
A Framework for Handling and Exploiting Symmetry in

Benders’ Decomposition

Christopher Hojny and Cédric Roy

Eindhoven University of Technology
Eindhoven, The Netherlands
email {c.hojny, c.j.roy}@tue.nl

November 25, 2025

Abstract

Benders’ decomposition (BD) is a framework for solving optimization problems by removing
some variables and modeling their contribution to the original problem via so-called Benders
cuts. While many advanced optimization techniques can be applied in a BD framework, one
central technique has not been applied systematically in BD: symmetry handling. The main
reason for this is that Benders cuts are not known explicitly but only generated via a separation
oracle.

In this work, we close this gap by developing a theory of symmetry detection within the BD
framework. To this end, we introduce a tailored family of graphs that capture the symmetry
information of both the Benders master problem and the Benders oracles. Once symmetries
of these graphs are known, which can be found by established techniques, classical symmetry
handling approaches become available to accelerate BD. We complement these approaches by
devising techniques for the separation and aggregation of symmetric Benders cuts by means
of tailored separation routines and extended formulations. Both substantially reduce the
number of executions of the separation oracles. In a numerical study, we show the effect of
both symmetry handling and cut aggregation for bin packing and scheduling problems.

1 Introduction

We consider mixed-integer programs (MIP)

min{c⊤z + d⊤y : Az ≤ b, Cz +Dy ≤ f, z ∈ K(p, n), y ∈ K(q,m)}, (1)

where A, C, D are matrices and b, c, d, f are vectors of suitable dimensions, and denoting
K(r, s) := Zr × Rs−r for integers 0 ≤ r ≤ s. In many applications like healthcare delivery [12],
sports scheduling [32], or facility location [9], the matrix D has a block structure. That is, when
the z-variables are fixed, the MIP decomposes into several independent smaller MIPs.

Benders’ Decomposition (BD) [3] exploits this structure by splitting the MIP into a master
and subproblem. The master problem can be considered an abstract problem (2), where the
function φ(z) = min{d⊤y : Dy ≤ f − Cz, y ∈ K(q,m)} models the optimal objective value of
a y-solution for a given z-solution. Variable x then models the contribution of the y-variables to
the objective and is linked to the z-variables by (2c).

min
z∈K(p,n)

x∈R

c⊤z + x (2a)

Az ≤ b (2b)

φ(z) ≤ x (2c)

min
z∈K(p,n)

x∈R

c⊤z + x (3a)

Az ≤ b (3b)

α⊤z + β ≤ x, (α, β) ∈ I (3c)
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Since φ does not admit a closed algebraic description, (2) cannot be solved by standard tech-
niques. Instead, (2c) is linearized by a family of linear constraints (3c), where I is some (usually
finite) subset of Rn×R. To solve the original MIP, BD removes (3c) from the master problem and
adds, if needed, violated inequalities by calling a separation oracle. The original BD [3] showed how
to implement a separation oracle for (3c) when φ(z) is a linear program; logic-based BD extends
these ideas to general MIPs [14, 15]. In particular, when D has a block structure, each block can
have an independent oracle, which can reduce the running time of each oracle substantially.

Once a separation oracle has been implemented, Problem (3) can be solved by standard branch-
and-cut algorithms. BD therefore also benefits from sophisticated MIP techniques (presolving,
cutting planes, etc.), which are readily available in MIP software, with one important exception:
symmetry handling. The reason is that MIP software needs to have access to the full problem (3)
to detect symmetries, whereas Inequalities (3c) are only available through their oracles. Many
researchers [1, 8, 10] therefore add some symmetry handling inequalities by hand, but do not
make use of advanced techniques such as orbital branching [23] or orbitopal fixing [4, 33, 16] to
handle symmetries. This motivates the following two questions: (Q1) Can we develop a theory for
detecting symmetries in BD? (Q2) Can we exploit symmetries in the generation of Benders cuts?
Our main contributions are:

1. We develop a practical framework for detecting symmetries in BD by using the recently intro-
duced concept of symmetry detection graphs (SDG) [13] to provide the master problem (3)
symmetry information of the Benders oracles. Detecting automorphisms of SDGs then allows
to compute symmetries of (3) and to apply established symmetry handling methods. (Sec. 2)

2. We leverage symmetry information to enhance the separation of Benders cuts: Let π be a
symmetry of (3). If α⊤z+β ≤ x is a Benders cut (3c), Sec. 3 shows that also π−1(α)⊤z+β ≤ x
is a Benders cut. A single Benders cut thus gives access to an entire family of symmetric
Benders cuts. For actions of the symmetric group, which arise in many applications, we
show that this family of symmetric cuts can be separated very efficiently, thus avoiding to
call potentially expensive separation oracles. Moreover, we devise an extended formulation
to express an exponentially large family of Benders cuts by polynomially many inequalities.
That is, separating symmetric cuts becomes obsolete once one member of the family is known.
(Secs. 3 and 4)

3. In a numerical study, we demonstrate that exploiting symmetry in BD can reduce the running
time of BD by orders of magnitude. (Sec. 5)

2 Benders Symmetry

In this section, we introduce our framework for detecting symmetries in BD. We start by defining
our notion of symmetries. For a set A, let SA be the set of all permutations of A, the so-called
symmetric group of A. If A = [n] := {1, . . . , n} for some positive integer n, we write Sn instead
of S[n]. For π ∈ Sn and x ∈ Rn, let π(x) = (xπ−1(1), . . . , xπ−1(n)), i.e., π acts on x by permuting its

coordinates. Following the MIP literature [18, 21], a symmetry of min
{
c⊤x : Ax ≤ b, x ∈ K(p, n)

}
is a permutation π ∈ Sn such that c⊤x = c⊤π(x) for all x ∈ Rn, and x is feasible if and only if π(x)
is feasible. As deciding if π ∈ Sn is a symmetry is NP-hard [21], one usually considers symmetries
that keep a specific MIP formulation invariant. Assuming A has m rows, a permutation π ∈ Sn is
a formulation symmetry if there is ρ ∈ Sm such that π−1(c) = c, ρ(b) = b, and Aρ(i),π−1(j) = Ai,j

for all (i, j) ∈ [n]× [m].
To detect formulation symmetries, one usually translates the problem into the language of

graph automorphisms. To this end, one constructs a colored graph G = (V,E) with the following
properties: (i) there exists an injective map of the MIP’s variables to a subset V ′ of V , the variable
nodes; (ii) for every color-preserving automorphism π : V → V of G, the restriction of π to V ′

corresponds to a symmetry of the MIP. We refer to such a graph as a symmetry detection graph
(SDG). For MIPs, [27] suggests a concrete construction of an SDG by introducing a node for each
constraint i and variable j. These nodes are connected by an edge whose color corresponds to Ai,j .
The constraint nodes i are assigned a color corresponding to their right-hand side bi. Similarly,
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Figure 1: Symmetry detection graph for both formulations of (4). On the left, SDG of the original
formulation. On the right, example on how the SDG of the BD can be recovered. We can join
The SDG of the subproblems φ(xi), in the pink areas, to the master problem by identifying the
nodes xi. Variables of the master problem are depicted as squares nodes.

the variable nodes j are assigned a color encoding their objective coefficient cj and their type
(integer or continuous). In the context of BD, however, this method is not applicable as the list of
constraints (3c) if often too large or not explicitly given.

Recently, [13] introduced a framework for constructing an SDG for a problem by combing SDGs
of its building blocks. A central concept for this construction are anchors. An SDG G = (V,E)
with variable nodes V ′ is called anchored, if there exists a node a ∈ V \ V ′, the anchor, such that,
for every v ∈ V , there exists an a-v-path p in G such that no interior point of p belongs to V ′.

Theorem 1 (cf. [13]). Let P = min{c⊤x : Ax ≤ b, Cx ≤ d, x ∈ K(p, n)} be a MIP. Let G1 and G2

be anchored SDGs of min{c⊤x : Ax ≤ b, x ∈ K(p, n)} and min{c⊤x : Cx ≤ d, x ∈ K(p, n)},
respectively. Then, an SDG for P is given by the disjoint union of G1 and G2, and identifying the
variable nodes of G1 and G2 with each other.

One can thus find an SDG for (2) by merging anchored SDGs for (2b) and (2c) (or (3b)
and (3c)). This theorem forms the core of our framework for detecting symmetries in BD, which
we illustrate for two different cases of BD.

Classical BD For illustration purposes, consider the linear program (LP)

min 5x1+5x2+5y1+5y2+3z1+3z2

x1 +x2 = 1, (4a)

x1 +y1 +2z1 = 2, (4b)

x2 +y2 +2z2= 2. (4c)

If we keep only the x-variables in the master problem, the master problem is given by

min{5x1 + 5x2 + w1 + w2 : x1 + x2 = 1, φ(x1) ≤ w1, φ(x2) ≤ w2},

where φ(xi) = min {5yi + 3zi : yi + 2zi = 2− xi} and i ∈ {1, 2}. By Theorem 1, an SDG for the
BD master problem is given by merging anchored SDGs for min{5x1+5x2+w1+w2 : x1+x2 = 1}
and min{5x1 + 5x2 + w1 + w2 : φ(xi) ≤ wi} for i ∈ {1, 2}, see Fig. 1 for an illustration. Here, the
dashed arcs correspond to the identification of variable nodes. Since (3c) is derived from (2c), the
SDG constructed this way is also an SDG for (3).

Of course, this construction can be generalized to the classical BD framework, in which the
cut generation subproblem is an LP: the SDG for (2c) can be chosen as the anchored SDG for the
subproblem (using the construction from [27]).

No-Good Cuts Theorem 1 can also be used to find an SDG for a Benders master problem if
the subproblem is not an LP. This is often the case for assignment problems, where we are given
a set N of items and a set M of slots, and the task is to assign each item to exactly one slot while
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minimizing some cost c ∈ RM×N . The Benders master problem with Benders cuts (3c) can then
be formulated as

min
z∈{0,1}M×N

c⊤z :
∑
i∈M

zij = 1, j ∈ N, (5a)∑
j∈C

zij ≤ |C| − 1, (C, i) ∈ I. (5b)

The variable zij indicates whether item j is assigned to slot i, and (5a) ensures that each item j
is assigned to exactly one slot. Constraint (5b) contains an inequality for every tuple (C, i),
where C ⊆ N is a set of items that cannot simultaneously be assigned to slot i ∈ M . These
inequalities are called no-good cuts. Depending on the application, the set I is defined differently.

One example of the assignment problem is the Multiple Knapsack problem (MKP). Here, each
item j ∈ N has a weight aj and each slot i ∈ M has a capacity βi. Given a cost cij for assigning
item j to slot i, the task is to solve

min
x∈{0,1}M×N

{
c⊤x :

∑
i∈M

xij = 1 for all j ∈ N and
∑
j∈N

ajxij ≤ βi for all i ∈ M
}
.

In a BD (5) of the MKP, one initially discards all no-good cuts, i.e., I = ∅. The no-good cuts are
then generated by repeatedly solving (5) and checking if the obtained solution ẑ corresponds to a
solution of the MKP. That is, the Benders oracles test if the sum of weights

∑
j∈N aj ẑij exceeds

the capacity βi for some i ∈ M . In this case, the no-good cut (C, i) for C = {j ∈ N : ẑij = 1} is
added to I; otherwise, the BD terminates and returns ẑ as optimal solution.

As the Benders subproblem decomposes into problems Pi(z) = min{0 :
∑

j∈N ajzj ≤ βi} for

all i ∈ M , an SDG for (5) is given by merging an SDG for min{c⊤z : z satisfies (5a), z ∈ {0, 1}M×N}
and SDGs for Pi(z), i ∈ M . The SDG for Pi(z) has a single constraint node connected to all
variables nodes for zij , j ∈ N , with edge weight aj .

3 Symmetry Exploitation

Once symmetries of (3) are known, a solver can make use of built-in symmetry handling methods.
Next to solving (3) by branch-and-bound, a computational bottleneck is the separation of Benders
cuts (3c). We therefore present two ways to exploit symmetries to generate Benders cuts. The
main idea is that whenever π ∈ Sn is a symmetry of (3) and (α, β) ∈ I is a Benders cut, then
also π−1(α)⊤z + β ≤ x is a Benders cut. Indeed, for every feasible (z, x) of (3) and symmetry π,
we have x ≥ α⊤π(z) + β = π−1(α)⊤z + β, where the last equality holds since permutations are
orthogonal maps. Every Benders cut (α, β) thus gives rise to an entire family of symmetric Benders
cuts {(π−1(α), β) : π symmetry of (3)}. One can thus potentially avoid solving an expensive
separation problem for (3c) by first separating symmetric Benders cuts of already separated cuts.

In general, this problem is difficult, but for the MKP, separating symmetric Benders cuts is
easy by Prop. 2: items j with identical weight aj form groups G of variables that can be exchanged
arbitrarily, i.e., SG acts on group G ∈ G of identical items. These symmetries arise in many
applications and separating symmetric Benders cuts can greatly improve the performance of BD,
see Sect. 5. For some applications, this idea has been applied before [7, 11], but it has not been
described from a general perspective.

Proposition 2. Let Π be a symmetry group of (3) and (α, β) ∈ I a Benders cut. If Π is isomorphic
to the Cartesian product

⊗
G∈G SG for some partition G of [n], then {(π−1(α), β) : π ∈ Π} ⊆ I

can be separated in O(nlog (n)) time.

We refer to {(π−1(α), β) : π ∈ Π} as a symmetric cut pool derived from (α, β).

Proof. Let (ẑ, x̂) ∈ Rn+1. Solving the separation problem is equivalent to deciding whether
maxπ∈Π π−1(α)⊤ẑ > x̂ − β. Since Π is isomorphic to

⊗
G∈G SG, finding a maximizer π is the

same as finding a permutation that matches the k-th largest value of {αj : j ∈ G} to the k-th
largest value of {ẑj : j ∈ G} for all G ∈ G, k ∈ [|G|], which can be done by sorting both α and ẑ
in O (nlog (n)) time.
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Prop. 2 allows to possibly accelerate the separation of (3c). A natural question is if the sep-
aration of symmetric Benders cuts can be avoided at all. If all z-variables are binary and the
symmetries have the structure as in Prop. 2, this question can be answered affirmatively. Extend-
ing ideas of [26], we introduce for each group G ∈ G variables ζkG ∈ {0, 1} and constraints that

enforce ζkG = 1 if and only if
∑

j∈G zj ≥ k, see Appendix A for details. Variables ζ1G, . . . , ζ
|G|
G can

thus be considered a non-increasing reordering of {zj : j ∈ G}. By denoting the k-th largest value
in {αj : j ∈ G} by αk

G, the most violated cut constructed in the proof of Prop. 2 can be phrased
in terms of the ζ-variables as ∑

G∈G

∑|G|

k=1
αk
Gζ

k
G + β ≤ x. (6)

We thus immediately obtain the following theorem.

Theorem 3. Assume all z-variables in (3) are binary. Let (α, β) ∈ I and symmetry group Π
adhere to the conditions in Prop. 2. Then, (ẑ, x̂) ∈ {0, 1}n ×R satisfies all equivalent inequalities

in {(π−1(α), β) : π ∈ Π} if and only if (ẑ, ζ̂, x̂) in the extended model satisfies (6).

Application to No-Good Cuts We illustrate both techniques for the MKP. Let G be a partition
of the set of items N such that, for every G ∈ G and j1, j2 ∈ G, we have both aj1 = aj2 as well
as ci,j1 = ci,j2 for all i ∈ M , i.e., items j1 and j2 have the same weight and objective value.
Then, a symmetry group of the MKP is Π =

⊗
G∈G SG, where π ∈ Π acts on a solution z of (5) by

permuting the indices of items, i.e., π(z)i,j = zi,π−1(j). Note that Prop. 2 is not directly applicable,
because this action of Π reorders entire columns of the solution matrix z rather than individual
entries. Nevertheless, we can use Prop. 2 since the Benders cuts (5b) only contain variables from
a single row i of z.

Let (C, i) ∈ I be an index of a cut from (5b). Then, the family of symmetric cuts is the
set {(π−1(C), i) : π ∈ Π}, and it is uniquely determined by the number of elements selected per
group G. We can thus characterize the entire family by a representative vector R(C) ∈ ZG

+,
where RG(C) = |C ∩ G| for all G ∈ G. The cuts of the family derived from (C, i) are then given
by

∑
G∈G

∑
j∈G∩C′ zij ≤ |C ′| − 1 for all C ′ ⊆ N with R(C ′) = R(C).

In practice, to find a violated cut for a solution ẑ, one can iterate through all i ∈ M , com-
pute Ni = {j ∈ N : ẑij = 1}, and check if there is (C, i) in the list of known cuts that
has R(Ni) = R(C). If such a pair exists, we can immediately derive a symmetric Benders cut sepa-
rating ẑ without solving the subproblem. This idea can be enhanced by observing that, if (C, i) ∈ I,
also (C ′, i) ∈ I for all C ′ with C ⊆ C ′ ⊆ N . Hence, instead of checking R(Ni) = R(C), we can
check whether there is (C, i) ∈ I with R(Ni) ≥ R(C) to find a violated symmetric cut.

By introducing ζ-variables for each slot i ∈ M , Inequality (6) for a no-good cut (C, i) can

be easily phrased as
∑

G∈G
∑|G∩C|

k=1 ζkiG ≤ |C| − 1. Since this inequality is violated if and only

if ζ
|G∩C|
iG = 1 for all G ∈ G (recall ζkiG = 1 if and only if

∑
j∈G zij ≥ k), the inequality can be

simplified to
∑

G∈G ζ
|C∩G|
iG ≤ |G| − 1.

4 Applications

We applied our techniques to three problems with varying difficulty of the cut generation subprob-
lem: sphere packing (SP), rectangle packing (RP), and machine scheduling (MS). In the following,
we discuss how the ideas explained in Secs. 2 and 3 can be realized for these examples.

2D Bin Packing Given a set of items N and bins B, the bin packing problem is to find the
least number of bins that can hold all the items. We assume that all bins i ∈ B are rectangles of
width Wi and height Hi, and consider two different types of items: spheres and rectangles. For
both variants, we use the same master problem (7). Note that, as this is an assignment problem,
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its formulation stems from the generic one in (5).

min
∑
i∈B

ui∑
i∈B

zij = 1, j ∈ N, (7a)∑
j∈C

zij ≤ |C| − 1, (C, i) ∈ I, (7b)

∑
j∈N

ajzij ≤ WiHiui, i ∈ B, (7c)

zij ≤ ui, j ∈ N, i ∈ B. (7d)

In addition to the constraints from (5), the master problem adds auxiliary variables ui ∈ {0, 1},
i ∈ B, indicating whether the corresponding bin i has assigned items. The coefficients aj , j ∈ N ,
correspond to the area of item j. Thus, Equation (7c) strengthens the master problem (5) by
excluding all solutions that assign a single bin i ∈ B items whose total area exceeds the bin’s
area WiHi.

Given a solution ẑ, the Benders subproblem is to decide, for each bin i ∈ B, if the selected
items {j ∈ N : ẑij = 1} fit into the bin. For SP, this problem can be solved by deciding feasibility
of the following system, cf. [17]:

(xj − xk)
2 + (yj − yk)

2 ≥ (ẑij + ẑik − 1)(rj + rk)
2, j, k ∈ N, j ̸= k, (8a)

rj ≤ xj ≤ Wi − rj , j ∈ N, (8b)

rj ≤ yj ≤ Hi − rj , j ∈ N. (8c)

The variable pair (xj , yj) acts as the position of the center of sphere j in the bin. Observe that
Equation (8a) enforces that two spheres do not overlap only if they are both assigned to bin i
(ẑij = ẑik = 1). To build an SDG for Subproblem (8), one can either use rules for general
MINLPs, see [18], or capture the symmetries by a more compact tailored graph, see Remark 4 in
Appendix B.1.

The subproblem of RP can be modeled as a MIP, c.f. [25], and an SDG can be derived from
this MIP, see Appendix B.1 for further details.

Machine Scheduling With Setup Times We consider a machine scheduling problem with
setup times between different jobs. We are given a set of machines M , set of jobs N , processing
time pij for job j on machine i, and setup times sijk for processing job k directly after job j
on machine i that satisfy the triangle inequality sijk + sikl ≥ sijl. The objective is to find the
minimum required time to have all jobs processed, called the makespan, given that each machine
can only process one job at a time. Using the BD approach of [31], we add to (5) a variable T ≥ 0
representing the makespan, and set the objective to minimize it. To link T with the remaining
variables, [31] introduces Benders cuts

T ≥ Ti(C)−
∑
j∈C

(1− zij)θij , (C, i) ∈ I, (9)

where C ⊆ N , i ∈ M , and Ti(C) denotes the minimum makespan for processing all jobs in C
on machine i. The coefficients θij := pij + max {sikj : k ∈ C} represent an upper bound on the
time saved when not assigning job j to that machine. Next to (9), they strengthen the model
by introducing auxiliary continuous variables. Since the details are not relevant for the following
discussion, we refer to Appendix B.2 for details.

Given a solution ẑ ∈ {0, 1}M×N , the subproblem is to determine, for all i ∈ M , the value Ti(Ni),
where Ni = {j ∈ N : ẑij = 1}. Note that for any subset of jobs C, the minimum makespan is
given by Ti(C) =

∑
j∈C pij + Si(C), where Si(C) is the minimum total setup time of jobs in C

on machine i. Since the setup times depend on the ordering, finding Si(C) can be reduced to
solving a traveling salesperson problem (TSP), see [31]. Note that the classical subtour elimination
formulation of the TSP has exponentially many constraints. To detect symmetries, standard
approaches list all these constraints explicitly, which is impractical. Theorem1, however, allows to
define a compact SDG for the subproblem, see Fig. 2 for an illustration.
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Figure 2: Example of compact SDG for TSP. Left: exemplary instance of the MS subproblem
with four selected jobs; node colors represent processing times, and arc colors the setup times.
Right: corresponding SDG. One only needs to add a dummy node for each job pair and the orange
anchor node, where z1, . . . , z4 are variable nodes.

Cut Pool and Extended Formulation Since solving the TSP subproblem can be costly, the
symmetric cut pool can potentially save a lot of time. When scanning the cut pool, we need to
decide if the set of jobs C used in a previously derived cut (C, i) is symmetric to the current
assignment Ni = {j ∈ N : ẑij = 1}, i ∈ M . To this end, we define for each machine i ∈ M
an equivalence relation ∼i defining the groups of identical jobs. We say that two jobs j1, j2 ∈ N
satisfy

j1 ∼i j2 ⇐⇒


pij1 = pij2 ,

sij1k = sij2k, for all k ∈ N \ {j1, j2},
sikj1 = sikj2 , for all k ∈ N \ {j1, j2},
sij1j2 = sij2j1 .

This relation induces job groups G ∈ Gi that depend on machine i ∈ M , and again, we can define
a representative vector R(Ni) ∈ ZGi

+ , RG(Ni) = |Ni ∩G|, to decide whether a symmetric violated
cut exists in the pool. Moreover, by introducing ζ-variables, all cuts symmetric to (9), can be
represented by

T ≥ Ti(C)−
∑
G∈Gi

|G∩C|∑
h=1

(1− ζhiG)θiG, (C, i) ∈ I (10)

where θiG := piG + max{siHG : H ∈ Gi, H ∩ C ̸= ∅}, piG = pij if j ∈ G, siGH = sijk if j ∈ G
and k ∈ H for groups G,H ∈ Gi.

5 Numerical Results

Sec. 3 has introduced different means to exploit symmetry in BD. This section’s goal is to em-
pirically evaluate the impact of these methods. We are particularly interested in the impact of
state-of-the-art symmetry handling methods when applied within BD, and if the cut pool or ex-
tended formulation has a stronger impact on the performance of BD. The former has not been
investigated yet because symmetry detection for BD was not available; regarding the latter, al-
though cut pools and extended formulations have been discussed before [7, 11, 26], to the best of
our knowledge, they have not been compared with each other.

Implementation Details We have implemented BD schemes for the RP, SP, and MS problem
using the solver SCIP [5]. For each problem, we implemented a so-called constraint handler (CH) to
separate Benders cuts. To enable automatic symmetry detection for BD in SCIP, we implemented
callbacks of the respective CHs that add symmetry information of the Benders oracles to SCIP’s
SDG.

Symmetric cut pools are implemented by maintaining a list of abstract Benders cuts that have
already been separated. An abstract cut does not make use of explicit variables (items/jobs in
our applications), but only counts how many variables of which symmetry class G ∈ G have been
involved in the cut via representative vectors R(C). Abstract cuts thus correspond to families of
cuts. Whenever a solution needs to be separated, we iterate through the abstract cuts in our list.
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Table 1: Statistics on different approaches for solving RP, SP, and MS problems.
with symmetry handling without symmetry handling

setting #solved time cut-time #sepa #solved time cut-time #sepa

RP:
plain 24 2678.0 2613.6 894.4 24 2704.8 2642.1 1022.0
pool 35 1159.9 395.0 2600.1 26 1960.4 498.5 6981.4
EFrow 42 1059.5 935.7 979.1 34 1451.0 1286.6 1480.8
EFcons 59 232.9 118.4 103.7 41 793.3 233.7 199.0

SP:
plain 46 287.4 287.1 8.8 42 357.9 357.8 11.6
pool 57 109.2 109.0 10.1 55 127.8 113.3 24.3
EFrow 55 202.7 202.4 7.1 46 250.0 249.8 9.0
EFcons 55 173.4 173.1 5.7 53 187.4 187.0 6.6

MS:
plain 7 6801.9 6274.9 230 070.3 8 6790.8 6263.8 229 783.5
pool 45 3318.7 29.7 2 018 389.5 46 3286.2 30.2 2 039 326.9
EFrow 84 561.7 6.4 143 804.3 83 588.6 6.8 158 353.7
EFcons 120 29.9 1.0 126.7 119 30.5 1.1 145.5

For each abstract cut, we check whether a member of its associated family of cuts is violated. Only
when no violated cut is found in the list, the separation oracles are triggered to possibly generate
a new cut, which is then stored in our list of cuts.

Extended formulations are implemented by adding the auxiliary ζ-variables to the initial Ben-
ders master problem. The separation of cuts then follows the same framework as for the cut pool,
but cuts are added in terms of the ζ-variables. For both the cut pool and extended formulation,
we only separate integer solutions to avoid too many calls of the separation oracles.

Settings We compare the performance of a plain BD not exploiting symmetry information (setting
plain) with BD making use of symmetric cut pools (pool) and extended formulations. For ex-
tended formulations, we investigate the effect of adding Benders cuts as constraints to the problem
(EFcons) or as rows to the LP relaxation (EFrow). Constraints remain in the problem, whereas rows
can be removed again. Using rows, the LP relaxation has potentially less constraints and a weaker
bound, but can be solved potentially faster. We also investigate the effect of enabling/disabling
SCIP’s built-in default symmetry handling methods.

All experiments use a time limit of 2 h. Mean numbers are reported in shifted geometric
mean

∏n
i=1(ti+ s)1/n − s for numbers t1, . . . , tn. We use s = 10 for nodes of the branch-and-bound

tree, and s = 1 for all remaining quantities. For detailed hard- and software specifications, see
Appendix C.1.

Numerical Results We have randomly generated 80 RP, 80 SP, and 120 MS instances, see Ap-
pendix C.2 for details. The results are summarized in Table 1, where column “#solved” reports
on the number of solved instances, “time” and “cut-time” give the mean solving time and time
needed to separate Benders cuts, respectively; “#sepa” is the mean number of solutions that have
been separated.

In the introduction, we have posed two questions, which we now answer in turn. Question (Q1)
concerned whether symmetries can be automatically detected when using BD. Using the framework
of SDGs, this is indeed possible and Table 1 shows that we can greatly benefit from handling
symmetries in BD when using SCIP’s default symmetry handling methods. For the RP problem,
we can solve considerably more instances when handling symmetries and substantially reduce the
running time (between 27% and 71% for pool, EFrow, and EFcons). Using plain, however,
the effect is moderate. This indicates that symmetry handling only becomes effective when it is
combined with exploiting symmetries in generating Benders cuts.

The effect of symmetry handling for the SP problem is less pronounced with running time
improvements between 8% and 19%. To explain this behavior, we compared the size of the
branch-and-bound trees for pool, EFrow, and EFcons for the instances that could be solved by all
three methods within the time limit. The mean number of nodes in these trees is 11.5–16.5, see
Appendix C.4, i.e., the effect of symmetry handling is minor due to the rather small trees.

Finally, symmetry handling seems to have almost no effect on the MS problem, which can be
explained by the symmetry handling methods used by SCIP. Since all master problem variables for
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the RP and SP problems are binary, SCIP handles symmetries by the methods orbital fixing [23,
24] and lexicographic reduction [33]. The MS problem, however, has predominantly continuous
variables in the master problem, and SCIP decides that it is more important to handle symmetries
on the continuous variables using SST cuts [19, 28]. SST cuts handle only a small amount of
symmetries and their structure is comparable to inequalities that one would add by hand. We
therefore also tested whether the more sophisticated techniques lexicographic reduction and orbital
reduction [33] yield a performance improvement for MS problems, see Appendix C.3 for details.
Indeed, using these techniques, plain solves 61 more instances and reduces the running time by
more than 92%, and also pool, EFrow, and EFcons substantially improve their performance. In
particular, the most competitive setting EFcons reduces its running time by another 78%. We
thus conclude that automatic symmetry detection and handling in BD is very important, because
it allows solvers to make use of sophisticated (already built-in) symmetry handling techniques that
users can not easily implement on their own.

Question (Q2) asked whether the approach using a cut pool or extended formulation is better
suited to exploit symmetries in BD. In the following discussion, we focus on the results for BD
that handles symmetries of the master problem. From Table 1 it is apparent that both approaches
substantially improve plain BD, reducing the mean running times for RP, SP, and MS up to 91%,
62%, and 99%, respectively. In particular, while plain could only solve 7 of the 120 MS instances,
EFcons solves all instances.

For the RP and MS problem, EFcons clearly dominates pool and EFrow when separating solu-
tions. A possible explanation is that adding Benders cuts as constraints in an extended formulation
guarantees that no symmetric solutions can be computed anymore. The search space for EFcons
is thus considerably smaller than for EFrow and pool. This hypothesis can be confirmed by com-
paring the number of nodes in the branch-and-bound trees of the instances that are solved by all
three settings, see Appendix C.4: For the three test sets, the mean trees for EFcons are 30–95%
smaller than for EFrow (resp. 22–99% for pool).

For SP problems, however, EFcons is considerably slower than pool, which has two explana-
tions. On the one hand, many of our instances admit an optimal solution that uses two or three
bins. That is, a few Benders cuts are sufficient to achieve a matching dual bound. On the other
hand, we observed that the time needed by EFcons to find an optimal solution is much higher than
for pool. We explain the latter by the very expensive separation problem of Benders cuts, which
requires to solve a sphere packing problem. Since, as argued above, EFcons will never encounter
symmetric infeasible solutions, every separation problem is very time consuming. Setting EFrow

and pool, however, can explore symmetric parts of the branch-and-bound tree, which arguably
increases the chance that heuristics find good feasible solution, while symmetric solutions can be
separated very easily by making use of a symmetric cut pool. Table 1 confirms that the mean time
needed to separate a cut using pool and EFrow is much smaller than for EFcons when comparing
the time spent for cut separation and the number of separated solutions.

To answer (Q2), the results show that problems in which a small number of Benders cuts
suffices to derive a good dual bound benefit from pool; problems that require a lot of Benders cuts
to prove optimality benefit from EFcons (e.g., EFcons reduces the number of separated solutions
for MS from more than two millions to less than 200). This suggests that a hybrid strategy could
be beneficial that first uses the pool approach to explore the branch-and-bound tree to find good
solutions, and then switches to EFcons to keep the tree small.

Conclusion We have addressed the topic of detecting and exploiting symmetries in BD. While
automatic symmetry handling became a powerful component of modern MIP solvers [24], BD
cannot benefit from these techniques because MIP solvers are not aware of the symmetries of
the cuts that are separated. We demonstrated that symmetry detection for BD is, in principle,
possible by creating an SDG that captures the symmetries of Benders cuts, and that it can be
easily implemented within the solver SCIP. This allowed us to leverage state-of-the-art symmetry
handling methods for MIP to BD to achieve substantial performance improvements. Moreover,
we systematically compared (to the best of our knowledge) for the first time the cut pool and
extended formulation approach to enhance the separation of symmetric Benders cuts. Based on
our numerical study, we have seen that neither approach is dominant and suggested a hybrid
approach that aims to create synergies between these approaches.
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These findings provide fundamental insights into how symmetries should be exploited in BD.
This is particularly relevant for automatic BD schemes for generating Benders cuts that exist,
e.g., for the solvers Cplex [6], SAS [29], and SCIP [20]. Our long term goal is to incorporate
our findings into such an automatic BD scheme, including a fully automatic symmetry detection
algorithm for generic BD and different strategies for exploiting symmetries: next to the separation
of Benders cuts, we aim to use symmetry information for strengthening Benders cuts by means of
lifting and sparsification
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A Omitted Technical Details

Let Π be a symmetry group of a BD problem (3) such that Π is isomorphic to
⊗

G∈G SG for some
partition G of [n]. In Section 3, we have introduced auxiliary binary variables ζ to express an entire
family

n∑
j=1

π−1(α)jzj + β ≤ x, π ∈ Π,

of symmetric Benders cuts by a single constraint

∑
G∈G

|G|∑
k=1

αk
Gζ

k
G + β ≤ x.

Assuming that all z-variables involved in the Benders cut are binary, this construction required
that ζkG = 1 if and only if

∑
j∈G zj ≥ k for all G ∈ G and k ∈ [|G|]. Since the main part did not

discuss how this linking of the z- and ζ-variables can be achieved, we provide the missing details
next. To this end, we introduce the following constraints∑

j∈G

zj ≤ k − 1 + (|G| − (k − 1))ζkG, G ∈ G, k ∈ [|G|],

k · ζkG ≤
∑
j∈G

zj , G ∈ G, k ∈ [|G|].

Indeed, the first set of constraints enforces
∑

j∈G zj ≤ k− 1 whenever ζkG = 0, whereas the second

set of constraints implies
∑

j∈G zj ≥ k if ζkG = 1.

B Full Models for Tested Benders Decompositions

This appendix provides the full details for the master problems and subproblems used in our
implementation of BD for the rectangle packing and scheduling problem. The presented models
are also the models that we have used in our implementation.

B.1 Rectangle Packing

In the rectangle packing problem, we are given a set N of rectangles and a set B of rectangular bins.
Rectangle j ∈ N has width wj and height hj , whereas bin i ∈ B has width Wi and height Hi. The
task is to find an assignment of the rectangles N to the bins B such that the rectangles assigned
to the same bin i can be placed inside bin i without overlap. Among all such assignments, one is
looking for one that minimizes the number of bins with an assigned rectangle.

The master problem follows the blueprint problem (5) and introduces the usual binary vari-
ables z ∈ {0, 1}B×N to indicate whether rectangle j ∈ N is assigned to bin i. Additional vari-
ables ui ∈ {0, 1}, i ∈ B, are introduced to indicate whether bin i is non-empty. Instead of deciding
feasibility of an assignment purely based on solving Benders subproblems, we enhance the master
problem by ruling out assignments of rectangles whose total area exceeds the area of the bin. The
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master problem is then given by

min
∑
i∈B

ui∑
i∈B

zij = 1, j ∈ N, (11a)∑
j∈C

zij ≤ |C| − 1, (C, i) ∈ I, (11b)

∑
j∈N

(wj · hj)zij ≤ Wi ·Hi, i ∈ B, (11c)

zij ≤ ui, i ∈ B, j ∈ N, (11d)

zij ∈ {0, 1}, i ∈ B, j ∈ N, (11e)

ui ∈ {0, 1}, i ∈ B. (11f)

The family of Benders cuts
∑

j∈C zij ≤ |C| − 1 for (C, i) ∈ I can then be separated by taking

a solution ẑ ∈ {0, 1}B×N and checking whether the items assigned to bin i ∈ B fit into the bin.
Following [25], given a bin i and solution ẑ, the subproblem for deciding feasibility of ẑ can be
formulated as

max 0

xj + ẑijwj + ljkWi ≤ xk +Wi, j ̸= k ∈ N, (12a)

yj + ẑijhj + bjkHi ≤ yk +Hi, j ̸= k ∈ N, (12b)

ljk + lkj + bjk + bkj ≥ 1, j < k ∈ N, (12c)

ljk + lkj ≤ 1, j < k ∈ N (12d)

bjk + bkj ≤ 1, j < k ∈ N (12e)

ljk, bjk ∈ {0, 1}, j ̸= k ∈ N, (12f)

0 ≤ xj ≤ ẑij(W − wj), j ∈ N, (12g)

0 ≤ yj ≤ ẑij(H − hj), j ∈ N, (12h)

where the pair (xj , yj) acts as the bottom left corner of the j-th rectangle. Observe that if ẑij = 0
for some j ∈ N , then the rectangle j is forced to be placed at (0, 0) and its width and height
are ignored. In practice, one would remove the rectangle j from the subproblem. For the sake
of exposition, however, we decided to keep all z-variables in the subproblem because it allows to
define an SDG for the subproblem by identifying ẑ with the corresponding master variables.

The binary variable ljk indicates whether rectangles j and k do not overlap horizontally, and j
is to the left of k. Indeed, if ljk = 1, Equation (12b) reduces to xj+wj ≤ xk. Otherwise, if ljk = 0,
the constraint is trivially always satisfied. Analogously, the variable bjk is 1 only if rectangles j
and k do not overlap vertically, and j is below k. This means that for two rectangles to overlap,
they necessarily would have lkj = lkj = bjk = bkj = 0, which is prevented by Equation (12c).
Moreover, we add (12d) and (12e) to the model to directly encode that neither rectangle j is
simultaneously to the left and right of rectangle k nor above/below it.

To build an SDG for the RP problem, we follow Theorem 1 and create an SDG for (11) and (12).
Afterwards, these two SDGs are merged into a single SDG by identifying variable nodes with each
other. Since both problems are MIPs, these SDGs can be created following the standard rules for
building SDGs for MIPs [27]. By exploiting knowledge of the subproblem, however, we can create
a more compact SDG G = (V,E) for the subproblem, which is expected to reduce the time needed
for detecting automorphisms of the SDG.

To this end, recall that the SDG only needs to capture the symmetries of the z-variables,
because the x- and y-variables are not present in the master problem. For a given bin i ∈ B, it
is therefore sufficient to introduce variable nodes for zij , j ∈ N , in the SDG. More precisely, we
define the node set

V = {a} ∪
⋃
j∈N

{vj , wj , hj},
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where a is the anchor of the graph, vj is a variable node representing variable zij , and wj and hj

are nodes representing the width and height of item j, respectively. The anchor a receives a color
that uniquely characterizes the dimensions (Wi, Hi) of the respective bin i, the variable nodes are
colored according to their objective coefficient and type in the master problem, and the nodes wj

and hj receive a unique color that indicates them as width-node and height-node, respectively.
Moreover, we define the edge set

E =
⋃
j∈N

{{a,wj}, {wj , hj}, {hj , vj}},

where {a,wj} receives a color corresponding to the width wj , {wj , hj} receives a color based on
the height hj , and edge {hj , vj} remains uncolored. Due to this construction, an automorphism
of G can only exchange variable nodes vj and vj′ if wj = wj′ and hj = hj′ . Thus, the SDG G
captures the symmetries of the subproblem.

Remark 4. An analogous construction can be used to capture the symmetries of the SP problem.
Instead of introducing a node wj for the width and hj for the height of item j, it is sufficient to
introduce a node representing the radius of sphere j. The edge connecting the anchor with the
radius-node is then colored according to the radius of sphere j.

B.2 Machine Scheduling with Setup Times

Let M be a set of machines and N be a set of jobs. For each job j ∈ N , its processing time
on machine i ∈ M is pij . Moreover, if job k is processed immediately after job j on machine i,
a setup time of sijk is needed. The machine scheduling problem, requires to assign each job to
exactly one machine. The makespan of a machine is then determined by finding an ordering of the
assigned jobs on that machine such that the total setup time is minimized; the makespan is then
this minimum total setup time plus the total processing time of the assigned jobs. The goal of the
machine scheduling problem is to find an assignment of jobs to machines such that the maximum
makespan of a machine is minimized.

Master Problem In our implementation of the master problem for the machine scheduling
problem, we use an enhanced formulation as proposed by [31]. To this end, recall from Section 4
that finding the optimal setup time of the jobs assigned to a machine requires to solve a TSP
instance. The idea of [31] is therefore to embed a relaxation of the TSP into the master problem,
which allows to encode a lower bound on the optimal setup time into the model. To this end,
the set of jobs N is augmented by an artificial job 0 that serves as the starting and finishing job
on each machine; denote N0 = N ∪ {0}. We assume that both the processing time p0 and the
setup times sij0 from any job j ∈ N to job 0 is 0. We do not impose si0k = 0 though to allow for
modeling start up times of machines. Additionally, the setup times need to respect the triangle
inequality, i.e., sijk + sikl ≥ sijl for all j, k, l ∈ N .

The model of [31] then introduces a variable T to model the maximum makespan. Moreover,
it has continuous variables yijk to model whether job j is the direct predecessor of job k on
machine i. These variables can be considered as a relaxation of the variables of the subtour
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elimination formulation of the TSP on machine i. The model of [31] then reads as follows:

minT∑
i∈M

zij = 1, j ∈ N, (13a)

zi0 = 1, i ∈ M, (13b)

zij =
∑
k∈N0

yijk, j ∈ N0, i ∈ M, (13c)

zij =
∑
j∈N0

yikj , j ∈ N0, i ∈ M, (13d)

ξi =
∑

j∈N0,k∈N0

yijksijk, i ∈ M, (13e)

∑
j∈N

zijpij + ξi ≤ T, i ∈ M, (13f)

Ti(C)−
∑
j∈C

(1− zij)θij ≤ T, (C, i) ∈ I, (13g)

zij ∈ {0, 1}, j ∈ N, i ∈ M, (13h)

yijk ∈ [0, 1], j, k ∈ N0, i ∈ M, (13i)

ξi ∈ R≥0, i ∈ M. (13j)

The variables zij model whether job j is assigned to machine i, and (13a) enforces that each job
is assigned to exactly one machine. Moreover, the auxiliary job 0 is assigned to every machine
via (13b). The y-variables are linked with the z-variables via (13c) and (13d). These constraints
enforce that, if a job j is assigned to machine i, then the corresponding node in a relaxed TSP
solution is entered and left exactly once (by the possibly fractional TSP solution y). The relaxed
TSP solution y then allows to derive a lower bound on the optimal setup time on machine i
via (13e). Constraint (13f) then links this lower bounds and the processing times of jobs assigned
to machine i, to derive a lower bound on the makespan T . Finally, (13g) are the Benders cuts that
provide the correct linking of the makespan variable T with the z-variables.

Subproblem The Benders cuts are derived as follows. Given a solution ẑ of the master problem,
the subproblem determines the minimum required time to process all these jobs per machine. As
the solution revolves around finding an optimal ordering, we can use a slight variation of the
subtour elimination formulation of the TSP:

min
∑
j∈N0

ẑijpij +
∑
j∈N0

∑
k∈N0\{j}

sijkxjk

∑
j∈N0

xjk = 1, k ∈ N0, (14a)

∑
k∈N0

xjk = 1, j ∈ N0, (14b)

∑
j∈S

∑
k∈S\{j}

xjk ≤
∑
j∈S

ẑij − 1, S ⊊ N0, |S| ≥ 2, (14c)

xjj = 1− ẑij , j ∈ N0, (14d)

xjk ∈ {0, 1} , j, k ∈ N0. (14e)

Formulation (14) represents each job as a node of a graph, and uses variable xjk to indicate
whether there is a directed edge from j to k. Equations (14a) and (14b) ensure that exactly one
edge is coming in and going out of each node, and Constraint (14c) guarantees that there cannot
be subcycles on the set of selected jobs. Because Constraint (14d) forces the selected jobs to not
be isolated, the variables xjk necessarily form a cycle over the selected jobs.
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C Additional Information on the Numerical Experiments

C.1 Hardware and Software Specifications

All experiments have been conducted on a Linux Cluster with Intel Xeon E5-1620 v4 3.5GHz
quad core processors and 32GB memory. The code was executed single-threaded with a time limit
of 2 h. We use SCIP 9.2.3 [5] as branch-and-bound framework; LP relaxations are solved using
SoPlex 7.1.5 and nonlinear problems are solved by Ipopt 3.14.20 [34]. Symmetries of SDGs are
detected by sassy 1.1 [2] and Nauty 2.8.8 [22].

C.2 Details About Random Instances

We have generated random instances of the RP, SP, and MS problem as follows.

Sphere Packing All instances make use of 5 rectangular bins of width and height W = 15
and H = 10 respectively. The instances differ, however, in the number of spheres and their radii.
To guarantee that the instances have symmetries, we create spheres in batches of identical radii.
Each batch has size 5, and for each batch we sample its radius uniformly at random from the
interval [1, 3] and round it to one decimal. We have created our instances by either sampling two
or three batches, i.e., our instances have either 10 or 15 spheres.

For each number of batches, we have created 40 random instances, thus yielding 80 instances
in total.

Rectangle Packing The instances of the rectangle packing problem are created similarly. In-
stead of making use of 5 bins, however, we create one bin per item, and bins have width W = 15
and height H = 15. Moreover, for each instance, we create five batches consisting of either 4 or 5
items. The width and height of each batch of items is sampled uniformly at random from the
interval [1, 10] and is rounded to one decimal.

For each number of batches, we have created 40 random instances, thus yielding 80 instances
in total.

Machine Scheduling The instances of the machine scheduling problem have been generated
similarly, except for the setup times. Each instance consists of three identical machines. We
divided the instances in three batches each consisting of 5, 6, or 7 jobs. By adding the artificial
job 0, this amounts in instances with 16, 19, or 22 jobs. The processing time of each batch of jobs
is sampled uniformly at random from the interval [1, 10] and is rounded to one decimal.

In order to generate setup times between job pairs that follow the triangle inequality, we took
inspiration from the tool switching problem [30]. For each job j, we select a set Cj of tools, and the
setup time between jobs j and j′ is computed as the cardinality of (Cj \Cj′) ∪ (Cj′ \Cj), i.e., the
symmetric difference of Cj and Cj′ . This notion of setup time automatically satisfies the triangle
inequality. In our implementation, the sets of tools are randomly selected subsets C ⊆ {1, . . . , 10}
with |C| ≤ 5. Finally, we force the setup times sij0 = 0 for all jobs j and all machines i.

For each type listed above, we generated batches of 40 instances, thus yielding 120 instances in
total.

C.3 Numerical Results for Scheduling with Advanced Symmetry Han-
dling

In this appendix, we provide numerical results for the MS problem when using different symmetry
handling methods. We compare SCIP’s default symmetry handling methods (SST cuts) with the
more advanced techniques of lexicographic and orbital reduction [33]. For the latter, we set the
parameter misc/usesymmetry of SCIP to 3. Table 2 summarizes our results, where the columns
corresponding to “default symmetry handling” correspond to SST cuts, and “advanced symmetry
handling” refer to the results for lexicographic and orbital reduction.

We can observe that the running time significantly improves when using the advanced symmetry
handling methods. The plain setting solves 61 more instances and reduces the running time

17



Table 2: Statistics on different approaches for solving MS problems with default and advanced
symmetry handling methods.

default symmetry handling advanced symmetry handling

setting #solved time cut-time #sepa #solved time cut-time #sepa

plain 7 6801.9 6274.9 230 070.3 68 511.6 455.8 16 226.3
pool 45 3318.7 29.7 2 018 389.5 76 160.6 7.9 56 406.8
EFrow 84 561.7 6.4 143 804.3 99 65.8 3.6 11 828.9
EFcons 120 29.9 1.0 126.7 120 6.5 1.0 86.1

Table 3: Detailed statistics for RP instances that are solved by all Benders approaches.
running time #nodes #sepa

instance pool EFrow EFcons pool EFrow EFcons pool EFrow EFcons

2DRP 20N5grp 0 1101.7 5577.6 304.4 6104 12 814 1575 4993 5081 231
2DRP 20N5grp 1 5.0 80.2 747.6 1 39 95 5 41 76
2DRP 20N5grp 10 36.5 33.0 6.1 23 620 701 200 15 254 661 93
2DRP 20N5grp 11 13.1 48.6 9.9 1552 1617 620 1498 985 121
2DRP 20N5grp 13 3.1 48.6 10.8 25 719 128 61 589 136
2DRP 20N5grp 17 16.5 7.8 5.7 93 86 52 221 67 43
2DRP 20N5grp 18 16.2 39.4 46.0 28 36 46 74 51 58
2DRP 20N5grp 19 113.9 9.7 6.6 13 47 22 57 84 48
2DRP 20N5grp 21 1662.7 6436.9 6446.2 20 11 11 57 22 22
2DRP 20N5grp 23 521.5 2.5 2.5 9 8 8 24 12 12
2DRP 20N5grp 28 37.1 52.0 33.0 508 387 264 759 211 164
2DRP 20N5grp 29 60.1 1088.2 14.8 1377 633 909 375 1886 8383 189
2DRP 20N5grp 3 3729.4 368.4 369.0 1 1 1 5 7 7
2DRP 20N5grp 30 148.5 101.6 101.3 1 1 1 5 9 9
2DRP 20N5grp 31 3180.0 7.0 7.0 1 1 1 5 5 5
2DRP 20N5grp 35 40.8 62.6 62.9 1 1 1 18 5 5
2DRP 20N5grp 37 17.8 242.5 16.5 1766 2598 206 1802 2230 186
2DRP 20N5grp 5 32.8 983.6 44.2 350 7811 264 486 4040 135
2DRP 20N5grp 6 29.3 3549.8 28.3 886 40 638 388 856 14 927 157
2DRP 20N5grp 7 9.1 19.2 19.2 1 1 1 5 7 7
2DRP 20N5grp 8 117.7 1204.0 91.2 6333 6841 5326 7711 3474 225
2DRP 20N5grp 9 661.5 265.6 265.1 3 1 1 35 10 10
2DRP 25N5grp 0 423.3 1868.5 47.8 1270 1373 266 1653 800 136
2DRP 25N5grp 1 38.9 204.9 204.8 1 42 42 19 15 15
2DRP 25N5grp 17 29.1 813.9 45.7 340 6266 547 446 3240 145
2DRP 25N5grp 19 5975.0 12.4 13.2 97 34 34 196 40 40
2DRP 25N5grp 28 13.2 223.8 68.0 57 869 781 165 627 420
2DRP 25N5grp 31 16.3 84.9 85.1 1 6 6 10 11 11
2DRP 25N5grp 35 30.2 1.8 1.8 1 1 1 14 7 7

mean (29 inst.) 80.5 122.5 41.3 98.4 221.9 76.5 131.5 138.6 46.5

by more than 92%, and also the settings exploiting symmetries in the generation of Benders
cuts substantially improve their performance. In particular, the most competitive setting EFcons

reduces its running time by another 78%.
Next to the faster running time, we also observe that symmetry handling substantially reduces

number of solutions that need to be separated. This effect is most pronounced for pool, where the
mean number of separated solutions reduces from more than two million to approximately 56.4
thousand.

C.4 Detailed Numerical Results

This appendix provides detailed numerical results for the settings pool, EFrow, and EFcons (with
symmetry handling enabled) for all instances of the test sets RP (Table 3), SP (Table 4), and MS
(Table 5) that could be solved by all three settings within the time limit. For each instance, these
tables provide the running time in seconds (running time), the number of nodes in the branch-and-
bound tree (#nodes), and the number of times a solution was separated (#sepa). The last line of
each table provides the shifted geometric mean of the respective columns.
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Table 4: Detailed statistics for SP instances that are solved by all Benders approaches.
running time #nodes #sepa

instance pool EFrow EFcons pool EFrow EFcons pool EFrow EFcons

2DSP 10N2grp 0 112.9 357.3 358.1 1 1 1 16 6 6
2DSP 10N2grp 1 1.3 1.3 1.3 1 1 1 1 1 1
2DSP 10N2grp 10 12.2 40.4 40.2 1 5 5 15 19 19
2DSP 10N2grp 12 0.9 0.8 0.9 1 1 1 1 1 1
2DSP 10N2grp 13 16.4 46.0 49.4 1 1 1 8 6 6
2DSP 10N2grp 14 0.0 0.1 0.0 1 1 1 1 1 1
2DSP 10N2grp 15 225.6 755.2 806.0 1 1 1 11 7 7
2DSP 10N2grp 16 13.8 21.9 22.0 1 1 1 10 7 7
2DSP 10N2grp 17 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 19 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 2 44.7 132.2 131.5 1 1 1 9 6 6
2DSP 10N2grp 21 0.0 0.0 0.0 1 1 1 1 1 1
2DSP 10N2grp 22 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 23 19.6 46.7 47.0 4 1 1 43 15 15
2DSP 10N2grp 24 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 25 0.0 0.0 0.1 1 1 1 1 1 1
2DSP 10N2grp 26 3.4 9.3 7.9 23 34 19 54 32 23
2DSP 10N2grp 27 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 28 440.9 2839.9 2851.9 3 3 3 28 10 10
2DSP 10N2grp 29 7.5 195.1 194.0 1 1 1 10 11 11
2DSP 10N2grp 3 0.9 0.9 1.0 1 1 1 1 1 1
2DSP 10N2grp 30 0.8 0.8 0.8 1 1 1 1 1 1
2DSP 10N2grp 31 0.1 0.1 0.1 1 1 1 1 1 1
2DSP 10N2grp 32 3.6 147.0 147.0 1 1 1 8 7 7
2DSP 10N2grp 33 28.3 147.1 147.0 1 2 2 10 18 18
2DSP 10N2grp 34 70.1 96.8 96.7 1 1 1 17 8 8
2DSP 10N2grp 35 1.1 1.1 1.1 1 1 1 1 1 1
2DSP 10N2grp 36 2.2 25.4 25.5 1 1 1 8 10 10
2DSP 10N2grp 37 4.7 23.6 22.3 29 32 25 93 31 29
2DSP 10N2grp 38 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 39 8.8 49.0 34.8 35 52 33 96 33 27
2DSP 10N2grp 4 21.7 20.7 20.7 1 2 2 18 19 19
2DSP 10N2grp 5 211.8 1683.5 1567.8 4 19 18 27 73 67
2DSP 10N2grp 6 0.2 0.2 0.2 1 1 1 1 1 1
2DSP 10N2grp 8 7.5 21.0 18.1 27 19 17 95 14 12
2DSP 10N2grp 9 205.9 2338.0 2553.4 4 13 13 37 66 66
2DSP 15N3grp 1 1.9 1.9 1.9 1 1 1 1 1 1
2DSP 15N3grp 10 78.6 482.2 357.6 53 85 30 99 78 59
2DSP 15N3grp 13 85.8 1846.7 144.6 1603 1139 229 2395 985 104
2DSP 15N3grp 15 640.1 2375.4 851.4 145 40 21 339 30 16
2DSP 15N3grp 2 680.2 4333.1 1602.8 199 176 60 305 122 43
2DSP 15N3grp 21 1.5 1.5 1.5 1 1 1 1 1 1
2DSP 15N3grp 22 1.5 1.5 1.5 1 1 1 1 1 1
2DSP 15N3grp 26 1792.9 5489.1 5146.1 107 129 66 132 72 45
2DSP 15N3grp 29 290.4 562.8 404.4 27 137 45 63 134 41
2DSP 15N3grp 31 1.4 1.5 1.5 1 1 1 1 1 1
2DSP 15N3grp 32 427.1 1541.7 541.7 1270 1041 463 1925 752 122
2DSP 15N3grp 33 120.0 604.6 213.4 131 137 42 76 134 50
2DSP 15N3grp 35 1.4 1.4 1.4 1 1 1 1 1 1
2DSP 15N3grp 36 21.4 126.6 65.4 1126 52 26 1105 87 48
2DSP 15N3grp 37 42.8 1215.0 835.2 693 1089 404 1410 449 76
2DSP 15N3grp 39 42.8 1595.5 161.0 2106 5405 2719 4415 1009 110
2DSP 15N3grp 8 1267.2 4352.5 2097.0 266 176 115 324 78 40

mean (53 inst.) 12.6 34.8 27.7 16.4 16.5 11.5 15.9 11.0 8.1
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Table 5: Detailed statistics for MS instances that are solved by all Benders approaches.
running time #nodes #sepa

instance pool EFrow EFcons pool EFrow EFcons pool EFrow EFcons

MSPS M3 16J4 0 208.1 21.7 5.6 334 963 8098 1537 154 053 1279 80
MSPS M3 16J4 1 745.8 469.6 61.1 1 411 173 745 902 60 954 641 905 35 281 151
MSPS M3 16J4 10 188.2 20.9 4.5 251 892 4108 791 127 872 795 49
MSPS M3 16J4 11 744.0 153.8 16.2 1 498 201 176 372 6418 658 155 23 631 70
MSPS M3 16J4 12 1430.1 60.3 9.7 2 589 118 55 353 1912 1 305 023 21 638 183
MSPS M3 16J4 13 496.1 48.4 11.3 888 909 42 583 2131 380 819 16 082 51
MSPS M3 16J4 14 2366.7 134.8 26.1 4 102 236 168 881 4468 1 674 821 56 647 143
MSPS M3 16J4 15 700.9 64.4 18.5 1 399 138 80 900 4990 727 886 29 817 75
MSPS M3 16J4 16 152.8 15.9 2.1 225 335 9492 444 100 422 3857 89
MSPS M3 16J4 17 2961.8 127.8 19.5 5 085 046 140 884 3072 2 564 053 63 479 80
MSPS M3 16J4 18 1772.2 312.1 11.6 2 972 314 493 631 2410 1 478 175 242 596 294
MSPS M3 16J4 19 2382.8 241.4 24.0 4 312 101 326 184 5301 2 146 882 138 837 293
MSPS M3 16J4 2 2367.6 495.0 12.7 3 962 974 688 217 2092 1 934 204 312 764 222
MSPS M3 16J4 20 715.1 20.4 4.5 1 302 010 8942 1231 618 990 2650 58
MSPS M3 16J4 21 635.2 36.9 11.0 1 066 923 30 551 1595 500 595 6964 107
MSPS M3 16J4 22 960.4 100.4 20.5 1 883 006 115 854 4575 942 525 41 231 127
MSPS M3 16J4 23 503.5 36.5 8.9 991 814 21 650 2049 492 281 6835 56
MSPS M3 16J4 24 1031.4 38.0 14.3 1 833 236 24 079 2076 906 884 8125 100
MSPS M3 16J4 25 620.2 28.9 2.7 1 053 714 11 180 724 492 034 3310 50
MSPS M3 16J4 26 761.2 42.1 15.9 1 319 166 15 211 3147 688 770 2945 76
MSPS M3 16J4 27 561.8 45.2 12.2 1 153 721 39 555 2459 590 868 1918 53
MSPS M3 16J4 28 872.2 72.7 25.0 1 813 662 62 549 11 210 743 536 16 238 46
MSPS M3 16J4 29 232.7 16.9 2.1 382 419 4349 303 183 254 907 56
MSPS M3 16J4 3 1513.7 84.0 13.4 2 736 777 57 898 2261 1 235 881 6475 80
MSPS M3 16J4 30 1111.2 160.7 15.5 2 235 635 232 802 4278 1 104 867 97 622 294
MSPS M3 16J4 31 131.4 24.2 2.9 198 873 15 556 880 82 820 1593 42
MSPS M3 16J4 32 230.8 19.5 4.6 341 899 7219 956 177 159 2148 58
MSPS M3 16J4 33 614.9 49.4 9.2 1 179 530 34 978 1818 579 800 4883 91
MSPS M3 16J4 34 629.9 22.4 7.3 1 030 701 7275 902 488 129 2561 219
MSPS M3 16J4 35 951.8 341.1 23.9 1 819 960 520 265 6926 841 374 117 639 72
MSPS M3 16J4 36 905.1 41.8 8.0 1 571 586 31 310 1702 702 296 6251 168
MSPS M3 16J4 37 349.5 57.2 9.5 622 188 63 987 1958 318 018 22 120 54
MSPS M3 16J4 38 2069.0 152.6 15.0 3 325 297 179 661 2816 1 631 977 78 653 161
MSPS M3 16J4 39 93.6 17.0 2.7 136 274 8520 385 58 457 3638 67
MSPS M3 16J4 4 1348.2 37.1 14.5 2 553 764 21 753 3077 1 250 382 6591 119
MSPS M3 16J4 5 1436.2 488.1 30.2 2 852 482 662 332 9764 1 361 762 287 749 163
MSPS M3 16J4 6 1410.5 32.1 9.5 2 212 063 16 124 1488 1 101 449 6457 90
MSPS M3 16J4 7 776.2 283.2 31.6 1 477 659 410 993 14 588 700 793 54 494 98
MSPS M3 16J4 8 1241.8 178.3 20.9 2 525 524 254 203 7324 1 244 443 93 452 135
MSPS M3 16J4 9 1230.6 337.6 20.9 2 462 718 514 077 4626 1 203 918 203 483 75
MSPS M3 19J4 10 4482.8 283.2 14.2 5 458 847 284 089 5499 2 021 252 32 560 109
MSPS M3 19J4 16 6113.0 24.9 8.8 6 813 189 8062 1084 2 820 143 1536 59
MSPS M3 19J4 29 5236.9 45.2 14.5 6 664 102 20 042 2634 2 986 595 4093 87
MSPS M3 19J4 31 3745.1 150.9 74.4 5 047 269 120 995 34 202 1 805 159 5402 140
MSPS M3 19J4 32 5506.0 135.0 15.0 6 776 613 101 483 2179 3 215 502 36 872 90

mean (45 inst.) 912.3 72.7 12.0 1 550 407.5 55 351.8 2649.2 726 246.4 13 587.5 95.6
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