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Abstract

We study geometric characterizations of unbounded integer polynomial optimization prob-
lems. While unboundedness along a ray fully characterizes unbounded integer linear and
quadratic optimization problems, we show that this is not the case for cubic polynomials. To
overcome this, we introduce thin rays, which are rays with an arbitrarily small neighborhood,
and prove that they characterize unboundedness for integer cubic optimization problems in di-
mension up to three, and we conjecture that the same holds in all dimensions. Our techniques
also provide a complete characterization of unbounded integer quadratic optimization problems
in arbitrary dimension, without assuming rational coefficients. These results underscore the sig-
nificance of thin rays and offer new tools for analyzing integer polynomial optimization problems
beyond the quadratic case.

1 Introduction

A central question in optimization is to characterize the conditions under which a problem becomes
unbounded. For both integer linear and integer quadratic optimization, this question admits an
elegant geometric answer: informally, a problem is unbounded if and only if it is unbounded along
some ray. This result has deep geometric significance: it shows that whenever the objective diverges
on the feasible points, it does so in the simplest possible manner, along a single direction.

We now introduce some notation to state this result precisely. A polyhedron is a set of the
form P = {x e R" : Az < b} C R", where A € R™*" and b € R™. We say that P is rational if
AeQ™™and be Q™. A rayin R™ is a set of the form R(y,d) = {y+Ad : A > 0}, for some y € R"
and some nonzero d € R™. A ray of a polyhedron P is defined as a ray R(y,d) fully contained in
‘P, and this happens if and only if y € P, and d is in the recession cone of P, which we denote
by rec. cone(P) (see, e.g., |[13]). We can now formally state this known characterization for integer
linear and quadratic optimization. We refer the reader to [13] or |3] for the linear case, and to |9
for the quadratic case.

Theorem 1. Let P C R"™ be a rational polyhedron and let f: R™ — R be a linear or quadratic
function with rational coefficients. Then f is unbounded below on PNZ"™, if and only if there exists
a ray R(y,d) of P such that f is unbounded below on R(y,d) NZ".

It was so far unknown whether this result extends to higher-degree objective functions. Our
first contribution is that Theorem [I] is not true if f is a cubic polynomial, even if n = 3.
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Proposition 1. There exists a rational polyhedron P C R and a cubic polynomial f: R — R
with rational coefficients, such that f is unbounded below on P NZ3, and for every ray R(y,d) of
P, f is bounded below on R(y,d) N Z3.

This result is particularly noteworthy, as it stands in sharp contrast with the continuous case,
where an analogue of Theorem (1] is valid for polynomial functions of degree at most three [2]. The
failure of Theorem [1] for cubic polynomials raises a fundamental question:

Can we give a geometric characterization of unbounded integer cubic optimization prob-
lems?

One might attempt to achieve such a characterization by considering polynomial curves instead
of rays. Our approach, however, takes a different path: we conjecture that rays alone suffice to
capture unboundedness, provided we allow an arbitrarily small neighborhood around each ray. We
refer to these sets as “thin rays.” To properly state our conjecture, we denote by B the ball in R”
centered in the origin with radius e, i.e., B. := {x € R": ||z| < €}.

Conjecture 1. Let P CR" be a rational polyhedron and let f: R™ — R be a cubic function. Then
f is unbounded below on P NZ", if and only if there exists a ray R(y,d) of P such that, for every
constant € > 0, f is unbounded below on P NZ" N (R(y,d) + Be).

Conjecture [1] appears to be quite challenging. One reason is that, to date, there exists almost
no established theory for integer polynomial optimization of degree three or higher. This stands
in stark contrast with the linear case, which has been extensively studied (see, e.g., [3,/13]), and
with the quadratic case, which has attracted significant recent attention [4-12]. Our main theorem
establishes the conjecture for dimensions up to three.

Theorem 2. Conjecture|l| holds for n < 3.

Proposition [1] implies that Theorem [2]is tight, in the sense that it is not true with ¢ = 0, even
if the coefficients of the cubic are rational.

Theorem [2] represents, to the best of our knowledge, the first structural result for integer cu-
bic optimization. Thus, Conjecture [I] and Theorem [2] mark an important step toward a broader
geometric understanding of integer polynomial optimization beyond the quadratic case. The main
limitation of Theorem [2]is that it only holds in low dimensions. Nevertheless, theoretical questions
in integer polynomial optimization remain notoriously challenging even in very small dimensions.
To illustrate this, we recall two long-standing open problems: (1) Is integer cubic optimization
in NP? (unknown already in dimension two); (2) Can integer quadratic optimization be solved in
polynomial time in fixed dimension? (resolved in dimension two |12], but open in dimension three
and higher).

The proof of Theorem [2] is rather intricate, and it introduces a variety of techniques and con-
structions that are likely to be of broader relevance for the emerging theory of integer polynomial
and integer nonlinear optimization. Although Theorem [2] is established only for dimensions up to
three, the vast majority of the methods we develop are formulated in general dimension. In par-
ticular, these methods shed light on the interplay between combinatorial structure and polynomial
growth, and provide tools that may prove useful in analyzing unboundedness, extremal behavior,
and geometric properties of integer polynomial problems in higher dimensions. Even in the seem-
ingly simpler case n = 2, the proof remains nontrivial, and a substantial portion of our argument
is still required.

We also note that, unlike the linear and quadratic cases, where vectors and matrices suffice,
the cubic setting inherently requires tensors. In this work, we introduce and exploit tensor-based



notation, particularly tensor contractions, which are central to our analysis and, to the best of our
knowledge, have not been previously used in this context.

On the rationality of the polynomial coefficients. It is important to note that Theorem
relies on a key assumption that is absent from both Conjecture [I|and Theorem |2} the rationality of
the coefficients of f. Conjecture [1| remains open for n > 4, even under this additional assumption,
although we do not expect rationality to simplify the problem in any essential way. Conversely,
the concepts and techniques developed in the proof of Theorem [2] allow us to fully characterize
unbounded integer quadratic optimization problems in general dimension, even without assum-
ing rational coefficients. First, we show that rays alone are no longer sufficient to characterize
unbounded integer quadratic optimization problems in this broader setting, even for n = 2.

Proposition 2. There exists a rational polyhedron P C R? and a quadratic polynomial f: R?> — R,
such that f is unbounded below on P NZ2, and for every ray R(y,d) of P, f is bounded below on
R(y,d) NZ2.

Interestingly, thin rays also emerge as the fundamental structure in the general quadratic setting.
Leveraging on the techniques introduced in the proof of Theorem [2|, we can derive the following
result with little additional effort:

Theorem 3. Let P C R”™ be a rational polyhedron and let f: R® — R be a quadratic function.
Then f is unbounded below on P NZ"™, if and only if there exists a ray R(y,d) of P such that, for
every constant € > 0, f is unbounded below on P NZ" N (R(y,d) + Be).

Unlike Theorem [2, Theorem [3] holds in arbitrary dimension. Together, Proposition [2] and
Theorem 3| demonstrate that thin rays must also be considered in the quadratic setting. Specifically,
while thin rays are necessary for cubic problems even with rational coefficients (Proposition , they
are not required for quadratic problems with rational data (Theorem , but become essential once
the rationality assumption is dropped (Proposition .

Thus, Theorem [3] highlights both the relevance of the thin-ray notion introduced in this paper
and the versatility of the techniques developed to prove Theorem [2| even in higher dimensions.
Moreover, the necessity of thin rays in the quadratic case further reinforces our belief in the validity
of Conjecture

In contrast, for linear functions, Theorem [I| remains valid even without assuming rational co-
efficients. Consequently, thin rays are not needed in this setting, as follows directly from standard
arguments in integer linear optimization.

This paper is organized as follows. Section [2| introduces the notation for linear, bilinear, and
trilinear forms. The main components of the proof of Theorem [2 are presented in Section |3, with
the remaining details deferred to Appendix [B] Section [4] contains the proof of Proposition [I} while
Appendix [C] and Appendix [D] present the proofs of Proposition [2] and Theorem [3] respectively.

2 Linear, bilinear, and trilinear forms

In this section, we present our notation for linear, bilinear, and trilinear forms, which will be used
throughout the paper.
Given a vector V € R™ and = € R"™, we denote by V[z] the linear form

Viz] = Z Viz;.
=1



Given a matrix M € R™*"™ and vectors z,y € R", we denote by M [z, y| the bilinear form

Mlz,yl = Y Miziy;.
ij=1

Given a tensor T € R™™*™ and vectors x,y, z € R", we denote by T[z,y, 2] the trilinear form

n
i,j,k=1
If M is symmetric, i.e., M;; = Mj; for all 7, j, then M[x,y] = My, z]. Similarly, if T" is symmetric,
meaning its entries are invariant under any permutation of the indices, then T'[z,y, 2] is invariant
under any permutation of its arguments.
With this notation, cubic functions in this paper can be expressed compactly. A standard proof
of the following result is provided in Appendix [A]

Observation 1. Let f: R®™ — R be a polynomial function of degree at most 3. Then, there exists
a symmetric tensor T € R™*™ " q symmetric matriz M € R™*™ V € R", and ¢ € R such that

f(z) =Tz, z,z] + Mz, z] + V]z] + c.
Moreover, if f has rational coefficients, T, M, V, and c can be taken rational.

Next, we define standard contractions in matrix and tensor calculus. Let M € R™*™ be a matrix
and let d € R™. We denote by M|[d] € R™ the contraction of M with the vector d along its second
index:

(M[d]); := ZMz‘jdj-

Contraction along the first index is defined analogously. We define similarly tensor contractions.
Let T' € R™"™*" be a tensor and let d € R". We denote by T'[d,d] € R" the contraction of T' with
the vector d along its second and third indices:

(T[d,d)); = Z Tjrdjdy
k=1

Contraction along any other pair of indices is defined similarly. If M is symmetric, then contractions
along the first and second indices coincide. Similarly, if T is symmetric, all contractions coincide.

3 Proof of Theorem [2

To establish Theorem [2] it suffices to prove the following two results:

Proposition 3. Let P be a rational polyhedron in R™, with n < 3, and let f : R* — R be a
polynomial function of degree at most three that is unbounded below on P NZ"™. Then, there exists
a ray R(y,d) of P withy € Z™ such that f is unbounded below on R(y,d).

Proposition 4. Let P be a rational polyhedron in R™, and let f : R® — R be a polynomial
function of degree at most three. Assume that there exist a ray R(y,d) of P with y € Z™ such
that f is unbounded below on R(y,d). Then, for every constant € > 0, f is unbounded below on
PNzZ"N(R(y,d) + Be).



In the remainder of this section, we prove Proposition [3, while Proposition [4] is established in
Appendix [B:2] Notably, Proposition [4 holds in arbitrary dimension, which will be used in the proof
of Theorem [3]

We will rely on the following standard result; see, for example, proposition 1 in [8].

Lemma 1. Let P be a rational polyhedron in R™, and let A be a rational affine subspace of R™ of
dimension n' with ANZ" # 0. Then, there exists a map m : R" — R™ of the form w(2') = &+ Ma/
with & € Z" and M € Q"™ of full rank, such that
A=m(R™),
ANz = x(ZY).

Given a function f : R — R and a ray R(y,d) in R", the restriction of f to R(y,d) is the
univariate function fr(, ) : R — R defined by

fryay(N) == f(y + Ad).

We are now ready to prove Proposition |3 The proof is quite long. To make it more readable,
it is subdivided into several claims. The proofs of these claims are deferred to Appendix due
to space constraints.

3.1 Proof of Proposition

Proof. Let P = {z € R": Az < b}, where A € Z"*" and b € Z™. We then have rec. cone(P) =
{z € R": Az < 0}.

The proof is by induction on n. If n = 1, then either P = R, or P = {y + Ad : A > 0} with
y € Q and d € {+1,—1}. In the first case, the theorem holds by choosing, for example, the ray
R(0,1). In the second case, the theorem holds, by choosing the ray R([y], 1), if d = +1, and the
ray R(|y|,—1), if d = —1. This concludes our base case. In the remainder of the proof, we consider
the inductive case and assume n € {2,3}.

Claim 1. We can assume that P is pointed.
Claim 2. We can assume that P is integral.

Claim 3. We can assume that, for every rational hyperplane H of R™, f is bounded below on
PNHNZ. In particular, we can assume that P is full-dimensional.

Claim 4. rec. cone(P) is full-dimensional.
Claim 5. We can assume that the origin O is in the interior of P.

Claim 6. There exists a sequence {xj }jeN of vectors in P NZ" satisfying

lim f(7) = —o0, (1)
J—+oo

f (@) > f (27T Vj €N, (1b)
27 € rec. cone(P) Vj € N, (1c)
Tim_[27|| = oo, (1d)
J—+o0o

/|| < fl27* Vj € N. (le)



For every j € N, we define the vector

J = x] € R".
7]l
Clearly we have ||d| = 1, thus the vectors &’ lie on the unit sphere, which is a compact set.

The Bolzano-Weierstrass Theorem implies that the sequence {d’} jeN has a convergent subsequence
whose limit is in the unit sphere. We denote by d this limit, and from now on we only consider
without loss of generality such a subsequence, thus we can write

Al — d.

We remark that we will not use the fact that the vectors 27 are in Z" for a while, namely until our
first projection, right after Claim This will be important later on in the proof.

Claim 7. The vector d is in rec. cone(P).

From Observation |1, we can write f, up to a constant, in the form
f(z) =Tz, z,z] + M|z, z] + V][],

where T' € R™*™*" is a symmetric tensor, M € R™*" is a symmetric matrix, and V' € R".
From Claims [5|and (7}, R(0,d) is a ray of P, and the restriction of f to R(0,d) is given by

fro4(N) = f(Ad) = Tld,d,d]\* + M[d,d]\* + V[d]\.
If freo,4)(A) = —o0, as A — +o00, we are done, so we now assume

lim fr(0,a)(A) # —oc. (2)

A Foo
From Claims |5| and |§|, R(0,d?) is a ray of P, for every j € N, and the restriction of f to R(0,d’) is
froanA) = ) = T[d, d7, &)X + M[d/, d/|A\* + V[d] ).

If fr(o,4)(A) = —00, as A — +00, we are done, so we now assume

/\Erfoo fR(o,di)(/\) # —o0. 3)

Our next goal is to understand the possible degrees of fr(q,q)-
Claim 8. The degree of fr(o,a) s at most 2, i.e., T[d,d,d] = 0.
Claim 9. The degree of fr(o,a) is at most 1, i.e., M[d,d] = 0.

Due to Claims [§] and [9] we can now write

fr©0,4)(A) = V[d]A.

If V[d] < 0, then fg(a)(N) — —00, as A — 400, which contradicts (). Therefore, we can now
assume

Vid] > 0. (4)



For every z € R", consider now the ray R(z,d). The restriction of f to R(Z,d) is given by

fr@a(A) = f(Z+ )
= Tld-dd|\3 + (3T(z, d, d) + Mldd]) \>
+ 3Tz, z,d) + 2M[z,d] + V[d)) A + f(Z)
= 3T(z,d,d|\* + (3T [z, 7, d] + 2M[z,d] + V[d]) A\ + f(z),

where we used T'[d,d,d] = 0 and M([d,d] = 0 from Claims|[8|and [9] If for some z € PNZ", we have
fR@,a)(A) = —00, as A — +00, we are done, so we now assume, for every z € P NZ"

lim  fr(z,q)(A) # —o0. (5)

A—400

In the next claim, we show that fr(z q) is either linear or constant for every T € R". Recall from
Section [2| that T'[d, d] denotes the contraction of T'.

Claim 10. We have T'[d,d] = 0.
Note that T'[d,d] = 0 implies T'[z, d, d] for every € R"™. So we can now write
fr@a(N) = BTz, z,d] + 2M[z,d] + VI[d]) A + f(2).

If 3Tz, 7,d] + 2M[z,d] + V[d] < 0 for some z € P NZ", then frza) () — —o0, as A — +o0,
which contradicts . Therefore, we can now assume that fR(f,d)()\) is linear nondecreasing for
every T € PNZ™:

3Tz, z,d) +2M[z,d] + VI]d] > 0 Ve PNZ". (6)

First projection. Informally, our next goal is to project, along the direction —d, the vectors x/
on a proper face of rec. cone(P), and obtain in this way new vectors y/. Formally, if we denote by

aI, ag .. ,a% the rows of A, we define, for every j € N,
y = a! —p;d, (7)
where T
T..J
pj = min{a’f cie{l,2,...,m}, a]d < 0} > 0.
a; d

Note that 7 exists, due to the fact that, since P is pointed (Claim|l)) and d € rec. cone(P) (Claim,
we have —d ¢ rec. cone(P). In the remainder of the proof, we use ’ to denote condition (/1)) where
each 27 is replaced by 3/.

Claim 11. We can assume that {yj }jeN s a sequence of vectors in P satisfying ’.

Claim 12. We can assume that all vectors y?, for j € N, lie on the same facet F of rec. cone(P).

Note that the sequence {yj }j N has very similar properties to the original sequence {:Ej }j N’
There are, however, two key differences. The first is that the vectors 3’ lie on the boundary of
rec. cone(P), while the vectors 27 only are in rec. cone(P). The second difference is that the vectors
27 are in Z™, while the vectors 3/ are only in R™. This second difference is the one preventing us
to conclude here the proof using induction, which would result in a proof for general n. However,

we can still proceed in an analogous way to the arguments following Claim [6]



Claim 13. We can assume that F has dimension at least two. In particular, Proposition [3 holds
forn < 2.

For every j € N, we define the vector

v o= ﬁ e R".
7l
The sequence {v7 }jen has a convergent subsequence whose limit is in the unit sphere. We denote
by v this limit, and from now on we only consider without loss of generality such a subsequence,
thus we can write
v = .

The next claim provides a fundamental link between sequences {dj }j N and {vj }j N’

Claim 14. For every j € N, there exist 0j,7; € R with o; — 1 and 7; | 0 such that
& = ojd+ ijj for every j € N.
For every y € R™, consider the ray R(y,v). The restriction of f to R(y,v) is given by

TR@w () = f(J+ ) = agp® + aop® + oap + f(7),

where
ag :=Tv,v,v] =0,
ag := 3Ty, v,v] + M[v,v] = 0,
ay := 3Ty, g,v] + 2M[g,v] + V[v].

If for some § € P NZ", we have fR(g,u)(M) — —00, as u — +00, we are done, SO we Nnow assume,
for every y € PNZ"

uli)gloo TR @Gv) (1) # —00. (8)

Recall that, in all our discussion between Claim m and Claim [10| (included), we never used the
fact that the vectors z7 are in Z". Therefore, the same arguments, where 7, d’, and d are replaced
by ¥/, v/, and v. In the remainder of the proof, we will add a prime symbol to the number of a
claim to denote its version for %7, v/, and v. So, for instance, from Claim , we know that the
vector v is in rec. cone(P).

In the next part of the proof, we consider a general vector w in cone {d, v}, which we write in
the form w = Ad + pw, for some A, u € R>g. Note that, since d,v € rec. cone(P) (Claim [7] and
Claim [7]), we also have w € rec.cone(P). For every w € cone{d,v}, R(0,w) is then a ray of P.
The restriction of f to R(0,w) is

fRw) (V) = f(vw) = Bsv® + Bav® + Buv,



where
B3 : = Tw,w,w]

= T[\d + pv, Ad + pv, Ad + pv]
= N Tld-dsd] + 37 Tldd o] + 3\u? Tldoso] + i ooy o]
=0,
B2 : = M[w,w]
= MM + pv, Ad + pv]
= A2 Med] + 2Au M|d, v] + p° Meso]
= 2\p M|d, v],
p1:=V]w]
= V[\d + pv]
= AV[d] + pn Vvl
Note that we simplified the above expressions using T'[d, d] = 0 (Claim [10), T[v,v] = 0 (Claim [L0]),
M(d,d] = 0 (Claim [9), M[v,v] = 0 (Claim [9).

If for some y € PNZ", we have fr(g.)(v) = —00, as v — 400, we are done, so we now assume

im  fr(0w) (V) # —oo. (9)

v—+00

If M[d,v] <0, then fr(gw)(v) = —0o0, as v — +oo, which contradicts (9). Therefore, we can now
assume

M[d,v] > 0. (10)

In the next three claims, we show that fR(wa)(l/) is linear or constant. In the first two claims,
Claims [15{ and we extrapolate the sign of the coefficients of fr (g 4/)(A) based on the degree of
JRr(0,d)- These two claims will then be used in Claim |17|to complete the proof that M [d,v] = 0.

Claim 15. If the degree of fr(,a) s 1 (i-e., V[d] > 0), then T[d,d?,d’] > 0, for j large enough.

Claim 16. If the degree of fr(o,q) s 0 (i.e., V[d] = 0), then we can assume that one of the following
holds, for all j large enough:

o T[d,d?,d'] >0,
o T|d/,d’,d’] =0 and M[d,d’] > 0.
Claim 17. We have M|d,v] = 0.
Claim [17] implies that we can now write
frow) (V) = AV +pVv])v.
For every z € R™, consider now the ray R(z,w). The restriction of f to R(z,d) is given by

PRz (V) = F(z +vw) = f (2 + v(Md + wo))
= 731" +72(2) V¥ + n(2) v + f(2),



where
v3 = T[Ad + pv, Ad + pv, Ad + pv]

= N Tldrd-d] + 302 Tldee; 0] + 3Mp? Tldeoy0] + p Tloev;]
=0,
Y2(2) = 3T [z, M + pv, Ad + pv] + M[Ad + pv, Ad + po]
= 3N Tz d] + 6Au T2, d,v] + 3> T z-v;0]
+ N* Mdrd] + 22 Mies o] + p° Meso]
=6 uT]z,d,v],
m(Z) =3T[z, 2, Ad + pv] + 2 M [z, \d + pwv] + V[\d + pv]
= \(3T[z,2z,d) + 2M[z,d) + V[d]) + p(3Tz, z,v] + 2M [z, v] + V[v]),
where we used T'[d, d] = 0 (Claim [10), T'[v,v] = 0 (Claim [10]), M([d,d] = 0 (Claim [9), M[v,v] =0
(Claim @ and M[d,v] = 0 (Claim |[17). If for some z € P NZ", we have fr . (v) = —o0, as

v — +o00, we are done, so we now assume, for every z € P NZ"

lim fR(zw)( )7& —00. (11)

V—r—+00

In the next claim we show that fr(z ., is linear or constant for every z € R".
Claim 18. We have T'[d,v] = 0.

Note that T'[d,v] = 0 implies T'[z, d, v] for every z € R™. So we can now write

frzw) (V) =@y + f(2).

If y1(2) < 0 for some & € P NZ", then fr(zq4)(\) = —o0, as A — +o0, which contradicts (5]).
Therefore, we can now assume that frz,w) ()\) is linear nondecreasing for every z € P NZ":

7(z) >0 VzePnZ (12)

Second projection. Our next goal is to project, along the direction —v, the vectors ¢/ on a
proper face of F, and obtain in this way new vectors z/. Formally, if we denote by a{,aJ ..., a}

the rows of A, we define, for every j € N,

A im gl — g, (13)
where )
. [afy T
gj=minq —+—:i€{1,2,...,m}, q;v <0 >0.
a; v
Note that 2/ exists, due to the fact that, since P is pointed (Claim and v € rec.cone(P)

(Claim [7]), we have —v ¢ rec.cone(P). In the remainder of the proof, we use (I)” to denote
condition (|1)) where each 27 is replaced by z7.

Claim 19. We can assume that {ZJ} s a sequence of vectors in P satisfying ”.

jeN

With the same proof of Claim (12| (where we replace 3/ with 27), we can assume that all vectors
2J, for j € N, lie on the same facet of F. Our assumption n < 3 implies that such facet has
dimension at most one. The proof of Claim |13|then gives us a ray R(0,u), for some u € Z" such
that fr(ou)(A) = —00, as A — +oo. O

10



4 Proof of Proposition

In this section, we present our example showing that rays alone are not sufficient to characterize
unbounded cubic optimization problems. We now present our proof of Proposition

Proof. Let T € Z3*3*3 be the symmetric tensor with nonzero entries

T =2, Theo =1, T333 =4,
Th93 = Ti32 = T13 = T931 = T312 = I391 = —1,

and let V € Z3 with nonzero entry V; = —1. Let f : R? — R be the cubic function defined by
f(z) =Tz, z,z] + V]z].
Let P C R3 be the rational polyhedron
P :=coneQ, where Q::{w€R3:1§x1 <2, 1<29<2 xz3=1}.

Let R(y,d) be a ray of P, so we can assume without loss of generality y € P and d € Q. The
restriction of f to R(y,d) is

TrR@ya)(A) = f(y + Ad)
=T[d,d,d])* + 3T[y,d,d]\* + (3T[y,y,d] + V[d)) A + f(y).

It can be shown that T'[d,d,d] > 0 for every d € Q, and T'[d,d,d] = 0 holds only when d is the
irrational vector d := (21/3,22/3 1) ~ (1.26,1.59,1). Therefore, if d # d, we have fR(y,a) = +00, as
A\ = +oo. In particular, if d # d, f is bounded below on R(y,d), and so also on R(y,d) N Z3.

Furthermore, V[J] = —d; = —21/3 < 0, thus fR(O,J) — —00, as A — +o00. It then follows from

Proposition [4] that f is unbounded below on P N Z3. 3
It remains to show that f is bounded below on R(y,d) for every y € P. This follows from the
irrationality of d, which implies that each such ray contains at most one integer point. O
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Appendix

A Proof of Observation [1]

Proof. Let f:R™ — R be a polynomial of degree at most 3. Then f can be written as
n n n
flz) = Z QT T T, + Z Bijxixj + Z%azi +c,
i,j,k=1 ij=1 i=1
for some coefficients «;jx, ;5,7 € R and constant ¢ € R.

We define a symmetric tensor 7' € R™*™*" by symmetrizing the coefficients a;jz:

Tijr := —(Quji + igj + i + g + Qgij + i) -

6

Then T is symmetric, and for all x € R™, we have
n n
Z QijkTiTjTh = E Tijrxixjay = Tx, x, x).
i,5,k=1 i,j,k=1

Similarly, define a symmetric matrix M € R™*™ by
1
Mij = 5 (Bij + Bi)

so that
n n
Z Bijxixj = Z Mijxixj = M[:c,x]

1,7=1 7,j=1

Finally, set V = (71,...,7)" € R”. Then

n
Z%’u’ﬂi = Vlz].
i=1
Putting everything together, we obtain
f(@) =T,z x] + Mz, 2] + V]z] + ¢,

where T is a symmetric tensor and M is a symmetric matrix. O

B Remaining arguments for the proof of Theorem

B.1 Proofs of claims in Proposition
B.1.1 Proof of Claim [i]

Proof of claim. To see this, let P1,Ps, ..., Pon be the intersections of P with the 2" orthants of
R™. Since each vector in P N Z" is in at least one of these finitely many polyhedra, there exists
i €{1,2,...,2"} such that f is unbounded below on P; N Z". Furthermore, rec.cone(P) is the
union of rec. cone(P;), for ¢ € {1,2,...,2"}. o
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B.1.2 Proof of Claim [2]

Proof of claim. To see this, it suffices to recall that the integer hull of P, which is the convex hull
of the integer points in P, is a rational polyhedron with the same recession cone of P. o

B.1.3 Proof of Claim Bl

Proof of claim. Assume that there exists a rational hyperplane H of R™ such that f is unbounded
below on PNHNZ". In particular, H contains integer points. It then follows from Lemma [I| that
there exists a map 7 : R*~! — R"™ of the form 7(y) = & + My with & € Z" and M € Q"*"~! of
full rank, such that

HNZ" =7(Z"Y).

Let
P i={a e R" ' AM2' <b-— Az},

so that 7(P’) = P N H. Furthermore, let f' : P’ NZ"~! — R be defined by f'(z') := f(n(2)) =
f(Z+ Mgz'). Then, f’ is unbounded below on P’ NZ"~!. By induction, there exists a ray R(v’,d’)
of P’ with 3/ € Z™ such that f’ is unbounded below on R(y',d'). Let y := & + My’ and d := Md'.
Then, y € Z™ and R(y, d) is a ray of P. Furthermore, f is unbounded below on this ray, so we are
done. Therefore, we can assume that, for every rational hyperplane H of R"™, f is bounded below
on PNHNZ™.

If P is not full-dimensional, then it is contained in a rational hyperplane H. But then f is
bounded below on PNH NZ" =P NZ", a contradiction. o

B.1.4 Proof of Claim [

Proof of claim.  Assume, for a contradiction, that rec.cone(P) is not full-dimensional. Since
rec. cone(P) is a rational polyhedron, there exists a rational hyperplane containing it, say H. It
then follows that there exist finitely many translates of H, containing integer points, such that
each vector in P N Z" is contained in one such hyperplane. Denote these hyperplanes by H;, for
ie{1,2,...,k}. Claimimplies that f is bounded below on PNH;NZ", for every i € {1,2,...,k}.
Hence, f is bounded below on P N Z"™, which gives us a contradiction. o

B.1.5 Proof of Claim [5l

Proof of claim. It follows from Claim [4 that there exists a vector v € Z™ in the interior of
rec. cone(P). Now let y € PNZ". It is simple to check that y + v € Z™ is in the interior of P. We
can now perform the change of variables 2’ = x — (y + v), and obtain that 0 is in the interior of
the resulting polyhedron. o

B.1.6 Proof of Claim

Proof of claim. Since f is unbounded below on P NZ", there exists a sequence {wj }j N of vectors
in P NZ" satisfying . By eventually choosing a subsequence of {azj}
decreasing f(z7), also holds.

Next, we show that there are infinitely many indices j € N such that 2/ € rec.cone(P). If
not, there exists k € N such that, for every j > k, 27 ¢ rec.cone(P). For every j > k, since 2/
is in P but not in rec. cone(P), it is in one of the finitely many hyperplanes a] x € {0,...,b;}, for

jen with monotonously
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some i € {1,2,...,m}, where al,ad ..., a} denote the rows of A. Since there are finitely many

hyperplanes of this type, there is at least one, say #, containing infinitely many points among 27,

for j > k. It then follows that f is unbounded below on P N'H N Z™. This contradicts Claim
Since there are infinitely many indices j € N such that 27 € rec.cone(P), the corresponding

subsequence of {afj }j N also satisfies . holds because, from , f is unbounded below,

and f is bounded on every bounded set. By eventually choosing a subsequence of {xj }j N with
monotonously increasing ||27||, also holds. o

B.1.7 Proof of Claim

Proof of claim. The definition of d’ and 2/ € rec. cone(P) imply

Ay
Av =20 o 0
[l ]|~ [l
By taking the limits and using &/ — d, we obtain Ad < 0, i.e., d € rec. cone(P). o

B.1.8 Proof of Claim

Proof of claim.  For a contradiction, assume that the degree of fr(gq) is 3. From , we have
T[d,d,d] > 0. For every j € N, let

¢ :=min { frou)(A) : A > 0}.
Since 27 = ||27]|d’, we know #/ — —co. In the remainder of the proof, we obtain a lower bound for

03, for j large enough, which is independent on j.
Since T'[d’, d’, d’] — T[d,d,d] > 0, for j large enough we have

Td,d, &) >

T\d,d,d
[’2’ ]::5>0.

Since M[d’,d’] and V[d’] are bounded, there exists a constant B > 0 such that for j large enough
M, d]| < B,  |[VId]| < B.
By the bounds above we have, for every A > 0,
frR4)N) = T[d, &, &N+ M[d?, d|N\> + V[F]A > 6X* — BA* — BA.

Define the cubic
h(\) :=6X% — BA®> — B

Since the leading coefficient of h is positive, h(A\) — 400 as A — 400, hence h attains a finite
minimum on [0, 00). Consequently, for every j large enough,

¢/ = min {fr0.41)(A) : A > 0} > min{h(X) : A > 0} > —o0,

contradicting ¢/ — —oo. Hence T[d, d,d] = 0. o
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B.1.9 Proof of Claim

Proof of claim.  For a contradiction, assume that the degree of fr(gq) is 2. From , we have
fr0,0)(A) = 400, as A — +oo. Hence, there exist A1, A2, A3 € R with A\ < A2 < A3 so that
fro,0) (M) > fro.a(X2) < freo,q)(A3). Since &’ — d, for j large enough, we have freo,y (A1) >
fr(0,01)(A2) < fr(0,a)(A3). Since ¢3 — —oo0, for j large enough, there exists )\i € R with \3 < )\i
such that frg a)(A3) > f'R(de)()\i). So for j large enough, fr (o) decreases somewhere between
A1 and A9, increases somewhere between Ao and A3, and again decreases somewhere between A3z
and )\i. Therefore, for j large enough, fr (g ) is cubic and T'[d, d/,d’] < 0, so fro,a)(A) = —o0,
as A — +oo. This contradicts . o

B.1.10 Proof of Claim [10l

Proof of claim.  For a contradiction, assume 7T'[d,d] # 0. Recall that 0 is in the interior of P
(Claim [5)) and that P is integral (Claim [2). Since T'[d,d] # 0, and T'[0,d,d] = 0, it then follows
there exists £ € P NZ" such that T[z,d,d] < 0. Therefore, JR(z,d) 1s quadratic and the quadratic
term is strictly negative. Hence, frz q4)(A) — —00, as A = +o00, which contradicts . o

B.1.11 Proof of Claim [11]

Proof of claim.  To prove ’, it suffices to show f(y/) < f(z7) for every j € N, and this
holds because fr(yiq)(A) is linear nondecreasing, due to @ and 27 € P NZ". By eventually
choosing a subsequence of {yj }j N with monotonously decreasing f(y’), also ’ holds. ’
holds by definition of the vectors y7. ' holds because, from ’ , [ is unbounded below,
and f is bounded on every bounded set. By eventually choosing a subsequence of {yj }j N with

monotonously increasing ||y/||, also ’ holds. The fact that each 3/ is in P follows from 0 € P
(Claim |5)) and 3’ € rec. cone(P). o

B.1.12 Proof of Claim [12

Proof of claim. For every j € N, the vector y/ satisfies a] ¥/ = 0, where i is the index attaining the
minimum in the definition of p;. Since there are only finitely many indices 7, there is at least one
such index i € {1,2,...,m} such that infinitely many 3’ satisfy aiTyj = 0. We can restrict ourselves
to the corresponding subsequence. The result then follows since a] ¥ < 0 is valid for rec. cone(P).
o

B.1.13 Proof of Claim [13

Proof of claim. Assume that F has dimension at most one. From ’ , the dimension must be
one. Note that F is a rational polyhedron, because P is rational by assumption. Furthermore, F
is pointed, since P is pointed (Claim . Therefore, F is a ray R(0,u), for some u € Z". Since
every y’, for j € Nis in R(0,u), (Ta))’ implies fr0,u)(A) = —o0, as A — +o0, and we are done. ©

B.1.14 Proof of Claim [14]

Proof of claim. Let a™x < 0 be an inequality in the system Az < 0 such that F = rec. cone(P) N
{at eER":a"z = 0}. Since all vectors ¢/, for j € N, lie on F, we know a'y? = 0, for every j € N.
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Multiplying equation on the left by a', and solving for p; gives the following explicit formula
for p;:

a'al
Pi= T
_2 Y +pid Y[+ pid
27| || ||
So if we set .
o e Pi "
T |l N T
we have . '
& = o;d+ 107 for every j € N.
From the definitions above:
D; a'xl M a'd’ ade
o= :
P l2d] T flaiflaTd " Ja*aTd  aTd’
_ [l _ |27 — deH | |2 || — pid || _ de dH
T | || || 2l
Since d/ — d, we get
— a'd 1
O — =1.
J a'd
Also T
Dj a'd’
= — 1
7] aTd ’
hence
7; — ||d — d|| = 0.
So 75 | 0. o

B.1.15 Proof of Claim [15

Proof of claim. Assume that the degree of fr(gq) is 1. From , we have fr.a)(A) — +oo, as
A — +oo. Hence, there exists A1 € R with A1 > 0 so that 0 = fr(0,a)(0) < fro.q)(A1). Since
d/ — d, for j large enough, we have 0 = fR(O )(0) < fr(o,a)(A1). Since &/ — —oo, for j large
enough, there exists X, € R with A\; < A} such that fro,0)(M1) > fro, dj)()\'). So for j large
enough, fr (g 4) increases somewhere between 0 and A, and then decreases somewhere between A\
and )\g. Therefore, fr(,q) is either quadratic or cubic. If there exists j large enough such that
fr(0,47) s quadratic, then fz g 4)(A) — —00, as A — 400, which contradicts . Therefore, fro,@)
is cubic for every j large enough. If there exists j large enough such that T[d’,d’,d’] < 0, then
fr(0,41)(A) = —00, as A — +o0, which again contradicts ([3). Therefore, we have T[d/, d?, d’] > 0
for j large enough. o
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B.1.16 Proof of Claim [16

Proof of claim. Assume fchat the degree of fr(g,q) is 0. Since 6j0—> —o00, for j large enough, there
exists MV € R with 0 < M such that 0 = fg(04)(0) > fr(o,q)(N). So for j large enough, fro )
decreases somewhere between 0 and \/. Therefore, JR(0,47) 1s either linear, quadratic, or cubic. If
there exists j large enough such that fr g ) is linear, then fR(Ovdj)(A) — —00, as A — —+00, which
contradicts (3)).

Assume now that, for j large enough, fra) is quadratic. Then, T [d/,d7,d’] = 0 and
M[d,d’] # 0. If M[d’,d’] < 0, then fro,a)(A) = —o0, as A — +o0, which contradicts (3.
Therefore, we have T[d’,d’,d’] = 0 and M[d’,d’] > 0.

Assume now that, for j large enough, fz (g4 is cubic. Then, Tld,d,d] #0. ¥ T[d,d, d’] <
0, then fra)(A) — —oo, as A — +oo, which again contradicts (3). Therefore, we have
T[d,d’,d’] > 0.

Since there are only two options, at least one happens infinitely many times, so we can restrict
ourselves to the corresponding subsequence. o

B.1.17 Proof of Claim

Proof of claim. Assume, for a contradiction, M[d,v] > 0. Consider the ray R(0,d’), for j large
enough. Recall that, along this ray, the function f can be written in the form

fra)(X) = FO) =T, &, d/1\> + M[d7, d/])\> + V]d]\.

Later in the proof we will consider separately two main cases. In case 1, we assume V[d] > 0,
and from Claim we know T'[d’,d?,d’] > 0, for j large enough. In case 2, we assume V[d] = 0.
It follows from Claim [16|that we can further subdivide case 2 in two sub-cases. In case 2.1, we also
assume T'[d’,d’,d’] > 0, for all j large enough. In case 2.2, we also assume T[d’,d’,d’] = 0 and
M(d’, d’] > 0, for all j large enough.

For every j € N, let

0= min{f()\dj) tA>0}.

Since 27 = ||27||d’, we know #/ — —oo. In the remainder of the proof, we show that there exists a
constant ¢; € R independent on j, such that for j large enough, we have #/ > ¢;. This contradicts
the assumption ¥/ — —oo.

As mentioned above, in all the cases that we will consider, the leading term of fr g qs) is positive.
Consider the derivative of fr (g 4i):

Frioan ) = 3T[d7,d7, &\ + 2M[d/, )\ + V[d].

If f7,2(0 ) has no roots, then fr (g 4i) is always increasing and we obtain ¢ = £(0) = 0 for every j.
0,d7) 0.47) by Aj.

Since fr(o,a) is increasing for A > A;, the minimum along the ray R(0,d’) is attained in the
interval [0, A;]:

So now assume that f7,2( has roots. We denote the largest root of f7/z(

¢ =min{ f(A\d’) : A € [0, )]}
It then suffices to show that there exists a constant co > 0 independent of j such that
Aj<ec

for all j large enough.
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In fact, for all A € [0, \;], the vectors Ad’ belong to the compact set
{z e R" : ||z|| < c2}.
Since f is continuous, it attains a minimum on this set. Let
cp :==min{f(z) : ||z]| < c2}.
Then, for all j large enough,
¢ =min{f(Ad’) : A € [0,\]} > 1.

Before considering separately our cases, we expand T[d’, d’, d’], M[d’,d’], and V[d’] using the
decomposition from Claim
V] = Viejd + 07
@) = Vigd+77] "
= o;Vld] + 7 V[v'],
M[d,d’) = Mlojd + 7507, 0;d + 7507
= J?M[dﬁﬁ—i— 20,7, Md, v'] + TJ-QM[Uj, V7] (15)
= Tj (2UjM[d, Uj] + TjM[’Uj,Uj]) s
T, &, d] = Tlojd + 707, ojd + Tj07, o5d + Tj07]
= 03 Tlded-d] + 30°7; Llded ] + 30,72 T[d, v/, 07] + 73 T/ 07, 07]  (16)
3 3oy Tl 9,09 4 T,

where we used T'[d,d] = 0 from Claim [I0] and M[d,d] = 0 from Claim [} We are now ready to

divide the proof into our cases.

Case 1: V[d] > 0. From Claim we know T'[d?,d?,d’] > 0, for j large enough. The largest

root of f7’€(0 4y 1 then
v —2M|d, d] + \/(2M[d7,d7])2 — 12T'[d7, dJ, di ]V [d7]
I 6T [d/,di,dI] a7
—~M([d, ]+ /(M[d7,d])2 — 3T[dI, dJ, dI|V [dI]
- 3T[d7,di, d7] ’

We show that, for j large enough, we have A\; < 0. Since T[d,d?,d’] > 0, to prove Aj <0 it suffices
to prove M[d’,d’] > 0 and V[d’] > 0.
First, we show M[d/, d?] > 0, for j large enough. From (15]), we have

W =20, M[d,v/] + T, M[v?, 7).
J
Since v/ — v and o; — 1, we have 20;M[d,v’] — 2M[d,v] > 0. Therefore, for j large enough,
20;M|[d,v] > M[d,v] > 0. Moreover, 7;M[v?,v7] — 0 because 7; — 0 and M [v7,v7] is bounded.
Hence, for j large enough, o
MId?, d7] S M]d,v]
T - 2

> 0,
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which implies M[d’, d’] > 0, since 7; is positive.
It remains to show V[d’] > 0, for j large enough. From ([14), we have

Vid’] = o;V[d] + 7,V [].

Since o; — 1, we have o;V[d] — V[d] > 0. Therefore, for j large enough, o;V[d] > V[d]/2 > 0.
Moreover, 7;V [v7] — 0 because 7; — 0 and V[v7] is bounded. Hence, for j large enough,

Vid’] > V[d]/3 > 0.

Case 2: V[d]=0. From Claim we can assume that one of the following holds, for all j large
enough:
o T[d,d,d] >0
o T|d,d,d’] =0 and M[d’,d’] >0
Case 2.1: V[d] =0 and T[d,d’,d’] > 0 for all j large enough. Since T[d’,d’,d’] > 0, for
7 large enough, the largest root of f7’2(0 i) is again \; as in . From , , , we have
V[d'] = 7jvj, M[d,d’] = Tjmj, and T, d’,d’] = sztj, where
vj = Vo],
m;j = 20;M|d, U]] + 1 M7, 7],

t; = 30;T[d, v, 0] + ;T[0! , v, v7].

Substituting these factorizations into the formula for the largest root we get

—Tjm; + Tj m — 37375 n —mj + 1/m — 37jtjv;
Aj = = .

37']275]' 37’jtj

Now multiply numerator and denominator by the conjugate m; + ,/m? — 375tjv; to obtain an
algebraically equivalent expression that cancels the small factor 7;:

(—m; + m — 37;tjv5) (my; + /m — 375t;0;)
A =
! 37t (m] + 4 /m — 375t v])
_ (yz— 375tv5) —WZ
37t (mj + \/m — 375t;0;)

—BT v

37]’;/(7713 + 4 /m — 37t vj)

mj + ,/m — 37itjv;
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Since m; — 2M|d,v] > 0, for j large enough we have m; > M|d,v] > 0. Therefore,

|)‘]| < |Uj|
mg + \/m? — 37‘jtjvj
v
mj
v
- Mld,v]

IN
|

Finally, since v; = V[v7] is bounded, there exists a constants c3 > 0 such that for j large enough
lvjl < e,
hence
C3

M1 2

Case 2.2: V[d] = 0 and T|d,d’,d’] = 0, M[d’,d’] > 0, for all j large enough. Since
T[d,d,d] =0 and M[d’,d’] > 0 for j large enough, along the ray R(0,d’), f is quadratic with
strictly positive leading term:

fro,a)(N) = fOd) = M[d, &N + V[d]\.
Consider the derivative of fr (g 4i):
f7/2(0,dj)<)‘) =2M[d, |\ + V[d].

Its unique root is

V[d]
Aj=——co . 1
J 2M [dJ, dJ] (18)
From and (15), we have V[d’] = 7jv; and M[d’,d’] = 7;m;, where
vj = V[vj],

m; = 20;M[d,v'] + 7, Mo’ 7).
Substituting these factorizations into the formula for the largest root we get
o= Y Y

7 Q%mj 2mj'

Since mj — 2M|[d, v] > 0, for j large enough we have m; > M[d,v] > 0. Therefore,
Al < Joy]
2mj

S ] '
~ M{d,v]

Finally, since v; = V[v7] is bounded, there exists a constants cg > 0 such that for j large enough
|UJ| < €3,

hence

c3

Mld,v]’

Al <
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B.1.18 Proof of Claim [18

Proof of claim.  For a contradiction, assume T'[d,v] # 0. Recall that 0 is in the interior of P
(Claim [5)) and that P is integral (Claim [2). Since T'[d,v] # 0, and T[0,d,v] = 0, it then follows
there exists z € P NZ" such that Tz, d,v] < 0. Therefore, JR(zw) 18 quadratic and the quadratic
term is strictly negative. Hence, fr(z.)(A\) = —00, as A — +o00, which contradicts . o

B.1.19 Proof of Claim [19

Proof of claim. To prove (la))”, it suffices to show f(27) < f(a7) for every j € N. To see this,
observe that we can write 27 in the form

2= yj —qjv = 2l — pjd — gjv,

where pj,q; > 0. Let w/ := p;d + gjv € rec.cone(P), so that 2/ = 2/ + w’/. From and
) € PNZ" we know that fR(23,wi)(A) is linear nondecreasing. Therefore, f(z7) < f(z7), and
(La)” holds. The rest of the proof is identical to the one for vectors y/ in Claim o

B.2 Proof of Proposition

In this section, we prove Proposition [d] The proof relies on the following result, which uses Dirich-
let’s simultaneous approximation theorem for rational polyhedra. For a discussion of the continued
fraction method, see, for example, section 6.1 in [13].

Lemma 2 (Dirichlet’s approximation on rational polyhedra). Let P be a rational pglyhedron n
R™, and let R(y,d) be a ray of P with y € Z™. Then, for every constant ¢ > 0, and A > 0, there
exists a vector in P NZ"™ at distance less than € from the half-line {y +Ad:A> )\}.

Proof. Fix € > 0 and A > 0. Let P; denote the integer hull of P, i.e., P; = conv(P NZ"). It
is well-known that P; is a rational polyhedron with rec. cone(P;) = rec.cone(P). It follows that
R(y,d) is a ray of P;.

Let F be a minimal face of P; containing R(y,d). If F has dimension 1, we are done, since
the half-line {y +Ad:A> /_\} contains infinitely many vectors in P N Z™. So we now assume that
F has dimension at least two. Let A be the smallest affine subspace of R™ containing F. Observe
that each vector in the set {y + Ad : A > 0} is in the relative interior of F. Therefore, without loss
of generality, by eventually reducing €, we can assume that the vectors in A at distance less than ¢
from {y +Ad:A> 5\} are contained in F.

If F has dimension n, then F = P and A = R"™. It follows from Dirichlet’s simultaneous
approximation theorem (see e.g., lemma 2.2 in [1]) that there exists a vector z € Z™ at distance
less than e from the half-line {y +Ad:A> 5\}. We then obtain z € F = P. Therefore, in the
remainder of the proof, we assume that F has dimension at most n — 1.

Denote by n’ the dimension of A, which coincides with the dimension of F, and is there-
fore at most n — 1. Since P; is rational, there exists W € Q" and w € Q' such that A =
{zx € R" : Wz = w}. Since A contains integer points, it follows from Lemma |1| that there exists a
map 7 : R” — R” of the form 7 (z') = & + Mz’ with & € Z" and M € Q"*" of full rank, such that

A =7m(R"),
ANZ* = x(Z™).

Let v/ := 75 (y) and d' := 75 (y + d) — ¢/, where 7% denotes the inverse of 7, so that m(y') =y
and 7(y +d') =y +d. Let ¢ := ¢/||M]||, where ||M]|| denotes the spectral norm of M. It follows

A-10



from Dirichlet’s simultaneous approximation theorem (see e.g., lemma 2.2 in [1]) that there exists a
vector 2/ € Z" at distance less than € from the half-line {y/ + Ad' : XA > A}. Let z:=n(2’). Then,
ze ANZ".

We show that z is at distance less than e from the half-line {y +Ad:A> 5\}. To see this, let
¢ in the half-line {/ + Ad’ : A > A} such that ||z’ — ¢|| < €. Define ¢ := & + M¢/, which is in the
half-line {y +Ad:A> 5\} Then,

z—q= @+ M) = (Z+Mq)=M(-q),
thus
|z =gl = [|M(z" = )| < M| || = ¢'l| <|IM] €.

In particular, we obtain z € F, thus z € P. O

B.2.1 Proof of Proposition

Proof. From Observation (1, we can write f, up to a constant, in the form
f(x) =Tz, 2, 2] + M[z,z] + V]z],

where T € R™™*™ ig a symmetric tensor, M € R™ " is a symmetric matrix, and V € R™. The
restriction of f to R(y,d) is given by

SR@ay(N) = f(y+ Ad) = azA® + a2A* + a1 A + ap, (19)
where
a3 :=T[d,d,d),
as := 3Ty, d,d] + M|[d,d],
ay :=3Ty,y,d] + 2M|y,d] + V[d],
ao := Ty, y,y] + Mly,yl + Vyl.

Note that fr(, 4)(A) is a univariate polynomial function of degree at most 3. Among all possible
y,d as in the statement, we choose them so that the degree of fr(, 4) is maximal. We denote by
deg (fR(y,d)) the degree of fr(,.q). Since f is not constant on R(y,d), this degree is either 1, 2, or

For every z € R", the restriction of f to R(y + z,d) is given by

Fly+ 24 M) = asA® + (a2 + 62(2)) A2 + (a1 + 61(2)) A + (ao + 00(2)) (20)
where

d2(2) := 3Tz, d,d],

01(2) == 6Ty, z,d] + 3Tz, z,d] + 2M |z, d],

do(2) :=3Ty,z, 2] + 3T[y,y, 2] + Tz, 2z, 2] + 2M [y, z] + M|z, z] + V[z].

For every constant € > 0, we define the the function f% :R>o = R as
Fhatyy () o= max {f(y+ 2+ Ad) : 2] < e}
From , for every € > 0 and A > 0, we have

FRpayN) < azX’ + (ag + Ag) % + (a1 + A1) A+ (ao + Ao) (21)
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where

Ay = 3e|T [d|f?,
Ay = e 6|7 llyll dll + 21121 [ld])) + 3 171 [1d]],
Ao = e (3IITI lyl* + 2 Myl + IVI) + € GITI Iyl + M) + € |1 Tl-

In the remainder of the proof, we consider separately the cases deg ( fR(%d)) € {3,2,1}. Recall
that, by assumption,

lim  fry.a)(A) = f(y + Ad) = —oc. (22)

A—400

Case deg (fR(%d)) = 3. In this case, fr(y,a)(A) is cubic. From and , we have
az < 0.

Fix a constant € > 0. From , we obtain f7€z(

A) = —00, as A — +oo. From Lemma for
every A > 0, there exists a vector in

y+z,d)(

PNZ"N{y+z+Ad:|z]| <e,A> A},

We obtain that f is unbounded below on P NZ"™ N (R(y,d) + Be). This concludes the proof in the
case deg (fR(%d)) =3.

Case deg (fR(%d)) = 2. In this case, fr(y,a)(A) is quadratic. From and , we have
a3 =0, a9 <0.

Fix a constant ¢ > 0. Our goal is to show that f is unbounded below on P N Z" N (R(y,d) + Be).
Without loss of generality, we can assume az+ Ay < 0. To ensure this, we may reduce e, if | T'|| # 0,

so that
P—
€< —————.
3T NI

From , we obtain f7€2(y d)()\) — —00, as A — +o0o. From Lemma for every A > 0, there exists
a vector in )
PNZ'N{y+z+Md: |z <e,A> A},

We obtain that f is unbounded below on P NZ"™ N (R(y,d) + Be). This concludes the proof in the
case deg (fR(%d)) =2.

Case deg (fR(%d)) = 1. In this case, fr(y,a)(A) is linear. From and , we have
a3 =0, ax=0, a3 <O.

Fix a constant € > 0. Our goal is to show that f is unbounded below on P N Z" N (R(y,d) + Be).
Without loss of generality, we can assume a; + A; < 0. To ensure this, we may reduce ¢, so that

.- -5 if || =0, [[M]| > 0,
ZBty B2 dary \/5*4‘117 if (|7 > 0,
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where 3 := 6 ||T|| [|y| ||d|| + 2 ||M]|| ||d|| and ~ := 3||T|| ||d||. We can then rewrite az and J2(z) in the
form

ag = 3y T[d,d] + MId, d),
So(2) = 327T[d, d],
where we recall that T'[d, d] is the tensor contraction defined in Section

In the remainder of the proof, we consider separately the sub-cases in which T'[d, d] has all zero
components, or has at least one nonzero component.

Sub-case deg ( fR(%d)) = 1 and T[d,d] has all zero components. In this sub-case we have
d2(z) = 0 for every z € R™, thus from (20)), for every A > 0, we have

Fropay ) < a3X® +a2)? + (a1 + A1) A+ (a0 + Ap).

Since in this case we also have ag = 0, ag = 0, and a; + A1 < 0, we obtain f;z(y d)()\) — —00, as
A — 400. From Lemma [2| for every A > 0, there exists a vector in

PNZ"N{y+z+Ad:|z] <e A>A}.

We obtain that f is unbounded below on PNZ" N (R(y,d) + Be). This concludes the proof in this
sub-case.

Sub-case deg ( fR(y,d)) =1 and T[d,d] has at least one nonzero component. In this sub-
case, we show that, for every x € P NZ", we have

32" T(d,d) + M[d,d] > 0.

Assume, for a contradiction, that there exists # € P NZ" such that 32" T[d, d] + M|d,d] < 0. Then,
R(z,d) is a ray of P. The restriction of f to R(x,d) is

fR@ay(N) = flz+ Ad) = asA® + dhp\* + a) A + af,

where

ay = 3Tz, d,d) + M|[d,d],

ay := 3Tz, z,d] + 2M|[z,d] + V[d],

ay := Tz, z, 2] + Mz, z] + V]x].
Since a3 = 0 and @), < 0, f is unbounded below on R(z,d). However, deg (fR(x,d)) = 2, which
contradicts our choice of R(y,d).

Let P; be the integer hull of P, i.e., Pr = conv(P NZ"). It is well-known that Pj is a rational

polyhedron. The linear inequality 32T T[d, d] + M|d,d] > 0 is then also valid for P;. Consider now
the hyperplane

H:= {xER”:?)xTT[d,d]—l-M[d,d] :0}
= {y+z6R”:zTT[d,d]:O}.

and the face F of P; defined by
F =PrNH.
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We show that the ray R(y,d) is contained in F. To do so, observe that R(y,d) is contained in
Pr, because y € P; and d € rec. cone(P) = rec. cone(Pr). Furthermore, R(y,d) is contained in H

because
3Ty + Ad,d,d] + M[d,d] = 3T[y,d,d] + 3\T'[d,d,d] + M]|d, d]

= 3X\a3 + as
=0,
where the last equality follows from the assumptions az = aa = 0 of this case.
. €,F .
Define the function fR(%d) :R>p — R as
7‘F Pp— . —_—
Fh (V) = max {f(y Yzt Ad): 2T T[d,d) =0, ||2]| < e} .
From , for every A > 0, we have
Fo7 < azA? + apX® + (a1 + A1) A + (ao + Ag) .

Since in this case we also have ag = 0, ag = 0, and a; + A; < 0, we obtain f7€z€, d)()\) — —00, as
X — +00. From Lemma [2| applied to F, for every A > 0, there exists a vector in

FNZ'N{y+z+Ad: |z <e A=A} =
=Fnzin{y+z+2d: 2T, d] =0, ||zl < e, A= A},

We obtain that f is unbounded below on F NZ" N (R(y,d) + Be). This concludes the proof in this
sub-case. O

C Proof of Proposition

Proof. Let M € R?*? be the symmetric matrix

1 721/2
= Y

and let V € R? with nonzero entry Vi = —1. Let f : R? — R be the quadratic function defined by
f(z) = Mz, z] + V]x].
Let P C R3 be the rational polyhedron
P :=coneQ, where Q := {x€R2 1<z <2, x9 =1},

Let R(y,d) be a ray of P, so we can assume without loss of generality y € P and d € Q. The
restriction of f to R(y,d) is

TR@,a)(A) == f(y + Ad)
= M[d,d]N\* + (2M [y, d] + V[d]) A + f(y).

It is simple to see that M|d,d] > 0 for every d € Q, and M|[d,d] = 0 holds only when d is the
irrational vector d := (21/2,1) ~ (1.41,1). Therefore, if d # d, we have JR(y,a) = 100, as A — +o0.
In particular, if d # d, f is bounded below on R(y, d), and so also on R(y,d) N Z>.

Furthermore, V[d] = —d; = —2%/? < 0, thus JR(0,4) = —00, as A — Fo0. It then follows from

Proposition 4| that f is unbounded below on P N Z3. .
It remains to show that f is bounded below on R(y,d) for every y € P. This follows from the
irrationality of d, which implies that each such ray contains at most one integer point. O
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D Proof of Theorem [3

Proof. Due to Proposition [4] it suffices to show that, if f is unbounded below on PNZ", then there

exists a ray R(y,d) of P with y € Z™ such that f is unbounded below on R(y,d). Thus, we now

assume that f is unbounded below on P NZ". As in Claim 2, we can assume that P is integral.
From Observation [I| we can write f, up to a constant, in the form

f(@) = Mz, 2] + Vz],

where M € R™™ is a symmetric matrix, and V' € R™.
Since f is unbounded below on P, it follows from theorem 5.2 in [2] that there exists a ray
R(y,d) of P such that f is unbounded below on R(y, d). The restriction of f to R(y, d) is given by

TRy, = f(y + Ad)
= My + Xd, y+ A\d] + V]y + Ad]
= My, y] + 2\ M[y,d] + N> M[d, d] + V[y] + \V[d]
= M[d,d] X’ + (2M [y, d] + V[d)) A + (M [y, 4] + V[y]).

Note that the degree of fr(, ) can be either two or one. For every z € R", consider now the ray
R(z,y). The restriction of f to R(y, z) is then given by

fR(za) = M[d, d] N + (2M[z,d] + V[d]) A + (M][z, 2] + V[2]).

Consider first the case in which the degree of fr(, q) is two. In this case, we have M|d,d] < 0.
Let z € PNZ". We then obtain that fr(,)(\) = —00, as A = 400, and we are done.

Next, consider the case in which the degree of fr(, 4) is one. In this case, we have M [d,d] =0
and 2M[y,d] + V[d] < 0. If M[d] = 0, then M[y,d] = 0 and so V[d] < 0. Let z € PN Z".
M]Id] = 0 implies M[2,d] = 0, thus fr(z,)(\) = —00, as A — 400, and we are done. So we now
assume M|[d] # 0. Since 2y M[d] + V[d] < 0, and P is integral, there exists Z € P N Z" such that
2z"M[d] + V[d] < 0. Thus fr(s,)(A) = —00, as A — +00, and we are done. O
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