various bounding approaches applied to the

min-cost flow interdiction problem on Network V3. The table compares:

(7) solving the leader’s problem exactly,

(ii) the single-level relaxation approach, and (4ii) the random projection based approach.
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Electronic Companion
For “Dimensionality Reduction in Bilevel Linear Programming”

In this electronic companion, we provide the formal proof of Theorem [3] from Section [4] for
completeness. The proof and the result are originally established in the excellent study by Vu et al.
(2018)) to whom full credit is due. Their approach relies on the assumption that the right-hand side of
the linear system is normalized to have unit norm, which is an innocuous assumption in their setting.
However, in our context, this normalization conceals a dependence on the leader’s decision, which
would appear in the resulting bound and thus render the bound (or the probabilistic guarantee)
decision-dependent rather than truly constant. In what follows, we adapt their argument to the
projected constraints of the follower’s problem, whose feasible set depends on the leader’s decision.

Consequently, we present the proof in full, so that the reader can identify exactly where the
leader’s decision enters the analysis. We begin by recalling the auxiliary concentration and geometry
results collected by Vu et al. (2018]); these results are summarized in Appendix Next,
Appendix [E.C.2| contains the proofs of several intermediate lemmas for linear programming. Finally,
we combine these ingredients to establish the main result in Appendix [E.C.3]

E.C.1 Preliminary results

We open the discussion with several preliminaries from random-projection theory that serve to
establish approximation bounds for the projected follower’s problem. The arguments rely on the

Johnson-Lindenstrauss lemma (Johnson and Lindenstrauss 1984).

Theorem 1 (Johnson and Lindenstrauss, 1984). Given € € (0,1) and a matrix F € RY*™ there

exists a matriz P € R¥*? such that the following inequalities are satisfied:
Vi<i<j<m  (1-¢)|Fi—Fjl2 < |PF;—PFj|2 < (1+¢)|F; — Fj2,
where F; denotes the i-th column of F, and where k = O (¢ %log(m)).

The Johnson—Lindenstrauss lemma guarantees that any finite set of vectors admits a linear pro-
jection into a lower-dimensional space that almost perfectly preserves pairwise Euclidean distances.
We now cite several auxiliary results from Vu et al. (2018), referring the reader to their paper for

complete proofs.



Lemma 5 (Vu et al., 2018). Fiz € € (0,1) and u € RY arbitrarily, and let P be a k x q random

projector. Then, we have that the following inequality is satisfied:
2
P[(1 = ¢)llulz < [[Pulls < (1 + &)Jlufl2] > 1 —2e“F,
for some constant C' > 0 (independent of q, k, €) .

Lemma 6 (Vu et al., 2018). Fiz ¢ € (0,1) and u € RY arbitrarily, and let P be a k x q random

projector. Then, we have that the following inequality is satisfied:
P[(1 = Olul} < [Pulf < (1+e)lfulf3] > 1 —2e7 Dk,
for some constant C' > 0 (independent of q, k, €) .

Proposition 3 (Vu et al., 2018). Fiz e € (0,1) and u,v € R? arbitrarily, and let P be a k X q

random projector. Then, we have that the following inequalities are satisfied:
—elull2[[vllz < (Pu,Pv) = (u,v) <ellull2]vll
with probability at least 1 — 26*0(62*53)]“, where C' > 0 is a constant independent of q, k, and €.

Corollary 5 (Vu et al.,, 2018). Fiz e € (0,1) and u € RY\ {04} arbitrarily, and let P be a k x g

random projector. Then, we have that the following inequality is satisfied:
P[Pu # 0] > 1 —2¢ ¥,

for some constant C' > 0 (independent of q¢ and k).

E.C.2 Intermediate results

In this section, we establish two lemmas that provide the first application of random projection
techniques in our context. Each concerns the feasibility of the projected follower’s problem and

builds on the probabilistic results of the previous section. Specifically:

Lemma 7. Let P is a k x q be random projector. Then, for any (X, y) € R x R, we have that:
(i) if x € X and Fy =f — Lx, then PFy = P(f — Lx),
(i1) if x € X and Fy + Lx — f # 04, then P [P(Fy +Lx — f) #* Ok] >1—2eCk,

(1it) if x € X and Fy + Lx —f # 0,4, Vy € Y C R, for some finite set |Y| < +oo, then
P[P(Fy +Lx—f) #0;, VyeY]>1—|Y2e



where the constant C' > 0 is independent of x, m and k.

Proof of Lemma[7 (i) The result follows from the linearity of the equality operator.

(1t) Define u = f — Lx — Fy. Then, by our assumption above, we have that u # 0,. Therefore,

we obtain the following inequality:
P[Pu # 0;] > 1 — 2¢~“F,

which is obtained by using Corollary [5} The result then follows by the definition of u.

(i4i) We derive the following sequence of inequalities:

P[P(Fy +Lx—f) #0;, VyecY] =P[(){P(Fy +Lx —f) # 0}]

yey
=1-P[{ ({P(Fy +Lx —f) # 04} }°]
yeY
=1-P[ | J{P(Fy + Lx — f) # 0,}°]
yey
>1- Y PH{P(Fy+Lx—f) # 0;}°]
yey
>1- Y PH{P(Fy+Lx—f) =0;}]
yey
(a)
>1-) 2% =1-|y2e,
yey
where (a) follows from the result in (7). [
Lemma 8. Let us fix a leader’s feasible decision x € X. Given Fi,...,F,, € RY, we assume

that f — Lx ¢ C = cone{Fy,...,F,,}, i.e., the cone induced by the vectors ¥i,... ,F,,. Next, we

introduce the following two constants:

c1 = c¢1(x) :=min||[f-Lx—uls and co = ca(x) := max max {||2f — 2Lx — F}||o, ||f — Lx — F|2}.
ueC J€[m]

Neat, let P : RY — RF be a random projector and define PC := conv({PFl, . .,PFm}), i.€e.,
the convezr hull of PF1,...,PF,,. The following inequality is satisfied:

P[P(f — Lx) ¢ PC] > 1 2(m +1)%C(E==)k,
for some constant C independent of m,n, k,c1,co,x and for & that satisfies:

€ < min {C%(x)/cg(x) :xeX, f—Lx¢C}.



Proof of Lemma[8 To begin, we assume that the random projector P is defined over a probability

space (€2, B,IP). Then, we introduce the following two events (which are both subsets of Q):

S = {Vu,v e {f—Tx—F;, j € [m}U{0g} : (1—e)fu—v]3 < [Pu—v)J} < (1+e)u—v[3},
Sti={vuve{f-Lx—F;,jem}u{o,} : (1-e)utvl;<[Pa+v)[;<(l+e)u+vl|3},
and we define S; := S N ST.

We assume that the event S occurs. Moreover, we fix A := (A;)jL; € R arbitrarily with the

constraint that ZTzl Aj = 1. Then, the following sequence of equalities is guaranteed to hold:

|P(f - Lx) ZAPFJHQ_H (f—Lx— ) NFy)l3
j=1

WIPY (- Lx — F)) A3
j=1

<P§: (f—Lx—F;))\,P)_ (f—Lx—F;)\)

j=1 j=1

=SS AN(P(F - Lx - Fy), P(f -~ Lx — Fy))

=§ P (e L )

2 > NMP(F-Lx—F,;),P(f - Lx - F,))

1<i<j<m

S

Il
—

A IP(f - Lx — Fj) I3
J

+- > NN(IP(2f —2Lx — F; — Fy)|3 — [P(F; — F})13),

1<i<j<m

N

where (a) follows from the definition of A, i.e., 3%, A; = 1. In addition, () follows from the
following equality: (u,v) = 1 (|[u+ v|3 — lu—v|j3).
Then, recall that we initially assume that the event S. occurs. Consequently, the following two

inequalities are guaranteed to hold on event S.:

IP(f —Lx —F;)[f > (1 —¢)|f ~ Lx — F;|3, and



P (2f — 2Lx — F; — Fy) |5 — [P (Fi = F;) |5 > (1 —e)[|2f — 2Lx — F; — Fi[|5 — (1 +¢) [ — F; 3

forall1 <i<j<m.
Accordingly, we obtain the following inequality:
|P(f — Lx) Z)\ PF;|3> (1-¢)>_ N|f —Lx — F,3
j=1
> AN ((1—e)ll2f — 2Lx — Fj — Fyfl3 — (1+¢)||Fs — Fy[3)

1<i<j<m

=A —cA",
where A~ and AT are defined as follows:

BN 1
:Z)\?Hf—LX—FjH%‘F§ D (NAlI2f - 2Lx — Fj — Fyl3 — M| Fs - Fy3),

j=1 1<i<j<m
“ 1
2 2 2 2
=Y N|If - Lx — F;[3 + 5 D (NAl2f = 2Lx — Fy — Fill5 + A\ || Fa — Fyl)5).
j=1 1<i<j<m
Next, we simplify the expressions for both A~ and A" into two consecutive steps. Specifically,
we obtain the following sequence of equalities on A™:

m
- 1
=D NlIf—Ix—Fjl3+5 > A [I12f - 2Lx — F; — Fil| — |[Fi — F|3]
j=1 1<i<j<m

WS N —Lx—F f—Lx—F;)+= 3 A [4(f - Lx — Fj,f — Lx — F,)]

l<z<]<m

== ii)\i)\j<f—LX—Fi,f—LX—F]’>
7j=11i=1
— i )\zea f—Lx— i )\jF]’>
i=1 j=1

™ ©
= |If —Lx = Y _AFil} > (%)%,
=1

where (a) follows from that 4(u,v) = |[u+ v|3 — |[u— v||3, for all u,v € R™. Moreover, (b) follows
from the definition of X, i.e., 377" A; = 1. Also, (c) follows from 37"} \;F; € C.
Next, we derive the following sequence of equalities on A™:

m
1
=> Nlf —Lx—F;|3 + 3 D> (NAjlI2f = 2Lx — Fj — Fyl3 + A\ | Fi — Fy3)
j=1 1<i<j<m

m
1
=Y NIf - Lx — F|5 + 3 > AN((2f - 2Lx — F; — Fj, 2f — 2Lx — F; — F))
j=1 1<i<j<m



+% > X ((F; —F, F;, — F;))

1<i<j<m

1
A2||f — Lx — Fj|5 + 3 > AN ((2f - 2Lx — Fy,2f — 2Lx — Fy))

|

=1 1<i<j<m
1
+3 D> AN ((2f — 2Lx — Fy, 2f — 2Lx — F) + (2f — 2Lx — F;, 2f — 2Lx — F))
1<i<j<m
> NN ((2f - 2Lx — Fy,2f — 2Lx — F,) + (F; — F;,F; - F;))

1<i<j<m
N2f — Lx — F||2+ > AN (J12f - 2Lx — F5 + [|2f — 2Lx — Fy3)
1<z<]<m

> AN (2(2f - 2Lx — Fy 2f — 2Lx — F) + (F; — F;, F; — F;))

1<i<j<m

I
‘MS ol

<
Il
-

+
N =

1
ASIE — Lo — B3 + 5 ST AN (ll2f - 2Lx — By} + [[2f — 2Lx — Fy[3)

1<i<j<m

1
ST (23 4F — AL — B~ 13— L [Fs —~ Fy[13) + [P — )

1<i<j<m

I

<
Il
-

[
MS ol

A2[[f - Lx — j||2+2 > AN (J12f — 2Lx — F5 + [|2f — 2Lx — Fy )

1<i<j<m

<.
Il
| ==

1 1
> )\z‘)\j(gH‘lf —4Lx —F; — F[5 + SIFi = Fj[l3).

1<i<j<m

_l’_

Moreover, observe that the following equality holds:
[4f — 4Lx — F; — F|[3 + [|F; — |3 = [|2f — 2Lx — F;5 + [|2f — 2Lx — F;3
1 1
+5ll4f —4Lx — F; — Fjl3 + S IFi = Fjl3,
and therefore, the following equality is also guaranteed to hold:
[4f — 4Lx — F; — F[[3 + ||F; — Fy[[3 = 2)|2f — 2Lx — Fi[|3 + 2[|2f — 2Lx — F,|}3,

forall1 <¢<j<m.
Accordingly, we derive the following inequality on AT as follows:

AT=N "N —Lx - Fj3 4+ ) AN ([I2f — 2Lx — Fy )3 + [[2f — 2Lx — F,}3)

1<i<j<m

7=1
< i Aoy 2 > AiNal(x
j=1

1<i<j<m



= Z )\?CQ(X)2 + Z )\i}\jCQ(X)Q = CQ(X)2.
j=1

i=1
i#]
Hence, we obtain the following inequality:
IP(f —Lx) = > NPFj|3 > c1(x)® — eca(x)® > 0, (E.C.11)
j=1

where the strict inequality comes from the restriction made on €. Moreover, ((E.C.11)) holds for all
choices of A € R’ that satisfies Z’anl Aj = 1. Therefore, if S is true, then we have that:

f — Lx ¢ conv({PFy,...,PF,}).
To conclude, we derive the following sequence of inequalities:
P [P(f —Lx) ¢ PC|] > P[S.]

> P [(1 — ) |wlZ < PwlZ< (1+e)|wl?: wefutv}Vuve{f—Lx—F, Vie [m}}U{O}}

=1-P U {@=9)wl3 < IPw]3 < (1 +¢)llwll3}*
we{utv}
u,ve{f-Lx—F;,Vie[m]} U{0}

>1- > P{(1-¢)lwl3 < IPw|3 < (1+e¢)llwll3}]
we{utv}
u,ve{f—Lx—F;,Vie[m]} {0}
>1— Z 26—0(82—83)k’ >1-— 2(m + 1)26—0(52—53)k

we{utv}
u,ve{f—Lx—F,;,Vie[m]} {0}

)

where (a) follows from Lemma [6] and concludes the proof of Lemma [§] [

Feasibility cone. After projecting the follower’s feasible region to a region with fewer con-
straints, the right-hand-side vector may fall outside the cone generated by the projected columns. We
formalize this phenomenon and bound the probability of such infeasibility under random projections.

We fix a leader’s feasible decision x € X. Then, for y € cone({Fi,...,Fy}), we define
lylle = min{Z;-n:l Aj i A2 0,y =200 Aij}. Also, we say that A € R is a minimal F-

m

representation of y if and only if %%, A; = [ly|/F. This term is originally used by Vu et al. (2018).

Then, we introduce the following two parameters:
F:=min{|(F;,F;)| : i,j € [m]}, and

m
pr =max{[ly|r : y € cone({F1,....Fn}), y =Y _ NFy, [lyl2 < 1}.
Jj=1



Lemma 9. Let us fit y € cone({Fq,...,Fy}) arbitrarily. Next, let X € R™ be the corresponding

minimal representation of y. We have that that the following inequalities are satisfied:
F 2yl < lylle < urllyllo:

Proof of Lemma[9. First inequality. The following sequence of (in)-equalities is satisfied:
= 2 =
(F2)yll2)” = F'yl3

- FflzZA \;(Fi, F))
SFTIEY Y iy =llyliE
i=1 j=1

which follows by the definition of minimal representation.
Second inequality. If ||y||2 = 0, then the second inequality is trivially satisfied. Accordingly,

we next assume that y # 0,,; hence, ||y||r # 0. Consequently, the following inequality holds:

since y/||yl|l2 € cone({F1i,...,F,,}) and Hy/HyH2H2 < 1. Thus, the following inequality is satisfied:

HYHF

which, in turn, concludes the proof. |

Theorem 2. Let x € X, and assume that f — Lx € cone({F4,...,Fp}). We introduce some k x q
random projector P, for k € [q]. Moreover, we assume that inf {||f — Lx||2 : x € X} > 0. Neat, we
define g = g(x) and A as follows:

g(x) € argmin {||f — Lx —u[3 : u € cone({Fy,....F,})},
A =min {1, inf {||f —Lx—ullz : x € X, u € cone({Fy,...,Fp,})} },

c(x) = max{max {||f — Lx +ul3 : u € (Uj=1 {F;}) U (Uj=1 {~F;}) U{0,}}, F},

and introduce some € € R that can be chosen arbitrarily as long as it satisfies:
p<c<umfpn L] N |
€ < min < min ,min . .
xeX c(x)up xex c(x)  2||lg(x)[lapr + 1 + pg|If — Lx|)3
Then, there exists a finite constant C' (independent of m,n,k, A) that satisfies:

P[P (f — Lx) ¢ cone({PFy,...,PF,,})] > 1 —2(m + 1)(m + 2)e~ ==k,



Proof of Theorem [ To begin, we introduce the following two events:
So={Vuve{f-Lx—F;, je[m}u{0}: (1-¢)lu-v[;<|Pu-v);<+e)|u-v|3}
SH={Vuve{f-Lx—F;,j e m}u{o}: 1-g)u+v]3<|Pu+v)|3<(1+e)|u+v|3}

and we define S := S N St. By using Lemma @, we have that, there exists some finite constant

C' (independent of m,n, k,e) such that:

2

]P)[SE] >1— 2<m;— 1) 670(52753)]@ >1— 2(m + 1)(m + 2)670(5 753)14:'

Next, assume that the event S. occurs. Let fix y € cone({Fi,...,Fp}) and let 30", \;F;
be a minimal F-representation of y. Then, we introduce some intermediate notations, namely

b = f — Lx, and we derive the following sequence of inequalities:

IP(f — Lx) — y|3 = [Pb — > \PF,|3

j=1
= (Pb-> X\PF;,Pb- ) \PF;)
j=1 j—l

(Pb, Pb) Z)\ PFJ,Z)\ PF;) — 2(Pb Z/\ PF,)

j=11i=1

— |Pb|)3 + Z Z Ai)j(PF;, PF;) — 2 " \;(Pb,PF;)
j=1

= |[Pbl5+> > A\);(PF;, PF))

J=1i#j
+) N|PF;|3 - 2> A (Pb,PF))
j:1 j:1
S A\
Jj=1 1<i<j<m

Z (IPb + PF;|3 — |Pb — PF,|3),

l\') \

where the last equality is obtained using 4(u, v) = ||u + v||3 — [[u — v||3.

Since S occurs, we have that, for j € [m]:

IP(f - Lx) |3 > (1 - )| — Lx]|3, and,

P[5 > (1 —e)l|F;]3.



Moreover, we obtain the following two inequalities:

1P (F; + F)[I5 — [P (F; — F;) |15 > (1= )l[Fi + I3 — (1 + &) | Fs — F3,

1P (f — Lx + F;) 3 — [P(f — Lx — ;) [|3 < (1 +¢)|If — Lx + Fj|3 — (1 - )[|f — Lx — Fy 3.
Accordingly, the following sequence of inequalities is guaranteed to hold:

IP(f - Lx) —y[3 > (1 —¢)[If — Lx[3 + (1 —¢) Z)‘QHFJ”Q
7=1

i\
+ Y PR+ T3 - (1+ ) [Fs — Fy3)

1<i<j<m

= S ()~ T+ Fyfl3 - (1 o)lIf — Tx — Fy)
j=1

Ai\s
22 L(|IF; + Fj5 — |IFs — Fj3)

=t —Lx|3+ > MIFE+ >

j=1 1<i<j<m
m )\ m
=D 5 (If — Lx+ Fy 3 — [If — Lox — B [3) — (I — Lx[3 + D X |F513)
j=1 j=1
Aidj
—e Y SO(IR - F )+ F - )

1<z'<j<m

—@Z (| — Lx + Fyll3 + |£ — Lx — Fy}3)

=A" —cAT,

where:

m
_ i )\
= f—Lx|5+ > NIF 13+ > L(IFi + Fy3 — [IFs — Fy13)
j=1 1<i<j<m

LY
Zngf Lx + Fj|5 — |f — Lx — F;}3),
7=1
m
AT = If - Lx5+ ) NF 3+ D

j=1 1<i<ji<m

)\.
o (i + B3 + [ F3 — F513)

m
+Z§”(Hf Lx + Fj|3 + [If — Lx — Fj[3).

<.

Next, we introduce the following two constants:

F:= min (F;,F;) and F := max{ max (F;,F;), 1}.
E= pi Fo i) e, (Fo Fa) j

10



Moreover, observe that the following two equalities hold:
IFi + Fjl5 — |Fs — Fj3 = 4(F;, F;)
If — Lx + F;|[3 — |f — Lx — Fj|[3 = 4(f — Lx, F;).

To proceed, we derive a lower bound and an upper bound for A~ and AT, respectively. Specif-

ically, we obtain the following sequence of equalities:

B m m )\
= |f - Lx|5+ > NIF; 5+ D ) Fl,F> 4Z§<f Lx,F;)
jfl 1<7,<]<m j=1
= ||If — Lx||2+2)\2H ]HQ+ZZM (Fi,Fj) —2) \(f — Lx,F))
i=1 j#i j=1

= |If- Lx||2+ZZ)\)\ (F;,F,) <f—Lx,Z)\jF]~>
j=1

i=1 j=1

= |If — Lx|3 — 2(f - Lx,y) + [ly[5 = [If - Lx - y|3.

We fix a = |ly||3. Recall that by definition of ¢ = g(x), we have that g is the orthogonal
projection of f — Lx into cone({Fi,...,F;,}). We next use this definition to demonstrate the

following intermediate result:

Lemma 10. ||f — Lx — y|% > a? — 2a|g3 + ||If — Lx||3.

Proof of Lemma[10 If y = 0,,, then the claim is trivially true by the definition of «. Accordingly,
we assume that y # 0,,,. To proceed, we treat two cases, whether g # 0.

Case 1 (g(x) # 0): We define d(x) := min{|/f — Lx — uflz : u € C} where we recall C :=
cone({Fi,...,F,,}), which is attained for g(x). Then, we proceed by showing the following equality
d(x)? + ||g(x)||3 = ||f — Lx||3. Accordingly, the following equalities are guaranteed to hold:

d*(x) + [lg(x)[3 = If = Lx — g(x)[13 + 9(x)[13
= (f —Lx —g(x),f — Lx — g(x)) + (9(x), 9(x))
= (9(x),9(x)) + (f — Lx,f — Lx) + (9(x), 9(x)) — 2(f — Lx, g(x))
= (9(x), 9(x)) — 2(9(x), g(x)) + [If — Lx|3 + [lg(x) |3
—2(f — Lx — g(x), g(x))
2 {9(x), 9(x)) — 2(g(x). () + [If ~ Lxll3 + [l9(x)13

= Hf - LXH%v

11



where (a) follows by that g is the orthogonal projection of f — Lx into the cone C.
Then, we fix z = ||g”2y. Accordingly, as y € C, we have that z € cone({Fi,...,F,,}) and

|z||2 = ||g]|3. Next, we introduce § = H;ﬁ, and we obtain the following sequence of inequalities:
If - Lx —y|3 = |If - Lx — oz])3
= (f — Lx — z,f — Lx — Jz)
= |If — Lx||3 + 6°[|=3 — 20(f — Lx, z)
= (1 - 0)[If — Lx|3
+6(f — Lx, f — Lx) — 20(f — Lx, z) + (6> — 6)||z3 + 6|3
= (1= 0)[If — Lx|3 + (6 - 9)]|2l3
+6(f — Lx,f —Lx —z) — 6(f — Lx,z) + §(z,2)
= (1= 9)[If — Lx|3 + (6 - )]|2l3

+0((f — Lx,f — Lx — z) — (—2,2) — (f — Lx, z))

(1= 8)|If — Lx[|3 + (8 — 9)|=|3 + O||f — Lx — =3
> (1 0)||f — Lx||3 + (6% — &)||2l|3 + dd(x)*
= (1 - O)[If — Lx|3 + (8 — 0)|lzll3 + 3 (/I — Lx[I3 — lg(x)II3)
= 0%llg(x)113 — 26[lg(x)[13 + [If — Lx]|3
= a” — 2al|g|l2 + ||f - Lx]3,
which conclude the first case of the proof.

Case 2 (g(x) = 0): Assume that g(x) = 0. Then, we show that (f — LX)TZ < 0, for all
z € cone({Fy,...,F}). Fixy € cone({Fi,...,Fy}) and § > 0 be chosen arbitrarily. Then, we

derive the following inequality and limit:

1
0 < L(1 — Lx — oy — £ — Lx]3)
= Loy — 2506~ Lxy)) % —2(r 1) Ty.

Therefore, the following (in)-equalities are satisfied:

.
If — Lx —yl3 = If - Lx|3 + ly[l3 - 2(f - Lx) 'y

> [If = Lx|3 + [lyl3 = o + [If — Lx[|3 - 2a]lg(x)]l2,

as g(x) = 0. This observation, in turn, concludes the proof of Lemma [10] [

12



Next, we derive an upper bound on A™. Thus, we derive the following sequence of inequalities:

m
Aidj
Pl -Lx|F Y NIF B+ Y S IR+ Fl3 + ([ — Fy)

j=1 1<i<j<m

WY
Z* |f — Lx + F;[|3 + ||f — Lx — F;[|3)

22

<|If - Lx\\2+Z)\2F+ Z 4F+Z - (IF = Lx + Fy |3 + [|f — Lx — F3)
1<z<j<m

< - Lﬂb+F§:§:AA+§: (6 — Loc+ 5 3 4 £ L — )

=1 j=1

m
= |If = Lx|3 + Fliyl3 + )
J=1

)‘J

S (I = Lx + F5 + [If — Lx — Fy3)

(a) _ "
< |If = Lx|3 + Frurlyll3 +Z§J (IIf = Lx + F3 + [If — Lx — F;3)

m
c(x) + Fuglyl3 + ) gj - 2¢(x)
j=1

< ) (14 I3 + rllylle) = e(x) (1+ iba? + 2ura).
where (a) follows from Lemma [0} Also, (b) follows from the definition of ¢(x), namely:
c(x) := max{max {||f — Lx +u|j3 : u € (Uj=1 {F;}) U (Uj=1 {-F;}) U{0,}}, F}.
Moreover, (c) follows from both the definition of ¢(x) and applying Lemma [9]
Therefore, the following inequalities are satisfied:
IP(f - Lx) —y[3 > o® — 2a]lg(x)[|2 + [If - Lx|3
—e(e(x) (1 + pFa® + 2upa))
= (1 —ec(x)puz)a® — 2(||g(x) |2 + ec(x)ur) o + [|f — Lx|)3 — ec(x).
Recall that a polynomial of degree two of the form p(a) = aa? + ba + c is strictly positive if and
only if a > 0 and b> — 4ac < 0. Hence, if € is chosen such that:

1 —ec(x)p3 >0,
4(llg) 12 + ce(x)pr)” = 4(1 = ec(x)uf) (|If — Lx||3 — ec(x)) <0,

then we have that ||P(f — Lx) — y||3 > 0. Accordingly, to guarantee that the first inequality holds,

13



we should select € that satisfies the following inequality:

b
c(x)
Additionally, € should be picked so that is satisfies the following condition:
2
4(llg(x)ll2 + ee(x)pr)” = 4(1 — ee(x)pd) (If — Lx[3 — ec(x)) < 0
2

< (g2 +ec(x)pr)” = (1 — ec(x)u) (If — Lx|[3 - ee(x)) <0
& g3 + e®e(x)’ 1 + 2] 9(x)[|l2ee(x) pr

— (IIf = Lx||3 — ec(x) — ec(x)pFIf — Lx||3 + e*e(x)*pF) <0

= gl + 2llg(x)llaec(x)ur — (If — Lx|3 — ee(x) (1 + pil|f — Lx|3)) <0

& ec(x)(2lg()llapr + 1+ pllf — Lx|[3) < If — Lx[3 — [lg(x) 3 = d(x)
1 d(x)?
(%) 2llg(x)ll2pr + 1+ pE|If — Lx||3

& <

Accordingly, if we pick e so that it satisfies the following inequality:

2
1 A )
c(x)pp’ e(x) 2)lg(x)llapr + 1+ ppllf — Lx|3

0 < e < min{

then we have that |P(f — Lx) — y||3 > 0, for all y € cone({F4i,...,Fy}). Consequently, we have
that f — Lx ¢ cone({PFy,...,PF,,}).

Hence, we have that:
P[P(f — Lx) ¢ PC] > P[S.] > 1 — 2(m + 1)(m + 2)e "~k
which concludes, in turn, the proof of Theorem [2|. |

Cone transformation. We introduce the set K := {Z;"Zl v;Cj 1 v e R’}f}, where Cq,...,C,,
are the column vectors of a ¢ x m matrix C, i.e., K := cone({Cy,...,C,,}). Then, for u € R? and

6 such that 1,y < 6 for all follower’s feasible decision y € Uxex)(x), we introduce:

m

GuslK) = { D 05(C; — Tm) : v € R

m

j=1
Ko ::{Zijj : VGRT,ZijG}.
j=1 j=1

Lemma 11 (Vu et al., 2018). For any u € R?, we have that u € Ky if and only if u € ¢y (K).

Corollary 6 (Vu et al., 2018). For any u € R? and J C {1,...,m}, we have that u € IC“,] if and

14



only ifu € gf?ie(/C), where:
Cj—3u ifjel
Ju __ J 0 )
c;"

C; otherwise;

qﬁig(lC) = {Z ijj“ :veRT} = cone({C}-]u 2 j€ml});

j=1
/Cg = {Z ’UjCj vV E RT, Z’Uj < 6}
j=1 jeJ

Then, let pp(x,P) := min {cTy : PFy = P(f — Lx), 1y <6,y ¢ RT} be the follower’s
projected value function, with the additional constrain which guarantees that the follower’s feasible

region is bounded. Moreover, we assume that 6 is large enough so that:

max {1, sup ||f — LX”%} < 6.
xXeX

Observation. Let P be a k x ¢ random projection. Then, Lemma E] also applies to (k+h) x ¢

random projection P which takes the following form:

5. /Ihxh ‘ Ohx(q—h)\
P

Equipped with the preceding lemmas and propositions, we proceed by demonstrating the primary
result: namely that the follower’s projected value function deviates from the original value function

by only a small amount with “high” probability.

E.C.3 Main result

The remainder of this section is devoted to proving Theorem [3] As pointed out at the beginning

of the companion, the exposition bellow parallels the approach by Vu et al. (2018). Formally:

Proof of Theorem[3 To proceed, we first fix some leader’s feasible decision x € X, together with
some follower’s feasible decision y € Vg(x). Then, we introduce the following matrix and vectors:

- c' |1 - X)— 4
F = LA
F |0 S f—-Lx

where s € R>¢. Next, given a k x ¢ random projector P defined for some k € [g], we introduce the

15



(k+1) x (¢ + 1) random projector P of the form:

- 110
P-
0P
Let J be the index set of the first m columns of F. Consider qﬁg o for some 0" € (6,0 +1) chosen

arbitrarily. Then, we introduce the matrix F defined as follows:

A
Sl N

F = |F, — b,Fpii] .

1
6/
Since y is a follower’s feasible decision, it cannot have an objective function value lower than

©vp(x). Hence, the following system of linear equations:
Fy =f — Lx,
po(x) —6>cly,
y =20,

is infeasible. Therefore, we conclude that the following system of linear equations:

is also infeasible.

Our goal is to show that the following system:
PF' y = Pb,
0

>

<

is infeasible with small probability.

To proceed, we obtain the following result on b:
~ m ~
b¢ (> 4F; i VER], 1,7 <40
j=1

Accordingly, b ¢ K], and, using Corollary @, we have that b ¢ QS%’(;/ (K) = cone (le’ .. ,F;n_H).
Then, we introduce u*(x) € RY, as in the statement of the theorem. We let u*(x) be the optimal
solution to the follower’s dual problem with the minimal fo-norm. By using a strong duality argu-

ment (Bertsimas and Tsitsiklis|1997)), u*(x) is guaranteed to satisfy the following two (in)-equalities:

u'(x)"F <c' and u*(x)T(f — Lx) = ¢g(x).

16



To continue, we define *(x)" := (1,—u*(x)"). In our next step, we show that the following

two inequalities are satisfied by a*(x):

" (x)'F >0 and 0*(x) b < 0.

By using the dual feasibility of u*(x), the following inequalities are guaranteed to hold:
e NTE VAR T T T
u'(x)'F= (1,—u*(x) ) =(c —u'(x) F,1)>0,,,,

F |0
where the last inequality comes from dual feasibility, namely, u*(x)'F < c'.

Moreover, we have that:
*(x) b = (1, —u*(x) ") (po(x) — 6, (F — Lx)' )T = pp(x) — 0 —u*(x)" (f —Lx) = -4 < 0.

Therefore, the following sequence of (in)equalities holds:

T e 00 s (S ) ()
Then, by using Proposition , we have that, for all j € [m + 1], the following two inequalities

are guaranteed to hold:

|((Pu*(x), PF') — 1~1*(X)TF/)jl < ef|@* (x)]|2]|Fjl2, and
|(Pa*(x), Pb) — &*(x) " b| < &l|a*(x)]2]|b|l2,
each with probability at least p =1 — 2¢Ok,
Next, we define the parameter n = n(x) as follows:

1 =n(x) = [0 (x) 2 - max { jéfln?fl]{”F;HQ}’ B2}

By using the union of bound, we have that the following two inequalities:

|(Pa*(x),PF) —u*(x) 'F'| <en and |(Pu*(x),Pb)—a*(x)'b|<en,

hold (the intersection of their respective events) with probability at least p =1 — dme—CE* =Mk,
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Lemma 12. 7(x) := O(6||u*(x)||2), where the constant only depends on c,F,f,L.

Proof of Lemma[I3 To begin, the following sequence of inequalities is guaranteed to hold:

113 = Il (wolx) = 6. (£ — Lx)T ) |13

= llpo(x) — dl[3 + [If — Lx]|3

—
S
N

< [If — Lix||3 + 205(x)* + 267
(6) 9 9
< |If = L[| + 4¢p(x)

= |If — L[5 + 4|c "y (x)|?

(©) 2 2 (1o 2

< [If = Lx||3 + 4|ef|S [y () IF

(d)

< |If — Lx )3 + 4)lc| 2.6 < (1 + 4] c]|2,)6?,

where (a) follows from that (u — v)? < 2u? + 2v? for all u,v. Moreover, (b) follows from that
0 < 0 < pp(x). Additionally, (c) follows from the Holder’s inequality. Then, (d) follows from that

the follower’s feasible region is bounded and the definition of 6; recall the end of Section [E.C.2]
1/2

Therefore, by taking the square root, we obtain ||&*(x)]|2||b|]2 < [a*(x)][2(1 + [lc]|%) ' 76. On
the other hand, given some j € [m], we obtain the following sequence of inequalities:
112 P L=o
||Fj||2 = ||F] - ybHQ
- 1 -~
< [[F5 3+ o 1B
< e, ED) 1B+ 2 (1 + 4]lc|2) 6
< (e BT I3 + 5 (1 -+ 4lel2)
< llesllz + 115113 + (1 + 41c]1%,) 6.
/ l !
Thus, we have that [[F;[|2 < (llejll3 + 11F5113(1 + 4]|c|2,)0) 2. Moreover, ||F,, ]2 = 1.
Finally, observe that:
1 1
0 < ([0 () [l max {1, (1 + 4fle]%,) 29,;161%{(!\%\\3 +IF;13(1 +4llel3)0) 2},
which essentially concludes the proof of Lemma |

Next, we introduce £ = ¢(x) := m. Accordingly, with probability at least p, we have that

the following two inequalities are guaranteed to hold (assuming 6 is large enough so that 6 < 1+46):

(f’ﬁ*(x))T (f’F/> >0 (x) F = Lypien > 1m+1L — Liy1en = (

1+0 - En)lm-i-l > 07

1446
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(ﬁﬁ*(x))T (15f)> < (x)"b+en < —8+en< O
Moreover, by the definition of 7, we obtain the following inequalities:
n(x) > [|a*(x)|[2][Bl2 > [u*(x)[|2]If — L2,
which essentially implies that e(x) satisfies the following inequality:

e(x) < 0
~ 2(1+ 0)ur(x)f2fIf — Lx]l2

Therefore, we conclude that the following system of linear equation:
PF' y = Pb,
y >0,

is infeasible with high probability by using Farka’s Lemma (Bertsimas and Tsitsiklis |1997)).
Note that, by the definition of F' and ¥, we obtain that:

1 L
PFy:P(Fy—yZyjb),
7j=1

so that b ¢ gZ)g o (K), where K := cone(PFy,...,PF,,11). Accordingly, by using Corollary@ we

have that the system of linear equations given by:

Piy — Pb,
1,y <4,
y >0,

is also infeasible with high probability since b ¢ Ky.

Therefore, with probability at least p, the projected follower’s program:
©vp(x,P) := min {cTy : PFy = P(f — Lx) ) 1;y <d,ye RT}

has its optimal objective function value greater than yy(x) — §. Since 0" > 6, with probability at

least p, we have that pg(x,P) > pp(x) — 0. This observation, in turn, concludes the proof. |
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