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Inverse optimization (IO) has emerged as a powerful framework for analyzing prescriptive model param-
eters that rationalize observed or prescribed decisions. Despite the prevalence of discrete decision-making
models, existing work has primarily focused on continuous and convex models, for which the corresponding
IO problems are far easier to solve. This paper makes three contributions that broaden the foundations
and applications of inverse optimization in discrete decision-making. First, we propose a new approach for
approximating the inverse-feasible region of solutions to discrete optimization problems by modifying their
linear relaxations. Second, we integrate these modified relaxations with existing methods to develop a uni-
fied framework for solving IO problems. Finally, through the lens of inverse optimization, we provide a
fresh perspective on the sensitivity analysis of prescriptive solutions to discrete optimization problems, and

demonstrate the computational advantages of our models and algorithms.
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1. Introduction
In recent years, inverse optimization (IO) has attracted significant attention in the operations
research and prescriptive analytics communities (Chan et al. 2025). It has emerged as a powerful
framework for analyzing prescriptive model parameters that explain and rationalize observed or
prescribed decisions. While several modeling paradigms have been proposed, most existing work
focuses on IO problems defined in their canonical form: given a feasible solution to a nominal
optimization problem — known as the forward problem — the goal of the IO problem is to determine
the objective coefficients of this forward problem under which the given solution is rendered optimal.
When multiple objective coefficient vectors satisfy this condition, we seek the vector that optimizes
a desired criterion while respecting any context-specific constraints on the coefficients.

1O problems defined in this canonical form can be found in a variety of contexts. For example,
they appear widely in bilevel optimization and incentive design problems, where they are used to

compute prices or incentives that render prescribed decisions optimal for decision-making agents
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(e.g., Agarwal and Ergun 2010, Liu et al. 2024). Similarly, in data-driven and contextual opti-
mization problems, they can be applied to infer latent utility coefficients that rationalize certain
decisions (e.g., Lin et al. 2024), or to train machine learning models to make decision-focused pre-
dictions (e.g., Tang and Khalil 2024). These IO models have been applied across diverse sectors
spanning energy, transportation, and healthcare systems; Chan et al. (2025) provides a compre-
hensive overview of such applications.

The defining feature of these IO problems is the inverse-feasible region (IFR), which describes the
complete set of objective coefficients that render a given solution optimal to the forward problem
(Tavashioglu et al. 2018). By design, canonical IO problems are restricted to generate inverse-
feasible vectors — that is, vectors lying in the inverse-feasible region — and the tractability of solving
these problems thus depends on how easily this region can be represented. From this perspective,
all IO solution methods can also be viewed through the way they represent or explore this region.

When the forward problem is a linear program, the inverse-feasible region can be represented
using standard optimality conditions. In particular, objective coefficients that make a given solution
optimal to the forward problem are precisely those that satisfy strong duality or complementary
slackness conditions (Ahuja and Orlin 2001). In this context, IO problems are straightforward to
solve, and the vast majority of IO applications have focused exclusively on forward problems that
are linear programs (Chan et al. 2025).

When the forward problem contains discrete decision variables, the inverse-feasible region
becomes more difficult to handle, and the corresponding IO problems are significantly harder to
solve. While exact reformulations of this region have been proposed — for example, through a super
exponential set of subadditive functions (Schaefer 2009, Lamperski and Schaefer 2015) — they are
largely conceptual in nature and difficult to implement in practice. Instead, cutting plane algorithms
stand as the predominant approach for solving these IO problems, where conditions defining the
inverse-feasible region are relaxed and cuts are iteratively generated to exclude candidate vectors
that are not inverse-feasible (Wang 2009, Bodur et al. 2022).

While cutting plane algorithms have shown some promise, they suffer from a fundamental lim-
itation: inverse-feasible vectors are, by definition, neither identified nor improved upon until the
algorithm converges to an optimal solution to the IO problem. In practice, this means that regard-
less of whether the solution process takes minutes, hours, or days, nothing informative is generated
until the process terminates. This “all-or-nothing” approach can be highly limiting, most notably

in settings where exact solution times may far exceed practical or reasonable time limits.

1.1. Summary of contributions
In this paper, we focus on solving canonical 10 problems when the forward problem contains dis-

crete decision variables. In this context, we make three major contributions. First, we propose a
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novel approach for approximating the inverse-feasible region by leveraging the linear relaxation of
the forward problem. Second, we use these approximations to develop a generalized framework for
solving 10 problems, designed to iteratively generate and improve inverse-feasible vectors. Finally,
we introduce novel applications of inverse optimization in the sensitivity and post-optimality anal-
ysis of discrete optimization problems, through which we derive insights into our methods and
algorithms. A more detailed summary of each contribution is given below.

I. Tractable approximations of the inverse-feasible region. Mathematically, our approach
is motivated by a rather simple question: for a discrete optimization problem, how can we best
leverage its linear relaxation to approximate the inverse-feasible region? While linear relaxations
have long served as a cornerstone of solution methods for discrete optimization, their role in inverse
optimization has received surprisingly little attention. We demonstrate that typical linear relax-
ations may generate poor approximations of the inverse-feasible region, but they can be restricted
in a way that makes them significantly more effective for approximating this region. Specifically,
we introduce the concept of restricted linear relazations (RLRs), which are defined by adding a
family of inequalities that are not valid for the linear relaxation. We demonstrate the advantages
and versatility of RLRs through a number of theoretical results and practical examples.

II. Generalized solution methods for inverse optimization. We leverage RLRs to intro-
duce a generalized framework for solving inverse discrete optimization problems. Specifically, we
integrate RLRs into existing cutting plane approaches, which enables inverse-feasible solutions
to be generated and refined iteratively. In this integrated approach, the RLR provides a unique
and versatile mechanism for restricting the search space of solutions, allowing users to control the
trade-off between pursuing small versus large solution improvements, and to specify termination
conditions based on optimality gaps. Conceptually, this generalization can be viewed as a more
complete primal-dual solution framework for inverse optimization.

ITI. New applications and computational insights. We broaden the scope of inverse opti-
mization by demonstrating that a large family of sensitivity and post-optimality analysis (SPA)
problems can be posed and solved as canonical 10 problems. To the best of our knowledge, we are
the first to bridge these two areas of research. By forming this connection, we show that our solution
methods provide a unified framework for solving SPA problems in discrete optimization, covering
both classic and modern SPA problems that we introduce for multi-objective and data-driven opti-
mization. Using one such problem, we derive insights into the characteristics and performance of our
solution methods. Our results demonstrate that under strict time limits, existing approaches can
easily become irrelevant, while our generalized approach can still generate near-optimal solutions.
We also investigate trade-offs between obtaining inverse-feasible solutions quickly and dedicating

more time to achieving significantly better solutions.
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The rest of our paper is organized as follows. Section 2 provides an overview of the relevant
literature. In Section 3, we define the inverse optimization problem and present preliminary insights
that lay the foundations for developments in subsequent sections. Section 4 introduces restricted
linear relaxations and examines their use in approximating the inverse-feasible region. Section
5 outlines the generalized framework for solving IO problems by integrating RLRs with cutting
plane approaches. Section 6 focuses on applications and numerical experiments. Finally, Section 7

discusses directions for future research. All proofs can be found in the Electronic Companion.

1.2. Notation

We highlight common notation used in this paper. We use boldface uppercase letters for matrices
(e.g., A), boldface lowercase letters for vectors (e.g., b), and calligraphic letters for sets (e.g., X).
The vector of all zeros (ones) is written as 0 (1), and the i-th basis vector is given as e;. The
sets R, and R_ represent the positive and negative orthant, respectively. For a matrix A, the i*"
row vector is denoted as a; € A and the i*" column vector is denoted as A; € A. For any set of
vectors @i, -« , @y, its conic hull is given as cone(ay, - ,a,) ={x e R"|x =>_7_ Nia,;, AR’ }.
For a feasible region X, we denote X'® as the linear relaxation of X, conv(X) as its convex hull,
and ext(X) as the extreme points of this convex hull. Finally, for a polyhedral cone K, we denote

dim(K) as the dimensionality of the cone, and int(K) to be the interior of this cone, if it exists.

2. Literature Review

We first review the relevant literature on inverse optimization in Section 2.1, followed by the
literature on sensitivity and post-optimality analysis in Section 2.2. These two areas have, to date,
been largely examined independently. In both subsections, we mainly focus on work pertaining to
discrete optimization. In Section 2.3, we briefly outline additional problems involving the inverse-

feasible region that may be of broader interest.

2.1. Inverse optimization
The 1O literature has developed along two main streams of research that differ in whether the
inverse-feasibility condition is imposed, that is, whether the output of the IO problem must render
a given solution optimal to the forward problem (Chan et al. 2025). The first stream, which we
refer to as canonical 10O problems, enforces this condition, while the second stream, often termed as
data-driven 1O problems, relaxes this requirement. These two paradigms differ primarily in their
intended applications. In this paper, we focus on canonical IO problems and review this body of
work, while a brief discussion of data-driven IO is provided at the end of the subsection.

To date, most of the 10 literature focuses on forward problems that are linear programs. For

example, nascent literature focused on special cases of inverse linear programs for which one can
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derive analytical solutions based on the value of the optimal dual variables (e.g., Ahuja and Orlin
2001, Heuberger 2004). Similarly, many applications of inverse optimization focus on problems
where decision-making agents are assumed to be solving continuous and convex optimization prob-
lems (e.g., Marcotte et al. 2009, Agarwal and Ergun 2010). In such cases, strong duality and
complementary slackness can be exploited to derive tractable reformulations of these IO problems.

Inverse discrete optimization problems, which have been of more recent interest, are significantly
harder to solve due of the difficulty of reformulating the inverse-feasible region (Schaefer 2009,
Lamperski and Schaefer 2015, Bulut and Ralphs 2021). As mentioned in the introduction, cutting
plane algorithms serve as the predominant approach for solving these problems in practice (e.g.,
Wang 2009, Bodur et al. 2022), and we will show that they iteratively refine an outer approxima-
tion of the inverse-feasible region. While this approach has shown some promise, it also possesses
inherent limitations. Specifically, because the approach successively refines outer approximations
of the inverse-feasible region, no inverse-feasible solutions are found until the algorithm converges
to the optimal solution. This results in an “all-or-nothing” solution process that is entirely uninfor-
mative until the algorithm converges, a process which often requires a significant amount of time.
The only paper that has aimed to address this challenge is Duan and Wang (2011), which proposes
a regularization-based heuristic designed to run in parallel with the cutting plane algorithm for
solving a particular type of inverse optimization problem.

In this paper, we take a holistic approach to analyzing and solving inverse discrete optimization
problems. We first propose a simple, versatile, and tractable method for approximating the inverse-
feasible region by leveraging the linear relaxation of the underlying discrete optimization problem.
We then integrate these approximation methods into a unified solution framework for inverse
optimization that addresses the main limitations discussed above.

1O problems in their canonical form arise in diverse domains including incentive design, network
pricing, decision-focused learning, cooperative games, and bilevel optimization; we refer to the
survey paper of Chan et al. (2025) for a comprehensive overview. While most of these applications
assume that agents solve convex optimization problems, they can be naturally extended to richer
and more realistic environments where there are discrete decisions. As we will discuss in Section
2.2, our paper also broadens the scope of applications by showing that a large family of sensitivity
and post-optimality analysis (SPA) problems can be formulated and solved as IO problems.

Finally, as noted earlier, there is also a growing body of literature on data-driven 10 models (e.g.,
Aswani et al. 2018, Mohajerin Esfahani et al. 2018, Shahmoradi and Lee 2022, Zattoni Scroccaro
et al. 2025). These models are designed primarily for statistical and supervised learning, where
the goal is to learn unknown parameters of a forward problem by minimizing suboptimality-based

loss functions (Chan et al. 2025). Although this use case differs from the primary applications of
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canonical 10 models, the latter may still be relevant, both for the sensitivity analysis of estimated
parameters, and in situations where the canonical IO formulation appears as a subproblem within

the parameter estimation process (e.g., Chan et al. 2024).

2.2. Sensitivity and post-optimality analysis

Inverse optimization is closely related to the domain of sensitivity and post-optimality analysis
(SPA), although the two areas have evolved largely independently. For example, in the context of
SPA, the inverse-feasible region is sometimes referred to as the sensitivity or stability region (e.g.,
Kiling-Karzan et al. 2009, Andersen et al. 2023). For a given solution to nominal optimization
problem, many SPA problems aim to determine the ranges over which model parameters can vary
without affecting the optimality of the given solution. Among these, the most widely studied is
single-coefficient sensitivity analysis problem, which seeks to identify the largest interval within
which a single objective coefficient can vary while all others are held fixed. The inverse-feasible
region by definition contains the cartesian product of all such intervals.

SPA problems for linear programs are straightforward to solve, and the common example of
the single-coefficient sensitivity analysis problem is widely applied in practice and even taught
in introductory optimization courses (Bertsimas and Tsitsiklis 1997). In contrast, SPA problems
are considerably more challenging in the context of discrete optimization, where existing methods
can often be highly problem-specific and analytically demanding while lacking in generalizability.
For example, to solve the single-coefficient sensitivity analysis problem, early methods focus on
techniques that leverage bounds on the objective value in each node of a pure branch-and-bound
tree that we assume is used to generate a solution to the discrete optimization problem (Roodman
1974, Geoffrion and Nauss 1977, Jenkins 1982, Schrage and Wolsey 1985). Conversely, Klein and
Holm (1979) shows that if the discrete optimization problem is instead solved using a pure cutting
plane method, then the cuts that are binding at the optimal solution generates a valid region of
objective coefficients for which this solution remains optimal. More recently, Kiling-Karzan et al.
(2009) focuses on computing sensitivity ranges for the objective coefficients of binary variables in a
general discrete optimization problem. They show that a valid sensitivity range can be computed
by taking the difference in objective values when the corresponding binary variable is forced to
take the opposite value of the one that appears in the optimal solution. Andersen et al. (2023)
proposes an alternative approach that reframes the sensitivity analysis problem as a bi-objective
optimization problem, which is then solved using custom multi-objective optimization methods.
Finally, attempts to approximate the inverse-feasible region have also been proposed for specific
problem structures. For example, Niendorf et al. (2015) and Niendorf and Girard (2017) examine
the inverse-feasible region for the traveling salesman problem and propose approximations based

on graph-theoretic properties specific to their problem setting.
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In this paper, we will show that a wide range of classic and modern SPA problems can be formu-
lated as a canonical IO problem. This provides a unified methodological framework for analyzing

the solutions to prescriptive models that contain discrete decision variables.

2.3. Additional applications of the IFR

The inverse-feasible region is also emerging in new applications that lie beyond the scope of the
IO models considered in this paper. We include them below for broader interest, and as potential
avenues for future research (see Section 7). For example, Wei and Zhang (2024) study conditions
under which adjustable robust optimization problems yields the same objective value as its static
counterpart, and show that the conditions depend on the IFR of a point in the polyhedral uncer-
tainty set. Besbes et al. (2025) study contextual optimization problems where feedback is given
in terms of optimal actions. Their optimal policy is based on approximations of the IFR of these
actions. Chan et al. (2024) propose robust optimization models for recommending decisions using
observations of past decisions. Their approach calibrates an uncertainty set on objective coeflicients
by requiring that this set intersects with IFRs associated with past decisions. Tang and Khalil
(2024) and Berden et al. (2025) propose decision-focused methods for training models that predict
the objective coefficients of linear optimization problems. Their approach aims to minimize devia-
tions of these predictions from the IFR of optimal solutions. In the same context, Zhou et al. (2025)

quantifies the risk associated with a prescriptive decision based on its inverse-feasible region.

3. Problem Definition and Preliminary Insights
We first begin by motivating and defining an inverse optimization problem in Section 3.1. We then
outline preliminary ideas for approximating and solving these problems in Section 3.2. Section 3.3

provides a short summary of the main insights and presents a roadmap for the rest of the paper.

3.1. Problem definition and motivation
Consider a general discrete optimization problem of the form
FO(0,X) := max 0’z

(FO)
s.t. weX::{w’Awa, wefoZn_e}.

Throughout this paper, we refer to this nominal problem as the forward problem (FO), and to
the set X as the forward-feasible region. We assume X is bounded. Then, given a solution & € X,
the inverse-feasible region of (&,X") is defined as the set of all possible vectors 6 under which & is

optimal in the forward problem, i.e.,
Riny (X, X) 1= {G‘QEargmaxFO(O,X)}. (Rinv)

The following example provides a simple illustration of the forward and inverse-feasible region

of a discrete optimization problem.
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Figure 1 A forward-feasible solution & € X’ and its corresponding inverse-feasible region Rin, (&, X).

Example 1. Figure 1 depicts a forward-feasible region X :={x € Z* |z, + 0.4xy < 3.1, 25 < 2.2}
and a feasible solution & = (2,2). The inverse-feasible region Rin (&, X) is illustrated by the blue
cone in the top right corner, where any vector @ drawn from this cone will render & an optimal
solution to the forward problem FO(0,X). In this figure, the shaded polyhedron represents the linear
relazation of X, written as X™® ={x € R?|z; + 0.4x5 < 3.1,25 < 2.2}.

We now define a general inverse optimization problem of the form

I0(2,X) := min f(s)

0,s

S.t. 0 € 7zinv(ia X) (IO)
0c0O(s)
seSs.

In (IO), the main decision variables are 8, which correspond to the objective vector of the forward
problem, and the first constraint ensures that @ must lie in the inverse-feasible region R, (&, X).
Problem (I0O) also contains auxiliary variables s € S, where ©(s) defines a linear mapping S — R”
from s to @, while f(s) denotes the objective function to be optimized. Although these auxiliary
variables are not required in all applications, they are included for generality and are particularly
useful in the problems that we will examine; an example will be given shortly. Unless stated

otherwise, we assume that f(s) is a convex function and that S is a convex set.

Remark 1. The formulation above generalizes inverse optimization models without auziliary vari-

ables, which can be expressed using O(s):=Is, where s € R" and I denotes the identity matriz.

As we have discussed in Sections 1 and 2, problems in the form (IO) arise across diverse applica-
tions. In this paper, we broaden the scope of these applications by showing that (I0) can model and
solve a wide range of sensitivity and post-optimality analysis (SPA) problems in discrete optimiza-
tion. Specifically, SPA problems commonly aim to derive conditions under which a solution & € X
remains optimal when nominal model parameters are perturbed. The most commonly studied case

is the single-coeflicient sensitivity analysis problem, which seeks to determine the largest interval
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within which a single objective coefficient 6; can deviate from its nominal value while the solution
remains optimal to the forward problem (see Section 2.2). This is in fact an inverse optimization
problem. Specifically, let & denote an optimal solution to FO(@, X') under a nominal cost vector 6.
For each coeflicient éi, we can compute a maximal range [éz —1;, éz + u;] for which & € X’ remains

optimal by solving a pair of inverse optimization problems, i.e.,

I = ngip{s\@zé—i—sei, 0 € Ry (2, X)} (1a)

uiznéax{5|0:é+sei,OGRinv(i,X)}, (1b)

where e; denotes a unit vector where all elements j # ¢ are equal to zero.

In Section 6, we will show that many other SPA problems can be specified using model (10).
To the best of our knowledge, we are the first to bridge these two areas of research. We will
demonstrate that this connection facilitates a unified, IO-based framework for solving a wide range

of SPA problems, including new ones designed for modern decision-making paradigms.

3.2. Preliminary observations on the IFR

As we have discussed in the introduction, the defining feature of inverse optimization problems
is the inverse-feasible region Ri,, (&, X). To facilitate the upcoming discussion, we first provide
some preliminary observations and insights into approximations of this region. We first begin with
a simple but important observation, which is that R, (&, X) is a polyhedral cone that can be
represented through a set of supporting hyperplanes.

Observation 1. The inverse-feasible region Rin (2, X) is equivalent to the polyhedral cone
K(2,X):=1{6]67 (& —=z)>0, Vo c X} (2)

Equation (2) reformulates the optimality condition in (Rixv) explicitly using a set of hyperplanes
which ensure that & attains an objective value no smaller than that of any other solution = € X.
In general, this exact representation cannot be used directly, as it is based on an exponentially
large or semi-infinite set of hyperplanes, each defined by a feasible solution of X that must first
be generated. Nonetheless, the characterization provides a valuable perspective for approximating
the inverse-feasible region, and one that sets the stage for the rest of the paper. Specifically, we
can approximate Ry, (&, X) by replacing the X in K(&, X) with a surrogate set X.

Remark 2. From this point onward, we use the notation K(&,.) to refer to approximations of
Rine(&, X). This choice is deliberate: for a given surrogate X, the sets K(&,X) and Riny (&, X)
coincide when & € X, but differ when & ¢ X, since Riny (&, X) =0 whereas K(&, X) # 0.
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3.2.1. Approximation I: subsets of X and cutting plane algorithms. The most natural
example of a surrogate set is X C X, where X defines any subset of solutions known to lie in X.
By definition, K(&, X) would then be an outer approximation of Rin, (&, X), as K(&, X) would be
defined by a subset of the supporting hyperplanes from (2). Similarly, for any X2 C X' C X, it
must be true that R, (&, X) C K(&, X') C K(&, X2). Practically, this implies that enumerating
more feasible solutions in X" yields progressively tighter outer approximations of R, (&, X).

Cutting plane (CP) approaches for inverse optimization operate precisely by enumerating solu-
tions in X'. Specifically, the standard CP approach alternates between a master problem that solves

a relaxed version of (I0) where Ry, (&, X) is replaced with K(&, X) for some X C X, i.e.,

min  f(s)

st. @K@, X) (3)
0cO(s)
seSs,

and a subproblem that computes new solutions & € X which are then added to a growing set X € X
(Bodur et al. 2022). These algorithms will eventually converge at an optimal solution because of the
observation that X = ext(X) is an exact surrogate for X' in (&, X), where ext(X) represents the
set of extreme points of the convex hull of X’; in the worst case, the algorithm can terminate after
cycling through all points in ext(X). However, because K(&, X) defines an outer approximation of
Riny (2, X), standard CP approaches suffers from a fundamental drawback in that objective vectors
generated by (3) are not feasible to (I0) until the algorithm terminates at the optimal solution, a

process which can take an arbitrarily long time; see Sections 1 and 2 for additional discussion.

3.2.2. Approximation II: the linear relaxation of X'. Our paper is motivated by how we
can best use the linear relaxation of X, denoted as X™®. Note that since X C XY™ K(z, X*!) con-
tains a superset of the hyperplanes that define K(&, X), which implies that (&, X"?) C R, (2, X)
is inner approximation of the inverse-feasible region. Furthermore, since X® is a convex polyhedral
set, we can derive a simple polyhedral reformulation of the cone K(&, X*), as shown below.

Observation 2. Given X*®:={x e R"| Az < b}, we can reformulate K (&, X*?) as
K(&,X"") ={0|p (A2 —b)=0, p'A=06, p>0}. (4)

Note that if (FO) is a linear program, meaning that X = X™ then Ry, (&, X) is equivalent to (4).
Equation (4) is derived using standard complementary slackness conditions. Note that for any
index i, p; =0 if @/ & — b; #0, and p; > 0 if @ & — b; = 0. This implies that the set (&, X'?) is

defined as the conic hull of normal vectors a; that correspond to binding constraints at &, i.e.,

K (&, X'%) = cone({a; }iez), (5)
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where Z denotes the indices of all constraints a; & = b;.
Observation 2 implies that (&, X™R) is tractable and provides a straightforward inner approxi-

mation of R, (&, X). Using K(&, X*}), we can then consider the following approximation of (I0),

min - f(s)

st. @ek(z, A (6)
0 cO(s)
seSs,

which if feasible, would generate a feasible solution to (I10O).

While this approximation of (I0) is simple and tractable, its main limitation is that the solution
that is generated by (6) may not be very good. As an example, consider Figure 1 which shows
an extreme case where & lies strictly in the interior of X*®. In this case, K(&, ™) ={0}. More
generally, the observation implies that the quality of the IFR approximation depends entirely on
the tightness of the linear relaxation at .

Refining the linear relaxation XM can improve the approximation of R, (&,X) given by
K(z, X'?). Equation (5) implies that such refinements are only beneficial when we add new valid
inequalities that are both binding at & and strengthen X'® (recall that a valid inequality is any
inequality e’z <  that holds for all £ € X (Cornuéjols 2008)). For example, Figure 2 illustrates
how adding such valid inequalities to the linear relaxation in Figure 1 improves the corresponding

IFR approximations, which are shown in the top right corner of each subfigure.

~
<0\ \ oS,
® ) Se. - — =@ — — @ —\— - ——0 — -0
X ~ X
\l
® [ ] [ ] ® [ ] [ J ® [}
[ & @ [ \ 2 @ O\ > @ )

(a) (b) (c)

Figure 2 Tighter linear relaxations and their corresponding IFR approximations. In Figure 2a and 2b, the linear
relaxation shown in Figure 1 is improved by adding a valid inequality, and each IFR approximation
consists of a single (long orange) vector. Figure 2c illustrates when both inequalities are combined,

leading to an IFR approximation defined by the cone between the two (long orange) vectors.

Nonetheless, the task of repeatedly generating these specific valid inequalities for discrete opti-
mization problems is far from straightforward (e.g., Chvatal et al. 2013). Any procedure for gen-

erating new valid inequalities a'x < 3 that lead to improvements in (&, X“®) would be of



Chua and Zhu: Inverse Optimization with Discrete Decisions

12 Article submitted

APPROXIMATIONS OF X APPROXIMATIONS OF R, (&, X) USE IN SOLVING IO PROBLEMS
CP Algorithms

xXcx outer approximation [iteratively increases size of X ]
(Wang 2009, Bodur et al. 2022)

XMR DX inner approximation N/A (see Section 3.2.2)

XUR(W) Pure-RLR: inner approx. RLR-CP Algorithms
iteratively reduces size of X*R(W)

(RLRs) Mixed-RLR: “mixed” approx. while increasing size of X C X

Table 1 An overview of how different surrogates for X’ can lead to different approximations of Rin(Z, X), as

well as how these surrogates can be used to solve inverse optimization problems.

the same difficulty as directly identifying inverse-feasible vectors a € R,y (2, X') lying outside of
cone({a;}iez). In Section 4, we circumvent this challenge by proposing a simple but versatile tech-

nique that leverages existing valid inequalities to generate better approximations of the IFR.

3.3. Summary and roadmap

The main challenge in solving (I0) lies in the difficulty of handling the inverse-feasible region. In
Section 3.2, we introduced two simple approximation strategies for R;,, (&, X') — or equivalently for
K(z,X) — by replacing X with a surrogate set X. When this surrogate is defined as a subset of
forward-feasible solutions (X C X), problem (IO) can be solved iteratively using a cutting plane
algorithm, but at the cost of long solution times and a solution process that is entirely uninformative
until it terminates. On the other hand, defining the surrogate as the linear relaxation X™® yields
an approximation of (IO) that is much easier to solve, but may produce low-quality solutions with
no systematic means of improving these solutions.

In the next section, we introduce the idea of restricted linear relazations (RLRs), a simple
yet powerful concept that modifies the linear relaxation to generate richer approximations of the
inverse-feasible region (Section 4). We then use RLRs to develop a generalized framework for
solving 10 problems, where RLRs serve as a bridge between cutting plane algorithms and linear
relaxations (Section 5). This framework overcomes the inherent limitations of each approach while
retaining their respective strengths. For clarity, Table 1 summarizes the main ideas discussed thus

far and serves as a reference for the material that follows.

Remark 3. We assume that & lies on the boundary of X™®, or equivalently, that given any problem

(FO), we know of at least one constraint or valid inequality that is binding at &. This assumption is
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justified for two reasons. First, in most real-world problems, & will naturally bind at a large number
of constraints. Equality constraints present in (FO) are a simple example, as are variable bounds,
e.g., if X contains even a single binary variable (x; € {0,1}), then any x € X is on the boundary
of X™ and the corresponding constraints defining this boundary (e.g., x; >0 or x; <1) would be
sufficient. Second, in sensitivity and post-optimality analysis problems, & is the optimal solution to

a nominal objective vector 0. By definition, 07z <0 & would define such a valid inequality.

4. TIFR Approximations with Restricted Linear Relaxations

In this section, we introduce the concept restricted linear relaxations (RLRs) as a new technique
for generating approximations of the inverse-feasible region. Loosely speaking, RLRs are defined
by taking certain valid inequalities and modifying their right-hand-side values so that they are no
longer valid. We show that these seemingly simple modifications yield a versatile approximation
framework with desirable properties. RLRs will then be leveraged again in Section 5 to develop a

richer family of solution methods for inverse optimization.

4.1. Definitions
We first present a general definition for restricted linear relaxations, before further classifying them

into two types. An illustrative example is provided afterwards.

4.1.1. General definition of an RLR. We begin by introducing the term restricting inequal-
ity, which is defined with respect to & € X. Specifically, given an inequality w '™z < 7, we say it is
a restricting inequality if w @ > 7 and w € Ry, (2, X).

Definition 1. Given a linear relazation X'®, a restricted linear relaxzation X*®(W) is defined as
XRW) = {zc X" |z c W} (7)

where W:={x e R" | Wx < 7} is composed of only restricting inequalities for (&,X).

By definition, the set of restricting inequalities in W are not valid for the linear relaxation X'®, as
they exclude the feasible solution & € X'. Nonetheless, they are closely related to valid inequalities
for X, Specifically, given any valid inequality w '@ < £ that is tight at &, meaning that t =w ' Z,
we can define a restricting inequality w "z < 7 simply by setting 7 < £. For this reason, we refer to

n:=t—71>0 as the depth of the restricting inequality w 'z < 7.

4.1.2. Pure and mixed-RLRs. To better describe their mathematical properties, we classify
RLRs into two types by distinguishing between whether the restricting inequalities satisfy an
additional condition. Specifically, given a w'x < 7, we say it is a separating restricting inequality

if it satisfies the additional condition that

w'z<7 Vzeext(X)\{&}, (8)
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while any other restricting inequality is considered non-separating. Note that the term comes from
the fact that when (8) is satisfied, w '@ = 7 can be considered as a separating hyperplane between
& and all (other) extreme points ext(X). For brevity, we refer to these inequalities simply as

separating and non-separating inequalities.

Definition 2. Any restricted linear relazation X™ (W) can be classified into one of the following:
e Pure-RLR: W contains only separating inequalities.

o Mized-RLR: W contains at least one non-separating inequality.

Example 2. Figure 3 illustrates three RLRs, generated simply by decreasing the right-hand-size
value of the valid inequalities in Figures 2a and 2b. Specifically, Figure 3a illustrates a pure-RLR,
where the valid inequality from Figure 2a is made into a separating inequality. Figure 3b illustrates
a mized-RLR, where the depth of the same inequality is increased until it becomes a non-separating
inequality that excludes the extreme point x¢ € ext(X) shown. Finally, Figure 3c illustrates another

mized-RLR defined by shifting the valid inequality from Figure 2b, which also excludes x°.

4.2. Foundations and main insights

In this section, we lay the foundations of RLRs by establishing their basic properties and by
illustrating their role in approximating the inverse-feasible region. Specifically, given a restricted
linear relaxation X“®(W), we consider the approximation of Ry, (&,X) given by K(z, XY*R(W)).
Note that since X™(W) C XMR it follows from (2) that K(z, X™®) C (&, X"} (W)). Further-
more, since X“®(W) is a polyhedral set, we can also derive a tractable polyhedral description for

K(z, X*?(W)), much like Observation 2.

Proposition 1. Let X'"? (W) :={x € R"|Ax <b,Wx < 7} denote a restricted linear relazation.
Then, K(z, X™(W)) can be reformulated as

K@, X"W)=1{0|0T&>p b+2"r, ATp+W'2=6, p>0, 2>0}. 9)

In Figure 3, the approximation K(&, XY“®(W)) generated by each RLR is shown in the top
right corner of each subfigure, overlaid onto the inverse-feasible region R, (&, X’). First, we note
that the approximations in each subfigure captures a sizeable portion of R, (&,X), in contrast
to those of Figures 2a and 2b, which contains only a single inverse-feasible vector. Second, we
observe that in Figure 3a, (&, X*?(W?)) forms a valid inner approximation of Ry, (&, X), whereas
K(z, X*R(W?)) and K(&, X*R(W*°)) in Figures 3b and 3c include a small region of vectors that are

not inverse-feasible. We now present two results that explain these two observations.

Theorem 1. For any restricted linear relaxation X*8(W), the following three conditions hold:

o dim(K(z, X"2(W)) =n,



Chua and Zhu: Inverse Optimization with Discrete Decisions

Article submitted 15
| b b | =
\ \ I \
$ e o 2 O, xeT o o \
e o o o c ——a—
(a) XV (b) XERONV?) (c) XEEOV°)

Figure 3 Three restricted linear relaxations, and their corresponding IFR approximations overlaid onto the true
IFR. Figure (a) illustrates a pure-RLR generated with a separating inequality, while (b) and (c) illustrate

mixed-RLRs generated with a non-separating inequality.

o weint(K(x, X*(W))) for allw e W,
o dim(K(z, XY™ (W)) N Rinv (2, X)) = dim(Riny (2, X)).

Theorem 1 highlights that (&, XY™ (W)) is a full dimensional cone in R™ encompassing the
vectors w; in its interior. Furthermore, its intersection with R, (Z,X) spans the same sub-
space as Rin (&, X), implying that RLRs always yield a substantive approximation of the inverse-
feasible region. Figures 3a, 3b and 3¢ show that each approximation captures a sizeable portion of

Rinv (2, X), in contrast to those generated by the linear relaxations in Figures 2a and 2b.

Theorem 2. For any restricted linear relazation X8 (W), the condition
K (&, X" (W) C Ri (&, X) (10)

is satisfied if and only if XYR(W) is a pure-RLR.

Theorem 2 specifies that K(&, X*®(W)) is an inner approximation of Ry, (Z,X) if and only if
W consists of only separating inequalities. This explains why the approximation in Figure 3a lies
strictly within R, (&, X), whereas those of Figure 3b and 3¢ contain inverse-infeasible vectors.

Practically, RLRs provide a mechanism to construct IFR approximations of varying sizes, where
smaller RLRs always yield approximations that are at least as large — and in most cases strictly
larger — than those generated by larger RLRs. This follows directly from the definition of K(&,.),
where, for any X’ C X" C XR| it must be true that (&, XY*?) C K(2, X") C K(2, X’). For example,
when the depth of the restricting inequality is increased between Figures 3a and 3b, the size of
the corresponding approximation K(&, XY™ (1)) becomes larger, encompassing more of Ry, (&, X)
but also including vectors lying outside of Ry, (&, X).

Up to this point, we have relied on simple illustrative examples to develop intuition for the use of

RLRs. We now present a richer example to better highlight the nuances and trade-offs associated
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with changes in the depth of a restricting inequality and, more generally, the size of an RLR. This
example, shown below, also provides a preview of the post-optimality analysis problems that will

be the focus of Section 6.

Example 3. Consider the classic capital budgeting problem, which aims to determine an optimal
set of project investments that maximizes the total revenue from the selected projects (Petersen

1967). This problem is formulated as

max 0’z

® (11)

st. xeX:={xe{0,1}"| Az <b},
where O denotes the predicted revenue of the projects, Ax < b represents the budget constraints,
and x € X indicates the binary investment decisions. Let & € X denote an optimal solution to this
problem. For this solution, recall that we can generate exact sensitivity ranges [0; + A7 ,0; + A}]
for each coefficient 0;, holding all others fized, by solving a pair of inverse optimization problems
(models (1a) and (1b)). Using these exact ranges as a benchmark, we examine the ranges that
are generated when we replace Rin, (&, X) with approzimations K(&, X"2(W)) generated by differ-
ent RLRs. We note that for binary programs, the sensitivity range for each coefficient is always
unbounded in one direction, i.e., A; = —oo when &; =0 and Af = oo when &; =1, and we thus

consider only the range in the bounded direction (e.g., [0;,0; + AF] when &, =0).
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Figure 4 The percentage of total sensitivity ranges that are covered, and the amount that exceeds the range.

Figure 4 provides a summary of the sensitivity ranges generated for a well-known capital budget-
ing problem from Petersen (1967), containing 50 variables and 5 budget constraints. Specifically,
we consider ranges generated by X®, denoting the linear relazation of (11), and by X B(W) =

{x e XLR|0Tx <07 & — 1} for four different values of the depth parameter n > 0. In the figure,
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n* denotes the maximal depth for which 0Tz <0z — n* remains a separating inequality; meth-
ods to compute n* are deferred to Section 4.3. Fach green bar shows the percentage of the true
sensitivity range captured by the approximation (referred to as “coverage”), aggregated over all 50
objective coefficients. Similarly, each red striped bar shows the percentage by which the approxi-
mations exceeded the true sensitivity ranges (referred to as “overapproximation”). The complete

details of this numerical example can be found in Section A2.2 of the Electronic Companion.

There are several insights that we can derive from Example 3. First, the linear relaxation A
fails to provide any informative approximation of the sensitivity ranges; in fact, as we illustrate in
Section A2.2; this remains true even for a tighter linear relaxation. This highlights the inherent
limitations of standard linear relaxations. Second, the restricting inequality with a depth of 0.5n*
and n* yield sensitivity ranges that remain entirely within the true ranges, with a coverage of 7.8%
and 14.9%, respectively. This demonstrates both the idea that separating inequalities generate inner
approximation of the IFR (Theorem 2), and the value of computing deeper separating inequalities
when possible. Third, the results for depths of 2n* and 3n* illustrate the trade-off between the level
of coverage and overapproximation: increasing the depth results in approximations that encompass
more of the inverse-feasible region while admitting a small region of inverse-infeasible vectors. The
same trend is observed when moving from 2n* and 3n*.

The examples above clearly illustrate why RLRs outperform standard linear relaxations. More
importantly, they highlight the versatility of RLRs and the practical trade-offs that arise when
considering RLRs of different sizes, which will be a central theme in the remainder of this paper:

e RLRs with shallower restricting inequalities are more likely to yield inner approximations of

the inverse-feasible region, though such approximations may be overly conservative.

e RLRs with deeper restricting inequalities can capture larger portions of the inverse-feasible

region, but may also include regions that are not inverse-feasible.
The next two subsections establish a more complete theoretical foundation for these observations.
Specifically, Section 4.3 examines the computation of the maximal depth parameter n* beyond
which a valid or separating inequality becomes non-separating, while Section 4.4 formalizes condi-
tions under which RLRs yield strictly better approximations of the IFR. The trade-off highlighted
above is also central to understanding the characteristics of the solution framework presented in

Section 5, and will be further explored in the numerical experiments of Section 6.

4.3. Separating and non-separating inequalities
In this section, we more carefully consider the computation of separating and non-separating

inequalities, or more specifically, the depth threshold at which a valid or separating inequality
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w 'z <7 becomes a non-separating one. For a given vector w € R”, this task can, in principle, be

reduced to solving the modified forward optimization problem
m(w) =max {w' x|z €ext(X)\{z}}. (12)

By definition, w'x < 7 for any 7 < 7*(w) would define a non-separating inequality. Similarly,
if 7*(w) <w'&, then w'x <7 for any 7 € [7*(w),w ' &) would define a separating inequality; in
this case, we refer to w'x < 7*(w) as a tight separating inequality. Finally, if 7*(w) =w' &, this
implies that no separating inequality can be generated.

The main challenge in solving Problem (12) is that the set of extreme points ext(X) is not known
a priori. If it were, IC(2,ext(X')) would provide an exact description of the IFR, and there would
be no need to solve this problem or generate approximations in the first place. As a proxy, we

consider a formulation for generating separating inequalities that exclude only & from X, i.e.,
max {w'z|x e X\{x}}. (13)

We note that when X C {0,1}" is defined only by binary variables, Problems (12) and (13) are
in fact equivalent, since X = ext(X). In this setting, we derive a simple mathematical program for

solving them, shown in the next proposition.

Proposition 2. When X C{0,1}", Problem (12) and (13) can formulated and solved as

™(w)=max w'x (14a)
st. zeX (14b)
Z x; + Z (1—2z;)<n-—1, (14c)
i€J1(24) i€Jo (&)
where J1(&;) and Jo(Z;) denote the indicesi € {1,...,n} for which &; is equal to 1 and 0, respectively.

When X C Z" contains general integer variables, we can also derive a similar mathematical
program to solve Problem (13), albeit one that is larger in size and requires introducing additional
auxiliary variables. For brevity, we provide this formulation in Proposition A1 in the Electronic
Companion. We note that in this more general integer case where X # ext(X’), Problem (13) is
not equivalent to Problem (12), which implies that Problem (13) can still be used to generate
separating inequalities but they may not be tight.

Finally, we note that separating inequalities — and, by extension, pure-RLRs — can be defined
only in certain contexts; specifically, they exist only when & € ext(X’). This follows directly from

the observation that if & ¢ ext(X’), then it would not be possible to separate & from ext(X’).
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4.4. Conditions for improved approximations

In this final subsection, we derive mathematical conditions that further clarify when an RLR
leads to a better approximation of the inverse-feasible region, relative to either X™® or another
RLR. Our analysis focuses on pure-RLRs. This is both to simplify the exposition and because
mixed-RLRs can largely be interpreted as extensions of pure-RLRs where the depth of separating
inequalities are further increased until they become non-separating; hence, the insights established
for pure-RLRs remain relevant for mixed-RLRs when interpreted through this lens. Finally, all
results are presented in terms of the expansion of K (&, X“®(W)). Since pure-RLRs lead to inner
approximations of the inverse-feasible region (Theorem 2), any expansion of K(z, X“®(W)) is

equivalent to capturing a larger portion of this region.

4.4.1. Improvements on X"®. We first present conditions under which the approximation
K(z, X*?*(W)) generated by an RLR is better than the approximation K(&, X'?) generated by
XIR Without loss of generality, we focus on RLRs defined by a single separating inequality.

Theorem 3. Let X™ (W) :={x € X' |w'x <7} denote an RLR defined using a separating
inequality w'x < 7. Then,

K (&, X" c K(&, X" (W) (15)

if and only if there exists a x € ext(XTR)\ {@} where w x> T.

Put simply, Theorem 3 states that if the inequality w'x < 7 is able to cut off any extreme
point of X! excluding &, then K(z, X“®(W)) will yield a strictly larger inner approximation of
Rine (2, X) than (2, X*?). The intuition is that extreme points of X™® define the corresponding
approximation, i.e., (&, X'?) = K(z,ext(X™)), and eliminating at least one with a separating
inequality will enlarge the approximation but preserve its validity as an inner approximation.
Proposition 3. Let w be a vector on the boundary of K(&, X'®). If w can generate a separating

inequality w'x <7, where X*¥(W) :={x € X"} |w'x <71}, then
K(z, X"%) C K(z, X2 (W)).

Proposition 3 provides an explanation for one of the observations made in Example 3. In this
example, the nominal objective vector @ in fact defines a facet of (a tighter version of) X'® and
thus lies on the boundary of K(z, X™?) (based on Observation 2). In the example, we saw that
K(z, X™8) did not provide any informative sensitivity ranges, but the resulting K(z, X“®(W)) did.
More broadly, this observation illustrates that the facets of X! that are tangent to & — the normal
vectors of which lie on the boundary of K(&, X™®) — serve as good candidates for constructing

restricting inequalities. Additional discussion on this example can be found in Section A2.2.
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4.4.2. Improvements across RLRs. We now derive conditions for when an IFR approxi-
mation improves between two RLRs. We first focus on the depth of a single separating inequality.
We show that if the addition of a separating inequality to X™® improves the corresponding IFR

approximation, then increasing it’s depth will result in an even better approximation.

Theorem 4. Let X" (W) :={x € X'*|w'x <7,} denote an RLR where w'x < 7, is a separating
inequality that is not tight (see Section 4.3). If K(x,X) C K(&, X*®(W,)), then, for any XXR(Wy) :=

{x e X' |w'x <1} where 7o <1,
’C(ivXLR(Wl)) - K(iwaR(W?))

While the discussion up to this point has focused on RLRs defined by a single separating inequal-
ity, we can extend the analysis to the case of multiple separating inequalities. Specifically, for a
given XMR(W?), consider a refined X R(W?) := {x € X*R(W!)|w "z < 7} that has an additional

separating inequality. Theorem 3 naturally extends to this setting with only minor modifications.

Theorem 5. Let X*R(W?) := {& € X*B(W!')|w "z < 7} denote an RLR defined by adding a

separating inequality w'x < 7 to an existing X R(W?'). Then,
K (@, X WY) € K (@, X)) (16)

if and only if there exists a x € ext(conv(X"B(WY)u{z})) where w'x > 7.

The basic intuition behind this result is that conv(X™(W?) U {z})) is itself a valid linear relax-

ation for X, in which case Theorem 3 can be applied directly to it.

4.4.3. Summary and implications. The results above formalize several conditions under
which RLRs yield improved approximations of the inverse-feasible region. Taken together, they
convey a simple but important message: larger portions of the inverse-feasible region can be cap-
tured either by increasing the depth of restricting inequalities or by adding more of them. This

intuition serves as the conceptual basis for the IO solution methods developed in the next section.

5. RLR-Driven Algorithms for Inverse Optimization

In this section, we leverage RLRs to introduce a new paradigm for solving inverse optimization
problems. Specifically, we propose a nested decomposition approach that integrates RLRs with
a cutting plane subroutine, which yields a versatile framework that directly addresses the main
limitations of standalone cutting plane algorithms. We first describe the approach in Section 5.1,

then examine its properties and features in Section 5.2.
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Figure 5 Visualization of the RLR-driven decomposition framework for inverse optimization.

5.1. Description of the algorithm
We begin with a high-level summary of the approach, which we refer to as the RLR-CP Algorithm.
This algorithm iteratively leverages RLRs to restrict the solution space of the inverse optimiza-
tion problem. Specifically, within each iteration, a cutting plane subroutine refines the space by
eliminating regions that are not inverse-feasible, while across iterations, the space is progressively
expanded by adding restricting inequalities to the linear relaxation X!, The degree at which the
solution space is expanded is determined by the depth of the restricting inequalities.

The complete details of the RLR-CP Algorithm is presented in Algorithm 1, and a schematic
overview is provided in Figure 5. At its core, the RLR-CP Algorithm follows a nested decomposition
structure. In each iteration of the outer loop, indexed by k, the algorithm first solves I0-RLR, which

defines a restricted version of Problem (10), i.e.,

]%nsn £(s) (17a)
st 0eK(e, XROV)) (17b)
0 <R (2, X) (17¢)
0cO(s) (17d)
seS. (17¢)

Solving this problem generates an inverse-feasible vector 8% € K(&, XY™ (W*)). If f(s*) does not
strictly improve on f(s*~1), then the RLR-CP Algorithm terminates and returns (6%, s*) as a solu-
tion to (I0). Otherwise, the subproblem RLR-UPDATE uses 6* to generate a restricting inequality
(6%) Tz < 7% which is added to the existing set of restricting inequalities W*, creating W**!. Recall

that this restricting inequality can also be written as
05Tz < (6% & —nt (18)

where n* > 0 denotes the depth of this inequality; n* will be the focus of Sections 5.2 and 5.3.
A cutting plane subroutine is used to solve (17). This subroutine iterates between its own master

problem CP-M and subproblem CP-S. At each iteration of this inner loop, indexed by ¢, CP-M
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Algorithm 1: RLR-CP Algorithm for Inverse Optimization
1 Initialization: k=0, t =0, OptGap = 0o, A’ =00, u~! =00, WO =R", X = {0}
2 while A* >0 or OptGap <e do
3 I0-RLR: repeat
4 CP-M: Solve

min - f(s)
st 0ek(@ X))

0" (&x—x)>0 VxelX

0cO(s)
ses.
5 Let (0,5") denote the optimal solution.
6 CP-S: Generate ' € argmax{(0") x|z € X}. If (8")T (&' — &) =0, set &' + (.
7 X XU{E'); tt+1
8 until zt = ();
9 — Parameter updates: (0%, %) < (0',5"); uF < f(s*); A%« ub~! —uk;
10 — Compute dual bound (* and optimality gap:
11 Solve 10(, X), let £* denote optimal objective value.
12 OptGap « “kéjfk

13 RLR-UPDATE: Generate depth parameter n* >0 and set 7% « (8*)T& —n*

14 WEFHL L e WE| (%) Tx < 7F)};
15 k<—k+1; t<0
16 end

17 return (6%, s")

generates a candidate vector ' by solving a relaxed version of (17) where Ry, (&, X) is replaced
with K(&,X) for some subset of enumerated forward-feasible solutions X C X. The subproblem
CP-S then tests if this candidate vector 0" is inverse-feasible. If it is not, this implies the existence
of a solution &' € X that is strictly better than @& under 6*. This solution &' is then added to X
and serves as a new constraint for the next iteration of CP-M. We refer to Bodur et al. (2022) for

a detailed overview of different subproblems CP-S that can be used.

5.2. Analysis and notable features
The RLR-CP Algorithm offers a versatile framework for inverse optimization. It can be viewed
both as a generalization of the standard cutting plane approach, and as a method capable of

operating independently from it. Specifically, as its name indicates, the algorithm integrates two
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components, each of which, in the extreme case, could function without the other. At one extreme,
if we were to initialize W° =) as an empty set, then (2, X*®(W")) = R" would not restrict the
solution space in any way, and the RLR-CP Algorithm would simply reduce to the standard cutting
plane approach (i.e., the optimal solution would be generated in the first iteration of 10-RLR).
On the other hand, if we initialize W° := R" without restricting inequalities, or if W* were to be
defined by only separating inequalities, then the corresponding KC(&, X“®(W¥)) is always an inner
approximation of Ry, (&, X'), rendering the cutting plane subroutine redundant for those iterations

(i.e., CP-S would not generate any cuts).

Algorithmic flexibility. Given these two extremes, the depth parameter n* provides the flexi-
bility to operate between them, which in turn affects both the characteristics and the performance
of the RLR-CP Algorithm. When the value of n* is large, the algorithm behaves more like the
standard cutting plane algorithm, since the corresponding set K(z, XY™ (W*")) is relatively large.
As a result, solving I0-RLR will typically require more time, but can yield significantly better
solutions when solved. Conversely, when 7* is small, the algorithm will generally spend less time
within the cutting plane subroutine, which results in more frequent, albeit smaller, improvements
through iterations of the outer loop. In our numerical experiments, we will show that the RLR-CP

Algorithm consistently achieves better performance when operating between these two extremes.

Primal and dual bounds. By design, the RLR-CP Algorithm provides a framework that can
simultaneously improve primal (i.e., inverse-feasible) solutions and dual bounds for the IO prob-
lem. Specifically, the outer iterations drive improvements in the primal solutions, while the cutting
plane subroutine generates feasible solutions in X’ that can be used to strengthen the dual bound.
The parameter n* can again be viewed as a lever that balances the time spent on each. As shown in
Algorithm 1, this feature of the RLR-CP Algorithm permits the definition of a pre-determined opti-
mality gap at which the solution process can be terminated. This provides a significant advantage
over the standalone cutting plane approach, which returns a primal solution only at termination. In
our numerical experiments, we demonstrate that the RLR-CP Algorithm can generate near-optimal

solutions in far less time than is required to compute the optimal solution.

Convergence to optimality. The previous two paragraphs highlight the effect of n* on the
performance of the RLR-CP Algorithm. We now state a simple, sufficient condition on the value of
n* that ensures that the algorithm will converge to an optimal solution of Problem (IO). As stated

previously, we restrict our attention to IO problems where f(s) and S are assumed to be convex.

Proposition 4. Suppose Problem (10) is convex and bounded. If the master problem (17) is feasible
in k=0, and if n* >0 Vk >0, then Algorithm 1 returns an optimal solution to (10).
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The conditions required for Proposition 4 are minimal. Put simply, the proposition states that
once the first restricting inequality can be generated, the algorithm is guaranteed to return an

optimal solution provided that every subsequent restricting inequality added has non-trivial depth.

5.3. Choosing the depth parameter

As discussed above, the characteristics and performance of the RLR-CP Algorithm are largely
determined by the choice of n* at each iteration. Below, we outline two general frameworks for
specifying n*. As a general guideline, when solutions to (IO) must be generated under strict time
limits, smaller time limits should generally be paired with smaller depth parameters, which tend to
produce faster — albeit more incremental — improvements in inverse-feasible solutions. Conversely,

larger depths can provide greater improvements at the expense of increased computation time.

Static policy. We first consider a static policy, which refers to a pre-determined and fixed rule
for choosing 7*. Such policies are simple and easy to implement, making it a natural starting point
for understanding the behavior of the RLR-CP Algorithm; for this reason, they will be extensively
tested and examined in Section 6. The most straightforward static policy is to define n* as fixed

fraction or multiple of |(6*)"&|. Specifically, consider
7t =7-1(6")" & (19)

where 7 > 0 defines some fixed (i.e., static) value. This depth selection method is immune to the
arbitrary scaling of € values, which is important since R, (&, X) is a cone. Furthermore, in problem
settings where X C R} and 6" € R" is restricted to lie in the nonnegative orthant, 7 € [0,1) is
sufficient for operating between the two extremes discussed in Section 5.2.

We can also replace [(0%)"2| in (19) with |[(6%)"@ — 7%(6%)|, where 7*(0%) is the solution to
Problem (13) defining the depth of a tight separating inequality. Example 3 in Section 4.1 illustrated
the coverage of the inverse-feasible region when the depth parameter is defined based on a multiple
of |(6%) & —7*(6%)|. Note that the static policy based on 7*(6*) can only be implemented for pure

binary or integer forward problems (for more details, see Section 4.3).

Adaptive policy. The framework defined by the RLR-CP Algorithm also allows us to intro-
duce a policy that adjusts the depth parameter dynamically based on the algorithm’s real-time
performance. This both mitigates the algorithm’s sensitivity to the initial depth values specified
under the static policy, and enhances its performance through a more automated parameter selec-
tion process. Due to space considerations, we differ its presentation and discussion to Section A3.1
of the Electronic Companion. To the best of our knowledge, this approach constitutes the first

adaptive solution method proposed for inverse optimization.
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6. Applications and Computational Insights

In this section, we first outline how inverse optimization can be applied to the sensitivity and
post-optimality analysis of modern optimization problems (Section 6.1). We then focus on one such
application, where we use a set of numerical experiments to derive insights into the performance

and advantages of our RLR-CP solution framework in addressing such problems (Section 6.2).

6.1. Post-optimality analysis for modern prescriptive problems

The sensitivity and post-optimality analysis (SPA) of prescriptive models aims to understand how
changes in model parameters affect the optimality of a recommended decision. Although this has
been a longstanding topic of study in optimization and prescriptive analytics, the literature in the
context of discrete optimization has been rather limited, with almost all work focusing on the classic
sensitivity analysis of individual objective coefficients (see Section 2). By reframing SPA through
the lens of inverse optimization, we broaden the set of questions that can be posed and enable richer
insights into the solutions of modern optimization pipelines. To illustrate, we present examples in
multi-objective optimization (Section 6.1.1) and contextual optimization (Section 6.1.2), both of

which demand the analysis of parameters that underlie multiple objective coefficients.

6.1.1. Multi-objective optimization. Most real-world decision-making problems involve
balancing multiple, potentially conflicting objectives. This is especially true in high-stakes domains
and problems related to public policy. In practice, the predominant approach for solving multi-
objective optimization problems is to aggregate objectives through a weighted-sum scalarization.

Specifically, consider a discrete optimization problem with d number of linear objectives, denoted

as f ' x,..., f] x. The weighted-sum scalarization of this problem can then be written as

max {zd:sif;a:)meé\f}, (20)

i=1
where s; > 0 denotes the weight assigned to that objective i. Without loss of generality, we can
assume that Z?=1 s; = 1, where the value of s; can be interpreted as the relative importance that
is placed on the i-th objective.

Multi-objective discrete optimization problems of the form (20) are widely used to support
decision-making in practice (e.g., Ronnqvist et al. 2017, Bertsimas et al. 2019, Chu et al. 2020,
Peters et al. 2022, Christou et al. 2024, Ozel et al. 2025). Despite its widespread use, a key challenge
that arises is the choice of the weights s for (20). This task is complicated by the fact that different
stakeholders often have different preferences over these weights, and reaching a consensus can
become an extremely time consuming process (e.g., Kik et al. 2023, Umang et al. 2023).

In this context, it is valuable to understand and explore the range of weight vectors s that are

implicitly captured by a given solution, that is, the vectors s that would all lead to the same solution
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being generated by the prescriptive model. By definition, this requires extending the analysis of
individual objective coefficients to the analysis of weight vectors that simultaneously influence

multiple objective coefficients. We can formulate this generalized SPA problem as

min f(s)
s.t. OERinv(i,X)
d
0=>s.fi

seS

(GSPA)

under various choices of f(s) and S. Our numerical experiments in Section 6.2 will be based on
one such specification of (GSPA), which we introduce as an example below.

Example 4. Let & € X be the optimal solution generated by (20) under a nominal set of weights
$. Now, consider (GSPA) where f(s)=s; and S ={s|||s||s =1,s > 0}. This specification can be
used to assess the flexibility in assigning a weight to a particular objective i. For instance, if s;
can be increased substantially compared to the nominal value §;, it implies that & could still be
generated under a much higher weighting of objective i, provided that the remaining weights are
adjusted accordingly. Conversely, if s; cannot vary by much, it suggest that a different prescriptive
solution should be considered if one were to place more emphasis on objective i. More generally, we

can use such specifications to explore the family of weights that ultimately yield the same solution.

6.1.2. Contextual optimization. Problems in the form of (GSPA) are also relevant in con-
textual and data-driven optimization, especially in predict-then-optimize pipelines. In this liter-
ature, we use a set of contextual attributes {fi,..., fn} € R” and a function §(fi,..., fn) — 0
to a generate a prediction for @ in (FO). As an example, in standard routing problems aimed at
minimizing total travel time, each feature f; € R? may encode information such as time-of-day,
weather conditions, and traffic incidents. These contextual features are then used to predict the
travel times along arcs of a road network, represented collectively by the parameter vector 6.

One of the most widely studied functions is the affine mapping, i.e.,

g(.fla"'a.fm)::60+61f1+---+6dfm_>97 (21)

where we denote 3 = [fy, ..., B4 as the set of regression coefficients that are estimated using a data
set (e.g., Elmachtoub and Grigas 2022).

Consider an optimal solution & to FO(6, X), where  is generated via (21) for some set of feature
vectors. Much like the multi-objective problem described in Section 6.1.1, the traditional single-

coeflicient sensitivity analysis of 0 may be of limited value, since the objective coefficients are not
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independent but are instead coupled through the features and regression parameters. Using varia-
tions of (GSPA), e.g., where s is replaced with 3, we can examine the sensitivity of a prescriptive
decision to the values of 8. Similarly, if we hold 3 fixed but define f to be decision variables in

the inverse problem, we could analyze the sensitivity to the contextual attributes f.

6.2. Computational study

We present a computational study to explore the characteristics and performance of the RLR-CP
Algorithm when solving SPA problems defined in the form of (GSPA). Our forward problems are
defined to be multi-objective knapsack problems, which commonly arise in resource allocation and
selection problems with competing objectives (e.g., Montoya-Weiss and Calantone 1999, Kulturel-
Konak et al. 2023). The experimental setup is first outlined in Section 6.2.1, followed by key insights

and discussion in Section 6.2.2.

6.2.1. Experimental setup. We consider multi-objective knapsack problems with 100, 200,
400, and 800 variables, each with 10 objective vectors. For each problem, we generate a solution &
using a nominal uniform weighting of s; = 0.1 for each objective i € {1,...,10}. Then, we compute
the maximum values that each value of s; could take while & remains optimal, by solving the
problem described in Example 4. This leads to a total of 40 inverse discrete optimization problems
spanning the four problem sizes.

For the RLR-CP Algorithm, we consider a static depth selection policy based on (19), where
71=1{0.0001,0.001,0.01,0.1}. We adopt the trust-region based method from Bodur et al. (2022) as
the CP-subroutine in our RLR-CP algorithm. Similarly, as benchmarks, we consider the standard
CP algorithm (Wang 2009) and the trust-region based CP algorithm (Bodur et al. 2022). These
simply correspond to versions of the RLR-CP Algorithm without the RLR component, i.e., where
K(z, X'2(W)) =R" (see Section 5.2).

The full details of the instances, the specifications of the RLR-CP Algorithm, and the benchmarks
are found in Section A4.2 of the Electronic Companion. All experiments are conducted on an Apple

Mac M4 equipped with 10 cores and 10 threads and 16GBs of RAM using Gurobi 12.0.1 in Python.

6.2.2. Analysis and insights. We begin by summarizing the three key insights that are
demonstrated through our computational experiments. The corresponding results and discussion
that substantiate and elaborate on each insight is presented after the summary.

e Insight I: Under tight time constraints, the RLR-CP Algorithm can generate informative and

high-quality solutions to (10), whereas standalone CP algorithms are of little practical value.

e Insight II: As a general guideline, shorter time constraints should be paired with smaller depth

parameters, as they tend to yield more frequent improvements in solution quality.
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e [Insight III: There exists a critical point in which further decreasing the depth parameter may
degrade the performance of the RLR-CP Algorithm. This also suggests that the algorithm
could further benefit from a more systematic tuning of the depth selection policy.

Tables 2 and 3 illustrates the aggregate results for solving the SPA problems over the instances

with 200 and 400 variables, respectively; results for the other instances can be found in Section
A4.3 in the Electronic Companion. Each table highlights the number of instances, out of 10, that

are solved to a specified optimality gap within a given time limit.

Time Limit ‘ 25 seconds ‘ 50 seconds ‘ 100 seconds

Optimality Gap |15% 5% 1% 0% |15% 5% 1% 0% |15% 5% 1% 0%

RLR-CP: 71=10.0001 3 0 0 0 9 5 1 0 10 10 9 4
RLR-CP: 77=0.001 9 7 1 1 9 9 9 9 10 10 10 10
RLR-CP: 1=0.01 0 0 0 0 3 3 3 3 9 9 9 9
RLR-CP: 1=0.1 0 0 0 0 0 0 0 0 5 5 5 5
CP: Standard 0 0 0 0 0 0 0 0 6 6 6 6
CP: Trust Region 0 0 0 0 3 3 3 3 9 9 9 9

Table 2 Number of instances reaching specified optimality gaps within time limits, for 200 variable instances.

Time Limit ‘ 200 seconds ‘ 500 seconds ‘ 1000 seconds
Optimality Gap |15% 5% 1% 0% |15% 5% 1% 0% |15% 5% 1% 0%

RLR-CP: 71 =0.0001 10 9 3 0 10 10 10 3 10 10 10 9
RLR-CP: 71=0.001 3 2 1 0 9 8 7 7 10 10 10 10
RLR-CP: 7=0.01 0 0 0 0 1 1 1 1 8 8 8 8
RLR-CP: 1=0.1 0 0 0 0 0 0 0 0 5 ) ) 5
CP: Standard 0 0 0 0 0 0 0 0 6 6 6 6
CP: Trust Region 0 0 0 0 0 0 0 0 7 7 7 7

Table 3 Number of instances reaching specified optimality gaps within time limits, for 400 variable instances.

We first use Tables 2 and 3 to examine the performance the RLR-CP Algorithm relative to
standalone CP algorithms. Recall that CP algorithms do not generate (or improve) inverse-feasible
solutions until the final iteration, at which point it generates the optimal one. Because of this
property, CP algorithms can be entirely uninformative under time constraints. For example, when
we consider a time limit of 25 seconds in Table 2 or 500 seconds in Table 3, CP algorithms do
not generate any inverse-feasible solution within any level of optimality. In contrast, the RLR-CP
Algorithm with smaller values of 7 can generate near-optimal solutions within the same allotted

time. For example, in 500 seconds, all instances in Table 3 could be solved to 1% optimality for the
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smallest value of 7. Furthermore, the RLR-CP Algorithm can progressively refine these inverse-
feasible solutions over time; by 1000 seconds, nearly all instances across all values of 7 are solved to
optimality. These results demonstrate that the RLR-CP Algorithm is effective both at efficiently
generating high-quality solutions and at solving inverse optimization problems to optimality.

The second insight that can be drawn from these tables is that increasing the depth parameter can
potentially lead to a significant degradation in performance. This pattern is consistent with both
the theoretical results and our expectations: as the value of 7 increases, the RLR-CP Algorithm
behaves more like the standalone CP algorithm, which suffers from the limitations discussed in the
previous paragraph (and also in Section 5.2). This is reflected in the results of 7 =0.1. Conversely,
when we decrease the depth parameter too much beyond a certain point, we also diminish the
ability to make significant improvements. This is reflected in the results of 7= 0.0001 in Table 2.

Figure 6 provides a more detailed illustration on the performance of each algorithmic specification
for a particular instance of the 200-variable model. In this instance, we seek to maximize the value
of the weight of the 7-th objective vector, s7, in (GSPA). In the optimal solution s*, s% = 0.0764.
The figure shows a plot of the values of s, in all candidate vectors §' that are generated in each

iteration of the cutting plane subroutine, as well as those of the standalone CP algorithm.

0.40
--=- RLR-CP:j=0.1
RLR-CP:fj=0.01
—=— RLR-CP:fj=0.001
e RLR-CP:A=0.0001
---- CP: Standard
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Figure 6  The performance of different algorithms for a single 200 variable instance.

To best interpret this figure, we first note that all values above s, by definition, correspond to
candidate vectors s’ that are not inverse-feasible (otherwise, si cannot be optimal). On the other
hand, for the line segments that lie below s%, any point on the line that precedes a shift towards s3

must correspond to an inverse-feasible vector (as the increase can only result from adding a new
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restricting inequality using a new inverse-feasible vector). With this in mind, we first remark that
both CP algorithms, as expected, converge towards the value of s} from above. This is also true
for the RLR-CP Algorithm for larger values of 7, i.e., when 7= 0.1 and 7 = 0.01. However, note
that when we further decrease 1 to 0.001, the algorithm initially generates a few inverse-feasible
vectors, followed by a few cuts, and then quickly converges to s%. Finally, when we further decrease
7 to 0.0001, the algorithm continues to generate and improve inverse-feasible vectors, albeit at
a slower rate. These observations also demonstrate why it can be useful to view the RLR-CP
Algorithm as a more complete primal-dual solution framework for inverse optimization, where
the depth parameter implicitly controls the time spent improving dual bounds versus primal (i.e.,

inverse-feasible) solutions.

7. Conclusion

Inverse optimization has emerged as a powerful framework for analyzing model parameters that
rationalize observed or prescribed decisions. In this paper, we take a holistic approach to solving
and applying 10 models for prescriptive problems that have discrete decision variables, and make
three main contributions. We first introduce a versatile and novel technique for generating rich
approximations of the inverse-feasible region using the concept of restricting linear relaxations. We
then leverage RLRs to develop a generalized solution framework for inverse optimization, and show
that this framework directly addresses the main limitation of standalone cutting plane approaches.
Finally, we use inverse optimization to develop a modern perspective on sensitivity and post-
optimality analysis, through which we derive insights into the models and algorithms proposed in
the paper. We conclude by providing two general directions for future research.

Direct extensions. The primary goal our paper is to propose a family of new ideas and meth-
ods for inverse optimization that are broadly applicable across discrete optimization problems.
Nevertheless, it is natural to expect that these ideas can potentially be further refined by focus-
ing on specific classes of forward problems, for example those with common underlying structures
(e.g., knapsack, matching, packing, or routing problems). In such settings, it may be possible to
derive stronger theoretical results, or integrate existing techniques — such as problem-specific valid
inequalities — into the methodological framework that we have developed.

Broader applications. New applications of inverse optimization and the inverse-feasible region
continue to emerge. Exploring problems and domains beyond those studied in this paper may, in
turn, motivate new methodological questions that require extending the approaches proposed here.
For example, Section 2.3 outlines several applications that use the inverse-feasible region but that
do not precisely fit within the form of the IO problems studied in this paper. These examples were
included to highlight the broader potential of the techniques developed here, and we believe there

are many promising avenues for extending or developing new ideas in this space.
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Section A1l contains the proofs of all results presented in the main body of the paper. Sections A2,

A3 and A4 contain additional materials for Sections 4, 5 and 6, respectively.

Al. Proofs

Proofs are presented in the same order as the results in the paper.

Al1.1. Proof of Proposition 1

We can reformulate the cone K(&, XY“®(W)) as follows, starting with its original definition:

K(&, X"MOW))=1{0]07& >0z, VaoeiR)} (Ala)
={60|0"&>max{0 x|vecec X*}} (Alb)
={0|0"&>max{0 x| Az <b Wz <7}} (Alc)
={6 ‘ 0"z >min{p'b+z2"T7|ATp+W'z2=6,p>0,z>0}} (Ald)
:{O‘OT:%Zpr—i—zTT, ATp+WTz:0,p20,z20} (Ale)

The reformulation from (Alc) to (Ald) uses strong duality, where p and z are the dual variables

associated with constraints Ax <b and Wa < 7, respectively.

A1l.2. Proof of Theorem 1

1. Proof that w € int (K (&, X™](W)) for all w € W: Note that since XY™ (W) is defined by restricting
inequalities w'x < 7 where w'& > 7, it must be true that w'2 > w x must hold for all « €
X™R(W). Since there are no binding constraints at w, this implies that w € int(K(z, Y™ (W))).
2. Proof that dim(&, X“®(W)) = n: Since there exists a w € int(K(z, X*R(W))), this also implies
that K(z, X*®) must be full-dimensional, i.e., dim(K(&, XY'})) =n.

3. Proof that dim(K(z, X™(W)) N Rin (2, X) = dim(Rin, (2, X)): Suppose dim(Rin, (2, X)) =m
where m < n. This implies that we can generate m number of linearly independent vectors
0',...,0™c Ry (z,X). Consider any w € W. Since w € Ry, (Z,X) and Ry (2, X) is convex, any
convex combination of w and €° where i = {1,...,m} must also be inverse-feasible. Furthermore,
note that since w € int(K (&, XY“®(W))), there must exist a B, (w) C K (&, XY'*(W)) where B.(w) :=
{w + 381||8]|]2 < e} for some € > 0. Thus, for any vector (6° — w), there must exist a sufficiently
small 0 < A" <1 for which w + A\ (0" — w) lies in (&, X*?(W)); note that this w + \/(8" — w) also

belongs to Riu (Z,X), as it is a convex combination of w and 6°. Finally, since
span(w,w+A'(6' —w),..., w+ A" (0" —w)) =m, (A2)

it must be true that dim(K(z, X" (W)) N Rin (2, X)) =m. 0
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A1.3. Proof of Theorem 2
(<) We first prove that if X*®(W) is a pure-RLR, then K(z, X'*(W)) C Rin (2, X). The main
idea of this proof is to leverage the fact that Ry, (&, X') is equivalent to IC(&, ext(X) \ {2}), i.e
Ri(®,X)={0072>60"x VrecXx}
={00"x>0"x Vxcconv(X)}
—{0’0T >0z Voecext(X)}
0'x>0"x Vxe ext(X)\ {m}}
=K(z,ext(X)\ {z}).
Let X :=ext(X)\ {Z}. Since X®(W) is a pure-RLR, X € X*R(W) by definition. Thus, it must
be true that (&, XY"R(W)) C K(&, X) = Rine (&, X), as K(&, X’) CK(&, X") for any X" C X',
(=) We now show that if K(z, X"2(W)) C Rine(&,X) then X*®(W) must be a pure-RLR. We

consider a proof by contradiction, namely, that there exists a mixed-RLR X™®(W) for which

K (&, X*R(W)) C Riny (&, X).

In order to prove this statement, we first note that, by Theorem 1, since dim (K (&, Y*®(W))) =n,
it must be true that R, (2, X) and that & € ext(X). Furthermore, since XY™ (W) is a mixed-RLR,
it must be true that there exists a & € ext(X)\{Z} such that & ¢ XR(W).

The proof follows in three parts:

Part 1 We first show that if there exists a & € ext(X)\{Z} where w'Z > 7, then there must also
exist a T € ext(X)\{Z} that is adjacent to & that also satisfies w'z > 7.

Part 2 We then show that, for this & € ext(X') \ {&}, there exists a 6 such that & is the only
solution to max{@'x|x € ext(X) \ {#}} where 6" = 0"x. We show that this 6, by
definition, must be on the boundary of R, (&, X).

Part 3 Finally, we show that this particular 8 is in the interior of K(&, X“®(W)). This implies
that (&, X'"R(W)) € Rine (2, X).

Proofs of Parts 1 and 2: To avoid repetition, the proofs of Parts 1 and 2 follow directly from
the analogous arguments in Parts 1 and 2 of Section A1.5, by replacing X™ in A1.5 with conv(X),
since ext(X) is equivalent to ext(conv(X)) (Section 1.2).

Proof of Part 3: We first show that there cannot exist any « € X™*(W) for which §T& =" .
To do so, we define the line segment between & and & as L:={y|y=px+ (1—p)(x), p€[0,1]}.
Note that by the definition of @, £ C conv(X) describes the complete set of solutions @ € conv(X)
for which 87& = 6T x. In other words, 8Ty < 8"z Vy € conv(X)\L.

We now show that £ ¢ XL®(W). This is straightforward, as w '@ > 7 and w & > 7, which implies
that w y > 7 for all y € £. This implies that 87 (& —x) > 0 Va € XX2(W), which by definition
implies that @ is in the interior of (&, X“R(W)). Since @ is on the boundary of R, (&, X) but is
in the interior of K(&, X™(W)), it must be true that K(z, X'"R(W)) € Rin (2, X).
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This contradicts the statement that K(&, X“®(W)) C Rin (&, X), which implies that X“®(W)
cannot be a mixed-RLR. 0

Al1.4. Proof of Proposition 2

First, note that constraint (14c) excludes only the solution & € X' from X, as it is a reformulation
of the no-good cut |z — &|; > 1 for binary programs (D’Ambrosio et al. 2010). Second, since
X =ext(X) when X C {0,1}", solving Problem (14) is equivalent to finding the maximizer of w'x
where @ € ext(X)\@. Let  denote this maximizer, i.e., 7*(w) :=w'z. If 7*(w) <w'&, then & € X
must be the unique optimal solution under w, and w'x < 7*(w) would give a tight separating
inequality. Otherwise, w '@ < 7*(w) cannot form a separating hyperplane as 7*(w) > w ' &; instead,

it generates a valid inequality of the linear relaxation. This concludes the proof. [J

A1.5. Proof of Theorem 3
(=) First, we prove that if K(z, X"") c K(z, X™(W)), then there exists a x € ext(X™R) \
{z} where w'x > 7. We prove this by contradiction. Specifically, suppose that K(&, X'®) C

K(z, X" (W)), but that ext(X")\ {z} = ext(XR(W)) \ {}. Through the following set of refor-
mulations, we prove that (&, XY'?) = K(z, X*(W)), which is a contradiction:

K(&, X)) =1{0]0"2>0 2, Voc ™} (A3a

={0|0"2>0"z, Vxcext(XH)} (A3b

={0]072>0"z, Vo cext(A™)\ {&}} (A3c
={0]0"2>0"z, Yz cext(X"F(W))\ {2}} (
={0|07&>0"x, vz cext(X(W))} (

z>0"x, V:cEXLR } (A3f

= K(&, X"R(W)). (A3g

Equation (A3b) follows from (A3a) by noting that (A3a) can be equivalently rewritten as
{0 ’ 0" >max{f x|xeX""}}.
Since max{0 "z |x € X**} is a linear program, this is also equivalent to
{067 &>max{6 x|z cext(X)},

from which equation (A3b) is derived.

Equation (A3c) holds since 8@ > 67 is always satisfied. Equation (A3d) holds from the
assumption that ext(X™?)\ {Z} = ext(X™E(W))\ {2}, i.e., the assumption we made to set up the
proof by contradiction. Finally, equation (A3e) and (A3f) follow from the same line of reasoning
used for (A3c) and (A3Db), respectively. Since we have proved that K(z, X'?) = (&, X*R(W)), this

contradicts our assumption, and the original statement must be true.
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(<) We now show that if there exists a @ € ext(X™®)\ {} where w'Z > 7, then it must be
true that K(z, X'?) C K(z, X"R(W)). Our proof focuses on the case where & € ext(X™®). The
case where & ¢ ext(X™R) is easier to prove: if & ¢ ext(X™R), then for any inverse-feasible vector
w, there must exist & € ext(X™®) such that w'@x > w'Z. Thus, this would be an example of a
z € ext(X™)\{z} where w'Z > 7. Furthermore, since dim(K(&, X*®)) <n when & ¢ ext(XR),
and since dim(K(z, X*®(W))) = n, it must be true that K(z, X*}) C L(z, X'E(W)).

Thus, we focus on the case where & € ext(X™), and our proof unfolds in three parts:

Part 1 We first show that if there exists a & € ext(X?)\ {#} where w'Z > 7, then there must
also exist a & € ext(X™)\ {&} that is adjacent to & that also satisfies w'@ > 7.

Part 2 We then show that, for this & € ext(X™)\ {&}, there exists a 6 such that & is the
only solution to max{0 'z |ext(X*?)\ {£}} where "% = 60"Z. We show that this 0, by
definition, must be on the boundary of K(z, X™?).

Part 3 Finally, we show that this particular @ is in the interior of K(z, XY“®(W)). This implies
that K(z, XY*?) C K(z, X"™2(W)).

We now provide the proof for each of these parts.

Proof of Part 1: Let ext(XLR) denote the extreme points of X™R that are adjacent to &, i.e.,
where for any & € ext(X™®), the convex combination of & and & must lie on the boundary of XLR.
If & € ext(X™®), then we are done. Thus, we need to prove that when & ¢ ext(X"™?), there does in
fact exist & € ext(XLR) for which w™Z > 7.

We prove this by contradiction. Specifically, we assume that w'x <7 Va € e/)Pc(X LR): we refer to
this as Assumption A1. We begin by outlining the steps that lead to a contradiction, after which
we prove the key step in detail:

1. Since £ € X*® and w ' > 7, it must be true that £ € X" n{z|w 'z > 7}.

2. We will show that this implies that & € conv(ext(X“R)U{&}) N {z|w x> 7}.

3. This implies that & € conv(ext(XMR) U {&}).

4. Since Z ¢ ext(XR) and & # &, this implies that & can be written strictly as a convex combi-
nation of other solutions in X™®, which contradicts the condition that & is an extreme point
of XLR,

The key step in this proof is Step 2. To show this, we prove that when w'z < 7 Vi € ext(XLR)

(i.e., Assumption A1), it must be true that

conv(ext(X™) U{E}) N{z|w e >71} = X" N{z|w x>}

Note that the subset direction (C) must be true, as conv(ext(XR) U {&}) C X R. Thus, what

remains is to prove the superset direction (2). For simplicity, let G :={x|w x> 7}.
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To prove this, we will show that
conv(ext(X"?) U{&}) NG = cone(X"™?) NG, (A4)

where
cone(X")={z+ Y = A(@—2)|A>0}
xCext(XLR)
defines the cone generated by the extreme rays {y(\, &, &)} 15 V& € ext(X™R), where y(\, &, x) :=
&+ Ay — ). Once we prove (A4), Step 2 must hold as X™® C cone(X™®) (Bodur et al. 2022).

We prove this by construction. For each x; € e/\xt(X LR let ' denote the intersections between
the extreme ray {y(\,z;,&)}r>0 and w'x = 7. Note that by definition, cone(X™™) N G =
conv(t',..., ™ &). From Assumption Al, w'z’ <7 and w'2 > 7, which implies that this inter-
section must have happened on the line segment L(x’, &) := {x|px’ + (1 — p)z, p € [0,1]}, each
of which is feasible in conv(ext(X™®) U {&}). Therefore, each point #!,...,#™ must also be in
conv(ext (X)) U {&}) NG, which implies that cone(X“®) NG C conv(ext(X) U {&}) NG. Finally,
we also know that conv(ext(X“R)U{&}) C XM® C cone(XR). Thus, we have proved (A4), and Step
2; we are done with Part 1.

Proof of Part 2: Let Z € ext(X™®) be the adjacent extreme point to & in X' that satisfies
w'x > 7, as proved in Part 1. By definition, £ and & are defined by constraints that differ by
only one active constraint, which must imply that there exists linearly independent a,...,a,_;
in A for which a/ & =a/Z =10, for all i € {1,...,n — 1}; recall we assumed that X“® is bounded
(Bertsimas and Tsitsiklis 1997). Let = S.7"" \;a; where X, € (0,1) for all i € {1,--- ,n —1}. By
definition, 8T& = 6T must hold and & is the only solution in ext(X™®)\ {&} that satisfies the
equality. Furthermore, since 87 (& — &) = 0, one of the constraints of K(&, X™®) is active, and 0
must be on the boundary of K(z, X'}).

Proof of Part 3: We first show that there cannot exist any & € X (W) for which 87 & =07 x.
To do so, we define the line segment between & and & as L:={y|y=px+ (1—p)(x), p€[0,1]}.
Note that by the definition of 9, L C X"R describes the complete set of solutions & € X! for which
072 =0"x. In other words, 8Ty < 8" x Vy € XR\ L.

We now show that £ ¢ XY“®(W). This is straightforward, as w '@ > 7 and w'& > 7, which implies
that w y > 7 for all y € £. This implies that 87 (& — x) > 0 Va € XX2(W), which by definition
implies that @ is in the interior of K(&, X“R(W)). Since @ is on the boundary of K(&, X'®) but is
not for (&, XY™ (W)), it must be true that K(z, X™) C K(z, XY*R(W)). O

A1.6. Proof of Proposition 3

When w is on the boundary of (&, X™®), it implies that there exists a & € ext(X™?)\ {&} such

that w'@ = w'Z. Furthermore, if wx < 7 is a separating inequality, then w'™# = w '™ Z > 7, which

implies that & ¢ X“®(W). Theorem 3 implies that K(&, X™) C K(z, XLR(W)). O
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A1.7. Proof of Theorem 4

We first provide a general overview of this proof, before giving the details. First, we note that
X[ = conv(XME (W, ) U{&}) is also a valid linear relaxation for X, since all of the extreme points
of conv(X) lie inside the set X“®. Next, note that (&, XY*?(W),)) = K (2, X[!). This is easy to see

when we write out their definitions, i.e., note that
Kz, X"20V)) :={0|0"2>0"x Vx € X"*(W),)}

and

K(&, XMR):= {01072 > 20 &+ (1— N0 x Vo e YEOW,), A€ [0,1]}.

Through simple algebra, we observe that the constraints in (&, X'}) are equivalent to
(1-X)0"2>(1-N)0 x vV c X™BW,).

Since every inequality in (2, XY™ (W),)) appears in (&, X*?), and every inequality in K (2, X[R)
appears in K(&, X™(W;)) (by multiplying both sides by a positive constant — when X € [0,1)),
the two sets must be equal.

Using these observations, we provide the proof of the theorem in three steps:

e Step 1: By definition, there must be an extreme point ¢ € ext(X™?)\{&} where x° ¢ XY™ (W),).

We will show that there exists a @ on the boundary of K (&, XY™ (W))) such that 8"z > 0" 2.

e Step 2: By definition, for this @ there exists an extreme point @’ € ext(X[®)\{&} where
0"z’ =0"x. We will show that =’ must lie on the plane w'x =7, i.e., w'x' = 7.

e Step 3: Since w'a’ = 7y, this implies that w'a’ > 7 and that =’ ¢ X™®(W,). Furthermore,
since X[® defines a valid linear relaxation for X, and since &’ € ext(X[*®), we can apply
Theorem 3 to X“®. This implies that (&, XYROW,)) C K(z, X*R(W,)).

We now provide the detailed proofs of each step leading to the final result.

Proof of Step 1: Consider the cone pointed at &:

cone(&, X" (W) =< & + > Ao(Z—2) | A>0 3. (A5)
wEext(XLR (W)

Let ¢ € ext(X?)\{@} be an extreme point where w ' x¢ > 71, which implies that ¢ ¢ XY™ (W),).
Furthermore, since the entire line segment £(&,z¢) := {p&+ (1—p)x®|p € [0,1]} is not in X*B(W),),
ie., L(x,xz°) NXB(OW,) =0, then x¢ ¢ cone(z, X"} (W),)). Let D(x — &) < 0 denote the facets
that define cone(z, X“®(W),)), and note that each row d; € D must be a boundary point of
K(z, X"%(W))); namely, d/z > d/x Vo € X*2(W),), and there exists ' € X*(W,) such that

d/ & =d;x’. By definition, there must exist a facet d x < d/& such that d] z° > d] &; otherwise
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x¢ € cone(z, XY™ (W))). For this facet d] x < d] &, the vector d; is an example of a @ which is on
the boundary of K(&, X"*(W,)), and for which 8Tz > 6" z.

Proof of Step 2: From Step 1, let ' € ext(X[®)\{Z} be any extreme point of XF where
0"z’ =0"z. We consider a proof by contradiction. Namely, suppose that w'x’ < 7. Let z° €
ext(X")\{2} denote the extreme point that is cut off by the separating inequality w'a < 7,
i.e., w'x® > 1. Since z°¢, ' € X’ this implies that the line segment L(x¢ x') := {px® + (1 —
p)x'|p €10,1]} lies within X“® and more importantly, that there exists a p* € (0,1) for which
w' (p*x®+ (1 —p*)a’) = 7. This implies that (p*x®+ (1 — p*)x’) € XL*(W)). However, note that

07 (p'z°+(1—p )x') >0 (p'e+(1—p")z')=0"z,

which implies that @ cannot be inverse-feasible. However, since 8 € K(&, Y*®(W,)) C Rin (2, X),
this must be a contradiction. Thus, ' must satisfy w 'z’ =7,.

Proof of Step 3: The proof of Step 3 is straightforward, and follows exactly the procedure
outlined in the summary above. Specifically, we can treat X" as the existing linear relaxation of
X, and we know XLR(W),) as the RLR generated by adding the separating inequality w'z < 7,
to X[, Since there exists a @’ € ext(X[®)\{Z} where w'a' > 75, this implies that K(z, X[R) =

K(z, X" (W) C (2, X*®(W,). This concludes the proof. O

A1.8. Proof of Theorem 5

The proof of this theorem follows closely from the proofs of Theorems 3 and 4. First, recall that
XIR = conv(X™R(W;)U{z}) defines a valid linear relaxation of X, and, furthermore, K (&, XI}) =
K(z, X™(W))); this was shown in the proof of Theorem 4. Now, since X[® is a valid linear
relaxation, we can simply replace X™ in Theorem 3 with X*®, and we obtain precisely the result

outlined in Theorem 5. O

A1.9. Proof of Proposition 4
Recall that at each outer iteration of Algorithm 1, the master problem (I0-RLR) solves the problem

Heusn £(s) (Ab6a)
st 0ek(@ X)) (AGDb)
0 € Riny (&, X) (A6c)
0cO(s) (A6d)
seSs. (AGe)

)

Let (6%, s*) denote the optimal solution to this problem. Since K (&, Y*®(W*)) C K(z, X*R(WF1)
Vk >0, it must be true that f(s*) < f(s*~!). It thus suffices that show that if f(s*) = f(sk~1),

then (6%, s*) must be an optimal solution to (10).
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To prove the above statement, we consider a proof by contradiction. Suppose that f(s*) =
f(s*71), but that f(s*~1) > f(s*) where s* is the optimal solution to the inverse problem. Recall
that ©(s) defines a linear mapping from s to 0; we will write this as @ = Hs + d where s € R™.
We prove that this is a contradiction in two steps.

Step 1: We first remark that 0*~! := Hs*~! + d must be in the interior of K(&, X™®(W¥)).
Specifically, X*®(W*) must include a restricting inequality (0*~1)"x <7, where 7:=0"& —n for
some depth parameter n > 0. This implies that (0*~!)"@ > (6*"1)Tx Va € X(W}), which, by
definition, implies that "~ must be in the interior of K(z, X"“®(WW")). This last observation is
meaningful because it implies that for any bounded vector § € R™, there exists A > 0 such that the
vector OF 1 + A(H 8) := H(s* ' + \8) 4 d remains within K (&, Y“R(W*F)) for all A € [0, A]. We will
use this fact at the end of Step 2.

Step 2: We now show that if f(s¥=!) > f(s*), then there must exist some A € (0,1] for which

5:=(1—)\)s*"1 4+ As* is also feasible to the problem (A6). Note that since f(s) is a convex function,
JE)=F(1= 0"+ As) < (L= NF (") +AS(s) < ("),

Thus, if we can show the existence of such a feasible 3, then s* cannot be the optimal solution to
(A6), which is a contradiction.

L and s* map

We now show the existence of such a feasible 3. First, we note that if both s*~
to inverse-feasible vectors, then it must be true that its convex combination also maps to inverse-
feasible vectors, i.e., H(ps* + (1 — p(sF71)) +d = p0* + (1 — p)0* ' € Ry (2, X) Vp €]0,1]; this is
true because R, (&, X) is a cone. This observation implies that any convex combination of s*~*
and s* must satisfy constraint (A6c). Next, since S is convex, any convex combination of s*~1 € S
and s* € S must also satisfy (A6e). The only remaining constraint to discuss is (A6b). We now use
the result from Step 1, where, for §:= s* — s*~1, that there must be a feasible A € (0,1] such that
H (s 4+ \8) +d e K(z, YLR(WF)). If we define 5:=s""! + A\ = (1 — \)s*~! 4+ \s*, then we have
found a & that is feasible to (A6) and where f(8) < f(s*). Thus, s* cannot be optimal to (A6),

which is a contradiction. Algorithm 1 must therefore terminate at the optimal solution. O
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A2. Additional Material for Section 4

A2.1. Computing separating inequalities for integer programs

Proposition Al. Given w € R" and & € X where X CZ"™ is bounded, the problem
max {w'x|xeX\{z}}

can be solved as

ma%( w'x (ATa)
st. xzelX (A7b)
i <wm— &+ M, Vie{l,...,n} (ATc)
<& —m+M1-06;) Vie{l,...,n} (A7d)
=1
2>0,8c{0,1}" (ATI)

where M denotes a large constant for which |x* — x?| < M, Vx' x* € X.

Proof of Proposition A1l. When X CZ" is bounded, the set X\{Z} can written as

si={mer|3

since any @ € X\{x} must satisfy |x —&|; > 1. S4 is also equivalent to

.Ti—{i’i

> 1}, (ASa)

Sp = {me?(‘ ZziZL 0<z <l|x;—2 Vie{l,...,n}}. (A9a)
i=1

It is easy to verify that for any @ € S4, there exists a z for which (x, z) € Sp, and similarly, for

any (x, z) € Sp, the value of x must satisfy € S4. Furthermore, Sp is by definition equivalent to
Sc = {w S X‘ Zzz >1, 0<z <max{z, — &;,&; —x;} Vie{l,.. ,n}} (A10a)
=1

In S¢, the constraint
0<z <max{x; —Z;, &, —z;} Vie{l,...,n}
can be reformulated as .
ZZ‘SQ?Z‘*IZ‘-‘[—M(SZ‘ VzE{l,,n}
5, €{0,1} Vie{l,...,n}.
We note that this is a valid reformulation by considering all three cases: (i) when x; —&; =0, z; = 0;

(ii) when z; — ;> 1, §; =0 and z; <x; — &;; (ili) when &; —2; >1,6; =1 and z; <&; —x;. O
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A2.2. Details of Example 3

This section provides additional details on Example 3. To generate the approximations of the
inverse-feasible region, we consider K(&, X) where X is defined by the standard linear relaxation
(LR), a tighter linear relaxation (LR"), and the four different RLRs detailed in Example 3:

e LR (X™R): {z|Ax <b, £ €[0,1]"}

e LR™: {x € X'} |07 <0 &}

e RLRO.5: {z € X'R 0T <0 & —0.5n}

e RLR1: {zx e X'® 0T <0 & —n*}

e RLR2: {zx e X'® 0T <0 & — 21}

e RLR3: {zx e X'® 0T <6 & —3n*}

As mentioned in the example, the value * := 07 & — T*(é) in Figure 4 denotes the depth of the
tight separating inequality generated by solving Problem (14) with w = 6. By definition, RLRO.5
and RLR1 define pure-RLRs, whereas RLR2 and RLR3 define mixed-RLRs.

Table A1l provides the sensitivity ranges of each objective coefficient ;. The leftmost column
provides the nominal values of 0 and &, whereas the rightmost column provides the true sensitivity

ranges. The remaining columns provide the ranges generated by the linear relaxations and RLRs.

Table Al: Sensitivity ranges for all §; for different linear relaxations

index 60; & LR ‘ LR* ‘ RLRO.5 ‘ RLR1 ‘ RLR2 ‘ RLR3 ‘ TRUE

lar ar|ar ar| ar ar | ar ar | ar oar| oar oar | aroar
0 560 O | - - | =0 0 —o0 6.50 —o0 13 —00 26 —0o0 39 —oo 43
1 1125 0 - - —oo 0 —0o0 7.11 —0o0 14 —0o0 27.17 —00 39.59 —oo 189
2 300 0| - - | —oc0 0 —0o0 7.26 —oo 13,83 | —oo 26 —0o0 39 —oo 62
3 620 1 - - 0 oo | -6.50 00 -13 00 -26 00 -39 00 -4 oo
4 2100 0 | - - | -0 0 —oco 2857 | —oo 5322 —oco 9377 | —oo 125,68 | —oo 809
5 431 1 - - 0 oo | -11.72 00 -23.44 00 -41 00 -54.66 00 -140 oo
6 68 0 - - —oco 0 —0o0 6.50 —0o0 13 —00 26 —00 39 —oo 19
7 328 1 - - 0 oo | -6.50 () -13 o) -26 00 -39 00 -85 oo
8 47 1 - - 0 00 -6.50 00 -13 00 -26 00 -39 00 =27 00
9 122 0| - - | —oc0 0 —00 6.50 —00 13 —00 26 —00 39 —oco 33
10 322 1 - - 0 oo -6.50 00 -13 oo -26 oo -39 oo -87 o)
11 196 1 - - 0 oo -6.50 00 -13 o) -26 oo -39 oo -19 oo
12 41 1 - - 0 [e'e} -6.50 00 -13 00 -26 00 -39 e} -32 e’}
13 25 0 - - | =0 O —00 6.50 —00 13 —00 26 —00 39 —oo 13
14 425 1 - - 0 oo | -18.87 00 -35.86 00 -62.57 0o -83.27 0o -248 o0
15 4260 1 - - 0 oo | -26.63 () -53.26 00 -98.37 oo | -137.19 00 -1389 oo
16 416 1 - - 0 oo | -19.45 () -38.90 00 -67.87 00 -90.32 00 -245 oo

Continued on next page
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Table A1l — continued from previous page

index 60; 2 LR ‘ LR* ‘ RLRO.5 RLR ‘ RLR (—27) RLR (—37n) ‘ TRUE

lar ar|ar ar| ar ar | ar ar | ar oar| oar oar | aroar
17 115 0 - - | —oc0 O —00 6.50 —0o0 13 —00 26 —00 39 —oo 41
18 82 1 - - 0 00 -6.50 00 -13 00 -26 [e'¢) -39 00 -44 00
19 22 1 - - 0 [e'¢) -6.50 00 -13 oo -26 oo -39 oo -13 oo
20 631 0 - - | -0 0 —00 6.50 —00 13 —00 26 —00 39 —oco 72
21 132 0 - - | —o0 O —o0 6.50 —o0 13 —o0 26 —00 39 —oo 57
22 420 1 - - 0 o'} -6.50 00 -13 00 -26 o'} -39 o'} -76 00
23 8 0 - - | =0 0 —00 6.50 —00 13 —00 26 —00 39 —oco 39
24 42 1 - - 0 0o -6.50 00 -13 00 -26 00 -39 0o -13 00
25 103 1 - - 0 oo | -6.50 00 -13 00 -26 o -39 00 -19 oo
26 215 1 - - 0 [e'¢) -6.50 00 -13 oo -26 oo -39 oo -75 o)
27 81 1 - - 0 oo | -6.50 00 -13 00 -26 00 -39 00 29 o0
28 91 1 - - 0 oo -6.50 00 -13 oo -26 o0 -39 oo -71 oo
29 26 0 - - —oo 0 —0o0 6.50 —o0 13 —0o0 26 —00 39 —oo 13
30 49 1 - - 0 o0 -6.50 00 -13 ) -26 o) -39 o) -43 )
31 420 1 - - 0 oo | -18.36 00 -36.72 00 -64.07 00 -85.23 0o -285 o0
32 316 0 - - | =0 0 —00 6.50 —00 13 —00 26 —00 39 —oco 18
33 72 1 - - 0 oo | -6.50 00 -13 00 -26 00 -39 00 31 o
34 71 1 - - 0 oo | -6.50 00 -13 00 -26 00 -39 00 -13 o
35 49 1 - - 0 o'} -6.50 00 -13 00 -26 o'} -39 [e'e} -19 o'}
36 108 1 - - 0 oo | -6.50 00 -13 o) -26 0o -39 00 -68 oo
37 116 1 - - 0 [e9) -6.50 00 -13 ) -26 o) -39 o) -19 e
38 90 1 - - 0 oo | -6.50 00 -13 0o -26 00 -39 00 -64 o0
39 738 1 - - 0 oo | -30.79 00 -61.57 oo |-107.54 oo |-143.17 00 -382 o
40 1811 1 - - 0 00 -65 00 -130 oo |-226.81 oo |-301.70 00 -884 oo
41 430 1 - - 0 oo | -19.39 00 -38.77 S -67.63 00 -89.96 00 -286 oo
42 3060 1 - - 0 oco |-148.41 00 -296.83 00 -518.42 00 -690.16 00 -2076 oo
43 215 1 - - 0 o) -6.50 0o -13 oo -26 oo -39 o) -38 oo
44 58 0 - - | —c0 O —00 6.50 —00 13 —00 26 —00 39 —oco 13
45 296 0 - - | =0 0 —00 8.09 —oco 1618 | —oco 2826 | —oo 39 —oco 77
46 620 1 - - 0 oo | -14.73 00 -29.45 00 -51.54 00 -68.77 00 -181 oo
47 418 1 - - 0 oo | -10.83 00 -21.65 0o -37.89 00 -50.53 00 -190 oo
48 47 1 - - 0 oo -6.50 00 -13 o) -26 oo -39 o) -18 oo
49 81 1 - - 0 oo -6.50 00 -13 oo -26 oo -39 oo -61 oo

Note that the two linear relaxations LR and LR™

are entirely uninformative when used for

sensitivity analysis. For LR, we are not able to generate any ranges on 6 simply because 6 does

not render & optimal over the relaxation of Problem (11). For the tighter linear relaxation LR,

N

~

0 defines a normal vector of a facet tangent to &, and any perturbations on @ in a non-trivial
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direction (i.e., negative direction when x; =1 or positive direction when x; = 0) will not retain the

optimality of & over this relaxation. Figure A1 provides an illustration.

Figure Al An illustration of why X™® and X*F* may not lead to informative sensitivity ranges. Specifically, any

perturbation of @ in a non-trivial direction will no longer render & optimal over either relaxations.

We now outline how we calculated the average coverage and level of overapproximation that
is shown in Figure 4. The percentage of coverage of sensitivity ranges for each RLRK where
K € {0.5,1,2,3} is calculated using the formula

Eien(A;-(TRUE) B A:—(RLRK)) n (Ai—(TRUE) B Af(RLRK))

3
Zien(A;&-(TRUE) +A;(TRUE))

where any value of co or —oo is replaced with the value of 0, as one direction will always be
unbounded when z; € {0,1} is a binary variable. Similarly, the percentages of overapproximation
can be calculated using the formula

ZiEn vlk
Zien(Aj(TRUE) +A;(TRUE))

where each v¥ tabulates the overapproximation (if any) of RLRK for each coordinate i € n, i.e.,

A:r(RLRK) - AZ_+(TRUE) T A;L(RLRK) _ A;L(TRUE) <0

Z(c A;(RLRK) _ A;(TRUE) T A;(RLRK) _ A;(TRUE) >0

0 otherwise.

A3. Additional Material for Section 5
A3.1. Details of the adaptive policy

With a poorly specified static depth selection policy, the RLR-CP Algorithm may either degenerate
into the standard cutting plane algorithm when the depth of restricting inequalities are too large,
or become overly conservative when the depths are too shallow. We propose an adaptive policy that
allows for real-time modifications to the depth parameters chosen by the static policy. This can

both mitigate the algorithm’s sensitivity to the static policy and enhance its overall performance.
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In its most general form, the adaptive policy adjusts the depth of the current or subsequent
restricting inequality based on the time spent in the cutting plane subroutine. Specifically, as more
time is spent within the subroutine, the depth of the most recently added restricting inequality
can be progressively decreased. Conversely, if the subroutine is largely bypassed — indicating that
the depth is too conservative — the next restricting inequality that is added can be initialized with
a larger depth value. To implement this adaptive policy, we require introducing an additional ¢
index to n*, where nF now denotes the depth of the k-th restricting inequality at iteration ¢ in the
cutting plane subroutine.

To address the first case, we can define an adaptive policy that decreases the depth parameter of
the most recently added restricting inequality after each (or several) iteration(s) of this subroutine.

One simple example would be to adjust nF as

nkznj
t t’

where the depth of the restricting inequality (6%)Tx < (0%)"@ —nF is iteratively made more shallow
as cuts are generated by the cutting plane subroutine.

To address the second case, we can define an adaptive policy that modifies the baseline depth
of the next restricting inequality based on the number of iterations spent in the cutting plane
subroutine under the current restricting inequality. Specifically, recall from equation (19) that a

fixed 7 is used to define a static policy where %y =7|(6**')T&|. To implement an adaptive policy,

we can simply replace 7 with 7*+1

where 77! is a decreasing function in the number of cuts added
by the subroutine in iteration k, which we denote as T*. For example, we can define 7j* as

Sl Qg
noo= Tk
for some value of > 1.
We conclude by noting that the main purpose of this section is to provide a conceptual framework

for defining this adaptive policy, and there may be many alternative specifications for how we can

adjust the depth of restricting inequalities based on real-time performance.

A4. Additional Material for Section 6.2

A4.1. Generation of forward problem instances
The multi-objective knapsack problems that we consider in the numerical experiments can be

written as
10

mﬁx{ZSifi:c ] Az<b, xc {0,1}"}

Jj=1

where n = {100, 200,400,800}. For each n, the knapsack problem is defined using a constraint
matrix A € R*" consisting of randomly generated integers between 0 and 201, a vector b that is
generated by taking 40% of the sum of entries of each row of A, and vectors f; that are composed

of randomly generated integers between 50 and 200.
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A4.2. Details of CP algorithms

We consider two cutting plane algorithms as benchmarks, one of which serves as the cutting plane
subroutine in our RLR-CP algorithm. Note that the main difference between these benchmarks and
our RLR-CP algorithm is that the benchmarks simply do not contain constraint 8 € (&, X (W*)).
Specifically, the standard CP algorithm (Wang 2009) is defined precisely by the subroutine given
in 10-RLR of Algorithm 1 when we remove the constraint 8 € K(&, X (W¥)) from CP-M. Similarly,
the trust-region based CP algorithm (Bodur et al. 2022) differs only in the definition of 10-RLR;

instead of solving

max{(0") x| x € X}, (A11)

at each iteration, the trust-region based CP algorithm solves
max{(60") x|z € X NTR(&,6)} (A12)

where TR(Z,0) ={x |||« — ||, <J} and J controls the size of the L;-norm ball centered at &.
We implemented the same version of the trust-region based CP algorithm that was implemented
in Bodur et al. (2022): starting with §( =1 where k =0, we solve the CP subroutine where §
in (A12) is replaced with 6(*) = 2¥. When cuts can no longer be generated using 6 (i.e., there
does not exist any ' € X N TR(&,5*)) such that (6")Ta' > (0")T&), we increase the value of k to
k41, doubling the value of §. Then, for every 10 cuts that are generated, we force d = oo for one
iteration, which enables the algorithm to terminate if it cannot find any violated cut in all of X.
Finally, to speed up both the benchmark CP algorithms and the CP subroutines, we consider
the early-stop heuristic from Bodur et al. (2022), where, rather than solving (A11) and (A12) to
optimality at each iteration, we can instead stop the solver earlier when two conditions are both
satisfied: (i) at least 5 seconds have elapsed and (ii) the best solution found satisfies the condition
(6%)Tx' > (6%)T&. This early-stop heuristic enables a more efficient cut generation process for both

the CP and RLR-CP algorithms.

A4.3. Additional results and insights
In Section 6, we examined the aggregated results for the multi-objective knapsack problems with
200 and 400 variables. For completeness, we provide the results for the 100 and 800 variable
problems in Tables A2 and A3. We note that the three key insights outlined in Section 6.2 remain
consistent across these additional instances.

Next, we provide further analysis on the depth parameters used in the numerical experiments.
Specifically, we compare the value of the best performing depth parameters to those that would

have been generated if the algorithm had only computed tight separating inequalities. The purpose
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ecld

Time Limit ‘ 5s ‘ 10s ‘ 20s

Optimality Gap |15% 5% 1% 0% |15% 5% 1% 0% |15% 5% 1% 0%
RLR-CP: 71=0.0001 0 0 0 0 0 0 0 0 0 0 0 0
RLR-CP: 71=0.001 7 2 0 0 10 9 6 2 10 10 10 9
RLR-CP: 7=0.01 6 5 5 5 7 7 7 7 10 10 10 10
RLR-CP: 7=0.1 1 1 1 1 5 5 5 5 8 8 8 8
CP: Standard 0 0 0 0 4 4 4 4 7 7 7 7
CP: Trust Region 1 1 1 1 4 4 4 4 8 8 8 8

Table A2

Counts of 100 variable instances reaching specified optimality gaps within time limits.

Time Limit | 500s | 1500s | 3000s

Optimality Gap |15% 5% 1% 0% |15% 5% 1% 0% |15% 5% 1% 0%
RLR-CP: 7= 0.00001 7 4 2 0] 10 6 5 0] 10 10 5 0
RLR-CP: 7= 0.0001 6 3 1 0 7 6 3 2 8 7 5 2
RLR-CP: 7= 0.001 0 0 0 0 6 6 3 0 9 9 6 2
RLR-CP: 7= 0.01 0O 0 0 0 3 3 2 0 77 6 2
RLR-CP: 7=0.1 0 0 0 0 3 3 1 0 8 8 3 1
CP: Standard 0 0 0 0 0O 0 0 0 8 8 8 8
CP: Trust Region 0 0 0 0 2 2 2 2 8 8 8 8

Table A3

Counts of 800 variable instances reaching specified optimality gaps within time limits.

of this comparison is to understand whether the insights illustrated in Example 3 hold, i.e., whether

generating separating inequalities may be overly conservative.

To derive these insights, we apply Algorithm 1 to the same IO instances by generating only

separating inequalities. Specifically, given any candidate 8% generated at an iteration k in this new

implementation, we solve Problem (14) in RLR-UPDATE to generate a tight separating inequality

(0%)Tx < 7*(8%), stopping only when it is no longer possible to do so, i.e., when (6%)T& = (%)

for some iteration k.

100 Vars. | 200 Vars. | 400 Vars. | 800 Vars.
Avg. absolute depth (n") 2.25 2.02 1.43 0.2
Avg. relative depth (n*/|(60%)"|) | 0.00034 0.00016 0.00005 0.000004

Table A4

Average depth parameter values for k < k, averaged across 10 instances for model size.

Table A4 shows the depth parameter values, averaged across all iterations k < k and all problem

instances for the different variable sizes. The first row shows the average depth in absolute values,

while the second row shows the average depth in terms of the multiplicative value 77* for which

7*(6%) T 2| would have to led to this same value. If we compare the values of the second row to
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those corresponding to the best average-performing choice of 77 in Tables A2 (100 variables), 2 (200
variables), 3 (400 variables), and A3 (800 variables), we find that the best performing choices of
7 are larger than the values in the second row. To pick out one example, we can consider the 200
variable instances, shown in Table 2. In these instance, setting a depth parameter of i =0.0001,
which is almost identical to the corresponding value in the second row of Table A4, leads to
an algorithm that performs much worse than if 77 = 0.001. This insight is consistent with what
was observed in Example 3, i.e., that separating inequalities may be overly conservative and that
deeper restricting inequalities — albeit not excessively deep — can cover significantly more of the
inverse-feasible region and result in better performing algorithms. When we increase 7 even further
to 11 =0.01, the performance of the algorithm degrades again. Similar insights can be observed
across all instances. In summary, these observation reinforce the idea that the best performing
specification of Algorithm 1 are those that strike a balance between using RLRs and the cutting

plane subroutine, rather than trying to avoid the latter altogether.
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