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Abstract

In this paper, we study a penalty method for stochastic equality-constrained optimization, where both
the objective and constraints are expressed in general expectation form. We introduce a novel adaptive
strategy for updating the penalty parameter, guided by iteration progress to balance reductions in the
penalty function with improvements in constraint violation, while each penalty subproblem is approxi-
mately solved using a truncated stochastic prox-linear algorithm. Under certain conditions, the proposed
penalty method terminates after finitely many iterations, rendering its exactness: an approximate sta-
tionary point of the penalty function corresponds to an approximate KKT point of the original problem.
We establish oracle complexity for finding a stochastic ϵ-KKT point, requiring O(ϵ−3) stochastic gradi-
ent evaluations for the objective and constraints, along with O(ϵ−5) stochastic function evaluations for
the constraints. We further develop variants for problems with stochastic objective and deterministic
constraints and for problems with finite-sum objective and constraints, each with matching complexity
analyses. Finally, we report numerical results demonstrating the proposed method’s performance on a
test problem.

1 Introduction

In this paper we consider the nonconvex constrained optimization problem

min
x∈Rn

f(x) := Eξ[F (x; ξ)]

s.t. c(x) := Eξ[C(x; ξ)] = 0,
(1.1)

where ξ is a random variable in the probability space Ξ and independent of x, and Eξ refers to the expectation
taken with respect to ξ. Here F : Rn × Ξ → R and C : Rn × Ξ → Rm are continuously differentiable with
respect to x but possibly nonconvex. Throughout the paper, we assume that the feasible set of (1.1) is
nonempty. Problem (1.1) arises in many application areas, such as optimal control [3], fairness-constrained
optimization problems [11], PDE-constrained optimization [16,29] and chance constrained programs [24,28].

Problems as (1.1) but with deterministic constraints, also known as semi-stochastic problems, have been
studied in recent years. In this context, stochastic sequential quadratic programming (SQP) algorithms have
attracted increasing attention as an effective approach for such problems. Berahas et al. [2] introduce a
stochastic SQP algorithm that uses Lipschitz constants (or their estimates in practice) for stepsize selection,
and establish convergence in expectation under standard assumptions. In [9], Curtis et al. investigate an
adaptive stochastic SQP algorithm for nonlinear problems with equality and inequality constraints, proving
its convergence in expectation. Na et al. [25] propose a stochastic SQP (StoSQP) framework that minimizes
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a differentiable exact augmented Lagrangian (AL) function and incorporates either a fixed or stochastic line
search for stepsize selection. Almost sure convergence is established for both non-adaptive and adaptive vari-
ants. In a subsequent work [26], the authors propose a fully online StoSQP method for statistical inference in
nonlinearly constrained stochastic optimization problems, establishing an almost sure convergence rate and
iteration complexity. A worst-case complexity bound for such problems is established by Curtis et al. [8].
In addition, several works [14,15] have investigated trust-region-based SQP methods for solving constrained
stochastic optimization problems. Another related class of approaches are proximal point methods by Boob
et al. [4,5] for inequality-constrained optimization. Their main idea is to transform the original problem into a
sequence of convex subproblems with proximal terms. Boob et al. [4] present an inexact constrained proximal
point framework that incorporates a novel constraint extrapolation (ConEx) method for solving each convex
subproblem. For semi-stochastic problems, they establish a complexity of O(ϵ−4) under the strong feasibility
condition. In [5], a level constrained stochastic proximal gradient method is proposed, with an increasing
constraint level scheme that guarantees the subproblem feasibility. Under the Mangasarian-Fromovitz con-
straint qualification (MFCQ), the algorithm achieves an O(ϵ−4) oracle complexity for computing an ϵ-KKT
point in semi-stochastic case.

Meanwhile, penalty methods provide an alternative strategy for semi-stochastic problems and have been
extensively studied in recent literature. Wang et al. [34] present a penalty framework in which an ℓ2 penalty
function is approximately minimized at each iteration using only stochastic first-order or zeroth-order in-
formation. They provide worst-case guarantees on the oracle complexity required to reach an ϵ-stochastic
critical point. A stochastic primal-dual (SPD) method is proposed by Jin and Wang [18] to address non-
convex optimization problems with a large number of inequality constraints. SPD updates variables by
minimizing a linearized AL function constructed from stochastic gradients of the objective and partial in-
formation from a randomly chosen subset of constraints, reducing the per-iteration cost. Subsequently, they
introduce a stochastic nested primal-dual (STEP) method [19] targeting constrained optimization problems
with objective functions formed by two expectation terms. Under a nonsingularity condition, they investi-
gate the iteration and oracle complexities of STEP to reach an ϵ-stationary point. Based on the linearized
AL function, Shi et al. [32] adopt a recursive momentum technique to design a stochastic algorithm that
achieves oracle complexities of O(ϵ−4) for reaching both ϵ-stationary and ϵ-KKT points. The complexities
can be further improved to O(ϵ−3) if the initial point is approximately feasible. Subsequently, Lu et al. [23]
propose a stochastic first-order method with truncated recursive momentum, achieving a similar complexity
of Õ(ϵ−3) when using increasing penalty parameters, while the feasibility is guaranteed in the deterministic
sense rather than in expectation. In [1], Alacaoglu and Wright employ variance reduction techniques and
obtain a complexity bound of Õ(ϵ−4) in semi-stochastic case. Notably, in both [23] and [1], the logarith-
mic factors in the complexity bounds can be removed by an appropriate parameter choice depending on
the maximum iteration number, which requires a near-feasible initial point. The aforementioned methods
typically require overly large penalty parameters which may bring practical issues. In [33], Wang analyzes
inexact cubic-regularized primal-dual methods for finding second-order stationary points and establishes the
corresponding complexity bounds. Recent work by Zuo et al. [39] proposes a single-loop adaptive stochas-
tic linearized AL method, which updates penalty parameters dynamically according to the behavior of the
iterates. By leveraging a recursive momentum strategy and clipped stochastic gradients to reduce variance,
a high-probability oracle complexity analysis for attaining an ϵ-KKT point is established.

In recent years, there are several works for problem with both objective and constraints being stochastic,
i.e. (1.1), also known as fully-stochastic problems. The approach in [4] for fully-stochastic inequality-
constrained problems also employs an inexact constrained proximal point method with ConEx (ICPPC).
Under the strong feasibility assumption, its oracle complexity of order O(ϵ−6) for obtaining an approximate
KKT point is established. Additionally, a stochastic SQP method [31] is proposed, enriching the existing
framework for handling such problems. Under a strong LICQ condition, the method achieves an oracle
complexity of order O(ϵ−8) for stationarity and O(ϵ−4) for feasibility. Li et al. [20] build upon the stan-
dard inexact AL method framework and propose stochastic inexact AL methods (Stoc-iALM) by integrating
momentum-based variance-reduced proximal stochastic gradient techniques within their subroutines. The
sample complexity in [20] is established as order O(ϵ−5) for finding an ϵ-KKT point under a certain non-
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singularity (NSC) condition. Another recent work [1] develops single-loop momentum-based algorithms for
such problems. In particular, this approach attains a sample complexity of Õ(ϵ−5) to find a point satisfying
ϵ-KKT conditions, with the logarithmic factors removable through appropriate parameter tuning based on
the final iterate and a near-feasible point. In the work by Cui et al. [7], a single-loop two-phase stochastic
momentum-based method (TStoM) is proposed. The first phase minimizes an infeasibility measure to obtain
a near-feasible point in expectation, which initializes the primal-dual method in the second phase. The oracle
complexity of TStoM to achieve an ϵ-stationary point is of order O(ϵ−6), and improves to O(ϵ−5) to reach
an ϵ-KKT point under the NSC condition. Despite this, the above augmented Lagrangian type methods
generally rely on a predetermined penalty parameter that must be sufficiently large.

Research has also focused on stochastic optimization problems like (1.1) with specific nonconvex struc-
tures, such as problems with weakly convex functions and problems in finite-sum forms. A recent work
by Yang et al. [37] proposes a single-loop stochastic algorithm based on a hinge-based penalty method
for nonconvex, nonsmooth constrained optimization with weakly convex objective and constraint functions,
achieving an O(ϵ−6) oracle complexity for finding a nearly ϵ-KKT point under a regularity condition. In [22],
Liu and Xu present an exact penalty model for nonconvex nonsmooth stochastic optimization with inequality
constraints in expectation, which is solved by a single-loop SPIDER-type stochastic subgradient method.
Assuming a (uniform) Slater-type constraint qualification condition and weak convexity of the constraint
function, the method achieves a sample complexity of order O(ϵ−4) for evaluations of both the objective
and constraint function subgradients, and O(ϵ−6) for evaluations of the constraint function value to produce
an (ϵ, ϵ)-KKT point. When the constraints enjoy a finite-sum structure, the corresponding complexities be-
come O(ϵ−4) and O(N +

√
Nϵ−4), respectively. Another two related works investigate convex optimization

problems where both the objective and the constraints take a finite-sum structure. Lin et al. [21] propose
an affine-minorized feasible level-set method that ensures a feasible solution path and attains an absolutely
ϵ-optimal solution. Yan and Xu [36] propose an adaptive primal-dual stochastic gradient method based on
the Lagrangian function and establish its convergence rate. However, these studies are limited to the convex
setting, and analysis for finite-sum problems in nonconvex setting is still scarce.

1.1 Contributions

In this paper, we study an exact penalty method for nonconvex stochastic equality-constrained optimiza-
tion. This method adopts a double-loop algorithm framework in which the penalty parameter is adaptively
updated in outer iterations based on a novel strategy that balances the decrease of the penalty function
with improvements in feasibility. In the inner iterations, the penalty function with fixed penalty parameter
is approximately minimized by using a truncated stochastic prox-linear algorithm. Under certain constraint
qualification conditions we prove that the method terminates in a finite number of outer iterations, resulting
in the exactness in the sense that the approximate solution of a penalty subproblem is an approximate
KKT point of the original problem. Within this algorithm framework we also propose variant methods for
stochastic equality-constrained optimization problems in different settings and analyze the corresponding
oracle complexity.

• Fully-stochastic case. Both objective and constraint functions are stochastic, as in (1.1). In this
case, we establish oracle complexity of order O(ϵ−3) for the stochastic gradient evaluations of the
objective and constraint functions, and of order O(ϵ−5) for the evaluations of the stochastic constraint
function values. To the best of our knowledge, these bounds achieve state-of-the-art performance, with
detailed comparisons provided in Table 1.

• Semi-stochastic case. Only objective is stochastic. Exact constraint information can be used in the
proposed method. The corresponding oracle complexity regarding the stochastic objective gradient
computations is in order O(ϵ−3). As shown in Table 2, our method matches the best-known complexity
results to date. Moreover, since we adopt an adaptive way to update the penalty parameter, our method
does not require a nearly feasible initial point as [32].

• Finite-sum case. Both objective and constraint functions are in finite-sum forms. In this case, we
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Algorithm Problem f, c Loop Assumptions OGC CGC CFC

Algorithm 1 [31]
min
x∈Rn

f(x)

s.t. c(x) = 0
sm, ncx single strong LICQ O(ϵ−8)

Algorithm 2 [1]
min
x∈X

f(x)

s.t. c(x) = 0
sm, ncx single non-singularity Õ(ϵ−5)

TStoM [7]
min
x∈X

f(x) + h(x)

s.t. c(x) = 0
sm, ncx single non-singularity O(ϵ−5)

ICPPC [4]
min
x∈X

f(x) + h(x)

s.t. cI(x) + hI(x) ≤ 0
sm, ncx double strong feasibility O(ϵ−6)

Stoc-iALM [20]
min
x∈Rn

f(x) + h(x)

s.t. c(x) = 0
sm, ncx double non-singularity O(ϵ−5)

Algorithm 1 [37]
min
x∈Rn

f(x)

s.t. c(x) ≤ 0
wc single regularity condition O(ϵ−6)

3S-Econ [22]
min
x∈X

f(x)

s.t. c(x) ≤ 0
wc single (uniform) Slater-type CQ O(ϵ−4) O(ϵ−4) O(ϵ−6)

Ours
min
x∈Rn

f(x)

s.t. c(x) = 0
sm, ncx double strong LICQ O(ϵ−3) O(ϵ−3) O(ϵ−5)

Table 1: Comparison of algorithms for fully-stochastic optimization problems, where f(x) = Eξ[F (x; ξ)],
c(x) = Eξ[C(x; ξ)] and h(x), hi, i ∈ I are convex but possibly nonsmooth, and X ⊆ Rn is a closed convex
set. The objective gradient complexity (OGC) and constraint gradient complexity (CGC) are characterized
regarding the total number of evaluations to the stochastic (sub)gradients of the objective and constraint
functions, respectively, and the constraint function value complexity (CFC) represents the number of evalu-
ations of the stochastic constraint function. For f and c, sm means smooth, ncx means nonconvex, and wc
means weakly convex. The Assumptions column lists the main constraint qualification assumptions. The
strong LICQ corresponds to Assumption 4.1 in this paper. The non-singularity condition refers to Assump-
tion 3 in [20]. The (uniform) Slater-type CQ refers to Assumption 2 in [22]. The regularity condition refers
to (4) in [37, Theorem 4.2].

adopt a different variance reduction technique to compute stochastic oracles, and the corresponding
oracle complexity regarding component function information evaluations is of order O(N +N4/5ϵ−2).

1.2 Notation and preliminaries

Without any specification, ∥ · ∥ denotes the Euclidean norm. We use E[·|xk] to denote the expectation
conditioned on xk. The notation E[·] refers to the full expectation over all random variables generated
during an algorithmic process.

In general nonconvex constrained optimization, it is generally challenging to locate a global or even a
local minimizer. The main research stream thus focuses on more tractable solutions, the KKT points. Under
certain constraint qualification condition, a local minimizer of (1.1) is also a KKT point [27]. In this paper,
we will study algorithms for (1.1) in pursuit of an ϵ-KKT point or a stochastic ϵ-KKT point, which are
defined as follows.

Definition 1.1. Given ϵ > 0, we call x ∈ Rn an ϵ-KKT point of (1.1), if there exists λ ∈ Rm such that

∥∇f(x) +∇c(x)λ∥ ≤ ϵ and ∥c(x)∥ ≤ ϵ,

where ∇c(x) = (∇c1(x), . . . ,∇cm(x)). We call x ∈ Rn a stochastic ϵ-KKT point of (1.1), if

E[∥∇f(x) +∇c(x)λ∥2] ≤ ϵ2 and E[∥c(x)∥] ≤ ϵ.
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Algorithm Problem Stationary measure Loop Assumptions Complexity

Algorithm 2 [1]
min
x∈X

f(x)

s.t. ci(x) = 0, i ∈ E

E[d(∇f(x) +∇c(x)λ,−NX(x))] ≤ ϵ,

E[∥c(x)∥] ≤ ϵ
single non-singularity Õ(ϵ−4)

LCSPG [5]

min
x∈Rn

f(x) + h(x)

s.t. ci(x) + hi(x) ≤ 0,

i ∈ I

E[d2(∇f(x) + ∂h(x) +
∑
i∈I

λi(∇ci(x) + ∂hi(x)), 0)] ≤ ϵ2,

E[
∑
i∈I

λi|ci(x) + hi(x)|] ≤ ϵ2,where x is feasible
double uniform MFCQ O(ϵ−4)

Algorithm 1 [23]
min
x∈X

f(x)

s.t. ci(x) = 0, i ∈ E

E[d(∇f(x) +∇c(x)λ,−NX(x))] ≤ ϵ,

∥c(x)∥ ≤ ϵ
single non-singularity condition Õ(ϵ−3)

CoSTA [17]

min
x∈Rn

f(x) + h(x)

s.t. ci(x) ≤ 0, i ∈ I
gj(x) ≤ 0, j ∈ J

E[∥∇f(x) +∇g(x)λ+∇c(x)ν + ∂h(x)∥] ≤
√
ϵ,

E[λ⊤g(x)] ≥ −ϵ, E[ν⊤c(x)] ≥− ϵ
single parameterized MFCQ Õ(ϵ−3)

MLALM [32]

min
x∈X

f(x) + h(x)

s.t. ci(x) ≤ 0, i ∈ I
ci(x) = 0, i ∈ E

E[d2(∇f(x) + ∂h(x) +
∑

i∈E∪I
λi∇ci(x),−NX(x))] ≤ ϵ2,

E[∥cE(x)∥2 + ∥[cI(x)]+∥2] ≤ ϵ2, E[
∑
i∈I

λi|ci(x)|] ≤ ϵ
single

extended variant of MFCQ,
initial near-feasibility

O(ϵ−3)

Ours
min
x∈Rn

f(x)

s.t. ci(x) = 0, i ∈ E

E[∥∇f(x) +∇c(x)λ∥2] ≤ ϵ2,

E[∥c(x)∥] ≤ ϵ
double strong LICQ O(ϵ−3)

Table 2: Comparison of algorithms for problems in semi-stochastic setting, where f(x) = Eξ[F (x; ξ)] is
nonconvex and smooth. In addition, X ⊆ Rn is a closed convex set, ci, i ∈ E ∪ I are smooth but possibly
nonconvex; h and hi, i ∈ I are convex but possibly nonsmooth, and gj , j ∈ J are smooth and convex.
The uniform MFCQ refers to Assumption 3 in [5]. The extended variant of MFCQ refers to Assumption 5
in [32]. The non-singularity condition refers to Assumption 1 (iv) in [23]. The parameterized MFCQ refers
to Assumption A7 in [17] and the strong LICQ corresponds to Assumption 5.1 in this paper.

The assumptions imposed throughout the rest of this paper are presented here.

Assumption 1.1. Let X ⊂ Rn be an open convex set containing all the iterates generated by the algorithm.
The objective function value of problem (1.1) is lower bounded on X by a finite constant C∗. Moreover, there
exist positive constants G,M such that ∥∇f(x)∥ ≤ G, ∥c(x)∥ ≤ M for all x ∈ X.

Remark 1.1. This boundedness assumption is essential for maintaining the stability of the iteration sequence
within the framework of stochastic constrained optimization. Similar assumptions have also been adopted in
prior studies [2, 9, 31,33] to ensure desirable theoretical properties.

Assumption 1.2. Function F (·; ξ) is differentiable for almost every ξ ∈ Ξ. There exists σf > 0 such that
for any x ∈ Rn,

Eξ[∇F (x; ξ)] = ∇f(x), Eξ[∥∇F (x; ξ)−∇f(x)∥2] ≤ σ2
f .

There exists Lf > 0 such that for any x, y ∈ Rn,

Eξ[∥∇F (x; ξ)−∇F (y; ξ)∥2] ≤ L2
f∥x− y∥2.

Assumption 1.3. Function C(·; ξ) is differentiable for almost every ξ ∈ Ξ. There exist σJ , σc > 0 such that
for any x ∈ Rn,

Eξ[∇C(x; ξ)] = ∇c(x), Eξ[∥∇C(x; ξ)−∇c(x)∥2] ≤ σ2
J ,

Eξ[C(x; ξ)] = c(x), Eξ[∥C(x; ξ)− c(x)∥2] ≤ σ2
c .

There exist LJ , Lc > 0 such that for any x, y ∈ Rn,

Eξ[∥∇C(x; ξ)−∇C(y; ξ)∥2] ≤ L2
J∥x− y∥2, Eξ[∥C(x; ξ)− C(y; ξ)∥2] ≤ L2

c∥x− y∥2.

By Jensen’s inequality, Assumptions 1.2 and 1.3 imply that

∥∇f(x)−∇f(y)∥ ≤ Lf∥x− y∥, ∥∇c(x)−∇c(y)∥ ≤ LJ∥x− y∥, ∥c(x)− c(y)∥ ≤ Lc∥x− y∥, (1.2)

and hence ∥∇c(x)∥ ≤ Lc.
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1.3 Outline

The remainder of this paper is outlined as follows. In Section 2, we propose an adaptive penalty method based
on stochastic approximations to address problem (1.1). The resulting framework requires solving a sequence
of nonconvex composite penalty subproblems, for which we develop a tailored algorithm in Section 3. Section
4 is devoted to the complexity analysis of the overall penalty method. Section 5 presents the adaptations
of the method to semi-stochastic, finite-sum, and deterministic settings, along with their oracle complexity
analysis. In Section 6, preliminary numerical test results are reported. Finally, we draw conclusions in
Section 7.

2 An adaptive penalty method for stochastic equality-constrained
optimization

Penalty methods are among the most well-known approaches for solving constrained optimization problems.
By incorporating penalties for constraint violations into the objective function, these methods transform
the original constrained problem into a sequence of unconstrained subproblems. However, existing penalty
methods for (1.1) typically rely on a preset, fixed penalty parameter throughout the entire optimization
process [1, 7, 20, 22], without leveraging the progress made during algorithm iterations. In this paper, we
will propose an adaptive penalty method based on stochastic approximations for solving (1.1). Our method
adopts a double-loop algorithm framework. In outer iterations we dynamically updates the penalty parameter
through an adaptive rule, while in inner iterations we solve the penalty subproblem with fixed ρ:

min
x∈Rn

Φρ(x) := f(x) + ρ∥c(x)∥ (2.1)

by calling a subproblem solver. This section will focus on the adaptive update of the penalty parameter and
provide a comprehensive overview of the proposed penalty method. Discussions of the subproblem solver
will be deferred to the next section.

In the closely related work [34], an adaptive penalty method for stochastic optimization with deterministic
constraints, i.e. (1.1) in semi-stochastic setting, is studied. At current iterate xk, [34] determines a penalty
parameter ρ := ρk ≥ ρk−1 + τ such that

l(xk)− min
∥s∥≤1

l(xk + s) ≥ ρζθ(xk), (2.2)

where ζ ∈ (0, 1) and

θ(xk) : = ∥c(xk)∥ − min
∥s∥≤1

∥c(xk) +∇c(xk)
⊤s∥,

l(xk + s) : = f(xk) + ∇̂f⊤
k s+ ρ∥c(xk) + J(xk)s∥.

Here, ∇̂fk represents stochastic estimates of ∇f(xk). The term θ(xk) quantifies the potential improvement
in constraint violation around xk, while l(xk+s) serves as a stochastic approximation to the penalty function
at xk + s, i.e., f(xk + s) + ρ∥c(xk + s)∥. However, the criterion in (2.2) requires solving two ball-constrained
global optimization subproblems, which significantly increases the computational burden in practice. We
also observe that in theory it actually unnecessary to globally solve these subproblems to satisfy (2.2).
Instead, it suffices to ensure that the approximate reduction in the penalty function is adequate relative to
the improvement in constraint violation near the current iterate. This observation motivates us to propose
new strategies for updating the penalty parameter. Furthermore, we aim to design a strategy such that,
under certain conditions, the penalty parameter is updated only a finite number of times. This would allow
the penalty function to eventually become exact, effectively transforming the original equality-constrained
optimization problem (1.1) into an equivalent unconstrained penalty problem.

As mentioned previously, a key to propose an effective penalty parameter update strategy is to guar-
antee the potential reduction of the penalty function and the improvement of constraint violation. This
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is easy to realize, if both the objective function and constraint violation can be reduced, at least along a
certain direction. However, in stochastic settings such a direction can only approximately identified by using
stochastic estimates ∇̂fk, ∇̂ck, and ĉk which are approximate to the true values ∇f(xk), ∇c(xk), and c(xk),
respectively. With those stochastic estimates, we define the direction as

dk := −uk + αvk, (2.3)

where α ∈ (0, 1), vk solves

min
v∈Rn

1

2
∥v∥2 s.t. v ∈ argmin

w∈Rn

1

2
∥ĉk + ∇̂c⊤k w∥2

and uk solves

min
u∈Null(∇̂c⊤k )

1

2
∥u− ∇̂fk∥2.

For the component vk, its primary role is to induce a potential reduction of the constraint violation. It
is observed that the computation of vk can be formulated as an unconstrained least-squares problem. To
ensure uniqueness, we specifically select the minimum-norm solution, which can be expressed as

vk = −(∇̂c⊤k )
†ĉk

by Moore-Penrose pseudoinverse. For the component uk, it is constructed to decrease the objective function
while remaining in the tangent space of the constraint manifold at xk. Note that uk and vk are orthogonal.
The computation of uk is analytically tractable and given by

uk = ∇̂fk − (∇̂c⊤k )
†∇̂c⊤k ∇̂fk.

As such, (−uk) approximates the direction of steepest descent for the objective function that remains tangent
to the constraint surface.

We now define
θk = ∥ĉk∥ − ∥ĉk + γ∇̂c⊤k dk∥,

ϕk = ρk−1θk − γ∇̂f⊤
k dk − γ

2
∥dk∥2 with γ > 0.

(2.4)

Given steering parameter ζ ∈ (0, 1), we set the condition

ϕk ≥ ρk−1ζθk (2.5)

as a stopping criterion for our algorithm. It is worthy to note that when ĉk = 0, we have vk = 0 and θk = 0
from dk = −uk ∈ Null(∇̂c⊤k ). It then implies that

ϕk = γ
(
∇̂f⊤

k uk − 1

2
∥uk∥2

)
≥ γ(∇̂fk − uk)

⊤uk

= γ((∇̂c⊤k )
†∇̂c⊤k ∇̂fk)

⊤(∇̂fk − (∇̂c⊤k )
†∇̂c⊤k ∇̂fk)

= γ(Pk∇̂fk)
⊤(∇̂fk − Pk∇̂fk)

= γ∇̂f⊤
k P⊤

k (I − Pk)∇̂fk = 0

= ρk−1ζθk,

where Pk := (∇̂c⊤k )
†∇̂c⊤k satisfies P⊤

k = Pk and Pk(I − Pk) = 0. Hence, when ĉk = 0, (2.5) holds naturally.
Conversely, if (2.5) fails to hold, we must have ĉk ̸= 0. Therefore, if (2.5) is not satisfied, we update the
penalty parameter by computing

ρk = max{βρk−1, ρ̂k−1} with ρ̂k−1 :=
∇̂f⊤

k dk + 1
2∥dk∥

2

α(1− ζ)∥ĉk∥
and β > 1. (2.6)
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Algorithm 2.1

Input: Given steering parameter ζ ∈ (0, 1), initial iterate x1, stochastic estimates ∇̂f1, ∇̂c1 and ĉ1, initial
penalty parameter ρ0 ≥ 1, parameters α ∈ (0, 1), β > 1 and γ > 0, positive integers T and τ .
Output: xR.

1: for k = 1, 2, . . . do
2: Step (a): If k > 1 and (2.5) is satisfied, terminate the algorithm and return xR with R = k; otherwise,

compute ρk through (2.6) with dk defined by (2.3).
3: Step (b): Solve subproblem (2.1) with ρ = ρk by TSPA (to be introduced in Section 3) to generate

xk+1 together with ∇̂fk+1, ∇̂ck+1 and ĉk+1, i.e.,

(xk+1, ∇̂fk+1, ∇̂ck+1, ĉk+1) = TSPA(xk, ρk, γ, T, τ).

4: end for

Then we solve the subproblem (2.1) with ρ = ρk by applying a subproblem solver to generate the next iterate
xk+1 in the inner loop. Building upon this, we present the whole algorithm framework of the adaptive penalty
method for (1.1) in Algorithm 2.1.

If we consider a deterministic variant of Algorithm 2.1, where all function information used in this
algorithm is replaced by exact values and each subproblem is solved exactly (i.e. xk+1 ∈ argminΦρk

(x)),
we can prove that, under certain conditions, the penalty function Φρk

(x) becomes exact when ρk is no less
than a certain threshold, as can be seen in Appendix A. This means that, in this case, if xk+1 is a stationary
point of (2.1) with ρ = ρk, it is also a KKT point of the original problem. This observation motivates the
development of our adaptive penalty method for fully-stochastic problem (1.1). In subsequent analysis, we
will show that the penalty function remains “exact” in stochastic settings, in the sense that an approximate
stationary point of the penalty function is also an approximate KKT point of the original problem. This
result also enables us to derive the oracle complexity for associated algorithms accordingly.

3 A truncated stochastic prox-linear algorithm for penalty sub-
problems

At each iteration of Algorithm 2.1 and after the penalty parameter ρ has been adaptively determined, our
remaining task is to solve the penalty subproblem in the form of (2.1). Note that each penalty subproblem
is a stochastic composite optimization problem. For this type of problems, stochastic prox-linear approaches
have been proposed and extensively studied in the literature (e.g., [12,35,38]). When targeting at (2.1), these
approaches iteratively minimize a local approximation of the objective function, by constructing a quadratic
approximation to f(x) and a linear approximation to c(x) based on stochastic oracles. More specifically, at
current iterate xi, with stochastic oracles ∇̂f i, ∇̂ci and ĉi, stochastic prox-linear methods solve the following
proximal subproblem to generate the next iterate xi+1:

xi+1 = argmin
x

{
(∇̂f i)⊤(x− xi) + ρ

∥∥∥ĉi + (∇̂ci)⊤(x− xi)
∥∥∥+ 1

2γ
∥x− xi∥2

}
. (3.1)

To compute stochastic oracles, we employ a variance reduction technique to mitigate possibly large
stochastic variances. Motivated by the boundedness assumptions on ∥∇c(x)∥, ∥∇f(x)∥ and ∥c(x)∥, we
apply a truncation technique to ensure the boundedness of the stochastic estimators. This is pivotal in
facilitating the convergence and complexity analysis developed in this paper. Specifically, given η > 0, let
B(η) denote the Euclidean ball centered at the origin with radius η, i.e., B(η) = {x ∈ Rn : ∥x∥ ≤ η}, and let
Π be the projection operator. The stochastic estimators ∇̂f i, ĉi and ∇̂ci are constructed as follows. Let τ
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be a positive integer. If i mod τ = 0, we compute

∇̂f i = ΠB(G)

(
1

|Ai|
∑
ξ∈Ai

∇F (xi; ξ)

)
, ĉi = ΠB(M)

(
1

|Bi|
∑
ξ∈Bi

C(xi; ξ)

)
, ∇̂ci = ΠB(Lc)

(
1

|Si|
∑
ξ∈Si

∇C(xi; ξ)

)
,

(3.2)

while if i mod τ ̸= 0, we compute

∇̂f i = ΠB(G)

(
∇̂f i−1 +

1

|Ai|
∑
ξ∈Ai

(
∇F (xi; ξ)−∇F (xi−1; ξ)

))
,

ĉi = ΠB(M)

(
ĉi−1 +

1

|Bi|
∑
ξ∈Bi

(
C(xi; ξ)− C(xi−1; ξ)

))
,

∇̂ci = ΠB(Lc)

(
∇̂ci−1 +

1

|Si|
∑
ξ∈Si

(
∇C(xi; ξ)−∇C(xi−1; ξ)

))
.

(3.3)

Here, Ai, Bi and Si, i ≥ 0 are sets of samples randomly and independently generated from Ξ.
Building upon discussions above, we now present the truncated stochastic prox-linear algorithmic frame-

work in Algorithm 3.1.

Algorithm 3.1 TSPA(x̄, ρ, γ, T, τ): Truncated Stochastic Prox-linear Algorithm for (2.1)

1: Set x0 = x̄.
2: for i = 0, . . . , T τ − 1 do
3: if i mod τ = 0 then
4: Compute ∇̂f i, ĉi and ∇̂ci through (3.2).
5: else
6: Compute ∇̂f i, ĉi and ∇̂ci through (3.3).
7: end if
8: Compute xi+1 through (3.1).
9: end for

Output: Return xr, ∇̂fr, ĉr and ∇̂cr with r uniformly at random picked from i = 0, . . . , T τ − 1.

Let {xi}i=0,...,Tτ−1 be generated by Algorithm 3.1. The following lemma provides upper bounds on

variances of stochastic oracles ∇̂f i, ĉi, ∇̂ci.

Lemma 3.1. Suppose Assumptions 1.2- 1.3 hold, then for i = 0, . . . , T τ − 1,

E[∥∇̂f i −∇f(xi)∥2] ≤ E[∥∇̂f⌊ i
τ ⌋τ −∇f(x⌊ i

τ ⌋τ )∥2] +
i∑

p=⌊ i
τ ⌋τ+1

L2
f

|Ap|
E[∥xp − xp−1∥2], (3.4)

E[∥ĉi − c(xi)∥2] ≤ E[∥ĉ⌊ i
τ ⌋τ − c(x⌊ i

τ ⌋τ )∥2] +
i∑

p=⌊ i
τ ⌋τ+1

L2
c

|Bp|
E[∥xp − xp−1∥2], (3.5)

E[∥∇̂ci −∇c(xi)∥2] ≤ E[∥∇̂c⌊
i
τ ⌋τ −∇c(x⌊ i

τ ⌋τ )∥2] +
i∑

p=⌊ i
τ ⌋τ+1

L2
J

|Sp|
E[∥xp − xp−1∥2], (3.6)

where
∑0

i=1(·) := 0.

Proof. Due to the structure of Algorithm 3.1, we only present the analysis for the first τ iterations, i.e.,
i = 0, . . . , τ − 1, while for the remaining iterations it can be analyzed similarly. When i = 0, the conclusion
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holds naturally. For any i = 1, . . . , τ−1, according to the definition of ∇̂f i in (3.3) and the nonexpansiveness
of the projection operator ΠB(G), it holds that

∥∇̂f i −∇f(xi)∥2 =
∥∥ΠB(G)

(
∇̂f i−1 +

1

|Ai|
∑
ξ∈Ai

(∇F (xi; ξ)−∇F (xi−1; ξ))
)
−ΠB(G)(∇f(xi))

∥∥2
≤
∥∥∇̂f i−1 +

1

|Ai|
∑
ξ∈Ai

(
∇F (xi; ξ)−∇F (xi−1; ξ)

)
−∇f(xi)

∥∥2. (3.7)

Taking expectation on the right-hand side of the above inequality conditioned on xi yields

E[∥∇̂f i−1 +
1

|Ai|
∑
ξ∈Ai

(∇F (xi; ξ)−∇F (xi−1; ξ))−∇f(xi)∥2|xi]

= E[∥∇̂f i−1 −∇f(xi−1) +
1

|Ai|
∑
ξ∈Ai

(∇F (xi; ξ)−∇F (xi−1; ξ))− (∇f(xi)−∇f(xi−1))∥2|xi]

= E[∥∇̂f i−1 −∇f(xi−1)∥2|xi] + E[∥ 1

|Ai|
∑
ξ∈Ai

(∇F (xi; ξ)−∇F (xi−1; ξ))− (∇f(xi)−∇f(xi−1))∥2|xi]

≤ E[∥∇̂f i−1 −∇f(xi−1)∥2|xi] +
1

|Ai|2
∑
ξ∈Ai

E[∥∇F (xi; ξ)−∇F (xi−1; ξ)∥2|xi]

≤ E[∥∇̂f i−1 −∇f(xi−1)∥2|xi] +
L2
f

|Ai|
∥xi − xi−1∥2,

where the second equality uses the relations

E[⟨ 1

|Ai|
∑
ξ∈Ai

∇F (xi; ξ)−∇f(xi), ∇̂f i−1 −∇f(xi−1)⟩|xi] = 0,

E[⟨ 1

|Ai|
∑
ξ∈Ai

∇F (xi−1; ξ)−∇f(xi−1),∇f(xi−1)− ∇̂f i−1⟩|xi] = 0,

the first inequality comes from

2E[⟨ 1

|Ai|
∑
ξ∈Ai

(
∇F (xi; ξ)−∇F (xi−1; ξ)

)
,∇f(xi)−∇f(xi−1)⟩|xi] = 2∥∇f(xi)−∇f(xi−1)∥2,

and the last inequality is due to Assumption 1.2. Then by taking full expectation on (3.7) we obtain

E[∥∇̂f i −∇f(xi)∥2] ≤ E[∥∇̂f i−1 −∇f(xi−1)∥2] +
L2
f

|Ai|
E[∥xi − xi−1∥2]

≤ E[∥∇̂f0 −∇f(x0)∥2] +
i∑

p=1

L2
f

|Ap|
E[∥xp − xp−1∥2].

Same arguments apply to the remaining iterations, thus we obtain (3.4). Similarly, the upper bounds for
stochastic variance of ĉi and ∇̂ci can be established as in (3.5) and (3.6), respectively.

We now introduce the generalized gradient mapping G : Rn → Rn, by defining

G(xi) :=
1

γ
(xi − xi+1) and Ḡ(xi) :=

1

γ
(xi − x̄i), i = 0, . . . , T τ − 1, (3.8)

10



where

x̄i = argmin
x

{
∇f(xi)

⊤
(x− xi) + ρ

∥∥c(xi) +∇c(xi)⊤(x− xi)
∥∥+ 1

2γ
∥x− xi∥2

}
. (3.9)

Given ϵ > 0, we call xi an ϵ-stationary point of (2.1) if ∥Ḡ(xi)∥ ≤ ϵ.
As previously noted, the true value Ḡ(xi) is not available during the iteration process. Hence, to charac-

terize the behavior of the iterates, it is necessary to establish a relationship between Ḡ(xi) and its stochastic
approximation G(xi). The proof is inspired by [38], so we state the results here and defer the proof to
Appendix B.

Lemma 3.2. Suppose that Assumptions 1.1-1.3 hold. Then for each iterate generated by Algorithm 3.1, it
holds that(

γ − γ2(ρLJ + Lf )
) ∥∥Ḡ(xi)

∥∥2 (3.10)

≤
(
2γ + γ2(ρLJ + Lf )

) ∥∥G(xi)
∥∥2 + 2ρ

(
2∥ĉi − c(xi)∥+ 1

LJ

∥∥∥∇̂ci −∇c(xi)
∥∥∥2 )+ 2

Lf

∥∥∥∇̂f i −∇f(xi)
∥∥∥2

and(
γ − γ2(ρLJ + Lf )

) ∥∥G(xi)
∥∥2 (3.11)

≤
(
2γ + γ2(ρLJ + Lf )

) ∥∥Ḡ(xi)
∥∥2 + 2ρ

(
2∥ĉi − c(xi)∥+ 1

LJ

∥∥∥∇̂ci −∇c(xi)
∥∥∥2 )+ 2

Lf

∥∥∥∇̂f i −∇f(xi)
∥∥∥2 .

The following lemma demonstrates a descent property of Φρ, which plays a central role in subsequent
analysis. The proof of this lemma is deferred to Appendix B,

Lemma 3.3. Assume that Assumption 1.1 and the conditions in (1.2) hold, then for i = 0, . . . , T τ − 1,

Φρ(x
i+1) ≤ Φρ(x

i)−
(γ
2
− γ2(ρLJ + Lf )

)
∥G(xi)∥2 + 2ρ

∥∥ĉi − c(xi)
∥∥+ 1

2Lf
∥∇̂f i −∇f(xi)∥2

+
ρ

2LJ

∥∥∥∇̂ci −∇c(xi)
∥∥∥2 . (3.12)

We provide upper bounds on the expected generalized gradients at the output xr of Algorithm 3.1.
Detailed proof is presented in Appendix B.

Lemma 3.4. Assume that Assumptions 1.1-1.3 hold and 1 − 4γ(ρLJ + Lf ) > 0. And for any given ϵ̃ > 0,

suppose that δ = ϵ̃2

4ρ and

|Ai| =

⌈
5σ2

f

2Lf ϵ̃2

⌉
, |Bi| =

⌈
36ρ2σ2

c

ϵ̃4

⌉
, |Si| =

⌈
5ρσ2

J

2LJ ϵ̃2

⌉
, for i mod τ = 0,

|Ai| = ⌈60τγLf⌉ , |Bi| =
⌈
72γρτL2

c

δ

⌉
, |Si| = ⌈60τγρLJ⌉ , for i mod τ ̸= 0.

Then it holds that

E
[
∥Ḡ(xr)∥2

]
≤ 24

γ

(
Φρ(x

0)− C∗

Tτ
+ 4ϵ̃2

)
and E[∥G(xr)∥2] ≤ 1

Γγ

(
Φρ(x

0)− C∗

Tτ
+ 4ϵ̃2

)
, (3.13)

where Γ = 1
4 − γ(ρLJ + Lf ).

With specified parameters we can derive the oracle complexity of Algorithm 3.1.
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Theorem 3.1. Under Assumptions 1.1-1.3 and given ϵ ∈ (0, 1), ρ > 0, suppose that

γ :=
1

8(ρLJ + Lf )
, T = τ = ⌈C1/2

1 ρ1/2γ−1/2ϵ−1⌉,

where C1 := max{24,Γ−1}(Φρ(x0)−C∗

ρ + 4) and that the batch sizes are set following Lemma 3.4 with ϵ̃ =

C
−1/2
1 γ1/2ϵ. Then Algorithm 3.1 returns a point xr satisfying

E[∥Ḡ(xr)∥2] ≤ ϵ2 and E[∥G(xr)∥2] ≤ ϵ2, (3.14)

and the oracle complexity in terms of evaluations of stochastic objective gradient, stochastic constraint gra-
dient, and stochastic constraint function value are of order O(ρ2ϵ−3), O(ρ3ϵ−3), and O(ρ5ϵ−5), respectively.

Proof. It follows from the parameter setting in Lemma 3.4 that

|Ai| ≡ A = O(ϵ̃−2), |Bi| ≡ B = O(ρ2ϵ̃−4), |Si| ≡ S = O(ρϵ̃−2), for i mod τ = 0,

|Ai| ≡ a = O(τγ), |Bi| ≡ b = O(τγρ2ϵ̃−2), |Si| ≡ s = O(τγρ), for i mod τ ̸= 0,

which guarantees E[∥Ḡ(xr)∥2] ≤ ϵ2 and E[∥G(xr)∥2] ≤ ϵ2 by ϵ̃ = C
−1/2
1 γ1/2ϵ. Meanwhile, the total number

of stochastic gradient evaluations of f and c are

TA+ Tτa = O(ρϵ−1) · O(ρϵ−2) +O(ρ2ϵ−2) · O(ϵ−1) = O(ρ2ϵ−3),

TS + Tτs = O(ρϵ−1) · O(ρ2ϵ−2) +O(ρ2ϵ−2) · O(ρϵ−1) = O(ρ3ϵ−3),

respectively, and the total number of stochastic function evaluations of constraints is

TB + Tτb = O(ρϵ−1) · O(ρ4ϵ−4) +O(ρ2ϵ−2) · O(ρ3ϵ−3) = O(ρ5ϵ−5).

This completes the proof.

We can also bound the estimator errors E[∥∇̂fr −∇f(xr)∥2], E[∥∇̂cr −∇c(xr)∥2] and E[∥ĉr − c(xr)∥2]
at the output xr. This property is essential to establish the oracle complexity of the whole penalty method,
as presented in Algorithm 2.1.

Corollary 3.2. For any given ϵ > 0 and under the same conditions as Theorem 3.1, it holds that

E[∥∇̂fr −∇f(xr)∥2] ≤ Q1ϵ
2, E[∥ĉr − c(xr)∥2] ≤ Q2ϵ

4, E[∥∇̂cr −∇c(xr)∥2] ≤ Q3ϵ
2, (3.15)

where Q1 =
(24+C1)γLf

60C1
, Q2 = (8+C1)γ

2

288C2
1ρ

2 and Q3 = (24+C1)γLJ

60C1ρ
.

Proof. One can deduce from (3.4) that for any i = 0, . . . , T τ − 1,

E[∥∇̂f i −∇f(xi)∥2] ≤ E[∥∇̂f⌊ i
τ ⌋τ −∇f(x⌊ i

τ ⌋τ )∥2] +
i∑

p=⌊ i
τ ⌋τ+1

L2
f

|Ap|
E[∥xp − xp−1∥2]

≤
σ2
f

A
+

L2
f

a

i∑
p=⌊ i

τ ⌋τ+1

E[∥xp − xp−1∥2],

where A = |Ai| for i mod τ = 0 and a = |Ai| for i mod τ ̸= 0. Summing the above inequality over
i = 0, . . . , T τ − 1 and dividing it by Tτ , we obtain

1

Tτ

Tτ−1∑
i=0

E[∥∇̂f i −∇f(xi)∥2] ≤
σ2
f

A
+

τL2
f

aTτ

Tτ−1∑
i=0

E[∥xi+1 − xi∥2].
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Based on (3.14) and batch size settings in Lemma 3.4, we can further deduce that

E[∥∇̂fr −∇f(xr)∥2] ≤
σ2
f

A
+

τγ2L2
f

a
E[∥G(xr)∥2] ≤ 2γLf

5C1
ϵ2 +

γLf

60
ϵ2.

Similarly, we obtain from (3.5) and (3.6) that

E[∥ĉr − c(xr)∥2] ≤ σ2
c

B
+

τγ2L2
c

b
E[∥G(xr)∥2] ≤ γ2

36C2
1ρ

2
ϵ4 +

γ2

288C1ρ2
ϵ4,

E[∥∇̂cr −∇c(xr)∥2] ≤ σ2
J

S
+

τγ2L2
J

s
E[∥G(xr)∥2] ≤ 2γLJ

5C1ρ
ϵ2 +

γLJ

60ρ
ϵ2.

Hence, from the setting of Q1, Q2 and Q3 we derive the conclusion.

Meanwhile, the output of Algorithm 3.1 enjoys the following property, which forms the basis to analyze
the optimality of the output of the penalty method in next section.

Corollary 3.3. For any given ϵ > 0 and under the same conditions as Theorem 3.1, there exists λr ∈ Rm

such that

E[∥∇f(xr) +∇c(xr)λr∥2] ≤ ϵ2. (3.16)

Proof. Following the definition of x̄r in (3.9), and according to the first-order optimality conditions for (3.9),
there exists vr ∈ ∂∥c(xr) +∇c(xr)⊤(x̄r − xr)∥ such that

∇f(xr) + ρ∇c(xr)vr +
1

γ
(x̄r − xr) = 0,

which yields that ∇f(xr) + ρ∇c(xr)vr = Ḡ(xr). Then by (3.14) we obtain

E[∥∇f(xr) + ρ∇c(xr)vr∥2] = E[∥Ḡ(xr)∥2] ≤ ϵ2.

Hence, with λr = ρvr the conclusion can be derived.

4 Complexity analysis for the penalty method

In this section, we will analyze the oracle complexity of the penalty method, Algorithm 2.1, for finding a
stochastic ϵ-KKT point of (1.1). Let {xk} be generated by Algorithm 2.1. We first analyze the behavior
of the penalty parameter ρ during the iteration process. To facilitate subsequent analysis, in addition to
Assumptions 1.1-1.3 we impose another assumption, which is also used in [31].

Assumption 4.1. For any k ≥ 1, the minimum singular values of ∇̂ck are uniformly bounded below by
ν̄ > 0.

Note that this assumption is only required to hold at outer iterates. Under Assumption 4.1, it follows
from (2.3) that

dk = −uk + αvk = −∇̂fk + ∇̂ckDk∇̂c⊤k ∇̂fk − α∇̂ckDk ĉk, (4.1)

where Dk = (∇̂c⊤k ∇̂ck)
−1 and ∥Dk∥ ≤ 1/ν̄2. Recall the definitions of θk and ϕk in (2.4). It follows from

(4.1) and Assumption 4.1 that

θk = γα∥ĉk∥ and ϕk = ρk−1θk − γ∇̂f⊤
k dk − γ

2
∥dk∥2.

Then when ĉk ̸= 0, (2.5) holds if

ρk−1 ≥
∇̂f⊤

k dk + 1
2∥dk∥

2

α(1− ζ)∥ĉk∥
. (4.2)
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By the construction of the stochastic estimators in (3.2)-(3.3), we have ∥∇̂fk∥ ≤ G, ∥∇̂ck∥ ≤ Lc and
∥ĉk∥ ≤ M , which further implies that

∇̂f⊤
k dk +

1

2
∥dk∥2 ≤ (∇̂fk + dk)

⊤dk = (∇̂ckDk∇̂c⊤k ∇̂fk − α∇̂ckDk ĉk)
⊤dk

=(Dk∇̂c⊤k ∇̂fk − αDk ĉk)
⊤∇̂c⊤k dk

=α2(∇̂ckDk ĉk)
⊤∇̂ckDk ĉk − α∇̂f⊤

k ∇̂ckDk ĉk

≤α2|ĉ⊤k Dk ĉk|+ α|∇̂f⊤
k ∇̂ckDk ĉk|

≤α

(
1

ν̄2
αM +

1

ν̄2
GLc

)
∥ĉk∥ := αM1∥ĉk∥,

where M1 = 1
ν̄2αM + 1

ν̄2GLc. Thus, it derives that

∇̂f⊤
k dk + 1

2∥dk∥
2

α(1− ζ)∥ĉk∥
≤ M1

1− ζ
=: ρmax.

Following the update scheme of the penalty parameter given in (2.6), within at most K1 times of update,
where K1 = ⌈logβ( M1

ρ0(1−ζ) )⌉, the penalty parameter will satisfy (4.2). Hence, (2.5) can be satisfied within

K1 outer iterations during process of Algorithm 2.1, and then the algorithm terminates.
Let xR denote the output of Algorithm 2.1 upon termination. Then, (2.5) holds with k = R. Note that

xR is the output of the inner iteration process in Algorithm 3.1 when solving (2.1) with ρ = ρR−1. With
a slight abuse of notation, we denote this inner iteration output by xr, i.e., xr = xR. We assume that
parameters used in Algorithm 3.1 are set following Theorem 3.1. Then by Corollary 3.3, (3.16) naturally
holds at xR. On the other hand, from the iterate update scheme of Algorithm 3.1, xr+1 is computed by

xr+1 := argmin
x∈Rn

{
(∇̂fr)⊤(x− xr) + ρR−1∥ĉr + (∇̂cr)⊤(x− xr)∥+ 1

2γ
∥x− xr∥2

}
.

The optimality of xr+1 implies that

(∇̂fr)⊤(xr+1 − xr) + ρR−1∥ĉr + (∇̂cr)⊤(xr+1 − xr)∥+ 1

2γ
∥xr+1 − xr∥2

≤ (∇̂fr)⊤(γdR) + ρR−1∥ĉr + (∇̂cr)⊤(γdR)∥+
1

2γ
∥γdR∥2.

It further derives from (2.5) with k = R, ∇̂fr = ∇̂fR, ĉ
r = ĉR and ∇̂cr = ∇̂cR that

ρR−1∥ĉr∥ − (∇̂fr)⊤(xr+1 − xr)− ρR−1∥ĉr + (∇̂cr)⊤(xr+1 − xr)∥ − 1

2γ
∥xr+1 − xr∥2

≥ ρR−1∥ĉr∥ − (∇̂fr)⊤(γdR)− ρR−1∥ĉr + (∇̂cr)⊤(γdR)∥ −
1

2γ
∥γdR∥2 = ϕR−1

≥ ρR−1ζθR = αγρR−1ζ∥ĉr∥.

Therefore, we obtain

αγρR−1ζ∥ĉr∥

≤ ρR−1∥ĉr∥ − (∇̂fr)⊤(xr+1 − xr)− ρR−1∥ĉr + (∇̂cr)⊤(xr+1 − xr)∥ − 1

2γ
∥xr+1 − xr∥2

≤ ρR−1∥ĉr∥ − (∇̂fr)⊤(xr+1 − xr)− ρR−1∥ĉr∥+ ρR−1∥(∇̂cr)⊤(xr+1 − xr)∥ − 1

2γ
∥xr+1 − xr∥2

≤ ∥∇̂fr∥∥xr+1 − xr∥+ ρR−1∥∇̂cr∥∥xr+1 − xr∥.
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For given ϵ > 0, following the same parameter settings as Theorem 3.1 and taking the expectations on both
sides of above inequality conditioned on ρR−1, we obtain that

αγρR−1ζE[∥ĉr∥|ρR−1] ≤ (E[∥∇̂fr∥2|ρR−1])
1/2 · (E[∥xr+1 − xr∥2|ρR−1])

1/2

+ ρR−1(E[∥∇̂cr∥2|ρR−1])
1/2 · (E[∥xr+1 − xr∥2|ρR−1])

1/2

≤ Gγϵ+ ρR−1Lcγϵ,

where the second inequality comes from Corollary 3.2 and (3.14). It implies that

E[∥ĉr∥|ρR−1] ≤
(

G

αζρ0
+

Lc

αζ

)
ϵ := M2ϵ.

Then it can be shown from (3.15) that

E[∥c(xr)∥] ≤ E[∥ĉr∥] + E[∥c(xr)− ĉr∥] ≤ (M2 +Q
1/2
2 ϵ)ϵ. (4.3)

Notice that if we replace the ϵ in the parameter settings of Theorem 3.1 with ϵ/(M2 + Q
1/2
2 ), it derives

E[∥c(xr)∥] ≤ ϵ from (4.3), which together with (3.16) ensures that xr, i.e. xR is a stochastic ϵ-KKT point
of (1.1). To summarize, when Algorithm 2.1 terminates, it outputs a stochastic ϵ-KKT point of (1.1).
Recall that Algorithm 2.1 must terminate within K1 iterations. As a result, the overall oracle complexity of
Algorithm 2.1 is primarily determined by the complexity of the inner subproblem solver, i.e., Algorithm 3.1.

We summarize the above analysis to give the following theorem, characterizing the oracle complexity of
Algorithm 2.1 to reach a stochastic ϵ-KKT point of (1.1).

Theorem 4.1. Suppose that Assumptions 1.1-4.1 hold. Let xR be the output of Algorithm 2.1 with parameter
settings of Algorithm 3.1 following Theorem 3.1 except with ϵ being replaced by ϵ

max{1,M2+Q
1/2
2 }

. Then xR is

a stochastic ϵ-KKT point of (1.1). Moreover, the corresponding oracle complexity for the objective gradient,
constraint gradient, and constraint function value evaluations is of order O(ϵ−3), O(ϵ−3), and O(ϵ−5),
respectively.

5 Extensions to semi-stochastic, finite-sum and deterministic cases

In this section, we consider to apply the framework in Algorithm 2.1 to solve more variants of problem
(1.1), including the semi-stochastic, finite-sum, and deterministic variants. By assuming appropriate values
of σf , σJ and σc in Assumptions 1.2-1.3, we can recover the semi-stochastic and deterministic cases directly.
Specifically, if we set σJ = σc = 0 but allow σf > 0, it turns to a semi-stochastic setting in which the
constraint information is exact while the objective information is noisy. Further imposing σf = 0 leads to
the deterministic setting, in which both the objective and constraint information are available exactly. As a
special case of (1.1), the finite-sum setting arises when both objective function and constraint functions are
given as the averages of a finite number of component functions.

5.1 Semi-stochastic case

In the semi-stochastic case, the stochasticity arises solely from the objective function, while exact constraint
gradient and constraint function values can be accessed. The analysis for the semi-stochastic case largely
follows that of the fully-stochastic case, while the only adjustment required is to replace all stochastic
information of the constraint with its exact values in Algorithm 3.1. We therefore omit the detailed derivation
and directly present the main results.

Under Assumptions 1.1-1.2, for fixed ρ > 0 and given ϵ̃ > 0, let ∇̂f be computed through (3.2)-(3.3). Let
γ := 1/ (8(ρLJ + Lf )) and batch sizes |Ai|, i = 0, . . . , T τ − 1 follow the same settings as Lemma 3.4. Then
in analogy to the analysis in Section 3, it holds that

E[∥Ḡ(xr)∥2] ≤ 24

γ

(
Φ(x0)− C∗

Tτ
+ ϵ̃2

)
and E[∥G(xr)∥2] ≤ 1

Γγ

(
Φρ(x

0)− C∗

Tτ
+ ϵ̃2

)
.
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Using the same parameter settings as Theorem 3.1, we can obtain that the output xr of Algorithm 3.1 in
semi-stochastic setting satisfies

E[∥Ḡ(xr)∥2] ≤ ϵ2 and E[∥G(xr)∥2] ≤ ϵ2,

with an oracle complexity of order O(ρ2ϵ−3) regarding evaluations of stochastic objective gradients.
To obtain a stochastic ϵ-KKT point in the semi-stochastic setting, a strong LICQ assumption needs to

be imposed. This constraint qualification has also been used in [2, 8, 9].

Assumption 5.1. For any k ≥ 1, the singular values of ∇c(xk)
⊤ are uniformly bounded below by ν > 0.

This assumption corresponds to the deterministic case of Assumption 4.1. Under Assumption 5.1 and
following similar analysis in Section 4, we can guarantee that Algorithm 2.1 with exact constraint information
being used, terminates finitely in the semi-stochastic case and returns a stochastic ϵ-KKT point of (1.1).
Accordingly, the total number of stochastic objective gradient evaluations required by Algorithm 2.1 in
semi-stochastic setting is

TA+ Tτa = O(ϵ−1) · O(ϵ−2) +O(ϵ−2) · O(ϵ−1) = O(ϵ−3),

while the complexities associated with the gradient and function evaluations of the constraints are of the same
order as the inner loop iteration complexity, i.e., O(ϵ−2). Consequently, the overall oracle complexity regard-
ing stochastic objective gradient evaluations and constraint information evaluations in the semi-stochastic
case is of order O(ϵ−3).

Remark 5.1. This result yields an oracle complexity bound that aligns with that in [32], but without the
need of a nearly feasible initial point.

5.2 Finite-sum case

In the finite-sum setting, we consider the problem formulated as

min
x∈Rn

f(x) :=
1

N

N∑
j=1

fj(x)

s.t. c(x) :=
1

N

N∑
j=1

cj(x) = 0. (5.1)

This can be regarded as a special case of problem (1.1), where ξ follows the uniform distribution over a finite
sample set {ξ1, ξ2, . . . , ξN} with F (x, ξj) and C(x, ξj) being defined as fj(x) and cj(x), respectively. In this
section, we assume that each component function satisfies the following assumption.

Assumption 5.2. For each j = 1, . . . , N , functions fj and cj have Lipschitz continuous gradients with

constant Lj
f and Lj

J , respectively, and function cj is Lipschitz continuous with constant Lj
c.

To solve problem (5.1), we only need to modify the computation of stochastic approximations in Algorithm
3.1 to adjust to the finite-sum structure. In this setting, we adopt a different variance reduction approach
to compute stochastic estimate oracles. A similar approach with truncation is also used in [35, 38]. More
specifically, we construct the estimators ∇̂f i, ĉi and ∇̂ci by

∇̂f i = ΠB(G)

( 1

|Ai|
∑
j∈Ai

(
∇fj(x

i)−∇fj(x
⌊ i
τ ⌋τ )

)
+∇f(x⌊ i

τ ⌋τ )
)
,

ĉi = ΠB(M)

( 1

|Bi|
∑
j∈Bi

(
cj(x

i)− cj(x
⌊ i
τ ⌋τ )−∇cj(x

⌊ i
τ ⌋τ )⊤(xi − x⌊ i

τ ⌋τ )
)

+ c(x⌊ i
τ ⌋τ ) +∇c(x⌊ i

τ ⌋τ )⊤(xi − x⌊ i
τ ⌋τ )

)
,

∇̂ci = ΠB(Lc)

( 1

|Si|
∑
j∈Si

(
∇cj(x

i)−∇cj(x
⌊ i
τ ⌋τ )

)
+∇c(x⌊ i

τ ⌋τ )
)

for i mod τ ̸= 0,

(5.2)
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where Ai, Bi, Si ⊆ {1, . . . , N} are randomly and independently picked index sets and

∇̂f i =
1

N

N∑
j=1

∇fj(x
i), ĉi =

1

N

N∑
j=1

cj(x
i), ∇̂ci =

1

N

N∑
j=1

∇cj(x
i) for i mod τ = 0. (5.3)

Combining the nonexpansiveness of the projection operator and [38, Lemma 3], we can bound the ap-
proximation errors associated with these estimators.

Lemma 5.1. Suppose Assumption 5.2 holds and ∇̂f i, ĉi and ∇̂ci are constructed through (5.2)-(5.3). Then
it holds that

E
[
∥∇̂f i −∇f(xi)∥2 | xi

]
≤

L2
f

|Ai|
∥xi − x⌊ i

τ ⌋τ∥2,

E
[
∥ĉi − c(xi)∥ | xi

]
≤ LJ

2
√
|Bi|

∥xi − x⌊ i
τ ⌋τ∥2,

E
[
∥∇̂ci −∇c(xi)∥2 | xi

]
≤ L2

J

|Si|
∥xi − x⌊ i

τ ⌋τ∥2 for i = 0, . . . , T τ − 1,

where E[· | xi] denotes conditional expectation with respect to the random indices in Ai, Bi, and Si, and

Lf :=
√

1
N

∑N
j=1(L

j
f )

2 and LJ :=
√

1
N

∑N
j=1(L

j
J)

2.

For the expected generalized gradients at the output of Algorithm 3.1 in the finite-sum setting, we can also
provide upper bounds on the expected generalized gradients at the output. The detailed proof is presented
in Appendix C.

Proposition 5.1. Suppose that Assumptions 1.1, 4.1 and 5.2 hold. For fixed ρ > 0 and given ϵ > 0, let
γ := 1/ (8(ρLJ + Lf )), τ = ⌈0.5N1/5 − 1⌉, and the estimates ∇̂f i, ĉi and ∇̂ci in Algorithm 3.1 be given in
(5.2)-(5.3), with the batch sizes set as

|Ai| ≡ a =
⌈
2N2/5

⌉
, |Bi| ≡ b =

⌈
4N4/5

⌉
, |Si| ≡ s =

⌈
2N2/5

⌉
for i mod τ ̸= 0.

Then the output xr satisfies

E
[
∥Ḡ(xr)∥2

]
≤ 45(Φρ(x

0)− C∗)

Tτγ
and E

[
∥G(xr)∥2

]
≤ 82(Φρ(x

0)− C∗)

Tτγ
. (5.4)

Proposition 5.2. Under Assumptions 1.1, 4.1 and 5.2 and the parameter settings in Proposition 5.1 with

T = max{1, ⌈ 82(Φρ(x
0)−C∗)

τγϵ2 ⌉}, the output of Algorithm 3.1 in the finite-sum setting satisfies

E
[
∥Ḡ(xr)∥2

]
≤ ϵ2 and E

[
∥G(xr)∥2

]
≤ ϵ2,

and the oracle complexity of evaluating the component gradients of f and c, as well as the component
constraint function values, is of order O(N + ρ2N4/5ϵ−2).

Proof. By the conditions of this theorem, we have T = O(1+ρ2N−1/5ϵ−2) and τ = O(N1/5). Consequently,
the number of gradient evaluations of the component objective functions and component constraint functions
are TN + Tτa and TN+Tτs, respectively, and both are of order of O(N+ρ2N4/5ϵ−2). And the total number
of evaluations of component constraint function values is TN + Tτb which is of order O(N + ρ2N4/5ϵ−2).
The proof is completed.

The following corollary provides the upper bounds on the variance of the estimators constructed using
(5.2)–(5.3) at the output of Algorithm 3.1 in finite-sum setting. The detailed proof is presented in Appendix
C.
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Proposition 5.3. For any given ϵ > 0 and under the same conditions as Proposition 5.2, it holds that

E[∥∇̂fr −∇f(xr)∥2] ≤ Q4ϵ
2, E[∥∇̂cr −∇c(xr)∥2] ≤ Q4ϵ

2, E[∥ĉr − c(xr)∥] ≤ Q4ϵ
2, (5.5)

with Q4 := max{γ2L2
f

16 ,
γ2L2

J

16 , γ2LJ

32 }.

In analogy to the analysis presented in Section 4, the outer loop of Algorithm 2.1 in the finite-sum
case terminate within a finite number of iterations, producing a stochastic ϵ-KKT point under Assumption
4.1. Leveraging this fact, we can establish the oracle complexity of Algorithm 2.1 with stochastic oracles
computed through (5.2)–(5.3). The detailed proof is omitted here to avoid unnecessary repetition.

Theorem 5.1. Suppose that Assumptions 1.1, 4.1 and 5.2 hold. Algorithm 2.1 in the finite-sum setting with
the same parameter settings as proposition 5.2 returns a stochastic ϵ-KKT point of (5.1). Moreover, the
associated oracle complexity regarding the evaluation of component objective gradients, component constraint
gradients, and component constraint function values is of order O(N +N4/5ϵ−2).

5.3 Deterministic case

In the deterministic setting, all the exact function information is available. And the update rule (3.1) turns
to

xi+1 = argmin
x

{
∇f(xi)⊤(x− xi) + ρ∥c(xi) +∇c(xi)⊤(x− xi)∥+ 1

2γ
∥x− xi∥2

}
.

And meanwhile, the proof of Lemma 3.3 corresponding to the deterministic case can be significantly simpli-
fied. It can be derived from (3.12) that

Φρ(x
i+1) ≤ Φρ(x

i)−
(

1

2γ
− (ρLJ + Lf )

)
∥xi+1 − xi∥2.

Summing the above inequalities over i = 0, . . . , T τ − 1, we have

∥Ḡ(xr0)∥2
Tτ−1∑
i=0

(
γ

2
− γ2(ρLJ + Lf )) ≤

Tτ−1∑
i=0

(
γ

2
− γ2(ρLJ + Lf ))∥Ḡ(xi)∥2

≤ Φρ(x
0)− Φρ(x

Tτ ) ≤ Φρ(x
0)− C∗,

where xr0 ∈ {xi}i=0,...,Tτ−1 is chosen such that r0 = argmini ∥Ḡ(xi)∥2. Given that γ := 1/ (8(ρLJ + Lf )),
we have γ

2 − γ2(ρLJ + Lf ) >
γ
4 , implying that

∥Ḡ(xr0)∥2 ≤ 4(Φρ(x
0)− C∗)

Tτγ
.

Therefore, to achieve ∥Ḡ(xr0)∥ ≤ ϵ for a given ϵ > 0, it suffices to require the total number of iterations
Tτ = O(ρ2ϵ−2), thus the iteration complexity of Algorithm 3.1 in deterministic setting is of order O(ρ2ϵ−2).
Unlike Section 4, in the deterministic setting exact information of both objective and constraints are available,
allowing a direct derivation of the finite termination of the outer iterations based on the corresponding
argument. Moreover, the reasoning in Theorem 4.1 extends naturally to the deterministic case, proving
that under (1.2) and Assumption 5.1, the final output xR of Algorithm 2.1 in deterministic setting is an
ϵ-KKT point of (1.1). Consequently, Algorithm 2.1 in the deterministic setting can find an ϵ-KKT point
with iteration complexity of order O(ϵ−2), which matches the best-known result for deterministic nonconvex
constrained optimization [6, 8, 10,30].

18



6 Numerical Results

In this section, we consider a constrained binary classification problem [31], where the objective is to mini-
mize the logistic loss function subject to an expected linear equality constraint together with an additional
spherical constraint, formulated as

min
x∈Rn

f(x) =
1

N

N∑
i=1

log
(
1 + e−yi(X

⊤
i x)
)

s.t. E[Ax− a] = 0, ∥x∥22 = 1.

Here, Xi ∈ Rn, i ∈ [N ] denote the feature vectors and yi ∈ {−1, 1}, i ∈ [N ] are corresponding labels with
[N ] = {1, . . . , N}. The random matrix A ∈ R10×n is generated based on a fixed baseline matrix A0, where

each element at ith row and jth column of A satisfies A(i,j) ∼ N (A
(i,j)
0 , 10−3

n ) with A
(i,j)
0 ∼ N (1, 100) for

any (i, j) ∈ [10] × [n]. Similarly, the random vector a ∈ R10 is drawn from N (a0, 10
−3I), with a0 being a

fixed baseline vector whose elements are independently follow the distribution of N (1, 100). In practice, the
expectation in the constraint is approximated by a sample-average over 1000 independent samples of (A, a)
generated from the above distributions. We test this problem on the bank-marketing dataset from the UCI
repository [13] with n = 81 and the loan dataset from LendingClub with n = 250 used in [20], where the
feature vectors X and corresponding labels y are taken from these datasets, comparing the performance
of the three algorithms TStoM [7], Stoc-iALM [20] and the extension of Algorithm 2 in [1, Section 4.1]
(shortened as SLQPM below).

For both datasets, we initialize x1 ∈ Rn as a standard Gaussian vector rescaled to satisfy ∥x1∥ = 0.01.
For the bank-marketing dataset, we set the maximum number of samples to 2 × 104 and ρ0 = 1, β = 1.2,
α = 0.8, ζ = 0.8, γ = 0.001 for Algorithm 2.1. Figure 1 presents the performances of Algorithm 2.1 in
comparison with three other algorithms on the bank-marketing dataset. Note that all reported results
are averaged over 5 independent runs of each algorithm, and the solid lines depict the mean values, while
the shadow area indicates the standard deviation. It can be observed that Algorithm 2.1 outperforms the
other algorithms in terms of objective function reduction, achieving a faster and more pronounced decrease.
Regarding constraint violation, all four algorithms exhibit similar performance, but TStoM shows slightly
better results. For the KKT-residual, Algorithm 2.1 demonstrates a clear advantage over the other methods.
These results suggest that Algorithm 2.1 performs favorably compared with the other algorithms on the bank-
marketing dataset. We then run Algorithm 2.1 with the same parameter settings as before, and compare
the performance on the loan dataset, as shown in Figure 2. The results in Figure 2 indicate that Algorithm
2.1 shows a marked advantage with respect to objective function reduction and KKT residual, while in terms
of constraint violation all algorithms behave similarly, with TStoM slightly ahead of Algorithm 2.1. It is
noteworthy that, in our experiments, Algorithm 2.1 maintains stable performance even when its parameters
are adjusted, while the competing methods exhibit greater sensitivity to such changes. Furthermore, when
applied to a different dataset with identical parameter settings, Algorithm 2.1 exhibits robust performance,
indicating its general applicability.

7 Conclusion

In this work we focus on nonconvex stochastic equality-constrained optimization. We begin by studying
problems where both the objective and constraint functions are in general expectation forms and propose
an exact penalty algorithm. In each iteration, the penalty parameter is adaptively updated, followed by the
application of a truncated stochastic prox-linear algorithm to solve the corresponding penalized subproblem.
Under certain constraint qualification assumptions, we analyze the oracle complexity of the subproblem algo-
rithm. We also prove the exactness of the penalty method, ensuring the finite termination of the method, and
establish the oracle complexity bounds regarding the stochastic gradient evaluations of both the objective and
constraint functions, as well as the evaluations of the stochastic constraint function values, respectively. Fur-
thermore, we propose variant of methods to apply for stochastic equality-constrained optimization problems

19



Figure 1: Comparison of Algorithm 2.1, TStoM, Stoc-iALM and SLQPM on the bank-marketing dataset

Figure 2: Comparison of Algorithm 2.1, TStoM, Stoc-iALM and SLQPM on the loan dataset

in semi-stochastic and finite-sum settings and for deterministic equality-constrained optimization, respec-
tively. For each case, we present the corresponding oracle complexity analysis. Finally, we provide numerical
results on a benchmark test problem to illustrate the performance of the proposed method.

Appendix

A Exactness of penalization

In this appendix, let us consider a variant of Algorithm 2.1 in the deterministic setting, where each subprob-
lem is solved exactly, namely

xk ∈ argminΦρk−1
(x). (A.1)

With a little abuse of notations, we still use ϕk and θk with definitions given by (2.4) based on exact
information of the objective and constraints. When ϕk ≥ ρk−1ζθk, the algorithm terminates and returns xk;
otherwise, we update the penalty parameter through

ρk = max{βρk−1, ρ̂k−1} with ρ̂k−1 :=
∇f(xk)

⊤dk + 1
2∥dk∥

2

α(1− ζ)∥c(xk)∥
and β > 1,

where
dk = −uk + αvk

with α ∈ (0, 1), uk := ∇f(xk)− (∇c(xk)
⊤)†∇c(xk)

⊤∇f(xk) and vk := −(∇c(xk)
⊤)†c(xk).

In the following, we will verify that the above iteration process terminates in a finite number of iterations,
and returns a KKT point of (1.1), provided that singular values of ∇c(xk)

⊤ for all k ≥ 1 are uniformly
bounded below by ν > 0. More specifically, under above assumption we can guarantee that ∇c(xk)

⊤∇c(xk)
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is positive definite and Dk := (∇c(xk)
⊤∇c(xk))

−1 satisfies ∥Dk∥ ≤ 1/ν2. Recall that when c(xk) = 0, vk = 0
and (2.5) holds naturally. When c(xk) ̸= 0, (2.5) holds whenever

ρk−1 ≥
∇f(xk)

⊤dk + 1
2∥dk∥

2

α(1− ζ)∥c(xk)∥
.

Then it follows from the definition of dk and Assumption 1.1 as well as (1.2) that

∇f(xk)
⊤dk +

1

2
∥dk∥2 ≤ (∇f(xk) + dk)

⊤dk = ((∇c(xk)
⊤)†∇c(xk)

⊤∇f(xk)− α(∇c(xk)
⊤)†c(xk))

⊤dk

=(∇c(xk)Dk∇c(xk)
⊤∇f(xk)− α∇c(xk)Dkc(xk))

⊤dk

=(Dk∇c(xk)
⊤∇f(xk)− αDkc(xk))

⊤∇c(xk)
⊤dk

=α2(∇c(xk)Dkc(xk))
⊤∇c(xk)Dkc(xk)− α∇f(xk)

⊤∇c(xk)Dkc(xk)

≤α2|c(xk)
⊤Dkc(xk)|+ α|∇f(xk)

⊤∇c(xk)Dkc(xk)|

≤α(
1

ν2
αM +

1

ν2
GLc)∥c(xk)∥ := αM1∥c(xk)∥,

where the fourth equality is due to ∇c(xk)
⊤uk = 0. It follows that ϕk ≥ ρk−1ζθk is satisfied if ρk−1 is greater

than M1

1−ζ , and then the algorithm terminates with output xk. Then we can prove that the equivalence between

the KKT points of problem (2.1) and that of (1.1) in the deterministic setting, stated in the following lemma,
indicating the exactness of the penalty method.

Theorem A.1. Suppose that Assumptions 1.1, 5.1 and (1.2) hold. If ρk−1 > M1

1−ζ , xk, defined by (A.1), is

also a KKT point of problem (1.1).

Proof. From the optimality condition for (A.1), there exists ωk ∈ ∂∥c(xk)∥ such that

∇f(xk) + ρk−1∇c(xk)ωk = 0, (A.2)

and

0 = argmin
d

{
∇f(xk)

⊤d+ ρk−1∥c(xk) + γ∇c(xk)
⊤d∥+ 1

2γ
∥d∥2

}
.

According to the definition of ϕk, we have

ϕk ≤ ρk−1∥c(xk)∥ −min
s

{
∇f(xk)

⊤s+ ρk−1∥c(xk) +∇c(xk)
⊤s∥+ 1

2γ
∥s∥2

}
= 0.

As discussed above, if ρk−1 > M1

1−ζ , we have ϕk ≥ ρk−1ζθk, implying c(xk) = 0, thus xk is a feasible point of

(1.1). Hence, with λk = ρk−1ωk and by (A.2), xk is a KKT point of (1.1).

B Proofs for Section 3

In this appendix, we give the detailed proofs of Lemma 3.2, Lemma 3.3 and Lemma 3.4.

Proof of Lemma 3.2. For notational convenience, we define

H(x;xi) = ρ∥c(xi) +∇c(xi)⊤(x− xi)∥ and Ĥ(x;xi) = ρ∥ĉi + (∇̂ci)⊤(x− xi)∥

for i = 0, . . . , T τ − 1. It follows from the convexity of the function ∥ · ∥2 that functions

H(x;xi) +∇f(xi)⊤(x− xi) +
1

2γ
∥x− xi∥2 and Ĥ(x;xi) + (∇̂f i)⊤(x− xi) +

1

2γ
∥x− xi∥2
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are 1
γ -strongly convex. Given that x̄i and xi+1 are minimizers of above two functions, respectively, it holds

that

H(x̄i;xi) +∇f(xi)⊤(x̄i − xi) +
1

2γ
∥x̄i − xi∥2 ≤ H(xi+1;xi) +∇f(xi)⊤(xi+1 − xi) +

1

2γ
∥xi+1 − xi∥2

− 1

2γ
∥xi+1 − x̄i∥2,

and

Ĥ(xi+1;xi) + (∇̂f i)⊤(xi+1 − xi) +
1

2γ
∥xi+1 − xi∥2 ≤ Ĥ(x̄i;xi) + (∇̂f i)⊤(x̄i − xi) +

1

2γ
∥x̄i − xi∥2

− 1

2γ
∥x̄i − xi+1∥2.

Summing the two inequalities above and rearranging terms leads to

1

γ
∥x̄i − xi+1∥2 ≤H(xi+1;xi) +∇f(xi)⊤(xi+1 − xi)− Ĥ(xi+1;xi)− (∇̂f i)⊤(xi+1 − xi)

+ Ĥ(x̄i;xi) + (∇̂f i)⊤(x̄i − xi)−H(x̄i;xi)−∇f(xi)⊤(x̄i − xi). (B.1)

Note that it follows from the Lipschitz continuity of ∥ · ∥ and Young’s inequality that∣∣∣H(xi+1;xi)− Ĥ(xi+1;xi)
∣∣∣ = ρ

∣∣∣∥c(xi) +∇c(xi)⊤(xi+1 − xi)∥ − ∥ĉi + (∇̂ci)⊤(xi+1 − xi)∥
∣∣∣

≤ ρ∥c(xi)− ĉi +
(
∇c(xi)− ∇̂ci

)⊤
(xi+1 − xi)∥

≤ ρ∥c(xi)− ĉi∥+ ρ
∥∥∥∇c(xi)− ∇̂ci

∥∥∥ · ∥xi+1 − xi∥

≤ ρ

(
∥c(xi)− ĉi∥+ 1

2LJ
∥∇c(xi)− ∇̂ci∥2 + LJ

2
∥xi+1 − xi∥2

)
.

Similarly, we can also obtain∣∣∣H(x̄i;xi)− Ĥ(x̄i;xi)
∣∣∣ ≤ ρ

(
∥ĉi − c(xi)∥+ 1

2LJ
∥∇̂ci −∇c(xi)∥2 + LJ

2
∥x̄i − xi∥2

)
.

On the other hand, Young’s inequality implies

∇f(xi)⊤(x̄i − xi)− (∇̂f i)⊤(x̄i − xi) = (∇f(xi)− ∇̂f i)⊤(x̄i − xi)

≤ 1

2Lf
∥∇̂f i −∇f(xi)∥2 + Lf

2
∥x̄i − xi∥2

and

∇f(xi)⊤(xi+1 − xi)− (∇̂f i)⊤(xi+1 − xi) ≤ 1

2Lf
∥∇̂f i −∇f(xi)∥2 + Lf

2
∥xi+1 − xi∥2.

Plugging above relations into (B.1) derives

1

γ
∥x̄i − xi+1∥2 ≤ ρ

(
2∥ĉi − c(xi)∥+ 1

LJ
∥∇̂ci −∇c(xi)∥2

)
+

1

Lf
∥∇̂f i −∇f(xi)∥2

+
ρLJ + Lf

2
(∥x̄i − xi∥2 + ∥xi+1 − xi∥2). (B.2)

Combining (B.2) with the fact that ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2, we have

1

γ
∥x̄i − xi∥2 ≤ 2

γ
∥xi+1 − xi∥2 + 2

γ
∥x̄i − xi+1∥2
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≤ 2

γ
∥xi+1 − xi∥2 + 2ρ

(
2∥ĉi − c(xi)∥+ 1

LJ
∥∇̂ci −∇c(xi)∥2

)
+

2

Lf
∥∇̂f i −∇f(xi)∥2

+ (ρLJ + Lf )(∥x̄i − xi∥2 + ∥xi+1 − xi∥2), (B.3)

which gives(
1

γ
− (ρLJ + Lf )

)
∥x̄i − xi∥2

≤
(
2

γ
+ (ρLJ + Lf )

)
∥xi+1 − xi∥2 + 2ρ

(
2∥ĉi − c(xi)∥+ 1

LJ
∥∇̂ci −∇c(xi)∥2

)
+

2

Lf
∥∇̂f i −∇f(xi)∥2.

It follows from definitions of G and Ḡ in (3.8) that(
γ − γ2(ρLJ + Lf )

) ∥∥Ḡ(xi)
∥∥2

≤
(
2γ + γ2(ρLJ + Lf )

) ∥∥G(xi)
∥∥2 + 2ρ

(
2∥ĉi − c(xi)∥+ 1

LJ
∥∇̂ci −∇c(xi)∥2

)
+

2

Lf
∥∇̂f i −∇f(xi)∥2,

which yields (3.10). It is also worth noting that, while (B.3) focuses on bounding ∥x̄i−xi∥2, a similar bound
can be derived for ∥xi+1 − xi∥2, namely,

1

γ
∥xi+1 − xi∥2 ≤ 2

γ
∥xi+1 − x̄i∥2 + 2

γ
∥x̄i − xi∥2

≤ 2

γ

∥∥x̄i − xi
∥∥2 + 2ρ

(
2∥ĉi − c(xi)∥+ 1

LJ
∥∇̂ci −∇c(xi)∥2

)
+

2

Lf
∥∇̂f i −∇f(xi)∥2

+ (ρLJ + Lf )(∥x̄i − xi∥2 + ∥xi+1 − xi∥2),

which leads to (3.11) directly. This proof is completed.

The following is the proof of Lemma 3.3.

Proof of Lemma 3.3. By the Lipschitz continuity of ∇c and ∇f , we have

∥c(x)∥ ≤ ∥c(y) +∇c(y)⊤(x− y)∥+ ∥c(x)− c(y)−∇c(y)⊤(x− y)∥

≤ ∥c(y) +∇c(y)⊤(x− y)∥+ LJ

2
∥x− y∥2,

and

f(x) ≤ f(y) +∇f(y)⊤(x− y) +
Lf

2
∥x− y∥2.

Referring to the definition of Φρ in (2.1) leads to

Φρ(x
i+1)

≤ f(xi) +∇f(xi)⊤(xi+1 − xi) + ρ∥c(xi) +∇c(xi)⊤(xi+1 − xi)∥+ (ρLJ + Lf )

2
∥xi+1 − xi∥2

= (∇̂f i)⊤(xi+1 − xi) + ρ∥ĉi + (∇̂ci)⊤(xi+1 − xi)∥+ 1

2γ
∥xi+1 − xi∥2 −

(
1

2γ
− (ρLJ + Lf )

2

)
∥xi+1 − xi∥2

+ ρ∥c(xi) +∇c(xi)⊤(xi+1 − xi)∥ − ρ∥ĉi +∇c(xi)⊤(xi+1 − xi)∥︸ ︷︷ ︸
Z1

+ ρ∥ĉi +∇c(xi)⊤(xi+1 − xi)∥ − ρ∥ĉi + (∇̂ci)⊤(xi+1 − xi)∥︸ ︷︷ ︸
Z2
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+ f(xi) + (∇f(xi)− (∇̂f i))⊤(xi+1 − xi)︸ ︷︷ ︸
Z3

. (B.4)

By optimality conditions for (3.1), we have

(∇̂f i)⊤(xi+1 − xi) + ρ∥ĉi + (∇̂ci)⊤(xi+1 − xi)∥+ 1

2γ
∥xi+1 − xi∥2 ≤ ρ∥ĉi∥.

Plugging this inequality into (B.4) gives

Φρ(x
i+1) ≤ ρ∥ĉi∥ −

(
1

2γ
− (ρLJ + Lf )

2

)
∥xi+1 − xi∥2 + f(xi) + Z1 + Z2 + Z3

= f(xi) + ρ∥c(xi)∥ −
(

1

2γ
− (ρLJ + Lf )

2

)
∥xi+1 − xi∥2 + Z1 + Z2 + Z3 + ρ(∥ĉi∥ − ∥c(xi)∥)

= Φρ(x
i)−

(
1

2γ
− (ρLJ + Lf )

2

)
∥xi+1 − xi∥2 + Z1 + Z2 + Z3 + ρ(∥ĉi∥ − ∥c(xi)∥). (B.5)

Note that it is easy to obtain

Z1 ≤ ρ∥ĉi − c(xi)∥,

Z2 ≤ ρ
∥∥∥(∇̂ci −∇c(xi))⊤(xi+1 − xi)

∥∥∥ ≤ ρ∥∇̂ci −∇c(xi)∥ · ∥xi+1 − xi∥

≤ ρ

2LJ
∥∇̂ci −∇c(xi)∥2 + ρLJ

2
∥xi+1 − xi∥2,

Z3 ≤ 1

2Lf
∥∇f(xi)− (∇̂f i)∥2 + Lf

2
∥xi+1 − xi∥2.

Substituting these bounds into (B.5) yields

Φρ(x
i+1) ≤ Φρ(x

i)−
(

1

2γ
− (ρLJ + Lf )

2

)
∥xi+1 − xi∥2 + 2ρ∥ĉi − c(xi)∥+ 1

2Lf
∥∇f(xi)− (∇̂f i)∥2

+
Lf

2
∥xi+1 − xi∥2 + ρ

2LJ
∥∇̂ci −∇c(xi)∥2 + ρLJ

2
∥xi+1 − xi∥2

= Φρ(x
i)−

(
1

2γ
− (ρLJ + Lf )

)
∥xi+1 − xi∥2 + 2ρ∥ĉi − c(xi)∥+ 1

2Lf
∥∇f(xi)− (∇̂f i)∥2

+
ρ

2LJ

∥∥∥∇̂ci −∇c(xi)
∥∥∥2 .

After substituting G(xi) = − 1
γ (x

i+1 − xi), we derive the desired result.

Building on the above analysis, we now prove Lemma 3.4.

Proof of Lemma 3.4. Due to the structure of Algorithm 3.1, we first focus on i = 0, . . . , τ − 1 and then
extend to the whole iteration process. Specifically, we set

|A0| = A, |B0| = B, |S0| = S

and
|Ai| ≡ a, |Bi| ≡ b, |Si| ≡ s, for i = 1, . . . , τ − 1.

It follows from (3.2), Assumptions 1.2-1.3 and the nonexpansiveness of the projection operator that

E[∥∇̂f0 −∇f(x0)∥2] ≤
σ2
f

A
, E[∥ĉ0 − c(x0)∥2] ≤ σ2

c

B
, E[∥∇̂c0 −∇c(x0)∥2] ≤ σ2

J

S
.
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Note that from Lemma 3.1 and Young’s inequality we can obtain

E[∥ĉi − c(xi)∥] ≤
√
E[∥ĉi − c(xi)∥2]

≤ σc√
B

+

√√√√L2
c

b

i∑
p=1

E[∥xp − xp−1∥2]

≤ σc√
B

+
δ

2
+

L2
c

2bδ

i∑
p=1

E[∥xp − xp−1∥2] for all i = 1, . . . , τ − 1,

where δ = ϵ̃2

4ρ . Then taking expectations on both sides of (3.12) and applying (3.4) and (3.6) yield

E[Φρ(x
i+1)]

≤ E[Φρ(x
i)]−

(
1

2γ
− (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] + 2ρE[∥ĉi − c(xi)∥]

+
1

2Lf
E[∥∇̂f i −∇f(xi)∥2] + ρ

2LJ
E[∥∇̂ci −∇c(xi)∥2]

≤ E[Φρ(x
i)]−

(
1

2γ
− (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] + 2ρσc√

B
+ ρδ +

ρL2
c

bδ

i∑
p=1

E[∥xp − xp−1∥2]

+
σ2
f

2LfA
+

Lf

2a

i∑
p=1

E[∥xp − xp−1∥2] + ρσ2
J

2LJS
+

ρLJ

2s

i∑
p=1

E[∥xp − xp−1∥2]

= E[Φρ(x
i)]−

(
1

2γ
− (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] + 2ρσc√

B
+

σ2
f

2LfA
+

ρσ2
J

2LJS
+ ρδ

+

(
ρL2

c

bδ
+

Lf

2a
+

ρLJ

2s

) i∑
p=1

E[∥xp − xp−1∥2]. (B.6)

Recall from (3.10) and 1− 4γ(ρLJ + Lf ) > 0 that

3γ

4
E[∥Ḡ(xi)∥2]

≤
(
γ − γ2(ρLJ + Lf )

)
E[∥Ḡ(xi)∥2]

≤
(
2

γ
+ (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] + 2ρ

(
2E[∥ĉi − c(xi)∥] + 1

LJ
E[∥∇̂ci −∇c(xi)∥2]

)
+

2

Lf
E[∥∇̂f i −∇f(xi)∥2]

≤
(
2

γ
+ (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] + 4ρσc√

B
+ 2ρδ +

2ρL2
c

bδ

i∑
p=1

E[∥xp − xp−1∥2]

+
2σ2

f

LfA
+

2Lf

a

i∑
p=1

E[∥xp − xp−1∥2] + 2ρσ2
J

LJS
+

2ρLJ

s

i∑
p=1

E[∥xp − xp−1∥2]

=

(
2

γ
+ (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] +

(
2ρL2

c

bδ
+

2Lf

a
+

2ρLJ

s

) i∑
p=1

E[∥xp − xp−1∥2]

+
4ρσc√

B
+

2σ2
f

LfA
+

2ρσ2
J

LJS
+ 2ρδ. (B.7)

25



Given that 1− 4γ(ρLJ +Lf ) > 0, we have 1
18 ≤ 1

4 · 1−2γ(ρLJ+Lf )
2+γ(ρLJ+Lf )

≤ 1. Then multiplying both sides of (B.7)

by 1
4 · 1−2γ(ρLJ+Lf )

2+γ(ρLJ+Lf )
yields

γ

24
E
[
∥Ḡ(xi)∥2

]
≤
(

1

4γ
− (ρLJ + Lf )

2

)
E[∥xi+1 − xi∥2] +

(
2ρL2

c

bδ
+

2Lf

a
+

2ρLJ

s

) i∑
p=1

E[∥xp − xp−1∥2]

+
4ρσc√

B
+

2σ2
f

LfA
+

2ρσ2
J

LJS
+ 2ρδ.

Adding the above inequality to (B.6) gives

γ

24
E
[
∥Ḡ(xi)∥2

]
≤ E

[
Φρ(x

i)
]
− E

[
Φρ(x

i+1)
]
−
(

1

4γ
− (ρLJ + Lf )

2

)
E[∥xi+1 − xi∥2]

+

(
3ρL2

c

bδ
+

5Lf

2a
+

5ρLJ

2s

) i∑
p=1

E[∥xp − xp−1∥2] + 6ρσc√
B

+
5ρσ2

J

2LJS
+

5σ2
f

2LfA
+ 3ρδ (B.8)

for any i = 1, . . . , τ − 1. Note that (B.8) works for i = 0 as well, through direct calculations. Then by
summing (B.8) over i = 0, . . . , τ − 1, we obtain

γ

24

τ−1∑
i=0

E
[
∥Ḡ(xi)∥2

]
≤ E

[
Φρ(x

0)
]
− E [Φρ(x

τ )] +

(
6ρσc√

B
+

5ρσ2
J

2LJS
+

5σ2
f

2LfA
+ 3ρδ

)
τ

−
(

1

8γ
− 3τρL2

c

bδ
− 5τLf

2a
− 5τρLJ

2s

) τ∑
p=1

E
[
∥xp − xp−1∥2

]
.

With the parameter settings δ = ϵ̃2

4ρ , A =
5σ2

f

2Lf ϵ̃2
, B =

36ρ2σ2
c

ϵ̃4 , S =
5ρσ2

J

2LJ ϵ̃2
, a = 60τγLf , b =

72γτρL2
c

δ , and

s = 60τγρLJ , it holds that

1

8γ
− 3τρL2

c

bδ
− 5τLf

2a
− 5τρLJ

2s
≥ 0 and

6ρσc√
B

+
5ρσ2

c

2LJS
+

5σ2
f

2LfA
+ 3ρδ ≤ 4ϵ̃2.

This leads to
γ

24

τ−1∑
i=0

E[∥Ḡ(xi)∥2] ≤ E
[
Φρ(x

0)
]
− E [Φρ(x

τ )] + 4τ ϵ̃2.

Due to the structure of the algorithm we can easily extend above inequality to

γ

24

Tτ−1∑
i=0

E[∥Ḡ(xi)∥2] ≤ E
[
Φρ(x

0)
]
− E

[
Φρ(x

Tτ )
]
+ 4Tτ ϵ̃2.

Then dividing this inequality by Tτ and using Φρ(x
Tτ ) = f(xTτ ) + ρ∥c(xTτ )∥ ≥ C∗, we derive

1

Tτ

Tτ−1∑
i=0

E[∥Ḡ(xi)∥2] ≤ 24

γ

(
Φρ(x

0)− C∗

Tτ
+ 4ϵ̃2

)
.

Then since xr is randomly chosen from {xi}i=0,...,Tτ−1, we derive the first conclusion in (3.13).
On the other hand, according to (B.6), we know that for any i = 0, . . . , τ − 1,

E[Φρ(x
i+1)] ≤ E[Φρ(x

i)]−
(

1

2γ
− (ρLJ + Lf )

)
E[∥xi+1 − xi∥2] + 2ρσc√

B
+

ρσ2
J

2LJS
+

σ2
f

2LfA
+ ρδ
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+

(
ρL2

c

bδ
+

Lf

2a
+

ρLJ

2s

) i∑
p=1

E[∥xp − xp−1∥2].

Rearranging the terms in the above inequality gives(
1

4γ
− (ρLJ + Lf )

)
E[∥xi+1 − xi∥2]

≤ E[Φρ(x
i)]− E[Φρ(x

i+1)]− 1

4γ
E[∥xi+1 − xi∥2] + 2ρσc√

B
+

ρσ2
J

2LJS
+

σ2
f

2LfA
+ ρδ

+

(
ρL2

c

bδ
+

Lf

2a
+

ρLJ

2s

) i∑
p=1

E[∥xp − xp−1∥2].

Summing up the above inequality over i = 0, . . . , τ − 1 gives(
1

4γ
− (ρLJ + Lf )

) τ−1∑
i=0

E[∥xi+1 − xi∥2]

≤ E[Φρ(x
0)]− E[Φρ(x

τ )]−
(

1

4γ
− τρL2

c

bδ
− τLf

2a
− τρLJ

2s

) τ−1∑
i=0

E[∥xi+1 − xi∥2]

+

(
2ρσc√

B
+

ρσ2
J

2LJS
+

σ2
f

2LfA
+ ρδ

)
τ.

With the aforementioned parameter settings, i.e. δ = ϵ̃2

4ρ , A =
5σ2

f

2Lf ϵ̃2
, B =

36ρ2σ2
c

ϵ̃4 , S =
5ρσ2

J

2LJ ϵ̃2
, a = 60τγLf ,

b =
72γτρL2

c

δ , and s = 60τγρLJ , we have

1

4γ
− τρL2

c

bδ
− τLf

2a
− τρLJ

2s
> 0, and

2ρσc√
B

+
ρσ2

J

2LJS
+

σ2
f

2LfA
+ ρδ < 4ϵ̃2.

Since Γ = 1
4 − γ(ρLJ + Lf ) > 0, it gives

Γγ

τ−1∑
i=0

E[∥G(xi)∥2] ≤ E[Φρ(x
0)]− E[Φρ(x

τ )] + 4τ ϵ̃2.

Then considering i = 0, . . . , T τ − 1, we derive

1

Tτ

Tτ−1∑
i=0

E[∥G(xi)∥2] ≤ 1

Γγ

(
Φρ(x

0)− C∗

Tτ
+ 4ϵ̃2

)
.

We thus obtain the second conclusion in (3.13).

C Proofs for Subsection 5.2

In this appendix, we provide detailed proofs of Proposition 5.1 and Proposition 5.3.

Proof of Proposition 5.1. To simplify the convergence analysis, we adopt the following notations:

|Aj
t | = |Aj+(t−1)τ | = a, |Bj

t | = |Bj+(t−1)τ | = b, |Sj
t | = |Sj+(t−1)τ | = s
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for j = 1, . . . , τ − 1; t = 1, . . . , T . We also define

xj
t = xj+(t−1)τ , Ψρ(x

j
t ) = E[Φρ(x

j
t ) + κj∥ĝjt ∥2]

for j = 0, . . . , τ − 1; t = 1, . . . , T , where ĝjt := 1
γ (x

0
t − xj

t ) and κj is defined as

κτ = 0, κj = κj+1

(
1 +

1

τ

)
+

γ

5a
+

γ

3
√
b
+

γ

5s
.

By taking expectations on both sides of (3.12) and applying Lemma 5.1, we obtain

E[Φρ(x
j+1
t )]

≤ E[Φρ(x
j
t )]−

(
1

2γ
− (ρLJ + Lf )

)
E[∥xj+1

t − xj
t∥2] + 2ρE[∥ĉjt − c(xj

t )∥]

+
1

2Lf
E[∥∇f(xj

t )− ∇̂f j
t ∥2] +

ρ

2LJ
E[∥∇̂cjt −∇c(xj

t )∥2]

= E[Φρ(x
j
t )]−

(
1

2γ
− (ρLJ + Lf )

)
E[∥xj+1

t − xj
t∥2] +

(
Lf

2a
+

ρLJ√
b

+
ρLJ

2s

)
E[∥xj

t − x0
t∥2]

for j = 0, . . . , τ − 1 and t = 1, . . . , T. By the definition of ĝjt and G(xj
t ) := 1

γ (x
j
t − xj+1

t ), we have ĝjt =∑j−1
p=0 G(x

p
t ). Moreover, it holds that

E[∥ĝj+1
t ∥2] = E[∥ĝjt + G(xj

t )∥2] ≤
(
1 +

1

τ

)
E[∥ĝjt ∥2] + (1 + τ)E[∥G(xj

t )∥2].

Hence, we obtain

E[Φρ(x
j+1
t ) + κj+1∥ĝj+1

t ∥2]

≤ E[Φρ(x
j
t )]−

(γ
2
− γ2(ρLJ + Lf )− κj+1(1 + τ)

)
E[∥G(xj

t )∥2]

+

(
γ2Lf

2a
+

γ2ρLJ√
b

+
γ2ρLJ

2s
+ κj+1(1 +

1

τ
)

)
E[∥ĝjt ∥2]

≤ E[Φρ(x
j
t )]−

(γ
4
− κj+1(1 + τ)

)
E[∥G(xj

t )∥2] +
(
γ

4

(
1

2a
+

1√
b
+

1

2s

)
+ κj+1(1 +

1

τ
)

)
E[∥ĝjt ∥2], (C.1)

where the last inequality follows from 1 − 4γ(ρLJ + Lf ) > 0 by the definition of γ. Recall from (3.10) and
Lemma 5.1 that(

γ − γ2(ρLJ + Lf )
)
E[∥Ḡ(xj

t )∥2]

≤
(
2γ + γ2(ρLJ + Lf )

)
E[∥G(xj

t )∥2] + 2ρ

(
2E[∥ĉjt − c(xj

t )∥] +
1

LJ
E[∥∇̂cjt −∇c(xj

t )∥2]
)

+
2

Lf
E[∥∇̂f j

t −∇f(xj
t )∥2]

≤
(
2γ + γ2(ρLJ + Lf )

)
E[∥G(xj

t )∥2] +
(
2Lf

a
+

2ρLJ√
b

+
2ρLJ

s

)
E[∥xj

t − x0
t∥2].

With 1− 4γ(ρLJ + Lf ) > 0, we have

3γ

4
E
[
∥Ḡ(xj

t )∥2
]
≤ 9γ

4
E[∥G(xj

t )∥2] + 2γ2

(
Lf

a
+

ρLJ√
b

+
ρLJ

s

)
E[∥ĝjt ∥2]

≤ 9γ

4
E[∥G(xj

t )∥2] +
γ

2

(
1

a
+

1√
b
+

1

s

)
E[∥ĝjt ∥2].
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Multiplying both sides of above inequality by 4
9γ (

γ
4 − κj+1(1 + τ)), which is positive due to the settings of

τ, a, b and s, and adding it to (C.1), we have

E[Φρ(x
j+1
t ) + κj+1∥ĝj+1

t ∥2]

≤ E[Φρ(x
j
t )] +

(
γ

5a
+

γ

3
√
b
+

γ

5s
+ κj+1(1 +

1

τ
)

)
E[∥ĝjt ∥2]−

1

3

(γ
4
− κj+1(1 + τ)

)
E
[
∥Ḡ(xj

t )∥2
]
.

Then it gives

1

3

(γ
4
− κj+1(1 + τ)

)
E
[
∥Ḡ(xj

t )∥2
]
≤ Ψρ(x

j
t )−Ψρ(x

j+1
t ).

Denoting ω := min0≤j≤τ−1
1
3 (

γ
4 − κj+1(1+ τ)) and summing up the above inequality over j from 0 to τ − 1,

we can obtain

ω

τ−1∑
j=0

E
[
∥Ḡ(xj

t )∥2
]
≤ Ψρ(x

0
t )−Ψρ(x

τ
t ) = Φρ(x

0
t )− Φρ(x

τ
t ), (C.2)

where the equality is due to that ĝ0t = 0 and κτ = 0. Recalling the definition of κj , we know that

κj + Z = (κj+1 + Z)

(
1 +

1

τ

)
, where Z = τγ

(
1

5a
+

1

3
√
b
+

1

5s

)
.

It further implies that

κj = (κτ + Z)

(
1 +

1

τ

)τ−j

− Z ≤ Z

(
1 +

1

τ

)τ

− Z ≤ Ze− Z = Z(e− 1), (C.3)

where the first equality is obtained by recursively expanding the given recurrence relation, starting from the
terminal condition κτ = 0, and the last inequality comes from (1 + 1/τ)τ ≤ e. Hence, we have

ω = min
0≤j≤τ−1

1

3

(γ
4
− κj+1(1 + τ)

)
≥ 1

3

(γ
4
− Z(e− 1)(1 + τ)

)
=

γ

3

(
1

4
− τ

(
1

5a
+

1

3
√
b
+

1

5s

)
(e− 1)(1 + τ)

)
≥ γ

3

(
1

4
−
(

1

5a
+

1

3
√
b
+

1

5s

)
2(1 + τ)2

)
.

With the parameter settings τ = ⌈ 1
2N

1/5 − 1⌉, a = ⌈2N2/5⌉, b = ⌈4N4/5⌉, and s = ⌈2N2/5⌉, it holds that
ω ≥ γ

45 . Then making a summation of (C.2) over t = 1, . . . , T and dividing it by Tτ derives

1

Tτ

T∑
t=1

τ−1∑
j=0

E
[
∥Ḡ(xj

t )∥2
]
≤ Φρ(x

0
1)− Φρ(x

τ
T )

Tτω
≤ 45(Φρ(x

0
1)− C∗)

Tτγ
.

Similarly, recall from (3.11) and Lemma 5.1 that(
γ − γ2(ρLJ + Lf )

)
E[∥G(xj

t )∥2]

≤
(
2γ + γ2(ρLJ + Lf )

)
E[∥Ḡ(xj

t )∥2] + 2ρ

(
2E[∥ĉjt − c(xj

t )∥] +
1

LJ
E[∥∇̂cjt −∇c(xj

t )∥2]
)

+
2

Lf
E[∥∇̂f j

t −∇f(xj
t )∥2]

≤
(
2γ + γ2(ρLJ + Lf )

)
E[∥Ḡ(xj

t )∥2] +
(
2Lf

a
+

2ρLJ√
b

+
2ρLJ

s

)
E[∥xj

t − x0
t∥2].
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It follows from 1− 4γ(ρLJ + Lf ) > 0 that

3γ

4
E
[
∥G(xj

t )∥2
]
≤ 9γ

4
E[∥Ḡ(xj

t )∥2] + 2γ2

(
Lf

a
+

ρLJ√
b

+
ρLJ

s

)
E[∥ĝjt ∥2]

≤ 9γ

4
E[∥Ḡ(xj

t )∥2] +
γ

2

(
1

a
+

1√
b
+

1

s

)
E[∥ĝjt ∥2].

Multiplying both sides of above inequality by 1
9 and adding it to (C.1) yields

E[Φρ(x
j+1
t ) + κj+1∥ĝj+1

t ∥2]

≤ E[Φρ(x
j
t )] +

(
γ

5a
+

γ

3
√
b
+

γ

5s
+ κj+1(1 +

1

τ
)

)
E[∥ĝjt ∥2] +

γ

4
E
[
∥Ḡ(xj

t )∥2
]

−
(γ
3
− κj+1(1 + τ)

)
E
[
∥G(xj

t )∥2
]
.

Then it gives (γ
3
− κj+1(1 + τ)

)
E
[
∥G(xj

t )∥2
]
≤ Ψρ(x

j
t )−Ψρ(x

j+1
t ) +

γ

4
E
[
∥Ḡ(xj

t )∥2
]
.

Denoting ω̄ := min0≤j≤τ−1(
γ
3 − κj+1(1 + τ)) and summing up the above inequality over j from 0 to τ − 1,

we can obtain

ω̄

τ−1∑
j=0

E
[
∥G(xj

t )∥2
]
≤ Ψρ(x

0
t )−Ψρ(x

τ
t ) +

γ

4

τ−1∑
j=0

E
[
∥Ḡ(xj

t )∥2
]

= Φρ(x
0
t )− Φρ(x

τ
t ) +

γ

4

τ−1∑
j=0

E
[
∥Ḡ(xj

t )∥2
]
, (C.4)

where the equality is due to the fact that ĝ0t = 0 and κτ = 0. It is easy to know from (C.3) that

ω̄ = min
0≤j≤τ−1

(γ
3
− κj+1(1 + τ)

)
≥ γ

3
− Z(e− 1)(1 + τ) = γ

(
1

3
− τ

(
1

5a
+

1

3
√
b
+

1

5s

)
(e− 1)(1 + τ)

)
≥ γ

(
1

3
−
(

1

5a
+

1

3
√
b
+

1

5s

)
2(1 + τ)2

)
.

With the parameter settings τ = ⌈ 1
2N

1/5 − 1⌉, a = ⌈2N2/5⌉, b = ⌈4N4/5⌉, and s = ⌈2N2/5⌉, it holds that

ω̄ ≥ 3γ
20 . Then making a summation of (C.4) over t = 1, . . . , T , and dividing it by Tτ , we derive

1

Tτ

T∑
t=1

τ−1∑
j=0

E
[
∥Ḡ(xj

t )∥2
]
≤ Φρ(x

0
1)− Φρ(x

τ
T )

Tτω̄
+

45(Φρ(x
0
1)− C∗)

4Tτω̄
≤ 82(Φρ(x

0
1)− C∗)

Tτγ
.

In summary, since xr is randomly chosen from {xj
t}

j=0,...,τ−1
t=1,...,T and noting that x0

1 = x0, we obtain (5.4). This
finishes the proof.

Proof of Proposition 5.3. Using the same notations as in the proof of Proposition 5.1, we can derive

∥ĝjt ∥2 =

∥∥∥∥ j−1∑
p=0

G(xp
t )

∥∥∥∥2 ≤ j

j−1∑
p=0

∥G(xp
t )∥2.
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Taking the expectation of both sides in the above inequality and sum-averaging over the Tτ iterations yields

1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥ĝjt ∥2] ≤
1

Tτ

T∑
t=1

τ−1∑
j=0

j

j−1∑
p=0

E[∥G(xp
t )∥2] =

1

Tτ

T∑
t=1

τ−1∑
p=0

E[∥G(xp
t )∥2]

τ−1∑
j=p+1

j

≤ 1

Tτ

T∑
t=1

τ−1∑
p=0

E[∥G(xp
t )∥2] ·

τ(τ − 1)

2
.

Together with the parameter settings in Proposition 5.1, it follows from Lemma 5.1 and Proposition 5.2 that

E[∥∇̂fr −∇f(xr)∥2] = 1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥∇̂f j
t −∇f(xj

t )∥2] ≤
γ2L2

f

a
· 1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥ĝjt ∥2] ≤
γ2L2

f

16
ϵ2;

E[∥ĉr − c(xr)∥] = 1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥ĉjt − c(xj
t )∥] ≤

γ2LJ

2
√
b

· 1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥ĝjt ∥2] ≤
γ2LJ

32
ϵ2;

E[∥∇̂cr −∇c(xr)∥2] = 1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥∇̂cjt −∇c(xj
t )∥2] ≤

γ2L2
J

s
· 1

Tτ

T∑
t=1

τ−1∑
j=0

E[∥ĝjt ∥2] ≤
γ2L2

J

16
ϵ2,

which derives (5.5).
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