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Abstract

Given a collection of probability measures, the Wasserstein barycenter problem seeks a prob-
ability measure that minimizes the weighted sum of their squared type-2 Wasserstein distances.
We study the discrete setting, in which every input measure has finite support; this setting arises
frequently in machine learning and operations research. Since computing a discrete Wasserstein
barycenter is NP-hard, we develop approximation algorithms with provable performance guar-
antees. The best previously known polynomial-time guarantee is a factor of 2. We improve
this bound by proposing a polynomial-time approximation scheme (PTAS) that generalizes the
existing 2-approximation: for any prescribed « € (0, 1], the proposed algorithms return a (1+«)-
approximate barycenter in time polynomial in (nk)/® and d. We provide both randomized and
deterministic constructions and derive a sharper guarantee when the input measures are equally
weighted. Numerical experiments on synthetic and real datasets show that the algorithms are

computationally practical and produce near-optimal barycenters.

1 Introduction
A Wasserstein barycenter is a Fréchet mean in Wasserstein space: it minimizes a weighted average
of optimal-transport costs over a collection of probability measures. For P,Q € Py(R?), the type-2

Wasserstein distance is

1/2
W)= (|t [ e ylaey)
where M(IP, Q) denotes the set of couplings with marginals P and Q.

Let [k] :={1,...,k}, and let Py,..., Py be discrete probability measures. For each i € [k], the
measure P; is supported on a finite set Z; C R? with |Z;|< n. We denote its j-th support point by
&;; and the corresponding mass by p;;, for j € [|Z;]]. Given weights A = (A1,..., A;) in the simplex
Ap:={AeRk: > icpi) i = 1}, the discrete Wasserstein barycenter problem is

v* = inf N W2 (P,P;), WBCenter
PGP(Rd)%;] 5 (P, Ps) ( )

where P(R?) denotes the set of Borel probability measures on RY with finite second moment. Dis-
crete Wasserstein barycenters have applications in clustering (Ye et al. 2017), regression (Bonneel
et al. 2016), dictionary learning (Schmitz et al. 2018), texture mixing (Bonneel et al. 2015), im-
age morphing (Simon & Aberdam 2020), medical imaging (Janati, Bazeille, Thirion, Cuturi &



Gramfort 2020), facial detection (Yan et al. 2021), time-series modeling (Cheng et al. 2021), and
distributionally robust optimization (Lau & Liu 2022).

1.1 Literature review

The Wasserstein barycenter was introduced by Agueh & Carlier (2011), who also connected it to the
multi-marginal optimal transport (MOT) problem. Several extensions and variants have since been
studied; see, for example, Bigot et al. (2012), Huang et al. (2021), Uribe et al. (2018). For finitely
supported measures, Anderes et al. (2016) proved fundamental structural properties—including dis-
creteness, sparsity, and a non-mass-splitting property—and derived an LP formulation through MOT.
The resulting formulation, however, has O(nk) variables and constraints and is therefore exponential
in the number of marginals k. Hardness persists under substantial restrictions: Borgwardt & Pat-
terson (2021) proved that the sparse barycenter problem is NP-hard even for d = 2 and k = 3, while
Altschuler & Boix-Adsera (2022) ruled out a polynomial-time randomized algorithm that achieves
prescribed additive accuracy, even under uniform weights, unless NP C BPP. The latter result
concerns additive approximation and thus does not preclude the multiplicative guarantees studied
here. Existing multiplicative guarantees are limited to a factor of 2: Borgwardt (2022) used the
union of the input supports as the candidate barycenter support, and Lindheim (2023) constructed
a barycenter from a sequence of two-marginal transport plans. We improve this factor-2 bound
by developing a polynomial-time approximation scheme (PTAS): for every a € (0, 1], our method
computes a (1 4+ «)-approximate barycenter in time polynomial in (nk)l/ @ and d.

Exact algorithms are available under additional structural assumptions or through more elabo-
rate LP techniques. In fixed dimension d, Altschuler & Boix-Adsera (2021) showed that an exact
type-p Wasserstein barycenter for p € {1,2} can be computed in time polynomial in n, k, and log U,
where log U bounds the input bit length. The same framework computes a barycenter with additive
error € > 0 in time polynomial in n, k, and log(1/€) by solving an exponential-size LP through a
separation oracle based on power diagrams. Outside the fixed-dimensional setting, Borgwardt &
Patterson (2020) strengthened the standard LP formulation by exploiting the non-mass-splitting
structure, aggregating transport variables by support tuples, and incorporating preprocessing rules
and support-size bounds. Building on these ideas, Borgwardt & Patterson (2022) developed an ex-
act column-generation method whose pricing problem searches for barycenter atoms with negative
reduced cost and is accelerated through bounding, heuristics, stabilization, and warm starts. These
approaches can be effective in practice, but they do not yield polynomial-time algorithms for all
general input parameters and can become difficult to scale when n, k, and d are large.

Related literature studied the fixed-support variant, in which the barycenter support is specified
a priori and the remaining problem is an LP. Since this LP can still be large, Cuturi & Doucet (2014)
introduced entropic regularization and subgradient-based schemes, Benamou et al. (2015) developed
a parallelizable iterative Bregman-projection (Sinkhorn) method, and Janati, Cuturi & Gramfort
(2020) proposed a debiased variant that removes the regularization bias while retaining comparable
convergence rates. Other approaches include an interior-point method (Ge et al. 2019), a determin-

istic Bregman-projection algorithm with improved complexity guarantees (Lin et al. 2020), and a



symmetric Gauss—Seidel ADMM derived from the dual formulation (Yang et al. 2021). Although
some of these methods can be incorporated into schemes for updating non-prespecified support loca-
tions, their analysis does not provide the globally guaranteed candidate-support reduction developed
in this paper.

Several methods address free-support or regularized barycenter problems directly. Claici et al.
(2018) proposed a stochastic scheme that updates the barycenter support using sampled subgra-
dients, and Luise et al. (2019) developed a Frank—Wolfe method for barycenters defined through
the Sinkhorn divergence. Lin & Ruszczyriski (2025) formulated the free-support problem as an
integer program and designed a federated dual-subgradient algorithm, while Kroshnin et al. (2019)
analyzed iterative Bregman projections and accelerated gradient methods for the entropically reg-
ularized objective. These methods provide useful computational tools, but they do not show the

polynomial-time multiplicative approximation guarantees developed in this paper.
1.2 Summary of contributions

We develop a unified candidate-support reduction framework for the discrete Wasserstein barycenter
problem (WBCenter). The framework converts the design of approximation algorithms into the
construction of a small set that approximates every tuplewise barycenter location. Its main results

are as follows.

(i) We prove the first PTAS for the discrete type-2 Wasserstein barycenter problem. For every
a € (0, 1], the proposed family of algorithms attains a (14 «) multiplicative guarantee in time

polynomial in (nk)/® and d.

(ii) We provide both randomized sampling and deterministic enumeration variants. Under equal
weights, sampling without replacement yields the sharper ratio 1+ (k—t)/(t(k—1)), compared
with 1+ 1/t for general weights.

(iii)) We evaluate the algorithms on synthetic and real datasets that include many input measures
and large marginal supports. The results show that the reduced-support models are com-
putationally practical and produce high-quality barycenters in regimes where the full MOT

formulation is intractable.

(iv) We extend the support-reduction principle in two directions. For sparse type-2 barycenters,
the same candidate set yields a (1 + 1/t) value guarantee when the restricted mixed-integer
model is solved to optimality. For type-1 barycenters, we derive exact and approximate

candidate-support constructions based on coordinatewise weighted medians.

The remainder of the paper is organized as follows. Section 2 develops the candidate-support re-
duction framework. Section 3 presents randomized and deterministic algorithms for general weights,
and Section 4 sharpens the guarantee under equal weights. Section 5 reports the numerical results.
Section 6 studies sparse type-2 and type-1 extensions, and Section 7 concludes.

Notation. We write [k] := {1,...,k} and use ||| for the Euclidean norm. The symbols
d(y and [y denote a Dirac measure and an indicator, respectively. We use (Rﬁ)@’k for the k-fold



tensor product of R, and P(S) for a probability measure supported on S. Finally, O(-) denotes

standard asymptotic complexity, whereas O(-) suppresses logarithmic and polylogarithmic factors

in the input size and accuracy.

2 Preliminary results and approximation scheme

This section develops the candidate-support reduction framework that underlies our algorithms
and generalizes the construction of Borgwardt (2022). We first recall the equivalence between the
discrete barycenter problem and multi-marginal optimal transport (MOT), which yields an exact
but exponentially large candidate support S*. We then restrict the tuplewise barycenter locations to
a smaller set S. The resulting dual problem admits a separation oracle with running time polynomial
in n, k, d, and |S|, and an optimal primal solution induces an explicit barycenter supported on S.
Finally, we show that a tuplewise approximation guarantee for S implies the same multiplicative

guarantee for the barycenter objective.
2.1 Optimal support

A key ingredient is the standard equivalence between the Wasserstein barycenter problem and an
MOT problem; see Proposition 2.1 of Altschuler & Boix-Adsera (2022) and Section 6 of Carlier &
Ekeland (2010). Specifically, (WBCenter) is equivalent to

*

v* = min (C,II),

IIe(R? )2k
sty Y Ty = Dig, Vi € (K] i € (S]] (1)
A€l dic€llSicall jitr€llEil]  de€llEk]]

where IT is a k-way coupling tensor and the transportation cost is given by

;= tifgﬂgd Z il — w3, 3= (15 i1, Jis Jit1s - -+ Jb)-
i€[k]

Each entry II;, ;. is a joint mass assigned to the tuple (1 ,,..., 2, ), and C% is the minimum

weighted squared distance from that tuple to a common barycenter location w. The MOT repre-

sentation immediately yields a finite exact candidate support consisting of tuplewise minimizers.

Lemma 1. The candidate support S* of the optimal barycenter of problem (WBCenter) is given by

S* — U arg miléle)mei—wH%

x, €5, i€ (k] we i€[k]

This characterization appears in the remark following Proposition 2.1 of Altschuler & Boix-
Adsera (2022) and in Section 6 of Carlier & Ekeland (2010); it is also consistent with the finiteness
results of Anderes et al. (2016). Thus, an optimal barycenter can be chosen with finite support, and
every support point is a weighted least-squares minimizer associated with a tuple of input atoms.

By Lemma 1, we have |S*| = O(n*), which is exponential in k. Using this notation, we may



equivalently rewrite the transportation cost in the MOT formulation as

. - 2

Cj=min > Aill@i; —wl3,
i€[k]

for each index tuple ; = (J1,...,Jk). Although an optimal barycenter is finitely supported, the exact

candidate set S* may contain exponentially many points. Our approximation framework therefore

replaces S* with a substantially smaller candidate set.
2.2 Dual representation of the MOT formulation and candidate-support reduction

Let v;; be the dual variable associated with the marginal constraint for atom j of measure 7. By

LP strong duality, the barycenter value admits the representation:

ot =max ¢ > D0 Py Cy— Y v = 0,5 € Rig[El] ¢ - (2)

iclk] jE(|Zi]] i€[k]

The dual has at most nk variables, but it contains one constraint for every k-tuple ; and therefore
exponentially many constraints. Moreover, evaluating a constraint through the exact representation
may require minimizing over the exponentially large set S*. We address both difficulties by replacing
S* with a manageable candidate set S € R?. Our goal is to ensure that the transportation cost
induced by the reduced support set S, for every tuple of input support points, is within a prescribed
multiplicative factor of the unrestricted cost, either deterministically or in expectation.

For a finite candidate support S = {wy}es € R?, define the restricted tuple cost

C5(8) = min 3 Aifli s, — w3,

1€[k]
for each multi-index j = (J1,---,Jk). The corresponding restricted dual value is
v(§) = max DD B C5(8) = Y i 2 0,V € @ [IEal] ¢ - (3)
i€[k] jE[1Eil] i€[k]

Equivalently, v(S) is the optimal barycenter value when all tuplewise barycenter locations are
restricted to S.
When |S| is polynomial in the input size, the restricted dual can be solved in polynomial time

since its separation problem decomposes across marginals.

Lemma 2. Given a candidate dual vector  for (3), feasibility of v can be checked in time O(kn|S|d).
Therefore, the restricted MOT dual (3) can be solved in time O(n3k3d|S)|).



Proof. We observe that the fact that ~ is feasible to (3) is equivalent to

min g Viji =

f€®ie[k] H:zH iclk]

which is equivalent to the following two-stage minimization problem:

min Z Aillwe — 33191”2 Z Yiji 2 0.

celisll 3 Je&e \HZ b

Note that the inner minimization problem can be decomposed for each i € [k] when ¢ € [|S|] is fixed.
Let us define the cost ¢;j,0 = Aj||we — @45, |3—ij,- Then for each i € [k], let jF(¢) € argminy, c;j,¢.
Next, we solve the outer minimization by picking the ¢* such that £* € arg mingc g Zze[k Cijr (0)e-

Computing each cost coefficient ¢;;,¢ requires O(d) time. Therefore, computing all such co-
efficients costs O(kn|S|d) in total, solving the inner minimization requires O(kn|S|), and solv-
ing the outer minimization takes O(k|S|). In total, the complexity of the separation oracle is
O(kn|S|d). By the complexity result of the ellipsoid method with a separation oracle (Section
3.1 in Grotschel et al. (2012)), the overall complexity for solving the restricted MOT dual (3) is
O((nk)?kn|S|d) = O(k*n?|S|d). O

An optimal restricted MOT solution also yields an explicit barycenter supported on S.
Lemma 3. Fix a candidate support S C R?. Let IT*(S) be an optimal primal solution of the MOT
formulation (1) in which the cost C5 is restricted to C;(S). For each j € ®ielk)[|Zi]] such that
H;;(S) > 0, choose

. N 2 .
w; € arg min Z Aill @i, —wllz,  mw = ) > I(S) L =w}, Y € 5,
ic[k] JERiek [IZl]

where Iy is the indicator function. Then the measure P(S) = >, c g Mwdw=w is a feasible barycen-
ter supported on S, where §(-) is the Dirac measure and the random variable w follows the distri-
bution of P(S).

The tensor IT*(.S) specifies the joint mass assigned to each tuple of input atoms. Assigning that
mass to a best-fitting point w; € S and aggregating over tuples produces the measure P(S). We
next quantify how the restriction from S* to a smaller candidate set S affects the optimal value.
Theorem 1. Let S C R% be a (possibly random) candidate support set. Suppose there exists a > 0

such that, for any choice of points x; € Z; for all i € [k], we have
Eg |min Y Aillw — ailf3| < (1+ @) min ZA |w — ;3. (4)
WES i clk] wek? o

Then the expected objective value of the restricted barycenter problem satisfies ES[U(S)} <1+

a)v(S*).



Proof. We first observe that in the MOT formulation (1), replacing transportation cost C by the

approximate one C(.S), the value of v(.S) can be obtained by solving the following restricted MOT

problem:
v(S) = H€%1%®k<0(5), II),
sty Y o D Wi i wgiginds = P Vi € (K], Gi € (|2l (5)
nelEl  dimi€llEicallsimi€llEiral]l  de€ll=Ek]]

Suppose that IT* is an optimal solution of the MOT formulation (1), which is also feasible to the
restricted MOT formulation (5). Thus,

v(8) < (C(S),IT*) = ) > C(S)IL,
JE€Rick [IZ]
where ; = (J1,-.-,Jk). Taking expectation on both sides of the inequality, we have

Eg[o$) < Y Eg|GiOM <(+a) Y Eg G380 = (14 a)u(sY),

.;e@ie[k]HEi” §€®ie[k] (=]
where the second inequality is due to the condition (4) and the fact that H;i, > 0 for any 5 . O

Remark. If the set S is deterministic, then the same guarantee holds directly under condition (4)

(i.e., the expectation over S is not needed).

Theorem 1 reduces the global barycenter approximation problem to a local one: it suffices to
approximate the optimal one-center cost for every tuple of input atoms. The next two sections

construct candidate supports satisfying (4), either deterministically or in expectation.

3 Approximation algorithms for the Wasserstein barycenter problem with gen-
eral weights
Under squared Euclidean loss, the tuplewise minimizer in Lemma 1 is the weighted centroid. Hence,

an optimal barycenter can be supported on

S* = Z Nix; cx; € =;,Vi € [k}]
1€[k]

This set contains at most ;¢ [Sil= O(n*) points and is therefore exponential in k. For general
weights A € Ag, we construct smaller supports by averaging ¢ sampled input atoms. Sampling
with replacement preserves the weighted centroid in expectation, which leads to both a randomized

algorithm and a deterministic enumeration counterpart with the same approximation ratio.



3.1 Sampling with replacement

Draw T1,...,T; € [k] independently according to A, so that
Prob [T; =i] = \;, Vi € [k], j € [t].

Let T be the resulting multiset. We construct

1

T _ . = ;

S{ = EE xr, :x, € 27, Vi € [t]
1€(t]

Thus, every candidate atom is the average of ¢ input atoms, with one atom chosen from each
sampled marginal. The support size is at most n’, and hence polynomial in n for fixed t. Solving
the restricted MOT problem over ST and applying Lemma 3 produces the approximate barycenter
P(ST).

Algorithm 1 Sampling-with-replacement algorithm for the Wasserstein barycenter problem

1: Input: Probability measures {IP;};c[;) with supports {Z;};c[x] and an integer ¢ € [k].
2: Independently draw T1,...,T; € [k] with Prob[T; = i] = X;, and let 7 be the resulting multiset.
3: SlT = {% Zie[t] TT,  XT, € ETl}.

4: Solve the restricted MOT dual (3) and recover a corresponding optimal primal solution TT*(S7).
5: Output: Construct and return the approximate barycenter P(S] ) using Lemma 3.

The approximation guarantee is formally stated in the following theorem.

Theorem 2. Let t € [k] be a fixed constant, and let 5’17— be the candidate support returned by
Algorithm 1. Then

Er[v(sT)] < <1+ 1) o

Proof. By Theorem 1, it is sufficient to show that for any fixed realization x; € =; for all i € [k]

and ¢ := Zie[k] Aixi, we have

. 1
Br |miy 3 Alls - @i < (144 ) 3 M- i3 (62

S€5T e[k iclk]

Since we consider a particular realization from each marginal distribution, for each random sample
T}, we also consider the same realization; i.e., we let @y, = Zie[k} xilr =y
Note that ¢ € argmingcga Y ;e Aills — x;||3. Therefore, to approximate the solution of

minsesf Zie[k] Ai|s — x;]|3, we consider s. € argminsesers —cll?; i.e., the point in ST that is



closest to e. We have

> Aillse = mill3=slsc—2¢Tsc+ > N @i =Y Nilllse — cl3+]e — xill3),
1€[k] i€[k] 1€[k]

where the equalities follow by direct expansion and Zie[k] A= 1.
Since s. € ST, by (6b), the left-hand side of (6a) can be upper bounded as

Er | min D Aills—mill3| <> Aille — ®ill3+E7 [||se — cll3] -
L e[k 1€[k]

It remains to bound E7 [||s. — ¢||3]. Since M € ST, we have

Er [||sc —¢l3] =Er

min s — \] <Ey
seSy

H ZieT Li
t

2
—C .
2

E [ZiET xz} = 2 el 2iel Prob [Ty = dai 13 e Aii = Z AiT; = c.

Since 7 = {T}}icpy) and T;’s are i.i.d., we have

t t a t

Therefore, we have

2
E7 [llsc — cl3] <Er

e

1 1
] =B, [lliBTl - CHQ} =3 > Aillzi — elf3.

2 i€[k]

Plugging the upper bound of (6e) into (6¢), we obtain that

) 1
Es min Z Aills — ;|5 < (1 + t> Z Aille — i])3.

S€5T e[k i€k]

This completes the proof.

(6b)

(6d)

(6e)

O

Remark. Choosing t = [1/a] gives an expected (1+a)-approximation. Since |S] |= O(n'), Lemma 2
yields the running-time bound O(n3*11/el k3d). Thus, for every fixed a > 0, the randomized

algorithm runs in polynomial time.

3.2 Deterministic counterpart based on multiset enumeration

The randomized construction can be derandomized by enumerating all multisets of ¢ marginal indices

and collecting every corresponding average. Define

1
St .= {ZmTi cxr, € 21, T; € [K],i € [t]
1€[t]



Solving the restricted MOT problem over S! and applying Lemma 3 yields the deterministic ap-

proximate barycenter P(S?).

Algorithm 2 Multiset-enumeration algorithm for the Wasserstein barycenter problem

[

: Input: Probability measures {P;};c[x with supports {Z;};c,) and an integer ¢ € [K].

gt {%Ziem a7, xr, € 2, T, € [k],i € [t]}.

. Solve the restricted MOT dual (3) and recover a corresponding optimal primal solution IT*(S?).
: Output: Construct and return the approximate barycenter P(S%) using Lemma 3.

R v

Since S! contains the candidate support generated by every realization of T, for any reference

2
2

The same argument as in Theorem 2 therefore gives the deterministic guarantee below.

point ¢, we have

. €T
min||s — ¢[3< Er HZIGTZ
sest t

min|[s — ¢/|3| <Er
sesy

Theorem 3. Let t € [k] be a fixed constant, and let S be the candidate support returned by
Algorithm 2. Then

(St < (1 + 1) v,

and the support size satisfies |St|= O((nk)?).

Proof. According to the proof of Theorem 2, it is sufficient to show that

min > Aills — zill3< By min > Aills —@il3]

S€51 ek S€5T ek

holds for any @; € Z; and ¢ € [k]. This is indeed true since by definition, we have Slf C 8! for any

realization 7' of random set 7. The approximation ratio then follows from Theorem 2.

k—i—t—l)
t

Finally, note that there are at most ( n! points in the set S! by stars and bars method.

Therefore, the size of St is O(nk)®. O

Remark. For t = 1, S! is the union of the input supports, so Algorithm 2 reduces to the 2-
approximation of Borgwardt (2022). More generally, choosing t = [1/a] gives a deterministic
(1 + a)-approximation. Since |St|= O((nk)!), the resulting running time is O(n>*11/e13+1/elg),

4 Approximation algorithms for the Wasserstein barycenter problem with equal
weights

We now assume equal weights, \; = 1/k for all i € [k]. Sampling marginals without replacement

reduces the variance of the sampled centroid and consequently improves the approximation ratio

relative to the general-weight construction.

10



4.1 Sampling without replacement

Uniformly sample a subset T C [k] of cardinality ¢ and define

1 -
S;r = {tZwi:wiG:Z}.

€T

The restricted MOT problem over 5’;— yields an approximate barycenter through Lemma 3.

Algorithm 3 Sampling-without-replacement algorithm for the Wasserstein barycenter problem

: Input: Probability measures {P;};c[x with supports {Z;};c;) and an integer ¢ € [K].

: Uniformly sample a subset 7 C [k] with |T|= t.

Sg = {% zieTxi X € Ei}~

. Solve the restricted MOT dual (3) and recover a corresponding optimal primal solution IT*(S7 ).
: Output: Construct and return the approximate barycenter P(Sg— ) using Lemma 3.

TU A W N e

The approximation guarantee is formally stated in the following theorem.

Theorem 4. Let t € [k] be a fixed constant, and let Sg— be the candidate support returned by
Algorithm 3. Then

Er [’U(SQT)] < <1 + t(/;;:i;)) v*.

Proof. By Theorem 1, we only need to show that for any fixed realization x; € =Z;, ¢ € [k] and

ci=1 2 ick) Ti» We must have

1 k—t 1
Es | min — |s — ;]3| < <1+> = e —x43. (8a)
se ;k%} 2 t(k—1) k;}d 2

Note that ¢ € arg ming ga + Dicplls—Ti |3. Therefore, to approximate the solution of min, ¢ g7 % > icplls—

x;||3, we consider s, € arg minseSQTHs — c||2, which is the closest point in SJ to ¢. Similar to the

proof of Theorem 2, we have

1 1
Z Y lse—zil3= Z > (lsc = ell3+le — ai13).
i€ (k] i€ k]

Thus, the left-hand side can be upper bounded by

1 1
Es | min — s—x|2| < = c — x;|3+E
7\ 2ol el < Dolle- eilieEy

mir%Hs — c||§] ) (8b)
s€Sy

It remains to bound Ef [min.Se S;*HS - c||%} For notational convenience, we let fi7 = M

11



Since fi1 € S;', we have

min||s - c|2] < B [llar — ]

Er
ES
Note that
N A Zl Ly 1
Br lir] = 32 ProbfT =T) == = 5 3° 3w
(Tet[k]) t (Tet[kl) ieT
1 k—1 1
Szl p e
t) iclk] iclk]
In addition, we also have
1 T .
Cov [fiT] = 2 (i —¢)(xj —c) Probli,j € T],
i,JET
where
Probl 7€ TI=9 () _ een) #
() ~ RO |
by direct computation.
Therefore, we further have
t 1 t(t—1)
T T
COV l’l’T Z ; C) k + t72 L (m’b - C)(.'IJ] C) k(k _ 1)7
i#JE[K]

i€[k]
which implies that

Var (o] =E7 [|| o7 — cl[3]

= Yl mil 1) S @i—) (@)

t—

iclk] k=) S
t—
th(k 1)

— S el 2l il
ze[k]
le — i3

where the third equality is due to )¢, (@i — ¢) = 0.

12

(8¢)

(8d)



Combining (8b)-(8d), we have

Br | min ¢ Sl - wilB| < iy Sle-albiy Ylle-aili= (14555 ) ¢ T lle- ailk

562

1€[k] j €[k] 16 (k] 1€[k]

O

Remark. A (14 «) guarantee is obtained by choosing

-t

which ensures (k — t)/(t(k — 1)) < a. Since |S]|= O(n'), the corresponding running time is
O(n3+tk3d) _ O(nSJr(l/a] k’gd).

4.2 Deterministic counterpart based on subset enumeration

Enumerating all size-t subsets of marginals gives the deterministic candidate support

St = {llemlmz €=, T Ckl,|T|= t}'

€T

We solve the restricted MOT problem over S and recover P(S%) through Lemma 3.

Algorithm 4 Subset-enumeration algorithm for the Wasserstein barycenter problem

Input: Probability measures {P;};c[;) with supports {Z;};c[y) and an integer ¢ € [k].

Sé = {% ZieTmi X € Ei,T - [k], ‘T‘: t}.

Solve the restricted MOT dual (3) and recover a corresponding optimal primal solution IT*(S%).
Output: Construct and return the approximate barycenter P(S%) using Lemma 3.

Since S% contains the support generated by every realization of T, for any reference point ¢ we

|

Applying the argument of Theorem 4 yields the following deterministic guarantee.

have

— C

H Zie?’ T
t

s€SE

mlan —c|(<Ef [mm |s — c||3
esT

Theorem 5. Let t € [k] be a fixed constant, and let S be the candidate support returned by
Algorithm 4. Then

o(St) < (1 + t(];;:tl)> o,

and the support size satisfies |Si|= O((nk)?)

13



Proof. According to the proof of Theorem 4, it is sufficient to show that

minZ)\iHs—a:iH%S E7 | min ZAZHS—:EZHS ,
seS} sesT ¢
1€[k] i€[k]
holds for any @; € Z; and any ¢ € [k]. This is indeed true since by definition, we have S; C St for
any realization T of random set 7. The approximation ratio then follows from Theorem 4.

Finally, note that there are (’:)nt points in the set Si. Therefore, the size of S§ is O((nk)!). O

Remark. Since

LU

t(k—1) — t’
the equal-weight algorithm is never worse than the general-weight construction for the same ¢ and
is strictly better whenever 1 <t < k.

5 Numerical experiments

We evaluate the computational efficiency and solution quality of the proposed algorithms. The
experiments are designed to (i) assess the accuracy—complexity tradeoff controlled by ¢; (ii) demon-
strate scalability on instances for which the extensive MOT formulation is intractable; and (iii)
compare against the 2-approximation of Borgwardt (2022), which coincides with our deterministic
construction at t = 1. All methods were implemented in Python with Gurobi 11.0.3 and run on a

MacBook Pro equipped with an Apple M4 Pro chip and 48 GB of memory.
5.1 Synthetic nested ellipse dataset

We first consider the nested-ellipse benchmark used in Cuturi & Doucet (2014), Janati, Cuturi
& Gramfort (2020), Altschuler & Boix-Adsera (2021), for which a reference optimal barycenter is
available (Altschuler & Boix-Adsera 2021). The dataset contains ten probability measures, each
represented on a 60 x 60 grid and corresponding to one nested ellipse; see Figure 1. The marginal
supports contain between 139 and 192 equally weighted atoms. The exact barycenter need not to
be on the original grid. A direct MOT formulation can involve on the order of 192'9 ~ 1022 tuple
variables and is therefore computationally intractable.

We run 10 runs of randomized sampling Algorithm 3 and pick the best solution. We also use
deterministic subset enumeration Algorithm 4. Note that the deterministic candidate support is the
union of the candidate supports generated by all possible sampling outcomes. It therefore contains
the candidate support associated with every individual realization and yields an objective value no
larger than that obtained from any single realization. Figure 2 illustrates this distinction: even
the best of the ten possible ¢ = 1 samples is visibly worse than the deterministic ¢ = 1 solution.
Accordingly, the remaining experiments focus on deterministic enumeration with ¢t = 1 and ¢t = 2.

The empirical performance is substantially better than the worst-case guarantees in Theorem 5.

Moreover, small improvements in the objective can correspond to meaningful visual improvements:
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Figure 1: Ten measures from the nested-ellipse dataset.

although t = 1 is faster, ¢ = 2 produces a barycenter that is nearly indistinguishable from the

reference solution.

(a) Exact ellipse (b) 10 runs of Algorithm (¢) Algorithm 4 with (d) Algorithm 4 with
(Altschuler & 3 witht =1, t =1, objective=0.02673, ¢ = 2, objective=0.02667,
Boix-Adsera 2021), objective=0.02709, time=21.08s. time=212.44s.
objective=0.02666, time=17.46s.

time=8865.03s.

Figure 2: Barycenters produced by different algorithms on the nested-ellipse dataset.

5.2 MNIST dataset

To assess scalability in the number of marginals, we use the MNIST dataset (LeCun et al. 2002).
For each of three digit classes, we randomly select k& = 50 empirical measures on a 28 x 28 grid
(d = 2). Their mass distributions differ, and the number of positive-mass pixels ranges from 165 to
263. The full MOT formulation can contain on the order of 263°° ~ 10'2° tuple variables.

We run Algorithm 2 with ¢ =1 and ¢t = 2 and report the objective values and running times in
Figure 3. Both settings are computationally viable, while ¢ = 2 consistently improves the objective

value and preserves the characteristic shape of each digit more clearly.
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a) Algorithm 2 with ¢ = 1, b) Algorithm 2 with ¢ = 1, ¢) Algorithm 2 with ¢t = 1,
obJectlve 0.0132, time= 556s obJectlve 0.0174, time= oGs obJectlve 0.0279, time= 2535.
H :
m n .
d) Algorithm 2 with ¢ = 2, e) Algorithm 2 with ¢ = 2, (f) Algorithm 2 with ¢ = 2,
obJectlve 0.0127, time=9213s. obJectlve 0.0169, time=1148s. objective=0.0274, time=2716s.

Figure 3: Barycenters produced by different algorithms for MNIST.



5.3 Sign language dataset

The final experiment studies measures with large supports. Each 64 x 64 RGB image is represented
as a five-dimensional empirical measure: two coordinates encode spatial location, and three encode
color. For each of three hand gestures, we randomly select three training images as the input

measures.

Column generation implementation. Since every image has a large support, explicitly con-
structing the full candidate support and solving the resulting LP in Algorithm 4 is computationally
expensive.

For t = 1, the candidate support reduces to the union of the marginal supports:

Thus, S5 contains at most Zz’e[k]|5i| candidate atoms. For ¢ = 2, the candidate support contains

all pairwise centroids:

T, +x _ -
S%:{TzszscTEar, Ts € Zs, 1§T<s§kz}.

Thus,
S31< D (5l [Esl,
1<r<s<k
so the size of S5 grows quadratically with the marginal support sizes. To control memory usage, we
combine Algorithm 4 with a column-generation procedure in the spirit of Borgwardt & Patterson
(2022). The restricted master problem retains only a small set of active columns, and the pricing

problem adds a column only when its reduced cost is negative. Let
Scand c Sll U S%

be a mixed candidate support containing both individual input atoms and pairwise centroids. A
column is indexed by a candidate barycenter atom w € Scang and a tuple 5 = (j1,.-.,Jk) with
Ji € [|Zi]]. Its cost is
c(w,5) =Y Niflw =i, 3.
i€[k]
For a current column set C, the restricted master problem is

min > c(w,j)0,;

Jec
e R . ) (CG-RMP)
5.t > 0,7 =Dij; Vielk], je[Eill
(w,5)EC:ji=j
The variable ij is the mass assigned to barycenter atom w through the tuple (531]'1, . 71f7kjk)~
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The induced mass of atom w and the corresponding barycenter are

Moy = Z ij, Pe = Z My Oy -

f:(w,f)ec WE S and:Mw>0
Let «;; be the dual variable for the marginal constraint associated with &;;. The reduced cost of

(w, ) is
_ s A 2
(w,§) = > Nillw =i 15— > visi-

ic[k] i€(k]

For a fixed w, the minimizing tuple decomposes across marginals:

j;(w) € arg min <\ 'w—:i:i’Q— ii ¢, Vi E k]
jilw) € arg min i w — 5~} Vi € 4

Hence, the pricing value for w is

r('w) = ml:n {/\in—ii'ij”g—’}/ij}.
ie[k]JE[l—*z‘]
If minges,, , 7(w) < 0, we add the corresponding column (w, ji(w),...,ji(w)) and reoptimize

the restricted master problem. If no negative-reduced-cost column exists, the current solution is
optimal for the LP restricted to Scang.

For the sign-language instances, even scanning all of S2 is expensive. We therefore construct a
hybrid support intended to optimize the accuracy of t = 2 at a computational cost closer to ¢t = 1.
First, we solve the ¢ = 1 restricted problem and collect its active atoms A; = {w : m,, > 0}. For
each a € A; and marginal i € [k], let N (a) C Z; contain the K nearest atoms of P; to a; we set
K = 5. Define

Shyb = A1 U U {%;ms:azre./\/'f(a), x, € NX(a), V1§r<s§k:}.
acA;

The pricing step is performed over Scang = Shyp, rather than the full candidate set S%. The hybrid set
contains the active atoms of the ¢ = 1 solution and pairwise centroids formed from their neighboring
input atoms. This localized construction substantially reduces the number of candidate atoms while
retaining potentially useful ¢ = 2 support points.

We warm-start column generation with the active ¢ = 1 columns, which provide a feasible
restricted master problem. The procedure terminates when either no negative-reduced-cost column
is found or the time limit is reached. Under a time limit, the final restricted-master solution remains
a feasible barycenter, and we report its objective value. The worst-case guarantee of Algorithm 4
requires optimizing over the full enumerated support; it does not apply to this hybrid acceleration.
We refer to the implementation as “Hybrid Algorithm 4 with ¢ = 2.”

Results. Figures 4-6 show representative results for the three gestures. Relative to the best

t = 1 solutions reported in the figures, the best hybrid ¢t = 2 solutions reduce the objective values
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by approximately 2.8%, 4.3%, and 5.4% for gestures 1, 2, and 3, respectively. The hybrid ¢ = 2
barycenters also provide visually clearer representations of the corresponding hand shapes. For
gesture 1, Figures 4a and 4b show the ¢ = 1 solutions obtained after one and two hours, respectively.
Figures 4c and 4d show the hybrid ¢ = 2 solutions obtained after one and two additional hours,
respectively, using the one-hour ¢ = 1 solution as a warm start. The hybrid ¢ = 2 barycenters

form fuller and more clearly delineated hand shapes than their ¢ = 1 counterparts. Figures 5 and 6

exhibit similar improvements for gestures 2 and 3.

(a) Algorithm 4 with (b) Algorithm 4 with (¢) Hybrid Algorithm 4  (d) Hybrid Algorithm 4

t = 1, objective=0.00368, ¢ = 1, objective=0.00358, with ¢ = 2, with ¢ = 2,
time=1h. time=2h. objective=0.00355, objective=0.00348,
time=1h. time=2h.

Figure 4: Barycenters produced by different algorithms for gesture 1.

(a) Algorithm 4 with (b) Algorithm 4 with (c¢) Hybrid Algorithm 4  (d) Hybrid Algorithm 4

t = 1, objective=0.0115, ¢ =1, objective=0.0115, with ¢ = 2, with ¢ = 2,
time=1h. time=2h. objective=0.0111, objective=0.0110,
time=1h. time=2h.

Figure 5: Barycenters produced by different algorithms for gesture 2.

We also evaluate the barycenters in a nearest-barycenter classification task. Each gesture class is
represented by its training-sample barycenter, and each of the 25 test images per gesture is assigned
to the class with the smallest Wasserstein distance. The two-hour ¢ = 1 barycenters yield 96%
accuracy, whereas the one-hour hybrid ¢ = 2 barycenters classify all 75 images correctly. Thus,
the improvement in the barycenter objective also translates into better downstream classification

performance; see Table 1.
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(a) Algorithm 4 with (b) Algorithm 4 with (c) Hybrid Algorithm 4  (d) Hybrid Algorithm 4

t =1, objective=0.00957, ¢ =1, objective=0.00949, with ¢ = 2, with ¢ = 2,
time=1h. time=2h. objective=0.00917, objective=0.00898,
time=1h. time=2h.

Figure 6: Barycenters produced by different algorithms for gesture 3.

Table 1: Gesture-classification results. Each entry is the number of test images in the indicated
category. For example, Algorithm 4 with ¢ = 1 correctly classifies 22 of the 25 gesture-2 images and
misclassifies the remaining 3.

Methods gesture 1 | gesture 2 | gesture 3
Algorithm 4 with ¢ = 1 correct 25 22 25
Algorithm 4 with ¢t = 1 wrong 0 3 0
Hybrid Algorithm 4 with ¢ = 2 correct 25 25 25
Hybrid Algorithm 4 with ¢t = 2 wrong 0 0 0

6 Extensions

We consider two extensions of the candidate-support framework. First, we show that the deter-
ministic support S? yields a value guarantee for sparse type-2 barycenters, although the resulting
restricted problem remains a mixed-integer program. Second, we exploit coordinatewise weighted
medians to construct exact and approximate supports for type-1 barycenters. Extending comparable

guarantees to general type-p barycenters with p ¢ {1,2} remains open.
6.1 Approximation guarantee for sparse type-2 Wasserstein barycenters

Consider the support-size-constrained Wasserstein barycenter problem:

vk = inf NW2(P,P;).
PeP(RY) 121;] 2( )
|supp(P)|<m

For a finite candidate set G C R?, define the value of the corresponding restricted sparse Wasserstein

barycenter problem as

(@i b, S AWER)
supp(P)CG, |supp(P)|<m ‘€Kl
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Mixed-integer formulation of the restricted problem. Let S = {s1,...,sy} C R? be a
finite candidate support, and write P; = > elZ Pijoz,; for each i € [k]. For each candidate atom
sy, let zy denote its barycenter mass and let y, € {0,1} be a binary activation variable for that
atom. For each i € [k], j € [|Z;]], and £ € [M], let m;;, denote the amount of mass transported from
the barycenter atom s, to the input atom ;; in the transport plan between the barycenter and
P;. The restricted m-sparse problem over S can then be formulated as the following mixed-integer

linear program:

n(S) = min 3 N D Y lse — iy mie
]

i€k]  je(|=il) Le[M

st > e = P, Vi€ [k], j € [I=l],
Le[M)
Tiie = 20, Vi € k], £ € |M],

Z e K], £ [M] (RWBCenter)
JElIZi]]

0 <z <y, vl € [M],

Z Ye < m,

Le[M]

mije > 0, ye € {0,1}, Vi€ [k], j € [|5], €€ [M].

The first constraint family ensures that the transport plan associated with each marginal P; has
the prescribed marginal masses p;;. The second constraint family requires all k transport plans
to share the same barycenter mass vector z = (z1,...,23). The linking constraints z, < yp
deactivate unselected atoms, and ZZE[M] ye < m limits the support size. The final constraints
impose nonnegativity and integrality.

Given an optimal solution (7*, 2*, y*), the corresponding restricted sparse barycenter is

Pgm = Z 2,05,

e[ M)
Candidate atoms with z; = 0 can be omitted from its support. We next analyze the value obtained
when this MILP is solved to optimality over the candidate support St.

Approximation guarantee. We next show that the deterministic candidate support S! defined
in (7) can also be used to approximate sparse barycenters. The following lemma provides the key
ingredient: it shows that S! yields a (1 + 1/t)-approximation for the weighted one-center problem

induced by any probability distribution over the indexed input atoms.

Lemma 4. For every matrix q € ]le_xn satisfying Zz‘e[k] ZjeEl— ¢ij = 1, we have

1
; o — 12 BY i e — &i12
min > > aillw —disl3< <1+ t) Jnin, > D aillw — &3

Lielk] j€Bs i€lk] JEE;

Proof. Let Y be a random variable supported on {&;; : i € [k],j € 5;} with P(Y = &;;) = ¢;5.
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Let p := E[Y]. Then p € arg min,,cpa E||lw — Y||35, and min,,cga El|w — Y||3= E||p — Y||3. Now
draw Y7, ...,Y; independently from the distribution of Y, and define Y; := %Zi:l Y,. By taking
expectation over Y, Y, ..., Y;, and expand the squares similar to (6b), the approximation follows

from the proof of Theorem 2. O

We next transfer this local centroid guarantee to the sparse barycenter objective.

om(S1) < (1 + 1) ot

Proof. Choose an optimal m-sparse barycenter P = Y} | asdy, such that Zie[k] ANWE(P, ;) = v,
and @ € R, > 7% ag = 1. For each i € [k], let m; = {mig;}ocim), jei=,) Pe an optimal transport

Theorem 6. For every integer t > 1,

plan between P and P;. Hence,
m
Yo mug=an Y may = Dbij.
J€ll=il) =1

For each active barycenter atom wy, define the probability mass qu = AZ;—Z“ for each i € [k]

and j € [|Z;]]. This is indeed a probability vector, since

Z Z ql] Z)‘ Z Tt = eZ)\iagzl.
1€[k]

k] 5E[IZ]] Wich ez
By Lemma 4, for each ¢ € [m], there exists s, € St such that
. 1 . .
> % dyls—aylp< (144) min Y 5 dhlw -}
: = weR? =
i€[k] jE[IEil] i€[k] je[Ei]

In particular, since wy € R is feasible to the right-hand minimization problem, we have

S % dylec-aglis (141) 5 X dlhwe - sl )

iclk] j€[|=:]] i€lk] jE[IZ:]]

Now define P := > oreq agds,. If several sg’s coincide, we merge their masses. Therefore, P is
supported on S? and has support size at most m. We construct a feasible transportation plan from
P to each PP; by transporting the mass a, at s, to the points #;; using the same coefficients ;.
Thus,

DY AWERP) <Y ND Y mallse — &45l5

iclk] i€lk] =1 j€[|54)
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m
“Sa illse @ngg( )szz%m a3

=1 iE[k]jGEi = i€[k] JEE;

— <1+ 1) PR Z > migllwe — &3

iclk]  £=1je[|E]

1 9 1
= <1 + t> Z )\zWQ (P,PZ) = (1 + t) U:nv

1€[k]

where the first inequality is since supp(I@’) C 8!, the second inequality is since m; is a feasible
transportation plan from P to P;, the first and second equalities are by the definition of qu, the
third inequality follows (9), the third equality is by the definition of (7¢;, w¢), and the last inequality
is by the optimality of P. This completes the proof. O

Theorem 6 shows that restricting the barycenter support to St increases the optimal m-sparse
barycenter value by at most a factor of 1+ 1/¢. This result should be interpreted as a candidate-
support reduction guarantee rather than a PTAS for the sparse barycenter problem. Indeed, unlike
the nonsparse problem studied earlier, restricting the candidate support does not reduce the sparse
problem to an LP: computing vy, (S?) still requires solving the MILP (RWBCenter) to optimality.
Nevertheless, the reduced candidate support can substantially decrease the size of the resulting

formulation and therefore improve its practical tractability.
6.2 Approximation guarantee for the type-1 Wasserstein barycenter problem

The discrete type-1 Wasserstein barycenter problem is

where P; (R%) is the set of Borel probability measures with finite first moment and

Wi(P,Q) := inf / T — dll(x,y).
(@)= nt eyl dll@.y)
The MOT representation underlying Lemma 1 extends directly to the ¢; transportation cost.
For each tuple (x1,...,xy), its tuplewise transportation cost is
mm Z Aills — xil|1-
iclk]

Unlike the squared Euclidean case, the minimizer need not be unique. Nevertheless, the coordinate-
wise separability of the /1 norm allows us to construct a finite exact candidate support. Indeed, we

have

min Z Aills — xil|1= Z mln Z Ailsj — x4j].
sERd

]E[d] ze
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Thus, a tuplewise minimizer can be obtained by solving d one-dimensional weighted-median prob-
lems (Vazler et al. 2012, Sabo & Scitovski 2008).

Lemma 5 (Weighted median in one dimension; Lemma 3.1 in Sabo & Scitovski 2008). Let a; <
ags < --- < ay be real numbers with corresponding weights Aq,..., \g, where Z >\ = 1. Define

J = {V €[kl : XiepNi < %} If J #0, let vy = max,ecyv. Then:
(i) If J =0, then minger };cpy Ailai — sl is attained at s* = a1.
1 an —1 A < 5, then the minimum 1s attained at s* = ay,+1.
ii) If J # () and z"ol)\ é h h ini i ined * o+
111 an -~ 1 A\i = 5, then every point s* € |ay,, ay,+1| 1s optimal.
ili) If J# 0 and Y12, A\ = 1, th int s* 0+ Quo+1) is optimal

For each coordinate j € [d], define the set of observed coordinate values

Uj:: flfjt.’IZGUEi

We define the coordinate-product candidate support
S = {y €R?:y; € U; for every j € [d}}

By Lemma 5, for every input tuple (z1,..., @), each coordinate of a tuplewise minimizer can be
chosen from the corresponding coordinate values appearing in that tuple. Such values belong to
Uj, and therefore Sy contains a tuplewise minimizer for every input tuple. Equivalently, for every

(x1,...,xL), we have

min Y Aills — @il = min Z Aills — i

SE€51 e k] i€lk]

Thus, restricting the type-1 MOT formulation to S leaves every tuplewise cost unchanged and

therefore preserves the optimal barycenter value. Moreover, since
i€k]

we have

d

Si= [Tl [ S < k).

j€ld] 1€[k]

The coordinate-product structure of S; motivates the reduced candidate supports introduced next.

Subspace-sampling algorithm. Unlike the type-2 constructions, which sample marginals, the

type-1 method samples coordinates. Let U := Uiep Ei and, for each £ € [d], let Uy := {z,: x € U}.
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For T C [d], write @ for the corresponding subvector. Fix t € {0,...,d} and uniformly sample
T C [d] with |T|=d —t. Define

S:;r = {y € R? : there exists & € U such that y7 = @7, and y; € Uy for every ¢ ¢ 7'} )

The coordinates in T are inherited jointly from one observed support point, whereas the remaining
t coordinates are selected independently from their observed values. Since |U|< nk and |Uy|< nk,

the support size satisfies

[STI< (nk)(nk)* = (nk)"*".

Algorithm 5 Subspace-sampling algorithm for the type-1 Wasserstein barycenter problem

Input: Probability measures {P;};c[;) with supports {Z;};c[x) and an integer ¢ € {0,...,d}.
Uniformly sample 7 C [d] with |T|=d —t.

Construct the candidate support Sg .

Solve the type-1 restricted MOT problem over S;)r and recover an optimal primal solution
IT*(S7).

5: Output: Construct and return the approximate barycenter IP’(Sg— ) using Lemma 3.

oW

Theorem 7. Let Sg be the random candidate support returned by Algorithm 5. Then

Er [vi(ST)] < <1 + dd_t> v

Proof. By the type-1 analogue of Theorem 1, it suffices to prove the corresponding approximation
guarantee for arbitrary support points @; € Z; for all 7 € [k]. Let ¢ € argmingega 3 ;e Aills — i1

Since the ¢; objective is separable across coordinates, ¢ can be chosen such that each coordinate
¢; is a weighted median of {%’j}ie[k] and, in particular, is equal to one of the observed coordinate
values. Thus, ¢; € U; for all j € [d].

For a fixed realization of T, define

Dr(e) i= min s — |,
8€03

and choose

s7 € argmin||s — ¢||;.
sesT

By the triangle inequality and Zie[k} A; = 1, we obtain

min S Ails =il <> Aillst —@ilhi< > Ai (st — cllitlle — @)
€55 k] iclk] iclk]
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)+ > Aille — il (10a)

i€[k]

We next bound the expected value of D7 (c). For each i € [k], define the mixed point &/ € RY

coordinatewise by

Tii, GT,
j‘T— 1 J
Cj, j¢T

i T

The coordinates indexed by 7 are inherited from the single point x; € U, while each remaining
coordinate c¢; belongs to U;. Therefore, cﬁf € Sg— . It follows that

Dr(e) <& —¢|, = lwij —cjl, Vi€ k] (10b)
JeT

Since T is sampled uniformly from all subsets of [d] of cardinality d —t, every coordinate belongs
to 7 with probability (d —t)/d. Hence, for every i € [k],

Er [HiZ—_CHJZET Z|$ij_cj| ZPTJG’TH”%J CJ|_ Z|$U ¢l

JjeT Jjeld]
d—t
=~ llzi—cll. (10c)
Taking expectations in (10b), multiplying the resulting inequality by \;, and summing over i € [k]
yield
Er [D7(c)] = Y MEr [Dr(c)] < > MEr[||&] —¢|,] d Z Aillz: — ¢lx (10d)

i€[k] i€[k] i€ k]
Taking expectations in (10a) and applying (10d), we obtain
: d—t
Er |min > Aills —aifi| < ) Aillzi — 1 +E7 [Dr(e)] < 1+ —— > Aillwi— el
5€93 k] i€[k] i€[k]
Since the tuple (z1,...,x)) was arbitrary, the result follows from Theorem 1. O
Deterministic counterpart: subspace enumeration. Enumerating all subsets 7 C [d] with

|T|=d -t gives S§ :=J 7cfa S7. Its cardinality is bounded by
|T=d—t

for fixed t. Then we have the following determinsitic performance guarantee.
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Algorithm 6 Subspace-enumeration algorithm for the type-1 Wasserstein barycenter problem

1: Input: Probability measures {IP;};c[;) with supports {Z;};c[x] and an integer ¢ € {0,...,d}.
2: Construct S§ :=J 7ciq 59
|T|=d—t
3: Solve the type-1 restricted MOT problem over S% and recover an optimal primal solution IT*(S%).
Output: Construct and return the approximate barycenter P(S%) using Lemma 3.

b

Theorem 8. Let S% be the candidate support returned by Algorithm 6. Then

d—t
vr(S%) < (1 + d) V7.

Proof. As in the proof of Theorem 7, fix arbitrary support points x; € Z;, i € [k], and let

c € argmin Z Aills — =411
scRd ’LEUC}

be chosen such that ¢; is an observed coordinate value for every j € [d]. For each i € [k], choose a

subset

7; € arg min Z|xw
TC[ 1
jET
|T|=d

Thus, 7; consists of the d — ¢ coordinates having the smallest values of |z;; — ¢;|. Therefore,

ZW‘@J C]‘< Z|$U CJ|_ ||371 cl. (11a)

J€Ti

Define &; € R? by

By construction, we have &; € S’?:ri C SiL. Therefore, for every i € [k],

d—1t
m1n||s—c||1<||azl—cH1— E |23 — ¢j|< —— y llz; — c||1- (11Db)
s€s J€T;

Multiplying (11b) by \; and summing over i € [k] gives

m1n||s—c||1< —Z)\ |z; — c|1= —Z)\ |z; — |1 (11c)

i€[k] i€ (k]
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Let s* € argmin,cg:[|s — ¢||1. Using the triangle inequality and (11c), we obtain

min D Aills —ailli <> Al — T i< D Aillai — elli+]s* = el
5573 ek

i€[k] i€[k]
=) " Aillzi — ¢ll1+ min||s — e[ < (1 + d_t> > Aillwi — el
: seSt B d .
i€[K] 3 i€[k]
Since this inequality holds for every tuple (x1,...,xy), the result follows from Theorem 1. O

At t = 0, the candidate set is the union of the marginal supports, and the guarantee is a factor
of 2. At t = d, the construction recovers the full coordinate-product set S, and is exact. More
generally, a (1 + «) guarantee follows whenever ¢ > [d(1 — «)|. The parameter ¢ therefore provides

an explicit tradeoff between candidate-set size and approximation quality.

7 Conclusion and future work

We developed a candidate-support reduction framework for discrete Wasserstein barycenters. For
type-2 barycenters with general weights, the framework yields a randomized approximation scheme
with an expected guarantee and a deterministic PTAS, both of which generalize the previously
known factor-2 method. Under equal weights, a sampling procedure without replacement leads to
a sharper approximation ratio. The same candidate-support principle yields a (1 + 1/¢) support-
reduction guarantee for sparse type-2 barycenters and both exact and approximate coordinate-based
constructions for type-1 barycenters. The numerical results show the efficiency of the proposed
approximation algorithms. Important directions for future work include extending the approxi-
mation framework to type-p costs with p ¢ {1,2}, developing more scalable methods for solving
the restricted MOT problems, and identifying other optimization problems for which tuplewise

candidate-support reduction provides provable approximation guarantees.
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