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Abstract

In this paper, we study a penalty method for stochastic equality-constrained optimization, where both
the objective and constraints are expressed in general expectation form. We introduce a novel adaptive
strategy for updating the penalty parameter, guided by iteration progress to balance reductions in the
penalty function with improvements in constraint violation, while each penalty subproblem is approxi-
mately solved using a truncated stochastic prox-linear algorithm. Under certain conditions, the proposed
penalty method terminates after finitely many iterations, rendering its exactness: an approximate sta-
tionary point of the penalty function corresponds to an approximate KKT point of the original problem.
We establish oracle complexity for finding a stochastic e-KKT point, requiring O(e~%) stochastic gradi-
ent evaluations for the objective and constraints, along with O(¢™®) stochastic function evaluations for
the constraints. We further develop variants for problems with stochastic objective and deterministic
constraints and for problems with finite-sum objective and constraints, each with matching complexity
analyses. Finally, we report numerical results demonstrating the proposed method’s performance on a
test problem.

1 Introduction
In this paper we consider the nonconvex constrained optimization problem

min  f(x) := B[ F(;¢)]
re (1.1)
st c(z) :=E[C(z;€)] =0,

where ¢ is a random variable in the probability space = and independent of z, and E¢ refers to the expectation
taken with respect to £&. Here F': R" x Z — R and C : R® x 2 — R™ are continuously differentiable with
respect to x but possibly nonconvex. Throughout the paper, we assume that the feasible set of is
nonempty. Problem arises in many application areas, such as optimal control [3], fairness-constrained
optimization problems [11], PDE-constrained optimization [16}29] and chance constrained programs [24}28§].

Problems as but with deterministic constraints, also known as semi-stochastic problems, have been
studied in recent years. In this context, stochastic sequential quadratic programming (SQP) algorithms have
attracted increasing attention as an effective approach for such problems. Berahas et al. [2] introduce a
stochastic SQP algorithm that uses Lipschitz constants (or their estimates in practice) for stepsize selection,
and establish convergence in expectation under standard assumptions. In [9], Curtis et al. investigate an
adaptive stochastic SQP algorithm for nonlinear problems with equality and inequality constraints, proving
its convergence in expectation. Na et al. [25] propose a stochastic SQP (StoSQP) framework that minimizes
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a differentiable exact augmented Lagrangian (AL) function and incorporates either a fixed or stochastic line
search for stepsize selection. Almost sure convergence is established for both non-adaptive and adaptive vari-
ants. In a subsequent work [26], the authors propose a fully online StoSQP method for statistical inference in
nonlinearly constrained stochastic optimization problems, establishing an almost sure convergence rate and
iteration complexity. A worst-case complexity bound for such problems is established by Curtis et al. [8].
In addition, several works [14,]15] have investigated trust-region-based SQP methods for solving constrained
stochastic optimization problems. Another related class of approaches are proximal point methods by Boob
et al. [45] for inequality-constrained optimization. Their main idea is to transform the original problem into a
sequence of convex subproblems with proximal terms. Boob et al. [4] present an inexact constrained proximal
point framework that incorporates a novel constraint extrapolation (ConEx) method for solving each convex
subproblem. For semi-stochastic problems, they establish a complexity of O(e~*) under the strong feasibility
condition. In [5], a level constrained stochastic proximal gradient method is proposed, with an increasing
constraint level scheme that guarantees the subproblem feasibility. Under the Mangasarian-Fromovitz con-
straint qualification (MFCQ), the algorithm achieves an O(e~*) oracle complexity for computing an e-KKT
point in semi-stochastic case.

Meanwhile, penalty methods provide an alternative strategy for semi-stochastic problems and have been
extensively studied in recent literature. Wang et al. [34] present a penalty framework in which an ¢ penalty
function is approximately minimized at each iteration using only stochastic first-order or zeroth-order in-
formation. They provide worst-case guarantees on the oracle complexity required to reach an e-stochastic
critical point. A stochastic primal-dual (SPD) method is proposed by Jin and Wang [18] to address non-
convex optimization problems with a large number of inequality constraints. SPD updates variables by
minimizing a linearized AL function constructed from stochastic gradients of the objective and partial in-
formation from a randomly chosen subset of constraints, reducing the per-iteration cost. Subsequently, they
introduce a stochastic nested primal-dual (STEP) method [19] targeting constrained optimization problems
with objective functions formed by two expectation terms. Under a nonsingularity condition, they investi-
gate the iteration and oracle complexities of STEP to reach an e-stationary point. Based on the linearized
AL function, Shi et al. [32] adopt a recursive momentum technique to design a stochastic algorithm that
achieves oracle complexities of O(e~*) for reaching both e-stationary and e-KKT points. The complexities
can be further improved to O(e~3) if the initial point is approximately feasible. Subsequently, Lu et al. [23]
propose a stochastic first-order method with truncated recursive momentum, achieving a similar complexity
of @(673) when using increasing penalty parameters, while the feasibility is guaranteed in the deterministic
sense rather than in expectation. In [1], Alacaoglu and Wright employ variance reduction techniques and
obtain a complexity bound of O(e~*) in semi-stochastic case. Notably, in both [23] and [1], the logarith-
mic factors in the complexity bounds can be removed by an appropriate parameter choice depending on
the maximum iteration number, which requires a near-feasible initial point. The aforementioned methods
typically require overly large penalty parameters which may bring practical issues. In [33], Wang analyzes
inexact cubic-regularized primal-dual methods for finding second-order stationary points and establishes the
corresponding complexity bounds. Recent work by Zuo et al. [39] proposes a single-loop adaptive stochas-
tic linearized AL method, which updates penalty parameters dynamically according to the behavior of the
iterates. By leveraging a recursive momentum strategy and clipped stochastic gradients to reduce variance,
a high-probability oracle complexity analysis for attaining an e-KKT point is established.

In recent years, there are several works for problem with both objective and constraints being stochastic,
ie. (1.1, also known as fully-stochastic problems. The approach in [4] for fully-stochastic inequality-
constrained problems also employs an inexact constrained proximal point method with ConEx (ICPPC).
Under the strong feasibility assumption, its oracle complexity of order O(e=%) for obtaining an approximate
KKT point is established. Additionally, a stochastic SQP method [31] is proposed, enriching the existing
framework for handling such problems. Under a strong LICQ condition, the method achieves an oracle
complexity of order O(¢~8) for stationarity and O(e~*) for feasibility. Li et al. [20] build upon the stan-
dard inexact AL method framework and propose stochastic inexact AL methods (Stoc-iALM) by integrating
momentum-based variance-reduced proximal stochastic gradient techniques within their subroutines. The
sample complexity in [20] is established as order O(e~®) for finding an -KKT point under a certain non-



singularity (NSC) condition. Another recent work [1] develops single-loop momentum-based algorithms for
such problems. In particular, this approach attains a sample complexity of @(6_5) to find a point satisfying
e-KKT conditions, with the logarithmic factors removable through appropriate parameter tuning based on
the final iterate and a near-feasible point. In the work by Cui et al. [7], a single-loop two-phase stochastic
momentum-based method (TStoM) is proposed. The first phase minimizes an infeasibility measure to obtain
a near-feasible point in expectation, which initializes the primal-dual method in the second phase. The oracle
complexity of TStoM to achieve an e-stationary point is of order O(e~%), and improves to O(e~%) to reach
an e-KKT point under the NSC condition. Despite this, the above augmented Lagrangian type methods
generally rely on a predetermined penalty parameter that must be sufficiently large.

Research has also focused on stochastic optimization problems like with specific nonconvex struc-
tures, such as problems with weakly convex functions and problems in finite-sum forms. A recent work
by Yang et al. [37] proposes a single-loop stochastic algorithm based on a hinge-based penalty method
for nonconvex, nonsmooth constrained optimization with weakly convex objective and constraint functions,
achieving an O(e~%) oracle complexity for finding a nearly e-KKT point under a regularity condition. In [22],
Liu and Xu present an exact penalty model for nonconvex nonsmooth stochastic optimization with inequality
constraints in expectation, which is solved by a single-loop SPIDER-type stochastic subgradient method.
Assuming a (uniform) Slater-type constraint qualification condition and weak convexity of the constraint
function, the method achieves a sample complexity of order O(e=*) for evaluations of both the objective
and constraint function subgradients, and O(e~°) for evaluations of the constraint function value to produce
an (€, €)-KKT point. When the constraints enjoy a finite-sum structure, the corresponding complexities be-
come O(e~*) and O(N + v/ Ne*), respectively. Another two related works investigate convex optimization
problems where both the objective and the constraints take a finite-sum structure. Lin et al. [21] propose
an affine-minorized feasible level-set method that ensures a feasible solution path and attains an absolutely
e-optimal solution. Yan and Xu [36] propose an adaptive primal-dual stochastic gradient method based on
the Lagrangian function and establish its convergence rate. However, these studies are limited to the convex
setting, and analysis for finite-sum problems in nonconvex setting is still scarce.

1.1 Contributions

In this paper, we study an exact penalty method for nonconvex stochastic equality-constrained optimiza-
tion. This method adopts a double-loop algorithm framework in which the penalty parameter is adaptively
updated in outer iterations based on a novel strategy that balances the decrease of the penalty function
with improvements in feasibility. In the inner iterations, the penalty function with fixed penalty parameter
is approximately minimized by using a truncated stochastic prox-linear algorithm. Under certain constraint
qualification conditions we prove that the method terminates in a finite number of outer iterations, resulting
in the exactness in the sense that the approximate solution of a penalty subproblem is an approximate
KKT point of the original problem. Within this algorithm framework we also propose variant methods for
stochastic equality-constrained optimization problems in different settings and analyze the corresponding
oracle complexity.

e Fully-stochastic case. Both objective and constraint functions are stochastic, as in . In this
case, we establish oracle complexity of order O(e~3) for the stochastic gradient evaluations of the
objective and constraint functions, and of order O(e~) for the evaluations of the stochastic constraint
function values. To the best of our knowledge, these bounds achieve state-of-the-art performance, with
detailed comparisons provided in Table

e Semi-stochastic case. Only objective is stochastic. Exact constraint information can be used in the
proposed method. The corresponding oracle complexity regarding the stochastic objective gradient
computations is in order O(¢~3). As shown in Table[2} our method matches the best-known complexity
results to date. Moreover, since we adopt an adaptive way to update the penalty parameter, our method
does not require a nearly feasible initial point as [32].

e Finite-sum case. Both objective and constraint functions are in finite-sum forms. In this case, we



Algorithm Problem fic Loop Assumptions OGC ‘ CGC ‘ CFC
| min f(z)
Algorithm 1 [31] z€R™ sm,ncx | single strong LICQ O(e™8)
s.t.c(z) =0
T i f@) .
Algorithm 2 [1] zeX sm,ncx | single non-singularity O(e™?)
st e(x) =0
| min f(z)+ h(z)
TStoM |7 z€X sm,ncx | single non-singularity O(e™?)
s.t.e(z) =0
T 7@ 1 @) |
ICPPC [4] weX sm, nex | double strong feasibility O(e79)
s.t.ez(x) + hz(x) <0
| min f(z) + h(z)
Stoc-iALM |20 z€R™ sm,ncx | double non-singularity O(e™?)
s.t.c(z) =0
| min f(z)
Algorithm 1 (37 z€R™ we single regularity condition O(e=%)
s.t.c(z) <0
| min f(z)
3S-Econ |22 zeX wc single | (uniform) Slater-type CQ | O(e™*) | O(e™*) | O(e79)
s.t.e(x) <0
min f(z)
Ours z€R™ sm,nex | double strong LICQ O@e™®) | O(e73) | O(e79)
s.t.c(z) =0

Table 1: Comparison of algorithms for fully-stochastic optimization problems, where f(z) = E¢[F(x;£)],
c(z) = E¢[C(z;€)] and h(x), h;,i € T are convex but possibly nonsmooth, and X C R™ is a closed convex
set. The objective gradient complexity (OGC) and constraint gradient complexity (CGC) are characterized
regarding the total number of evaluations to the stochastic (sub)gradients of the objective and constraint
functions, respectively, and the constraint function value complexity (CFC) represents the number of evalu-
ations of the stochastic constraint function. For f and ¢, sm means smooth, ncx means nonconvex, and wc
means weakly convex. The Assumptions column lists the main constraint qualification assumptions. The
strong LICQ corresponds to Assumption [f.1]in this paper. The non-singularity condition refers to Assump-
tion 3 in [20]. The (uniform) Slater-type CQ refers to Assumption 2 in [22]. The regularity condition refers
to (4) in [37, Theorem 4.2].

adopt a different variance reduction technique to compute stochastic oracles, and the corresponding
oracle complexity regarding component function information evaluations is of order O(N 4+ N*/5¢=2).

1.2 Notation and preliminaries

Without any specification, || - || denotes the Euclidean norm. We use E[-|zx] to denote the expectation
conditioned on zi. The notation E[-] refers to the full expectation over all random variables generated
during an algorithmic process.

In general nonconvex constrained optimization, it is generally challenging to locate a global or even a
local minimizer. The main research stream thus focuses on more tractable solutions, the KKT points. Under
certain constraint qualification condition, a local minimizer of is also a KKT point [27]. In this paper,
we will study algorithms for in pursuit of an e-KKT point or a stochastic e-KKT point, which are
defined as follows.

DEFINITION 1.1. Given € > 0, we call x € R™ an e-KKT point of (1.1)), if there exists A € R™ such that
IVf(x)+ Ve(x)A]| <e and |lc(z)| <e,
where Ve(x) = (Ver(x), ..., Ven(z)). We call x € R™ a stochastic e-KKT point of (1.1)), if

E[|Vf(2) + Ve@)A’] < ¢ and E[fle(z)|] < e.



Algorithm Problem Stationary measure Loop Assumptions Complexity
] min f(z) v + Ve(z) A, =N <e, -
Algorithm 2 |1] reX Eld(Vf(z) () x@) e single non-singularity O(e™4)
s.t.ci(x)=0,i€& Effle(@)ll] < e
min f(z) +h(z) E[d*(V f(z) + 0h(x) + Y \i(Vei(@) + 0hi(@)), 0)] < €2,
LCSPG 5] e hi(z) <0 L double uniform MFCQ O(e™4)
st ci@) + L_(” - Z)\ lei(z) + hi(x)|] < €%, where  is feasible
i€l ppt
|| min f(z) V() + Ve(@)A, ~Nx (2))] < ~
Algorithm 1 23] zeX Ed(V(z) @), —Nx(@))] < € single non-singularity condition O(e3)
st.c(x) =0,i€f lle@)Il < e
i, S+ i) E[|V Vg(z)A+ V oh Ve
| zERM + + + Oh <V, A
CoSTA |17 st.oci(z) <0,ieT V() g(T) ela) T(z)”] =ve single parameterized MFCQ O(e73)
' () <0, EDNTg(2)) 2 —e, BpTe(@)] 2
9;(x) <0, €T
min f(z) + h(z) E[d*(V/(z) + Oh(z) + Y \Vei(2), ~Nx(@))] < €,
2 rex i€EUT . extended variant of MFCQ, _3
MLALM |32 st.oci(z)<0,ieT ) , ) single initial near-feasibility O(e™?)
Eflce(@)|* + lllez(2)]+|°] < €, E[Y_ Ailei(x)]] < e tutial near-leasibiuty
c(x)=0,i€& =
min f(z) v V(@) < €,
Ours z€R" EllIV/(@) + Ve(@Al] < &, double strong LICQ O(e™?)
st ci(z) =0,ie€ Efc(@)|l] < e

Table 2: Comparison of algorithms for problems in semi-stochastic setting, where f(z) = E¢[F(z;€)] is
nonconvex and smooth. In addition, X C R” is a closed convex set, ¢;,7 € £ UZ are smooth but possibly
nonconvex; h and h;,i € Z are convex but possibly nonsmooth, and g;,j € J are smooth and convex.
The uniform MFCQ refers to Assumption 3 in [5]. The extended variant of MFCQ refers to Assumption 5
in [32]. The non-singularity condition refers to Assumption 1 (iv) in [23]. The parameterized MFCQ refers
to Assumption A7 in [17] and the strong LICQ corresponds to Assumption in this paper.

The assumptions imposed throughout the rest of this paper are presented here.

Assumption 1.1. Let X C R"™ be an open convex set containing all the iterates generated by the algorithm.
The objective function value of problem is lower bounded on X by a finite constant C*. Moreover, there
exist positive constants G, M such that |V f(z)|| < G, |c(z)|| < M for allz € X.

Remark 1.1. This boundedness assumption is essential for maintaining the stability of the iteration sequence
within the framework of stochastic constrained optimization. Similar assumptions have also been adopted in
prior studies [2,|9,31,/35)] to ensure desirable theoretical properties.

Assumption 1.2. Function F(-;€) is differentiable for almost every £ € E.
for any x € R™,

There exists oy > 0 such that

E¢[VF(x;€)] = Vf(z), Ee[|[VF(2:6) — Vf(2)]* <
There exists Ly > 0 such that for any xz,y € R",
Ee[||VF(z;€) — VF(y;: ©)[°] < Li|lx — o>

Assumption 1.3. Function C(-;§) is differentiable for almost every § € 2. There exist 05,0, > 0 such that
for any x € R™,

E¢[VO(x;€)] = Ve(z), Ee[|VO(;€) — Ve(@)|P] < o7,
Ee[C(z;6)] = c(x), E¢[|C(;€) — c(@)[°] < o2
There exist Ly, L. > 0 such that for any x,y € R",

Ee[|VC(2:€) = VO(y: )P < Lllz —yll*,  Ee[lIC(2:€) — C(y: 17] < Li|lw — g™

By Jensen’s inequality, Assumptions [I.2] and [[.3] imply that
V() = Vil < Lglle —yll, [Ve(@) = Ve@)|| < Lillz =yl fle(z) -
and hence ||Ve(z)| < Le.

c)ll < Lellz = yll,



1.3 Outline

The remainder of this paper is outlined as follows. In Section[2} we propose an adaptive penalty method based
on stochastic approximations to address problem . The resulting framework requires solving a sequence
of nonconvex composite penalty subproblems, for which we develop a tailored algorithm in Section[3] Section
[ is devoted to the complexity analysis of the overall penalty method. Section [f] presents the adaptations
of the method to semi-stochastic, finite-sum, and deterministic settings, along with their oracle complexity
analysis. In Section [6] preliminary numerical test results are reported. Finally, we draw conclusions in
Section

2 An adaptive penalty method for stochastic equality-constrained
optimization

Penalty methods are among the most well-known approaches for solving constrained optimization problems.
By incorporating penalties for constraint violations into the objective function, these methods transform
the original constrained problem into a sequence of unconstrained subproblems. However, existing penalty
methods for typically rely on a preset, fixed penalty parameter throughout the entire optimization
process [1}7,[20L/22], without leveraging the progress made during algorithm iterations. In this paper, we
will propose an adaptive penalty method based on stochastic approximations for solving . Our method
adopts a double-loop algorithm framework. In outer iterations we dynamically updates the penalty parameter
through an adaptive rule, while in inner iterations we solve the penalty subproblem with fixed p:
min  O,(z) := f(z) + pllc(2)]] (2.1)
z€R™
by calling a subproblem solver. This section will focus on the adaptive update of the penalty parameter and
provide a comprehensive overview of the proposed penalty method. Discussions of the subproblem solver
will be deferred to the next section.
In the closely related work [34], an adaptive penalty method for stochastic optimization with deterministic
constraints, i.e. in semi-stochastic setting, is studied. At current iterate xy, [34] determines a penalty
parameter p := p, > pip_1 + 7 such that

k) — Hﬂr‘lligll(-rk +5) > pCO(x1), (2.2)
where ¢ € (0,1) and
O(we) - = lle(we)ll = min, le(z) + Ve(zr) s,

lzg +5): = fag) + @f,;rs + plle(xk) + J(xk)s].

Here, V f}, represents stochastic estimates of V f(x). The term 6(z;,) quantifies the potential improvement
in constraint violation around xy, while I(x + s) serves as a stochastic approximation to the penalty function
at xg + s, i.e., f(xg +s) + pllc(zxk + s)||. However, the criterion in requires solving two ball-constrained
global optimization subproblems, which significantly increases the computational burden in practice. We
also observe that in theory it actually unnecessary to globally solve these subproblems to satisfy .
Instead, it suffices to ensure that the approximate reduction in the penalty function is adequate relative to
the improvement in constraint violation near the current iterate. This observation motivates us to propose
new strategies for updating the penalty parameter. Furthermore, we aim to design a strategy such that,
under certain conditions, the penalty parameter is updated only a finite number of times. This would allow
the penalty function to eventually become ezact, effectively transforming the original equality-constrained
optimization problem into an equivalent unconstrained penalty problem.

As mentioned previously, a key to propose an effective penalty parameter update strategy is to guar-
antee the potential reduction of the penalty function and the improvement of constraint violation. This



is easy to realize, if both the objective function and constraint violation can be reduced, at least along a
certain direction. However, in stochastic settings such a direction can only approximately identified by using
stochastic estimates V fi, Vg, and &, which are approximate to the true values Vf(zk), Ve(xy), and c(zg),
respectively. With those stochastic estimates, we define the direction as

di := —up + avg, (2.3)

where o € (0, 1), v solves
min 1Hv||2 s.t. v € argmin 1||é;c + Vel w|?
vERm 2 weR™ 2
and uy solves
: 1 -
min o flu =V fil".
weNull(Vel) 2

For the component vy, its primary role is to induce a potential reduction of the constraint violation. It
is observed that the computation of vy can be formulated as an unconstrained least-squares problem. To
ensure uniqueness, we specifically select the minimum-norm solution, which can be expressed as

Vi = —(@C;)Ték

by Moore-Penrose pseudoinverse. For the component uy, it is constructed to decrease the objective function
while remaining in the tangent space of the constraint manifold at x;. Note that ux and vy are orthogonal.
The computation of uy is analytically tractable and given by

U = @fk — (@CE)T@CE@]%

As such, (—ug) approximates the direction of steepest descent for the objective function that remains tangent
to the constraint surface.

We now define -
Ok = llexll — [léx + Vg dill, 2.4
. 2.4
b = pe—10r — YV fi di — %HdkHQ with v > 0.
Given steering parameter ¢ € (0,1), we set the condition

bk > pr—1C0k (2.5)

as a stopping criterion for our algorithm. It is worthy to note that when ¢, = 0, we have vy =0 and 6, =0
from dy = —uy € Null(V¢] ). Tt then implies that

o

WO HT e~ g lusl?) > 39 i~ ) T
(Ve Ve Vi) T (Vi — (Ved ) IVel V fi)
Y(PeV i) (Vi — PV f)

=V Bl (I - P)V =0

= pr—1C0k,

where Py, := (Ve )1Ve] satisfies P] = Py and Py(I — P) = 0. Hence, when ¢, = 0, (2.5) holds naturally.
Conversely, if (2.5) fails to hold, we must have ¢, # 0. Therefore, if (2.5 is not satisfied, we update the
penalty parameter by computing

VI di + 3di]?
a(l = Q)lél]

pr = max{fpr_1, pPr—1} with pr_q:= and 8> 1. (2.6)



Algorithm 2.1

Input: Given steering parameter ¢ € (0, 1), initial iterate x1, stochastic estimates v f1, Vep and ¢4, initial
penalty parameter pg > 1, parameters « € (0,1), 5> 1 and v > 0, positive integers T" and 7.
Output: zg.
1: for k=1,2,... do
2:  Step (a): If k£ > 1 and ({2.5) is satisfied, terminate the algorithm and return x g with R = k; otherwise,
compute pj through ith dy, defined by .
3:  Step (b): Solve subproblem with p = pi, by TSPA (to be introduced in Section [3) to generate
41 together with V fry1, Vegy1 and éiyq, ie.,

(xk+1a ﬁfk+17 @Ck+17 ék+1) = TSPA(:L‘ZW Pks 7> T’ T)'

4: end for

Then we solve the subproblem with p = px by applying a subproblem solver to generate the next iterate
Zk41 in the inner loop. Building upon this, we present the whole algorithm framework of the adaptive penalty
method for in Algorithm

If we consider a deterministic variant of Algorithm [2.I] where all function information used in this
algorithm is replaced by exact values and each subproblem is solved exactly (i.e. zp41 € argmin®,, (x)),
we can prove that, under certain conditions, the penalty function ®,, () becomes exact when pj is no less
than a certain threshold, as can be seen in Appendix@ This means that, in this case, if 2441 is a stationary
point of with p = pg, it is also a KKT point of the original problem. This observation motivates the
development of our adaptive penalty method for fully-stochastic problem . In subsequent analysis, we
will show that the penalty function remains “exact” in stochastic settings, in the sense that an approximate
stationary point of the penalty function is also an approximate KKT point of the original problem. This
result also enables us to derive the oracle complexity for associated algorithms accordingly.

3 A truncated stochastic prox-linear algorithm for penalty sub-
problems

At each iteration of Algorithm and after the penalty parameter p has been adaptively determined, our
remaining task is to solve the penalty subproblem in the form of . Note that each penalty subproblem
is a stochastic composite optimization problem. For this type of problems, stochastic prox-linear approaches
have been proposed and extensively studied in the literature (e.g., [12,{35)38]). When targeting at , these
approaches iteratively minimize a local approximation of the objective function, by constructing a quadratic
approximation to f(z) and a linear approximation to ¢(z) based on stochastic oracles. More specifically, at
current iterate *, with stochastic oracles \Y, 1, Vet and ¢, stochastic prox-linear methods solve the following
proximal subproblem to generate the next iterate z'+!:

' = argmin {(@fZ)T(JU — 2 +pllés + (VE) T (@ — 2h)

x

1 .
’—|—2/y|x—xz||2}. (3.1)

To compute stochastic oracles, we employ a variance reduction technique to mitigate possibly large
stochastic variances. Motivated by the boundedness assumptions on ||Ve(z)||, |V f(x)| and |[c(x)||, we
apply a truncation technique to ensure the boundedness of the stochastic estimators. This is pivotal in
facilitating the convergence and complexity analysis developed in this paper. Specifically, given n > 0, let
B(7n) denote the Euclidean ball centered at the origin with radius 7, i.e., B(n) = {z € R" : [|z|| < n}, and let

At

II be the projection operator. The stochastic estimators Vf?, ¢ and V¢ are constructed as follows. Let T



be a positive integer. If ¢ mod 7 = 0, we compute

Vi =1ge (j ZVF(xi;g)), & =Tl (B > C ) Ve —HB(L)<S > v g))
Al €A, |Bil £eB; il £ES;
(3.2)
while if ¢ mod 7 # 0, we compute
VI =Ty <¢ == > (VP VF(x“;s))),
IA | &2
& = HIB(M)( e Z a'€) - Cla'¢)) )» (3.3)
|B | éeB
Ve =gy, )( > (VC(x vcu“;@)).
IS vl

Here, A;, B; and S;, i > 0 are sets of samples randomly and independently generated from =.
Building upon discussions above, we now present the truncated stochastic prox-linear algorithmic frame-
work in Algorithm

Algorithm 3.1 TSPA(Z, p,~,T,7): Truncated Stochastic Prox-linear Algorithm for
1: Set 20 = z.
2: fori=0,..., 77— 1do
3:  if i mod 7 = 0 then
4 Compute @fi, ¢ and V¢ through .
5. else
6 Compute Vi, ¢ and V' through .
7. end if
8
9

Compute z*+! through (3.1)).
: end for
Output: Return z”, @f’", ¢ and V" with r uniformly at random picked from i =0,...,T7 — 1.

Let {@'};—o,...17-—1 be generated by Algorithm The following lemma provides upper bounds on
variances of stochastic oracles V f?, &, Vc'.

LEMMA 3.1. Suppose Assumptions hold, then fori=20,...,TT —1,

7 2

E(|Vf - V)] <EVH - viEEnP+ > | flE[H:cp — 2P, (3.4)
p=l]r+1 P
. . B ; i L2
Ell¢" — c(z")|I?] < E[flel7 — e(al= )12 + Z SE[f|aP — 2P, (3.5)
=By
p=|x]T+1
o . L . ‘ L2
E[|Ve' — Ve(@))|?] < E[|Vel =)™ = Ve =12+ Y ﬁE[Hx” — P77, (3.6)
p=lijr+1 P

where Z?:1(') =0.

Proof. Due to the structure of Algorithm we only present the analysis for the first 7 iterations, i.e.,
i=0,...,7 — 1, while for the remaining iterations it can be analyzed similarly. When ¢ = 0, the conclusion



holds naturally. For any i = 1,...,7—1, according to the definition of v ftin l) and the nonexpansiveness
of the projection operator Ilpg), it holds that

V5= TP = o) (V1 + 7 3 (V@0 = VF™6) = Taga(V/ )]
EEA;
<IVF g X (VRGO - TREe) - V6 (3.7)
Heea

Taking expectation on the right-hand side of the above inequality conditioned on z* yields

B[V + > (VP VE(z'™1€)) = Vf(a')[*]a']
IA | &2
=E[|Vf ' - Vf(x > (VE(x VE(@@' ™€) — (V') = Vf(@'™)|?|2"]
|A | EEA;
=E[|Vf = V"2 + Ef |A| D (VE('6) = V@' ™€) = (Vf(a') = V()P |a']
A,
B[S =V |,4 7 2 BllVF(@'8) - VR 0Pl
EEA;
2
E[|Vfh = V()] + |A|Hw a2
where the second equality uses the relations
D VF@@8) = V@), VI~ = Vi) =0,
|A | EEA;
Y VE@ETHE = V), VIET) = Ve =0
|A | EEA;

the first inequality comes from

21E[<|jl_| Y (VE@'€) = VF(@' 7€), Vf(a') = V(a1 )a'] = 2|V f(a') = V(P

tleea;

and the last inequality is due to Assumption Then by taking full expectation on (3.7) we obtain

2

E[|Vf = V)P SENVFT = Vi + o Ellle’ — 2]

< E[|Vf° ~ Vf @) +Z| Af‘ [lz? — 27~

Same arguments apply to the remaining iterations, thus We obtaln .4. Similarly, the upper bounds for
stochastic variance of ¢ and V¢! can be established as in and l ), respectively. O

We now introduce the generalized gradient mapping G : R” — R"™, by defining

G(x') := %(xl —2"™) and G(2') := %(m’ -z, i=0,...,Tt—1, (3.8)

10



where

Z' = argmin {Vf(xz) (x— ')+ p|le(=') + Ve(z) T (z — )| + %Hx - x2||2} . (3.9
x
Given € > 0, we call z an e-stationary point of (2.1)) if ||G(2")|| < e.
As previously noted, the true value G(z*) is not available during the iteration process. Hence, to charac-
terize the behavior of the iterates, it is necessary to establish a relationship between G(z*) and its stochastic
approximation G(z°). The proof is inspired by [38], so we state the results here and defer the proof to

Appendix

LEMMA 3.2. Suppose that Assumptions hold. Then for each iterate generated by Algorithm [31], it
holds that

(v =7*(pLs + L)) |G| (3.10)

< (21+9%(0Ls + L) 96|+ 20216 = el + 7 [V = Ve[ + £ |97 = w1
and

(v =7(pLs + Lp)) |G| (3.11)

2

_ . . . 1 A . T 2 A . .
< (27 +9%(pLy + Ly)) |G )||* + 20(21|& — e(a®)] + o Hw Ve )+ Hvﬂ — Vf(a')

The following lemma demonstrates a descent property of ®,, which plays a central role in subsequent
analysis. The proof of this lemma is deferred to Appendix

LEMMA 3.3. Assume that Assumption and the conditions in hold, then fori=20,...,TT—1,

@) < @) — (5 = (0L + L)) G+ 29

o) + IV - VG

p 2

*ar,

H@ci — Ve(zh)

(3.12)
We provide upper bounds on the expected generalized gradients at the output x" of Algorithm

Detailed proof is presented in Appendix

LEMMA 3.4. Assume that Assumptions hold and 1 — 4~(pLy + Ly) > 0. And for any given € > 0,

€2

suppose that § = o and
50-2 36 2 2 5 2
|A’L‘ ’72Lf€2-‘ ’ |Bz| ’7 €4 —‘ ) |Sz| ’72ng2—‘ 5 fO'f’ imod T O,
72vypTL?
|Ai| = [607vLys], |Bi] = [7?’0—‘ . |Sil = [607ypLy], forimodT #0.
Then it holds that
- 24 (@, (%) —C* 1 (®,(a%) —C*
E NPl < = | 2— +4& d E NP < — [ 22— +4¢2 1
196ni) < 2 (2 =E ae) wna mligen ) < o (TS 1a2) ey

where T' =1 —y(pL; + Ly).

With specified parameters we can derive the oracle complexity of Algorithm [3.3]

11



THEOREM 3.1. Under Assumptions and given € € (0,1), p > 0, suppose that

1

— - T=r= CY/2 /20 ~1/2,-1 7
8(pLy + Ly) [Cy"p 2y ]

V=

where Cp = max{24,F_1}( + 4) and that the batch sizes are set following Lemma with € =
01_1/2’}/1/26, Then Algorithm returns a point x" satisfying

E[|G@")IP) <€ and E[|G(=")|] < €, (3.14)

and the oracle complexity in terms of evaluations of stochastic objective gradient, stochastic constraint gra-
dient, and stochastic constraint function value are of order O(p?e=3), O(p*e=3), and O(p®e~5), respectively.

Proof. Tt follows from the parameter setting in Lemma [3.4] that
Al = A=0E7?), |B)|=B=0(p*"), |Si|=S=0(pé?), for i mod 7 =0,
A = a=0(7), |Bil =b= O(ryp*¢2), |Si| =5 = O(r7yp), for i mod 7 # 0,

which guarantees E[||G(z")||?] < €% and E[||G(2")||?] < €? by € = Cfl/zvl/Qe. Meanwhile, the total number
of stochastic gradient evaluations of f and c are

TA+Tra=0(pe ') - O(pe?) + O(p*e ?)- O™ ') = O(p*c?),
TS +Trs=O(pe™ ) - O(p*c ) + O(p*c™2) - O(pe™) = O(p’c?),

respectively, and the total number of stochastic function evaluations of constraints is

[

TB+T7b=O(pe ) - O(p*e™) + O(p?e2) - O(pPe3) = O(p°eP).
This completes the proof. O

We can also bound the estimator errors E[[|Vf™ — Vf(2")|]?], E[|Ve" — Ve(z")||?] and E[||¢" — ¢(z")||?]
at the output x”. This property is essential to establish the oracle complexity of the whole penalty method,
as presented in Algorithm [2.1]

Corollary 3.2. For any given € > 0 and under the same conditions as Theorem[3.], it holds that

E[IVF" = Vi)’ < @i’ E[l&" —e(@)’] < Qae',  E[|Ve" = Ve(a")|*] < Qse?, (3.15)

_ QUL o (84+C1)y? _ (440l
where Q1 = 60C, , Qa2 = 288C3 2 and Q3 = 60C1p -

Proof. One can deduce from (3.4 that for any ¢ =0,...,T7 —1,

. . o : L
B9 S - VP S BT - VP s S Ll - o
p=LE]r+1 P
0.2 L2 i
< +=L Y Efle? -2,
p=[1]7+1
where A = |A;| for imod 7 = 0 and a = |A;| for i mod 7 # 0. Summing the above inequality over

i1 =0,...,T7 — 1 and dividing it by 7', we obtain

1 Tr—1 O'JQc T 3 Tr—1
L S pi (121 < L i+l iq2
7o 2 ElIVF = Vi@ < — + 5 D Ella™ - 2|

=0 1=0



Based on (3.14]) and batch size settings in Lemma we can further deduce that

- o2 122 27[, ~L
E[[Vf" = Vi < o + —LEGENI7) < Tte + e

Similarly, we obtain from and . that

2 212 A2 A2
Elllér — |2 < & T’}/ 4
le" = eIl < 5 + PRGN < gplaae + e
. o2 72LA 2Ly YL
E[|Ve -V L4 IR €2+ = ¢2.
Ve c(a")]?) < ¢+ Ellg(= P < 252 5Cp¢ T 60p ¢
Hence, from the setting of @1, Q2 and Q3 we derive the conclusion. O

Meanwhile, the output of Algorithm enjoys the following property, which forms the basis to analyze
the optimality of the output of the penalty method in next section.

Corollary 3.3. For any given € > 0 and under the same conditions as Theorem[3.1] there exists X" € R™
such that

E[|Vf(z") + Ve(a")A"||?] < €. (3.16)
Proof. Following the definition of Z" in (3.9), and according to the first-order optimality conditions for (3.9)),
there exists v" € 9||c(z") + Ve(z™) T (2" — z")|| such that
1
V") 4+ pVe(z")v" + ;(Er —z") =0,

which yields that Vf(2") + pVe(z")v" = G(2"). Then by (3.14)) we obtain
E[|Vf(a") + pVe(a")o"|?] = E[IG(z")]*] < €

Hence, with A" = pv" the conclusion can be derived. O

4 Complexity analysis for the penalty method

In this section, we will analyze the oracle complexity of the penalty method, Algorithm for finding a
stochastic e-KKT point of . Let {zx} be generated by Algorithm We first analyze the behavior
of the penalty parameter p during the iteration process. To facilitate subsequent analysis, in addition to
Assumptions we impose another assumption, which is also used in [31].

Assumption 4.1. For any k > 1, the minimum singular values of Ve are uniformly bounded below by
v >0.

Note that this assumption is only required to hold at outer iterates. Under Assumption [} it follows

from (2.3) that R . . .
dy = —up +ovp = -V + VckaVCEka — aVepDyéy, (4.1)

where Dy, = (Ve Vep)™! and || D]l < 1/7%. Recall the definitions of 65 and ¢y, in (2.4). Tt follows from
(4.1) and Assumption that

b = alleel] and or = p1br = V£ di = S [ldi.
Then when ¢ # 0, (2.5)) holds if

) Vi dy + ldl?
k—1 =— N
a(l = Qe
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By the construction of the stochastic estimators in (3.2)-(3.3), we have ||Vfi| < G, |[[Ver| < Le and
léx]] < M, which further implies that

Vi di + %||dk|\2 < (Vir+dp) T dr = (Ver DiVep Vi — aVer Diéy) Tdy
= (DyVe) Vi — aDyéy) Vel di
= az(@ckaék)T@ckaék — a@f,;r@ckaék
<a?|&] Déx| + a|V i VerDyéy|

1 1 R .
SO[(2O[M+ 2GLC>||Ck|| = OLMl”CkH,
1 1

where My = D%aM + D%GLC. Thus, it derives that

VATt glldil® My
al=Qllel ~1-¢ 7

Following the update scheme of the penalty parameter given in ([2.6)), within at most K7 times of update,
where K| = [logﬁ(ﬁﬂ, the penalty parameter will satisfy . Hence, can be satisfied within
K outer iterations during process of Algorithm and then the algorithm terminates.

Let zr denote the output of Algorithm upon termination. Then, holds with £ = R. Note that
g is the output of the inner iteration process in Algorithm when solving with p = pr—1. With
a slight abuse of notation, we denote this inner iteration output by z”, i.e., 2" = xr. We assume that
parameters used in Algorithm are set following Theorem (3.1} Then by Corollary naturally
holds at r. On the other hand, from the iterate update scheme of Algorithm 2"t is computed by

, . . 1 .
"1 .= argmin {(Vf’“)—r(x —z")+ pr1llé” + (VCT)T(:,E —z")| + —27 | — 2" ||2} .
zeR™

The optimality of x"*! implies that
N A 1
(V)T (@™ = a") + proalle” + (V) T @ — 2| + %WH —a"|
& er\ T AT & P\ T 1 2
< (Vf7) (vdr) + pr-illé” + (V") (vdr)l| + %HWRH :

It further derives from 1| with k& = R, @fr = @fR, ¢" = ¢gr and Ve = @CR that

1
Aginr+l 47$r”2

2y
AT > o AT >~ r 1
> praalle’] = (V)T (vdr) = proallé” + (V) T (vdr)|| — Z”’YdRH2 =¢Rr-1

> pr-1C0r = aypr—1(||¢"|.

pr-1llE| = (V)T (@™ —a") = proalé” + (Ve) T —a)|| -

Therefore, we obtain

aypr-1€le"|

AT & er r r AT & T r 1 r r
< praalle”] = (V)T @ = 2") = proallé” + (V) T (@ —a")| - %Hx |

AT = e r r AT = r r r 1 r r
< pralle’] = (V)T @ = 2") = proallé”| 4+ proa (V) T (@ = a")[| - %Hﬂf |

< V2 = 2" + pr—1 | Ve [[lz"F — a"]].

14



For given € > 0, following the same parameter settings as Theorem and taking the expectations on both
sides of above inequality conditioned on pr_1, we obtain that

aypr-1CE[[[&"[[lpr-1] < BV P lor-1])"/? - (B[l = 2"|*|pr-1])"/?
+ pr-1 B[V [Plpra]) !/ - E[ll2" = 27|*pr-1])"/?
< Gve+ pr-1Leye,
where the second inequality comes from Corollary [3.2] and (3.14)). It implies that

G L
Ell|e" < —+ = = Mae.
16 Non-a] < (e + 25 ) = M
Then it can be shown from (3.15)) that
E(lle(")[] < E[le"|] + Ellle(") — &) < (Ma + Q5/%e)e. (4.3)

Notice that if we replace the € in the parameter settings of Theorem with e/(Ms + Q;/ 2), it derives
E[[lc(z")||] < € from (4.3), which together with ensures that =", i.e. xg is a stochastic e-KKT point
of . To summarize, when Algorithm terminates, it outputs a stochastic e-KKT point of .
Recall that Algorithm must terminate within K7 iterations. As a result, the overall oracle complexity of
Algorithm is primarily determined by the complexity of the inner subproblem solver, i.e., Algorithm

We summarize the above analysis to give the following theorem, characterizing the oracle complexity of
Algorithm to reach a stochastic e-KKT point of .

THEOREM 4.1. Suppose that Assumptions hold. Let xg be the output of Algorithm[2.1) with parameter
) A ) 1 ing T .1 ] j — . T )
settings of lgomthmfollowmg heorem except with € being replaced by (LT hen TR is

a stochastic e-KKT point of (1.1). Moreover, the corresponding oracle complexity for the objective gradient,
constraint gradient, and constraint function value evaluations is of order O(e=3), O(e73), and O(e™®),
respectively.

5 Extensions to semi-stochastic, finite-sum and deterministic cases

In this section, we consider to apply the framework in Algorithm [2:I] to solve more variants of problem
, including the semi-stochastic, finite-sum, and deterministic variants. By assuming appropriate values
of oy, oy and o, in Assumptions we can recover the semi-stochastic and deterministic cases directly.
Specifically, if we set 05 = 0. = 0 but allow oy > 0, it turns to a semi-stochastic setting in which the
constraint information is exact while the objective information is noisy. Further imposing o¢ = 0 leads to
the deterministic setting, in which both the objective and constraint information are available exactly. As a
special case of , the finite-sum setting arises when both objective function and constraint functions are
given as the averages of a finite number of component functions.

5.1 Semi-stochastic case

In the semi-stochastic case, the stochasticity arises solely from the objective function, while exact constraint
gradient and constraint function values can be accessed. The analysis for the semi-stochastic case largely
follows that of the fully-stochastic case, while the only adjustment required is to replace all stochastic
information of the constraint with its exact values in Algorithm[3.1] We therefore omit the detailed derivation
and directly present the main results.

Under Assumptions for fixed p > 0 and given € > 0, let v f be computed through —. Let
v:=1/(8(pLy + Ly)) and batch sizes |A;|,i =0,...,T7 — 1 follow the same settings as Lemma Then
in analogy to the analysis in Section [3] it holds that

.130 - C* J,‘O _ (=
166 < 2 (M= 1) milgen < - (B )
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Using the same parameter settings as Theorem we can obtain that the output z” of Algorithm in
semi-stochastic setting satisfies

E[|G(=")]"] < €* and E[||G(z")|°] < €,

with an oracle complexity of order O(p?e~3) regarding evaluations of stochastic objective gradients.
To obtain a stochastic e-KKT point in the semi-stochastic setting, a strong LICQ assumption needs to
be imposed. This constraint qualification has also been used in [2}8}|9].

T

Assumption 5.1. For any k > 1, the singular values of Ve(xy) ' are uniformly bounded below by v > 0.

This assumption corresponds to the deterministic case of Assumption [£.I] Under Assumption [5.1] and
following similar analysis in Section[4] we can guarantee that Algorithm [2.1] with exact constraint information
being used, terminates finitely in the semi-stochastic case and returns a stochastic e-KKT point of .
Accordingly, the total number of stochastic objective gradient evaluations required by Algorithm in
semi-stochastic setting is

TA+Tra=0(") -0 ?)+ 0?2 -0(e ") =0(?),

while the complexities associated with the gradient and function evaluations of the constraints are of the same
order as the inner loop iteration complexity, i.e., O(¢~2). Consequently, the overall oracle complexity regard-
ing stochastic objective gradient evaluations and constraint information evaluations in the semi-stochastic
case is of order O(e~3).

Remark 5.1. This result yields an oracle complexity bound that aligns with that in [32], but without the
need of a nearly feasible initial point.

5.2 Finite-sum case
In the finite-sum setting, we consider the problem formulated as
1 N
min - f(z) =5 Zl f3(@)
J:
1 N

i ¢j(z) =0. (5.1)

Jj=1

st c(x):=

This can be regarded as a special case of problem (1.1]), where £ follows the uniform distribution over a finite
sample set {£1, &2, ..., &} with F(z,¢;) and C(z,&;) being defined as f;(z) and c¢;j(x), respectively. In this
section, we assume that each component function satisfies the following assumption.
Assumption 5.2. For each j = 1,..., N, functions f; and c; have Lipschitz continuous gradients with
constant Lgp and L7), respectively, and function c; is Lipschitz continuous with constant L.

To solve problem ([5.1]), we only need to modify the computation of stochastic approximations in Algorithm
to adjust to the finite-sum structure. In this setting, we adopt a different variance reduction approach

to compute stochastic estimate oracles. AA similar approach with truncation is also used in [35,[38]. More
specifically, we construct the estimators V f*, ¢* and Vc* by

VI =T, (IT1| > (Vi) = VEED) + 9l

JEA;
" 1 i 127 LEj\T (i o |i)r
é :HB(M)(E Z (cj(a:)—cj(a: A7) = Ve (zt=17) " (2t — zl7 ))
tieB; (52)
+ (217 4+ Ve H N T (2 - IL%JT)),
. 1 i Li]r | L]r .
V' =g, (E Z (ch(x ) — Vej(xtr )) + Ve(ats )) for ¢ mod 7 # 0,

JES:
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where A;, B;, S; C{1,...,N} are randomly and independently picked index sets and

N N N
1 i i 1 i S i , _
=% jEZl Vi), é= N jEZl ¢i(z*), Ve'= N JE:l Ve;(z*) for i mod 7 = 0. (5.3)

Combining the nonexpansiveness of the projection operator and [38, Lemma 3], we can bound the ap-
proximation errors associated with these estimators.

LEMMA 5.1. Suppose Assumption holds and @f’, ¢ and V¢t are constructed through —. Then
it holds that
2

. L i
E[IVF = Vi) | o] < e’ —al#7)2,

= Al zl
E [l" = e(@)]| | 2"] < o — 2l 72,

IBI

~ . . . L i
E[||V01—Vc(xl)||2|x’]< Lzt — 2 F7)2 fori=o0,...,Tr 1,

=]

where E[- | 2] denotes conditional expectation with respect to the random indices in A;, B;, and S;, and
N j N j

Ly:= % ijl(Lic)2 and Ly := % ijl(L?])Q.

For the expected generalized gradients at the output of Algorithm [3.1]in the finite-sum setting, we can also
provide upper bounds on the expected generalized gradients at the output. The detailed proof is presented
in Appendix [C]

Pr0p051t10n 5.1. Suppose that Assumptions [1.1} [f.1] and [5.4 hold. For fized p > 0 and given e > 0, let
=1/ (8(pLs + Ly)), 7 = [0.5N'/5 — 1], and the estimates V f*, & and V' in Algomthm be given in

-, with the batch sizes set as
|Ail =a= {2N2/5—‘ . |Bil=b= [4]\[4/5—‘ LISl =s= [2]\[2/5—‘ for i mod T # 0.
Then the output " satisfies

45(@,(a") — C)
Tty

82(8,(29) - C*)
Try '

and E[|6(")] < (5.4)

E [IIG(")]] <

Proposition 5.2. Under Assumptions and[5.9 and the parameter settings in Proposition [5.1] with
0 *

T = max{1, [%] }, the output of Algorithm |(3.1| in the finite-sum setting satisfies

E[|G="))?] <€ and E[|G(a")]?] < €

and the oracle complexity of evaluating the component gradients of f and ¢, as well as the component
constraint function values, is of order O(N + p?> N*/5¢=2).

Proof. By the conditions of this theorem, we have T'= O(14 p>N~1/%¢=2) and 7 = O(N'/%). Consequently,
the number of gradient evaluations of the component objective functions and component constraint functions
are TN + Tta and TN +T'7s, respectively, and both are of order of O(N+p>N*/5¢=2). And the total number
of evaluations of component constraint function values is TN + T'tb which is of order O(N + p?N*/%¢=2).
The proof is completed. O

The following corollary provides the upper bounds on the variance of the estimators constructed using
(5-2)-(5.3) at the output of Algorithm [3.1]in finite-sum setting. The detailed proof is presented in Appendix
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Proposition 5.3. For any given € > 0 and under the same conditions as Proposition it holds that

E[|VS" = VI(2)|*] < Que®, E[|Ve" = Ve(@)|’] < Que®,  E[|¢" — c(a")]] < Que?, (5:5)

2r2 2,2 2
. — Ly LG ALy
with Q4 := max{ 5L, 52, L5521}

In analogy to the analysis presented in Section [ the outer loop of Algorithm in the finite-sum
case terminate within a finite number of iterations, producing a stochastic e-KKT point under Assumption
Leveraging this fact, we can establish the oracle complexity of Algorithm with stochastic oracles
computed through f. The detailed proof is omitted here to avoid unnecessary repetition.

THEOREM 5.1. Suppose that Assumptions[I.1], [[-1 and[5-3 hold. Algorithm[2.)in the finite-sum setting with
the same parameter settings as proposition returns a stochastic e-KKT point of . Moreover, the
associated oracle complexity regarding the evaluation of component objective gradients, component constraint
gradients, and component constraint function values is of order O(N + N4/5e_2).

5.3 Deterministic case

In the deterministic setting, all the exact function information is available. And the update rule (3.1]) turns
to

ot = arguin { V7)o~ 1) + plle(a”) + Tela') (o~ 2] + -l — |

x

And meanwhile, the proof of Lemma [3.3] corresponding to the deterministic case can be significantly simpli-
fied. It can be derived from (3.12)) that

_ . 1 . _
B() < Byl - (5 (oL + L)) [~ .

2y
Summing the above inequalities over ¢ = 0,...,T7 — 1, we have
B Tr—1 ~y Tr—1 ~ o
IG@™) 1 > (5 =7 (pLs+Ly) < > (3 =7 (pLs + LG ()]
i=0 i=0

< <I>p(x0) — qu(xTT) < @,,(J;O) - C*,

where 270 € {2'},_0,. 7-—1 is chosen such that 7y = argmin, [|G(2")||?. Given that v := 1/ (8(pLs + Ly)),
we have T —~%(pL; + Ly) > %, implying that

a2 < 4B = C7)
I

Therefore, to achieve ||G(2")| < € for a given € > 0, it suffices to require the total number of iterations
T = O(p*e2), thus the iteration complexity of Algorithm in deterministic setting is of order O(p?e=2).
Unlike Section[d] in the deterministic setting exact information of both objective and constraints are available,
allowing a direct derivation of the finite termination of the outer iterations based on the corresponding
argument. Moreover, the reasoning in Theorem extends naturally to the deterministic case, proving
that under and Assumption the final output xr of Algorithm in deterministic setting is an
e-KKT point of . Consequently, Algorithm in the deterministic setting can find an e-KKT point
with iteration complexity of order O(e~2), which matches the best-known result for deterministic nonconvex
constrained optimization [6}8,/10L30].
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6 Numerical Results

In this section, we consider a constrained binary classification problem [31], where the objective is to mini-
mize the logistic loss function subject to an expected linear equality constraint together with an additional
spherical constraint, formulated as

N
1

st. E[Az —a] =0, |z|3=1.

Here, X; € R™, i € [N] denote the feature vectors and y; € {—1,1}, ¢ € [N] are corresponding labels with
[N] = {1,...,N}. The random matrix A € R°X" is generated based on a fixed baseline matrix Ay, where

each element at ith row and jth column of A satisfies A7) ~ N(A(()i’j), ?) with A(()i’j) ~ N (1,100) for
any (i,j) € [10] x [n]. Similarly, the random vector a € RY is drawn from N (ag, 1072I), with ay being a
fixed baseline vector whose elements are independently follow the distribution of A'(1,100). In practice, the
expectation in the constraint is approximated by a sample-average over 1000 independent samples of (A, a)
generated from the above distributions. We test this problem on the bank-marketing dataset from the UCI
repository [13] with n = 81 and the loan dataset from LendingClub with n = 250 used in [20], where the
feature vectors X and corresponding labels y are taken from these datasets, comparing the performance
of the three algorithms TStoM [7], Stoc-IALM [20] and the extension of Algorithm 2 in [I, Section 4.1]
(shortened as SLQPM below).

For both datasets, we initialize z; € R™ as a standard Gaussian vector rescaled to satisfy ||| = 0.01.
For the bank-marketing dataset, we set the maximum number of samples to 2 x 10* and py = 1, 8 = 1.2,
a=0.38, ¢ =0.38, v =0.001 for Algorithm Figure [I] presents the performances of Algorithm in
comparison with three other algorithms on the bank-marketing dataset. Note that all reported results
are averaged over 5 independent runs of each algorithm, and the solid lines depict the mean values, while
the shadow area indicates the standard deviation. It can be observed that Algorithm outperforms the
other algorithms in terms of objective function reduction, achieving a faster and more pronounced decrease.
Regarding constraint violation, all four algorithms exhibit similar performance, but TStoM shows slightly
better results. For the KKT-residual, Algorithm demonstrates a clear advantage over the other methods.
These results suggest that Algorithm[2.I] performs favorably compared with the other algorithms on the bank-
marketing dataset. We then run Algorithm with the same parameter settings as before, and compare
the performance on the loan dataset, as shown in Figure[2] The results in Figure [2] indicate that Algorithm
shows a marked advantage with respect to objective function reduction and KKT residual, while in terms
of constraint violation all algorithms behave similarly, with T'StoM slightly ahead of Algorithm It is
noteworthy that, in our experiments, Algorithm maintains stable performance even when its parameters
are adjusted, while the competing methods exhibit greater sensitivity to such changes. Furthermore, when
applied to a different dataset with identical parameter settings, Algorithm [2:1] exhibits robust performance,
indicating its general applicability.

7 Conclusion

In this work we focus on nonconvex stochastic equality-constrained optimization. We begin by studying
problems where both the objective and constraint functions are in general expectation forms and propose
an exact penalty algorithm. In each iteration, the penalty parameter is adaptively updated, followed by the
application of a truncated stochastic prox-linear algorithm to solve the corresponding penalized subproblem.
Under certain constraint qualification assumptions, we analyze the oracle complexity of the subproblem algo-
rithm. We also prove the exactness of the penalty method, ensuring the finite termination of the method, and
establish the oracle complexity bounds regarding the stochastic gradient evaluations of both the objective and
constraint functions, as well as the evaluations of the stochastic constraint function values, respectively. Fur-
thermore, we propose variant of methods to apply for stochastic equality-constrained optimization problems
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Figure 2: Comparison of Algorithm 2.1 TStoM, Stoc-iIALM and SLQPM on the loan dataset

in semi-stochastic and finite-sum settings and for deterministic equality-constrained optimization, respec-
tively. For each case, we present the corresponding oracle complexity analysis. Finally, we provide numerical
results on a benchmark test problem to illustrate the performance of the proposed method.

Appendix

A Exactness of penalization

In this appendix, let us consider a variant of Algorithm [2.1]in the deterministic setting, where each subprob-

lem is solved exactly, namely
x € argmin®,, , (x). (A1)

With a little abuse of notations, we still use ¢, and 6, with definitions given by (2.4) based on exact
information of the objective and constraints. When ¢y > pr_1(0y, the algorithm terminates and returns zy;
otherwise, we update the penalty parameter through

. V (k) Tdr + 5 l|d?
= 1, Pk— th pp_q1 = 2 d 1
pr = max{fpx_1,pr—1} Wi Pk—1 ol = O]l and 8> 1,

where
dp = —up + avg

with o € (0,1), ug, := Vf(zx) — (Ve(zr) ") Ve(ar) TV f(zr) and vy = —(Ve(zr) T)Te(zy).

In the following, we will verify that the above iteration process terminates in a finite number of iterations,
and returns a KKT point of , provided that singular values of Ve¢(xy)" for all k > 1 are uniformly
bounded below by v > 0. More specifically, under above assumption we can guarantee that Ve(zy) " Ve(xy,)
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is positive definite and Dy, := (Ve(xr) T Ve(zy)) ™! satisfies || Dy|| < 1/v2. Recall that when c(xy) = 0, v, = 0
and (2.5) holds naturally. When c(x) # 0, (2.5) holds whenever

V() dr + 5 di)|?
a(l = Qe

Then it follows from the definition of d; and Assumption as well as (1.2)) that

Pk—1 =

VI (@) " di + %Hdkﬂ2 < (V) +die) Tdi = (Ve(en) ) Ve(ar) TV f (@) — a(Ve(ar) ") e(zr)) " dy
= (Ve(wr) DiVe(z) 'V f(ar) — aVe(ay) Dye(y)) T dy,
= (DypVelxy) 'V f(xr) — aDgc(zy)) T Ve(xg) T dy,
=a?(Ve(xp)Die(xy)) T Ve(ay) Dre(ar) — oV f(zx) T Ve(zy) Dre(zy)
<a?|e(zy) " Dre(xp)| + | Vf(zr) T Ve(zy) Die(xy))

1 1
Sa(zaM + 5 GLe)e(zr)] = abe(zw)ll,
where the fourth equality is due to Vc(avk)—ru;C = 0. It follows that ¢ > pr_1(0 is satisfied if py_1 is greater
than f‘f R and then the algorithm terminates with output z;. Then we can prove that the equivalence between
the KKT points of problem (12.1]) and that of (|1.1)) in the deterministic setting, stated in the following lemma,

indicating the exactness of the penalty method.

THEOREM A.1l. Suppose that Assumptions and (1.2) hold. If pp—1 > 1]\:[—2, xk, defined by (A.1)), is
also a KKT point of problem .

Proof. From the optimality condition for (A.1)), there exists wy € 9||c(z)|| such that
Vf(:z:k) + pk_1Vc(xk)wk =0, (AQ)

and
. 1
0 = argun { V1) 0+ pucalletan) +9Velan)d] + oLl |

According to the definition of ¢, we have

. 1
1 < sl = min {7705+ pualean) + Velin) sl + s =o.

As discussed above, if pr_1 > 1Mflg, we have ¢y, > pr—1(0, implying c(zx) = 0, thus zy, is a feasible point of
(1.1). Hence, with A\, = px_1wy and by (A.2)), z; is a KKT point of (1.1)). O

B Proofs for Section 3

In this appendix, we give the detailed proofs of Lemma Lemma [3.3] and Lemma

Proof of Lemma[3.3 For notational convenience, we define
H(z;a') = plle(a’) + Ve(a') T (z —a')|| and  H(w;a') = pllé’ + (V') T (2 — )|
for i =0,...,T7 — 1. It follows from the convexity of the function || - ||z that functions

. . , 1 , . . , A 1 4
H(z;z') + V(') (@ —a')+ gllx —a'|?* and H(z;2") + (V) (x —2') + lew —')?
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are %—strongly convex. Given that Z’ and z**! are minimizers of above two functions, respectively, it holds
that

H(z2") + Vf) (@ —a') + g”fl — 2| < H@" 2 + Vi) @ — o) + —[la T — 2

2y
1 . )
- 5|W“ - Z|?,

and

(o i & i i i Lo i (i i & einT (=i i Loi i
H(z"™ah) + (V) (@™ —af) + et = 2| < H(z%2') + (V) (2 —x)+ﬂ”$ —a'|?

2y

_ 7“5_61 _ xi+1||2'

2y
Summing the two inequalities above and rearranging terms leads to
%W Y2 < H@Y 2 + V@) T (@ - o) — Bt at) — (V)T (@ — o)
+ H(z2") + (V)T (@' —a') — H(z"2') - V(') (@ — ). (B.1)
Note that it follows from the Lipschitz continuity of || - | and Young’s inequality that
H(@*0%) = H(@™5ah)| = p[lle(@’) + Ve(a) T (@ =2 = ¢ + (Ve) T (@ = )|

< plleta’) — & + (Ve(a') = Ve') T (@1 = a)|

. ”xiJrl

< plle(@’) = &+ p | Ve(a') - Ve — 2|

i ~i 1 i & i Ly, i
<pllle@”) =& + s—=[Ve(a') = Ve |2 + == |lz" ™ — 2|2 ) .
2L, 2

Similarly, we can also obtain

H(i‘l,xl) — f[(iz, )

A L —1 7
Sp(nc — @)+ 5|9 - Vel P + Lz —x||2).

On the other hand, Young’s inequality implies

Vi) (@ —a') = (V)T (@ o)

(VF@) = V)T -
S IV = VIR + 1

and

VI (@ - ) = (V7 (@ -0 VS - T+

Plugging above relations into (B.1]) derives

1 =1 7 Al 7 1 = i 7 1 v ] 7
—[l7° = 2P <p(21¢" = c(@)]| + — Ve = Ve@@)|? ) + — IV = V)]
o L, Ly

L +L . ) .
+ P22 (17— 2|2 + [l — 2?). (B.2)

Combining (B.2)) with the fact that ||a + 0|2 < 2||a||? + 2/|b]|?, we have

1o e 20 a2
—ll7" = 2| < Sl - a2t 4 21 - 2
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2, i i i 1 & i 2 e i i
< et —at? 4 2p (2||c ()] + - 1IVe —Vc<x>||2) + o IVE = ViE)?
Y J f

+(pLy+ L) (17" = a'||* + [+ = 2"|?), (B.3)

which gives
1 —1 7012
o (pLy+Ly) | [|7" — ']
2 ; i i i 1 & i 2 & i
< (24 0Lo+ 1)) 10 =2 420 (206 el + - I9 = Tela)?) + ZITS = T7
It follows from definitions of G and G in (3.8 that
(v =2*(pLs + Ly)) [|G(=)]|
iy |2 i i 1 & i 2 0 i
< (2y+7%(pLs+ Ly)) [|G(=Y)|” +2p <2||C —c(")| + E||V0 — Ve(z )||2> + ff\lvf — V"),

which yields (3.10)). It is also worth noting that, while (B.3)) focuses on bounding ||z¢ — x%||?, a similar bound
can be derived for ||#'T1 — z¢||?, namely,

1, ., .2 T
“lla™ =2t < Sl = 2P+ 27 -
g

2. |2 i i 1 & i 2 & i
< 2l oI+ 20 (206 - el + 1T = Vel@)I) + TS = T7
Y J f

+(pLy + Ly)([lz* = '|* + [ = 2]]?),
which leads to (3.11) directly. This proof is completed. O

The following is the proof of Lemma [3.3
Proof of Lemma |3.5 By the Lipschitz continuity of Vc and V f, we have
le@)]| < lle(y) + Vely) (@ = )l + lle(z) = e(y) = Vely) " (z = y)|
< llely) + Vel) (@~ )l + L fle — g,
and

£@) < f0) + V) (@ =) + Ll -yl

Referring to the definition of ®, in (2.1)) leads to

(I)p(xiJrl)
. . . . . . . . L L . .
< JG) + VAT @ 0+ plletat) + Ve(a) T — o) + LR ED g
A . . . ~A . ) 1 . . 1 L L . .
_ (sz)T(szrl o xz) +p||él + (vcz)T(szrl . .TZ)H + 7||:L,z+1 . xz”Q o < o (P J+ f)> ||$z+1 o 1,2“2
27y 2y 2
+plle(a?) + Ve(@') " (@ = a')|| = pllé* + Ve(a') T (2" —a')|
Zy
+pllé" + Ve(@) T (@ —at)| = pllé + (V') T (@™ — )|
Za
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+ f(@) + (V@) = (V) T —ah). (B.4)

Zs

By optimality conditions for (3.1]), we have
2 i i i i & i i i Lo i ~i
(V)T @™ =at) + pllé + (Ve) T (@ —at)|| + ng =2t < plle-

Plugging this inequality into (B.4]) gives

i i 1 L;+L i
0yt < plel] - (5 - LELEED Y aivt P 4 ptaty 4 214 22+ 2
i i 1 (pLJ+L ) i i At i
= 1)+ ol = (5 = PELTEDY a4 24 20k 2 1] )
. 1 (pLy+L . ) .
= oy(0) - (5 - PRI ot 2k Zak Zack (1] - e (B5)

Note that it is easy to obtain

Zy < plle" = e,

Zs < pl|(Ve' = Ve(@)T (@ — o) Ve(@)| - |l — ot

N . L . X
< o Ve = Velah|? 4 57 ! — o,
Ty < —— IV F(a) — (VFO)]? + 2Lt — o2
- 2L 2 )

Substituting these bounds into (B.5)) yields

; ; L L X . . , 1 ) A
(o) < 0 (0") — (0 = LR ottt = a2l — e + I () - (V1P

L . . ~ , L . .
+ G = 2P G Ve = V()| + F5E e — ot

. 1 _ . _ . 1 . .
— B, (o) - (27 oLy + Lf>) o1 =P + 2016 = (o) + IV F) = (91

ch ~ve@)|’

*tar,
After substituting G(z*) = —%(m”l — %), we derive the desired result. O
Building on the above analysis, we now prove Lemma [3.4]

Proof of Lemma[34. Due to the structure of Algorithm we first focus on ¢ = 0,...,7 — 1 and then
extend to the whole iteration process. Specifically, we set

|Ao| = A, [Bo| = B, [So| =

and
Al =a, |Bi|=b, |Si|=s, fori=1,...,7—1.

It follows from ({3.2]), Assumptions and the nonexpansiveness of the projection operator that

[\.’)

m\w

(VSO — V()] < If Ef¢” — (2% < C» E[|[Ve” — Ve(@)|*] <
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Note that from Lemma and Young’s inequality we can obtain

Efl¢’ = c(=")l] < VE[lle" — e(a?)]?]

L2
<2 4 [ ZENE[Jar - ar-1)?]

B b =
5 L2 <
ZEHQUP oPHP foralli=1,...,7—1,
\F 26
where § = %. Then taking expectations on both sides of (3 and applying (3.4) and ( . yield
E[®,(z"+1)]
i 1 i i i i
< B8, - (5 - (oL -+ L)) Blla™ — 2]+ 2]} - (o))
1 2 g
+fE[IIVf — V)| ]+7E[IIVC — Ve(@)|?]
< BB, — (2 = (pLy + Lp) ) Ella* — ai|P) + 2222 4 g 4 Le imnwp—xp*u?]
- r 2y / f VB bé
p=1
o3 L L <
L p p—1 pa, pLg p_ p—1)2
+2L T+ ZEHw — PP+ 7.5 2 ;E[Ilw P~ |7
; 1 ; - 2p0 o7 po?
=E[® ()] — | — — (pL L) ENz T — 2412 c f J S
@ (") (27 (oL + L) ) Blla™* =o'+ 22 4 ST BT
pLz pLJ 1
E[||z? — 2P~ B.
(M )Z la? — 21| (B

Recall from (3.10) and 1 — 4y(pLy + Ly) > 0 that

T ElG P

< (v = 22(pLs + Ly)) E[IG()|?

< (24 Ly + Ly) ) Bl — 2] + 20 (2E[)6 — e(a) ] + —E[Ve — V()|
0% Ly

+ ZEOF - Vi)
f

POc

<(2+<pLJ+Lf))EHx”l—xi||21+4 ) 2’)L3imnx1’—xﬂnz1
~\7 VB bd £

202 2L 2 20L
ot fZEHw” o) 4 2070 ’”ZEHP 2|

LA L5 " i
2 ) ) L2 2L 20L
- (7+<pLJ+Lf>) Eflle+ - o] ( e 4 2L 2 J)pr #1?)
dpo.  20%  2po>
i A + 2p0. (B.7)

VB LA L,S
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: —2y(pLy+L o :
Given that 1 —4v(pL; 4+ Ly) > 0, we have §¢ < § - Wm < 1. Then multiplying both sides of
1 1-2v(pL;+Ly) _. .
N e I ES N - ylelds

e 201 (12] < 1 (pLs+Ly) i+l g2 2pL3 2Ly | 2pL, p_ p—1y2
N0 < (5 - LR ED Y il - i)+ (255 + 2 4 2210 S pffar - ot

p=1
4po. 201% n 2pc3
VB LA L,S

+ 2p0.

Adding the above inequality to (B.6|) gives

LRGP < B[R] - B (2,(e)] - (5 - L) ot -t

‘ 6p0.  5po2 50
)ZEpr_xPlRH Pe L 2091 4 1 1355 (B.S)
p=1

5 2a T2

3pL? 5L; 5pLy
S \/E 2LJS 2LfA

for any ¢ = 1,...,7 — 1. Note that (B.8) works for i = 0 as well, through direct calculations. Then by
summing (B.8) over i =0,...,7 — 1, we obtain

T—1 2 2
Y AN 0 - 6po. , 5pos  50%
L < _
21 2 BUIGEII] < B2,)] - B2, >}+< %t ar,s tar At )T

1 ?;TpL2 5tLy  5TpLy T _1112
N c _ _ E 2P — 2P )
<8'y bé 2a 2s pz::l [Ila? —2"~|F]

€2

. . 507 36p%0> 5003 72y7pL?
With the parameter settings 6 = £, A = ﬁ, B==>=E% 5= %, a = 607yLy, b = === and

s = 607vypL s, it holds that

2 2 502
1 3rpL; 57Ly 57pLy ~0 and 6po.  bpo: n ¥

— 3pd < 4é>.
8 b 24 25 - VB Tar,s Tapa TS

This leads to .
= S E[IG)]) < E[@,(°)] — E[®,(a7)] + 478
1=0

Due to the structure of the algorithm we can easily extend above inequality to

Tr—1

o O EllG@))|?] < E [8,(a")] —E [8,(c"7)] + 477
1=0

Then dividing this inequality by 7'r and using ®,(z77) = f(277) + pllc(zT7)|| > C*, we derive

Tr—1

1 o 24 (D, (2% —CF
7 2 EIE < 5 (B a2

Then since z" is randomly chosen from {z'};—¢ . 7,_1, we derive the first conclusion in (3.13).
On the other hand, according to (B.€]), we know that for any i =0,...,7 — 1,

2p0, o2 o?
pc+p,]+ f

VB | 2L,S 2LfA+p§

E[@, ()] < E[®, ()] - (; (oL + Lf>) Efllz — 272 +
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pLZ pLJ 1
E[||zP P
+(b5 oL+ )}j (2" = 2”2,

Rearranging the terms in the above inequality gives

(417 (oL + Lf>) Efllz — 27]?)

) , 1 . . 2p0 po? 2
< E[® N — E[® i+1 _ __F i+l i)2 c J 5
< E[0, (o)) ~ B0, ()] - LBl — a7+ T+ S+ op
pL? PLJ 1
(G g ZEuxp—mp ).
Summing up the above inequality over i =0,...,7 — 1 gives

1 )
i+1 z 2
<4’y pLJ+Lf) E E[||x 1]

1=0

. 1 Tpl? 1L TpL ; — i i
< Bl ()] - Bl ()] - (- - T - G - T ) S mlla - o)

+ 2pac+p03+ i + pé
VB 2L,8 Taer, AT

. . . . 2 503 _ 36p%c2 _ Bpo? .
With the aforementioned parameter settings, i.e. § = o A= ST e B==5=, 5= 5,27, 0 = 607vLy,
b= 72%@5, and s = 607vpL s, we have
1 TpL? TtLy TpLy -0 q 2po, po? + UJQc 4 08 < 42
—_ - - = an €.
4y b 20 25 VB 20,8 T2rAT P
Since I' = 2 —v(pL; + Ly) > 0, it gives
T—1
Py Y E[IG@)|°] < E[@,(2°)] — E[®,(a7)] + 47,
Then considering ¢ =0,...,T7 — 1, we derive
Tr—1
1 1 [(®,(z%) —C*
— E — L 48 .
pr 2 BIGEI < o (R
We thus obtain the second conclusion in (3.13)). O

C Proofs for Subsection 5.2

In this appendix, we provide detailed proofs of Proposition [5.1] and Proposition [5.3]

Proof of Proposition[5.1 To simplify the convergence analysis, we adopt the following notations:

Al = |Aj ooyl = a, Bl = 1Bjsa—nyrl =b, [SI|=1Sjs-1)r] = s
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forj=1,....,7t—Lit=1,...,T. We also define

o] = T () = E[R, () + #47)

forj:0,...,7—1;t:1,...7T,Wheregf ::%(xo—xt)andn] is defined as
i g 1 S

T_—0 J— it 142 L.

K , R K < +T>+5a+3\/5+5

By taking expectations on both sides of (3.12]) and applying Lemma we obtain
E[®,(z]")]

<E[®,(a])] - (21v —(pLs + Lf)) Eflla?™ — 2] )1%] + 20E[|&] — c(2])I]

1 . A o )
+ o BV ~ VAP + 5Bl — VeI

— 81, (eD)] - (5~ (oL + L) ) BT =]+ (5 + 252 + 52 ) Bl — o)

for j =0,...,7—1and t = 1,...,T. By the definition of §/ and G(z]) := (a) — 2J™"), we have g/ =

Zi;é G (7). Moreover, it holds that

1
v

Bllg? 2] = Ellg! + 9@HIP < (1+ 1 ) BlIgIP + (L + DENGEDIPL

Hence, we obtain
E[®,(x{™) + /|6 )]
J
t

< E[@,(2])] — (3 —72(pLy + Ly) = w77 1+r>)E||g

2L L L 1
+(7 f+7PJ+7PJ+J+11+ >]E
=

2a NG
<E® () — (Y _ iti(q 1 i+ D\ Emaz. ca
< B, )] - (-0 0+ ) BIGEDI + (T (55 + 5 +35) + 0+ D) B (©)
where the last inequality follows from 1 — 4y(pL; + Ly) > 0 by the definition of v. Recall from and
Lemma [5.1] that
(v = %Ly + L)) ENG ()]
< (2 +2(0Ly + L) BIGDIP] + 20 (281 - el + 7NV — Vet

—E[IVf] = V)]

< (v 4200y + L) BIGEDI + ( 2+ 2220 1 2220 ) i - af P

With 1 —4y(pL; + Ly) > 0, we have

E%E G112 < %]E[HQ(J:{)H J+2y? (L +% p?) Ellgt )
< Dalighir+ 3 (2 + 5+ 1) mgin
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Multiplying both sides of above 1nequahty by & 5 (3 — k?TY(1 4 7)), which is positive due to the settings of

7, a, b and s, and adding it to , we have

1 ~j4+1
E[@,(] ™) + w3717

SE[@p<xi>]+(1+3\}+”+w1<1+ >) BIg1 - 5 (3 - w04 n) E [I6EDI?]

Then it gives

3 (3=t ) E[166DIP] < () - w ().

. o . 1
Denoting w := ming<;j<-—1 3(3
we can obtain

k911 + 7)) and summing up the above inequality over j from 0 to 7 — 1,

T—1
w S E[IGENIP] < () - W, (a7) = B, (a) — @, (a), (C2)
§=0
where the equality is due to that g = 0 and k™ = 0. Recalling the definition of k7, we know that
. . 1 1 1 1
I+ Z=wWT4+2)(1+= here Z=7y(—+—+ — .
K+ (K7 + )(—1—7_ , where Ty 5a+3\/l;+55
It further implies that
) 1 T—3 1 T
W=k +2) (14> —Z<Z(14=) —Z<Ze—Z=2Z(e—1), (C.3)
T T

where the first equality is obtained by recursively expanding the given recurrence relation, starting from the
terminal condition k7 = 0, and the last inequality comes from (1 + 1/7)7 < e. Hence, we have

w = min 1<7 J+1(1+T)>

0<j<r—13
>;(4—Z(e—1)(1+7))=§<i—7<; 3\1[ 1)(6—1)(1+T)>

A 1 1 1
=== 2(1 .
G- Graars) o)
= [4N*/5], and s = [2N?/%], it holds that

With the parameter settings 7 = [ANY/5 — 1], a = [2N%/°], b
w > z£. Then making a summation of (C.2) over ¢t = 1,...,7T and dividing it by 7’7 derives

Similarly, recall from and Lemma [5.1] that
(v = 22(pLs + L) E[IG ()
< (2 +2(0Ls + L) BIGEDIP] + 20 (281l - )] + 7NV ~ Vet

=E[[Vf = V(@)

< (v 4200y + L) BIGEDI + ( 2+ 2220 1 2220 ) i - af P
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It follows from 1 —4~(pLy + Ly) > 0 that

e [lgteF] < LG +207 (2 + 222+ 220 g

< ZEnohIP+ 3 (5 + 75 + 3 ) Bl

Multiplying both sides of above inequality by % and adding it to 1) yields
IE[‘Pp(xfﬂ)Jrﬁ”“ll”“ll ]
<E@ ]+ (2 + 2+ L+ w1+ 2) ) RGP + JE (166 1P]
> p\ Ly 5a 3\[ t 1 i
_ (Y _ 2
(3= <1+r>)E[ug<xt>n}.

Then it gives
(%_Ewu1+ﬂ>ENg@QW]g@A@)—@Aﬁ*U+%ED@@@W]

Denoting @ := ming<j<,—1(% — x/ (1 + 7)) and summing up the above inequality over j from 0 to 7 — 1,

we can obtain

wiﬁ[ng(acw]s%(x?) }i E 19t

=0
-1

*\ b

= ,(af) = 0p(a]) + 1 S E (G2, (C.4)

Mq

0

where the equality is due to the fact that §0 = 0 and k™ = 0. It is easy to know from (C.3) that

w= min (% — /T + 7))

0<j<r—1
2g_2(6_1)(1”)_7(;—T<51a+3\1/6+518> (6—1)(1+7)>
27(;—<;+3\1[ 1)2(1+T)>

With the parameter settings 7 = [ Nl/5 - 1], a = f2N2/5], b= [4N*/5], and s = [2N?/5], it holds that
o> 3"’ Then making a summation of over t =1,...,T, and dividing it by T, we derive

= S(29) — D, (a7)  A5(D,(2Y) — C*) _ 82(®,(29) — C*
7 2 2B 106l < ”m”)+ e < =)

t=1 j=0
In summary, since =" is randomly chosen from {xt }j 0’ T ! and noting that 2{ = 2, we obtain 1) This
finishes the proof. O
Proof of Proposition[5.3 Using the same notations as in the proof of Proposition we can derive

j—1
SJ'Z G (=)
p=0

-1

Z

=0

ql* =
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Taking the expectation of both sides in the above inequality and sum-averaging over the T'7 iterations yields

T 7-1 T 7— - T 71
1 . 1
LS S we T*zz S EliEnI = L S EilsEi 3 g
t=1 j=0 t=1 j=0 p=0 t 1 p=0 Jj=p+1
T 7—1
1 T(r—1)
< — MI1F - —=.
< 77 2 2 OG- T

Together with the parameter settings in Proposition [5.1] it follows from Lemmal5.1] and Proposition [5.2] that

X ;] Tt ‘ 2L2 ; Tl 2L2
E[|Vf =V f(=")]? ﬁZZE IV = Vi) < ZZE 157
t=1 j=0 t 1 5=0
1 T 7—1 ~ L T 7—1
J
Eflle” = c(2") szzﬁ e} — e(a)ll] < 7 Tr ZZEII e,
t=1 j=0 2 t=1 =0
T 7—1 T 7—1
=& T r 1 ’YQLQ ’7 L
B|Ver = Ve(a) ] = = 30 S EIIVe - Ve)|F < T ZZ <TZie,
t=1 =0 t=1 =0
which derives (5.5)). O
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