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Abstract

We introduce a two-stage robust optimization (RO) framework for the integrated planning of a
drone-based disaster relief operations problem (DDROP). Given sets of demand points, candidate
locations for establishing drone-supported relief facilities, facility types, drone types, and relief items
types, our first-stage problem solves the following problems simultaneously: (i) a location problem
that determines the number of facilities to establish and where to establish them, (ii) an inventory
prepositioning problem that decides the quantity of relief items to store at each established facility,
(iii) a fleet sizing problem that decides the number of drones to deploy, and (iv) an assignment
problem that assigns drones to established facility and demand points. In the second stage, the
model determines a relief distribution plan and enables the reassignment of drones to demand nodes.
We equip the RO model with an uncertainty set that captures the relationship between facility
disruptions, demand for relief items, drone operational status, and the remaining usable fraction of
pre-positioned supplies after the disaster. Additionally, we explicitly model the dependency of post-
disaster drone functionality on the pre-disaster assignment decisions. To address the challenges
of integer recourse, we derive a K-adaptability approximation of the RO model and develop a
column-and-constraint generation (C&CG) algorithm to solve it. Moreover, we introduce several
strategies to enhance the computational performance of C&CG, including an efficient warm-starting
mechanism, symmetry-breaking constraints, and valid inequalities. We present extensive numerical
experiments that demonstrate the computational efficiency of our framework and provide valuable
insights.
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logistics; Robust optimization
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1. Introduction

The United Nations Office for the Coordination of Humanitarian Affairs (OCHA) projects that
approximately 305 million people worldwide will require humanitarian assistance in 2025 (UN-
OCHA, 2024). The three major drivers of the surge in humanitarian needs are conflicts, disasters,
and economic factors. Disasters, such as earthquakes, often strike communities with little to no
warning, resulting in devastating impacts for both residents and the infrastructure of the affected
areas. In 2024 alone, 393 natural-hazard-related disasters resulted in 16,753 deaths, affected over
167 million people, and caused nearly $242 billion in damages (CRED, 2024).

The timely and efficient distribution of essential supplies (e.g., blood, food, and water) following
a disaster is often critical for saving lives (Dönmez et al., 2021; Kovács and Spens, 2009). However,
designing an effective prepositioning and distribution plan is a complex task. A key challenge is
the unpredictability of the scale and impact of disasters, leading to significant variability in re-
lief demand and uncertainty about the extent of damage to transportation networks. Disruptions
to transportation networks—especially road infrastructure, which may be partially functional or
destroyed in many disaster scenarios—are among the most significant barriers to the effective de-
livery of aid packages (Akbari et al., 2021). For instance, the recent Noto Peninsula earthquake,
which struck Japan’s Hokuriku region on January 1, 2024, caused severe disruptions to the ground
transportation network due to strong tremors, landslides, and tsunamis. It led to the closure of
40 roads, damage to two national highways at 409 locations, and the shutdown of Noto Airport.
These damages significantly hindered the delivery of essential supplies to the affected areas (Ishi-
watari, 2024; Itatani et al., 2024). Another example is Hurricane Dorian, which severely damaged
transportation infrastructure in the Bahamas in 2019, including roads, airports, and seaports, leav-
ing affected communities without access to transportation, food, water, and medical care for days
(OCHA, 2019; Ghelichi et al., 2022).

Drones, also known as unmanned aerial vehicles (UAVs), are pilotless aircraft that have the
potential to improve disaster response operations. In particular, there are several potential advan-
tages to using drones for delivering aid packages over the traditional last-mile delivery methods,
such as crewed ground transportation (e.g., trucks). Drones do not require ground infrastructure
for travel or delivery and thus can enable the delivery of critical relief supplies to hard-to-reach
and isolated regions, as well as those with destroyed ground infrastructure (Rejeb et al., 2023; Zhu
et al., 2022). Additionally, drones offer lower operational costs, partly because they consume less
energy and eliminate the need for drivers or delivery personnel. They can deliver urgently needed
aid quickly by flying at higher speeds, taking more direct routes than ground vehicles, and avoiding
road traffic congestion (Agatz et al., 2018; Wang and Sheu, 2019).

Advances in drone technology, along with their demonstrated benefits, have facilitated their test-
ing and adoption across various commercial and civil sectors (Hassanalian and Abdelkefi, 2017; Otto
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et al., 2018), including humanitarian relief operations. For example, Zipline—a leading drone de-
livery company—has been deploying drones to deliver medical supplies to remote regions in Ghana,
enabling timely diagnostics and treatment, and is developing drones for post-disaster delivery op-
erations (Dean and Entsie, 2020). Another notable example is the United Nations International
Children’s Emergency Fund, which has incorporated drones into several humanitarian initiatives.
These include the establishment of a drone corridor in Malawi for transporting lightweight medical
and diagnostic supplies and delivering vaccines across Vanuatu (UNICEF, 2017, 2018). Drones also
played a crucial role in delivering essential supplies to isolated areas after the 2024 Noto Peninsula
earthquake (Ishiwatari, 2024).

Optimizing drone deployment and operations involves simultaneously solving several complex
stochastic integer programming problems, including fleet sizing (determining the number and types
of drones to deploy), facility location (determining the number and locations of drone-supported
relief facilities), and drone allocation to facilities and demand nodes. Integrating these decisions
often results in a large-scale optimization model that is computationally challenging to solve. How-
ever, adopting solutions from a non-integrated approach can lead to adverse outcomes, such as
high operational costs, shortages, inefficient resource utilization, and delayed emergency responses.
One should also consider the characteristics of drones, such as payload capacity and limited flight
range, which vary across different types. Moreover, as noted in Snyder et al. (2016), disasters often
cause partial or complete damage to relief facilities. The proportion of usable relief items and
functional drones after a disaster depends directly on the extent of damage to the facility. Thus,
it is crucial to model the relationship between disaster severity, usable fraction of relief items, and
drone operability. An additional complicating factor often overlooked in the related literature is the
uncertainty in drone functionality after a disaster, which depends on their pre-disaster assignment
to facilities. For example, drones stored at facilities that suffer greater damage are more likely
to become non-functional. Such decision-dependent uncertainty makes predicting the outcome of
different drone assignment decisions challenging, further complicating the decision-making process.

Current stochastic optimization models for drone-based relief logistics assume that the probabil-
ity distributions of uncertain factors are known or can be estimated. However, obtaining accurate
estimates is challenging, especially since decision-makers often have limited information about the
uncertain factors before a disaster. Thus, their distributions are hard to characterize and subject to
ambiguity. Within the limited literature on FL for drone delivery under uncertainty, studies have
overlooked the risks of facility and drone disruption and have focused on exogenous uncertainty;
see Dukkanci et al. (2023b) for a survey. Furthermore, no study has yet considered the impact of
disruptions on drone functionality or the possibility of reassigning drones to demand points after
the disaster. Our paper addresses these fundamental gaps.
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1.1. Contributions

We introduce a two-stage robust optimization (RO) approach for the integrated planning of
drone-based disaster relief operations problem (DDROP). Our main contributions are as follows.
• We propose a new two-stage RO model for the DDROP. Specifically, given sets of demand

(or gathering) points, candidate locations for establishing drone-supported relief facilities, facil-
ity types, drone types, and relief items, our first-stage formulation aims to solve the following
decision-making problems simultaneously: (i) a location problem that determines the number
of drone-supported relief facilities to establish and where to establish, (ii) an inventory prepo-
sitioning problem that decides the quantity of each relief item to purchase and store at each
established facility, (iii) a fleet sizing problem that decides the number of drones to use, (iv) an
assignment problem that assigns drones to established facility and demand points. In the second
stage (a mixed-integer programming problem), after the disaster strikes, the model determines
the number of relief items to distribute to each gathering point using the prepositioned drones,
considering different demand and disruption scenarios. Unlike prior studies, we additionally
consider drone reassignment to demand nodes after a disaster. This flexibility allows decision-
makers to prioritize the most critical areas by reallocating drones in response to real-time demand
and disruptions. The objective is to minimize the pre-disaster planning cost and the random
post-disaster operational costs. The planning cost is the sum of costs for establishing facilities
and the drone fleet, acquiring relief items, and managing aerial paths. The operational costs
comprise expenses associated with drone reassignment, delivery of relief items, unmet demand,
and unused inventory. We equip the RO model with a decision-dependent uncertainty set that
captures the relationship between facility disruptions, the usable fraction of relief items, and the
dependence of drone functionality on their assignments to facilities.

• We derive a K-adaptability approximation of the RO model. In this formulation, we select K
candidate reassignment policies in the first stage, before the disaster. Once the values of uncer-
tain factors are observed (after the disaster), the best feasible policy is implemented. We derive
an equivalent, solvable reformulation of the K-adaptability problem and propose a column-and-
constraint generation (C&CG) algorithm to solve it. We introduce several strategies to enhance
the computational performance of C&CG, including an efficient warm-start mechanism, valid
inequalities, and symmetry-breaking constraints.

• We construct a diverse set of DDROP instances and conduct extensive computational exper-
iments, demonstrating the computational efficiency of our algorithm and the benefits of the
proposed enhancement strategies. Two real-world disaster case studies further demonstrate that
our integrated model yields a superior preparedness plan compared with a non-integrated model
that prohibits drone reassignment (also demonstrated theoretically in Theorem 1). Importantly,
the optimal DDROP plan achieves lower operational cost, mitigate demand shortages, and makes
better use of relief items.
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The remainder of the paper is organized as follows. In Section 2, we review the relevant
literature. In Section 3, we detail our problem setting. In Section 4, we introduce our RO model.
In Section 5, we derive a K-adaptability approximation of our RO model as well as methodologies
to solve it. In Section 6, we present our numerical insights. We conclude the paper in Section 7.
Notation: For (a, b) ∈ Z× Z, we define [a] := {1, 2, . . . , a} and [a, b]Z := {c ∈ Z | a ≤ c ≤ b}. For
a real number c, we define (c)+ := max{c, 0}. We use boldface for vectors.

2. Relevant Literature

Our work is related to the literature on facility location, inventory prepositioning, and drone-
supported relief operations under uncertainty. Next, we provide a review of relevant studies.

2.1. Facility location under uncertainty

Facility location problems (FLPs) have received significant attention from the operations re-
search and management science communities. We refer to Ahmadi-Javid et al. (2017), Daskin
and Dean (2005), Daskin (2011), Eiselt and Marianov (2011), and Revelle et al. (2008) for com-
prehensive surveys on FL models, solution methods, and applications. We refer to Correia and
Saldanha-da Gama (2019), Shehadeh and Snyder (2023), Snyder (2006) for surveys on FLP under
uncertainty.

The literature on FLP under uncertainty and logistics network design is strongly interconnected.
As noted in Dönmez et al. (2021), although these research streams grew independently, there has
been a significant increase in research that integrates elements from both, addressing complex prob-
lems at their intersection. One specific area that has received significant attention is humanitarian
logistics—the efficient and cost-effective planning, implementation, and control of the storage and
distribution of relief items from supply facilities to affected populations. Dönmez et al. (2021)
provides a comprehensive review of the literature on FLP under uncertainty in humanitarian con-
texts. Next, we review relevant work on stochastic optimization models for location and inventory
prepositioning of disaster relief supplies.

Two-stage stochastic programming (SP) has been widely adopted to model and solve such
problems. The first stage of these models typically involves facility location and inventory planning,
while the second stage entails decisions regarding transportation and distribution. For example,
Döyen et al. (2012) proposed a two-stage SP model to determine the location of regional rescue
centers, the number of relief items to be stocked at each, the amount of relief item flows at each
echelon, and the amount of relief item shortage. The objective is to minimize the total cost of facility
location, inventory holding, transportation, and shortage. Rawls and Turnquist (2010) proposed
a two-stage SP model to determine the location and quantities of various types of emergency
supplies to be pre-positioned. They considered uncertainty in demand for stocked supplies and
uncertainty regarding the availability of the transportation network after a disaster. The objective
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is to minimize the sum of the fixed cost and the expected costs resulting from unmet demand
penalties and holding costs for unused material. Noyan (2012) proposed a two-stage SP model for
determining the locations of response facilities and the inventory levels of disaster relief supplies.
The second-stage decision variables concern distributing supplies to demand nodes. Uncertain
factors considered include demand, usable fraction of pre-positioned supplies, and arc capacity.
Other SP models include Rath et al. (2016), Paul and Zhang (2019), Klibi et al. (2018), and
references therein.

These pioneering models assume perfect knowledge about post-disaster conditions. However,
it is unlikely that decision-makers can predict the exact post-disaster conditions (Anaya-Arenas
et al., 2014; Comes et al., 2020; Sabbaghtorkan et al., 2020). Moreover, as noted in Shehadeh
and Tucker (2022), historical data on past disasters are often insufficient for accurately estimating
the underlying uncertainty distributions. To address this challenge, recent studies have proposed
various robust optimization (RO) and distributionally robust optimization (DRO) approaches. For
example, Zokaee et al. (2016) proposed an RO approach for designing humanitarian relief chains.
Ni et al. (2018) proposed an RO model for location and emergency inventory prepositioning. They
equipped the model with a budget uncertainty set for the demand, usable fraction of supplies,
and arc capacity. Ni et al. (2018) derived a reformulation of the model and utilized off-the-shelf
solvers to solve small instances and Benders’ decomposition to solve larger instances. Velasquez
et al. (2020) proposed a two-stage RO model for prepositioning disaster relief supplies. In the
first stage, the model determines the location and number of prepositioned relief supplies. In
the second stage, the model determines the number of additional items to procure and allocates
them to disaster-affected areas. The objective is to minimize the total cost of prepositioning and
distributing relief supplies. Shehadeh and Tucker (2022) proposed the first DRO approach for the
location and inventory prepositioning of disaster relief supplies. Their model incorporates a larger
set of uncertain factors than Velasquez et al. (2020) and Ni et al. (2018).

Our work is also related to the reliable FL under the risk of disruption. Classic FLP models
select facility locations and customer assignments to balance the trade-off between initial setup and
transportation costs. However, some of the constructed facilities may become unavailable due to
disruptions caused by, for example, natural disasters. When a facility failure occurs, customers may
need to be reassigned to alternative facilities, which often results in higher transportation costs.
Drezner (1987) is one of the early works that addresses unreliable p-median and p-center problems.
Snyder and Daskin (2005) introduced the first reliability-based formulation for the uncapacitated
fixed charge FLP (UFLP) and p-median location problem. Cui et al. (2010) considered a reliable
UFLP assuming each facility has site-dependent failure distribution and proposed a mixed-integer
programming model and a continuum approximation model. Shen et al. (2011) proposed a two-
stage SP model for the reliable UFLP and several heuristics to solve the proposed model. Li and
Ouyang (2010) considered the spatial correlation among facility disruptions in the UFLP. Xie et al.
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(2019) is another study that considered correlated facility disruption. They modeled this correlation
via virtual supporting stations and quasi-probabilities.

Cheng et al. (2021) proposed a two-stage RO model for a fixed charge location problem under
uncertain demand and facility disruptions. They solved the proposed model using the C&CG
algorithm. An et al. (2014) proposed a two-stage RO approach for the reliable p-median FLP and
employed the C&CG algorithm to solve their models. Cheng et al. (2018) proposed three two-stage
RO models for reliable logistics network design and employed the C&CG algorithm to solve their
models. We refer to Snyder et al. (2016) for a comprehensive survey on reliable FL. As detailed in
the next section and highlighted in recent surveys, the limited literature on FL for drone operations
under uncertainty has largely overlooked facility disruptions, and no study has examined the impact
of such disruptions on drone functionality.

2.2. Drone-supported relief operations

Drone optimization problems have garnered significant attention in recent years (Shakhatreh
et al., 2019; Otto et al., 2018). A rapidly growing body of literature focuses on FL decisions for drone
delivery and combined drone-truck operations; see Chung et al. (2020), Dukkanci et al. (2023a), and
Dukkanci et al. (2024) for comprehensive surveys. One stream of this literature that is relevant
to our work focuses on optimizing drone-supported relief operations. Drones are anticipated to
play a significant role in saving lives during disasters and enhancing the speed of recovery efforts
(Ishiwatari, 2024). They offer valuable support in disaster management and risk mitigation through
various means, including early warning systems, real-time monitoring, rapid damage assessment,
and the delivery of critical relief items in the immediate aftermath. We refer to Rejeb et al. (2021)
for the capabilities, performance outcomes, and barriers associated with drones in humanitarian
logistics. Recent studies have investigated truck–drone delivery systems, in which a truck operates
as a mobile base for drones, enabling battery recharging, replacement, and reloading, while both
vehicles collaboratively perform delivery tasks (see, e.g., Murray and Chu, 2015; Murray and Raj,
2020; Dukkanci et al., 2024). In this paper, we focus solely on drone deliveries and do not consider
truck routing, as in certain disaster situations, such as earthquakes, road infrastructure may be
severely damaged, making drone delivery the only practical method for transporting relief supplies.
Next, we review studies relevant to our work.

Ghelichi et al. (2022) studied a drone location and scheduling problem for delivering aid pack-
ages to disaster-affected areas under demand uncertainty. They proposed a chance-constrained SP
model to select a set of platform locations, assuming the demand distribution is known. Ghelichi
et al. (2022) proposed a decomposition approach that solves the formulations in three stages. Kim
et al. (2019) proposed a chance-constrained SP model to determine the locations and capacities
of drone facilities for disaster response, accounting for uncertainty in drones’ flight ranges. They
solved the proposed model using a heuristic algorithm based on Benders’ decomposition. Wang
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et al. (2023) proposed a multi-objective drone-supported queueing-location model for delivering aid
packages that incorporates uncertain demands and congestion effects. The model jointly determines
the locations of selected service facilities, their storage capacities for drones, and the corresponding
demand assignments. They employed chance-constrained, second-order cone, fuzzy, and weighted
goal-programming approaches to reformulate the model as a mixed-integer second-order conic pro-
gram. Zhu et al. (2022) proposed a two-stage RO model for a short-term post-disaster humanitarian
relief application, where drones must deliver first-aid products to demand points. In the first stage,
the model determines the warehouse locations and allocates drones to them. In the second stage,
the model assigns customers to warehouses and drones to customers. Zhu et al. (2022) employed
C&CG and Benders’ decomposition algorithms to solve the model.

Jin et al. (2024) proposed a two-stage DRO approach for a closely related problem to the
DDROP. In the first stage, the model decides on the locations of drone-supported relief facilities,
the inventory prepositioning of relief items, the assignment of drones to the opened facilities, and
the allocation of drones to disaster demand sites. Decisions related to delivery quantities are made
in the second stage. The objective of the first stage is to minimize the sum of facility opening
costs, inventory prepositioning costs, and drone aerial path management costs. The objective of
the second stage is to minimize the sum of the delivery cost, the penalty cost of unsatisfied demand,
and the cost of unused inventory. Key differences between our work and Jin et al. (2024) are the
following. First, Jin et al. (2024) assumed that demand is the only (exogenous) uncertain factor
and did not consider facility disruptions or their impact on drone functionality and the inventory
of relief items. Other studies, including those above, did not consider these elements. In contrast,
our uncertainty set captures the relationship between facility disruptions, the usable fraction of
relief items, and the functionality of drones. Additionally, we explicitly model the dependency of
post-disaster drone functionality on the pre-disaster assignment decisions. Second, Jin et al. (2024)
assumes a fixed fleet of drones and does not incorporate decisions related to determining fleet size.
Third, Jin et al. (2024) model and other models for drone delivery under uncertainty assume that
drone-to-customer assignments are fixed and cannot be adjusted. In contrast, our model is the first
to enable the reassignment of functional drones to demand nodes in the aftermath of a disaster,
which, as we later show, could significantly enhance post-disaster operations.

Fourth, our second-stage problem is a mixed-integer linear program (MILP), and the uncertainty
set is decision-dependent. As a result, classical reformulation techniques and solution algorithms
developed for RO problems with exogenous uncertainty and continuous recourse are not applicable.
Stochastic optimization problems with decision-dependent uncertainty and/or integer recourse, such
as our DDROP, are known to be computationally challenging (Zhao and Zeng, 2012; Küçükyavuz
and Sen, 2017). To address this challenge, we approximate our two-stage RO problem by its
corresponding K-adaptability problem. In this framework, we select K candidate second-stage
reassignment policies in the first stage. After observing the uncertain parameters, the most cost-
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effective feasible policy is implemented. The K-adaptability approach, originally proposed by
Hanasusanto et al. (2015), has been widely adopted for solving two-stage robust optimizations with
integer recourse problem (Vayanos et al., 2020; Zheng et al., 2022; Ren et al., 2024). We propose a
new C&CG algorithm to solve the K-adaptability formulation and introduce several enhancement
strategies tailored for the DDROP, including a warm starting mechanism, valid inequalities, and
symmetry-breaking constraints.

3. Problem Settings

We start by introducing our DDROP settings. We suppose there is a set I of gathering points
(demand nodes), a set J of candidate locations for establishing facilities, a set L of facility types, a
set T of relief item types, and a set D =

⋃
r∈RDr of drones, where R is the set of drone types and

Dr is the set of drones of type r ∈ R. We use non-negative parameters cfl , cat , and cdr to respectively
represent the cost of establishing a facility of type l ∈ L, the unit acquisition cost of relief item
of type t ∈ T , and the cost of purchasing or renting a drone of type r ∈ R. Each facility of type
l ∈ L can store W d

l drones and W r
l relief items, respectively. Each drone of type r ∈ R has a

maximum payload weight limit Pr (i.e., how much it can carry) and a battery capacity Br. We
use non-negative parameter bi,j,d to represent the battery consumption of drone d ∈ D during a
trip between a facility j ∈ J and demand point i ∈ I (Figliozzi, 2017a; Chauhan et al., 2019); we
refer to Appendix A for details on how to compute this parameter. Drones of the same type are
identical, i.e., they have the same purchasing or renting cost, payload capacity, battery capacity,
and other operational characteristics and cost parameters.

In the pre-disaster phase (first-stage problem in our formulation), we make the following plan-
ning decisions: how many facilities to establish and where to establish them (facility location), the
number and type of drones to deploy (fleet sizing), the number of relief items of each type to store
in each facility (inventory prepositioning), the assignment of drones to established facilities and
demand locations (i.e., decide the set of demand points that each drone will serve). We use the
following decision variables and parameters to formulate our first-stage problem. For each j ∈ J ,
we define a binary decision variable yj,l that equals 1 if a facility of type l ∈ L is open at location
j, and is 0 otherwise. We define a non-negative continuous variable wj,t to represent the number
of relief items of type t ∈ T prepositioned at facility j ∈ J .

For each d ∈ D, we define a binary decision variable zj,d that equals 1 if drone d is stored in
facility j ∈ J . We consider settings where each drone departs from a drone-supported facility,
delivers relief items to a gathering point, and then returns to the same facility. We refer to this
delivery operation as a drone trip. Furthermore, our model permits each drone to serve multiple
demand points if its battery capacity permits. To represent this, we define a binary decision
variable xi,j,d, which equals 1 if drone d ∈ D, prepositioned at facility j ∈ J , is assigned to serve
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Table 1: Notation

Sets
I Set of gathering points (demand locations)
J Set of potential facility locations
T Set of types of relief items
R Set of types of drones
Dr Set of drones of type r ∈ R
D =

⋃
r∈R Dr Set of drones

L Set of facility types (with different inventory capacities)
Parameters
W r

l Capacity for relief items of a facility of type l ∈ L
W d

l Capacity for drones of a facility of type l ∈ L
Pr Payload limits of drones of type r ∈ R
cfl Cost of opening a facility of type l ∈ L
cat Unit acquisition cost of the relief item of type t ∈ T
cdr Cost of purchasing a drone of type r ∈ R
cm,1

i,j,d / cm,2
i,j,d Cost of managing aerial path from facility j ∈ J to gathering point i ∈ I for the delivery by drone d ∈ D in

the pre-disaster/post-disaster stage
cti,j,d Unit transportation cost between facility j ∈ J and demand location i ∈ I using the drone d ∈ D
cut Penalty per unit of unmet demand of relief item of type t ∈ T
cht Holding cost per unit of unused inventory of relief item of type t ∈ T
bi,j,d Energy consumption for drone d ∈ D to deliver from facility j ∈ J to demand location i ∈ I
Br Battery capacity of a drone of type r ∈ R
qi,t Demand for relief item t ∈ T from gathering point i ∈ I
ad Binary value that equals 1 if drone d ∈ D remains functioning after the disaster, and is 0 otherwise
ej,t Continuous value in [0, 1] indicating the fraction of relief items of type t ∈ T prepositioned in facility j ∈ J

that remains usable
First-stage decision variables
yj,l Binary variable that equals 1 if a facility of type l ∈ L is open at location j ∈ J , and is 0 otherwise
zj,d Binary variable that equals 1 if drone d ∈ D is assigned to facility j ∈ J , and is 0 otherwise
xi,j,d Binary variable that equals 1 if drone d ∈ D assigned to facility j ∈ J is assigned to serve gathering point i ∈ I

in the pre-disaster stage, and is 0 otherwise
wj,t Number of relief items of type t ∈ T prepositioned at facility j ∈ J
Second-stage decision variables
vi,j,d Binary variable that equals 1 if drone d ∈ D stored in facility j is assigned to serve gathering point i ∈ I

in the post-disaster stage, and is 0 otherwise
ni,j,d,t Number of relief items of type t ∈ T delivered by drone d ∈ D from facility j ∈ J to gathering point i ∈ I
ui,t Unmet demand of relief items of type t ∈ T at gathering point i ∈ I
hj,t Unused inventory in facility j ∈ J of relief item of type t ∈ T

demand point i ∈ I. We also consider the costs associated with managing drone operations and
planning aerial paths, such as expenses related to path planning and equipment for monitoring
and controlling low-altitude airspace; see Jin et al. (2024) and Haidari et al. (2016) for further
discussions. We use a non-negative parameter cm,1

i,j,d, known as the drone aerial path management
cost (Jin et al., 2024), which captures the operational cost associated with pre-disaster decisions
involving the use of drone d ∈ D to deliver supplies from facility j ∈ J to demand location i ∈ I.

In the post-disaster phase (the second-stage problem in our formulation), we determine the
number of relief items to distribute to each gathering point using prepositioned drones, considering
different demand and disruption scenarios. We use the following decision variables and parameters
in our second-stage formulation. For each i ∈ I, j ∈ J , t ∈ T , and d ∈ D, we define a non-negative
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decision variable ni,j,d,t to represent the number of relief items of type t delivered by drone d to
node i. The non-negative decision variable ui,t denotes the unmet demand for relief item t ∈ T
from i ∈ I, and the non-negative decision variable hj,t denotes the unused inventory of item t ∈ T
in facility j ∈ J .

We use parameter qi,t to represent the uncertain demand for relief item of type t ∈ T from
gathering point i ∈ I. As mentioned earlier, the disaster may cause significant damage to the
established facilities, and hence, to the stored relief items and drones. We use a parameter τj ∈ [0, 1]
to represent the severity of disruption at facility j ∈ J . A higher value of τj indicates a more severe
disruption. For each j ∈ J and t ∈ T , we define ej,t ∈ [0, 1] to represent the fraction of relief item
of type t prepositioned at a facility opened at location j that remains usable after a disaster. We
define a binary random parameter ad, which takes value 1 if drone d ∈ D remains operational
after the disaster event and is 0 otherwise. Note that relief items and drones stored in the same
facility are potentially subject to the same level of damage. Thus, the remaining usable fraction
of relief items and the number of functional drones in facility j ∈ J depend on τj . We model the
relationship between a, e, and q in Section 4.2, where we also consider the dependency of drone
functionality on the assignment decisions to the established facility. For notational convenience, we
let ξ = (a, e, q) with support Ξ = {ξ |a ∈ {0, 1}|D|, e ∈ [0, 1]|J |×|T |, q ∈ R|I|×|T |

+ }.
Note that if a drone is damaged, it cannot deliver aid packages to the designated gathering

points, leaving those locations without timely support. In contrast to prior studies, we allow
reassignment of functional drones to demand nodes after a disaster, thereby mitigating the impact
of such disruptions. This flexibility allows decision-makers to prioritize the most critical areas by
reallocating drones in response to real-time demand and disruptions. In particular, it could lead to
better resource utilization and mitigate shortages. We formally demonstrate the benefits of drone
reassignment in Section 4.3. For each i ∈ I, j ∈ J , and d ∈ D, we define a binary variable vi,j,d

that equals one if drone d stored in facility j is assigned to serve node i after the disaster. We use
the non-negative parameter cm,2

i,j,d to capture the operational cost associated with reassigning drones.
Its interpretation is similar to that of cm,1

i,j,d. We assume that cm,1
i,j,d < cm,2

i,j,d for all i ∈ I, j ∈ J , d ∈ D
to ensure that drone assignment decisions are not delayed until uncertainty is resolved (see Álvarez-
Miranda et al., 2015 for a detailed discussion). The delivery or transportation cost of relief item
t ∈ T to gathering point i ∈ I from facility j ∈ J using drone d ∈ D is cti,j,d.

We use non-negative parameters cht and cut to represent the unit holding cost and unit penalty
cost of unmet demand for relief item t ∈ T , respectively. We assume that the transportation cost,
acquisition cost, holding cost, and penalty for unmet demand satisfy the following conditions:

max
i∈I,j∈J ,d∈D

{cti,j,d} < cht < cut and cat < cut . (1)

The first set of inequalities ensures we always deliver relief items instead of holding them. The
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Figure 1: An illustration of the DDROP with and without drone reassignment.

second set of inequalities reflects the realistic assumption that acquiring items in advance is less
costly than failing to meet demand after the disaster. The objective is to minimize the pre-disaster
planning cost and the random post-disaster operational (second-stage) costs. The planning cost is
the sum of the costs associated with establishing facilities, acquiring relief items, establishing the
drone fleet, and managing aerial paths. The operational costs comprise expenses associated with
drone reassignment, delivery of relief items, shortage, and storage of unused inventory. Table 1
summarizes the main sets, parameters, and variables used in the DDROP.

Example 1. Figure 1 provides an illustrative example of the DDROP. There are seven gathering
(demand) nodes, one type of facility, and two types of drones (represented by gray and black).
Subfigure (a) represents the planning decisions made before the disaster. Specifically, three facilities
are established, and each has two drones. The solid orange arrows in this subfigure represent the
pre-disaster assignments of drones to demand nodes. Subfigure (b) illustrates the status of facilities
and drones following the disaster. Specifically, two facilities are partially disrupted, and one drone
at each of these facilities is damaged (indicated by a red cross). As noted earlier, damaged drones
cannot deliver aid packages to the demand nodes they were initially assigned to serve (the links
between these damaged drones are removed). If drone reassignment is not allowed, as in existing
models, demand nodes initially assigned to damaged drones will not receive any aid packages; see
Subfigure (c) for illustration. In contrast, by allowing drone reassignment after the disaster—as
proposed in our model—these demand nodes can be served by drones that remain operational; see
Subfigure (d) for an illustration where dashed arrows represent drone reassignments.

4. Two-stage RO Formulation and Properties

We are now ready to introduce our two-stage RO model for the DDROP (Section 4.1). In
Section 4.2, we present the uncertainty set employed in the model. In Section 4.3, we investigate
the value of drone reassignment in the post-disaster phase.
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4.1. The RO Formulation

Using the notation introduced in Section 3, we formulate our first-stage problem as follows.

minimize
y,x,w,z

{∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d

+ sup
ξ∈U(z;κκκ,Γ)

Q(x,w, z, ξ)
}

(2a)

subject to
∑
l∈L

yj,l ≤ 1, ∀j ∈ J , (2b)

zj,d ≤
∑
l∈L

yj,l, ∀j ∈ J , d ∈ D, (2c)

∑
j∈J

zj,d ≤ 1, ∀d ∈ D, (2d)

xi,j,d ≤ zj,d, ∀i ∈ I, j ∈ J , d ∈ D, (2e)∑
i∈I

bi,j,d xi,j,d ≤ Brzj,d, ∀j ∈ J , r ∈ R, d ∈ Dr, (2f)

∑
d∈D

zj,d ≤
∑
l∈L

W d
l yj,l,

∑
t∈T

wj,t ≤
∑
l∈L

W r
l yj,l, ∀j ∈ J , (2g)

yj,l ∈ {0, 1}, ∀j ∈ J , l ∈ L, (2h)

zj,d ∈ {0, 1}, xi,j,d ∈ {0, 1}, wj,t ≥ 0, ∀i ∈ I, j ∈ J , t ∈ T , d ∈ D. (2i)

Formulation (2) finds optimal first-stage decisions (y,x,w,z) that minimize the sum of the fixed
cost of establishing facilities (first term), relief items acquisition cost (second term), cost of estab-
lishing the drone fleet (third term), drones’ operational cost (fourth term), and the maximum value
of the random second-stage function Q (more on this below). Constraints (2b) ensure at most one
facility is opened at each potential facility location. Constraints (2c) restrict drone propositioning
to open facilities. Constraints (2d) ensure that each drone can be prepositioned at most one facil-
ity. Constraints (2e) link variables x and z. Specifically, it ensures that drone d can be assigned
to serve gathering point i from facility j (i.e., xi,j,d = 1) only if it is deployed at facility j (i.e.,
zj,d = 1). Constraints (2f) enforce battery range constraints on all drones. Constraints (2g) restrict
the storage capacity for prepositioning drones and relief supplies.

Given feasible first-stage decisions (x,w, z) and a realization of ξ = (a,e, q), the following
second-stage mixed-integer linear program (MILP) computes costs related to drone reassignment,
relief items delivery, unmet demand, and unused inventory:

Q(x,w, z, ξ) = minimize
v,n,u,h

{∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dvi,j,d +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dni,j,d,t +
∑
i∈I

∑
t∈T

cut ui,t
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+
∑
j∈J

∑
t∈T

cht hj,t

}
(3a)

subject to
∑
d∈D

∑
j∈J

ni,j,d,t + ui,t = qi,t, ∀i ∈ I, t ∈ T , (3b)

∑
d∈D

∑
i∈I

ni,j,d,t + hj,t = wj,t ej,t, ∀j ∈ J , t ∈ T , (3c)

xi,j,d + vi,j,d ≤ zj,d, ∀i ∈ I, j ∈ J , d ∈ D, (3d)∑
i∈I

bi,j,d (xi,j,d + vi,j,d) ≤ Brzj,d, ∀j ∈ J , r ∈ R, d ∈ Dr, (3e)

∑
t∈T

ni,j,d,t ≤ Pr ad(xi,j,d + vi,j,d), ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, (3f)

vi,j,d ∈ {0, 1}, ni,j,d,t ≥ 0, ui,t ≥ 0, hj,t ≥ 0,

∀i ∈ I, j ∈ J , d ∈ D, t ∈ T . (3g)

Constraints (3b) and (3c) compute the unmet demand and unused inventory, respectively. Con-
straints (3d) ensure that each gathering point may be served either by a drone that was initially
assigned to it in the pre-disaster phase or reassigned to it in the post-disaster phase. Constraints (3e)
respect the battery capacity of the drones. Constraints (3f) ensure that the total number of relief
items a functioning drone (i.e., ad = 1) delivers does not exceed its payload capacity. Finally,
constraints (3g) specify the feasible range of the second-stage variables. Note that the two-stage
RO model (2) has a complete recourse, i.e., for any feasible first-stage decision (y,w,z,x) and
ξ ∈ Ξ, the recourse problem (3) is always feasible.

Remark 1. Suppose we adopt a particular distributional belief P for ξ. We formulate the following
SP model for the DDROP by replacing maxξ∈U(z;κκκ,Γ)Q(x,w, z, ξ) with EP

[
Q(x,w, z, ξ)

]
,

minimize
y,x,w,z

{∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d

+ EP
[
Q(x,w, z, ξ)

]}
. (4)

4.2. Uncertainty Set
Recall that we consider three key uncertain factors: the demand for relief items (q), the remain-

ing usable fraction of each relief item type (e), and the operational status of each drone (a). As
discussed in Sections 1 and 3, the severity of the disaster influences each of these factors. In gen-
eral, the greater the severity of the disaster, the higher the likelihood that relief items and drones
stored at the disrupted facilities will be damaged. Hence, it is important to model the relationship
between disaster severity, the usable fraction of relief items, and drone operability. Recall also
that the number of drones that remain functional after a disaster depends on the extent of damage
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to the facility where they are stored. Hence, uncertainty in drone functionality is influenced by
the assignment decisions to established facilities (z) and the corresponding disruption levels (τττ).
Accordingly, we construct the following uncertainty set for ξ.

U(z;κκκ, Γ) =



e ∈ [0, 1]|J |×|T |

a ∈ {0, 1}|D|

q ∈ R|I|×|T |
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣ 1T ∑
t∈T

(1− ej,t)− τj

∣∣∣∣∣ ≤ κfj , ∀j ∈ J

∑
d∈D

(1− ad)zj,d − τj

∑
d∈D

zj,d ≤ κdj
∑
d∈D

zj,d, ∀j ∈ J

qi,t = q̄i,t +
∑
j∈J

τj q̃i,j,t, ∀i ∈ I, t ∈ T

∑
j∈J

τj ≤ Γ, τj ∈ [0, 1], ∀j ∈ J



(5)

The first set of constraints in (5) ensures that, for facility j ∈ J , the difference between the
average proportion of damaged relief items and τj is at most κfj ∈ [0, 1]. The second set of constraints
bounds the difference between the actual number of disrupted drones assigned to facility j, given by∑

d∈D(1−ad)zj,d, and the expected number based on the disruption level τj , given by τj
∑

d∈D zj,d.
The tolerance parameter κdj ∈ [0, 1] limits this deviation. The third set of constraints defines the
uncertain demand. Parameter q̄i,t represents the nominal demand for relief item t ∈ T at gathering
point i ∈ I. As in Lu and Cheng (2021), we use parameter q̃i,j,t to represent the maximum increase
in the demand at gathering point i ∈ I caused by disruption at facility j ∈ J . When q̃i,j,t = 0, a
disruption at facility j does not impact the demand at gathering point i. This typically happens
when the two locations are geographically distant. In contrast, a positive value of q̃i,j,t indicates
that a disruption at location j may cause an increase in demand at gathering point i, reflecting a
proximity-based influence. The severity of this increase depends on the disruption level τj , where
a higher value of τj implies more severe disruption and, thus, a potentially larger shift in demand.
The fourth set of constraints imposes a bound on the total disruption level across all facilities.

4.3. The Value of Drones Reassignments

In this section, we analyze the value of enabling drone reassignment in the post-disaster phase.
Note that the formulations with and without drone reassignment share the same first-stage variables
and constraints. However, the second-stage problem without drone reassignment differs from the
one that incorporates it (defined in (3)). The RO problem without drone reassignment is as follows.

minimize
y,x,w,z

{∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d

+ max
ξ∈U(z;κκκ,Γ)

Q̂(x,w, z, ξ)
∣∣∣∣∣ (2b)–(2i)

}
(6)

15



where for a feasible (x,w,z) and realization of ξ, the recourse problem Q̂(x,w, z, ξ) is defined as

Q̂(x,w, z, ξ) = minimize
n,u,h

{∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,tni,j,d,t +
∑
i∈I

∑
t∈T

cut ui,t +
∑
j∈J

cht hj,t

}
(7a)

subject to (3b)–(3c), (7b)∑
t∈T

ni,j,d,t ≤ Pr ad xi,j,d, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, (7c)

ni,j,d,t ≥ 0, ui,t ≥ 0, hj,t ≥ 0, ∀i ∈ I, j ∈ J , d ∈ D, t ∈ T . (7d)

Let η and η̂ denote the optimal objective values of problems (2) and (6), respectively. We define
the value of reassignment (VoR) as VoR = η̂ − η. In Theorem 1, we derive a lower bound on VoR.

Theorem 1. Let (ȳ, w̄, z̄, x̄) and (ŷ, ŵ, ẑ, x̂) denote the optimal first-stage solutions to the RO
problem (2) and its counterpart without reassignment (6), respectively. Let ξ∗ = (a∗, e∗, q∗)
be an optimal solution to maxξ∈U(ẑ;κ,Γ)Q(x̂, ŵ, ẑ, ξ∗). Also, let (n̂, û, ĥ) and (v̄, n̄, ū, h̄) be
optimal second-stage solutions to Q̂(x̂, ŵ, ẑ, ξ∗) and Q(x̂, ŵ, ẑ, ξ∗), respectively. Then, we have
VoR ≥ max

{
φ(n̄, n̂, v̄), 0

}
, where φ(n̄, n̂, v̄) =

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

(
cut + cht − cti,j,d

)(
n̄i,j,d,t − n̂i,j,d,t

)
−∑

i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv̄i,j,d.

Theorem 1 shows that allowing drone reassignment in the post-disaster phase is always benefi-
cial. Specifically, it establishes that the VoR is non-negative and can be positive depending on the
relative weights (cost parameters) of the post-disaster performance metrics. Our numerical results
in Section 6.4 also demonstrate that the VoR can be substantial in practice.

5. Solution Approaches

The RO formulation (2) is computationally challenging to solve. First, the uncertainty set
U(z;κκκ, Γ) defined in (5) is a function of decision z. Second, the recourse problem definingQ(x,w, z, ξ)
in (3) is an MILP with binary decision variables v. Thus, we cannot employ traditional reformu-
lation techniques and decomposition algorithms designed to solve RO problems with exogenous
uncertainty and continuous recourse to solve problem (2). To address these challenges, we propose
a K-adaptability approximation to problem (2) and a C&CG algorithm to solve it. In Section 5.1,
we introduce the K-adaptability problem. We present the optimality cuts employed in our al-
gorithm and the algorithm’s steps in Sections 5.2 and 5.3, respectively. We present an efficient
warm-starting mechanism for C&CG in Section 5.4. In Section 5.5 we propose valid inequalities to
strengthen the master problem in C&CG, thereby improving convergence. Finally, in Section 5.6,
we derive symmetry-breaking constraints that improve the model’s solvability.
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5.1. The K-adaptability problem

In the K-adaptability problem, we determine K drone reassignment policies {vk}k∈[K] before
observing uncertainty ξ ∈ Ξ. Once the value of ξ is observed, the best reassignment policy among
{vk}k∈[K] is implemented. Mathematically, the K-adaptability problem is

minimize
y,x,w,z
vk, k∈[K]

{∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d

+ max
(a,e,q)∈U(z;κκκ,Γ)

min
k∈[K]

Q̃
(
x,w, ξ;vk)} (8a)

subject to (2b)–(2i), (8b)

xi,j,d + vk
i,j,d ≤ zj,d, ∀k ∈ [K], i ∈ I, j ∈ J , d ∈ D, (8c)∑

i∈I
bi,j,d (xi,j,d + vk

i,j,d) ≤ Brzj,d, ∀k ∈ [K], j ∈ J , r ∈ R, d ∈ Dr, (8d)

where for each feasible (x,w), a realization of ξ, and a reassignment policy vk

Q̃(x,w, ξ;vk) = minimize
n,u,h

{∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dvi,j,d +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dni,j,d,t

+
∑
i∈I

∑
t∈T

cut ui,t +
∑
j∈J

∑
t∈T

cht hj,t

}
(9a)

subject to (n,u,h) ∈ H(x,w, ξ;v) :=
{
(u,n,h) ≥ 0

∣∣ (3b), (3c), (3f)
}
. (9b)

For each k ∈ [K], constraints (8c) ensure that each gathering point i ∈ I could be served by a drone
that was either initially assigned to it in the pre-disaster phase or assigned to it in the post-disaster
phase. On the other hand, constraints (8d) ensure that the total energy consumption of a drone
does not exceed its battery capacity. When K is sufficiently large (e.g., K = |I| × |J | × |D|),
problems (8) and (2) have the same optimal value (Hanasusanto et al., 2015).

The K-adaptability problem (9) has practical and computational advantages. From a practical
perspective, complete flexibility in the second-stage drone reassignments may be too costly and
impractical. Instead, decision-makers may prefer a limited set of reassignment plans to implement
once a disaster strikes and more information about the uncertain parameters becomes available.
In the context of pre-disaster planning, having a predefined set of contingency plans may be more
practical than an impromptu solution to the second-stage problem. From a mathematical stand-
point, by moving the binary reassignment decisions (v) to the first stage, the second-stage problem
reduces to the linear program (9), which results in a function that is amenable to decomposition
algorithms. To this end, we use the following equivalent representation of (8) to facilitate the
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subsequent discussions.

minimize
y,x,w,z, η
vk, k∈[K]

{∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d + η

}
(10a)

subject to (8b)–(8d), (10b)

η ≥ max
(a,e,q)∈U(z;κκκ,Γ)

min
k∈[K]

Q̃
(
x,w, ξ;vk). (10c)

The general idea of our C&CG algorithm is to relax constraint (10c) and iteratively solve the
resulting relaxation with a finite but increasing number of valid optimality cuts on η. Specifically,
in each iteration, we construct new optimality cut(s) and add it (them) to the current relaxation
to improve the approximation. Details of the optimality cuts and our C&CG are provided next.

5.2. Optimality cut

In this section, we introduce the optimality cut employed in our C&CG algorithm. We first
derive the following equivalent representation of the uncertainty set U(z;κκκ, Γ).

Proposition 1. For any Γ ∈ R+, κκκd ∈ R|J |
+ , κκκf ∈ R|J |

+ , and feasible first-stage decisions z, we have

U(z;κκκ, Γ) =
⋃

a∈{0,1}|D|

(
{a} × U(z,a;κκκ, Γ)

)
, (11)

where the set U(z,a;κκκ, Γ) equals to the set (5) for a fixed a ∈ {0, 1}|D|.

Proposition 1 establishes that the uncertainty set U(z;κκκ, Γ) can be equivalently represented as
a finite union of sets, each corresponding to a fixed drone disruption pattern a ∈ {0, 1}|D| and its
associated uncertainty set U(z,a;κκκ, Γ), which defines the feasible values of continuous parameters
(e, q). It follows that we can equivalently rewrite constraint (10c) as

η ≥ max
a∈{0,1}|D|

max
(e,q)∈U(z,a;κκκ,Γ)

min
k∈[K]

Q̃
(
x,w, ξ;vk), (12)

where the right-hand side of the inequality involves a max–max–min problem. In Proposition 2,
we derive an equivalent formulation of (12) that is solvable.

Proposition 2. For any (x,w, z) and {vk}Kk=1 satisfying (8b)–(8d), constraint (12) is equivalent
to

η ≥ G (x,w,z,v;a,µ,π,λ) , ∀a ∈ {0, 1}|D|, (µk,πk,λk) ∈ G, k ∈ [K], (13)
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where

G :=


(µ,π,λ)

∣∣∣∣∣∣∣∣∣∣∣

λi,t ≤ cut , ∀i ∈ I, t ∈ T
πj,t ≤ cht , ∀j ∈ J , t ∈ T
λi,t + πj,t − µi,j,r,d ≤ cti,j,d, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, t ∈ T
µi,j,r,d ≥ 0, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr


(14)

and G (x,w,z,v;a,µ,π,λ) is the optimal value of the following problem:

minimize
α, β̄, β,γ,
ψ,ϕ, ι, σ

∑
k∈[K]

αk

[∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d −

∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Prad(xi,j,d + vk
i,j,d)µk

i,j,d

]

+
∑
j∈J

β
j
(1 + κfj) +

∑
j∈J

β̄j(κfj − 1) +
∑
j∈J

γj

[
κdj
∑
d∈D

zj,d −
∑
d∈D

(1− ad)zj,d

]

−
∑
i∈I

∑
t∈T

ιi,tq̄i,t + ψΓ +
∑
j∈J

ϕj +
∑
j∈J

∑
t∈T

σj,t (15a)

subject to
∑

k∈[K]
αk = 1, (15b)

wj,t
∑

k∈[K]
πk

j,tαk −
1
T
β

j
+ 1
T
β̄j − σj,t ≤ 0, ∀j ∈ J , t ∈ T , (15c)

γj

∑
d∈D

zj,d − βj
+ β̄j −

∑
i∈I

∑
t∈T

ιi,tq̃i,j,t − ψ − ϕj ≤ 0, ∀j ∈ J , (15d)

∑
k∈[K]

αkλ
k
i,t + ιi,t ≤ 0, ∀i ∈ I, t ∈ T , (15e)

α ≥ 0, β̄ ≥ 0, β ≥ 0, γ ≥ 0, ψ ≥ 0, ϕ ≥ 0, σ ≥ 0. (15f)

Since G represents the optimal value of the minimization problem (15), it follows from Propo-
sition 2 that, for any combination {a} × {(µk,πk,λk)}k∈[K] ⊆ {0, 1}|D| × GK , the optimality cuts
in (13) can be equivalently reformulated as the following set of constraints:

η ≥
∑

k∈[K]
αk

[∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d −

∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Prad(xi,j,d + vk
i,j,d)µk

i,j,d

]

+
∑
j∈J

β
j
(1 + κfj) +

∑
j∈J

β̄j(κfj − 1) +
∑
j∈J

γj

[
κdj
∑
d∈D

zj,d −
∑
d∈D

(1− ad)zj,d

]

−
∑
i∈I

∑
t∈T

ιi,tq̄i,t + ψΓ +
∑
j∈J

ϕj +
∑
j∈J

∑
t∈T

σj,t, (16a)

(α, β̄, β,γ,ψ,ϕ,σ) ∈ FD(w,z,π,λ) =
{
(α, β̄, β,γ,ψ,ϕ,σ)

∣∣ (15b)–(15f)
}
. (16b)
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Algorithm 1 The column-and-constraint generation (C&CG) algorithm
Initialization: ϵ ≥ 0, LB ← 0, UB ←∞, and Ŝ ← ∅
Step 1. Solve the Master Problem.
• Solve the master problem (19). Record the optimal value vMP and solution (x̄, w̄, z̄, η̄).
• Update LB ← vMP .
Step 2. Solve the Subproblem.
• Solve the subproblem (20). Record the optimal value vSP and solution (ā, µ̄, π̄, λ̄).
• Update UB ← min{UB, (vMP − η̄) + vSP }.
Step 3. Optimality Check.
• If (UB − LB)/UB ≤ ϵ, terminate and return the best solution.
• Otherwise, enlarge the scenario set Ŝ ← Ŝ ∪ {(ā, µ̄, π̄, λ̄)} and return to Step 1.

5.3. The C&CG algorithm

We are now ready to introduce our C&CG algorithm for solving (10) (equivalently, (8)). For
notational convenience, we define S = {0, 1}|D| × GK , where each element s ∈ S is given by
s = (a,µ,π,λ). Algorithm 1 summarizes the steps of the C&CG algorithm. We initialize the
algorithm with a lower bound LB ← 0, an upper bound UB ← ∞, and an empty scenario set
Ŝ ← ∅. In each iteration, starting with a subset Ŝ ⊆ S, in step 1, we solve the following master
problem

minimize
y,x,w,z, η
vk,k∈[K]

{∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d + η

}

(17a)

subject to (8b)–(8d), (17b)

η ≥ G (x,w,v;a,µ,π,λ) , ∀s ∈ Ŝ, (17c)

and record an optimal solution (ȳ, x̄, w̄, z̄, η̄, {v̄k}Kk=1) and optimal value vMP . Problem (17) is a
relaxation of problem (10) because we consider a finite subset Ŝ ⊆ S. Thus, it’s optimal value vMP

provides a lower bound on that of (10), i.e., vMP ≤ v∗. Accordingly, we update LB ← vMP . In
Step 2, given a solution to the master problem, we solve the following subproblem

max
(a,e,q)∈U(z;κκκ,Γ)

max
(µk,πk,λk)∈G, k∈[K]

min
k∈[K]

{∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
t∈T

qi,tλ
k
i,t +

∑
j∈J

∑
t∈T

wj,t ej,tπ
k
j,t

−
∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d + vk
i,j,d)µk

i,j,r,d

}
, (18)

and record an optimal solution s̄ = (ā, µ̄, π̄, λ̄) and optimal value vSP . Since the solution
(y,x,w, z, {vk}Kk=1) is feasible to (10), its objective value UB = (vMP − η̄) + vSP is a valid
upper bound on the optimal value v∗ of (10). Finally, in Step 3, we first perform an optimality
check. Specifically, if the relative gap (UB − LB)/UB is less than or equal to the pre-specified
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tolerance ϵ ≥ 0, we terminate and return the best planning decisions (y,x,w,z) along with the
best K contingency plans for drones reassignment {vk}Kk=1. Otherwise, we enlarge the scenario set
Ŝ ← Ŝ ∪ {s̄} and return to Step 1 to re-solve the master problem (17) with the enlarged set Ŝ.

In each iteration of our C&CG, we need to solve the master problem (17) and subproblem (18),
which are not directly solvable in the presented forms. We use the equivalent reformulations of
(17c) ((16a)–(16b)) to derive the following equivalent and solvable reformulation of the master
problem.

minimize
∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d + η (19a)

subject to η ≥
∑

k∈[K]
αi

k

[∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d −

∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Prad(xi,j,d + vk
i,j,d)µk

i,j,d

]

+
∑
j∈J

βi
j
(1 + κfj) +

∑
j∈J

β̄ij(κfj − 1) +
∑
j∈J

γij

[
κdj
∑
d∈D

zj,d −
∑
d∈D

(1− ad)zj,d

]

−
∑
i∈I

∑
t∈T

ιii,tq̄i,t + ψiΓ +
∑
j∈J

ϕij +
∑
j∈J

∑
t∈T

σij,t, ∀si ∈ Ŝ, i ∈ [|Ŝ|] (19b)

(αi, β̄i, βi,γ i,ψi,ϕi,σi) ∈ FD(w, ξi), ∀i ∈ [|Ŝ|], (19c)

(8b)–(8d). (19d)

In Theorem 2, we derive an equivalent solvable reformulation of subproblem (18).

Theorem 2. For any feasible first-stage decision (x,w, z) and {vk}Kk=1, solving subproblem (18)
is equivalent to solving the following problem

maximize
a, e, q,µ,π,λ

η (20a)

subject to η ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn
k
i,j,d,t

+
∑
i∈I

∑
t∈T

cut u
k
i,t +

∑
j∈J

∑
t∈T

cht h
k
j,t, ∀k ∈ [K], (20b)

(nk,uk,hk,λk,πk,µk,αk,βk,θk, ιk) ∈ O(vk, ξ), ∀k ∈ [K], (20c)

(a, e, q) ∈ UL(z;κκκ, Γ), (20d)
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where the set UL(z;κκκ, Γ) is defined as

UL(z;κκκ, Γ) =



e ∈ [0, 1]|J |×|T |

a ∈ {0, 1}|D|

q ∈ R|I|×|T |
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T (τj − κfj) ≤
∑
t∈T

(1− ej,t) ≤ T (τj + κfj), ∀j ∈ J ,

∑
d∈D

(1− ad)zj,d − τj

∑
d∈D

zj,d ≤ κdj
∑
d∈D

zj,d, ∀j ∈ J ,

qi,t = q̄i,t +
∑
j∈J

τj q̃i,j,t, ∀i ∈ I, t ∈ T ,

∑
j∈J

τj ≤ Γ, τj ∈ [0, 1], ∀j ∈ J


and the set O(v, ξ) is defined as

O(v, ξ) =



n,u,h,

λ,π,µ,

α,β,θ, ι

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(n,u,h) ∈ H(x,w, ξ;v), (λ,π,µ) ∈ G

µi,j,r,d ≤ Mα1
i,j,r,d αi,j,r,d, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr

Pr ad(x̄i,j,d + vi,j,d) −
∑
t∈T

ni,j,d,t ≤ Mα2
i,j,r,d(1 − αi,j,r,d), ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr

ui,t ≤ Mθ1
i,t θi,t, cut − λi,t ≤ Mθ2

i,t (1 − θi,t), ∀i ∈ I, t ∈ T

hj,t ≤ Mβ1
j,t βj,t, cht − πj,t ≤ Mβ2

j,t (1 − βj,t), ∀j ∈ J , t ∈ T

ni,j,d,t ≤ M ι1
i,j,d,t ιi,j,d,t, ∀i ∈ I, j ∈ J , d ∈ D, t ∈ T

cti,j,d − (λi,t + πj,t − µi,j,r,d) ≤ M ι2
i,j,d,t(1 − ιi,j,d,t), ∀i ∈ I, j ∈ J , d ∈ D, t ∈ T

αi,j,r,d ∈ {0, 1}, βj,t ∈ {0, 1}, θi,t ∈ {0, 1}, ιi,j,r,d,t ∈ {0, 1}, ∀I ∈ I, j ∈ J , r ∈ R, d ∈ Dr


(21)

Note that constraints in (21) involve several big-M parameters. In Appendix C, we derive a
suitable choice of these parameters for actual implementation. Finally, in Theorem 3, we show that
our C&CG algorithm converges in a finite number of iterations.

Theorem 3. Algorithm 1 terminates in a finite number of iterations.

5.4. Warm-start mechanism

Recall that we initialize Algorithm 1 with an empty scenario set Ŝ and LB = 0. As a result, it
begins with a weak lower bound, which may converge slowly. To address this challenge, we develop
an efficient warm-start mechanism for Algorithm 1 that produces a non-empty scenario set Ŝws

and a tighter lower bound LBws. We then initialize Algorithm 1 with Ŝ ← Ŝws and LB ← LBws.
Algorithm 2 summarizes the steps of our warm-start mechanism. We initialize this algorithm with
LB′ = 0, Ξ̂← {ξ0 = (a0, e0, q0) := (1,1, q̄)}, and warm-start level I < |J |. Scenario ξ0 represents
the case without any disaster—hence no disruptions to pre-positioned drones or relief items—and
nominal demand. It is easy to verify that ξ0 ∈ U(z;κκκ, Γ) for any feasible z. The warm-start level I
controls the number of generated scenarios, i.e., the size of the set Ŝws, when Γ > 0. When Γ = 0,
the set Ŝws consists of one scenario. In Step 1, we construct an importance ranking of candidate
facility locations. We use this ranking in Step 2 to generate effective scenarios for ξ. In Step 3, we
generate associated dual scenarios (µ,π,λ). The details of these steps are provided below.
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Ideally, to minimize the transportation costs, a demand location should be served by a drone
stored at the nearest open facility. We therefore assess the importance of a candidate location
for establishing a facility by considering its distance to all demand nodes. Let di,j denote the
(Euclidean) distance between facility j ∈ J and demand location i ∈ I. We define the average
distance davg

j =
∑

i∈I di,j/|I| and interpret facilities with smaller davg
j values as more important,

since they are, on average, closer to demand locations. Disruptions to such facilities are therefore
more likely to increase the objective function value. In Step 1, we compute {davg

j }j∈J and reorder
the elements of J in ascending order of these values, yielding ordered set of facilities J ′, representing
a ranking from the most to least important facility locations.

The key idea of Step 2 is to distribute the disruption budget across facility locations based
on their importance ranking from Step 1, and then construct feasible scenarios of ξ based on
the resulting budget allocations. For each p ∈ [I], we first (Step 2.1) assign as much of the
budget Γ as possible to facility jp ∈ J , i.e., the pth facility location in J ′. Mathematically, we set
τp

jp
← min{Γ, 1}. We then allocate the remaining budget (if any) to the other facilities ℓ ∈ [|I|]\{p}

in order of importance. Formally, for each ℓ ∈ [|I|] \ {p}, we set τp
jℓ
← min

{
Γ− τp

jp
−
∑

ℓ′<ℓ τ
p
jℓ′ , 1

}
iteratively until the budget Γ is fully allocated. The resulting budget allocation τ p = (τp

1 , . . . , τp
|J |)

should satisfy
∑

j∈J τp
j = Γ. Then, for each allocation vector τ p, we construct a scenario ξp =

(ap, ep, qp) as follows (Step 2.2): ap
d = 1, ep

j,t = max{1− τp
j − κfj , 0}, and qp

i,t = q̄i,t +
∑

j∈J τp
j q̃i,j,t

for all i ∈ I, j ∈ J , t ∈ T , and d ∈ D. We set ap
d = 1 for all d ∈ D so that ξp ∈ U(z;κκκ, Γ) for any

feasible first-stage decision z. The following example illustrates Step 2.

Example 2. Consider an instance with J = {1, 2, 3, 4, 5} (five facility locations). Suppose that
Step 1 produces the following ranking of facility locations: J ′ = {2, 1, 5, 3, 4}. Let disruption budget
Γ = 2.2 units and the warm-start level be I = 3. For p = 1 (facility j1 = 2), we allocate one unit of
budget to facility 2, leaving 1.2 units. The next most important facility is facility 1, which receives
one unit, and the remaining 0.2 units are allocated to facility 5, producing τ 1 = (1, 1, 0, 0, 0.2).
For p = 2 (facility j2 = 1), we allocate one unit to facility 1, then one unit to facility 2, and finally
0.2 units to facility 5, producing τ 2 = (1, 1, 0, 0, 0.2). For p = 3 (facility j3 = 5), we allocate one
unit to facility 5, then one unit to facility 2, and the remaining 0.2 units to facility 1, producing
τ 3 = (0.2, 1, 0, 0, 1). These allocation vectors are subsequently used in Step 2.2 to construct the
corresponding scenarios ξ1, ξ2, and ξ3.

In Step 3, we use the generated scenarios of ξ from Step 2 to obtain (µ,π,λ) ∈ G. In Step 3.1,
we solve the deterministic counterpart of the K-adaptability problem (8) with scenario ξp (i.e.,
problem (8) with U(z;κκκ, Γ) = {ξp}) for all p ∈ {0} ∪ [I] and feasible z. We record an optimal
first-stage solution (yp,wp, zp,xp,vp) and the optimal value vp for all p ∈ {0} ∪ [I]. Note that
vp is a lower bound on the optimal value of our K-adaptability model since {ξp} ⊆ U(z;κκκ, Γ) for
all p ∈ {0} ∪ [I]. Next, in Step 3.2, for each p ∈ {0} ∪ [I], we solve the dual of problem (9) with
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Algorithm 2 Warm-Start Mechanism for Algorithm 1
Initialization: Ξ̂← {ξ0 = (a0, e0, q0) := (1,1, q̄)}, Warm-start level I ≤ |J |.
If Γ > 0, proceed to Step 1. Otherwise, if Γ = 0, set I = 0 and proceed to Step 3.

Step 1. Facility-Location Importance Ranking
1.1 For each candidate facility location j ∈ J , compute davg

j =
∑

i∈I di,j/|I|.
1.2 Sort the facility locations in ascending order based on davg

j , and denote the resulting ordered
set as J ′.

Step 2. Scenario Generation for ξ

2.1 Budget Allocation. Let jp ∈ J be the pth facility in J ′.
for p ∈ [I] do

Set τp
jp
← min{Γ, 1}.

Set τp
jℓ
← min

{
Γ− τp

jp
−
∑

ℓ′<ℓ τ
p
jℓ′ , 1

}
iteratively for ℓ ∈ [|J |] \ {p}.

end
2.2 Scenario Construction

for p ∈ [I] do
Set ap

d ← 1, ep
j,t ← max{1 − τp

j − κfj , 0}, and qp
i,t ← q̄i,t +

∑
j∈J τp

j q̃i,j,t for all i ∈ I, j ∈ J ,
d ∈ D, and t ∈ T .
Update Ξ̂← Ξ̂ ∪ {(ap, ep, qp)}.

end
Step 3. Dual-Variable Scenario Generation
for p ∈ {0} ∪ [I] do

3.1 Solve problem (8) with U(z;κκκ, Γ) = {ξp}.
Record an optimal solution (yp,wp, zp,xp,vp) and the optimal value vp.

3.2 Solve the dual of problem (9) with (w,x,v) fixed to (wp,xp,vp) under scenario ξp.
Record an optimal solution (µp,πp,λp).

end
Step 4. Ŝws Assembly and LBws Update
Set Ŝws ←

{
(ap,µp,πp,λp)

}I
p=0 and LBws ← maxp∈[0,I]Z

{
vp
}

(w,x,v) fixed to (wp,xp,vp) and scenario ξp to obtain an optimal dual solution (µp,πp,λp) .
Finally, in Step 4, we update Ŝws ←

{
(ap,µp,πp,λp)

}I
p=0 and LBws ← maxp∈{0,1,...,I}

{
vp
}
.

5.5. Valid Inequalities

In this section, we derive a set of valid inequalities (VIs) to improve the solvability of the master
problem. We first observe that allocating zero drones to an open facility is a feasible solution, i.e.,
a solution with

∑
l∈L yj,l = 1 and

∑
d∈D zj,d = 0 for some j ∈ J satisfies constraints (2b)–(2i).

However, it is easy to verify that such a solution is suboptimal, as relief items can only be delivered
via drones. To eliminate such solutions, we add the following VIs to the master problem (19):

∑
l∈L

yj,l ≤
∑
d∈D

zj,d, ∀j ∈ J . (22)

Second, note that it is feasible to store a drone in an open facility without assigning that drone
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to serve any demand node. For example, consider a facility j ∈ J and drone d ∈ D. A solution with∑
l∈L yj,l = 1 and zj,d = 1,

∑
i∈I xi,j,d = 0 and

∑
i∈I v

k
i,j,d = 0 for all k ∈ [K], satisfies constraints

(8b)–(8d). However, such a solution is suboptimal given the cost of renting or purchasing a drone.
To avoid exploring such suboptimal solutions, we add the following VIs to the master problem (19):

∑
i∈I

xi,j,d + vk
i,j,d ≥ zj,d, ∀k ∈ [K], j ∈ J , d ∈ D. (23)

Finally, in Proposition 3, we identify a valid lower bound inequality on variable η in master
problem (19).

Proposition 3. The following bound is valid for η in the master problem (19):

η ≥
∑
i∈I

∑
t∈T

min
j∈J ,d∈D

{cti,j,d}q̄i,t. (24)

5.6. Symmetry-Breaking Constraints

It is well known that symmetries in IP and MILP, such as those in our first-stage problem, lead
to poor performance of numerical algorithms due to the costly duplication of computational effort in
exploring equivalent solutions (Ostrowski, 2010; Liberti, 2012). In this section, we discuss practical
situations leading to symmetry in the DDROP and present strategies to break these symmetries.

First, recall that we consider a set of |R| distinct drone types, with all drones of a given type
having identical characteristics. Since drones of the same type are indistinguishable in terms of
functionality and cost, any permutation of such drones among facilities, i.e., reassigning identi-
cal drones to different facilities while keeping the total number of drones per facility unchanged,
yields equivalent solutions. For example, consider two facilities {j1, j2} and three identical drones
{d1, d2, d3}. The following three solutions all correspond to the same facility-opening decision
y = [1, 1]⊤ are equivalent (i.e., yield the same objective value) in the sense that they all assign two
identical drones to j1 and one drone to j2

z1 =

1 1 0
0 0 1

 z2 =

1 0 1
0 1 0

 z3 =

0 1 1
1 0 0

 ,

where each matrix zk represents the assignment of drones {d1, d2, d3} (columns) to facilities j1 and
j2 (rows). To prevent exploring such equivalent solutions, we introduce the following constraints

z1,d ≥ z1,d′ , ∀r ∈ R, (d, d′) ∈ Dr ×Dr, d′ > d, (25a)

zj,d′ ≤
∑

j′∈J :j′≤j

zj′,d, ∀j ∈ J , r ∈ R, (d, d′) ∈ Dr ×Dr, d′ > d. (25b)

Constraints (25a) impose an ordering on the assignment of identical drones to facility 1: drone d′
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(with a higher index) may only be assigned to facility 1 if all drones of the same type with lower
indices d < d′ are also assigned to that facility. Constraints (25b) generalize this to enforce a
consistent ordering on the assignment of identical drones to facilities. Specifically, a higher-index
drone d′ can be assigned to facility j only if all drones of the same type with lower indices (i.e.,
d < d′) have been assigned to facilities with indices less than or equal to j.

Second, recall that in the first stage, we decide the initial assignment of drones to gathering
points using variables xi,j,d. When multiple drones of the same type are deployed at the same
facility, any permutation of those drones in their assignment to demand nodes results in an equiv-
alent solution. Consider, for example, a facility j, two identical drones {d1, d2}, and five demand
nodes {i1, i2, i3, i4, i5}. The following drones-to-customers assignments, all corresponding to the
same facility-opening decision yj = 1 are equivalent:

x =

1 1 0 1 0
0 0 1 0 1

 x′ =

0 0 1 0 1
1 1 0 1 0


These solutions are equivalent because the drones are identical and assigned to serve i1, . . . , i5 from
the same facility. The second assignment x′ is obtained by swapping the two rows of x, meaning
the demand nodes assigned to each drone are exchanged. To eliminate such equivalent solutions,
we introduce the following constraints

|I| × (1− zj,d) +
∑
i∈I

xi,j,d ≥
∑
i∈I

xi,j,d′ , ∀j ∈ J , r ∈ R, (d, d′) ∈ Dr ×Dr, d′ > d. (26)

6. Computational Results

In this section, we present extensive computational results demonstrating the efficiency of our
proposed approach and provide valuable practical insights. In Section 6.1, we discuss the ex-
perimental setup. In Section 6.2, we analyze the computational performance of our approach.
We demonstrate the efficiency of the warm start mechanism, valid inequalities, and symmetry-
breaking constraints in Section 6.3. Finally, in Section 6.4, we use two real-world case studies to
compare the performance of optimal solutions to our proposed model and the model without drone
reassignments.

6.1. Experimental Setup

To investigate the computational efficiency of our approach, we construct a diverse set of
DDROP instances based on parameter settings reported in Zhu et al. (2022), Shehadeh and Tucker
(2022), and Jin et al. (2024). We summarize these instances in Table 2. Each instance is charac-
terized by a unique combination of the number of demand locations (|I|), potential locations of
establishing drone-supported facility (|J |), and available drones (|D|). These instances capture a
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Table 2: Instances for CPU time test

Inst 1 2 3 4 5 6 7 8 9 10

|I| 7 10 15 20 25 30 35 40 50 55
|J | 2 3 4 4 5 6 6 6 7 7
|D| 4 6 8 12 12 14 16 20 26 30

wide range of potential drone service regions, with problem size varying by |I|×|J |×|D|. They re-
flect the compact service regions characteristic of drone-based delivery networks. In Section 6.4, we
use real-world instances to compare the performance of our integrated approach with non-integrated
approaches.

For each tested instance, we generate the locations of demand points and candidate facility sites
using the same approach as described in Zhu et al. (2022); Jin et al. (2024) and Shehadeh (2023).
Specifically, we assume that demand points and candidate facility sites are uniformly distributed
over a square region (map) of size X ×X. For instances 1–8, we use a 10 km × 10 km map. For
instances 9–10, we use a larger region of 30 km × 30 km. We compute the distance, di,j , between
each pair (i, j) ∈ I × J in the Euclidean sense as is common in the FL literature (Basciftci et al.,
2021; Daskin, 2011; Jin et al., 2024; Zhu et al., 2022).

As in Jin et al. (2024), we consider a set of |L| = 3 facility types: small (l = 1), medium
(l = 2), and large (l = 3). The fixed costs of establishing these facilities are cf1 = 200, cf2 = 300,
and cf3 = 500, respectively. The corresponding capacities for storing relief items are W r

1 = 50,
W r

2 = 80, and W r
3 = 120. The corresponding capacities for storing drones are W d

1 = 10, W d
2 = 15,

and W d
3 = 20. For illustrative purposes, in Sections 6.2, 6.3 and 6.4, we consider one type of relief

item, medical kits. Following Jin et al. (2024) and Shehadeh and Tucker (2022), we set the unit
acquisition cost to ca = 140, the unit penalty cost of unmet demand to cu = 4ca, and unit holding
cost to ch = 1.2ca. We assume that relief items are pre-packaged with each package containing 20
units.

We consider two types of drones. The first type (r = 1) is DJI FlyCart 30, a long-distance heavy-
lift drone equipped with a powerful communication system and advanced control intelligence. The
second type (r = 2) is a hypothetical (and more powerful) variant constructed based on the DJI
FlyCart 30’s characteristics. In particular, we assume it has a larger mass, a larger battery mass,
and a larger payload capacity than the DJI FlyCart 30 drone. We set the unit purchasing or renting
costs to cd1 = 20.5 and cd2 = 41, respectively. We apply the power-consumption function proposed
by Figliozzi (2017a) to estimate the total energy consumed by a drone during the delivery of an
item from a facility to a demand location. A summary of the drones’ specifications and the Figliozzi
(2017a)’s model is provided in Appendix A. The transportation cost of delivering one unit of relief
items from j ∈ J to i ∈ I is 0.01× di,j .

We use the following parameter settings for the uncertainty set. We set κdj = κfj = 0.01 for
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all j ∈ J . For each i ∈ I, We generate the nominal demands for relief item t ∈ T , q̄i,t from
a uniform distribution U [20, 40] as in Jin et al. (2024). We implement an inexact version of our
proposed C&CG method, which allows solutions to the master problem to be inexact; see Tsang
et al. (2023). Additionally, we incorporate the following two sets of constraints into the master
problem (19), ensuring that each demand node is visited by drones at least once, thereby mitigating
the risk of severe shortages of relief items.

∑
j∈J

∑
d∈D

xi,j,d ≥ 1, ∀i ∈ I. (27)

We use Gurobi 11.0.2 as the commercial solver and conduct all experiments on a computer with
an M3 Pro processor and 18 GB of memory.

6.2. Computational Performance

In this section, we analyze the computational performance of the proposed C&CG algorithm.
Similar to Lu and Cheng (2021), we define the disruption budget (Γ) as a fraction of the number of
facility locations (|J |), such that Γ = α · |J | with α ∈ {0, 0.1, 0.2, 0.3, 0.4}. We set K = 2. For each
test instance and value of Γ, we generate five random instances and solve each using Algorithm 1.
Table 3 reports the average solution times (Time) in seconds and the average number of iterations
(Iter) required by Algorithm 1 to solve the five randomly generated instances of each instance.

We observe the following from Table 3. First, we are able to solve all the generated instances
quickly in a few iterations. The average solution times range from 0.4 seconds to 1847.8 seconds
(about 18 minutes), and the average number of iterations ranges from 1.6 to 11.6. Second, solution
times generally increase as the instance size increases. For example, solution times of relatively
small instances (Instances 1–3) range from 0.39 to 26.1 seconds, medium-sized instances (Instances
4–7) range from 5.4 to 599.9 seconds, and large instances (Instances 8–10) range from 62 to 1847.8
seconds. This is reasonable because the master problem for larger instances contains more binary
variables and constraints. As argued by Klotz and Newman (2013), such an increase in the size
of an MIP model often leads to longer solution times. Third, solution times are generally larger
when Γ > 0. This is reasonable because when Γ > 0, the uncertainty set introduces additional
worst-case scenarios that must be considered, thereby increasing the complexity of the problem and
the corresponding solution time. Solution times tend to increase as Γ becomes larger, although the
trend is not strictly monotonic across all instances. For example, in Instance 5, solution times rise
from 8.32 seconds (Γ = 0) to 102.18 seconds (Γ = 0.4|J |). In contrast, in Instance 2, the solution
time reaches 147.85 seconds at Γ = 0.1|J | but then decreases to 26.11 seconds when Γ = 0.2|J |.

These results demonstrate the computational efficiency of our proposed algorithm for solving
practical instances of the DDROP. As noted in Dukkanci et al. (2023a), solving FL problems for
drone delivery with a cost-based objective is generally difficult, and existing studies often consider
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Table 3: Computational time (in seconds) and number of iterations

Inst 1 Inst 2 Inst 3 Inst 4 Inst 5

Γ Time Iter Time Iter Time Iter Time Iter Time Iter

0 0.5 4.8 11.8 11.2 8.3 7.2 5.4 4.4 8.3 3.8
0.1|J | 0.4 2.8 147.9 11.6 9.3 4.4 17.4 3.6 34.5 3.0
0.2|J | 0.5 3.2 26.1 10.8 6.5 2.0 19.6 1.8 55.4 1.8
0.3|J | 0.6 4.2 3.3 3.8 9.1 2.6 22.4 1.6 85.6 3.2
0.4|J | 0.5 4.8 6.0 6.4 8.3 2.6 23.3 1.6 102.2 3.4

Inst 6 Inst 7 Inst 8 Inst 9 Inst 10

Γ Time Iter Time Iter Time Iter Time Iter Time Iter

0 9.7 2.8 17.0 3.4 64.5 5.4 62.0 3.6 170.2 4.8
0.1|J | 182.8 6.0 224.2 3.6 370.2 5.2 655.5 2.6 1087.9 3.0
0.2|J | 182.9 3.6 600.0 4.2 1253.8 6.8 1051.6 4.0 701.4 1.8
0.3|J | 226.8 4.8 324.4 4.2 663.6 4.8 1714.9 3.6 1847.8 3.0
0.4|J | 174.9 3.8 245.8 5.8 1044.7 7.4 1030.6 2.8 849.1 1.8

Table 4: Comparisons of the solution time (in seconds) and the number of iterations of Algorithm 1 with all enhance-
ment strategies, w/o WS, w/o VIs, w/o SBCs, and without any enhancements (Plain).

All Equipped w/o WS w/o VIs w/o SBCs Plain

Γ Time Iter Time Iter Time Iter Time Iter Time Iter

0.1|J | 223.85 3.80 2497.41 25.33 1252.23 9.40 163.43 1.60 24% 27.33
0.2|J | 630.33 4.40 — — 1266.77 6.00 737.03 3.80 65% 44.00
0.3|J | 485.59 3.40 — — 3321.35 11.60 706.47 4.00 99% —
0.4|J | 534.91 4.00 5940.43 21.00 2266.31 9.40 854.22 5.60 99% —

smaller instances than our test instances, typically with a few nodes, one type of drone, and without
considering fleet sizing, facility and drone disruption, decision-dependent uncertainty, or drone
reassignment. Our model and test instances explicitly incorporate these additional complexities.

6.3. Efficiency of the warm start mechanism, VIs, and SBCs

In this section, we analyze the efficiency of the proposed warm-start (WS) mechanism, VIs,
and symmetry-breaking constraints (SBCs). For illustrative purposes, we use Instance 8 in this
experiment. We separately solve this instance with and without (w/o) the WS, VIs, and SBCs.
We refer to Algorithm 1 without these enhancements as the Plain algorithm. Additionally, we
separately solve Instance 8 using Algorithm 1 w/o WS, w/o VIs, and w/o SBCs. Table 4 reports
the average solution time and number of iterations, computed across five randomly generated
instances.

First, we observe that the Plain algorithm (i.e., Algorithm 1 without any enhancements) takes
substantially longer times and requires more iterations to converge. In fact, the Plain algorithm fails
to converge within two hours, terminating with a large relative optimality gap (i.e., the difference
between the upper and lower bounds on the objective value) for most instances. For the instance
with Γ = 0.1|J |, 0.2|J |, 0.3|J |, and 0.4|J |, the associated termination gaps are 24%, 65%, 99%,
and 99%, respectively. In contrast, when all enhancements are incorporated, the algorithm solves all
instances relatively quickly, with average solution times ranging from 223.85 seconds (3.8 iterations)
to 630.33 seconds (4.4 iterations).
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Figure 2: Comparisons of lower bound and gap values

Second, among the proposed strategies, the WS mechanism is the most effective. Without
WS, solution times increase drastically and often exceed the two-hour limit. For example, when
Γ = 0.2|J | and Γ = 0.3|J |, the algorithm without WS fails to converge within two hours, whereas
with WS the same instances are solved in 630.33 seconds (4.40 iterations) and 485.59 seconds (3.40
iterations), respectively. In contrast, the effects of removing VIs or SBCs are less severe, though
still noticeable. In particular, the algorithm takes a longer time to converge without either VIs or
SBCs. For example, when Γ = 0.2|J |, the solution time increases from 630.33 seconds with all
enhancements to 1266.77 seconds without VIs and 737.03 seconds without SBCs.

These results demonstrate that incorporating WS provides a stronger initial lower bound,
thereby reducing the initial relative gap and accelerating convergence. As shown in Figure 2,
the algorithm with all enhancements starts with a higher lower bound and converges within only
a few iterations. In contrast, without WS, the initial lower bound is weak, leading to a larger gap
and slower convergence. Although combining WS with either VIs or SBCs improves convergence—
particularly by starting with a smaller gap—the algorithm converges more slowly than when all
enhancements are included. This indicates that including all three strategies is most effective, with
the warm-start mechanism playing a dominant role.

6.4. The Value of Incorporating Drones Reassignment

In this section, we demonstrate the benefits of allowing drone reassignment in the post-disaster
phase, a novel feature of our DDROP model. We consider two real-world case studies. The first is
based on the 2013 earthquake in the Lushan region of China (Section 6.4.1). The second is based
on an earthquake that struck the Great Wenchuan in 2008 (Section 6.4.2).

For each case study, we investigate the performance of the proposed DDROP model and a
no-reassignment variant (NRM), in which drone reassignment is not allowed in the second stage.
Specifically, we solve each using the DDROP and NRM models and record the optimal planning
(first-stage) decisions (x,w, z,v). (Note that v = 0 in the optimal solution to the NRM Model
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because it does not allow drone reassignment.) We then solve the recourse problem Q̃ with fixed
first-stage decisions under N ′ scenarios of ξ = (τ ,a, e, q). We generate the N ′ simulation data as
follows. We consider two realistic settings to generate facility-disruption levels. In the first, we
consider a uniform budget split, where the disruption budget is distributed evenly across facilities,
i.e., τj = Γ/|J | for all j ∈ J . In the second setting, we construct τ by following the sample
procedure described in Steps 1 and 2 of the warm-start mechanism. After generating τ , we compute
the corresponding values of (e, q) as ej,t = max{1− τj − κfj , 0} and qi,t = q̄i,t +

∑
j∈J τj q̃i,j,t for all

i ∈ I, j ∈ J , t ∈ T , and d ∈ D.
Recall that in our DDROP model (and similarly in the NRM model), the drone functionality

indicator ad depends on the initial assignment decisions z and facility disruption τ . Because
DDROP and NRM produce different assignments, generating τ conditional on those assignments
would yield different simulation datasets. To ensure a fair comparison under a common set of
scenarios, we introduce parameter ãj,d ∈ {0, 1} to represent the functionality of drone if assigned to
facility j ∈ J , where ãj,d = 0 implies that a drone is disrupted. We generate ãj,d from a Bernoulli
distribution, ãj,d ∼ Bernoulli(1 − τj), for all j ∈ J and d ∈ D. We set N ′ to 300 and repeat
the simulation procedure five times, each time generating new simulation data as described above.
For illustrative purposes, we consider one type of facility, one type of drone (the pseudo-drone
defined in Section 6.1), and one type of relief item (medical kits). We set the facility’s inventory
level to 200 and opening cost to 650. We assume the drone’s range permits delivery between any
origin–destination pair. This assumption is consistent with recent advances in long-range drone
technology, such as Dronamics’ Black Swan aircraft, which can cover substantial distances for
logistics operations (Weitering, 2023). All other parameters are as described in Section 6.1.

6.4.1. Lushan Earthquake
The Lushan Region in Sichuan Province, China, is prone to earthquakes. On April 20, 2013, it

was the epicenter of a major event that affected about 2.2 million people across multiple counties and
cities, causing 176 deaths and over 12,000 injuries, with direct economic losses estimated at 85.17
billion CNY (Duan et al., 2022; Nunez-Ollero, 2024). The earthquake also triggered landslides and
rockfalls, blocking numerous mountain roads, impeding rescue access and ground transportation.
This case highlights the importance of employing drones into last-mile humanitarian logistics.
Following Xu et al. (2016), who first introduced this case study, we construct an instance with 15
demand locations (|I| = 15) and 3 candidate facility locations (|J | = 3) within the disaster area;
see Figure 3. We set Γ = 0.2|J | and generate the demand from a uniform distribution on [20, 40].

We solve this instance with the DDROP and NRM models. Both solutions establish 3 facilities,
deploy 8 drones, and preposition the same quantity of relief items at the open facilities. For each
drone, Table 5 reports (i) the facility where it is stored and (ii) its initial assignments to demand
nodes. For DDROP, we also report the post-disaster reassignment policies. Under policy k ∈ {1, 2},
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Figure 3: Lushan earthquake network

Table 5: Comparison of DDROP and NRM assignment decisions (Lushan case study)

DDROP NRM

Drone Facility Initial Assignments Policy 1 Policy 2 Facility Assignments

1 F1 [1, 2, 3, 4, 8, 9, 11] ∅ ∅ F1 [1, 2, 3, 4, 8, 9, 11]
2 F2 [2, 8, 10, 11, 12] ∅ ∅ F1 [1, 4, 6, 9]
3 F2 [2, 5, 10, 12] ∅ [6] F2 [5, 10, 11, 12, 14]
4 F2 [2, 10, 11, 12] [3] ∅ F3 [5, 6, 7, 13, 15]
5 F2 [8, 10, 12, 13] ∅ ∅ F3 [2, 5, 6, 7, 13]
6 F2 [10, 11, 14] [8] ∅ F3 [3, 12, 13]
7 F3 [5, 6, 7, 13, 15] ∅ ∅ F3 [7, 13, 15]
8 F3 [5, 6, 7, 10, 14] ∅ ∅ F3 [7, 8, 14]

we present the set of nodes that drones are assigned to in the post-disaster stage, where the empty
set ∅ indicates no reassignment. Note that if a drone is assigned to a node in the post-disaster
phase, it serves that node in addition to its initial assignments. We observe the following from
this table. While both models deploy eight drones, they differ in how they allocate drones across
facilities. Specifically, DDROP deploy (1,5,2) in (F1, F2, F3), whereas NRM deploy (2,1,5) drones
in (F1, F2, F3). Initial node-drone assignments also differ across models (with some overlap, e.g.,
drone 1). The DDROP post-disaster policies assign drones from facilities with more drones to cover
nodes that were initially assigned to drones stored at facilities with fewer drones. Moreover, drones
that receive additional post-disaster assignments are typically those with fewer initial assignments.

Next, we compare the performance of these solutions via simulation, as described in Section 6.4,
under various disruption scenarios. Specifically, we consider two families for disruptions (a) uniform
disruption level τE

j = Γ/|J | applied to all j ∈ J , and (b) targeted disruptions τ p, where a
single facility p is primarily affected. Table 6 reports the average relative difference, computed

32



Table 6: Average relative difference NRM−DDROP
DDROP ×100% in second-stage, shortage, and holding costs (Lushan case study)

τ Second-stage Shortage Holding

τE 12.3% 12.7% 11.3%
τ 1 474.1% 583.7% 321.7%
τ 2 13.5% 13.9% 12.7%
τ 3 29.7% 31.1% 26.7%

as NRM−DDROP
DDROP × 100%, over N ′ = 300 simulated scenarios for second-stage, shortage, and holding

costs. It is clear that the DDROP consistently outperforms the NRM model across all disruption
scenarios. In particular, the NRM solution incurs substantially higher shortage and holding costs.
These results are reasonable because the NRM model fixes demand-to-drone assignments ex ante
and does not account for the need to reassign after drone failures. When a drone is damaged, it
cannot serve its assigned demand nodes, leading to shortages at those nodes and unused inventory
elsewhere (reflected as higher shortage and holding costs). For example, consider the disruption
scenario τ 1, where F1 is the only facility disrupted. If drone 1 is damaged, the NRM solution leaves
nodes like 3 and 8 without aid. In contrast, the DDROP policy supports dynamic reassignment,
allowing the decision-maker to reassign nodes 3 and 8 to drones 4 and 6 (stored at F2), thereby
preventing excessive shortages at these nodes. These results are consistent with Theorem 1, further
emphasizing that the VoR is positive.

6.4.2. Wenchuan Earthquake
Let us now consider another disaster based on the Great Wenchuan earthquake on May 12, 2008,

along the Longmenshan fault, a thrust structure at the boundary between the Eurasian and Indo-
Australian Plates. This 7-8 magnitude earthquake caused widespread devastation across Sichuan
Province, including extensive landslides and road damage that isolated numerous communities.
Almost 90,000 people were reported as dead or missing, and nearly 375,000 were injured. We
construct an instance based on the disaster relief network used in Liu et al. (2019), which consists
of eight demand locations (|I| = 8) and three candidate facility locations (|J | = 3); see Figure 4.

We solve these instances using the DDROP and NRM models. Both models establish 3 facilities,
deploy seven drones, and preposition the same quantity of relief items. Table 7 reports drone
assignments to facilities and demand nodes. We again observe that the two models produce different
allocations of drones to facilities and demand nodes. Interestingly, unlike the results for the Lushan
earthquake case study, in the DDROP solutions, some drones (4 and 5) are stored in F2 but are not
assigned to any demand node in the pre-disaster phase. They are assigned to some demand nodes in
the post-disaster phase under policies 1 and 2, which achieve significantly better performance; see
Table 8. For example, in the NRM plan, dones 6 and 7 stored at F3 are assigned to serve demand
nodes (5, 7, 8) and (6, 8), respectively. If a disruption damages one or both of these drones, as is
likely under τ 3, their assigned nodes immediately lose service, producing significant shortages and
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Figure 4: Wenchuan earthquake network

Table 7: Comparison of DDROP and NRM assignment decisions (Wenchuan case study)

DDROP NRM

Drone Facility Initial Assignments Policy 1 Policy 2 Facility Assignments

1 F1 [3, 6] ∅ ∅ F1 [2, 4]
2 F1 [2, 4] ∅ ∅ F1 [3, 6]
3 F2 [1, 5] ∅ ∅ F1 [2]
4 F2 ∅ [1, 8] [3, 4] F2 [1, 5]
5 F2 ∅ [4, 6] [2] F2 [3, 4]
6 F3 [7, 8] ∅ [5] F3 [5, 7, 8]
7 F3 [8] [5, 7] [6] F3 [6, 8]

Table 8: Average relative difference NRM−DDROP
DDROP × 100% in second-stage, shortage, and holding (Wenchuan case study)

τ Second Stage Shortage Holding

τE 38.77% 38.49% 42.70%
τ 1 12.16% 12.10% 13.56%
τ 2 1.36% 1.45% 1.67%
τ 3 130.90% 129.32% 147.85%

excess holding. In contrast, the DDROP solution keeps drones 4 and 5 at F2 unassigned to demand
nodes pre-disaster, precisely so they can be deployed post-disaster. Under policy 1, the DDROP
plan reassigns node 8 to drone 4 and node 6 to drone 5, while other functioning drones cover the
remaining demand. Such adaptive assignment reduces the potential shortage at the nodes. The
results in Table 8 show that under τ 3, the NRM plan has much worse outcomes: the average second-
stage cost is 130.9% higher, the average unmet demand is 129.3% higher, and the average holding
is 147.9% higher than DDROP. These results, along with the results in Section 6.4.1, demonstrate
the benefits of our integrated approach in real-world disaster scenarios.
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7. Conclusion

In this paper, we introduce a new two-stage RO framework for the integrated planning of
drone-based disaster relief operations, which includes decisions related to drone-supported relief
facilities, inventory prepositioning, and drone fleet deployment and operations. We present a new
two-stage RO formulation with mixed-integer recourse and decision-dependent uncertainty set for
the DDROP, incorporating the following novel, practically relevant elements. First, we explicitly
account for the risk of facility disruptions and their impact on drone functionality, as well as their
effect on demand and positioned inventory. Second, we explicitly capture, for the first time, the
dependence of drone functionality on pre-disaster drone-to-facility assignment decisions, as is the
case in real-world disaster scenarios. Third, unlike prior studies, we consider post-disaster drone
reassignment to demand nodes. Such adaptability enhances the responsiveness and resilience of
relief operations, as demonstrated both theoretically and numerically. We derive a K-adaptability
approximation of the RO model that offers both practical and computational benefits. From a prac-
tical standpoint, it provides decision-makers with a set of contingency plans for drone-to-demand
assignments that can be implemented in the aftermath of the disaster. Computationally, we derive
an equivalent reformulation of the K-adaptability approximation amenable to a decomposition al-
gorithm. We propose a C&CG algorithm to solve it and introduce several enhancement strategies
that substantially improve computational performance. Our numerical results, based on diverse
DDROP instances and two real-world disaster scenarios, demonstrate the computational efficiency
of our approach and the superior operational performance of the disaster plans obtained using our
framework compared to a non-integrated model.

We identify several promising directions for future research. Our results underscore the impor-
tance of considering practical aspects, such as dynamic post-disaster drone reassignment and the
impact of disruptions on drone functionality. One can build upon and extend our framework to
other last-mile drone delivery problems, including integrated operations with drones and trucks.
While the K-adaptability approximation offers practical benefits in the context of DDROP, en-
abling us to address the challenges of integer recourse, it may not be the best approach in other
drone applications. Thus, developing computationally efficient algorithmic strategies for solving
RO problems with integer recourse and decision-dependent uncertainty is particularly relevant for
drone-delivery problems, where these two challenges are particularly significant. Finally, it would
be interesting to extend our framework by considering drones that can perform multiple functions
in disaster and other contexts (e.g., surveillance and delivery of relief packages). This exten-
sion would require new formulations that capture multi-function capabilities, task coupling, and
resource-sharing constraints, along with tailored algorithmic strategies, among others.
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Appendix A. Drone Energy Consumption and Characteristics

As in Figliozzi (2017b), we use the following formula to compute the total energy consumed in
delivery from facility j ∈ J to demand location i ∈ I with drones d ∈ D:

bi,j,d = (muav +mbatt +mpayload) g
η(s)θ di,j + (muav +mbatt) g

η(s)θ dj,i. (A.1)

We summarize the description and value of each parameter in Table A.1.

Table A.1: Attributes of Parameters

Notation Description DJI Flycart 30 Pseudo Drone
muav UAV mass (kg) 42.5 85
mbatt battery mass of type r ∈ R drones (kg) 22.5 45
Pr payload mass of type r ∈ R drones (kg) 30 60
g gravity acceleration (km/m2) 9.81
η(s)θ product of lift-to-drag ratio and power transfer efficiency 6.86 6.86
Br energy capacity of type r ∈ R drones (kWh) 3986.8 7973.6

Appendix B. Mathematical Proofs

Appendix B.1. Proof of Theorem 1

Proof. Proof. First, we prove the nonnegativity of VoR. Recall that problems (2) and (6) have the
same first-stage variables and constraints. Hence, any feasible first-stage decision (y,w,x, z) for
problem (2) is also feasible for problem (6). To show the desired result, we next show that the
inequality Q(x,w, z, ξ) ≤ Q̂(x,w, z, ξ) holds or any feasible first-stage decisions (y,w,x,z) and
realization of ξ = (a, e, q) ∈ U(z;κκκ, Γ). To show this, we observe that v = 0 (i.e., no reassignment)
is a feasible solution for problem (3). Consider any scenario ξ ∈ U(z;κκκ, Γ) and let (n̂, û, ĥ) be
an optimal solution to Q̂(x,w, z, ξ) defined in (7). Note that (0, n̂, û, ĥ) is a feasible solution to
Q(x,w, z, ξ) defined in (3). Therefore, we have

Q(x,w, z, ξ) ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,d(0) +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,tn̂i,j,d,t +
∑
i∈I

∑
t∈T

cut ûi,t +
∑
j∈J

cht ĥj,t

=
∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,tn̂i,j,d,t +
∑
i∈I

∑
t∈T

cut ûi,t +
∑
j∈J

cht ĥj,t

= Q̂(x,w, z, ξ), (B.1)
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where (B.1) follows from the assumption that (n̂, û, ĥ) is an optimal solution to Q̂(x,w, z, ξ).
Note that the the inequality Q(x,w, z, ξ) ≤ Q̂(x,w, z, ξ) in (B.1) holds for any realization of
ξ ∈ U(z;κκκ, Γ). Taking the maximum over ξ ∈ U(z;κκκ, Γ) on both sides of the inequality, we obtain

max
ξ∈U(z;κκκ,Γ)

Q(x,w, z, ξ) ≤ max
ξ∈U(z;κκκ,Γ)

Q̂(x,w, z, ξ).

It follows that the objective function of problem (2) is always less than or equal to that of problem (6)
for any feasible first-stage decision (y,w,x, z). This implies that the optimal value η of problem (2)
is always less than or equal to the optimal value η̂ of problem (6). Therefore, we have VoR = η̂−η ≥
0.

Next, we prove the following lower bound for VoR: VoR ≥ φ(n̄, n̂, v̄). For notational convenience,
define

f(y,x,w, z) =
∑
j∈J

∑
l∈L

cflyj,l +
∑
j∈J

∑
t∈T

catwj,t +
∑
j∈J

∑
r∈R

∑
d∈Dr

cdrzj,d +
∑
i∈I

∑
j∈J

∑
d∈D

cm,1
i,j,dxi,j,d. (B.2)

as the first-stage objective value associated with a feasible first-stage solution (y,x,w,z) to (2).
Let (ȳ, x̄, w̄, z̄) and (ŷ, x̂, ŵ, ẑ) be optimal first-stage solutions to (2) and (6), respectively. Note
that

VoR = η̂ − η (B.3a)

=
{
f(ŷ, x̂, ŵ, ẑ) + max

ξ∈U(ẑ;κκκ,Γ)
Q̂(x̂, ŵ, ẑ, ξ)

}
−
{
f(ȳ, x̄, w̄, z̄) + max

ξ∈U(z̄;κκκ,Γ)
Q(x̄, w̄, z̄, ξ)

}
(B.3b)

≥
{
f(ŷ, x̂, ŵ, ẑ) + max

ξ∈U(ẑ;κκκ,Γ)
Q̂(x̂, ŵ, ẑ, ξ)

}
−
{
f(ŷ, x̂, ŵ, ẑ) + max

ξ∈U(ẑ;κκκ,Γ)
Q(x̂, ŵ, ẑ, ξ)

}
(B.3c)

= max
ξ∈U(ẑ;κκκ,Γ)

{
Q̂(x̂, ŵ, ẑ, ξ)

}
− max

ξ∈U(ẑ;κκκ,Γ)

{
Q(x̂, ŵ, ẑ, ξ)

}
, (B.3d)

where (B.3b) holds from the definitions of η and η̂, and (B.3c) follows from the fact that (ŷ, ŵ, ẑ, x̂)
is a feasible solution to (2).

Now, let ξ∗ = (a∗, e∗, q∗) be an optimal solution to the problem maxξ∈U(ẑ;κ,Γ)Q(x̂, ŵ, ẑ, ξ).
Note that ξ∗ is a feasible solution to maxξ∈U(ẑ;κκκ,Γ) Q̂(x̂, ŵ, ẑ, ξ). Let (n̂, û, ĥ) and (v̄, n̄, ū, h̄) be
optimal solutions to the problems Q̂(x̂, ŵ, ẑ, ξ∗) and Q(x̂, ŵ, ẑ, ξ∗), respectively. It follows from
(B.3d) that

VoR

≥ max
ξ∈U(ẑ;κκκ,Γ)

{
Q̂(x̂, ŵ, ẑ, ξ)

}
− max

ξ∈U(ẑ;κκκ,Γ)

{
Q(x̂, ŵ, ẑ, ξ)

}
(B.4a)

≥ Q̂(x̂, ŵ, ẑ, ξ∗)−Q(x̂, ŵ, ẑ, ξ∗) (B.4b)
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=
{∑

i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn̂i,j,d,t +
∑
i∈I

∑
t∈T

cut ûi,t +
∑
j∈J

∑
t∈T

cht ĥj,t

}

−
{∑

i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv̄i,j,d +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn̄i,j,d,t +
∑
i∈I

∑
t∈T

cut ūi,t +
∑
j∈J

∑
t∈T

cht h̄j,t

}
(B.4c)

=
∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,d
(
n̂i,j,d,t − n̄i,j,d,t) +

∑
i∈I

∑
t∈T

cut
(
ûi,t − ūi,t

)
+
∑
j∈J

∑
t∈T

cht (ĥj,t − h̄j,t)

−
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv̄i,j,d (B.4d)

=
∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,d
(
n̂i,j,d,t − n̄i,j,d,t)

+
∑
i∈I

∑
t∈T

cut

[(
q∗

i,t −
∑
j∈J

∑
d∈D

n̂i,j,d,t
)
−
(
q∗

i,t −
∑
j∈J

∑
d∈D

n̄i,j,d,t

)]

+
∑
j∈J

∑
t∈T

cht

[(
ŵj,te

∗
j,t −

∑
i∈I

∑
d∈D

n̂i,j,d,t
)
−
(
ŵj,te

∗
j,t −

∑
i∈I

∑
d∈D

n̄i,j,d,t

)]

−
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv̄i,j,d (B.4e)

=
∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

(
cut + cht − cti,j,d

)(
n̄i,j,d,t − n̂i,j,d,t

)
−
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv̄i,j,d (B.4f)

= φ(n̄, n̂, v̄). (B.4g)

Here, (B.4b) follows from the fact that ξ∗ is a feasible solution to maxξ∈U(ẑ;κ,Γ) Q̂(x̂, ŵ, ẑ, ξ);
(B.4c) follows from the definitions of Q and Q̂ in (3) and (7), respectively; (B.4e) follows from
constraints (3b)–(3c) and the definition that (n̂, û, ĥ) and (v̄, n̄, ū, h̄) are optimal solutions to
Q̂(x̂, ŵ, ẑ, ξ∗) and Q(x̂, ŵ, ẑ, ξ∗), respectively.

Finally, combining the two lower bounds, i.e., VoR ≥ 0 and VoR ≥ φ(n̄, n̂, v̄), we obtain the
desired inequality VoR ≥ max

{
φ(n̄, n̂, v̄), 0

}
. This completes the proof.

Appendix B.2. Proof of Proposition 1

Proof. Proof. First, suppose that the set U(z;κκκ, Γ) is empty, i.e., U(z;κκκ, Γ) = ∅. It follows from
the definition of U(z;κκκ, Γ) that there do not exist τ ∈ Π :=

{
τ ∈ [0, 1]|J | ∣∣ ∑

j∈J τj ≤ Γ
}

and
(a, e, q) ∈ Ξ satisfying the following constraints:∣∣∣∣∣ 1T ∑

t∈T
(1− ej,t)− τj

∣∣∣∣∣ ≤ κfj , ∀j ∈ J , (B.5a)

∑
d∈D

(1− ad)zj,d − τj

∑
d∈D

zj,d ≤ κdj
∑
d∈D

zj,d, ∀j ∈ J , (B.5b)

qi,t = q̄i,t +
∑
j∈J

τj q̃i,j,t, ∀i ∈ I, t ∈ T . (B.5c)
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In other words, there does not exist a ∈ {0, 1}|D| such that U(z,a;κκκ, Γ) ̸= ∅. Hence, we have⋃
a∈{0,1}|D|

(
{a} × U(z,a;κκκ, Γ)

)
= ∅.

Now, suppose that the uncertainty set U(z;κκκ, Γ) is non-empty, i.e., U(z;κκκ, Γ) ̸= ∅. Let
(a, e, q) ∈ U(z;κκκ, Γ). It follows from the definition of U(z;κκκ, Γ) that there exists τ ∈ Π such
that (B.5a)–(B.5c) are satisfied. This in turn implies that (e, q) ∈ U(z,a;κκκ, Γ). Hence, we
have (a,e, q) ∈ {a} × U(z,a;κκκ, Γ) ⊆

⋃
a′∈{0,1}|D|

(
{a′} × U(z,a′;κκκ, Γ)

)
. Next, let (a, e, q) ∈⋃

a′∈{0,1}|D|
(
{a′} × U(z,a′;κκκ, Γ)

)
. Then, we have (e, q) ∈ U(z,a;κκκ, Γ). If follows from the defini-

tion of U(z,a;κκκ, Γ) that there exists τ ∈ Π such that (a,e, q) satisfies (B.5a)–(B.5c). This shows
that (a, e, q) ∈ U(z;κκκ, Γ). Hence, we have U(z;κκκ, Γ) =

⋃
a∈{0,1}|D|

(
{a} × U(z,a;κκκ, Γ)

)
.

Appendix B.3. Proof of Proposition 2
Proof. Proof. For a fixed a ∈ {0, 1}|D|, the inner problem in (12), max

(e,q)∈U(z,a;κκκ,Γ)
min
k∈[K]

Q̃
(
x,w, ξ;vk

)
,

is equivalent to

maximize
χ, e, q

χ (B.6a)

subject to χ ≤ Q̃
(
x,w, ξ;vk), ∀k ∈ [K], (B.6b)

(e, q) ∈ U(z,a;κκκ, Γ). (B.6c)

Next, we derive an equivalent reformulation of (B.6). Recall that Q̃
(
x,w, ξ;vk

)
defined in (9) is

an LP. The dual of this LP is as follows.

maximize
µ,π,λ

{∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
t∈T

qi,tλi,t +
∑
j∈J

∑
t∈T

wj,t ej,tπj,t

−
∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d + vk
i,j,d)µi,j,r,d

}
(B.7a)

subject to λi,t ≤ cut , ∀i ∈ I, t ∈ T , (B.7b)

πj,t ≤ cht , ∀j ∈ J , t ∈ T , (B.7c)

λi,t + πj,t − µi,j,r,d ≤ cti,j,d, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, t ∈ T , (B.7d)

µi,j,r,d ≥ 0, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr. (B.7e)

We define G := {(µ,π,λ) | (B.7b)–(B.7e)} as the feasible set of the dual problem (B.7). Re-
placing Q̃

(
x,w, ξ;vk

)
in constraints (B.6b) with its dual (B.7), we derive the following equivalent

reformulation of (B.6).

maximize
χ, e, q

χ (B.8a)

subject to χ ≤ max
(πk,µk,λk)∈G

{∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
t∈T

qi,tλ
k
i,t +

∑
j∈J

∑
t∈T

wj,t ej,tπ
k
j,t
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−
∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d + vk
i,j,d)µk

i,j,r,d

}
, ∀k ∈ [K], (B.8b)

(e, q) ∈ U(z,a;κκκ, Γ). (B.8c)

Note that the maximization problem in constraints (B.8b) is LP for each k ∈ [K]. Thus, the
optimal value is always attained by some feasible solution, and (B.8b) holds if and only if there
exists (µk,πk,λk) ∈ G such that

χ ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d+

∑
i∈I

∑
t∈T

qi,tλ
k
i,t+

∑
j∈J

∑
t∈T

wj,t ej,tπ
k
j,t−

∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d+vk
i,j,d)µk

i,j,r,d

holds. Consequently, we can reformulate (B.8) by introducing decision variables (µ,π,λ) and
incorporating the constraints of the maximization problem in (B.8b) into (B.8) as follows:

maximize
χ, e, q,π,µ,λ

χ (B.9a)

subject to χ ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
t∈T

qi,tλ
k
i,t +

∑
j∈J

∑
t∈T

wj,t ej,tπ
k
j,t

−
∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d + vk
i,j,d)µk

i,j,r,d, ∀k ∈ [K], (B.9b)

(µk, πk, λk) ∈ G, ∀k ∈ [K], (B.9c)

(e, q) ∈ U(z,a;κκκ, Γ). (B.9d)

Note that (B.9) is equivalent to

maximize
(πk,µk,λk)∈G, k∈[K]

G (x,w, z,v;a,µ,π,λ) ,

where G (x,w, z,v;a,µ,π,λ) is the optimal value of the following maximization problem

maximize
χ, e, q

χ (B.10a)

subject to χ ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
t∈T

qi,tλ
k
i,t +

∑
j∈J

∑
t∈T

wj,t ej,tπ
k
j,t

−
∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d + vk
i,j,d)µk

i,j,r,d, ∀k ∈ [K], (B.10b)

(e, q) ∈ U(z,a;κκκ, Γ). (B.10c)

Finally, we can rewrite (B.10) as the following LP:

maximize
χ, e, q, τ

χ (B.11a)
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subject to χ ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
t∈T

qi,tλ
k
i,t +

∑
j∈J

∑
t∈T

wj,t ej,tπ
k
j,t

−
∑
i∈I

∑
j∈J

∑
r∈R

∑
d∈Dr

Pr ad(xi,j,d + vk
i,j,d)µk

i,j,r,d, ∀k ∈ [K], (B.11b)

T (τj − κfj) ≤
∑
t∈T

(1− ej,t) ≤ T (τj + κfj), ∀j ∈ J , (B.11c)

∑
d∈D

(1− ad)zj,d − τj

∑
d∈D

zj,d ≤ κdj
∑
d∈D

zj,d, ∀j ∈ J , (B.11d)

qi,t = q̄i,t +
∑
j∈J

τj q̃i,j,t, ∀i ∈ I, t ∈ T , (B.11e)

∑
j∈J

τj ≤ Γ, (B.11f)

ej,t ∈ [0, 1], ∀j ∈ J , t ∈ T , (B.11g)

τj ∈ [0, 1], ∀j ∈ J , (B.11h)

qi,t ≥ 0, ∀i ∈ I, t ∈ T . (B.11i)

By LP duality, G (x,w, z,v;a,µ,π,λ) equals the optimal value of the dual of (B.11), which is
(15). This completes the proof.

Appendix B.4. Proof of Theorem 2

Proof. Proof. Consider the optimization problem Q̃(x,w, ξ;v) defined in (9) and its dual formula-
tion (B.7). Let (n,u,h) be a primal feasible solution to (9) and (µ,π,λ) be a dual feasible solution
to (B.7). These solutions are optimal if and only if they satisfy the following complementary slack-
ness conditions:

µi,j,r,d ·
(
Pr ad(xi,j,d + vi,j,d)−

∑
t∈T

ni,j,d,t

)
= 0, ∀r ∈ R, d ∈ Dr, j ∈ J , i ∈ I, (B.12a)

ui,t · (cut − λi,t) = 0, ∀i ∈ I, t ∈ T , (B.12b)

hj,t ·
(
cht − πj,t

)
= 0, ∀j ∈ J , t ∈ T , (B.12c)

ni,j,d,t ·
(
cti,j,d − (λi,t + πj,t − µi,j,r,d)

)
= 0, ∀r ∈ R, d ∈ Dr j ∈ J , i ∈ I, t ∈ T . (B.12d)

Accordingly, we define the set

Ô(v, ξ) =
{

(n,u,h,µ,π,λ)
∣∣∣ (n,u,h) ∈ H(x,w, ξ;v), (µ,π,λ) ∈ G, (B.12a)–(B.12d)

}
,

which consists of primal feasibility constraints, dual feasibility constraints, and complementary
slackness conditions, characterizing the set of optimal primal and dual solutions to Q̃(x,w, ξ;v).
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Therefore, we can reformulate (B.7) into

maximize
n,u,h,µ,π,λ

{∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dvi,j,d

+
∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dni,j,d,t +
∑
i∈I

∑
t∈T

cut ui,t +
∑
j∈J

∑
t∈T

cht hj,t

}
(B.13a)

subject to (n,u,h,µ,π,λ) ∈ Ô(v, ξ). (B.13b)

Next, we derive an equivalent reformulation of subproblem (18) using the equivalent reformulation
(B.13) of Q̃(x,w, ξ;v). First, we rewrite (18) as

maximize
a,e,q

η (B.14a)

subject to η ≤ Q̃(x,w, ξ;vk), ∀k ∈ [K], (B.14b)

(a, e, q) ∈ UL(z;κκκ, Γ). (B.14c)

Note that for a fixed reassignment decisions {vk}Kk=1, constraint (B.14b) holds if and only if there
exists (n,u,h,µ,π,λ) ∈ Ô(v, ξ) such that η is less than or equal to the objective function (B.13a)
evaluated at (n,u,h,µ,π,λ). That is, (B.14) is equivalent to

maximize
τ ,a, e, q, η
n,u,h,µ,π,λ

η (B.15a)

subject to η ≤
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,dv

k
i,j,d +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn
k
i,j,d,t

+
∑
i∈I

∑
t∈T

cut u
k
i,t +

∑
j∈J

∑
t∈T

cht h
k
j,t, ∀k ∈ [K],

(B.15b)

(nk,uk,hk,µk,πk,λk) ∈ Ô(vk, ξ), ∀k ∈ [K], (B.15c)

(a, e, q) ∈ UL(z;κκκ, Γ). (B.15d)

Note that (B.15) is non-linear due to the complementary slackness constraints (B.12a)–(B.12d) in
Ô(v, ξ). To linearize constraints (B.12a)–(B.12d), we introduce binary variables αi,j,r,d, βj,t, θi,t,
and ιi,j,d,t and the following constraints

µi,j,r,d ≤Mα1
i,j,r,d αi,j,r,d, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, (B.16a)

Pr ad(xi,j,d + vi,j,d)−
∑
t∈T

ni,j,d,t ≤Mα2
i,j,r,d(1− αi,j,r,d), ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, (B.16b)

ui,t ≤Mθ1
i,t θi,t, ∀i ∈ I, t ∈ T , (B.16c)

cut − λi,t ≤Mθ2
i,t (1− θi,t), ∀i ∈ I, t ∈ T , (B.16d)
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hj,t ≤Mβ1
j,t βj,t, ∀j ∈ J , t ∈ T , (B.16e)

cht − πj,t ≤Mβ2
j,t (1− βj,t), ∀j ∈ J , t ∈ T , (B.16f)

ni,j,d,t ≤M ι1
i,j,d,t ιi,j,d,t, ∀i ∈ I, j ∈ J , d ∈ D, t ∈ T , (B.16g)

cti,j,d − (λi,t + πj,t − µi,j,r,d) ≤M ι2
i,j,d,t(1− ιi,j,d,t), ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, t ∈ T , (B.16h)

αi,j,r,d ∈ {0, 1}, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, (B.16i)

βj,t ∈ {0, 1}, ∀j ∈ J , t ∈ T , (B.16j)

θi,t ∈ {0, 1}, ∀i ∈ I, t ∈ T , (B.16k)

ιi,j,r,d,t ∈ {0, 1}, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, t ∈ T , (B.16l)

where Mαℓ
i,j,r,d, M θℓ

i,t , M
βℓ
j,t, and M ιℓ

i,j,r,d are sufficiently large constants for ℓ ∈ {1, 2}. Accordingly,
we can replace Ô(v, ξ) in (B.15c) by the set

O(v, ξ) =
{

(n,u,h,µ,π,λ,α,β,θ, ι)
∣∣∣ (n,u,h) ∈ H(x,w, ξ;v), (µ,π,λ) ∈ G, (B.16a)–(B.16l)

}
.

In summary, an equivalent formulation of subproblem (18) is shown as (20).

Appendix B.5. Proof of Theorem 3

Proof. Proof. Let Ŝk be the set of scenarios used in the master problem (Step 1) in itera-
tion k ∈ N. Also, let LBk and UBk be the lower and upper bounds updated in iteration k ∈
N. First, we show that if a scenario sk = (ξk,µk,πk,λk) identified (in Step 2) in iteration
k belongs to the current scenario set Ŝk, i.e., sk ∈ Ŝ, the algorithm will terminate in itera-
tion k. Let (yk,xk,wk, zk,vk, ηk) be the optimal solution to the master problem obtained in
Step 1. For notational simplicity, also let f(y,x,w, z) =

∑
j∈J

∑
l∈L c

f
lyj,l +

∑
j∈J

∑
t∈T c

a
twj,t +∑

j∈J
∑

r∈R
∑

d∈Dr
cdrzj,d +

∑
i∈I

∑
j∈J

∑
d∈D c

m,1
i,j,dxi,j,d be the first-stage cost. Then,

LBk = f(yk,xk,wk, zk) + ηk ≥ f(yk,xk,wk, zk) + max
s∈Sk

{
min
k∈[K]

Q̃(xk, zk, ξ;vk,k)
}

(B.17a)

≥ f(yk,xk,wk, zk) + min
k∈[K]

Q̃(xk, zk, ξk;vk,k). (B.17b)

Here, (B.17a) follows from (10c) and (B.17b) follows from the fact that sk ∈ Ŝ, i.e., ξk ∈ U(zk;κκκ, Γ).
Next, note that

UBk ≤ f(yk,xk,wk, zk) + max
(a,e,q)∈U(zk;κκκ,Γ)

min
k∈[K]

Q̃
(
xk,wk, ξ;vk,k

)
= f(yk,xk,wk, zk) + min

k∈[K]
Q̃(xk, zk, ξk;vk,k), (B.18)
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where (B.18) follows from the fact that scenario sk is optimal to the subproblem. Combining (B.17)
and (B.18), we have UBk − LBk ≤ 0. Thus, the algorithm will terminate in iteration k.

Next, we show that there is at most a finite number of new scenarios identified from solving
the subproblem. It suffices to show that, without loss of optimality, we can optimize the sub-
problem (18) over a finite number of s = (a,µ,π,λ). First, note that for any feasible first-stage
decision, the recourse function Q̃(x, z, ξ;vk) is always finite for all k ∈ [K]. Thus, there always
exists an dual optimal solution (µk,πk,λk) ∈ G which is an extreme point of G. Therefore, without
loss of optimality, we can maximize (µk,πk,λk) over the finite set ext(G), the set of extreme points
of G. Note that ad is binary for all d ∈ D. Thus, there are only a finite number of combinations
{a}× (µk,πk,λk) ∈ {0, 1}|D|× ext(G). Hence, the C&CG algorithm terminates in a finite number
of iterations.

Appendix B.6. Proof of Proposition 3

Proof. Proof. Consider a first-stage decision (y,w,x, z,v, η) to formulation (10). Suppose ξ∗ =
(a∗, e∗, q∗) denotes the worst-case realization of uncertainty in (10c), vk∗ represents the corre-
sponding optimal reassignment policy, and (n∗,u∗,h∗) denotes the associated optimal second-stage
decisions to Q̃(x,w, ξ∗;vk∗). Note that

η ≥ max
ξ∈U(z;κκκ,Γ)

min
k∈[K]

Q̃(x,w, ξ;vk) (B.19a)

≥ min
k∈[K]

Q̃(x,w, ξ∗;vk) (B.19b)

=
∑
i∈I

∑
j∈J

∑
d∈D

cm,2
i,j,d v

k∗
i,j,d +

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn
∗
i,j,d,t +

∑
i∈I

∑
t∈T

cut u
∗
i,t +

∑
j∈J

∑
t∈T

cht h
∗
j,t (B.19c)

≥
∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn
∗
i,j,d,t +

∑
i∈I

∑
t∈T

cut u
∗
i,t. (B.19d)

Here, (B.19a) follows from constraints (10c), (B.19b) follows from the definition of ξ∗, (B.19c)
holds based on the definition of recourse objective function Q̃, and (B.19d) is valid because of the
nonnegativity of decisions vk∗ and h∗. Furthermore, deriving from (B.19d), we have

∑
i∈I

∑
j∈J

∑
d∈D

∑
t∈T

cti,j,dn
∗
i,j,d,t +

∑
i∈I

∑
t∈T

cut u
∗
i,t (B.20a)

=
∑
i∈I

∑
t∈T

(
cut u

∗
i,t +

∑
j∈J

∑
d∈D

cti,j,dn
∗
i,j,d,t

)
(B.20b)

≥
∑
i∈I

∑
t∈T

min
{
cut , min

j∈J ,d∈D

{
cti,j,d

}}(
u∗

i,t +
∑
j∈J

∑
d∈D

n∗
i,j,d,t

)
(B.20c)

=
∑
i∈I

∑
t∈T

min
j∈J ,d∈D

{
cti,j,d

}
q∗

i,t (B.20d)
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=
∑
i∈I

∑
t∈T

min
j∈J ,d∈D

{
cti,j,d

}(
q̄i,t +

∑
j∈J

τ∗
j q̃i,j,t

)
(B.20e)

≥
∑
i∈I

∑
t∈T

min
j∈J ,d∈D

{
cti,j,d

}
q̄i,t, (B.20f)

where τ ∗ is the value of τ corresponding to the worst-case scenario ξ∗ = (a∗, e∗, q∗) in (5). Here,
(B.20d) holds since maxi∈I,j∈J ,d∈D{cti,j,d} < cht < cut , and (n∗,u∗,h∗) satisfy constraints (3b).
(B.20e) is derived based on the definition of uncertain demand q in (5), and (B.20f) holds because
of the nonnegativity of terms

∑
j∈J τ∗

j q̃i,j,t for all i ∈ I, j ∈ J and t ∈ T . This shows that
inequality (24) is valid for (10). Therefore, without loss of optimality, we can impose (24) to the
master problem (19).

Appendix C. Choice of Big-M Parameters

In formulation (20), we have eight big-M parameters involved in constraints (21). In this
appendix, we derive a suitable choice of these parameters for actual implementation. First, in the
following proposition, we derive valid lower bounds on variables λ and π of the dual problem of
Q̃(x,w, ξ;v).

Proposition 4. For any value of parameters {cti,j,d}i∈I,d∈D,t∈T , {cht }t∈T , and {cut }t∈T , we have
(a) λi,t ≥ minj∈J ,d∈Dr

{
cti,j,d − cht

}
for all i ∈ I and t ∈ T ;

(b) πj,t ≥ mini∈I,d∈Dr

{
cti,j,d − cut

}
for all j ∈ J and t ∈ T .

Proof. Proof. We first prove part (a). Consider the optimization problem Q̃(x,w, ξ;v) in (B.7).
Constraints (B.7d) and (B.7e) ensure that µi,j,r,d ≥ maxt∈T

{
λi,t + πj,t − cti,j,d

}
and µi,j,r,d ≥ 0,

respectively, for all i ∈ I, j ∈ J , r ∈ R, and d ∈ Dr. Since Prad(xi,j,d +vi,j,d) ≥ 0 and we maximize
−Prad(xi,j,d + vi,j,d)µi,j,r,d in the objective (B.7a), at optimality, we have

µi,j,r,d =
(

max
{

max
t′′∈T \{t}

{λi,t′′ + πj,t′′ − cti,j,d}, λi,t + πj,t − cti,j,d

})+

. (C.1)

Now, let (µ∗,π∗,λ∗) ∈ G be a feasible to (B.7) with λ∗
i,t < minj∈J ,r∈R,d∈Dr

{
cti,j,d − cht

}
< 0 for

some i ∈ I and t ∈ T . Consider another solution (µ̃, π̃, λ̃), where π̃ = π∗, µ̃ = µ∗, and for all
i′ ∈ I, t′ ∈ T , we define λ̃i′,t′ as

λ̃i′,t′ =

λ
∗
i′,t′ if (i′, t′) ̸= (i, t),

minj∈J ,r∈R,d∈Dr

{
cti,j,d − cht

}
if (i′, t′) = (i, t).

(C.2)
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We claim that (µ̃, π̃, λ̃) ∈ G. It is trivial that (µ̃, π̃, λ̃) satisfies (B.7b)–(B.7c) and (B.7e). Note that
if (i′, t′) ̸= (i, t), it is trivial that (B.7d) holds for all j ∈ J , r ∈ R, and d ∈ Dr. If (i′, t′) = (i, t),
then

µ̃i,j,r,d = µ∗
i,j,r,d

=
(

max
{

max
t′′∈T \{t}

{λ∗
i,t′′ + π∗

j,t′′ − cti,j,d}, λ∗
i,t + π∗

j,t − cti,j,d

})+

(C.3a)

=
(

max
{

max
t′′∈T \{t}

{λ̃i,t′′ + π̃j,t′′ − cti,j,d}, λ∗
i,t + π∗

j,t − cti,j,d

})+

(C.3b)

=
(

max
{

max
t′′∈T \{t}

{λ̃i,t′′ + π̃j,t′′ − cti,j,d}, λ̃i,t + π̃j,t − cti,j,d

})+

(C.3c)

≥ λ̃i,t + π̃j,t − cti,j,d

for all j ∈ J , r ∈ R, and d ∈ Dr. Here, (C.3a) follows from (C.1), and (C.3b) follows from the
construction of (µ̃, π̃, λ̃) that π̃ = π∗ and λ̃i′,t′ = λ∗

i′,t′ if (i′, t′) ̸= (i, t). Furthermore, (C.3c) follows
from

λ∗
i,t + π∗

j,t − cti,j,d ≤ λ̃i,t + π̃j,t − cti,j,d ≤
(
cht − cti,j,d

)
− max

j∈J ,r∈R,d∈Dr

{
cht − cti,j,d

}
≤ 0,

where the first inequality is derived from the construction (µ̃, π̃, λ̃), and the second inequality
is derived based on constraints (B.7b)–(B.7c). Therefore, if (i′, t′) = (i, t), (B.7d) still holds for
all j ∈ J , r ∈ R, and d ∈ Dr. This proves the claim that (µ̃, π̃, λ̃) ∈ G. Since qi,t ≥ 0, it is
straightforward to verify that the objective function (B.7a) evaluated at (µ̃, π̃, λ̃) is greater than
or equal to that of (µ∗,π∗,λ∗). Thus, the lower bound λi,t ≥ minj∈J ,r∈R,d∈Dr

{
cti,j,d − cht

}
is valid

for all i ∈ I and t ∈ T .
We now prove part (b). Following the same idea as in the proof of part (a), let (µ∗,π∗,λ∗) ∈ G

be a feasible solution to (B.7) with π∗
j,t < mini∈I,r∈R,d∈Dr

{
cti,j,d − cut

}
< 0 for some j ∈ J and

t ∈ T . Consider another feasible solution (µ̃, π̃, λ̃), where λ̃ = λ∗, µ̃ = µ∗, and π̃ is defined as

π̃j′,t′ =

π
∗
j′,t′ if (i′, t′) ̸= (i, t),

mini∈I,r∈R,d∈Dr

{
cti,j,d − cut

}
if (i′, t′) = (i, t).

(C.4)

We claim that (µ̃, π̃, λ̃) ∈ G. It is trivial that (µ̃, π̃, λ̃) satisfies (B.7b)–(B.7c) and (B.7e). Note that
if (j′, t′) ̸= (j, t), it is trivial that (B.7d) holds for all i ∈ I, r ∈ R, and d ∈ Dr. If (j′, t′) = (j, t),
then

µ̃i,j,r,d = µ∗
i,j,r,d
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=
(

max
{

max
t′′∈T \{t}

{λ∗
i,t′′ + π∗

j,t′′ − cti,j,d}, λ∗
i,t + π∗

j,t − cti,j,d

})+

(C.5a)

=
(

max
{

max
t′′∈T \{t}

{λ̃i,t′′ + π̃j,t′′ − cti,j,d}, λ∗
i,t + π∗

j,t − cti,j,d

})+

(C.5b)

=
(

max
{

max
t′′∈T \{t}

{λ̃i,t′′ + π̃j,t′′ − cti,j,d}, λ̃i,t + π̃j,t − cti,j,d

})+

(C.5c)

≥ λ̃i,t + π̃j,t − cti,j,d

for all i ∈ I, r ∈ R, and d ∈ Dr. Here, (C.5a) follows from (C.1), and (C.5b) follows from the
construction of (µ̃, π̃, λ̃) Additionally, (C.5c) follows from

λ∗
i,t + π∗

j,t − cti,j,d ≤ λ̃i,t + π̃j,t − cti,j,d ≤
(
cut − cti,j,d

)
− max

i∈I,r∈R,d∈Dr

{
cut − cti,j,d

}
≤ 0,

where the first inequality is derived from the construction (µ̃, π̃, λ̃), and the second inequality is
derived based on constraints (B.7b)–(B.7c). Therefore, if (j′, t′) = (j, t), (B.7d) still holds for all
i ∈ I, r ∈ R, and d ∈ Dr. This proves the claim that (µ̃, π̃, λ̃) ∈ G. Since wj,tej,t ≥ 0, it is
straightforward to verify that the objective function (B.7a) evaluated at (µ̃, π̃, λ̃) is greater than
or equal to that of (µ∗,π∗,λ∗). Thus, the lower bound πj,t ≥ mini∈I,d∈D

{
cti,j,d − cut

}
is valid for

any j ∈ J and t ∈ T .

Next, in Proposition 5, we derive tight bounds on the big-M parameters. We leverage the
results of Proposition 4 in deriving some of these bounds.

Proposition 5. The following are valid choices for the big-Mconstants in (21):

Mα1
i,j,r,d = max

t∈T

{
cut + cht − cti,j,d

}
,

Mα2
i,j,r,d = Pr,

Mθ1
i,t = q̄i,t +

∑
j

q̃i,j,t,

Mθ2
i,t = cut − min

j∈J ,d∈D

{
cti,j,d − cht

}
,

Mβ1
j,t = wj,t,

Mβ2
j,t = cht − min

i∈I,d∈D

{
cti,j,d − cut

}
,

M ι1
i,j,d,t = Pr,

M ι2
i,j,r,d,t = cti,j,d + max

t∈T

{
cut + cht − cti,j,d

}
− min

j∈J ,d∈D

{
cti,j,d − cht

}
− min

i∈I,d∈D

{
cti,j,d − cut

}
Proof. Proof. We derive tight bounds on the big-M parameters, Mαℓ

i,j,r,d, M θℓ
i,t , M

βℓ
j,t, and M ιℓ

i,j,r,d

for all i ∈ I, j ∈ J , r ∈ R, and d ∈ Dr.
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• For constraint (B.16a) to hold for all feasible values of µi,j,r,d, parameter Mα1
i,j,r,d should be

greater than or equal to the maximum possible value of variable µi,j,r,d. Note that the value
of the objective function (B.7a) decreases as the value of µ increases. Given that (B.7) is
a maximization problem, the variable µ will attain its lower bound in any optimal solution
to problem (B.7). Specifically, by constraints (B.7d)–(B.7e), we have µi,j,r,d = max{(cut + cht −
cti,j,d), 0}. Since we assume that maxi∈I,j∈J ,d∈D{cti,j,d} < cht < cut , we have µi,j,r,d = cut +cht−cti,j,d.
It follows that the following is a valid value for Mα1

i,j,r,d:

Mα1
i,j,r,d = max

t∈T

{
cut + cht − cti,j,d

}
, ∀i ∈ I, j ∈ J , d ∈ D.

• For constraints (B.16b) to hold, parameter Mα2
i,j,r,d should be greater than or equal to the

maximum possible value of Prad(xi,j,d + vi,j,d) −
∑

t∈T ni,j,d,t. Since
∑

t∈T ni,j,d,t ≥ 0 for each
i ∈ I, j ∈ J , and d ∈ D, we can set Mα2 as

Mα2
i,j,r,d = Pr, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr.

• For constraints (B.16c) to hold for all feasible values of ui,t, parameter Mθ1
i,t should be greater

than or equal to the maximum possible value of variable ui,t. In any optimal solution, the value
of unsatisfied demand ui,t is less than or equal to qi,t. Thus, by the third constraints in (5), we
have

Mθ1
i,t = q̄i,t +

∑
j

q̃i,j,t, ∀i ∈ I, t ∈ T .

• For constraints (B.16d) to hold, parameter Mθ2
i,t should be greater than or equal to the maximum

value of (cut −λi,t). From Proposition 4, we have λi,t ≥ minj∈J ,d∈D{cti,j,d−cht } for all i ∈ I, t ∈ T .
It follows that we can set Mθ2

i,t as

Mθ2
i,t = cut − min

j∈J ,d∈D
{cti,j,d − cht }, ∀i ∈ I, t ∈ T .

• For constraints (B.16e) to hold, parameterMβ1 should be greater than or equal to the maximum
possible value of variable hj,t. For every j ∈ J and t ∈ T , the value of holding inventory hj,t is
always upper bounded by the amount of prepositioned relief items wj,t. Thus, we can set Mβ1

as
Mβ1

j,t = wj,t, ∀j ∈ J , t ∈ T .

• For constraints (B.16f) to hold, parameterMβ2 should be greater than or equal to the maximum
possible value of cht − πj,t. From Proposition 4, we have πj,t ≥ mini∈I,d∈D{cti,j,d − cut } for all
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j ∈ J and t ∈ T . Therefore, we can set Mβ2 as

Mβ2
j,t = cht − min

i∈I,d∈D
{cti,j,d − cut }, ∀j ∈ J , t ∈ T .

• For constraints (B.16g) to hold, parameter M ι1 should be greater than or equal to the maximum
possible value of variable ni,j,d,t. Similar to the parameter Mα2 , since value of ni,j,d,t is always
upper bounded by the value of Pr for every i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, t ∈ T , we can set M ι1

as
M ι1

i,j,d,t = Pr, ∀i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, t ∈ T .

• For constraints (B.16g) to hold, parameter M ι1 should be greater than or equal to the maximum
possible value of variable cti,j,d − λi,t − πj,t + µi,j,r,d. For every i ∈ I, j ∈ J , r ∈ R, d ∈ Dr, and
t ∈ T , with the lower-bound values on λi,t and πj,t, and the upper-bound values on µi,j,r,d, we
can set the value of Mβ2 as

Mβ2
i,j,r,d,t = cti,j,d + max

t∈T

{
cut + cht − cti,j,d

}
− min

j∈J ,d∈D
{cti,j,d − cht } − min

i∈I,d∈D
{cti,j,d − cut },

for every i ∈ I, j ∈ J , r ∈ R, d ∈ Dr and t ∈ T .

This completes the proof.
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