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Abstract

Two-stage stochastic programs are used to model problems with uncertain data, where a decision
maker first decides the values of first-stage decision variables, then observes the values of the uncer-
tain data, and finally decides the values of the second-stage decisions. We focus on the case where
uncertainty can be modeled by a finite number of scenarios. A popular approach to two-stage prob-
lems under uncertainty is K-adaptability, where a small set of K second-stage solutions is already
calculated in the first stage. While this approach was studied in several works for two-stage robust
problems, in terms of two-stage stochastic optimization it did not get the same attention. We study
the K-adaptability approach for two-stage stochastic optimization for a general class of objective and
constraint functions, where the uncertainty can appear in both. We present approximation bounds
the K-adaptability approach provides for the exact two-stage stochastic problem and derive condi-
tions under which it is optimal. We develop an exact partition-based branch-and-bound procedure
which is able to solve the stochastic K-adaptability exactly and we provide experimental results for
different problem structures, including linear and quadratic knapsack and facility location problems.

Key Words: Two-stage stochastic programming, K-adaptability, Branch-and-bound.

1 Introduction

Optimization under uncertainty is one of the leading paradigms frequently used in mathematical op-
timization problems. When modeling a real-world optimization problem usually several of the model
parameters are uncertain. Frequently appearing uncertainties are future customer demands, transporta-
tion costs or traffic situations, but also measuring and rounding errors. Incorporating these uncertainties
in an optimization model is crucial, since ignoring them can lead to infeasible or sub-optimal solutions
in future situations. One of the popular frameworks in optimization under uncertainty is stochastic opti-
mization, where it is assumed that the uncertain parameters follow a probability distribution. The goal is
to find solutions which optimize a given risk measure as the expected value or the Value at Risk (Birge and
Louveaux 1997, Shapiro et al. 2021). A large number of works consider two-stage stochastic optimization
problems which are tailored for many societal applications involving a two-stage structure, i.e., some of
the decisions have to be made here-and-now (also called first-stage decisions) and some of the decisions
can be made after the uncertain parameters are known (also called wait-and-see or second-stage deci-
sions). A classical example for a two-stage problem is the facility location problem, where in the first stage
we have to decide in which locations we open our facilities before the demand of the customers is known.
After the demand is revealed, we have to assign each customer to our facilities, which can be usually
done on-the-fly. Two-stage stochastic optimization problems are inherently hard to solve under general
probability distributions. However, in the case we have access to a finite number of scenarios drawn from
the (unknown) distribution, the so-called sample average approximation (SAA) can be applied, where
the empirical expectation over the scenario set is optimized, which provides a good approximation of
the true expected value if the number of scenarios is large enough (Chen et al. 2019). A well-known
reformulation of the problem is the so-called extensive formulation, where for each scenario a copy of
the second-stage variables is introduced, which leads to a large-dimensional mixed-integer optimization
problem. In addition to commonly discussed drawbacks, such as its high computational demand and its
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potential for overfitting (Kuhn et al. 2019, Van Parys et al. 2021), the SAA (and two-stage stochastic
optimization in general) has another property which is undesirable in many applications: the number of
different second-stage policies can be extremely large. In fact, it can happen that for each scenario a
different second-stage policy is optimal and may have to be implemented by the decision maker. While
this can be less of an issue in certain applications, it can be a large burden for applications e.g. in radio-
therapy or disaster management. In proton radiation therapy a small amount of pre-calculated treatment
plans has to be prepared, since each of the plans has to be adjusted and accepted by a doctor, which in-
volves time-consuming human labor (Qiu et al. 2025). Another example appears in disaster management,
where a small number of emergency response plans is preferred to be known in advance to react quickly
in case of a disaster (Weller and Oliveira 2025). A small number of emergency plans has the additional
advantage that the emergency teams can be trained for each possible plan in advance. In these situa-
tions fully-adaptive models, as classical two-stage stochastic optimization, are not suitable. A popular
approach which has the potential to tackle the latter issue is the K-adaptability approach, which was first
studied for two-stage robust optimization problems (Bertsimas and Caramanis 2010, Subramanyam et al.
2020, Hanasusanto et al. 2015, Buchheim and Kurtz 2017, Kurtz 2024a) and later applied to stochastic
optimization problems without first-stage variables (Buchheim and Pruente 2019, Malaguti et al. 2022,
2025). In case of a two-stage problem the idea of the approach is to calculate up to K second-stage
policies already in the first stage and then proceed to choose the best of these solutions in the second
stage, once the exact values of the uncertain parameters are known. The K-adaptability approach can be
interpreted as an approximation of the fully adaptable two-stage stochastic problem, where the number
K of second-stage policies can be used to control the approximation error. In practice a good tradeoff
between a small number of policies and a good objective value is desired. As it was shown experimentally
in Qiu et al. (2025) already a small number of solutions (K ∼ 5) for the robust K-adaptable radiation
therapy treatment planning is enough to achieve objective values close to the fully adaptable version.
While the K-adaptability problem was studied extensively for robust two-stage problems, the amount
of works for stochastic optimization problems is limited. The only works regarding the stochastic setup
consider the case where no first-stage variables appear and the objective functions are linear (Buchheim
and Pruente 2019, Malaguti et al. 2022, 2025). Furthermore, in the stochastic setting, nothing is known
about the approximation guarantee the K-adaptability approach provides, depending on the number K.
Such bounds are important to guide the decision maker in choosing the right K.
In this work we study the K-adaptability approach for two-stage stochastic optimization problems for
a general class of (non-linear) objective and constraint functions where the decisions are allowed to be
mixed-integer. The uncertainty appears both in the objective and the constraints.

Contributions

• We apply for the first time the K-adaptability approach to two-stage stochastic optimization prob-
lems with linear or non-linear objective and constraint functions.

• We derive approximation guarantees the K-adaptability approach achieves for a wide range of
objective and constraint functions. Additionally, we find conditions on the number K for which the
approach is equivalent to the exact two-stage stochastic problem.

• We derive a partition-based branch-and-bound procedure, which solves the K-adaptability problem
exactly. The procedure can be applied to a wide range of (non-linear) problem structures.

• We test our algorithm on different types of problem classes, including two-stage stochastic versions
of the linear and quadratic knapsack and facility location problem.

Outline The remainder of the paper is organized as follows. In the next section, we introduce a
formulation of the K-adaptability that is based on partitions of the scenario set, as well as the notation
used throughout the paper. In Section 3, we analyze conditions under which the K-adaptability problem is
equivalent to the original two-stage problem and provide bounds on the approximation error depending on
K. In Section 4 we present our branch-and-bound method. We describe how to compute valid lower and
upper bounds for the K-adaptability problem through appropriately defined subproblems. The method
relies on subpartitions of the scenario set, and we detail the corresponding branching and pruning rules
that ensure both efficiency and correctness. An extensive computational study on linear and quadratic
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instances is presented in Section 5. Finally, Section 6 concludes the paper with a summary of findings
and perspectives for future research.

1.1 Related Literature

The K-adaptability approach was first introduced in Bertsimas and Caramanis (2010) for two-stage
robust optimization problems and can be considered as a decision rule approach for the case where the
second-stage decisions are integer. This approach was later studied for binary and mixed-integer two-stage
robust problems (Hanasusanto et al. 2015, Subramanyam et al. 2020). In Subramanyam et al. (2020) the
authors derive a partition-based branch-and-bound method which follows a similar idea as the method
we present in this work. A machine-learning supported version of the algorithm was studied in Julien
et al. (2025). Another exact algorithm for the problem with only objective uncertainty was developed in
Ghahtarani et al. (2023) by using a logic-based Benders’ decomposition method. In Kurtz (2024a) for
the case of objective uncertainty algorithms with provable approximation bounds were derived and later
in Kurtz (2024b) bounds on the required number K of second-stage solutions were derived to recover the
optimal two-stage robust solution from the K-adaptability approach for both, objective and constraint
uncertainty. The K-adaptability approach was applied to robust container vessel sequencing problems
(Zheng and Sui 2019), and disaster management (Weller and Oliveira 2025). A similar line of research
studies the robust K-adaptability approach for the case where only a single stage exists. In this case
the idea is to calculate K feasible solutions (instead of one) which are optimal in the worst-case where
for each uncertain scenario the best of the calculated solutions can be chosen. This approach is also
often called min-max-min robust optimization. It was first studied in Buchheim and Kurtz (2017) and
was later studied in several other works for convex uncertainty sets (Chassein et al. 2019, Chassein and
Goerigk 2021, Arslan et al. 2022), discrete uncertainty sets (Buchheim and Kurtz 2018, Goerigk et al.
2020) and for the capacitated vehicle routing problem (Eufinger et al. 2020). Recently the min-max-min
robust problem was applied to treatment planning in proton radiotherapy (Qiu et al. 2025).
In the realm of stochastic optimization, where the uncertain parameters are assumed to follow a prob-
ability distribution, the K-adaptability approach was only studied in a limited number of works. In
Buchheim and Pruente (2019), Malaguti et al. (2022, 2025) the idea of min-max-min robust optimization
was adapted to the stochastic setting with linear objective functions and discrete probability distributions.
The authors derive complexity results, showing that the problem is NP-hard and analyze its parametrized
complexity. In Malaguti et al. (2022) an exact branch-and-prize method is presented. While all the latter
works consider the one-stage setting, to the best of our knowledge there are no works which study the
problem in the two-stage setting.
The K-adaptability approach was also applied to distributionally robust optimization in Hanasusanto
et al. (2016), Han et al. (2023).

2 Preliminaries

2.1 Problem Definitions

In this paper we consider two-stage stochastic programs of the form

min f(x) + Eω[min{g(y, ξ(ω)) : y ∈ Y (x, ξ(ω))}]
s.t. x ∈ X,

(1)

where X ⊆ Rnx , Y (x, ξ(ω)) ⊆ Y ⊆ Rny are bounded sets which may include integrality constraints on
the variables x and y. The function f : Rnx → R is the first-stage and g(·, ξ(ω)) : Rny → R is the
second-stage objective function. The vector ω ∈ Ω, is a random variable with domain Ω and ξ : Ω → Rnξ

are the uncertain parameters of the problem, also called scenarios. Observe that we consider the most
general case in which uncertainty can affect both the objective function and the feasible set, and functions
f and g are not necessarily linear. We will study the case in which ω follows a finite discrete probability
distribution, i.e., we can model the uncertainty through a finite number of ℓ scenarios. More precisely, ω
attains only values in {1, . . . , ℓ} and ps ∈ [0, 1] is the probability of outcome s, such that

∑ℓ
s=1 ps = 1.
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For ease of notation we define gs(y) := g(y, ξ(s)) and Ys(x) := Y (x, ξ(s)) for all x, y and s ∈ {1, . . . , ℓ}.
Then, we can write the extensive formulation (Birge and Louveaux 1997) of problem (1) as

min f(x) +

ℓ∑
s=1

psgs(ys)

s.t. x ∈ X,

ys ∈ Ys(x), s = 1, . . . , ℓ,

(2)

where second-stage variables are explicitly described for each scenario s ∈ {1, . . . , ℓ} by the corresponding
vector ys.
The problem we study in this work is the K-adaptable version of the two-stage stochastic optimization
problem described above. The idea of the approach is to calculate up to K second-stage policies already
in the first stage and then proceed to choose the best of these solutions in the second stage, once the
exact values of the uncertain parameters are known. Applied to problem (2) the K-adaptability problem
is defined as

min f(x) +

ℓ∑
s=1

ps min{gs(y) : y ∈ Ys(x) ∩ {y1, . . . , yK}}

s.t. x ∈ X,

y1, . . . , yK ∈ Y.

(k-2SSP)

Note, that the inner minimum takes the value ∞ if Ys(x) ∩ {y1, . . . , yK} is the empty set. We call an
instance of the previous problem feasible if x ∈ X and y1, . . . , yK ∈ Y exist such that, for each scenario
s, one of the selected second-stage solutions y1, . . . , yK is feasible, i.e., it is contained in Ys(x).

2.2 Partition-Based Reformulation

Problem (k-2SSP) can be reformulated as an optimization problem over the partitions of the set of
scenarios S = {1, . . . , ℓ}. The proposed method relies on this reformulation and operates by solving
subproblems defined over subpartitions of S. Both concepts are formalized in the following definitions.

Definition 1. P = (P1, . . . , PK) is a partition of S of order M ≤ K, if

• ∪K
j=1Pj = S;

• Pj ∩ Pi = ∅,∀ j ̸= i, i, j ∈ {1, . . . ,K};

• M = |{j ∈ {1, . . . ,K}|Pj ̸= ∅}|.

A subpartition is a collection of disjoint subsets that may not cover the whole scenario set S:

Definition 2. R = (R1, . . . , RK) is a subpartition of S of order M ≤ K, if

• ∪K
j=1Rj ⊆ S;

• Rj ∩Ri = ∅, ∀ j ̸= i i, j ∈ {1, . . . ,K};

• M = |{j ∈ {1, . . . ,K}|Rj ̸= ∅}|.

In the remainder of the paper, we adopt the following notation. Given P = (P1, . . . , PK) and R =
(R1, . . . , RK), a partition and subpartition of S, respectively, we say:

1. R ⊆ P if Rj ⊆ Pj , ∀j = 1, . . . ,K,

2. s ∈ R (or s ∈ P) if s ∈ S and there exists j ∈ {1, . . . ,K} such that s ∈ Rj (or s ∈ Pj). Similarly,
we write s ̸∈ R, if s ∈ S and ̸ ∃ j ∈ {1, . . . ,K} s.t. s ∈ Rj .
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Given R1 = (R1
1, . . . , R

1
K) and R2 = (R2

1, . . . , R
2
K) two subpartitions of S, we say that R1 ̸= R2 if ∃ s ∈ S

and j ∈ {1, . . . ,K} such that s ∈ R1
j and s ̸∈ R2

j .
Given a partition P, we consider the corresponding partition induced problem:

pip(P) := min f(x) +

K∑
j=1

∑
s∈Pj

psgs(y
j)

x ∈ X,

yj ∈ YPj (x) j = 1, . . . ,K,

(pip(P))

where for each j = 1, . . . ,K we define

YPj (x) =

{
Rny if Pj = ∅,
∩s∈Pj

Ys(x) otherwise.

Let us observe that (pip(P)) is feasible only if x ∈ X exists such that YPj (x) ̸= ∅, ∀ j = 1, . . . ,K. If

(pip(P)) is feasible, then let (xP , y
1
P , . . . , y

K
P ) (or (xP , {yjP }Kj=1)) be its optimal solution, which we call

solution induced by partition P. Each yjP is feasible for all the scenarios s that belong to the set Pj ,
for every j ∈ {1, . . . ,K}, i.e. we find a set of second-stage policies that cover the entire scenario set.
As stated in Buchheim and Pruente (2019), an exact approach to obtain the optimal K-adaptability
solution consists in enumerating all possible partitions P of the scenario set S, solving the corresponding
problem (pip(P)) whenever it is feasible, and selecting the one with the smallest objective value. Then,
the K-adaptability problem (k-2SSP) can be formulated as

min{pip(P) | P is a partition of S of order K}. (3)

Note that the number of partitions to be considered corresponds to the Stirling number of the second kind,
which counts the number of distinct ways to divide a set of ℓ elements into K non-empty subsets, and is
denoted by Sℓ,K . This number grows rapidly with both K and ℓ but decreases again as K approaches
ℓ (Buchheim and Pruente 2019), making the exhaustive enumeration of all partitions computationally
inefficient. In Section 4, we present our method, which uses a branch-and-bound procedure to compute
the optimal partition for (3) while avoiding a complete enumeration of all possible partitions.

3 Approximation Guarantees

In this section, we discuss the question of how well the K-adaptability problem approximates the original
two-stage problem (2) and derive conditions under which both problems are equivalent. We define opt(k)
to be the optimal value of (k-2SSP) with K = k.
First, observe that by definition of the K-adaptability problem for 1 ≤ k ≤ ℓ the following chain of
inequalities holds:

opt(ℓ) ≤ opt(ℓ− 1) ≤ . . . ≤ opt(k) ≤ . . . ≤ opt(1). (4)

In particular, (k-2SSP) with K = ℓ is equivalent to (2).

Theorem 1. Let gs be Lipschitz continuous on Y with Lipschitz constant Ls and L := maxs=1,...,ℓ Ls.

Assume that an optimal solution (x∗, {y∗(s)}ℓs=1) of (k-2SSP) with K = ℓ exists such that
⋂ℓ

s=1 Ys(x
∗) ̸=

∅. Then, for every integer k with 1 ≤ k ≤ ℓ it holds

opt(k)− opt(ℓ) ≤ ℓ− k + 1

ℓ
Ldiam(Y )

where diam(Y ) := maxy,y′∈Y ∥y − y′∥ < ∞.

Proof. W.l.o.g. we assume p1 ≥ p2 ≥ . . . ≥ pℓ. Let (x
∗, {y∗(s)}ℓs=1)) be an optimal solution of (k-2SSP)

with K = ℓ such that ∩ℓ
s=1Ys(x

∗) ̸= ∅, which exists by assumption. Then it holds

opt(ℓ) = f(x∗) +

ℓ∑
s=1

psgs(y
∗(s)). (5)
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We construct a feasible solution (x̄, ȳ1, . . . , ȳk) of (k-2SSP) with K = k as follows: we set x̄ = x∗,
ȳs = y∗(s) for s = 1, . . . , k − 1 and

ȳk ∈
ℓ⋂

s=k

Ys(x
∗).

Note that by assumption the latter solution ȳk exists. Then it holds

opt(k)− opt(ℓ) = opt(k)−

(
f(x∗) +

ℓ∑
s=1

psgs(y
∗(s))

)

≤ f(x∗) +

k−1∑
s=1

psgs(ȳ
s) +

ℓ∑
s=k

psgs(ȳ
k)−

(
f(x∗) +

ℓ∑
s=1

psgs(y
∗(s))

)

=

ℓ∑
s=k

ps
(
gs(ȳ

k)− gs(y
∗(s))

)
≤

ℓ∑
s=k

psLs∥ȳk − y∗(s)∥

≤ Ldiam(Y )

ℓ∑
s=k

ps

where the first equality follows from (5), the first inequality follows since (x̄, ȳ1, . . . , ȳk) is a feasible
solution for (k-2SSP), the second equality follows from ȳs = y∗(s) for s = 1, . . . , k − 1 and canceling out
all possible terms, the second inequality follows from the Lipschitz continuity of gs and the last inequality
follows from the definition of L and the diameter. From p1 ≥ p2 ≥ . . . ≥ pℓ it follows

ℓ∑
s=k

ps = 1−
k−1∑
s=1

ps ≤ 1−
k−1∑
s=1

1

ℓ
=

ℓ− k + 1

ℓ

where the inequality follows since the minimum of
∑k−1

s=1 ps under the ordering p1 ≥ p2 ≥ . . . ≥ pℓ is
attained for ps =

1
ℓ for all s = 1, . . . , k − 1. This proves the result.

The latter result shows that the additive approximation error we make when calculating the k-adaptable
problem, instead of the fully adaptable problem (2), behaves as ℓ−k+1

ℓ up to a constant factor. Observe
that for k = ℓ the bound of the previous theorem is not tight, since it is trivially zero.

Remark 1. Note that in case Y = {0, 1}ny and for linear objective functions gs(y) = q⊤s y we have
diam(Y ) =

√
ny and Ls = ∥qs∥ and hence L = maxs=1,...,ℓ ∥qs∥.

The following example shows that the approximation guarantee derived in the latter theorem is tight for
1 ≤ k < ℓ.

Example 1. Consider the problem

min

ℓ∑
s=1

psq
⊤
s ys

s.t. ys ∈ Y ∀s = 1, . . . , ℓ

(6)

where Y = {y ∈ {0, 1}ny :
∑ny

i=1 yi = 1}, ℓ = ny, and (qs)i = −M < 0 if i = s and (qs)i = 0 otherwise,
for all s = 1, . . . , ℓ. We have diam(Y ) =

√
2 and gs(y) := q⊤s y is Lipschitz continuous with Lipschitz

constant L := maxs=1,...,ℓ ∥qs∥ = M . Assume that p1 = p2 = . . . = pℓ = 1
ℓ . We denote the optimal

solution in Y for scenario s as y∗(s) which has values y∗(s)i = 1 if i = s and y∗(s)i = 0 otherwise, i.e.
y∗(s) = es, where es is the s-th unit vector. The corresponding optimal value is q⊤s y

∗(s) = −M , while

for every other solution y ∈ Y \ {y∗(s)} it holds q⊤s y = 0. Then, we have opt(ℓ) =
∑ℓ

s=1 ps(−M) = −M .
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An optimal solution for the k-adaptability version is given by any subset of k distinct solutions y∗(s), in
particular we consider ȳs = es, for s = 1, . . . , k. Then it holds for all 1 ≤ k < ℓ

opt(k)− opt(ℓ) =

k∑
s=1

ps(−M) +M =
ℓ− k

ℓ
M ≥ 1

2
√
2

ℓ− k + 1

ℓ
diam(Y )L.

Together with Theorem 1 we have

1

2
√
2

ℓ− k + 1

ℓ
diam(Y )L ≤ opt(k)− opt(ℓ) ≤ ℓ− k + 1

ℓ
diam(Y )L.

In the following we show that under suitable conditions, the optimal value for (2) can be already achieved
for k < ℓ. If the uncertainty only appears in the constraints, we call a subset of scenarios D ⊆ {1, . . . , ℓ}
a recourse stable region for x ∈ X if for every y ∈ Y (x), the solution y is either feasible for all scenarios in
D or not feasible for all scenarios in D. This definition was first introduced in Kurtz (2024b) for robust
k-adaptable problems.

Lemma 1. Assume that uncertainty only appears in the constraints, i.e., g := gs = gs′ for all s, s′ ∈
{1, . . . , ℓ}. Furthermore, assume that an optimal solution (x∗, {y∗(s)}ℓs=1) of (k-2SSP) for K = ℓ exists
such that for x∗ there exists a partition of the scenario set in at most T , T ≤ ℓ, recourse stable regions
D1, . . . , DT , i.e., D1 ∪ . . . ∪DT = {1, . . . , ℓ} and Di ∩Dj = ∅ for all i ̸= j. Then it holds

opt(T ) = opt(ℓ).

Proof. The inequality opt(ℓ) ≤ opt(T ) follows from (4), since T ≤ ℓ. We now prove that opt(T ) ≤ opt(ℓ).
We proceed by showing that there exists an optimal solution of (k-2SSP) with K = ℓ which is feasible
for (k-2SSP) with K = T . Let (x∗, y∗(1), . . . , y∗(ℓ)) be an optimal solution of (k-2SSP) with K = ℓ
such that for x∗ there exists a partition of S into T recourse stable regions D1, . . . , DT , which exists by
assumption. Consider one recourse stable region Di, then we have∑

s∈Di

psg(y
∗(s)) ≥

∑
s∈Di

psg(y
∗
Di

)

where
y∗Di

∈ argmin
y∗∈{y∗(s):s∈Di}

g(y∗).

Note that due to the recourse-stability y∗Di
∈ Ys(x

∗) for all s ∈ Di. Applying the latter inequality to
every recourse stable region we obtain

opt(ℓ) = f(x∗) +

ℓ∑
s=1

psg(y
∗(s))

= f(x∗) +

T∑
i=1

∑
s∈Di

psg(y
∗(s))

≥ f(x∗) +

T∑
i=1

∑
s∈Di

psg(y
∗
Di

)

and hence the solution (x∗, y∗D1
, . . . , y∗DT

) has objective value at most opt(ℓ). Especially, the latter solution
is feasible for (k-2SSP) with K = T , which proves the result.

The following example shows that the latter reduction from K = ℓ to K = T can be significant.

Example 2. Consider the problem without objective uncertainty, i.e., g := gs for all s ∈ {1, . . . , ℓ} and
the set of all binary scenarios

Sξ := {0, 1}n.
Then Sξ contains 2n scenarios, i.e. ℓ = 2n. Consider the feasible regions

Yξ =

{
y ∈ {0, 1}n :

n∑
i=1

yi =

n∑
i=1

ξi

}
.
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Then we can partition the set of scenarios into n+ 1 recourse stable regions given as

Di := {ξ ∈ {0, 1}n :

n∑
i=1

ξi = i} i = 0, . . . , n.

Clearly, the union of all Di covers the full set of scenarios Sξ. Furthermore, by definition of Yξ, if a
solution y is feasible for Yξ with ξ ∈ Di, then it must be feasible for Yξ′ for all ξ′ ∈ Di. It follows from
Lemma 1 that instead of K = 2n we can solve the problem with K = n+1 solutions to receive an optimal
solution of (2).

4 An exact partition-based method

In this section, we outline an algorithmic framework able to solve the partition based formulation (3)
of the K-adaptability two-stage stochastic problem. By iteratively adding scenarios to a current sub-
partition, our method produces a subpartition-based tree, where a node is identified by a subpartition
R = (R1, . . . , RK) of the scenario set (see Definition 2), by the number M of non-empty subsets in the
subpartition and by its depth d in the tree. We denote this node by N(R,M, d). As it will be clarified in
Section 4.3, if a node N(R,M, d) is not pruned, a scenario s ̸∈ R is selected and K ′ = min{M + 1,K}
child nodes are produced, each one by adding s to one of the M non-empty elements of R or to the
first empty one (if M < K). Note that a node at depth d in the tree corresponds to a subpartition that
contains exactly d scenarios, that is | ∪K

j=1 Rj | = d. The leaf nodes of our subpartition-based tree are
found at depth ℓ and they correspond to partitions of S according to Definition 1. In Figure 1, we report
an example of a subpartition-based tree, for an instance with ℓ = 4 and K = 3.

Figure 1: Example of a subpartition-based tree for S = {s1, s2, s3, s4}, ℓ = 4 and K = 3.

To avoid the enumeration of all possible partitions, our solution scheme relies on solving a sequence of
subpartition induced problems, which are primarily used to compute valid lower bounds on the global
solution of (3). The subpartition induced problems are also key to guide scenario-selection, to warmstart
the subsequent subproblems as well as to compute valid upper bounds, as it will be clarified in the
following sections.
Given a subpartition R, we define the subpartition induced problem as

spip(R) := min f(x) +

K∑
j=1

∑
s∈Rj

psgs(y
j) +

∑
s̸∈R

psgs(ys)

s.t. x ∈ X,

yj ∈ YRj
(x), j = 1, . . . ,K,

ys ∈ Ys(x), s ̸∈ R,

(spip(R))

where for each j = 1, . . . ,K we define

YRj
(x) =

{
Rny if Rj = ∅,
∩s∈RjYs(x) otherwise.
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Let us observe that (spip(R)) is feasible only if x ∈ X exists such that YRj (x) ̸= ∅, ∀ j = 1, . . . ,K and

Ys(x) ̸= ∅, ∀ s ̸∈ R. When (spip(R)) is feasible, we will denote its optimal solution as (xR, {yjR}Kj=1, {yRs }s̸∈R).

Notice that in the subpartition induced problem we have a variable yj for each element of the subparti-
tion R and a variable ys for each scenario that does not belong to the current subpartition. Therefore,
if (spip(R)) is feasible, the set of K solutions {yjR}Kj=1 is such that they cover all the scenarios belonging

to the subpartition R, while the scenarios s outside of R have individual policies yRs .
Finally, observe that if R = R0 = (∅, . . . , ∅), then (spip(R)) is exactly equivalent to the extensive
formulation (2) of the underlying two-stage stochastic program. In fact, since Rj = ∅ for all j, we have

a variable ys for each s ∈ S and the term
∑K

j=1

∑
s∈Rj

psgs(y
j) is null. Using the notation from Section

3, we can write
opt(ℓ) = spip(R0).

On the other hand, if R = P, where P is a partition of S, then (spip(R)) is equivalent to (pip(P)), since
there are no scenarios s ̸∈ R.

4.1 Computation of lower bounds through subpartitions

We can show that spip(R) gives a valid lower bound for the subtree rooted in R, i.e., it constitutes a lower
bound on the optimal values of all problems induced by partitions that contain R. First, we show that
adding new scenarios to a subpartition produces a monotone increasing sequence of valid lower bounds.

Proposition 1. Let R1,R2 be subpartitions of S such that R1 ⊆ R2 and such that (spip(R)) is feasible
for both R = R1 and R = R2. Then

spip(R1) ≤ spip(R2).

Proof. Let (x̂, {ŷj}Kj=1, {ŷs}s̸∈R2) be a feasible solution for (spip(R)) with R = R2. Then, we can rewrite
the corresponding value of the objective function as follows,

f(x̂)+

K∑
j=1

∑
s∈R2

j

psgs(ŷ
j)+

∑
s̸∈R2

psgs(ŷs) = f(x̂)+

K∑
j=1

∑
s∈R1

j

psgs(ŷ
j)+

K∑
j=1

∑
s∈R2

j\R1
j

psgs(ŷ
j)+

∑
s̸∈R2

psgs(ŷs) = ẑ.

For every s ∈ R2 \ R1, ∃ js ∈ {1, . . . ,K} such that s ∈ R2
js
\R1

js
, and for each s ̸∈ R1 we define

ỹs =

{
ŷs if s ̸∈ R2,

ŷjs if s ∈ R2 \ R1.

The solution (x̂, {ŷj}Kj=1, {ỹs}s̸∈R1) is feasible for (spip(R)) with R = R1, and by continuing the previous
chain of equalities we obtain

ẑ = f(x̂) +

K∑
j=1

∑
s∈R1

j

psgs(ŷ
j
p) +

∑
s̸∈R1

psgs(ỹs)

≥ spip(R1).

Since the previous inequality holds for any feasible solution of (spip(R)) with R = R2, in particular it
holds for the optimal solution and we get that spip(R2) ≥ spip(R1).

From Proposition 1, we get that any partition P containing R will lead to an optimal value that is greater
or equal to spip(R). This also means that spip(R) constitutes a lower bound for (3). We formalize this
result in the following proposition.

Proposition 2. Let R be a subpartition of S and let P be a partition of S such that R ⊆ P. Then

spip(R) ≤ pip(P).

Proof. From R ⊆ P and Proposition 1 we have spip(R) ≤ spip(P). Since P is a partition of S, then it
holds spip(P) = pip(P) which proves the result.

9



Remark 2. For any node N(R,M, d) such that (spip(R)) is feasible, we have that

opt(M + (ℓ− d)) ≤ spip(R).

Indeed, we have already observed that by solving (spip(R)), when it is feasible, we obtain M policies
yj , j = 1, . . . ,M, that cover all the scenarios in R and ℓ − d solutions ys, s ̸∈ R, that cover the
remaining scenarios, for a total of M + ℓ− d second stage policies. Therefore, we have a feasible solution
for the K-adaptability problem corresponding to K = M + (ℓ− d).

From Proposition 1 we can also show that, in certain cases, we can avoid solving (spip(R)), since its
optimal value can be inherited from previously solved problems.

Corollary 1. Let R = (R1, . . . , RM , ∅, . . . , ∅) be a subpartition of order M < K such that ŝ ̸∈ R exists.
Let R′ = (R1, . . . , RM , {ŝ}, ∅, . . . , ∅), then it holds

spip(R) = spip(R′).

In particular, given s1, . . . , sK ∈ S, R0 = (∅, . . . , ∅) and RK = ({s1}, . . . , {sK}), it holds

spip(R0) = spip(RK).

Proof. Since R ⊆ R′, from Proposition 1 it holds spip(R) ≤ spip(R′). Let (xR, {yjR}Kj=1, {yRs }s̸∈R) be
the optimal solution of (spip(R)) induced by R. Then,

spip(R) = f(xR) +

K∑
j=1

∑
s∈Rj

psgs(y
j
R) +

∑
s ̸∈R

psgs(y
R
s )

= f(xR) +

M∑
j=1

∑
s∈Rj

psgs(y
j
R) + pŝgŝ(y

R
ŝ ) +

∑
s̸∈R,s̸=ŝ

psgs(y
R
s )

= f(xR) +

K∑
j=1

∑
s∈R′

j

psgs(ỹ
j
R′) +

∑
s̸∈R′

psgs(y
R
s ) ≥ spip(R′)

where for every j ∈ {1, . . . ,K} we have defined

ỹjR′ =

{
yRŝ if j = M + 1,

yjR otherwise,

and the last inequality follows from (xR, {ỹjR′}Kj=1, {yRs }s̸∈R′) being a feasible solution for (spip(R)) with
R = R′.
Furthermore, given s1, . . . , sK ∈ S, by iteratively applying the above reasoning to the sequence of sub-
partitions R0 ⊆ R1 ⊆ . . . ⊆ RK , where Ri = ({s1}, . . . , {si}, ∅, . . . , ∅) for i ∈ {1, . . . ,K}, we obtain
spip(R0) = spip(RK).

Proposition 3. Let R1,R2 be subpartitions of S such that R1 ⊆ R2 and such that (spip(R)) is infeasible
for R = R1, then it holds that (spip(R)) is infeasible for R = R2.

Proof. By assumption, (spip(R)) with R = R1 is infeasible, then for every x ∈ X there exists j ∈
{1, . . . ,K} such that YR1

j
(x) = ∅ or there exists s ̸∈ R1 such that Ys(x) = ∅.

Let us assume by contradiction that (spip(R)) with R = R2 is feasible and let (x̂, {ŷj}Kj=1, {ŷs}s∈R2) be

a feasible solution. Then, for x̂ there exists j ∈ {1, . . . ,K} such that YR1
j
(x) = ∅ or there exists s ̸∈ R1

such that Ys(x) = ∅. From R1 ⊆ R2, it holds R1
j ⊆ R2

j for every j ∈ {1, . . . ,K} and

ŷj ∈ YR2
j
(x) = ∩s∈R2

j
Ys(x) ⊆ ∩s∈R1

j
Ys(x) = YR1

j
(x) ̸= ∅.

With a similar reasoning we can show that Ys(x̂) ̸= ∅ for each s ̸∈ R1, which is a contradiction.
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4.2 Computation of upper bounds

Valid upper bounds on the optimal solution of (3) can be obtained by building a partition P of the
scenario set and evaluating the corresponding pip(P) or by evaluating the objective function of (k-2SSP)
on any of its feasible solutions.
Whenever we reach a leaf of our subpartition-based tree, we get a node N(R,M, d) with d = ℓ and R
being a partition of the scenario set, as {s|s ̸∈ R} = ∅. Therefore, on leaf nodes, the subpartition-induced
problem is equivalent to the partition induced problem (pip(P)) with P = R, so that spip(R) gives a
valid upper bound.
In non-leaf nodes N(R,M, d), i.e. when d < ℓ, we have subpartitions that only cover a subset of the
scenario set. However, if problem (spip(R)) is feasible, a partition of the scenario set can be derived
following the intuition behind the heuristic approach introduced in Buchheim and Pruente (2019).
Given s ∈ S and the optimal solution (xR, {yjR}Kj=1, {yRs }s̸∈R) of (spip(R)), we define

sip(s;R) = {j ∈ {1, . . . ,M} | yjR ∈ Ys(xR)}

as the set of indices corresponding to second stage solutions yjR that are feasible for scenario s.
If the set sip(s;R) is non-empty for each scenario s ∈ S a partition PR = (PR

1 , . . . , PR
K ) induced by

(xR, y
1
R, . . . , y

M
R ) can be defined setting

PR
j :=

{
s ∈ S : j∈ argmin

k∈sip(s;R)

{psgs(ykR)}

}
, (7)

for j = 1, . . . ,M and PR
j = ∅, j = M + 1, . . . ,K. Hence, to build a feasible partition we assign every

scenario s to the subset PR
j corresponding to the solution yjR, j ∈ sip(s;R), that has the smallest value

of the objective function.

Algorithm 1 PartitionInduced(R)

INPUT: (xR, {yj
R}

K
j=1, {yR

s }s ̸∈R), optimal solution of (spip(R)), M
1: Set PartitionInduced(R) = 1
2: for s ∈ S do
3: Set sip(s;R) := {j ∈ {1, . . . ,M} | yj

R ∈ Ys(xR)}
4: if sip(s;R) = ∅ then
5: Set PartitionInduced(R) = 0 and Return
6: end if
7: end for

If PartitionInduced(R) = 1, that is, we have successfully built a partition starting from the optimal
solution of the subpartition induced problem, then we have two possibilities to compute valid upper
bounds, which differ in terms of tightness and computational effort.
A first possibility is to get a valid upper bound for (3) by evaluating (pip(P)) with P = PR. This approach
requires the solution of an additional optimization problem, but it provides the best possible upper bound
induced by partition PR. A second option is to obtain a possibly worse valid upper bound which, however,
is free of additional computation costs, since it relies solely on the solution of problem (spip(R)) and does
not re-optimize for the optimal x for the given partition. Indeed, in case a partition PR can be induced
by the optimal solution of (spip(R)), we have that (xR, {yjR}Kj=1) is a feasible solution for (pip(P)) with

P = PR and then the value

f(xR) +

K∑
j=1

∑
s∈PR

j

psgs(y
j
R),

which is greater or equal than the optimal value pip(PR), constitutes a valid upper bound for (3).

4.3 Pruning rules

As detailed later in Algorithm 2, a node N(R,M, d) belonging to the partition-induced tree is pruned
whenever one of the following conditions is satisfied:
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(i) Problem (spip(R)) is infeasible,

(ii) spip(R) > UB, with UB being the current best known upper bound,

(iii) M + ℓ− d < K.

The first two conditions correspond to the usual pruning by infeasibility and pruning by bound. The third
condition states that we can prune any node such that the number of scenarios that do not belong to the
current subpartition, that is (ℓ−d), is smaller than the number of empty elements of R, that is (K−M).
This follows from the fact that in (3) we are optimizing over all the partitions of order exactly K of the
scenario set. Observe that additionally, we can prove that if an optimal partition of order M < K exists,
then there also exists an optimal partition of order M = K. This result is established in the following
proposition, whose proof is given in the Appendix together with an auxiliary result used therein.

Proposition 4. Let P = (P1, . . . , PK) be the optimal solution of (3), then one of the following two
conditions hold:

1. P is of order K, i.e. Pj ̸= ∅, for all j = 1, . . . ,K;

2. P is of order M < K and there exists P̃ = (P̃1, . . . , P̃K) of order K such that pip(P) = pip(P̃).

Proposition 4 implies that any node N(R,M, d) such that M + ℓ− d < K can be pruned. Indeed, since
the number of scenarios not contained in R is ℓ − d, if M + ℓ − d < K, we have that the partitions
obtained from the subtree rooted in R will contain empty sets, or, in other words, they all will have order
M < K. We report an example in the following.

Example 3. Let S = {s1, . . . , s4} and K = 3. The node N(R,M, d) with R = ({s1, s2, s3}, ∅, ∅), M = 1
and d = 3 is such that 2 = M + ℓ − d < K = 3. Then, the child nodes of R will be the partitions
P1 = ({s1, s2, s3, s4}, ∅, ∅) and P2 = ({s1, s2, s3}, {s4}, ∅). Note that these partitions of S contain empty
sets and the order of P1 is M = 1, while the order of P2 is M = 2. Therefore, even if one of the partitions
P1 or P2 is optimal for (3), we have that partition P̄ = ({s1, s2}, {s3}, {s4}) is optimal as well.

We are now able to show that if one optimal partition of problem (3) of order M = K exists, this is not
eliminated by our pruning rule.

Proposition 5. Let P∗ be an optimal partition of problem (3) of order M = K. Then no subpartition
R that contains P∗ is pruned.

Proof. Assume by contradiction that a subpartition R with R ⊆ P∗ exists such that it is pruned. Case
(i): If (spip(R)) is infeasible then, from Proposition 3, sinceR ⊆ P∗, it follows that (pip(P)) with P = P∗

is infeasible, which is a contradiction. Case (ii): From Proposition 2, we know that spip(R) provides
a lower bound on any optimal value pip(P) corresponding to partitions satisfying R ⊆ P. Therefore,
if spip(R) > UB, we can conclude that any upper bound obtainable from the partitions induced by R
would be worse than UB, contradicting the optimality of P∗. Case (iii): If M + ℓ − d < K, it cannot
be that R ⊆ P∗ as the partitions obtained from the subtree rooted in R will contain empty sets, or, in
other words, they all will have order M < K.

Algorithm 2 Prune(N(R,M, d))

INPUT: N(R,M, d), UB

1: Set Prune(N(R,M, d)) = 0
2: if ((spip(R)) is infeasible) or (spip(R) > UB) or (M + ℓ− d < K) ) then
3: Set Prune(N(R,M, d)) = 1
4: end if
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4.4 Branching rule

Given a subpartition R of the scenario set S, the K! subpartitions obtained by permuting R lead to
equivalent subpartition-induced problems. Therefore, the generation of such equivalent or symmetric
subpartitions should be avoided. In Subramanyam et al. (2020), this issue was addressed by defining a
suitable branching strategy, which we will call child generation rule. We will prove (see Proposition 9)
that in the context of our branch-and-bound method, this branching strategy allows us to successfully
avoid symmetries.

Definition 3 (Child generation rule). Given a node N(R,M, d) with R = (R1, . . . , RK) and a new
scenario s ̸∈ R, we define

K ′ = min{M + 1,K}. (8)

Then, K ′ child nodes are generated: N(Rj ,M, d+ 1) for j = 1, . . . ,K ′ − 1 and N(RK′
,K ′, d+ 1), with

Rj = (R1, . . . , Rj ∪ {s}, . . . ,RK), for j = 1, . . . ,K ′.

Note that if M < K, by implementing this branching rule we obtain exactly M child subpartitions of
order M and one child subpartition of order M + 1. Since our branch-and-bound method starts from
the subpartition containing only empty sets, R = (∅, . . . , ∅) of order M = 0, by iteratively applying
this child generation rule, we obtain subpartitions of order M = 1, . . . ,K such that the M non empty
elements are always the first M subsets of the corresponding node, i.e. if R is of order M , then R =
(R1, . . . , RM , ∅, . . . , ∅), where Rj ̸= ∅ for j = 1, . . . ,M .

4.5 Algorithm and correctness of PiM

We report in Algorithm 3 the complete scheme of the partition-induced branch-and-bound method, whose
main components have been described in the previous subsections.

Algorithm 3 PiM: a partition induced method

INPUT: (k-2SSP)
OUTPUT: optimal solution of (k-2SSP) or detect infeasibility (by UB = +∞)

1: Set R = (R1, . . . , RK) = (∅, . . . , ∅), M = 0, d = 0
2: Set UB = +∞
3: L := {N(R,M, d)}
4: while L ≠ ∅ do
5: Choose N(R,M, d) ∈ L
6: L ← L \ {N(R,M, d)}
7: if Prune(N(R,M, d)) then
8: Continue
9: else if d = ℓ then

10: Update UB := min{UB, spip(R)}
11: else
12: if PartitionInduced(R) then
13: Define a partition PR as in (7)
14: Update UB := min{UB, pip(PR)}
15: end if
16: Choose s ̸∈ R and produce K′ = min{M + 1,K} child nodes
17: L ← L ∪ {N(R1,M, d+ 1), . . . , N(RK′−1,M, d+ 1), N(RK′ ,K′, d+ 1)}
18: end if
19: end while

Denoting by L the list of nodes that need to be explored, we start by considering the node N(R,M, d) =
N((∅, . . . , ∅), 0, 0) as the root node, i.e. we start with the naive subpartition made of all empty subsets.
The starting upper bound UB is set to +∞. We go on evaluating nodes until the list L is empty.
While L ≠ ∅, let N(R,M, d) be a node and let (spip(R)) be the corresponding subpartition induced
problem. If (spip(R)) is feasible, we obtain a solution (xR, {yjR}Kj=1, {yRs }s̸∈R). As shown in Section 4.1,
the optimal value of (spip(R)) is a valid lower bound for (3). Node N(R,M, d) can be pruned - and we
set Prune(N(R,M, d)) = 1 (see Algorithm 2) - in case either problem (spip(R)) is infeasible or in case
the optimal solution of (spip(R)) gives a lower bound greater than the current upper bound UB or in
case M + ℓ− d < K (see Section 4.4).
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If the optimal solution of (spip(R)) induces a partition PR, a valid upper bound for (k-2SSP) can be
obtained as detailed in Section 4.2 and the current upper bound is updated accordingly (see Step 14 in
Algorithm 3). The algorithm proceeds by selecting a new scenario that was not included in the previously
analyzed subpartition. At Step 16 in Algorithm 3, a scenario s ̸∈ R is selected and K ′ = min{M +1,K}
child nodes are defined, according to the child generation rule defined in Definition 3. Obviously, the
child nodes of N(R,M, d) will be at depth d+ 1 in the subpartition-based tree. Using the results shown
in the previous sections, we are able to prove that our partition-induced method correctly detects an
optimal solution of (k-2SSP) in case it exists.

Theorem 2. Algorithm 1 stops after a finite number of iterations either returning that Problem (k-2SSP)
is infeasible, or returning its optimal solution.

Proof. Every level d of the subpartition-based tree built by Algorithm 1 is made of
∑K

k=1 Sd,k nodes
(where Sd,k = 0 in case k > d). Therefore, the total number of nodes of the tree is finite and equal to

1 +

ℓ∑
d=1

K∑
k=1

Sd,k.

If problem (k-2SSP) is infeasible, then problem (3) is also infeasible, meaning that no partition P of
the scenario set S yields a feasible problem (pip(P)). This means that the upper bound UB will never
be updated along the iterations of Algorithm 1 and the Algorithm stops with UB = +∞, detecting
infeasibility of (k-2SSP). On the other hand, if at least one partition P exists that yields a feasible
problem (pip(P)) the optimal solution of (k-2SSP) can be obtained by identifying an optimal partition
for problem (3). From Proposition 4, we can restrict the search among partitions of order M = K.
Thanks to Proposition 5, we have that the pruning rule adopted and detailed in Algorithm 2 is correct,
meaning that if one optimal partition P∗ of problem (3) of order M = K exists, this is not eliminated.
Then, when problem (pip(P)) with P = P∗ is solved, the upper bound UB will be updated accordingly
and Algorithm 1 will stop after having enumerated a finite number of nodes with UB = pip(P∗) being
the optimal value for (k-2SSP). The corresponding solution (xP∗ , y1P∗ , . . . , yKP∗) is the optimal solution
of (k-2SSP).

4.6 Scenario and node selection strategies

In this section, we discuss possible strategies that can be adopted within Algorithm 3 to define new
subpartitions, i.e. how to select a new scenario (Step 16), and to determine the order in which the
subpartitions should be explored during the tree search (Step 5).

4.6.1 Scenario selection

Let N(R,M, d) be a node in our subpartition-based tree. Clearly, there are several ways for selecting
a new scenario s∗ ̸∈ R to build the subpartitions of its child nodes. Choosing s∗ as a random scenario
among those that do not belong to any element of the subpartition R, is of course a feasible strategy, but
- from our computational experience - not very effective in most cases. Another possibility, is exploiting
the information we obtain by solving the subpartition induced problem (spip(R)) for the subpartition
R. If problem (spip(R)) is infeasible, node N(R,M, d) is pruned by infeasibility. On the other hand,
if problem (spip(R)) is feasible, we can use its optimal solution (xR, {yjR}Kj=1, {yRs }s ̸∈R) to guide the

scenario selection as follows. For every s ̸∈ R we have a corresponding vector yRs . The new scenario s∗

can be chosen as the one that corresponds to the largest objective function value, that is

s∗ ∈ argmax
s̸∈R

psgs(y
R
s ).

This strategy is motivated by the fact that a node can be pruned if the lower bound that we obtain by
solving the corresponding subpartition induced problem exceeds the incumbent upper bound. Therefore,
by prioritizing scenarios that majorly contribute to the objective function, we aim to obtain stronger
lower bounds earlier in the exploration of the tree.
We change the previous rule when the solution induced by R does not itself induce a partition. Indeed, if
PartitionInduced(R) = 0, we have that at least one s∗ ̸∈ R exists such that sip(s∗;xR, y

1
R, . . . , y

K
R ) = ∅.
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Then, we can select scenario s∗ to be used in the child generation rule at the next step. The rationale
is that by introducing earlier the scenarios for which no current second-stage strategy is feasible, we can
more rapidly identify infeasible combinations of scenarios that render problem (spip(R)) infeasible, thus
allowing to prune the new generated node by infeasibility.

4.6.2 Node selection

Let L be, as before, the set of generated nodes that have not been explored yet. Selecting a random
node from L is a feasible node selection strategy, however, after some preliminary computational tests,
we implemented the following policy.
Given a node N(R,M, d), we implement different node selection strategies, according to the value of its
depth d:

• if 0 ≤ d < ℓ− 1, given the new scenario s∗, we select a random index knew ∈ {1, . . . ,K ′} (where K ′

is defined according to (8)), and we first visit the node Rnew = (Rnew
1 , . . . , Rnew

K ) where Rnew
j = Rj

for each j ̸= knew and Rnew
knew

= Rknew
∪ {s∗};

• if d = ℓ−1, we sequentially visit all the child nodes {F1, . . . ,FK′} which are complete partitions of
the scenario set corresponding to i = ℓ. After these nodes have been exhausted, we select a random
element from L.

This node selection strategy is convenient for multiple reasons. First, it allows to obtain feasible solutions
early on, since by starting with a depth-first strategy we quickly reach leaf nodes, i.e. partitions of the
scenario set. Furthermore, in the first case, the problem induced by Rnew can be obtained from the one
induced byR by removing variable ys∗ and its associated constraints and including the term ps∗gs∗(y

knew)
in the objective function. In the second case, corresponding to nodes that are subpartitions of depth ℓ−1,
it is computationally efficient to consider immediately all the child nodes of R, which are partitions of S,
since the corresponding induced problems can be derived similarly from the model induced by R, with
only minor modifications.

4.7 Breaking symmetry and avoiding emptiness

In this section, we show that our partition based tree enjoys two properties. On the one hand, given a
subpartition R, the generation of any of its permutations is excluded, or, in other words, symmetries are
avoided. A formal analysis is given in the Appendix. On the other hand, by modifying the child generation
rule previously adopted for branching, only partitions of order K, not containing empty elements, are
generated, or in other words, emptiness is avoided.
We show that if the current node N(R,M, d) is such that the number of its empty elements is exactly the
same as the number of scenarios that do not belong to R, then, the optimal solution of (spip(R)) gives
an upper bound to (3). Observe that this is what we stated in Remark 2. In this case M + (ℓ− d) = K,
therefore the inequality in Remark 2 becomes opt(M + (ℓ− d)) = opt(K) ≤ spip(R). We formally prove
the result in the following proposition.

Proposition 6. Let N(R,M, d) be a node such that u = ℓ−d = K−M . W.l.o.g. let {s1, . . . , su} = S\R.
Let P = (P1, . . . , PK), where

Pj =

{
Rj if j ∈ {1, . . . ,M},
{si} if j = M + i, for i ∈ {1, . . . , u}.

Then the following statements hold:

1. P is the only partition of order K such that R ⊆ P;

2. spip(R) = pip(P);

3. pip(P) ≤ pip(P̃) for any other partition P̃ ≠ P such that R ⊆ P̃.
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Proof. The first statement follows directly by the definition of P and the fact that u = ℓ− d = K −M .
The second statement follows by iteratively applying to R the first result in Corollary 1 considering
scenarios si, i = 1, . . . , u, until we obtain P.
To prove the third statement, let P̃ be a partition of S of order M such that R ⊆ P̃ and P∗ ̸= P.
From the first statement it must hold M < K. Let (x̃, {ỹj}Kj=1) be the optimal solution of (pip(P))

corresponding to partition P̃. For every i ∈ {1, . . . , u} let k(i) ∈ {1, . . . ,M} be such that si ∈ P̃k(i).

Then (x, {yj}Kj=1), where x = x̃, yj = ỹj for j = 1, . . . ,M and yM+i = ỹk(i) for i = 1, . . . , u, is feasible

for the problem (pip(P)) induced by partition P, hence pip(P) ≤ pip(P̃).

Following the previous proposition, whenever a node N(R,M, d) is such that ℓ− d = K −M , we can use
spip(R) to check if we can update the incumbent upper bound, since spip(R) = pip(P), where P is the
only partition of order K that contains R, and then, either way, we do not generate the child-nodes of
R. This result can be directly included into a modified child generation rule:

Definition 4 (Enhanced child generation rule). Let N(R,M, d) be a node with R = (R1, . . . , RK) and
let {s1, . . . , su} = S \ R, with u = ℓ − d. If u = K −M , a single child node is built, N(Rnew,K, d + 1)
where Rnew = (R1, . . . , RM , {s1}, . . . , {su}). Otherwise K ′ = min{M + 1,K} nodes are built according
to Definition 3.

Figure 2 shows an example of how introducing this enhanced child generation rule effectively reduces the
size of the partition-based tree.

Figure 2: Example of the partition-based tree for ℓ = 3 and K = 3. On the top, the classical tree obtained
by applying Definition 3. On the bottom left, the tree we obtain by applying the pruning rule (iii) to the
classical tree. On the bottom right the tree we obtain by Definition 4.

4.8 Improvements to the basic scheme of PiM

Along the iterations of PiM, additional information can be stored to accelerate the enumeration of the
nodes. We describe here several computational enhancements that can be incorporated into the imple-
mentation of our partition-induced method.
Given a node N(R,M, d), where R ≠ (∅, . . . , ∅), we denote by N(Rold,Mold, d − 1) its parent. By
(xold, {yjold}Kj=1, {yolds }s̸∈Rold) we denote the optimal solution of (spip(R)) for R = Rold and by lbold
the optimal value spip(Rold). Note that the subpartition R is obtained from Rold adding a scenario
s∗ ̸∈ Rold. In particular, an index knew exists such that Rj = Rold

j for all j ∈ {1, . . . ,K}, j ̸= knew and

Rknew
= Rold

knew
∪ {s∗}.
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Prune by bound using lbold

Thanks to Proposition 1, we have that spip(Rold) ≤ spip(R). This means that lbold is a valid lower
bound and in case lbold > UB we can prune node N(R,M, d) without the need of solving (spip(R)) (i.e.
we should check this condition between lines 6 and 7 of Algorithm 3). Clearly this may work only in case
the upper bound UB improved before addressing node N(R,M, d).

Skip a node

If Rold is a subpartition of order Mold < K, and knew = Mold+1, then Rold = (Rold
1 , . . . , Rold

Mold , ∅, . . . , ∅)
and R = (Rold

1 , . . . , Rold
Mold , {s∗}, ∅, . . . , ∅). Following Lemma 1, there is no need to solve (spip(R))

induced by partition R, since it holds lbold = spip(Rold) = spip(R). Furthermore, the optimal solution
of (spip(R)) corresponding to R can be easily built as xR = xold, yjR = yjold for all j ̸= knew and

yknew

R = yolds∗ , and yRs = yolds for all s ̸∈ R.

Time limit at the node

In solving (spip(R)) at node N(R,M, d), we can introduce a safeguard parameter tmax which is the
maximum time we allow for the solution of the subpartition induced problem at a node R. If we
cannot prove its infeasibility or its optimality within the time limit, then we proceed to generate the
child nodes according to the rule in Definition 4, simply selecting the new scenario s∗ as a random
scenario among those that are not in R. Indeed, we cannot rely on the optimal solution of (spip(R))
to guide the the scenario selection as detailed in section 4.6.1 and we have no values to record for
xR, {yjR}Kj=1, {yRs }s ̸∈R, lbR.

Fixing variables within (spip(R))

In order to speed up nodes enumeration, we decided to implement the following fixing strategy. Since R
and Rold differ only for the set Rknew , starting from the optimal solution of (spip(R)) with R = Rold,
i.e. (xold, {yjold}Kj=1, {yolds }s̸∈Rold

), it is usually sufficient to change at most the value of yknew

old to obtain a
feasible solution for (spip(R)).
Therefore, instead of (spip(R)), we address

min
yknew

f(xold) +

K∑
j=1, j ̸=knew

∑
s∈Rj

psgs(y
j
old) +

∑
s∈Rknew

psgs(y
knew) +

∑
s̸∈R

psgs(y
old
s )

s.t. yknew ∈ YRknew
(xold).

(9)

Note that the only variable in (9) is yknew , as everything else is fixed. This clearly makes this problem

much easier to solve than (spip(R)). In case (9) is feasible, its optimal value, that we denote by V f
R, is

an upper bound to the optimal value spip(R). This means that additional checks should be considered

before pruning, to maintain the correctness of the algorithm. If V f
R < UB, we can proceed to generate

the child nodes of the current node. On the other hand, if V f
R ≥ UB or (9) is infeasible, we further solve

the original problem (spip(R)) to ensure that we can indeed prune node N(R,M, d) by infeasibility or
by bound.

No-good cuts

We have seen in Section 4.2 that, starting from the solution of (spip(R)), we can try to build a partition
and then an upper bound of (3). Let (x̂, {ŷj}Kj=1, {ŷs}s̸∈R) be an optimal solution of problem (spip(R))
at node N(R,M, d).
If s ∈ S exists such that sip(s;R) = ∅ we can show that (x̂, {ŷj}Kj=1) cannot be an optimal solution of
(3). In particular, such solution is not feasible for any problem (pip(P)).

Proposition 7. Let (x̂, {ŷj}Kj=1, {ŷs}s̸∈R) be an optimal solution for problem (spip(R)) induced by a

subpartition R. If there exists ŝ ∈ S such that sip(ŝ;R) = ∅, then (x̂, {ŷj}Kj=1) is not feasible for any
problem (pip(P)) induced by a partition P of the scenario set.
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Proof. Let us assume by contradiction that there exists a partition P = (P1, . . . , PK) of the scenario set
such that (x̂, {ŷj}Kj=1) is feasible for the problem (pip(P)) induced by P. Then, let ȷ̂ ∈ {1, . . . ,K} be the

index such that ŝ ∈ Pȷ̂, which exists, since P is a partition of S. Then, it must be that yȷ̂ ∈ YPȷ̂
(x̂), since

(x̂, {ŷj}Kj=1) is feasible for (pip(P)) induced by P. From YPȷ̂
(x̂) = ∩s∈Pȷ̂

Ys(x̂), it holds that ŷȷ̂ ∈ Yŝ(x̂),

since ŝ ∈ Pȷ̂. Hence, ȷ̂ ∈ sip(ŝ; x̂, ŷ1, . . . , ŷK), which contradicts the assumption of sip(ŝ;R) = ∅.

Following Proposition 7, if all first and second stage variables are integer, as soon as we find s ∈ S such
that sip(s;R) = ∅, we are allowed to add a no-good-cut to exclude (xR, {yjR}Kj=1) from the feasible set
of (spip(R)). Note that Proposition 7 can be easily adapted considering any feasible solution of problem
(spip(R)).

5 Computational experiments

In this section, we present the numerical tests we performed to evaluate the effectiveness and efficiency
of our approach. As a first set of experiments we considered linear stochastic programs. In fact, while
we have presented our method for the general case of non-linear two-stage stochastic programs, we show
that for stochastic linear problems the absence of first stage variables allows us to exploit decomposition
techniques and to solve smaller problems at each node. Next, we focus on two-stage stochastic linear
problems. For these sets of linear instances, besides a complete enumeration approach, where we evaluate
all possible partitions of the scenario set, we can compare our partition based method with the perfor-
mance of the MIQP solver of Gurobi on a compact formulation of (2) that will be presented in the next
section.
As a third set of experiments, to assess the ability of the partition based branch-and-bound to deal with
nonlinear two-stage stochastic problems, we address instances that involve quadratic objectives. In this
case, we only compare to the complete enumeration approach since no other methods for this case exist.
For both the linear and quadratic problems, we considered randomly generated instances, that turned
out to be challenging to solve even for a small number of scenarios ℓ.
Note that, in the presence of constraint uncertainty, the K-adaptability problem may not be feasible even
if an optimal solution of the underlying two-stage stochastic problem exists. In Malaguti et al. (2025),
to deal with the possible infeasibility of the K-adaptability problem it is assumed that a dummy policy
with infinitely large cost always exists. Here, instead, for the two-stage stochastic linear instances, we
specifically study the case in which such dummy policy does not exist and therefore we cannot guarantee
the feasibility of the K-adaptability problem for values of K > 1. On this set of instances we tested the
ability of our partition-based method to detect infeasibility, with respect to the MIQP solver of Gurobi.
In Table 1, we report a summary of the tests performed, grouped by instance characteristics. Finally,
in Figure 3, we also compare the performance of our partition-based method and the MIQP solver of
Gurobi for two-stage stochastic linear instances corresponding to larger scenario sets.
We included in PiM all the improvements described in the previous section. In particular, based on
preliminary tuning experiments (not reported here for brevity), we set the time limit at each node to
tmax = 1s. All instances considered next have binary first and second stage variables, therefore we were
able to generate no-good-cuts, which were added as lazy-constraints to the Gurobi model. While, on one
hand they help in finding better valid lower bounds at each node, on the other hand they may significantly
increase the size of the problem. In order to reach a trade off, we decided to only consider a subset of
no-good-cuts at each node.
In all cases, the scenarios are assumed to be equiprobable, in particular ps =

1
ℓ , for each s ∈ S, |S| = ℓ.

The code for our approach is written in Python3 and is available at https://github.com/dfede3/KPiM-
2SS. All experiments were conducted on a computer with the following characteristics: Ubuntu 22.04 OS,
Intel Xeon Processor E5–2430 v2 (6 cores, 2.50 GHz), 32 GB of RAM. For all the linear and quadratic
integer programming problems we used Gurobi version 12.0.1.
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Table 1: Tests Performed According to Instance Characteristics

Table
1st stage Obj. fun. Constr. Linear Quadratic (k-2SSP) feasible
variables uncertainty uncertainty obj. fun. obj. fun. for K = 1

2 ✗ ✓ ✓ ✓ ✗ ✓
3 ✓ ✓ ✓ ✓ ✗ ✓
4 ✓ ✓ ✓ ✓ ✗ ✗
5 ✓ ✓ ✓ ✗ ✓ ✗

5.1 Linear stochastic and two-stage stochastic problems

In this section, we consider instances with f(x) = c⊤x and gs(y) = q⊤s y for some vectors c ∈ Rnx , qs ∈ Rny

for s ∈ {1, . . . , ℓ}. The mixed-integer quadratic (MIQP) formulation of the K-adaptability problem for
linear stochastic programs proposed in Malaguti et al. (2022) can be extended to the case of two-stage
stochastic linear programs. Let us recall that a scenario s is covered by the j-th solution yj ∈ {y1, . . . , yK},
if yj is feasible for scenario s and it is selected among those that are feasible for that scenario (Buchheim
and Pruente 2019, Malaguti et al. 2022).
Then, the following additional binary variables can be defined:

usj =

{
1 if scenario s is covered by solution yj ,

0 otherwise,
s = 1, . . . , ℓ, j = 1, . . . ,K.

The quadratic formulation of the K-adaptability two-stage stochastic linear problem can be written as
follows:

min c⊤x+

ℓ∑
s=1

psq
⊤
s

( K∑
j=1

yjusj

)
(10)

s.t. x ∈ X, (11)

K∑
j=1

usj = 1, s = 1, . . . , ℓ, (12)

usj = 1 ⇒ yj ∈ Ys(x), s = 1, . . . , ℓ, j = 1, . . . ,K, (13)

usj ∈ {0, 1}, s = 1, . . . , ℓ, j = 1, . . . ,K. (14)

Constraints (12) impose that each scenario is covered by exactly one of the second-stage solutions, whose
cost is taken into account in the objective function (10). Constraints (13) guarantee that each scenario
is covered by a solution that is feasible for that scenario. In Malaguti et al. (2022), different ways for
handling this kind of constraints are presented. In our computational experiments we relied on the
so-called indicator constraints of Gurobi.
The only differences with the compact formulation in Malaguti et al. (2022) are that in the objective
function we add the cost of first stage decisions, and in constraint (13) the feasible set Ys(x) also depends
on the value of first stage variables x.

5.1.1 Linear stochastic problems

Our partition based method can be directly applied to solve linear stochastic problems. However, in
the absence of first stage variables, the subpartition induced problem at a node can be decomposed into
independent smaller problems, one for each element of the subpartition and one for each scenario outside
of the subpartition.
Formally, the problem induced by a subpartition R becomes the following:

min

K∑
j=1

∑
s∈Rj

psgs(y
j) +

∑
s̸∈R

psgs(ys)

s.t. yj ∈ YRj
, j = 1, . . . ,K,

ys ∈ Ys, s ̸∈ R,
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and it can be decomposed into independent smaller problems,

min
yj

∑
s∈Rj

psgs(y
j)

s.t. yj ∈ YRj
,

(15)

one for each j ∈ {1, . . . ,K} and

min
ys

psgs(ys)

s.t. ys ∈ Ys,
(16)

one for each s ̸∈ R.
This decomposition is particularly suitable to be combined with our partition based method. Indeed,
problems (16) can be solved once at the root node, to collect their optimal value and optimal solution
that can then be reused at every other node. Regarding problems (15), at each node we only have to
solve the one corresponding to the value of j such that the current node R was obtained from its parent
node by adding a new scenario in Rj . In fact, since all the other elements of R are unchanged with
respect to its parent node, there is no need to reoptimize the corresponding problems (15).

As a test case, we consider stochastic knapsack instances generated as in Malaguti et al. (2022):

• knapsack problem: in each scenario, the profits and weights of the ny items were randomly generated
as independent uniformly distributed values between 0.0 and 1.0. The capacity was set to 0.75W ,
where W is the sum of the weights of the items for that scenario. All values were rounded to three
digits.

We considered ny = 10 items in the knapsack and scenarios sets of size ℓ ∈ {10, 15, 20}, while K ∈
{2, 3, 4, 5}. For every combination of ℓ and K we generated 5 random instances that were executed with
a time limit of 30 minutes each. Table 2 shows the comparison among PiM, the complete enumeration
approach (CE), the MIQP solver of Gurobi applied to the compact formulation (MIQP) and the partition-
based method that we obtain by exploiting the decomposable structure of the stochastic problem, which
we call PiMd. For each combination of ℓ and K, we report t, the average time (in seconds) with respect
to the instances solved to optimality within the time limit of half an hour; TL, the number of instances
(out of 5) for which the algorithm hit the time limit. For PiM and PiMd we also report # nodes, the total
number of nodes explored and # leaves, the total number of leaves visited. Between parenthesis we show
the corresponding percentage with respect to Sℓ,K .

Table 2: Stochastic knapsack problem, ny = 10.

K ℓ
CE PiM PiMd MIQP

t TL t # nodes # leaves TL t # nodes # leaves TL t TL

2 10 7.8 0 3.3 298 24 (4.8%) 0 1.6 353 28 (5.5%) 0 1.6 0

3 10 143.0 0 6.7 683 17 (0.2%) 0 3.2 833 33 (0.4%) 0 1.9 0

4 10 433.1 0 6.5 735 28 (<0.1%) 0 5.0 1305 51 (0.1%) 0 1.6 0

5 10 466.0 0 6.6 741 41 (<0.1%) 0 4.1 1066 96 (0.2%) 0 1.2 0

2 15 565.9 0 83.2 3626 30 (0.2%) 0 50.0 5554 95 (0.6%) 0 29.0 0

3 15 - 5 424.1 23349 39 (<0.1%) 0 252.1 41130 241 (<0.1%) 0 198.7 0

4 15 - 5 729.4 47921 82 (<0.1%) 0 520.3 89506 735 (<0.1%) 0 631.9 2

5 15 - 5 655.4 46635 25 (<0.1%) 0 750.6 141722 722 (<0.1%) 0 1281.4 3

2 20 - 5 1191.4 32180 8 (<0.1%) 3 1258.1 77020 121 (<0.1%) 0 282.9 0

3 20 - 5 - - - 5 - - - 5 543.3 0

4 20 - 5 - - - 5 - - - 5 - 5

5 20 - 5 - - - 5 - - - 5 - 5

Results in Table 2 show that our partition based methods always outperform CE both with respect
to average running time and number of instances solved before hitting the time limit. Overall, the
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computational performance of MIQP and PiM methods is comparable, yet MIQP is generally faster across
most of the configurations considered. Comparing PiM with PiMd, it is evident that the time required to
solve a subpartition induced problem at a node is significantly reduced in the latter: even if many more
nodes are visited, the total running time is generally smaller than what we obtain with PiM. The increase
in number of nodes can be explained by the fact that in PiMd we solve a smaller independent problem at
each node, therefore, we cannot include the no-good-cuts that help PiM obtain tighter lower bounds at
each node.

5.1.2 Linear two-stage stochastic problems

For the first set of computational experiments on linear two-stage stochastic programs we considered the
knapsack problem with setup and the capacitated facility location problem. The respective formulations
are reported in the Appendix.
The instances are generated as follows:

• knapsack problem with setup: in each scenario, the profits and weights of the ny items were randomly
generated as independent uniformly distributed values between 0.0 and 100.0 for profits and between
10.0 and 100.0 for weights. The knapsack capacity for a scenario was set to 0.5 W , where W denotes
the sum of the item weights in that scenario. Items were partitioned into nx classes, and for each
class the setup parameters (profit and weight) were computed as 20% of the average profit and
weight over all scenarios of the items in that class. All values were rounded to three digits;

• capacitated facility location: the fixed opening costs of the nx facilities were randomly generated as
uniformly distributed values between 100.0 and 1000.0, and the capacities between 50.0 and 500.0.
In each scenario, the service costs and demands of each of the ny customers were independently
drawn from uniform distributions between 0.0 and 100.0, and 1.0 and 100.0, respectively. All values
were rounded to the nearest integer.

For both problems we considered nx = 5 first-stage variables and ny = 10 second-stage variables. Con-
cerning the number of scenarios we used ℓ ∈ {10, 15, 20} while K ∈ {2, 3, 4, 5}. For each combination of
parameters K and ℓ we randomly generated 5 instances. Each instance was executed with a time limit
of 30 minutes. The values reported in Table 3 are the same as the ones described for Table 2.

Table 3: Results for the two-stage stochastic knapsack problem with setup and the two-stage stochastic
capacitated facility location for nx = 5 and ny = 10.

K ℓ

Knapsack with setup Capacitated facility location

CE PiM MIQP CE PiM MIQP

t TL t # nodes # leaves TL t TL t TL t # nodes # leaves TL t TL

2 10 18.5 0 8.2 180 8 (1.6%) 0 5.8 0 47.5 0 19.9 343 49 (9.7%) 0 18.8 0

3 10 441.1 0 36.7 618 31 (0.3%) 0 26.9 0 699.2 1 144.4 1917 94 (1.0%) 0 62.4 0

4 10 1355.1 4 55.2 898 50 (0.1%) 0 64.6 0 - 5 323.6 3171 222 (0.7%) 0 162.5 0

5 10 - 5 42.2 661 52 (0.1%) 0 104.3 0 - 5 209.3 2770 280 (0.7%) 0 247.8 0

2 15 783.1 0 43.9 626 2 (<0.1%) 0 25.5 0 1617.7 3 400.8 4795 82 (0.5%) 0 18.0 0

3 15 - 5 527.8 7038 25 (<0.1%) 1 438.1 0 - 5 1263.9 15381 57 (<0.1%) 4 285.2 1

4 15 - 5 847.3 9263 74 (<0.1%) 3 - 5 - 5 - - - 5 1171.6 3

5 15 - 5 1016.9 11223 112 (<0.1%) 3 - 5 - 5 278.2 1521 125 (<0.1%) 4 581.0 3

2 20 - 5 273.5 2900 4 (<0.1%) 0 60.4 0 - 5 1560.1 10230 6 (<0.1%) 4 345.8 0

3 20 - 5 - - - 5 756.8 0 - 5 - - - 5 268.1 4

4 20 - 5 - - - 5 - 5 - 5 - - - 5 - 5

5 20 - 5 - - - 5 - 5 - 5 - - - 5 - 5

Results in Table 3 show that for the two-stage knapsack problem PiM has good performance in most
settings. For a fixed ℓ, the partition based method outperforms MIQP for larger values of K, for which
the size of the tree grows, showing that the bounds obtained at each node are good and a lot of nodes
can be pruned. For the facility location instances the performance of PiM is slightly worse, however we
can still observe a similar trend, with PiM having a better average running time for K = 5.

Observe that for all the previous instances of the stochastic knapsack problem with setup and the stochas-
tic capacitated facility problem there always exists a solution that is feasible for all scenarios, i.e. the
K-adaptability problem with K = 1 is always feasible. Now, we test PiM on two-stage stochastic linear
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Table 4: Two-stage stochastic knapsack problem with setup and capacitated facility location problem.

K ℓ ny

Knapsack with setup Capacitated facility location

PiM MIQP PiM MIQP

to ti # nodes # leaves TL to ti TL to ti # nodes # leaves TL to ti TL

2 10 10 - 3.6 (5) 42 0 0 - 4.9 (5) 0 - 4.6 (5) 23 0 0 - 9.5 (5) 0

3 10 10 38.2 (5) - 468 9 (<0.1%) 0 25.7 (5) - 0 91.7 (1) 16.4 (4) 159 1 (<0.1%) 0 96.5 (1) 86.7 (4) 0

4 10 10 94.1 (5) - 946 18 (<0.1%) 0 94.1 (5) - 0 174.0 (4) 49.3 (1) 771 28 (<0.1%) 0 110.5 (4) 703.6 (1) 0

5 10 10 157.5 (5) - 1433 71 (0.2%) 0 219.1 (5) - 0 239.7 (5) - 1310 195 (0.5%) 0 238.5 (4) - 1

2 15 10 - 5.7 (5) 42 0 0 - 7.2 (5) 0 - 9.2 (5) 25 0 0 - 17.2 (5) 0

3 15 10 - 85.7 (5) 648 0 0 - 59.3 (5) 0 - 81.1 (5) 233 0 0 - 227.5 (5) 0

4 15 10 616.8 (3) - 4804 10 (<0.1%) 2 1257.1 (3) - 2 - 245.6 (4) 916 0 1 1255.3 (1) 649.2 (3) 1

5 15 10 995.1 (1) - 6841 5 (<0.1%) 4 - - 5 134.3 (1) 651.5 (1) 3105 2 (<0.1%) 3 913.9 (1) - 4

2 20 10 - 9.9 (5) 34 0 0 - 5.1 (5) 0 - 8.9 (5) 18 0 0 - 24.3 (5) 0

3 20 10 - 106.7 (5) 472 0 0 - 92.7 (5) 0 - 49.6 (5) 105 0 0 - 101.2 (5) 0

4 20 10 - 944.0 (3) 4915 0 2 - 825.1 (3) 2 - 328.7 (5) 773 0 0 - 608.1 (4) 1

5 20 10 - - - - 5 - - 5 - 667.3 (2) 4272 0 3 - 970.7 (1) 4

2 10 15 35.6 (5) - 251 13 (2.6%) 0 191.0 (5) - 0 236.4 (1) 40.8 (4) 140 13 (2.7%) 0 - 559.1 (4) 1

3 10 15 208.4 (5) - 1024 28 (0.3%) 0 155.1 (5) - 0 1218.2 (3) - 2458 707 (7.6%) 2 - - 5

4 10 15 282.4 (5) - 1432 60 (0.2%) 0 287.9 (5) - 0 1626.5 (1) - 3017 607 (1.8%) 4 1201.8 (1) - 4

5 10 15 260.7 (5) - 1370 81 (0.2%) 0 402.4 (5) - 0 - - - - 5 1354.7 (1) - (0) 4

2 15 15 - 76.3 (5) 322 0 0 - 361.6 (5) 0 - 117.3 (5) 147 0 0 - 493.9 (3) 2

3 15 15 - - - - 5 - - 5 - 1045.7 (1) 3353 0 4 - - 5

4 15 15 - - - - 5 - - 5 - - - - 5 - - 5

5 15 15 - - - - 5 - - 5 - - - - 5 - - 5

2 20 15 - 152.6 (5) 357 0 0 - 941.7 (5) 0 - 180.5 (5) 206 0 0 - 188.8 (4) 1

3 20 15 - - - - 5 - - 5 - 579.5 (1) 1202 0 4 - - 5

4 20 15 - - - - 5 - - 5 - - - - 5 - - 5

5 20 15 - - - - 5 - - 5 - - - - 5 - - 5

instances such that the K-adaptability approach is not necessarily feasible for K = 1. In particular, we
consider the previous instances to which we now add a constraint requiring that a minimum capacity
must also be filled:

• knapsack problem with setup: same as above. A minimum capacity equal to 95% of the total
capacity is also required to be filled for each scenario;

• capacitated facility location: same as above. A minimum capacity equal to the 80% of the total
capacity for that scenario is also considered for each facility.

For this set of instances we do not show the results obtained with CE, since they do not differ much from
the ones obtained in Table 3. In particular, the values in Table 4 are the same as the ones from the
previous tables, except instead of t we have the following two values:

• to, the average time (in seconds) with respect to the instances solved to optimality within the time
limit,

• ti, the average time (in seconds) with respect to the instances that proven to be infeasible within
the time limit.

In the columns corresponding to to and ti we also report between parenthesis the number of instances on
which this average is computed, whenever this number is different from 0.
In Table 4 we observe that for the knapsack instances, PiM is the best approach for K = 2, and often
also for K = 4 and K = 5. When ℓ = 20 and ny = 10, the compact formulation is faster for all values
of K. Observe that for ny = 15 whenever the time limit is not reached, PiM is usually the faster method
for either detecting infeasibility or proving optimality. For ny = 10 this in not always the case.
For the facility location instances the compact formulation has good performances, but PiM always clearly
outperforms it, either by having a smaller computation time or by being able to solve more instances
before hitting the time limit (the only exception being n = 15, ℓ = 10 and K = 4, 5). For this problem
we can see that PiM is by far the best approach to prove infeasibility in terms of average running time.
Finally, let us compare Table 4 with the results in Table 3. Average running times for instances solved to
optimality are comparable for both MIQP and PiM. In the second table, however, we can notice a significant
reduction in the total number of nodes and leaves explored in the subpartition-induced tree by PiM. A
major contributing factor is that, for this second set of instances, the subpartition induced problem at a
node is not always feasible, thus allowing us to prune earlier unpromising parts of the tree.
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(a) ℓ = 25, K = 5.
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(b) ℓ = 50, K = 5.
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(c) ℓ = 100, K = 5.

Figure 3: Comparison of the average gap over time obtained by MIQP and PiM on 5 instances of the
original two-stage stochastic knapsack problem with setup for different sizes of the scenario set.

5.1.3 Large instances of linear stochastic problems

The previous results show that the K-adaptability problem is harder to solve for all algorithms when
the number ℓ of scenarios we are considering increases. Here, we consider additional randomly generated
instances of larger size than those addressed in the previous experiments. In particular, we solve instances
of the original (i.e. without the additional constraints) two-stage stochastic knapsack problem with setup
with parameters nx = 5, ny = 10, K = 5 and ℓ ∈ {25, 50, 100}. For these experiments we tested MIQP

and PiM over 5 instances, with a time limit of one hour per instance, while the time limit at a node for
PiM was increased to 5 seconds. We do not report the results in a table since both algorithms always
reach the time limit for all the instances of the different combinations of parameters considered. Instead,
we show in Figure 3 how the average gaps progress over time. In particular, for each instance we compute

the gap at time t as min
{

ubt−lbt
ubt

, 1
}

where ubt is the best incumbent upper bound at time t and lbt is

the best known lower bound at time t. We compute the gap at each time t when the best incumbent
upper bound is updated.
Observe that for PiM the lower bound lbt is given by the optimal objective function value found by
solving the root node, i.e. lbt = spip(R0) = opt(ℓ) for every t. In order to obtain the exact solution of
the root node, we do not impose the time limit of 5 seconds in that node. However, any lower bound on
the solution of the root node is also a valid lower bound for the K-adaptability problem and could, in
principle, be considered to compute this gap. On the other hand, the value of lbt that we consider for
MIQP is the value of the best bound given by Gurobi at any time t when the best incumbent upper bound
is updated.
From the plots in Figure 3 it is evident that PiM always finds good upper-bounds quickly and is able to
reach small gaps in short time. Note that, for our choice of lower bounds for PiM, whenever K is such that
opt(ℓ) < opt(K), a gap equal to 0 can never be obtained. Furthermore, we can see that the overall gap
grows as we increase the size of the scenario set, as the error we make by approximating the underlying
stochastic program with ℓ scenarios using K-adaptability increases as we augment ℓ while maintaining
the same value of K = 5. MIQP can, in theory, obtain a gap equal to zero, however, for any time t, it finds
worse gaps than PiM. The overall quality of these gaps decreases as ℓ grows, while PiM is not as affected
by the value of ℓ. In particular, for ℓ = 100, MIQP is never able to find upper and lower bounds such that
a meaningful gap lower than 1 can be reached before the time limit of 1 hour.
In conclusion, even if for large instances PiM is not able to prove the optimality of a solution before the
time limit, it still provides us with useful information, like provably good upper bounds, in a reasonable
time, unlike MIQP.

5.2 Quadratic two-stage stochastic problems

For the final computational experiments on quadratic two-stage stochastic programs we considered the
quadratic counterparts of the problems considered in the previous section. As before, the complete
formulations are reported in the Appendix.
The instances are generated as follows:

• quadratic knapsack problem with setup: quadratic cost coefficients were independently drawn from a
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uniform distribution between 0.0 and 100.0. The rest of the values for each scenario were generated
as in the (second) linear knapsack case;

• quadratic capacitated facility location: for each pair of customers served by the same facility an
extra cost equal to 25.0 was added to the objective function in each scenario. The rest of the values
for each scenario were generated as in the (second) linear facility location case.

The values considered for nx, ℓ and K are chosen as for the linear instances, while ny is fixed to 10. Note
that for these instances we no longer make the distinction between to and ti, instead we indicate with t
the average time with respect to the instances addressed within the time limit of half an hour, detecting
either an optimal solution or infeasibility.
As already observed, for the quadratic instances we can only compare the performance of PiM to the
complete enumeration approach CE. Table 5 clearly shows that the partition-based branch-and-bound is
the best approach since it only visits a small percentage of the total number of the nodes and the leaves,
even for bigger values of ℓ and K, allowing this method to solve more instances in a smaller amount of
time.

Table 5: Two-stage stochastic quadratic knapsack problem with setup and quadratic capacitated facility
location problem, nx = 5 and ny = 10.

K ℓ

Quadratic knapsack Quadratic facility location

CE PiM CE PiM

t TL t # nodes # leaves TL t TL t # nodes # leaves TL

2 10 66.2 0 23.6 41 0 0 76.8 0 40.7 48 0 0

3 10 1656.3 0 192.0 465 9 (<0.1%) 0 1109.1 3 210.0 294 0 1

4 10 - 5 846.5 1788 68 (0.2%) 0 - 5 209.0 721 42 (<0.1%) 3

5 10 - 5 1314.8 2528 247 (0.3%) 3 - 5 856.0 2312 630 (0.7%) 3

2 15 - 5 36.3 44 0 0 - 5 192.0 203 0 0

3 15 - 5 602.8 828 0 0 - 5 73.2 141 0 3

4 15 - 5 - - - 5 - 5 517.7 1136 0 3

5 15 - 5 - - - 5 - 5 1654.2 6378 40 (<0.1%) 4

2 20 - 5 75.5 81 0 0 - 5 222.9 240 0 0

3 20 - 5 1265.4 1475 0 2 - 5 143.4 226 0 3

4 20 - 5 - - - 5 - 5 553.6 1516 0 4

5 20 - 5 - - - 5 - 5 - - - 5

6 Conclusions

We study two-stage stochastic programs in which uncertainty is represented by a finite set of scenarios,
and we introduce and analyze the K-adaptability approach for this type of problems. We derive bounds
on the approximation guarantee the K-adaptability approach attains regarding the two-stage stochastic
problem. Furthermore, we derive and discuss conditions under which the original two-stage problem is
equivalent to the K-adaptability. A branch-and-bound method is devised to exactly solve the partition-
based reformulation of the K-adaptability problem. The flexibility offered by addressing the subpartition-
induced problem enables the method to handle a very general class of two-stage stochastic programs, not
necessarily linear and allowing uncertainty to appear both in the objective function and in the constraints.
To the best of our knowledge, this is the first time such a general framework has been presented. The
subpartition-induced problem plays a central role in defining pruning rules and guiding scenario selection
during node generation. This generation process is designed to avoid exploring symmetric partitions as
well as partitions containing empty sets. Numerical experiments demonstrate the strong performance of
the proposed method, which is able to enumerate only a negligible fraction of all possible partitions in
order to identify the optimal one. Furthermore, in the special case of linear instances - such as stochastic
knapsack and facility location - where a mixed-integer quadratic reformulation for the K-adaptability
problem is available, the proposed method proves competitive with the MIQP solver of GUROBI.
As our experiments show solving the K-adaptability problem for small values of K is very challenging.
Hence, future research should be conducted to improve the performance of the method. Fast heuristic
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methods could be designed which provide better primal bounds in the branch and bound procedure.
Furthermore, taking advantage of problem-specific structures would help in speeding up the method in
applications to real life problems with many scenarios. The introduction of decomposition techniques,
like Benders decomposition, in the partition-based method should also be investigated, since in the single-
stage case they greatly improve the overall running time.
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A Proof of Proposition 4

To prove Proposition 4 we need to first state the following additional result.

Proposition 8. Let P = (P1, . . . , PK) be a partition of S of order M ≤ K, K ≤ |S|. Then a partition

P̃ = (P̃1, . . . , P̃K) of S of order K exists such that ∀ j = 1, . . . ,K a unique i ∈ {1, . . . ,M} exists such
that P̃j ⊆ Pi.

Proof. Proof W.l.o.g. we can assume that the elements of P are ordered so that |P1| ≥ |P2| ≥ . . . ≥ |PM |.
Let N = max{k ∈ {1, . . . ,M}||Pk| > 1}. Then, the following equality holds,

N∑
j=1

(|Pj | − 1) =

N∑
j=1

|Pj | −N

=

M∑
j=1

|Pj | −
M∑

j=N+1

|Pj | −N

=

M∑
j=1

|Pj | −
M∑

N+1

1−N

= |S| − (M −N)−N
= |S| −M ≥ K −M,

where the last inequality derives from the assumption |S| > K. Next, we define

u = min
i∈{1,...,N}

{ i∑
j=1

(|Pj | − 1) ≥ K −M

}
.

Let p =

u−1∑
j=1

(|Pj | − 1) and let r = K −M − p, (r ≤ |Pu| − 1). Finally, let

T = {s|s ∈ Pj , j = {1, . . . , u− 1}} ∪ {sPu(1), . . . , sPu(r)}, where with sPu(j) we indicate the jth element
of the set Pu.
Observe that |T | =

∑u−1
j=1 |Pj |+ |{sPu(1), . . . , sPu(r)}| = p+ (u− 1) + r = u− 1 +K −M .

Now, we define

P̃j = Pu+j j = 1, . . . ,M − u,

P̃M−u+1 = Pu \ {sPu(1), . . . , sPu(r)},
P̃M−u+1+j = sT (j), j = 1, . . . , u− 1 +K −M.
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Note that the index M −u+1+ j corresponding to j = u−1+K−M is M −u+1+u−1+K−M = K,
and P̃M−u+1 ̸= ∅ since |Pu| > r, i.e. P̃ = (P̃1, . . . , P̃K) has K non empty elements and by construction
it is a partition of S, i.e. it is a partition of order K and by construction it satisfies the assumption that
for every j ∈ {1, . . . ,K} a unique i ∈ {1, . . . ,M} exists such that P̃j ⊆ Pi.

We are now able to report the proof of Proposition 4:

Proof. Proof Let P be an optimal solution of (3). Let (xP , y
1
P , . . . , y

K
P ) be the optimal solution of pip(P).

Let M be the order of P, i.e. M = |{j ∈ {1, . . . ,K}|Pj ̸= ∅}|. Otherwise, if M = K, then condition 1

holds. IfM < K, then let P̃ be the partition of orderK such that for all j ∈ {1, . . . ,K}, i(j) ∈ {1, . . . ,M}
exists such that

P̃j ⊆ Pi(j), (17)

which always exists according to Proposition 8. Let us prove now that pip(P) = pip(P̃).

Let us set x = xP and yj = y
i(j)
p where for every j ∈ {1, . . . ,K}, i(j) is the index that satisfies (17).

Observe that (x, y1, . . . , jK) is feasible for pip(P̃), and

pip(P̃) ≤ f(x) +
∑K

j=1

∑
s∈P̃j

psgs(y
j
P )

= f(xP ) +
∑K

j=1

∑
s∈P̃j

psgs(y
i(j)
P )

= f(xP ) +
∑M

i=1

∑
s∈Pi

psgs(y
i
P )

= pip(P),

where the second to last equality holds since Pi = {∪P̃j |i(j) = i, j ∈ {1, . . . ,K}} and if i(j1) =

i(j2), j1, j2 ∈ {1, . . . ,K} then y
i(j1)
P = y

i(j2)
P .

Then in must hold that pip(P) = pip(P̃).

B Breaking symmetries: a formal analysis

In the following, we prove that the child generation rule defined in Definition 3 is sufficient to ensure
that all the partitions in the tree are substantially distinct. In particular, for any two distinct nodes
corresponding to subpartitions R1 and R2, it is impossible to obtain R1 by simply applying a permu-
tation to the elements of R2. To prove this result, we will first define an equivalence relation between
subpartitions: we say that two subpartitions R1 and R2 are in relation if a permutation exists such that,
when applied to the elements of R2 yields exactly R1. Then, we will show that, the partition based tree
contains exactly one representative subpartition for each equivalence class induced by this relation.
In order to properly state our results, we need some further notation. Let R1 = (R1

1, . . . , R
1
K) and

R2 = (R2
1, . . . , R

2
K) be two subpartitions of S. We say that R1 is related to R2 and we write R1 ∼ R2, if

there exists a permutation σ : {1, . . . ,K} → {1, . . . ,K} such that R1 = σ(R2) = (R2
σ−1(1), . . . , R

2
σ−1(K)),

that is, we have that for all j ∈ {1, . . . ,K} R1
j = R2

σ−1(j), where σ−1 is the inverse of σ.

Remark 3. The relation ∼ is an equivalence relation. Indeed:

• reflexivity holds: R1 ∼ R1, since R1 = σ(R1), being σ the identity permutation;

• symmetry holds: if R1 ∼ R2, a permutation σ exists such that R1 = σ(R2). Then, R2 ∼ R1 as
R2 = σ−1(R1), being σ−1 the inverse permutation of σ;

• transitivity holds: if R1 ∼ R2 and R2 ∼ R3, permutations σ, τ exist such that R1 = σ(R2) and
R2 = τ(R3). Then, R1 = µ(R3), being µ = σ ◦ τ , so that R1 ∼ R3.

Observe that subpartitions belonging to the same equivalence class yield the same objective function
value in (spip(R)). Therefore, in the subpartition-based tree, only one representative per equivalence
class should be retained, and the generation of all K! permutations of a given subpartition R should be
avoided.
In our setting, where the scenario set S is finite, it can be shown that the child-generation rule in
Definition 3 ensures that exactly one representative is generated for each equivalence class.

Proposition 9. Let R1 and R2 be two nodes of the branch-and-bound tree. If R1 ̸= R2, then R1 ̸∼ R2.
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Proof. Proof From the definition of the subpartition-based tree, the root node is the trivial subpartition
of K empty subsets, while a node at depth d in the tree contains exactly d scenarios, that is, if R =
(R1, . . . , RK) is the subpartition of a node of depth d, a subset T ⊆ S exists such that |T | = d and
T = ∪K

j=1Rj .

Note that, if s ∈ S exists such that s ∈ R1 and s ̸∈ R2, then R1 ̸∼ R2. Hence, nodes at different depths
can never be equivalent.
Let us consider the case where R1 and R2 are two nodes of depth d and such that s ∈ R1 if and only if
s ∈ R2. This means, in particular, that T ⊆ S, with |T | = d exists such that T = ∪K

j=1R
1
j = ∪K

j=1R
2
j .

We want to prove that, under the assumption that R1 ̸= R2, we have R1 ̸∼ R2.

Claim 1. Let A be the unique node generated at depth d = 1 following Definition 3, i.e. ∃ s1 ∈ S, such
that A = ({s1}, ∅, . . . , ∅). Then, for any given node R1 of depth d ≥ 2, it holds A ⊆ R1.

Proof. Proof We prove the claim by induction over the depth d.
If d = 2, from the child generation rule in Definition 3, we have that s2 ∈ S, s2 /∈ A exists such that
R1 = ({s1, s2}, ∅, . . . , ∅) or (if K > 1) R1 = ({s1}, {s2}, ∅, . . . , ∅). In both cases A ⊆ R1.

Let us assume now that for any R̃ of depth d ≥ 2, we have that A ⊆ R̃.
Given any node R1 of depth d+ 1, let R0 be the subpartition of its parent node, then, by construction
R0 is of depth d and such that R0 ⊆ R1. From the induction hypothesis, A ⊆ R0, then it also holds
A ⊆ R1.

Claim 1 states that node A = ({s1}, ∅, . . . , ∅) is a common ancestor for any R1 and R2, R1 ̸= R2, nodes
of depth d > 1. Clearly, R1 and R2 can also have other common ancestors of different depths i, with
1 ≤ i < d. Let R = (R1, . . . , RK) be the common ancestor of R1 and R2 of maximum depth, i.e. a
node such that R ⊆ R1 and R ⊆ R2 and of depth i, 1 ≤ i < d as big as possible. Since i < d ≤ l,
according to Definition 3, s ̸∈ R is chosen such that every subpartition of a child node of R is defined as
Rk = (R1, . . . , Rk ∪ {s}, . . . , RK) for k = 1, . . . ,K ′, where K ′ is defined as in (8). Observe that s ̸∈ R,
but s ∈ R1 and s ∈ R2.

Claim 2. Let j1, j2 ∈ {1, . . . ,K ′} be such that s ∈ R1
j1

and s ∈ R2
j2
. Then j1 ̸= j2.

Proof. Proof By construction, Rj1 ⊆ R1
j1

and Rj1 ⊆ R2
j1
. Let us assume by contradiction that j1 = j2 so

that Rj1 ⊆ R2
j1

= R2
j2
. Hence, node F j1 = (R1, . . . , Rj1 ∪ {s}, . . . , RK) has depth i+ 1 and is such that

F j1 ⊆ R1 and F j1 ⊆ R2, which contradicts the fact that R is the node of maximum depth i such that
R ⊆ R1 and R ⊆ R2.

From Claim 2, scenario s is such that s ∈ R1
j1

and s ∈ R2
j2

with j1 ̸= j2. We shall now show that this

implies that R1 ̸∼ R2.
Let us assume by contradiction that R1 ∼ R2. Then, there exists a permutation σ such that R1 = σ(R2).
We distinguish two cases.

• If σ−1(j1) = j2, then it must hold R1
j1

= R2
σ−1(j1)

= R2
j2
. Recall that R = ∪K

j=1Rj is the common

ancestor of maximum depth of R1 and R2. Without loss of generality we can assume that 1 ≤
j1 < j2 ≤ K ′, so that Rj1 ̸= ∅ by definition of K ′ in (8). Since R is a subpartition we have
Rj1 ̸= Rj2 , since Rj1 ∩ Rj2 = ∅. Then, there exists s∗ ∈ R such that s∗ ∈ Rj1 , s

∗ ̸∈ Rj2 . Hence
s∗ ∈ Rj1 ⊆ R1

j1
= R2

j2
, as well as s∗ ∈ Rj1 ⊆ R2

j1
by construction. In particular, we have that

s∗ ∈ R2
j1
∩R2

j2
= ∅, which is a contradiction since R2 is a subpartition and j1 ̸= j2.

• If σ−1(j1) = j, j ̸= j2, then it must hold R1
j1

= R2
j . However, s ∈ R1

j1
= R2

j and s ∈ R2
j2
, which

implies that s ∈ R2
j ∩R2

j2
= ∅, since R2 is a subpartition and j ̸= j2, which is a contradiction.

In both cases we reached a contradiction, hence we can conclude that R1 ̸∼ R2.

Remark 4. Claim 1 would not hold in case the child generation rule in Definition 3 is not adopted. In
fact, if we generate K child nodes of R by adding a new scenario s ̸∈ R to every element of R then, the
only common ancestor to every couple of nodes in the tree is the empty partition. Proposition 9 does not
hold for the tree in Figure 4.
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Figure 4: Example of the tree obtained by always generating K child nodes, instead of relying on
Definition 3 (ℓ = 2, K = 2).

C Formulation of the problems used in the computational tests

C.1 Two-stage stochastic knapsack problem with setup

The knapsack problem with setup Michel et al. (2009) is a two-stage variant of the knapsack problem
that has pure binary first and second stage variables. In the knapsack problem with setup the set of
items N = {1, . . . , ny} is partitioned into nx classes Rh ⊆ N, h ∈ R = {1, . . . , nx} and the items in
a class can only be inserted into the knapsack only if the corresponding class was activated in the first
stage. Activating a class involves a non-negative cost fh and a non-negative reduction dh of the knapsack
capacity. Here we consider the stochastic version of this problem, in particular the cost qsi of each item
i ∈ N is scenario dependent, as well as its weight wsi and the maximum (cs) and minimum (gs) capacity
of the knapsack. The objective is to choose a set of classes to be activated and a subset of items to
be selected so that the difference between the average profit over all scenarios and the activation costs
is maximized, while the total weight of the items lies in the prescribed interval between maximum and
minimum capacity, computed by taking into account the class setup reductions. In particular, first stage
binary variables xh, h ∈ R, take value 1 if class h is activated, and second stage binary variables ysi are
set equal to one if item i is selected in scenario s. The extensive formulation of the problem is as follows:

max −
∑
h∈R

fhxh +
∑
s∈S

ps

(∑
i∈N

qsiysi

)
s.t.

∑
h∈R

dhxh +
∑
i∈N

wsiysi ≤ cs, s ∈ S,∑
h∈R

dhxh +
∑
i∈N

wsiysi ≥ gs, s ∈ S,

ysi ≤ xh, h ∈ R, i ∈ Rh, s ∈ S,

xh ∈ {0, 1}, h ∈ R,

ysi ∈ {0, 1}, i ∈ N, s ∈ S.

C.2 Two-stage stochastic quadratic knapsack problem with setup

The quadratic knapsack problem with setup Galli et al. (2025), is the generalization of the previous
problem that includes a quadratic objective function. It inherits all parameters and constraints from the
knapsack problem with setup, with the addition of pairwise profits hsij which contribute to the objective
function if both items i and j are inserted into the knapsack in scenario s. Once again, we considered
the stochastic version of the problem and the extensive formulation can be written as follows:
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max −
∑
h∈R

fhxh +
∑
s∈S

ps

(∑
i∈N

qsiysi +
∑
i∈N

∑
j∈N :i<j

hsijysiysj

)
s.t.

∑
h∈R

dhxh +
∑
i∈N

wsiysi ≤ cs, s ∈ S,∑
h∈R

dhxh +
∑
i∈N

wsiysi ≥ gs, s ∈ S,

ysi ≤ xh, h ∈ R, i ∈ Rh, s ∈ S,

xh ∈ {0, 1}, h ∈ R,

ysi ∈ {0, 1}, i ∈ N, s ∈ S.

C.3 Two-stage stochastic capacitated facility location problem

For the capacitated facility location problem we considered the stochastic version of the classical formu-
lation from the OR library http://old.math.nsc.ru/AP/benchmarks/CFLP/cflp-eng.html, with the
addition of a new set of constraints. In particular, for each facility location i ∈ I = {1, . . . , nx}, we have
an opening cost ci, and a maximum and minimum value of the production that must be carried out if
that facility is opened, respectively Vi and vi. For every pair of facility i and client j ∈ J = {1, . . . , ny},
there is a non-negative cost gsij if client j is served by facility i, and a non-negative demand dsij that
client i requires from facility j, in scenario s ∈ S. Binary variables xi take value 1 if facility i is opened,
while second stage binary variable ysij is set to 1 if client j is served by facility i in scenario s. The
extensive formulation of the problem is the following:

min
∑
i∈I

cixi +
∑
s∈S

ps

∑
i∈I

∑
j∈J

gsijysij


s.t.

∑
i∈I

ysij = 1, j ∈ J, s ∈ S,∑
j∈J

dsijysij ≤ Vixi, i ∈ I, s ∈ S,

∑
j∈J

dsijysij ≥ vixi, i ∈ I, s ∈ S,

xi ∈ {0, 1}, ysij ∈ {0, 1}, i ∈ I, j ∈ J, s ∈ S.

C.4 Two-stage stochastic quadratic capacitated facility location problem

The quadratic capacitated facility location problem is a direct generalization of the previous problem.
In fact, it inherits all of its parameters and constraints, and the only addition is represented by pairwise
costs hsi which are included in the objective function if more than one client is served by facility i in
scenario s. The extensive formulation of the problem is as follows:

min
∑
i∈I

cixi +
∑
s∈S

ps

∑
i∈I

∑
j∈J

gsijysij +
∑
i∈I

hsi

∑
j∈J

∑
j′∈J:j<j′

ysijysij′


s.t.

∑
i∈I

ysij = 1, j ∈ J, s ∈ S,∑
j∈J

dsijysij ≤ Vixi, i ∈ I, s ∈ S,

∑
j∈J

dsijysij ≥ vixi, i ∈ I, s ∈ S,

xi ∈ {0, 1}, ysij ∈ {0, 1}, i ∈ I, j ∈ J, s ∈ S.
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