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Abstract

L6 (natural)-convex functions encompass a large class of nonlinear functions over general integer do-
mains and arise in a wide range of real-world applications. We explore the minimization of L6-convex
functions, of multiple L6-convex functions with common variables, and of a mixed-integer extension of
L6-convex functions—functions defined over a mixed-integer domain with properties that resemble L6-
convexity. For each of these families of minimization problems, we propose valid linear inequalities and
provide convex hull descriptions for the corresponding epigraphs. For all classes of proposed inequali-
ties, we discuss their facet conditions, develop exact separation methods, and analyze the complexity
of the separation problem. We discover hidden L6-convexity in well-known mixed-integer structures in
the integer programming literature, namely the (general integer) mixing set and the continuous mixing
set. We show that our findings subsume the existing polyhedral results for these sets and establish
new results for the multi-capacity variant of the continuous mixing set.

Keywords – L6-convex functions; mixed-integer variables; polyhedral study; convex hull; submodularity;
mixing set; continuous mixing set.

1 Introduction

Let N “ t1, . . . , nu be a finite non-empty ground set. Throughout, we use

X :“ tx P Zn : ℓi ď xi ď ui,@ i P Nu

to denote any discrete hyperrectangle, where ℓi, ui P Z Y t˘8u for every i P N . Introduced by Murota [39], a
function f : X Ñ R is called L6-convex if

fpxq ` fpyq ě f

ˆR

x ` y

2

V˙

` f

ˆZ

x ` y

2

^˙

(1)

for every x,y P X , where the rounding operators are component-wise. We provide Figure 1 as a visualization of
(1). Property (1) is referred to as mid-point convexity [38] because of its close analogy to the continuous notion of
convexity. Thus, L6-convexity is considered a discrete counterpart of classical convexity.

L6-convex functions form a broad class of nonlinear functions. Examples of L6-convex functions include and are
not limited to submodular set functions, quadratic functions with diagonally dominant M -matrices, multimodular
functions, and max component functions [39, 41]. Despite the intuitive analogy with convexity, L6-convex functions
are not equivalent to convex functions restricted to integer domains. In fact, non-convex functions over discrete
domains can be L6-convex. For example, as illustrated in Figure 2, fpxq “ 10x2

1 ´ x2
2 is nonconvex over R2 and is

L6-convex over X “ tx P Z2 : 0 ď x ď r2 1sJu [15].

In particular, L6-convexity is closely related to submodularity (see Figure 3). Submodularity is one of the most
important concepts in integer programming and combinatorial optimization. A set function f : 2N Ñ R is
submodular if

fpSq ` fpT q ě fpS Y T q ` fpS X T q (2)
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Figure 1: A visual illustration of (1), where f represents an L6-convex function, the solid dots represent
the function values at arbitrary pairs of elements in the domain, and the hollow dots represent the function
values at the discrete midpoint(s).

Figure 2: A non-convex function fpxq “ 10x21 ´ x22 (left) and an L6-convex function (right) obtained by
restricting f to X “ tx P Z2 : 0 ď x ď r2 1sJu.

for all S, T Ď N . A generalization of submodularity to f : X Ñ R is the lattice submodularity. A function
f : X Ñ R is lattice submodular if

fpxq ` fpyq ě f px _ yq ` f px ^ yq (3)

for all x,y P X . Here, _ and ^ represent the component-wise maximum and minimum between two vectors,
respectively. A more precise definition of lattice submodularity is provided in Section 2. Notice that by replacing
the subset S Ď N by its binary indicator vector, a submodular function is a lattice submodular function with
X “ t0, 1un. To see the connection with L6-convex functions, we give an equivalent definition of L6-convexity. A
function f : X Ñ R is L6-convex if

fpxq ` fpyq ě f ppx ´ α1q _ yq ` f px ^ py ` α1qq (4)

for every x,y P X and every nonnegative α P Z` such that px´α1q_y,x^py`α1q P X [39]. When α “ 0, (4) co-
incides with (3), which shows that lattice submodular functions subsume L6-convex functions. It is straightforward
to see that a submodular function is also an L6-convex function over the discrete unit hypercube. Although much
progress has been made in the optimization of submodular functions, comparable progress in lattice submodular
optimization, particularly efficient exact solution methods, is lacking. Choquet integral is generalized for lattice
submodular functions, and an algorithm that relies on additional binary variables to represent general integer vari-
ables is given for the minimization problem over box constraints [6]. The convex hull description of the epigraph
of lattice submodular functions in the original decision space remains open. Achieving this result for L6-convex
functions, a broad subclass of lattice submodular functions, will provide invaluable insights into this challenge, and
in this paper, we do just that.

L6-convex functions have immense utility in real-world applications, including inventory management [22, 33, 37, 69],
revenue management [10, 11], healthcare [65], computer vision [43], and bike sharing [16]. It is known that L6-
convex minimization over discrete hyperrectangles is polynomially solvable. This complexity result follows from the
fact that minimizing integrally convex lattice submodular functions over discrete hyperrectangles is polynomially
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Figure 3: A Venn diagram displaying the relation between L6-convexity and submodularity.

solvable [15], and integrally convex lattice submodular functions are shown to be exactly the L6-convex functions
[42]. Discrete steepest descent algorithms are developed for L6-convex function minimization [40]. Minimization of
a continuous extension of L6-convex function subject to a linear inequality constraint is shown to be polynomially-
solvable, and an algorithm that relies on binary search for an optimal Lagrangian multiplier is proposed [17].

Nonetheless, arbitrary linearly representable constraints cannot be directly handled by these specialized algorithms.
In contrast to submodular functions, which are naturally extendable to continuous and mixed-integer domains, for
which the associated mixed-integer optimization problems have been examined [2, 3, 64], the mixed-integer exten-
sions of L6-convex functions are unexplored, and the associated optimization problems with mixed-integer decision
variables remain unaddressed. To bridge these gaps, we aim to devise a versatile cutting-plane approach to handle
arbitrary constraints in L6-convex function minimization and to handle both general-integer and continuous deci-
sion variables when minimizing extensions of L6-convex functions. To achieve these goals, the key is to convexify
the underlying mixed-integer sets in these optimization problems, which we accomplish in this work through a
polyhedral approach.

The polyhedral approach has demonstrated its significant efficacy in solving integer programming problems to
achieve global optimality. Submodular function optimization is one such example. The pioneering work by Ed-
monds [14] establishes that a specific class of linear inequalities, known as the extremal polymatroid inequalities,
completely characterizes the convex hull of the epigraph of any submodular function. Furthermore, Wolsey and
Nemhauser [54] introduce the submodular inequalities, which are linear inequalities valid for the hypograph of any
submodular function, and they offer a mixed 0–1 linear program reformulation for the unconstrained maximization
of submodular functions. These polyhedral results have subsequently been extended to accommodate constrained
instances of submodular optimization [1, 48, 59, 60, 63]. The polyhedral approach has further demonstrated suc-
cess in submodular optimization under stochastic settings [26, 47, 55, 56, 57, 58, 66] as well as minimization of
general set functions [4]. In addition, a growing body of research investigates how the polyhedral approach can
be leveraged for optimizing extensions of submodular functions. One natural generalization of submodularity is
k-submodularity (i.e., functions with k ě 2 set arguments that display diminishing returns). Yu and Küçükyavuz
[61, 62] develop efficient exact solution methods for k-submodular minimization and maximization by obtaining
polyhedral descriptions for the associated epigraph and hypograph. We refer the reader to [28] for a review of
generalized submodular optimization. Taken together, these advances motivate exploring the polyhedral approach
for L6-convex optimization, particularly since L6-convex functions extend the class of submodular functions. We
next provide a summary of our contributions to this end.

1.1 Our contributions

This work presents a comprehensive, in-depth study of the convexification of multiple families of mixed-integer sets
associated with L6-convex functions. We describe our main contributions as follows.

(i) We establish useful properties of L6-convex functions and of closely related classes of functions, namely
submodular functions, lattice submodular functions, and continuous submodular functions.

(ii) We formalize the complete linear description for the epigraph convex hull of any L6-convex function f by
proposing a class of valid linear inequalities, which we call the shifted extremal polymatroid inequalities
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(SEPIs). We provide a polynomial-time exact separation algorithm for the SEPIs. We further show that
these inequalities are facet-defining and, with trivial bounds when necessary, are sufficient to describe the
convex hull of the epigraph of f . In particular, we discover the hidden L6-convexity in a well-known mixed-
integer set in the mixed-integer programming (MIP) literature, called the mixing set [20]. We show that the
existing polyhedral results for the mixing set are direct corollaries of our discussion.

(iii) We further consider the joint epigraph of multiple L6-convex functions sharing common variables, as well as
a variant with additional constraints linking the epigraph variables of these L6-convex functions. We provide
their complete convex hull descriptions, respectively. We remark that the intersection of the epigraph convex
hulls of L6-convex functions is exactly the convex hull of the joint epigraph. This appears surprising because
the intersection of the convex hulls of multiple mixed-integer sets is generally not the convex hull of the
intersections of these mixed-integer sets. This scenario is known to hold for submodular set functions with
common binary variables, and our result generalizes it to a much broader class of functions.

(iv) L6-convex functions are functions defined over general integer variables, and so far, there is no notion of
L6-convexity defined for mixed-integer functions. That is, a class of functions that takes both integer and
continuous variables as arguments and possesses properties that resemble L6-convexity. Our work is the first
to examine a structured mixed-integer extension of L6-convexity, and we provide the convex hull description
of the epigraph of this family of mixed-integer functions. Under certain conditions, such a convex hull is fully
described by a class of linear inequalities that we refer to as the mixed-integer SEPIs (MISEPIs). We derive
facet-conditions for MISEPIs and show that the separation problem is solvable in polynomial time. This,
in turn, proves the complexity of unconstrained minimization of any such mixed-integer function. Lastly,
we illustrate our theoretical results using the continuous mixing set [53] and its capacitated variant. More
specifically, we uncover the hidden L6-convexity in the general integer continuous mixing set and the binary
multi-capacity continuous mixing set, both of which are important mixed-integer structures in the MIP
literature. We show that our results subsume the existing polyhedral results for the former. For the latter,
to the best of our knowledge, we are the first to present its convex hull description using the MISEPIs and
establish the complexity of its unconstrained minimization.

1.2 Outline

We organize the rest of this paper as follows. Section 2 provides background information on L6-convexity and
submodularity. After outlining their known properties, we establish additional characteristics of these functions
that are crucial for the later discussions. In Section 3, we examine the epigraph convex hull of any L6-convex
function. We describe the SEPIs, provide a polynomial-time exact separation algorithm, and show that these
inequalities are facet-defining. We then formally argue that the epigraph convex hull of any L6-convex function is
completely described by SEPIs along with trivial bounds. We elaborate on our discovery of the hidden L6-convexity
in the mixing set and show that its known polyhedral description is a direct corollary of our discussion. In Section
4, we explore the joint epigraph of multiple L6-convex functions sharing common variables and its constrained
variant. In Section 5, we analyze a class of mixed-integer extensions of L6-convexity and give the form of the
convex hull description for the epigraph of any such mixed-integer function. We describe the MISEPIs and set
forth the conditions under which they fully describe the convex hull. We show in Section 5.4 that the separation for
MISEPIs is solvable in polynomial time, which proves the complexity of minimizing such mixed-integer functions.
We further provide the facet-conditions for MISEPIs in Section 5.5. Lastly, in Section 5.6, we recover the existing
polyhedral results for the general integer continuous mixing set and establish new results for the binary multi-
capacity continuous mixing set. A closing discussion is included in Section 6.

2 Preliminaries

Recall that X denotes any discrete hyperrectangle. Alternatively, X “
ś

iPN Xi where Xi :“ tx P Z : ℓi ď xi ď uiu

for i P N . We represent its continuous relaxation by

X :“ tx P Rn : ℓ ď x ď uu.

In addition, we define X :“ tx P Zn : ℓi ď xi ď ui ´ 1,@ i P Nu, and we follow the convention that 8 ´ 1 “ 8. We
let

Bp :“ tx P Zn : pi ď xi ď pi ` 1,@ i P Nu
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be the discrete unit hypercube with a shifted origin p P Zn. For example, B0 “ t0, 1un. We follow the convention
that Z` denotes the set of non-negative integers, and Z`` “ Z`zt0u. Let 1 be a vector with all ones of appropriate
dimension. Given any subset S Ď N , 1S is the indicator vector of S. If the subset is a singleton, S “ tiu, we use
1i for ease of notation.

In Section 1, we have introduced submodular set functions (2) and lattice submodular functions (3). We revisit these
functions more rigorously. First, note that set functions are also functions defined over discrete unit hypercubes.
Given any submodular set function g : 2N Ñ R, we can equivalently state g as f : B0 Ñ R, where fpxq “ gpti P

N : xi “ 1uq for any x P B0. Conversely, gpSq “ fp1Sq for any S Ď N . More generally, consider f : D Ď Rn Ñ R
where D is a lattice. Here, by Topkis [52], a lattice refers to a partially ordered set (poset) that contains the join
(_) and the meet (^) of each pair of its elements. A poset is a set on which there is a binary relation ď that
is reflexive, antisymmetric, and transitive. Moreover, the direct product of lattices is a lattice. Following these
definitions, X “

ś

iPN X i Ď Rn, as well as X “
ś

iPN Xi Ď Zn, where component-wise natural ordering is the
binary relation that defines the poset, are examples of lattices. Below, we provide the formal definition of the
extension of submodularity beyond set functions.

Definition 2.1. [52] Consider any function f : D Ď Rn Ñ R, where D is a lattice. This function is submodular
if (3) holds for all x,y P D.

The following is an equivalent definition of submodularity that captures an intuition of diminishing returns.

Definition 2.2. [6] For any D that is a discrete hyperrectangle X or a continuous hyperrectangle X , the function
f : D Ď Rn Ñ R is submodular if

fpx ` a1iq ´ fpxq ě fpx ` a1i ` b1jq ´ fpx ` b1jq (5)

for all x P D, all a, b P R` and all distinct i, j P N such that x ` a1i,x ` b1j ,x ` a1i ` b1j P D.

In the literature, some studies (e.g., [49, 50]) use the term lattice submodular functions to refer to submodular
functions defined over general integer domains. Other studies simply use the term submodular functions regardless
of the integrality of the domains (e.g., [6, 9, 21, 51, 52]). For clarity, throughout the discussions that follow, we
will use submodular functions (and submodularity) to address the submodular set functions. We will use lattice
submodular (lattice submodularity) and continuous submodular (continuous submodularity) to distinguish the sub-
modular functions defined over general integer domains and continuous domains, respectively.

Submodularity is often considered the analog of convexity for functions over discrete unit hypercubes because it is
well-known that submodular set functions are efficiently minimizable [13, 19, 23, 24, 25, 29, 35, 44, 46]. Moreover,
a continuous extension of a set function, called the Lovász extension, is convex exactly when the set function is
submodular [32]. More precisely, let a submodular set function f : B0 Ñ R be given. For any x P B0 “ r0, 1sn, let
δ P SpNq be the permutation such that xδp1q ě xδp2q ě ¨ ¨ ¨ ě xδpnq ě xδpn`1q ” 0. The Lovász extension of f at x
is

fLpxq “

n
ÿ

i“1

«

f

˜

i
ÿ

j“1

1δpjq

¸

´ f

˜

i´1
ÿ

j“1

1δpjq

¸ff

xδpiq. (6)

In fact, the question of whether a function defined over an integral domain has a convex continuous extension has
driven Favati and Tardella [15] to explore the following class of functions.

Definition 2.3. [15] Given any f : X Ď Zn Ñ R, consider its continuous extension f : X Ñ R defined by

fpyq :“ min

$

&

%

ÿ

zPN pyq

λzfpzq :
ÿ

zPN pyq

λzz “ y,
ÿ

zPN pyq

λz “ 1, λz ě 0, @ z P N pyq

,

.

-

,

for any y P X , where N pyq :“ tz P Zn : |yi ´ zi| ă 1,@ i P Nu. If f is convex, then f is an integrally convex
function over X .

Remark 2.4. Suppose that X “ B0 and f is a submodular function. As suggested in [15], f coincides with the
Lovász extension fL : X Ñ R of f , given in (6) [32].
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Moreover, L6-convex functions are discovered to be closely related to integrally convex functions, as explained in
the next theorem.

Theorem 2.5. [18] A function f : X Ñ R is L6-convex if and only if it is integrally convex and lattice submodular.

It follows that an L6-convex function f : B0 Ñ R must be a submodular function (see Figure 3). Moreover, the
so-called L-convex functions form a broader subclass of L6-convex functions than submodular functions.

Definition 2.6. [39] A function f : X Ñ R is L-convex if (3) holds for all x,y P X , and if there exists r P R such
that fpx ` 1q “ fpxq ` r for all x P X with x ` 1 P X .

The next result establishes the relationship between L-convex functions and L6-convex functions.

Lemma 2.7. [39] Any L-convex function f : X Ñ R satisfies (4) for every x,y P X and every α P Z such that
px ´ α1q _ y,x ^ py ` α1q P X .

Recall that an L6-convex function satisfies (4) for all α P Z`, so every L-convex function is L6-convex.

2.1 Examples and property preserving operations

In this section, we provide examples of L6-convex functions, lattice submodular functions, and continuous submodu-
lar functions. We also discuss the transformations of such functions that preserve L6-convexity or lattice/continuous
submodularity. These properties are crucial for the discussions that follow. We note that all the lemmas in this
section are either known or trivially follow from existing results in the literature, so their proofs are omitted or
supplemented in the appendix.

Lemma 2.8. [39] Let g, h : X Ď Zn Ñ R be L6-convex functions.

(1) For α P R``, αg is L6-convex.

(2) For a P Zn and β P Zzt0u, gpa ` βxq is L6-convex in x.

(3) The sum g ` h is also L6-convex.

Lemma 2.9. [39] The maximum-component function g : Zn Ñ R defined by gpxq :“ maxiPNtxiu is L-convex.

Lemma 2.10. [39] Suppose that f : Z Ñ R satisfies fpx ´ 1q ` fpx ` 1q ě 2fpxq. Then f is L6-convex. The
function g : Z2 Ñ R defined by gpxq “ fpx1 ´ x2q is L-convex.

Lemma 2.11. [6] Let F : X Ď Rn Ñ R be a continuous submodular function. For every i P N , suppose hi : Xi Ñ R
is a monotonically decreasing function. Then G : X Ñ R defined by

Gpxq :“ F
`

h1px1q, h2px2q, . . . , hnpxnq
˘

is lattice submodular.

The same result holds when hi is a monotonically increasing mapping of xi for every i P N .

Lemmas 2.9 and 2.10 suggest that the maximum-component functions and the structured bivariate functions are
lattice submodular. The next two lemmas formalize the continuous submodularity of these functions.

Lemma 2.12. The function g : X Ď Rn Ñ R defined by gpxq :“ maxiPNtxiu is continuous submodular.

Lemma 2.13. If f : R Ñ R is convex, then g : R2 Ñ R where gpxq :“ fpx1 ´ x2q is continuous submodular.

The next lemma shows that partial minimization preserves continuous submodularity.

Lemma 2.14. [6] Suppose H :
ś

iPN Xi Ď Rn Ñ R is submodular. Let K “ t1, . . . , ku Ă N for any k P N . The
partial minimization function F :

ś

iPK Xi Ñ R defined by

F px1, . . . , xkq :“ inf
zP

ś

iPNzK Xi

Hpx1, . . . , xk, z1, . . . , zn´kq

is submodular.

In fact, K can be any subset of N . It is assumed that K “ t1, . . . , ku without loss of generality up to re-indexing.
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2.2 New results on L6-convex and submodular functions

In this section, we establish new classes of functions that satisfy submodularity or L6-convexity. These functions
are helpful to our discussion in the later sections.

We first consider the function Fu0,u : X Ď Rn Ñ R for any

pu0,uq P U :“

#

pu0,uq P Rn`1
` : u0 ď

ÿ

iPN

ui

+

,

given by

Fu0,upxq :“ min
jPN

#

u0h
jpxq `

ÿ

iPN

ui maxt0, hipxq ´ hjpxqu

+

, (7)

where hi : X Ñ R for every i P N . We show that any such function is lattice submodular under certain conditions.
Fixing an arbitrary pu0,uq P U , we first discuss the continuous submodularity of a simplified variant of Fu0,u,
namely Gu0,u : X Ď Rn Ñ R,

Gu0,upxq :“ min
jPN

#

u0xj `
ÿ

iPN

ui maxt0, xi ´ xju

+

. (8)

We further define a function H : X ˆ R Ñ R by

Hpx, tq :“ u0t `
ÿ

iPN

ui maxt0, xi ´ tu. (9)

Lemma 2.15. For any pu0,uq P U , the function H defined by (9) is continuous submodular over X ˆ R.

Proof. We first notice that maxt0, ¨u is a univariate convex function. Based on Lemma 2.13, maxt0, xi ´ tu is
continuous submodular for every i P N . The linear function t is trivially continuous submodular. By definition of
U , pu0,uq ě 0, so H is a non-negative combination of continuous submodular functions, which remains continuous
submodular.

Lemma 2.16. For any pu0,uq P U and any x P X ,

Gu0,upxq “ inf
tPR

Hpx, tq.

Proof. We sort and relabel the entries in x such that xp1q ě xp2q ě ¨ ¨ ¨ ě xpnq.
(Case 1) Consider any t ą xp1q. There exists r ą 0 such that t “ xp1q ` r. Then

Hpx, tq “ u0pxp1q ` rq `
ÿ

iPN

ui maxt0, xi ´ pxp1q ` rqu

“ u0pxp1q ` rq `
ÿ

iPN

ui ¨ 0 (xi ď xp1q for all i P N and r ą 0)

ě u0xp1q (because u0 ě 0 and r ą 0)

“ u0xp1q `
ÿ

iPN

ui maxt0, xi ´ xp1qu (xi ď xp1q for all i P N)

“ Hpx, xp1qq.

(Case 2) Consider any t ă xpnq. There exists r ą 0 such that t “ xpnq ´ r. Then

Hpx, tq “ u0pxpnq ´ rq `
ÿ

iPN

ui maxt0, xi ´ pxpnq ´ rqu

“ u0pxpnq ´ rq `
ÿ

iPN

uipxi ´ xpnq ` rq (xi ě xpnq for all i P N and r ą 0)

“ u0xpnq `
ÿ

iPN

uipxi ´ xpnqq ` r

˜

ÿ

iPN

ui ´ u0

¸
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ě u0xpnq `
ÿ

iPN

uipxi ´ xpnqq

˜

r ą 0 and
ÿ

iPN

ui ě u0 by definition of U

¸

“ u0xpnq `
ÿ

iPN

ui maxt0, xi ´ xpnqu
`

xi ě xpnq for all i P N
˘

“ Hpx, xpnqq.

(Case 3) Lastly, consider any xp1q ą t ą xpnq such that t R txiuiPN . There must be an index j P t1, . . . , n´ 1u, such
that xpjq ą t ą xpj`1q. We can then express t as the convex combination λxpjq ` p1 ´ λqxpj`1q with 1 ą λ ą 0. In
this case,

Hpx, tq “ u0t `
ÿ

iPN

ui maxt0, xi ´ tu

“ u0t `

j
ÿ

i“1

upiqpxpiq ´ tq (because xpjq ´ t ą 0 and xpj`1q ´ t ă 0)

“ u0rλxpjq ` p1 ´ λqxpj`1qs `

j
ÿ

i“1

upiqtxpiq ´ rλxpjq ` p1 ´ λqxpj`1qsu

“ λu0xpjq ` p1 ´ λqu0xpj`1q `

j
ÿ

i“1

upiqtλxpiq ` p1 ´ λqxpiq ´ rλxpjq ` p1 ´ λqxpj`1qsu

“ λu0xpjq ` p1 ´ λqu0xpj`1q `

j
ÿ

i“1

upiq

“

λxpiq ´ λxpjq ` p1 ´ λqxpiq ´ p1 ´ λqxpj`1q

‰

“ λu0xpjq ` p1 ´ λqu0xpj`1q `

j
ÿ

i“1

upiqλ
`

xpiq ´ xpjq

˘

`

j
ÿ

i“1

upiqp1 ´ λq
`

xpiq ´ xpj`1q

˘

“ λ

«

u0xpjq `

j
ÿ

i“1

upiq

`

xpiq ´ xpjq

˘

ff

` p1 ´ λq

«

u0xpj`1q `

j
ÿ

i“1

upiq

`

xpiq ´ xpj`1q

˘

ff

“ λ

«

u0xpjq `
ÿ

iPN

maxt0, xi ´ xpjqu

ff

` p1 ´ λq

«

u0xpj`1q `
ÿ

iPN

maxt0, xi ´ xpj`1qu

ff

(because xp1q ě xp2q ě ¨ ¨ ¨ ě xpnq)

“ λHpx, xpjqq ` p1 ´ λqHpx, xpj`1qq.

Thus, Hpx, tq ě mintHpx, xpjqq, Hpx, xpj`1qqu.

So far we have shown that, for all t P RztxiuiPN , there always exists i P N with Hpx, tq ě Hpx, xiq. Therefore,

inf
tPR

Hpx, tq “ min
tPtxiuiPN

Hpx, tq “ min
jPN

#

u0xj `
ÿ

iPN

ui maxt0, xi ´ xju

+

“ Gu0,upxq.

Proposition 2.17. The function Fu0,u given by (7) is lattice submodular for any pu0,uq P U when hi : Xi Ñ R
are monotone for all i P N .

Here, hi can be monotonically increasing or decreasing, as long as the direction is consistent across i P N .

Proof. By Lemma 2.15, H given by (9) is continuous submodular over X ˆ R. According to Lemma 2.14, its
partial minimization inftPR Hpx, tq is a continuous submodular function over x P X . We have shown in Lemma
2.16 that inftPR Hpx, tq for any x P X is equal to Gu0,upxq, so Gu0,u is continuous submodular. Lastly, observe
that Fu0,upxq “ Gu0,uph1px1q, . . . , hnpxnqq where hi is monotone for all i P N . We conclude that Fu0,u is lattice
submodular, following from Lemma 2.11.

Proposition 2.18. Suppose F : X Ď Zn Ñ R satisfies the following conditions.

(i) F is decreasing (i.e., F pxq ě F px1q for all x ď x1 in X ).
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(ii) There exists r P R such that F px ` 1q “ F pxq ` r for all x P X .

(iii) F px ^ yq “ F pxq _ F pyq for all x,y P X .

Then F is L-convex, and the function F c : X Ñ R,

F cpxq :“ F pxq _ c

is L6-convex for any c P R.

Proof. First, we show that F is L-convex. For any x,y P X ,

F px _ yq ` F px ^ yq “ F px _ yq ` rF pxq _ F pyqs (by (iii))
ď rF pxq ^ F pyqs ` rF pxq _ F pyqs

(because F is decreasing, x _ y ě x, and x _ y ě y)
“ F pxq ` F pyq.

Thus, F is lattice submodular. Due to (ii), F is L-convex, and in particular,

r “ F px ` 1q ´ F pxq ď 0.

Next, we prove that F c is L6-convex by showing (4). That is, for any x,y P X , and for any α P Z` with px´α1q_y,
x ^ py ` α1q P X , we will show that

F cpxq ` F cpyq ě F c ppx ´ α1q _ yq ` F c px ^ py ` α1qq .

(Case 1) If F ppx ´ α1q _ yq , F px ^ py ` α1qq ą c, then

F c ppx ´ α1q _ yq ` F c px ^ py ` α1qq “ F ppx ´ α1q _ yq ` F px ^ py ` α1qq

ď F pxq ` F pyq (by L-convexity of F and Theorem 2.7)
ď rF pxq _ cs ` rF pyq _ cs

ď F cpxq ` F cpyq.

(Case 2) If F ppx ´ α1q _ yq , F px ^ py ` α1qq ď c, then

F c ppx ´ α1q _ yq ` F c px ^ py ` α1qq “ c ` c ď rF pxq _ cs ` rF pyq _ cs “ F cpxq ` F cpyq.

(Case 3) If F ppx ´ α1q _ yq ą c and F px ^ py ` α1qq ď c, then

F c ppx ´ α1q _ yq ` F c px ^ py ` α1qq “ F ppx ´ α1q _ yq ` c

ď F pyq ` c (because F is decreasing)
ď rF pyq _ cs ` rF pxq _ cs

ď F cpyq ` F cpxq.

(Case 4) Lastly, if F ppx ´ α1q _ yq ď c and F px ^ py ` α1qq ą c, then

F c ppx ´ α1q _ yq ` F c px ^ py ` α1qq “ c ` F px ^ py ` α1qq

“ c ` rF pxq _ F py ` α1qs (by (iii))
“ c ` tF pxq _ rF pyq ` αrsu (by (ii))
ď pc ^ cq ` rF pxq _ F pyqs (α P Z`, r ď 0)
ď trF pxq _ cs ^ rF pyq _ csu ` trF pxq _ cs _ rF pyq _ csu

“ rF pxq _ cs ` rF pyq _ cs

“ F cpxq ` F cpyq.
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Lemma 2.19. The function F 0 : Zn Ñ R,

F 0pxq :“ max
iPN

tqi ´ xiu _ 0,

where q P Rn, is L6-convex.

Proof. Let F pxq :“ maxiPNtqi ´ xiu. We check conditions (i)–(iii) in Proposition 2.18.

(i) For any x,x1 P Zn with x ď x1, qi ´ xi ě qi ´ x1
i for every i P N . Thus, F pxq “ maxiPNtqi ´ xiu ě

maxiPNtqi ´ x1
iu “ F px1q.

(ii) Note that F px ` 1q “ maxiPNtqi ´ xi ´ 1u “ maxiPNtqi ´ xiu ´ 1 “ F pxq ´ 1 for all x P X .

(iii) For all x,y P Zn,

F px ^ yq “ max
iPN

tqi ´ pxi ^ yiqu

“ max
iPN

tpqi ´ xiq _ pqi ´ yiqu

“ max
iPN

tpqi ´ xiqu _ max
iPN

tpqi ´ yiqu

“ F pxq _ F pyq.

Therefore, it follows from Proposition 2.18 that F 0 is L6-convex.

Proposition 2.20. Given a,b P Rn and a0, b0 P R, the function F : X Ď Zn Ñ R,

F pxq :“ max
␣

aJx ` a0,b
Jx ` b0

(

is lattice submodular if there exist i, j P N and α, β ě 0 such that a ´ b “ α1i ´ β1j.

Proof. For any x,y P X , we will show that F pxq ` F pyq ě F px _ yq ` F px ^ yq by cases. We first make an
observation that is useful in the following discussion. Under the given condition on a,b, there exists at most one
positive entry and at most one negative entry in a´b. All other entries in a´b are zeros. For the given arbitrary
x,y P X , we let

X :“ ti P N : xi ą yiu, Y :“ ti P N : xi ă yiu,

and E “ NzpX Y Y q “ ti P N : xi “ yiu. Suppose X “ H. Then x ď y component-wise. This means that
x _ y “ y and x ^ y “ x. It follows that F pxq ` F pyq “ F px _ yq ` F px ^ yq. The same argument applies
when Y “ H. Thus, it remains to consider the cases where X ‰ H and Y ‰ H. Observe that X X Y “ H, so
there always exists A P tX,Y u such that ai ´ bi ě 0 for all i P A. Similarly, there always exists B P tX,Y u such
that ai ´ bi ď 0 for all i P B. Here, A and B can be identical. Note that A,B ‰ H because X and Y are both
non-empty in this case.
(Case 1) Suppose F px _ yq “ bJpx _ yq ` b0 and F px ^ yq “ aJpx ^ yq ` a0. We obtain

F px _ yq ` F px ^ yq “
ÿ

iPX

bixi `
ÿ

iPY

biyi `
ÿ

iPE

bixi ` b0 `
ÿ

iPX

aiyi `
ÿ

iPY

aixi `
ÿ

iPE

aixi ` a0.

Here, xi, yi for i P E are used interchangeably because xi “ yi for all i P E. We know that there exists A P tX,Y u

such that ai ´ bi ě 0 for all i P A.

• Suppose A “ X. We have
ÿ

iPX

bixi `
ÿ

iPY

biyi `
ÿ

iPE

bixi ` b0 `
ÿ

iPX

aiyi `
ÿ

iPY

aixi `
ÿ

iPE

aixi ` a0

“
ÿ

iPX

bixi `
ÿ

iPN

biyi ´
ÿ

iPX

biyi ´
ÿ

iPE

biyi `
ÿ

iPE

bixi ` b0

`
ÿ

iPX

aiyi `
ÿ

iPN

aixi ´
ÿ

iPX

aixi ´
ÿ

iPE

aixi `
ÿ

iPE

aixi ` a0

“
ÿ

iPX

bipxi ´ yiq ` bJy ` b0 `
ÿ

iPX

aipyi ´ xiq ` aJx ` a0 (by definition, xi “ yi for all i P E)

“ bJy ` b0 ` aJx ` a0 `
ÿ

iPX

pbi ´ aiqpxi ´ yiq

ď bJy ` b0 ` aJx ` a0 (bi ď ai and xi ą yi for i P X)
ď F pyq ` F pxq.
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• Suppose A “ Y . Observe that
ÿ

iPX

bixi `
ÿ

iPY

biyi `
ÿ

iPE

bixi ` b0 `
ÿ

iPX

aiyi `
ÿ

iPY

aixi `
ÿ

iPE

aixi ` a0

“
ÿ

iPN

bixi ´
ÿ

iPY

bixi ´
ÿ

iPE

bixi `
ÿ

iPY

biyi `
ÿ

iPE

bixi ` b0

`
ÿ

iPN

aiyi ´
ÿ

iPY

aiyi ´
ÿ

iPE

aiyi `
ÿ

iPY

aixi `
ÿ

iPE

aixi ` a0

“ bJx ` b0 `
ÿ

iPY

bipyi ´ xiq ` aJy ` a0 ´
ÿ

iPY

aipyi ´ xiq

“ bJx ` b0 ` aJy ` a0 `
ÿ

iPY

pbi ´ aiqpyi ´ xiq

ď bJx ` b0 ` aJy ` a0 (bi ď ai and yi ą xi for i P Y )
ď F pxq ` F pyq.

(Case 2) Suppose F px _ yq “ aJpx _ yq ` a0 and F px ^ yq “ bJpx ^ yq ` b0. In this case,

F px _ yq ` F px ^ yq “
ÿ

iPX

aixi `
ÿ

iPY

aiyi `
ÿ

iPE

aixi ` a0 `
ÿ

iPX

biyi `
ÿ

iPY

bixi `
ÿ

iPE

bixi ` b0.

Recall B P tX,Y u such that ai ´ bi ď 0 for all i P B.

• Suppose B “ X. Then
ÿ

iPX

aixi `
ÿ

iPY

aiyi `
ÿ

iPE

aixi ` a0 `
ÿ

iPX

biyi `
ÿ

iPY

bixi `
ÿ

iPE

bixi ` b0

“
ÿ

iPX

aixi `
ÿ

iPN

aiyi ´
ÿ

iPX

aiyi ´
ÿ

iPE

aiyi `
ÿ

iPE

aixi ` a0

`
ÿ

iPX

biyi `
ÿ

iPN

bixi ´
ÿ

iPX

bixi ´
ÿ

iPE

bixi `
ÿ

iPE

bixi ` b0

“
ÿ

iPN

aiyi `
ÿ

iPX

aipxi ´ yiq ` a0 `
ÿ

iPN

bixi `
ÿ

iPX

bipyi ´ xiq ` b0 (xi “ yi for i P E)

“ aJy ` a0 ` bJx ` b0 `
ÿ

iPX

pai ´ biqpxi ´ yiq

ď aJy ` a0 ` bJx ` b0 (ai ´ bi ď 0 and xi ą yi for all i P X)
ď F pxq ` F pyq.

• Suppose B “ Y . Then
ÿ

iPX

aixi `
ÿ

iPY

aiyi `
ÿ

iPE

aixi ` a0 `
ÿ

iPX

biyi `
ÿ

iPY

bixi `
ÿ

iPE

bixi ` b0

“
ÿ

iPN

aixi ´
ÿ

iPY

aixi ´
ÿ

iPE

aixi `
ÿ

iPY

aiyi `
ÿ

iPE

aixi ` a0

`
ÿ

iPN

biyi ´
ÿ

iPY

biyi ´
ÿ

iPE

biyi `
ÿ

iPY

bixi `
ÿ

iPE

bixi ` b0

“
ÿ

iPN

aixi `
ÿ

iPY

aipyi ´ xiq ` a0 `
ÿ

iPN

biyi ´
ÿ

iPY

bipyi ´ xiq ` b0

“ aJx ` a0 ` bJy ` b0 `
ÿ

iPY

pai ´ biqpyi ´ xiq

ď aJx ` a0 ` bJy ` b0 (ai ´ bi ď 0 and yi ą xi for all i P Y )
ď F pxq ` F pyq.
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(Case 3) Suppose F px _ yq “ cJpx _ yq ` c0 and F px ^ yq “ cJpx ^ yq ` c0 for pc, c0q P tpa, a0q, pb, b0qu. Then

F px _ yq ` F px ^ yq “ cJpx _ yq ` c0 ` cJpx ^ yq ` c0

“ cJpx ` yq ` 2c0

“ cJx ` c0 ` cJy ` c0

ď F pxq ` F pyq.

Hence, F is lattice submodular.

Lemma 2.21. The function F : X Ď Zn Ñ R,

F pxq :“ max
␣

aJx ` a0,b
Jx ` b0

(

is L-convex if there exist i, j P N and α ě 0 such that a ´ b “ αp1i ´ 1jq.

Proof. By Proposition 2.20, F is lattice submodular. Let aJ1 “ r. Then bJ1 “ r ´ αp1 ´ 1q “ r. Thus,

F px ` 1q “ max
␣

aJpx ` 1q ` a0,b
Jpx ` 1q ` b0

(

“ max
␣

aJx ` a0 ` r,bJx ` b0 ` r
(

“ F pxq ` r.

We conclude that F is L-convex.

3 Epigraphs of L6-Convex Functions

In this section, we formalize the epigraph convex hull description for L6-convex functions. Let f : X Ď Zn Ñ R be
any L6-convex function. Recall that X is a hyperrectangle. We denote the epigraph of f over X by

Pf
X :“ tpx, wq P X ˆ R : w ě fpxqu.

We introduce the following class of linear inequalities, referred to as the shifted extremal polymatroid inequalities
(SEPIs). Each SEPI is associated with a point p P X and a permutation δ “ pδp1q, δp2q, . . . , δpnqq P SpNq. Such
an inequality assumes the following form

w ě fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

`

xδpiq ´ pδpiq

˘

. (10)

Recall 1i P t0, 1un is an indicator vector with one in the ith entry and zeros elsewhere.

Remark 3.1. Recall when X “ t0, 1un, f is a submodular set function. In this case, X “ t0u, and the SEPIs
are exactly the extremal polymatroid inequalities (EPIs), which are facet-defining for the epigraph of f [4, 14, 32].
Each EPI is associated with a permutation δ P SpNq and is in the form of

w ě fp0q `

n
ÿ

i“1

«

f

˜

i
ÿ

j“1

1δpjq

¸

´ f

˜

i´1
ÿ

j“1

1δpjq

¸ff

xδpiq.

Proposition 3.2. An SEPI associated with any p P X and any δ P SpNq is valid for Pf
X .

Proof. We show that for an arbitrary x̂ P X ,

fpx̂q ě fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

`

x̂δpiq ´ pδpiq

˘

.

Suppose x̂ P Bp. Because f is a submodular set function over the discrete unit hypercube Bp, SEPI is valid at x̂.
On the other hand, suppose x̂ R Bp. We know that fpx̂q “ fpx̂q because x̂ P Zn. We first construct p1 P Rn with

p1δpiq “ pδpiq `
n ` 1 ´ i

n ` 1
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for all i “ 1, 2, . . . , n. By construction, p1 P Bp and

p1δp1q ´ pδp1q ą p1δp2q ´ pδp2q ą ¨ ¨ ¨ ą p1δpnq ´ pδpnq.

Thus,

fpp1q “ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

´

p1δpiq ´ pδpiq

¯

by Remark 2.4. Next, we construct p2 P Rn such that p2 “ x̂`p1`αqpp1´x̂q. Here, α P R`` satisfies α|p1´x̂|8 ď

1{p2n`2q. Intuitively, p2 lies in a small neighborhood of tx P Rn : p1i ´1{p2n`2q ď xi ď p1i `1{p2n`2q,@ i P Nu.
We observe that p2 P Bp, and p2δp1q

´ pδp1q ě p2δp2q
´ pδp2q ě ¨ ¨ ¨ ě p2δpnq

´ pδpnq. Therefore,

fpp2q “ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

´

p2δpiq ´ pδpiq

¯

.

Given that f is integrally convex, f is convex and

fpp1q “ f

ˆ

α

1 ` α
x̂ `

1

1 ` α
p2

˙

ď
α

1 ` α
fpx̂q `

1

1 ` α
fpp2q.

In other words,

fpx̂q ě
1 ` α

α
fpp1q ´

1

α
fpp2q

“
1 ` α

α

#

fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

´

p1δpiq ´ pδpiq

¯

+

´
1

α

#

fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

´

p2δpiq ´ pδpiq

¯

+

“ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

ˆ

1 ` α

α
pp1δpiq ´ pδpiqq ´

1

α
pp2δpiq ´ pδpiqq

˙

“ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

ˆ

1 ` α

α
p1δpiq ´

1

α
p2δpiq ´ pδpiq

˙

“ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

„

1 ` α

α

ˆ

α

1 ` α
x̂δpiq `

1

1 ` α
p2δpiq

˙

´
1

α
p2δpiq ´ pδpiq

ȷ

“ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

`

x̂δpiq ´ pδpiq

˘

.

This completes the proof for the validity of the SEPIs for Pf
X .

Given any px̂, ŵq P pX ˆRqzPf
X , we propose Algorithm 1 to obtain an SEPI that is violated by this infeasible point.

Algorithm 1: Fractional_Greedy
1: Input px̂, ŵq P X ˆ R;
2: for i “ 1, 2, . . . , n do
3: if x̂i “ ui then
4: pi Ð x̂i ´ 1;
5: else
6: pi Ð tx̂iu;
7: end if
8: end for
9: Sort the entries in r “ x̂ ´ p to obtain a permutation δ such that rδp1q ě rδp2q ě ¨ ¨ ¨ ě rδpnq;

10: Output An SEPI associated with p and δ.
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In fact, Algorithm 1 determines the most violated SEPI at px̂, ŵq as we show in Proposition 3.3.

Proposition 3.3. Algorithm 1 is an exact separation algorithm for SEPIs with time complexity Opn log nq.

Proof. Given any infeasible px̂, ŵq P X ˆR, the separation problem to identify the most violated inequality πJx`

π0 ď w is
maxtπ0 ` x̂Jπ : π0 ` xJπ ď fpxq,@x P X u. (11)

Algorithm 1 returns an SEPI associated with p and δ. Recall for every i P N ,

pi “

#

x̂i ´ 1, if x̂i “ ui,

tx̂iu, otherwise.

Let pπ0,πq P Rn`1 be the constant term and the coefficients of this SEPI. Following from Proposition 3.2, pπ0,πq

is a feasible solution to problem (11). The corresponding objective value is

θprimal “ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

`

x̂δpiq ´ pδpiq

˘

.

By assigning the dual variables νx for all x P X , we obtain the following dual problem of (11).

min

#

ÿ

xPX
νxfpxq :

ÿ

xPX
νxx “ x̂,

ÿ

xPX
νx “ 1, νx ě 0, @x P X

+

. (12)

Recall r “ x̂ ´ p. Next, we construct a dual solution ν by

νx “

$

’

’

’

&

’

’

’

%

1 ´ rδp1q, x “ p,

rδpiq ´ rδpi`1q, x “ p `
ři

j“1 1
δpjq,@ i “ 1, 2, . . . , n ´ 1,

rδpnq, x “ p ` 1,

0, otherwise.

By construction,
ř

xPX νx “ 1. For every k P t1, 2, . . . , nu,

ÿ

xPX
νxxk “ p1 ´ rδp1qqpk `

δ´1
pkq´1
ÿ

i“1

prδpiq ´ rδpi`1qqpk `

n´1
ÿ

i“δ´1pkq

prδpiq ´ rδpi`1qqppk ` 1q

` rδpnqppk ` 1q

“
ÿ

xPX
νxpk `

n´1
ÿ

i“δ´1pkq

prδpiq ´ rδpi`1qq ` rδpnq

“ pk ` rk

“ x̂k.

Therefore, the proposed dual solution is feasible. The corresponding dual objective value is

θdual “ p1 ´ rδp1qqfppq `

n´1
ÿ

i“1

`

rδpiq ´ rδpi`1q

˘

f

˜

p `

i
ÿ

j“1

1δpjq

¸

` rδpnqfpp ` 1q

“ fppq ´ rδp1qfppq `

n´1
ÿ

i“1

rδpiqf

˜

p `

i
ÿ

j“1

1δpjq

¸

´

n
ÿ

i“2

rδpiqf

˜

p `

i´1
ÿ

j“1

1δpjq

¸

` rδpnqfpp ` 1q

“ fppq `

n
ÿ

i“1

rδpiqf

˜

p `

i
ÿ

j“1

1δpjq

¸

´

n
ÿ

i“1

rδpiqf

˜

p `

i´1
ÿ

j“1

1δpjq

¸

“ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

rδpiq

“ fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

`

x̂δpiq ´ pδpiq

˘

.
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Strong duality holds and pπ0,πq is an optimal solution to problem (11). Hence, Algorithm 1 is exact. The
entire algorithm is dominated by the sorting of r P Rn, so the time complexity of this separation algorithm is
Opn log nq.

The following proposition shows that the SEPIs are strong valid inequalities for Pf
X .

Proposition 3.4. When X Ě Bq for any q P Zn, Pf
X is full dimensional, and the SEPI associated with any p P X

and any δ P SpNq is facet-defining for Pf
X .

Proof. For every k “ 0, 1, . . . , n, let pk “ p `
řk

j“1 1
δpjq. Given that p P X , tpkukPt0,1,...,nu Ď X . The points

pp, fppq ` 1q and
`

pk, fppkq
˘

for k “ 0, 1, . . . , n belong to Pf
X and are affinely independent. Thus, Pf

X is full
dimensional. We observe that

fppkq “ fppq `

k
ÿ

i“1

rfppiq ´ fppi´1qs

“ fppq `

k
ÿ

i“1

rfppiq ´ fppi´1qsppδpiq ` 1 ´ pδpiqq `

n
ÿ

i“k`1

rfppiq ´ fppi´1qsppδpiq ´ pδpiqq.

In other words,
`

pk, fppkq
˘

for all k “ 0, 1, . . . , n are on the face defined by the arbitrarily given SEPI and are
affinely independent. We conclude that the SEPI is facet-defining.

In the next theorem, we formalize the complete description of conv
´

Pf
X

¯

.

Theorem 3.5. The convex hull of the epigraph, Pf
X , is fully defined by the trivial inequalities ℓ ď x ď u, and all

the SEPIs associated with any p P X “ tx P Zn : ℓi ď xi ď ui ´1,@ i “ 1, 2, . . . , nu and any permutation δ P SpNq.

Proof. We let C Ď Rn`1 denote the set constructed by the trivial inequalities and the aforementioned SEPIs. By
Proposition 3.2, C Ě conv

´

Pf
X

¯

. Next, we establish the reverse containment. Consider arbitrary py, ηq P C. We

can apply Algorithm 1 to py, ηq because y P X due to the trivial inequalities. Suppose Algorithm 1 returns an
SEPI associated with p P X and δ P SpNq. In what follows, we let λ0 “ 1 ´

´

yδp1q
´ pδp1q

¯

, λi “

´

yδpiq ´ pδpiq

¯

´
´

yδpi`1q
´ pδpi`1q

¯

for i P t1, 2, . . . , n ´ 1u, λn “

´

yδpnq
´ pδpnq

¯

. We notice that

n
ÿ

i“0

λi “ 1 ´

´

yδp1q
´ pδp1q

¯

`

n´1
ÿ

i“1

”´

yδpiq ´ pδpiq

¯

´

´

yδpi`1q
´ pδpi`1q

¯ı

`

´

yδpnq
´ pδpnq

¯

“ 1.

Moreover, by line 9 of Algorithm 1, λi ě 0, for all i P t1, 2, . . . , n ´ 1u. By lines 2–7 of Algorithm 1, we know that
0 ď yδp1q

´ pδp1q
, yδpnq

´ pδpnq
ď 1, so λ0, λn ě 0. The point py, ηq satisfies the SEPI returned by Algorithm 1, due

to the definition of C. Thus

η ě fppq `

n
ÿ

i“1

«

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´ f

˜

p `

i´1
ÿ

j“1

1δpjq

¸ff

´

yδpiq ´ pδpiq

¯

“ fppq `

n
ÿ

i“1

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´

yδpiq ´ pδpiq

¯

´

n
ÿ

i“1

f

˜

p `

i´1
ÿ

j“1

1δpjq

¸

´

yδpiq ´ pδpiq

¯

“ fppq ` f pp ` 1q

´

yδpnq
´ pδpnq

¯

`

n´1
ÿ

i“1

f

˜

p `

i
ÿ

j“1

1δpjq

¸

´

yδpiq ´ pδpiq

¯

´ f ppq

´

yδp1q
´ pδp1q

¯

´

n
ÿ

i“2

f

˜

p `

i´1
ÿ

j“1

1δpjq

¸

´

yδpiq ´ pδpiq

¯

“

”

1 ´

´

yδp1q
´ pδp1q

¯ı

fppq `

n´1
ÿ

i“1

”´

yδpiq ´ pδpiq

¯

´

´

yδpi`1q
´ pδpi`1q

¯ı

f

˜

p `

i
ÿ

j“1

1δpjq

¸

`

´

yδpnq
´ pδpnq

¯

f pp ` 1q .
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“ λ0fppq `

n´1
ÿ

i“1

λif

˜

p `

i
ÿ

j“1

1δpjq

¸

` λnf pp ` 1q .

We further observe that

y “ p `

n
ÿ

i“1

´

yδpiq ´ pδpiq

¯

i
ÿ

j“1

1δpjq

“

”

1 ´

´

yδp1q
´ pδp1q

¯ı

p `

n´1
ÿ

i“1

”´

yδpiq ´ pδpiq

¯

´

´

yδpi`1q
´ pδpi`1q

¯ı

˜

p `

i
ÿ

j“1

1δpjq

¸

`

´

yδpnq
´ pδpnq

¯

pp ` 1q

“ λ0p `

n´1
ÿ

i“1

λi

˜

p `

i
ÿ

j“1

1δpjq

¸

` λn pp ` 1q .

Following from these observations, an arbitrary py, ηq P C can be written as a convex combination of certain
elements in Pf

X with a positive multiple of the ray p0, 1q P Rn, namely

py, ηq “ λ0pp, fppqq ` λnpp ` 1, fpp ` 1qq `

n´1
ÿ

i“1

λi

˜

p `

i
ÿ

j“1

1δpjq, f

˜

p `

i
ÿ

j“1

1δpjq

¸¸

`

˜

η ´ λ0fppq ´

n´1
ÿ

i“1

λif

˜

p `

i
ÿ

j“1

1δpjq

¸

´ λnf pp ` 1q

¸

p0, 1q.

Hence, C Ď conv
´

Pf
X

¯

.

Remark 3.6. When finitely many distinct SEPIs are needed for the description of conv
´

Pf
X

¯

, this convex hull
is polyhedral. This can happen when X is bounded; that is ℓi ą ´8 and ui ă 8 for all i P N . Even when X is
unbounded, conv

´

Pf
X

¯

can still be polyhedral—we will demonstrate this with an example next.

An example of Pf
X — the mixing set

The general integer mixing set is given by

PMIX :“ tpx, wq P Zn ˆ R` : w ` xi ě qi,@ i P Nu, (13)

where the parameters q P r0, 1qn are fixed and sorted such that 1 ą q1 ě ¨ ¨ ¨ ě qn ě 0. This set is an important
substructure that arises in lot-sizing, production planning, chance-constrained programming, and vertex packing.
Pochet and Wolsey [45], as well as Günlük and Pochet [20] establish that the mixing inequalities, in addition to the
trivial bounds, fully describe conv

`

PMIX
˘

. Every mixing inequality is associated with a subset K Ď N and any of
(in case of ties) its corresponding descending order σ P SpKq, such that qσp1q ě ¨ ¨ ¨ ě qσp|K|q. For any K Ď N , the
mixing inequalities assume the following two forms:

w ě

|K|
ÿ

k“1

pqσpkq ´ qσpk`1qqp1 ´ xσpkqq, (14)

and

w ě

|K|
ÿ

k“1

pqσpkq ´ qσpk`1qqp1 ´ xσpkqq ´ p1 ´ qσp1qqxσp|K|q, (15)

where qσp|K|`1q “ 0. In what follows, we recover the polyhedral result for PMIX by exploiting the hidden L6-
convexity.

Remark 3.7. The special case of PMIX with binary variables has been studied extensively as a substructure in
problems ranging from chance-constrained programs to vertex packing [5, 26, 27, 30, 31, 34]. In particular, Kılınç-
Karzan et al. [26] were the first to uncover the hidden submodularity in PMIX for binary x and established the
equivalence between the (binary) mixing inequalities and the EPIs.
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Consider f : Zn Ñ R defined by
fpxq :“ max

iPN
tqi ´ xiu _ 0, (16)

whose epigraph
Pf
Zn “ tpx, wq P Zn ˆ R : w ě fpxqu

is exactly PMIX.

Lemma 3.8. The function f given by (16) is L6-convex.

Proof. This lemma follows directly from Lemma 2.19.

By Theorem 3.5, the SEPIs for Pf
Zn associated with all p P Zn and all δ P SpNq describe conv

`

PMIX
˘

. We thus
obtain the next corollary.

Corollary 3.9. The mixing inequalities are exactly the SEPIs.

In the next two propositions, we establish the correspondence between the mixing inequalities and the SEPIs.

Proposition 3.10. The mixing inequality of form (14) with respect to K Ď N is identical to the SEPI associated
with p P Zn, where

pi “

#

0, i P K,

1, otherwise,

and the natural ordering δ “ p1, . . . , nq.

Proof. Given that δ is the natural ordering, we drop it from the indices. For any i P N and k P N Y t0u,
˜

p `

k
ÿ

j“1

1k

¸

i

“

$

’

&

’

%

0, if i P K X tk ` 1, . . . , nu,

2, if i P t1, . . . , kuzK,

1, otherwise.

Thus, for every k P N Y t0u,

f

˜

p `

k
ÿ

j“1

1j

¸

“

#

qmintjPKXtk`1,...,nuuu, if K X tk ` 1, . . . , nu ‰ H,

0, otherwise.

Notice further that all i P NzK are never the maximizer of f
´

p `
řk

j“1 1
j
¯

for any k P N Y t0u, so all the terms
in the SEPI involving xi, i P NzK, are

«

f

˜

p `

i
ÿ

j“1

1j

¸

´ f

˜

p `

i´1
ÿ

j“1

1j

¸ff

pxi ´ 1q “ 0pxi ´ 1q “ 0.

Therefore, the SEPI for f associated with p and δ is identical to the SEPI for

f 1pxq :“ max
iPK

tqi ´ xiu _ 0

associated with p1 “ 0 and σ P SpKq such that qσp1q ě ¨ ¨ ¨ ě qσp|K|q. This SEPI is

w ě f 1 p0q `

|K|
ÿ

i“1

«

f 1

˜

i
ÿ

j“1

1σpjq

¸

´ f 1

˜

i´1
ÿ

j“1

1σpjq

¸ff

xσpiq

“ max
ℓPK

tqℓu `

|K|
ÿ

i“1

„

0 _ max
jPti`1,...,|K|u

tqσpjqu ´ 0 _ max
jPti,...,|K|u

tqσpjqu

ȷ

xσpiq

“ qσp1q `

|K|
ÿ

i“1

pqσpi`1q ´ qσpiqqxσpiq

“

|K|
ÿ

i“1

pqσpiq ´ qσpi`1qq `

|K|
ÿ

i“1

pqσpiq ´ qσpi`1qqp´xσpiqq

“

|K|
ÿ

i“1

pqσpiq ´ qσpi`1qqp1 ´ xσpiqq.

This is exactly (14).

17



Proposition 3.11. The mixing inequality of form (15) with respect to K Ď N is identical to the SEPI associated
with p P Zn, where

pi “

#

´1, i P K,

1, otherwise,

and the natural ordering δ “ p1, . . . , nq.

Proof. With the same argument for Proposition 3.10, the SEPI for f associated with p and δ is identical to the
SEPI for

f 1pxq :“ max
iPK

tqi ´ xiu _ 0

associated with p1 “ ´1 and σ P SpKq such that qσp1q ě ¨ ¨ ¨ ě qσp|K|q. This SEPI is

w ě f 1
`

p1
˘

`

|K|
ÿ

i“1

«

f 1

˜

p1 `

i
ÿ

j“1

1σpjq

¸

´ f

˜

p1 `

i´1
ÿ

j“1

1σpjq

¸ff

pxσpiq ` 1q

“ max
ℓPK

t1 ` qℓu

`

|K|´1
ÿ

i“1

„

max
jPt1,...,iu

tqσpjqu _ max
jPti`1,...,|K|u

t1 ` qσpjqu ´ max
jPt1,...,i´1u

tqσpjqu _ max
jPti,...,|K|u

t1 ` qσpjqu

ȷ

pxσpiq ` 1q

`

„

max
ℓPK

tqℓu ´ max
jPt1,...,|K|u

tqσpjqu _ t1 ` qσp|K|qu

ȷ

pxσp|K|q ` 1q

“ 1 ` qσp1q `

|K|´1
ÿ

i“1

rp1 ` qσpi`1qq ´ p1 ` qσpiqqspxσpiq ` 1q ` rqσp1q ´ p1 ` qσp|K|qqspxσp|K|q ` 1q

“ 1 ` qσp1q `

|K|´1
ÿ

i“1

pqσpi`1q ´ qσpiqqpxσpiq ` 1q ` p0 ´ qσp|K|qqpxσp|K|q ` 1q ` pqσp1q ´ 1qpxσp|K|q ` 1q

“

|K|
ÿ

i“1

pqσpi`1q ´ qσpiqqpxσpiq ` 1q ` pqσp1q ´ 1qxσp|K|q ` 2qσp1q

“

|K|
ÿ

i“1

pqσpi`1q ´ qσpiqqpxσpiq ´ 1q ` 2

|K|
ÿ

i“1

pqσpi`1q ´ qσpiqq ` pqσp1q ´ 1qxσp|K|q ` 2qσp1q

“

|K|
ÿ

i“1

pqσpi`1q ´ qσpiqqpxσpiq ´ 1q ´ 2qσp1q ` pqσp1q ´ 1qxσp|K|q ` 2qσp1q

“

|K|
ÿ

i“1

pqσpiq ´ qσpi`1qqp1 ´ xσpiqq ´ p1 ´ qσp1qqxσp|K|q.

This is exactly (15).

We include the following example to illustrate the correspondence between mixing inequalities and the SEPIs.

Example 3.12. Consider the instance of fpxq “ maxt0,maxt0.8 ´ x1, 0.5 ´ x2, 0.2 ´ x3uu. Let K “ t1, 2u. The
corresponding mixing inequalities (14) and (15) are

w ě 0.3p1 ´ x1q ` 0.5p1 ´ x2q “ 0.8 ´ 0.3x1 ´ 0.5x2,

and
w ě 0.3p1 ´ x1q ` 0.5p1 ´ x2q ´ p1 ´ 0.8qx2 “ 0.8 ´ 0.3x1 ´ 0.7x2,

respectively. Let p1 “ p0, 0, 1q, p2 “ p´1,´1, 1q, and δ “ p1, 2, 3q. The SEPI associated with p1 and δ for Pf
Zn is

w ě fp0, 0, 1q ` rfp1, 0, 1q ´ fp0, 0, 1qsx1

rfp1, 1, 1q ´ fp1, 0, 1qsx2

rfp1, 1, 2q ´ fp1, 1, 1qspx3 ´ 1q

“ 0.8 ` p0.5 ´ 0.8qx1 ` p0 ´ 0.5qx2 ` p0 ´ 0qpx3 ´ 1q

“ 0.8 ´ 0.3x1 ´ 0.5x2,
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which is identical to the first mixing inequality. The SEPI associated with p2 and δ is

w ě fp´1,´1, 1q ` rfp0,´1, 1q ´ fp´1,´1, 1qspx1 ` 1q

` rfp0, 0, 1q ´ fp0,´1, 1qspx2 ` 1q

` rfp0, 0, 2q ´ fp0, 0, 1qspx3 ´ 1q

“ 1.8 ` p1.5 ´ 1.8qpx1 ` 1q ` p0.8 ´ 1.5qpx2 ` 1q ` p0.8 ´ 0.8qpx3 ´ 1q

“ 0.8 ´ 0.3x1 ´ 0.7x2.

This SEPI coincides with the second mixing inequality.

There are finitely many mixing inequalities, so conv
`

PMIX
˘

is polyhedral. On the other hand, Proposition 3.4
shows that all SEPIs are facet-defining for conv

`

PMIX
˘

, and there appear to be infinitely many SEPIs due to the
unboundedness of Zn. This seems to be a contradiction. We highlight that, in fact, only finitely many SEPIs are
distinct in this case. This is one class of f where conv

´

Pf
X

¯

is polyhedral despite the fact that X is unbounded as
alluded to in Remark 3.6. We provide an example to illustrate this observation.

Example 3.13. Consider again fpxq “ maxt0,maxt0.8 ´ x1, 0.5 ´ x2, 0.2 ´ x3uu. Recall that the SEPI associated
with p2 “ p´1,´1, 1q and δ “ p1, 2, 3q is w ě 0.8 ´ 0.3x1 ´ 0.7x2. Let p3 “ p´2,´3,´1q and δ1

“ p3, 2, 1q, the
associated SEPI is

w ě fp´2,´3,´1q ` rfp´2,´3, 0q ´ fp´2,´3, 1qspx3 ` 1q

` rfp´2,´2, 0q ´ fp´2,´3, 0qspx2 ` 3q

` rfp´1,´2, 0q ´ fp´2,´2, 0qspx1 ` 2q

“ 3.5 ` p3.5 ´ 3.5qpx3 ` 1q ` p2.8 ´ 3.5qpx2 ` 3q ` p2.5 ´ 2.8qpx1 ` 2q

“ 0.8 ´ 0.3x1 ´ 0.7x2.

Even though p2 ‰ p3 and δ ‰ δ1, the corresponding SEPIs are identical.

We next formally show that only finitely many SEPIs are distinct by relating an arbitrary SEPI to a mixing
inequality. Let any p P Zn and δ P SpNq be given. We construct K Ď N using Algorithm 2. Throughout, we use
the notation δ´1piq, i P N , to denote the ordering of i in δ. In other words, δ´1piq “ j means that δpjq “ i.

Algorithm 2: Build_K
1: Input p P Zn, δ P SpNq ;
2: pmin Ð miniPNtpiu;
3: if pmin ě 1 then
4: K Ð H;
5: else
6: Npmin

Ð ti P N : pi “ pminu, k1 Ð minNpmin
, K Ð tk1u, κ Ð 1;

7: while ti P Npmin
: δ´1piq ą δ´1pkκqu ‰ H do

8: kκ`1 Ð minti P Npmin : δ´1piq ą δ´1pKκqu, K Ð K Y tkκ`1u, κ Ð κ ` 1;
9: end while

10: kL Ð kκ´1;
11: if pmin ď ´1 then
12: Npmin`1 Ð ti P N : pi “ pmin ` 1u, κ1 Ð 0;
13: if ti P Npmin`1 : δ´1piq ą δ´1pkLq, i ă k1u ‰ H then
14: k1

1 Ð minti P Npmin`1 : δ´1piq ą δ´1pkLq, i ă k1u, K Ð tk1
1u, κ1 Ð 1;

15: while ti P Npmin`1 : δ´1piq ą δ´1pk1
κ1 q, i ă k1u ‰ H do

16: k1
κ1`1 Ð minti P Npmin`1 : δ´1piq ą δ´1pk1

κ1 q, i ă k1u, K Ð K Y tk1
κ1`1u, κ1 Ð κ1 ` 1;

17: end while
18: k1

L1 Ð k1
κ1´1;

19: end if
20: end if
21: end if
22: Output K Ď N . When K ‰ H, return the mixing inequality (14) if pmin “ 0, (15) if pmin ď ´1.
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For ease of notation, we let pk “ p`
řk

j“1 1
δpjq for k P N Y t0u. Intuitively, the set K constructed by Algorithm 2

is the set of maximizers of tfppkqunk“0. In lines 3–4, pk ě 1 and fppkq “ 0 for all k P N Y t0u. The corresponding
SEPI is w ě 0, which maps to the trivial mixing inequality with K “ H. Line 6 of Algorithm 2 identifies the
maximizer k1 of fppq “ qk1

´ pk1
. Here, pk1

“ pmin ď 0, and qk1
is the largest among all entries i P N with

pi “ pmin. In fact, fppkq “ qk1
´ pk1

for all k “ 0, . . . , δ´1pk1q ´ 1. Lines 7–9 iteratively determine the maximizers
kκ of fppkq, for k “ δ´1pk1q, . . . , δ´1pkLq ´ 1, where pkκ

“ pmin. At k “ δ´1pkLq, the minimum value in pk

becomes pmin ` 1. If pmin “ 0, then fppkq “ 0 for all k “ δ´1pkLq, . . . , n. If pmin ď ´1 and Npmin`1 “ H, then
fppkq “ qk1 ´ pk1 ´ 1 for all k “ δ´1pkLq, . . . , n. Otherwise, there could exist i P N such that pi “ pmin ` 1, that
comes after kL according to δ (i.e., δ´1piq ą δ´1pkLq), and that qi ą qk1 (i.e., i ă k1). Lines 13–17 iteratively
search for such maximizers of fppkq, where k “ δ´1pkLq, . . . , n. We demonstrate how Algorithm 2 works in the
next example.

Example 3.14. Consider an instance of f , where q “ p0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1q. Suppose p “

p1, 1, 0, 0, 1,´1, 0, 0,´1q and δ “ p1, 7, 6, 2, 9, 3, 8, 5, 4q. Here, pmin “ ´1, and N´1 “ t6, 9u. Thus, k1 “ 6.
The set ti P N´1 : δ´1piq ą δ´1pk1qu “ t9u because δ´1p9q “ 5 ą 3 “ δ´1p6q. We obtain kL “ k2 “ 9. Note
that N0 “ t3, 4, 7, 8u. Given that δ´1pkLq “ 5 and k1 “ 6, k1

1 “ mint3, 4u “ 3, and k1
2 “ k1

L1 “ 4. Therefore,
K “ t3, 4, 6, 9u.

We list the maximizers of fppkq, k “ 0, . . . , n, as follows.

p0 “ p1, 1, 0, 0, 1,´1, 0, 0,´1q, fpp0q “ 1.4 “ q6 ´ p6,

p1 “ p2, 1, 0, 0, 1,´1, 0, 0,´1q, fpp1q “ 1.4 “ q6 ´ p16 “ q6 ´ p6,

p2 “ p2, 1, 0, 0, 1,´1, 1, 0,´1q, fpp2q “ 1.4 “ q6 ´ p26 “ q6 ´ p6,

p3 “ p2, 1, 0, 0, 1, 0, 1, 0,´1q, fpp3q “ 1.1 “ q9 ´ p39 “ q9 ´ p9, δp3q “ 6,

p4 “ p2, 2, 0, 0, 1, 0, 1, 0,´1q, fpp4q “ 1.1 “ q9 ´ p49 “ q9 ´ p9,

p5 “ p2, 2, 0, 0, 1, 0, 1, 0, 0q, fpp5q “ 0.7 “ q3 ´ p53 “ q3 ´ p3, δp5q “ 9,

p6 “ p2, 2, 1, 0, 1, 0, 1, 0, 0q, fpp6q “ 0.6 “ q4 ´ p64 “ q4 ´ p4, δp6q “ 3,

p7 “ p2, 2, 1, 0, 1, 0, 1, 1, 0q, fpp7q “ 0.6 “ q4 ´ p74 “ q4 ´ p4,

p8 “ p2, 2, 1, 0, 2, 0, 1, 1, 0q, fpp8q “ 0.6 “ q4 ´ p84 “ q4 ´ p4,

p9 “ p2, 2, 1, 1, 2, 0, 1, 1, 0q, fpp9q “ 0.4 “ q6 ´ p96 “ q6 ´ pp6 ` 1q, δp9q “ 4.

The maximizers are exactly K “ t3, 4, 6, 9u. The resulting SEPI is

w ě 1.4 ` p1.1 ´ 1.4qpx6 ` 1q ` p0.7 ´ 1.1qpx9 ` 1q ` p0.6 ´ 0.7qx3 ` p0.4 ´ 0.6qx4

“ 0.7 ´ 0.1x3 ´ 0.2x4 ´ 0.3x6 ´ 0.4x9.

The mixing inequality of form (15) is also

w ě 0.1p1 ´ x3q ` 0.2p1 ´ x4q ` 0.3p1 ´ x6q ` 0.1p1 ´ x9q ´ 0.3x9

“ 0.7 ´ 0.1x3 ´ 0.2x4 ´ 0.3x6 ´ 0.4x9.

Proposition 3.15. For any p P Zn and δ P SpNq, let K be the output of Algorithm 2. The SEPI associated with
p and δ is

• w ě 0, the mixing inequality with respect to K “ H, if pmin ě 1;

• (14) with respect to K, if pmin “ 0;

• (15) with respect to K, otherwise.

Proof. The first case is trivial. We prove the second and the third cases. Suppose pmin “ 0. We index the elements
in K by σpKq such that qσp1q ě ¨ ¨ ¨ ě qσp|K|q. It must be that fppkq “ qσp1q for k “ 0, . . . , δ´1pσp1qq ´1. Similarly,
fppkq “ qσpjq for k “ δ´1pσpj´1qq, . . . , δ´1pσpjqq´1. Lastly, fppkq “ 0 for k “ δ´1pσp|K|qq, . . . , n because pk ě 1
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for all such k. Recall that qσp|K|`1q “ 0. Therefore, the SEPI is

w ě qσp1q `

|K|
ÿ

j“1

pqσpj`1q ´ qσpjqqxσpjq

“

|K|
ÿ

j“1

pqσpjq ´ qσpj`1qq `

|K|
ÿ

j“1

pqσpjq ´ qσpj`1qqp´xσpjqq

“

|K|
ÿ

j“1

pqσpjq ´ qσpj`1qqp1 ´ xσpjqq,

which matches (14) with respect to K.

Suppose pmin ď 1. Recall that K “ tk1, . . . , kLu Y tk1
1, . . . , k

1
L1 u, consistent with the notation in Algorithm 2.

Notice that k1
1 ą ¨ ¨ ¨ ą k1

L1 ą k1 ą ¨ ¨ ¨ ą kL, and

qk1
1

ě ¨ ¨ ¨ ě qk1
L1

ě qk1
ě ¨ ¨ ¨ ě qkL

by construction. We will denote qkL`1
“ 0. We observe that fppkq “ qk1

´pmin for k “ 0, . . . , δ´1pk1q´1. Similarly,
fppkq “ qkκ

´ pmin for k “ δ´1pkκ´1q, . . . , δ´1pkκq ´ 1, where κ P t2, . . . , Lu. If L1 “ 0, then fppkq “ qk1
´ pmin ´ 1

for all k “ δ´1pkLq, . . . , n. The SEPI is

w ě qk1
´ pmin `

L´1
ÿ

κ“1

rpqkκ`1
´ pminq ´ pqkκ

´ pminqspxkκ
´ pminq ` rpqk1

´ pmin ´ 1q ´ pqkL
´ pminqspxkL

´ pminq

“ qk1 ´ pmin `

L´1
ÿ

κ“1

pqkκ`1 ´ qkκqpxkκ ´ pminq ` pqk1 ´ 1 ´ qkL
qpxkL

´ pminq

“ qk1
´ pmin `

L
ÿ

κ“1

pqkκ`1
´ qkκ

qpxkκ
´ pminq ` pqk1

´ 1qpxkL
´ pminq

“ qk1
´ pmin `

L
ÿ

κ“1

pqkκ
´ qkκ`1

qppmin ´ 1 ` 1 ´ xkκ
q ` pqk1

´ 1qxkL
´ pqk1

´ 1qpmin

“ qk1 ´ pmin ` qk1ppmin ´ 1q `

L
ÿ

κ“1

pqkκ ´ qkκ`1qp1 ´ xkκq ` pqk1 ´ 1qxkL
´ pqk1 ´ 1qpmin

“ ´pmin ` qk1
pmin `

L
ÿ

κ“1

pqkκ
´ qkκ`1

qp1 ´ xkκ
q ` pqk1

´ 1qxkL
´ qk1

pmin ` pmin

“

L
ÿ

κ“1

pqkκ
´ qkκ`1

qp1 ´ xkκ
q ´ p1 ´ qk1

qxkL
,

which matches (15) with respect to K “ tk1, . . . , kLu.

On the other hand, suppose L1 ě 1. Our discussion about the values of fppkq for k “ 0, . . . , δ´1pkLq ´ 1 still
holds. For k “ δ´1pkLq, . . . , δ´1pk1

1q ´ 1, fppkq “ qk1
1

´ pmin ´ 1. Similarly, fppkq “ qk1
κ1

´ pmin ´ 1 for k “

δ´1pk1
κ1´1q, . . . , δ´1pk1

κ1 q´1 where κ1 P t2, . . . , L1u. Lastly, fppkq “ qk1
´pmin ´1 for all k “ δ´1pk1

L1 q, . . . , n. Recall
that qkL`1

“ 0. We construct the SEPI as follows.

w ě qk1 ´ pmin `

L´1
ÿ

κ“1

rpqkκ`1 ´ pminq ´ pqkκ ´ pminqspxkκ ´ pminq

` rpqk1
1

´ pmin ´ 1q ´ pqkL
´ pminqspxkL

´ pminq

`

L1
´1
ÿ

κ1“1

rpqk1
κ1`1

´ pmin ´ 1q ´ pqk1
κ1

´ pmin ´ 1qspxk1
κ1

´ pmin ´ 1q
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` rpqk1
´ pmin ´ 1q ´ pqk1

L1
´ pmin ´ 1qspxk1

L1
´ pmin ´ 1q

“ qk1 ´ pmin `

L´1
ÿ

κ“1

pqkκ`1 ´ qkκqpxkκ ´ pminq

`

L1
´1
ÿ

κ1“1

pqk1
κ1`1

´ qk1
κ1

qpxk1
κ1

´ pmin ´ 1q

` pqk1 ´ qk1
L1

qpxk1
L1

´ pmin ´ 1q

` pqk1
1

´ 1qpxkL
´ pminq ` pqkL`1

´ qkL
qpxkL

´ pminq

“ qk1
´ pmin `

L
ÿ

κ“1

pqkκ`1
´ qkκ

qpxkκ
´ pminq

`

L1
´1
ÿ

κ1“1

pqk1
κ1`1

´ qk1
κ1

qpxk1
κ1

´ pminq ` pqk1
´ qk1

L1
qpxk1

L1
´ pminq

`

L1
´1
ÿ

κ1“1

pqk1
κ1

´ qk1
κ1`1

q ` pqk1
L1

´ qk1
q ` pqk1

1
´ 1qpxkL

´ pminq

“ qk1
´ pmin `

L
ÿ

κ“1

pqkκ
´ qkκ`1

qppmin ´ 1 ` 1 ´ xkκ
q

`

L1
´1
ÿ

κ1“1

pqk1
κ1

´ qk1
κ1`1

qppmin ´ 1 ` 1 ´ xk1
κ1

q ` pqk1
L1

´ qk1
qppmin ´ 1 ` 1 ´ xk1

L1
q

` pqk1
1

´ qk1
q ` pqk1

1
´ 1qxkL

´ pqk1
1

´ 1qpmin

“ qk1
´ pmin `

L
ÿ

κ“1

pqkκ
´ qkκ`1

qp1 ´ xkκ
q `

L1
´1
ÿ

κ1“1

pqk1
κ1

´ qk1
κ1`1

qp1 ´ xk1
κ1

q ` pqk1
L1

´ qk1
qp1 ´ xk1

L1
q

pqk1
` qk1

1
´ qk1

L1
` qk1

L1
´ qk1

qppmin ´ 1q ` pqk1
1

´ qk1
q ` pqk1

1
´ 1qxkL

´ pqk1
1

´ 1qpmin

“

L
ÿ

κ“1

pqkκ ´ qkκ`1qp1 ´ xkκq `

L1
´1
ÿ

κ1“1

pqk1
κ1

´ qk1
κ1`1

qp1 ´ xk1
κ1

q ` pqk1
L1

´ qk1qp1 ´ xk1
L1

q ` pqk1
1

´ 1qxkL

` qk1 ´ pmin ` qk1
1
pmin ´ qk1

1
` qk1

1
´ qk1 ´ qk1

1
pmin ` pmin

“

L1
´1
ÿ

κ1“1

pqk1
κ1

´ qk1
κ1`1

qp1 ´ xk1
κ1

q ` pqk1
L1

´ qk1qp1 ´ xk1
L1

q `

L
ÿ

κ“1

pqkκ ´ qkκ`1qp1 ´ xkκq ` pqk1
1

´ 1qxkL
.

The last inequality is exactly (15). To see this, recall that |K| “ L1 ` L and qk1
1

ě ¨ ¨ ¨ ě qk1
L1

ě qk1
ě ¨ ¨ ¨ ě qkL

,
which gives σ P SpKq where σpjq “ k1

j for j “ 1, . . . , L1, and σpjq “ kj for j “ 1 ` L1, . . . , L ` L1. With this
alternative notation, the SEPI is

w ě

|K|
ÿ

j“1

pqσpjq ´ qσpj`1qqp1 ´ xσpjqq ` pqσp1q ´ 1qxσp|K|q.

In sum, we have uncovered the hidden L6-convexity in an important mixed-integer structure, namely the general
integer mixing set PMIX. Our results subsume conv

`

PMIX
˘

, and this convex hull serves as an example of conv
´

Pf
X

¯

that is polyhedral (i.e., requires only finitely many SEPIs), despite the unbounded domain X .

4 Mixed-Integer Sets Described by Multiple L6-Convex Functions with Common Variables

In the previous section, we focused on the mixed-integer set defined by a single L6-convex function, namely its
epigraph. In what follows, we further explore mixed-integer sets constrained by multiple L6-convex functions
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simultaneously. Throughout, K “ t1, . . . , ku denotes a non-empty finite index set, and fi, gi : X Ñ R are L6-convex
functions over a common domain X , for every i P K. The sets that we aim to convexify are as follows:

Q :“
␣

pw,xq P Rk ˆ X : wi ě fipxq, @ i P K
(

, (17)

and

Q1 :“

$

’

&

’

%

pη,w,xq P R2k ˆ X :

ηi ě gipxq, @ i P K,

wi ě fipxq, @ i P K,

ηi ´ wi “ ηi1 ´ wi1 , @ i, i1 P K

,

/

.

/

-

. (18)

The first set Q is defined by k L6-convex functions, namely tfiuiPK , which share the same variables x P X . The
second set Q1 is defined by k pairs of L6-convex functions, tfi, giuiPK , with common x P X . This set is further
restricted with a set of linear equality constraints, such that the upper bounds wi and ηi on fi and gi, respectively,
have the same difference across all i P K. These two sets play a crucial role in our exploration of a mixed-
integer extension of L-6-convex functions, detailed in Section 5. We present the convex hull results for Q and Q1

in Proposition 4.1 and Proposition 4.3, respectively. It is surprising that, under L6-convexity, convexifying every
individual L6-convex function’s epigraph and taking their intersection sufficiently defines the convex hull of the
mixed-integer sets of interest.

Proposition 4.1. Recall the set Q given by (17), where tfiuiPK are L6-convex. Let

CQ :“
!

pw,xq P Rk ˆ X : pwi,xq P conv
´

Pfi
X

¯

,@ i P K
)

. (19)

Then conv pQq “ CQ.

Proof. Every pw,xq P Q satisfies pwi,xq P conv
´

Pfi
X

¯

for all i P K. Thus, conv pQq Ď CQ. Next, we show

that conv pQq Ě CQ. Consider any pw,xq P CQ. If x P X , then pwi,xq P Pfi
X for all i P K. Therefore,

pw,xq P Q Ă conv pQq. On the other hand, suppose x P X zX . We apply Algorithm 1 on x to obtain δ P SpNq

and p P X . Note that for all fi, i P K, we obtain the same δ and p. Let

rδpjq “ xδpjq ´ pδpjq,

and pj “ p `
řj

i“1 1
δpiq for j P N Y t0u. In addition, let

λj “

$

’

&

’

%

1 ´ rδp1q, j “ 0,

rδpjq ´ rδpj`1q, j “ 1, . . . , n ´ 1,

rδpnq, j “ n.

Notice that λJ1 “ 1 and λ ě 0 by the construction of δ. Thus, x is given by the convex combination of tpjunj“0

as the following:

x “ p0 `

n
ÿ

j“1

rδpjq

`

pj ´ pj´1
˘

“

n
ÿ

j“0

λjp
j .

In addition, for all i P K, by validity of the SEPI associated with δ and p for Pfi
X ,

wi ě fipp
0q `

n
ÿ

j“1

rδpjq

“

fi
`

pj
˘

´ fi
`

pj´1
˘‰

“

n
ÿ

j“0

λjfi
`

pj
˘

,

for all pwi,xq P conv
´

Pfi
X

¯

. Thus, for all i P K, given that pwi,xq P conv
´

Pfi
X

¯

,

wi ě

n
ÿ

j“0

λjfi
`

pj
˘

.

Consider pwj ,xjq P Rk ˆ X for j P N Y t0u, where

wj
i “ fi

`

pj
˘

, @ i P K,

and
xj “ pj .

We observe that pwj ,xjq P Q for all j P N Y t0u, x “
řn

j“0 λjx
j , and w ě

řn
j“0 λjw

j . This implies that
pw,xq P conv pQq. Hence, conv pQq Ě CQ, and we conclude that conv pQq “ CQ.
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Remark 4.2. Recall the fact that submodular functions form a subclass of L6-convex functions. Proposition 4.1
subsumes a result by Baumann et al. [8] as a special case, where X “ t0, 1un, and fi is a submodular function for
every i P K.

Proposition 4.3. Recall the set Q1 defined by (18), where tgi, fiuiPK are L6-convex. Let

CQ1 :“

$

’

’

&

’

’

%

pη,w,xq P R2k ˆ X :

pηi,xq P conv pPgi
X q , @ i P K,

pwi,xq P conv
´

Pfi
X

¯

, @ i P K,

ηi ´ wi “ ηi1 ´ wi1 , @ i, i1 P K

,

/

/

.

/

/

-

. (20)

If there exists h : X Ñ R with hpxq “ gipxq ´ fipxq for all x P X and i P K, then conv pQ1q “ CQ1.

Proof. As a relaxation, Q1 Ď CQ1, thus conv pQ1q Ď CQ1. For the reverse containment, we consider any element
pη,w,xq P CQ1. If x P X , then pη,w,xq P Q1 Ď conv pQ1q. Otherwise, x P X zX . Following the argument for
Proposition 4.1, we obtain p P X and δ P SpNq with respect to x. Then we construct

pηj ,wj ,xjq “ prgipp
jqsiPK , rfipp

jqsiPK , pjq

for all j P N Y t0u, and λ P Rn`1
` such that

λJ1 “ 1,

x “

n
ÿ

j“0

λjx
j ,

and

rη ws ě

n
ÿ

j“0

λjrηj wjs.

Moreover, for every j P N Y t0u and any pair of i, i1 P K,

ηji ´ wj
i “ gipp

jq ´ fipp
jq “ hppjq “ gi1 ppjq ´ fi1 ppjq “ ηji1 ´ wj

i1 ,

so pηj ,wj ,xjq P Q1. Hence, conv pQ1q Ě CQ1. With the two-way containment, we conclude that conv pQ1q “

CQ1.

Until now, we have explored the mixed-integer sets described by one or more L6-convex functions, which are defined
over pure integer domains. In what follows, we will examine an extension of L6-convexity that concerns the functions
defined over mixed-integer domains.

5 A Mixed-Integer Extension of L6-Convexity

To the best of our knowledge, L6-convexity is not formally defined for or naturally extendable to functions with
mixed-integer arguments. Thus, we will focus on a structured class of functions with properties that resemble
L6-convexity and derive the characterizations of its epigraph. In particular, we consider the class of functions
H : X ˆ R` Ñ R defined by

Hpx,yq :“ max
iPN

thipxq ´ yiu, (21)

where hi : X Ñ R for all i P N . Here, x is a vector of pure integer variables. In contrast to the previous sections,
we allow additional variables y to be continuous. Our goal is to understand the epigraph of H, namely

PH
Rn

`
ˆX :“

␣

pw,y,xq P R ˆ Rn
` ˆ X : w ě hipxq ´ yi,@ i P N

(

.

For brevity, we use PH
Rn

`
ˆX and PH interchangeably.
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5.1 Properties of PH for general H

In this section, we explore the properties of the epigraph, PH , without additional assumptions on H. We first
consider the following polyhedron:

Dpxq :“
␣

pw,yq P R ˆ Rn
` : w ě hipxq ´ yi, @ i P N

(

, (22)

for every x P X . Note that
PH “

␣

pw,y,xq P Rn`1 ˆ X : pw,yq P Dpxq
(

.

For every j P N , we further define pwjpxq,yjpxqq where

wjpxq :“ hjpxq, yji pxq :“ maxt0, hipxq ´ hjpxqu, @ i P N. (23)

This arbitrary x is fixed in what follows, unless mentioned otherwise. For brevity, we will use pwjpxq,yjpxqq and
pwj ,yjq interchangeably in this section. We observe that Dpxq contains the rays p´1,1q, p1,0q, and p0,1iq for
every i P N . Moreover, pwj ,yjq P Dpxq for all j P N . These observations suggest that all convex combinations of
these points and conical combinations of the rays form a subset of Dpxq. In fact, they are sufficient to generate all
the elements of Dpxq. We justify this claim in Lemma 5.1 and Proposition 5.2. First, in Lemma 5.1, we prove that
a subset of Dpxq, more precisely,

D̃pxq :“

"

pw,yq P Dpxq : w “ max
iPN

thipxq ´ yiu, ti P N : yi “ 0u ‰ H

*

can be generated using tpwj ,yjqujPN and the rays tp0,1iquiPN .

Lemma 5.1. For any pw,yq P D̃pxq, there exists λ P Rn
` such that λJ1 “ 1, w “

ř

jPN λjw
j, and y ě

ř

jPN λjy
j.

Proof. We sort thipxquiPN in descending order to obtain a permutation σ P SpNq. In other words, hσp1qpxq ě

¨ ¨ ¨ ě hσpnqpxq. Under the condition that w “ maxiPNthipxq ´ yiu, w ď maxiPNthipxqu “ hσp1qpxq because
y ě 0. In addition, there exists ι̂ P N with yι̂ “ 0, so w ě hι̂pxq ´ yι̂ “ hι̂pxq ě hσpnqpxq. There must
exist ℓ P t1, . . . , n ´ 1u such that hσpℓqpxq ě w ě hσpℓ`1qpxq. There is an associated pair of convex combination
coefficients pλσpℓq, λσpℓ`1qq ě 0 such that λσpℓq ` λσpℓ`1q “ 1 and

w “ λσpℓqh
σpℓqpxq ` λσpℓ`1qh

σpℓ`1qpxq.

We complete the vector λ P Rn
` with zeros in all other entries. Observe that for k P t1, . . . , ℓ ´ 1u,

λσpℓqy
σpℓq

σpkq
` λσpℓ`1qy

σpℓ`1q

σpkq
“ λσpℓq

”

hσpkqpxq ´ hσpℓqpxq

ı

` λσpℓ`1q

”

hσpkqpxq ´ hσpℓ`1qpxq

ı

“ hσpkqpxq ´

”

λσpℓqh
σpℓqpxq ` λσpℓ`1qh

σpℓ`1qpxq

ı

“ hσpkqpxq ´ w

“ maxt0, hσpkqpxq ´ wu.

When k “ ℓ,

λσpℓqy
σpℓq

σpkq
` λσpℓ`1qy

σpℓ`1q

σpkq
“ 0 ` λσpℓ`1q

”

hσpℓqpxq ´ hσpℓ`1qpxq

ı

“ p1 ´ λσpℓqqhσpℓqpxq ´ λσpℓ`1qh
σpℓ`1qpxq

“ hσpℓqpxq ´

”

λσpℓqh
σpℓqpxq ` λσpℓ`1qh

σpℓ`1qpxq

ı

“ hσpℓqpxq ´ w

“ maxt0, hσpℓqpxq ´ wu.

For k P tℓ ` 1, . . . , nu,
λσpℓqy

σpℓq

σpkq
` λσpℓ`1qy

σpℓ`1q

σpkq
“ 0 “ maxt0, hσpkqpxq ´ wu.

Therefore, we have constructed λ P Rn
` with λJ1 “ 1, such that

w “
ÿ

jPN

λjw
j ,
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and for every i P N ,
ÿ

jPN

λjy
j
i “ maxt0, hipxq ´ wu ď yi.

The last inequality follows from the definition of Dpxq.

In the next proposition, we formalize an alternative representation of Dpxq.

Proposition 5.2. For any x P X ,

Dpxq “ conv
´

␣`

wj ,yj
˘(

jPN

¯

` cone
`

tp´1,1q, p1,0qu Y
␣

p0,1iq
(

iPN

˘

,

where pwj ,yjq for all j P N are given by (23).

Proof. Following from Lemma 5.1, it suffices to show that any element of Dpxq is a conical combination of some
element of D̃pxq with the rays p´1,1q and p1,0q. That is, for every pw,yq P Dpxq, we find pw̃, ỹq P D̃pxq and r ě 0,
such that w ě w̃´r, and y “ ỹ`r1. Now, we construct r “ miniPNtyiu, ỹ “ y´r1, and w̃ “ maxiPNthipxq´ ỹiu.
Note that r ě 0, because y ě 0. By construction of r, we have ỹ ě 0, and ỹι̂ “ 0 where ι̂ P argminiPNtyiu. By
definition of w̃, we know that pw̃, ỹq P D̃pxq. Lastly,

w ě max
iPN

thipxq ´ yiu “ max
iPN

thipxq ´ yi ` ru ´ r “ max
iPN

thipxq ´ ỹiu ´ r “ w̃ ´ r.

This completes the proof.

Recall
PH “

␣

pw,y,xq P Rn`1 ˆ X : pw,yq P Dpxq
(

.

It follows from Proposition 5.2 that conv
`

PH
˘

is generated by the points pwjpxq,yjpxq,xq for all x P X and all
j P N , along with the rays p´1,1,0q, p1,0,0q and tp0,1i,0quiPN . We formalize this result in the next corollary.

Corollary 5.3. For j P N , let

Dj :“
ď

xPX

␣

pwjpxq,yjpxq,xq ` cone
`

tp´1,1,0q, p1,0,0qu Y
␣

p0,1i,0q
(

iPN

˘(

. (24)

Then conv
`

PH
˘

“ conv
´

Ť

jPN Dj
¯

.

We remark that the generating points are grouped and combined with the cone in a special way, which enables us
to exploit certain properties for convexification.

We now explore the structure of Dj for any j P N , by first understanding the set

Djpxq :“ pwjpxq,yjpxqq ` cone
`

tp´1,1q, p1,0qu Y
␣

p0,1iq
(

iPN

˘

for every fixed x P X . In what follows, we will use hjpxq and maxt0, hipxq ´ hjpxqu to replace wjpxq and yji pxq,
i P N , respectively, to avoid confusion between the variables pw,yq and these parameters. We can equivalently
state Djpxq as

Djpxq “

#

pw,yq P Rn`1 : D r ě 0, s.t.
w ě hjpxq ´ r,

yi ě maxt0, hipxq ´ hjpxqu ` r, @ i P N

+

, (25)

where r represents the coefficient of the ray p´1,1q, while the inequalities capture the rest of the rays. In the next
lemma, we eliminate the auxiliary variable r.

Lemma 5.4. For any j P N and any x P X ,

Djpxq “

#

pw,yq P Rn`1 :
w ` yi ě maxthjpxq, hipxqu,

yi ě maxt0, hipxq ´ hjpxqu,
@ i P N

+

. (26)
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Proof. Consider the following linear system from (25):

´r ď w ´ hjpxq,

r ď yi ´ maxt0, hipxq ´ hjpxqu, @ i P N,

r ě 0.

We eliminate r using Fourier-Motzkin elimination and obtain the equivalent system:

w ` yi ě maxt0, hipxq ´ hjpxqu ` hjpxq “ maxthjpxq, hipxqu,

yi ě maxt0, hipxq ´ hjpxqu,@ i P N.

Following from Lemma 5.4, we observe that the set Dj given by (24) is, in fact, equivalent to

Dj “

#

pw,y,xq P Rn`1 ˆ X :
w ` yi ě maxthjpxq, hipxqu,

yi ě maxt0, hipxq ´ hjpxqu,
@ i P N.

+

(27)

Based on Corollary 5.3, our goal of obtaining conv
`

PH
˘

can be achieved by convexifying
Ť

jPN Dj . However,
this task is challenging in general due to the mixed-integer nature of Dj for every j P N and the nonlinearity in
the terms involving x. Therefore, in the next section, we explore conv

`

PH
˘

when certain relevant functions are
L6-convex. In particular, we will first convexify Dj for every j P N and then discuss the convex hull of their union.

5.2 Convexify PH with L6-convexity

For ease of notation, we define gji : X Ñ R by

gji pxq :“ maxt0, hipxq ´ hjpxqu,

for i, j P N . With this new notation, we have

Dj “

#

pw,y,xq P Rn`1 ˆ X :
w ` yi ě gji pxq ` hjpxq,

yi ě gji pxq,
@ i P N,

+

(28)

for every j P N . We impose Assumption 1 in this section.

Assumption 1. The functions gji and hj are L6-convex for i, j P N .

Remark 5.5. We include examples where Assumption 1 is satisfied. When hj is a monotone univariate function for
every j P N , hj and ´hj are trivially lattice submodular. By Lemmas 2.11–2.12, gji pxq “ maxphjpxq, hipxqq´hjpxq,
for i, j P N , is also lattice submodular. If X “ B0, g

j
i and hj are submodular, and thus L6-convex, for all i, j P N .

For any X Ď Zn, if additionally, hj for all j P N are univariate linear functions with a common slope, then gji and
hj are L-convex, and thus L6-convex, for all i, j P N .

We characterize conv
`

Dj
˘

in the next proposition.

Proposition 5.6. Let any j P N be fixed. Under Assumption 1, conv
`

Dj
˘

“ CDj, where

CDj :“

$

’

&

’

%

pw,y,xq P Rn`1 ˆ X :
pw ` yi,xq P conv

´

Pgj
i `hj

X

¯

,

pyi,xq P conv
´

Pgj
i

X

¯

,
@ i P N.

,

/

.

/

-

(29)

Recall that X represents the continuous relaxation of the hyperrectangle X , and P ¨
X represents the epigraph of the

given function over X . The same result holds as long as gji ` hj and gji are L6-convex for all i P N .
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Proof. We first transform Dj by introducing auxiliary variables η P Rn such that ηi “ w ` yi, for all i P N , and we
obtain

$

’

&

’

%

pη,y,xq P R2n ˆ X :

ηi ě gji pxq ` hjpxq, @ i P N,

yi ě gji pxq, @ i P N,

ηi ´ yi “ ηi1 ´ yi1 , @ i, i1 P N.

,

/

.

/

-

(30)

Notice that this new representation is in the form of (20). Additionally, with L6-convexity of tgji ` hj , gji uiPN , the
convex hull of (30) is

$

’

’

’

&

’

’

’

%

pη,y,xq P R2n ˆ X :

pηi,xq P conv
´

Pgj
i `hj

X

¯

, @ i P N,

pyi,xq P conv
´

Pgj
i

X

¯

@ i P N,

ηi ´ yi “ ηi1 ´ yi1 , @ i, i1 P N,

,

/

/

/

.

/

/

/

-

(31)

following from Proposition 4.3. Replacing ηi by w ` yi for all i P N completes the proof.

From the previous sections, we know that CDj for every j P N is described by the trivial inequalities and the
SEPIs associated with all points p P X and permutations δ P SpNq with respect to gji ` hj and gji for all i P N .
Let psj,i,p,δ0 , sj,i,p,δq P Rn`1 denote the parameters of the right-hand side of the SEPI associated with p and δ for
gji , where i, j P N . Similarly, let ptj,p,δ0 , tj,p,δq P Rn`1 denote the parameters of the right-hand side of the SEPI
associated with p and δ for hj , j P N . We remark that every SEPI, associated with p and δ, for the epigraph
tpη,xq P R ˆ X : η ě gji pxq ` hjpxqu, for any i, j P N , is exactly η ě sj,i,p,δ0 ` tj,p,δ0 `

`

sj,i,p,δ ` tj,p,δ
˘J

x.
Then

CDj
“

$

’

’

&

’

’

%

pw,y,xq P Rn`1 ˆ X :

w ` yi ě
`

sj,i,p,δ ` tj,p,δ
˘J

x ` sj,i,p,δ0 ` tj,p,δ0 ,

yi ě sj,i,p,δ
J

x ` sj,i,p,δ0 ,

@ i P N, p P X , δ P SpNq.

,

/

/

.

/

/

-

(32)

We note that all inequalities that define CDj are linear. When there are finitely many distinct SEPIs, the convex
hull, CDj , is polyhedral.

In what follows, we will convexify the union
Ť

jPN Dj by characterizing the intersection of the polars of CDj for
j P N . For any j P N , we denote the polar of CDj by

ΠCDj

:“
␣

pu0,u,π, π0q P R2n`2 : u0w ` uJy ě πJx ` π0, @ pw,y,xq P CDj
(

. (33)

Following from (32), for every j P N ,

ΠCDj

“
␣

pu0,u,π, π0q P R2n`2 : Daj ,bj ě 0 s.t. (35a)–(35d)
(

, (34)

where

u0 “
ÿ

iPN

ÿ

pPX

ÿ

δPSpNq

aj,i,p,δ, (35a)

ui “
ÿ

pPX

ÿ

δPSpNq

`

aj,i,p,δ ` bj,i,p,δ
˘

, @ i P N, (35b)

πk “
ÿ

iPN

ÿ

pPX

ÿ

δPSpNq

sj,i,p,δk

`

aj,i,p,δ ` bj,i,p,δ
˘

`
ÿ

pPX

ÿ

δPSpNq

tj,p,δk

ÿ

iPN

aj,i,p,δ, @ k P N, (35c)

π0 ď
ÿ

iPN

ÿ

pPX

ÿ

δPSpNq

sj,i,p,δ0

`

aj,i,p,δ ` bj,i,p,δ
˘

`
ÿ

pPX

ÿ

δPSpNq

tj,p,δ0

ÿ

iPN

aj,i,p,δ. (35d)

That is, ΠCDj

contains all the conical combinations of the SEPI parameters given in (32) and the ray p0,0,0,´1q.
We next discuss a few properties of ΠCDj

for every j P N .

Observation 5.7. We notice that pu0,uq ě 0 by non-negativity of aj and bj. Furthermore,
ÿ

iPN

ui “
ÿ

iPN

ÿ

pPX

ÿ

δPSpNq

`

aj,i,p,δ ` bj,i,p,δ
˘

“ u0 `
ÿ

iPN

ÿ

pPX

ÿ

δPSpNq

bj,i,p,δ, @ j P N.

Thus, u0 ď
ř

iPN ui.
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For ease of notation, we define

U :“

#

pu0,uq P Rn`1
` : u0 ď

ÿ

iPN

ui

+

. (36)

In addition, for any j P N and any pu0,uq P U , we define f j
u0,u : X Ñ R by

f j
u0,upxq :“ u0h

jpxq `
ÿ

iPN

uig
j
i pxq.

Given that f j
u0,u is a nonnegative combination of L6-convex functions, f j

u0,u itself is L6-convex. Thus, the convex

hull of its epigraph, Pfj
u0,u , is described fully by SEPIs. We let

Π
conv

ˆ

Pf
j
u0,u

˙

:“
!

pξ, ξ0q P Rn`1 : η ě ξJx ` ξ0, @ pη,xq P conv
´

Pfj
u0,u

¯)

represent the polar of conv
´

Pfj
u0,u

¯

for all pu0,uq P U .

Lemma 5.8. Given any j P N and any pu0,uq P U ,
˜

u0w `
ÿ

iPN

uiyi,x

¸

P conv
´

Pfj
u0,u

¯

,

for all pw,y,xq P CDj.

Proof. Recall the definition of CDj given by (29). Given L6-convexity of gji and gji ` hj for all i P N , there exist
tλk,x

kukPK for some K Ă Z`` with K ‰ H, such that λ ě 0, λJ1 “ 1, xk P X for k P K,

x “
ÿ

kPK

λkx
k,

w ` yi ě
ÿ

kPK

λk

”

gji pxkq ` hjpxkq

ı

, @ i P N,

and
yi ě

ÿ

kPK

λkg
j
i pxkq, @ i P N.

Take any pα,βq P R2n
` with

ř

iPN αi “ u0 and αi ` βi “ ui for i P N . Such pα,βq exists—for example, let

αi “ u0
ui

ř

iPN ui
, βi “ ui ´ u0

ui
ř

iPN ui
, @ i P N.

Here, βi “ uip
ř

iPN ui ´ u0q{p
ř

iPN uiq ě 0 because pu0,uq P U . Then

u0w `
ÿ

iPN

uiyi “ w
ÿ

iPN

αi `
ÿ

iPN

pαi ` βiqyi “
ÿ

iPN

αipw ` yiq `
ÿ

iPN

βiyi.

Moreover,
ÿ

iPN

αipw ` yiq `
ÿ

iPN

βiyi ě
ÿ

iPN

αi

ÿ

kPK

λk

”

gji pxkq ` hjpxkq

ı

`
ÿ

iPN

βi

ÿ

kPK

λkg
j
i pxkq

“
ÿ

kPK

λk

ÿ

iPN

αi

”

gji pxkq ` hjpxkq

ı

`
ÿ

kPK

λk

ÿ

iPN

βig
j
i pxkq

“
ÿ

kPK

λk

#

ÿ

iPN

αih
jpxkq `

ÿ

iPN

pαi ` βiqg
j
i pxkq

+

“
ÿ

kPK

λk

#

u0h
jpxkq `

ÿ

iPN

uig
j
i pxkq

+

“
ÿ

kPK

λkf
j
u0,upxkq.

Hence, pu0w `
ř

iPN uiyi,xq P conv
´

Pfj
u0,u

¯

.
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This lemma implies that, for any j P N and pu0,uq P U , the inequalities of the form

u0w ` uJy ě ξJx ` ξ0

for every pξ, ξ0q P Π
conv

ˆ

Pf
j
u0,u

˙

, are valid for CDj .

Lemma 5.9. For any j P N ,

ΠCDj

“

#

pu0,u,π, π0q P R2n`2 : pu0,uq P U , pπ0,πq P Π
conv

ˆ

Pf
j
u0,u

˙
+

.

Proof. First, consider any pu0,u,π, π0q P ΠCDj

. By Observation 5.7, pu0,uq P U . Note that phjpxq, rgji pxqsiPN ,xq P

CDj for every x P X . Thus,

πJx ` π0 ď u0h
jpxq `

ÿ

iPN

uig
j
i pxq “ f j

u0,upxq ď η,

for all pη,xq P Pfj
u0,u . This means that pπ, π0q P Π

conv
ˆ

Pf
j
u0,u

˙

. Next, consider any pu0,uq P U and any pξ, ξ0q P

Π
conv

ˆ

Pf
j
u0,u

˙

. The reverse containment follows from Lemma 5.8.

Now, we explore the intersection of the polars
Ş

jPN ΠCDj

to obtain all the inequalities that define
Ť

iPN CDj . For
any pu0,uq P U , we define a function Fu0,u : X Ñ R by

Fu0,upxq :“ min
jPN

␣

f j
u0,upxq

(

. (37)

We represent the polar of the convex hull of its epigraph by

ΠconvpPFu0,uq :“
!

pξ, ξ0q P Rn`1 : η ě ξJx ` ξ0, @ pη,xq P conv
`

PFu0,u
˘

)

.

Lemma 5.10. The intersection of the polars of tCDj
ujPN is

č

jPN

ΠCDj

“

!

pu0,u,π, π0q P R2n`2 : pu0,uq P U , pπ, π0q P ΠconvpPFu0,uq
)

.

Proof. We observe that

č

jPN

ΠCDj

“
č

jPN

»

–

ď

pu0,uqPU

tpu0,uqu ˆ Π
conv

ˆ

Pf
j
u0,u

˙

fi

fl

“
ď

pu0,uqPU

tpu0,uqu ˆ

«

č

jPN

Π
conv

ˆ

Pf
j
u0,u

˙
ff

“
ď

pu0,uqPU

tpu0,uqu ˆ Π

Ť

jPN conv
ˆ

Pf
j
u0,u

˙

“
ď

pu0,uqPU

tpu0,uqu ˆ ΠconvpPFu0,uq.

Theorem 5.11. Under Assumption 1, the convex hull of the epigraph of H is

conv
`

PH
˘

“
␣

pw,y,xq P Rn`1 ˆ X : pu0w ` uJy,xq P conv
`

PFu0,u
˘

,@ pu0,uq P U
(

.

Proof. We have noted that conv
`

PH
˘

“ conv
´

Ť

jPN CDj
¯

. The latter is described by the inequalities u0w`uJy ě

πJx ` π0 for all pu0,u,π, π0q P
Ş

jPN ΠCDj

, which are given by Lemma 5.10. This completes the proof.
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Corollary 5.12. Under Assumption 1, if Fu0,u are L6-convex for all pu0,uq P U , then conv
`

PH
˘

is completely
described by the mixed-integer SEPIs (MISEPIs)

u0w ` uJy ě sp,δ,u0,u
J

x ` sp,δ,u0,u
0 , @ pu0,uq P U . (38)

Here, η ě sp,δ,u0,u
J

x ` sp,δ,u0,u
0 is the SEPI associated with p P X and δ P SpNq for the epigraph of Fu0,u.

Remark 5.13. Based on Proposition 2.17, if hi : Xi Ñ R are monotonically decreasing functions for all i P N (or
increasing, as long as consistent for all i P N), then Fu0,u is lattice submodular for all pu0,uq P U .

• If X “ B0, then Fu0,u for all pu0,uq P U are submodular functions, which are also L6-convex.

• Let any q P Rn and α P R` be given. If hipxiq “ qi ´ αxi for every i P N , then Fu0,u is L-convex for all
pu0,uq P U . To see this,

Fu0,upx ` 1q “ min
jPN

#

u0h
jpxj ` 1q `

ÿ

iPN

ui maxt0, hipxi ` 1q ´ hjpxj ` 1qu

+

“ min
jPN

#

u0pqj ´ αxj ´ αq `
ÿ

iPN

ui maxt0, qi ´ αxi ´ α ´ qj ` αxj ` αu

+

“ min
jPN

#

u0pqj ´ αxjq `
ÿ

iPN

ui maxt0, qi ´ αxi ´ qj ` αxju

+

´ u0α

“ Fu0,upxq ´ u0α.

It follows that, in these examples, conv
`

PH
˘

given in Theorem 5.11 can be stated as a linear program with MISEPIs
(38).

5.3 Properties of Fu0,u

In this section, we explore the properties of the functions Fu0,u for pu0,uq P U . Let any x P X be fixed. We
use hi to represent hipxq for brevity, and we use p¨q to denote the relabeled indices following any (in case of ties)
descending order of thiuiPN ; that is,

hp1q ě hp2q ě ¨ ¨ ¨ ě hpnq.

By Lemma 2.16, Fu0,upxq is equal to the optimal objective value of the following linear program (LP):

min
t,r

u0t `
ÿ

iPN

uiri

s.t. ri ` t ě hi, @ i P N,

r ě 0.

Note that we change inf in Lemma 2.16 to min because the minimum can be attained at t P thiuiPN . The dual
problem is

max
ν

ÿ

iPN

hiνi (39a)

s.t.
ÿ

iPN

νi “ u0, (39b)

νi ď ui, @ i P N, (39c)
ν ě 0. (39d)

These LPs give important insights into the properties of Fu0,u, which we summarize in the lemma below.

Lemma 5.14. For any pu0,uq P U with u0 ą 0 and any x P X ,

Fu0,upxq “ f pj˚
q

u0,upxq “ u0hpj˚q `

j˚
´1
ÿ

j“1

upjqphpjq ´ hpj˚qq
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where j˚ P N satisfies
j˚

´1
ÿ

i“1

upiq ă u0, and
j˚

ÿ

i“1

upiq ě u0.

On the other hand, if u0 “ 0, then Fu0,upxq “ 0.

Proof. When u0 ą 0, such j˚ must exist because u0 ď
ř

iPN ui. The dual problem (39) can be solved greedily. We
let

νpiq “

$

’

&

’

%

upiq, i ă j˚,

u0 ´
řj˚

´1
i“1 upiq, i “ j˚,

0, otherwise.

The dual objective at ν is

j˚
´1
ÿ

i“1

upiqhpiq `

¨

˝u0 ´

j˚
´1
ÿ

i“1

upiq

˛

‚hpj˚q “ u0hpj˚q `

j˚
´1
ÿ

i“1

upiqphpiq ´ hpj˚qq,

which is exactly the primal objective at t “ hpj˚q and ri “ maxt0, hpiq ´ hpj˚qu for i P N . By strong duality, this
objective value is optimal and is equal to Fu0,upxq. When u0 “ 0, both the primal and the dual objectives trivially
attain zero.

Remark 5.15. Note that for pu0,uq P U with u0 “ 0, the constraints related to F0,u in the convex hull description
in Theorem 5.11 are equivalent to uJy ě 0. With pu0,uq “ p0,1iq, we obtain yi ě 0 for i P N . This explains why
y ě 0 is ensured in Theorem 5.11 without explicitly stating. In addition, the inequalities for any p0,uq P U with
u ‰ 1i for any i P N , are dominated by yi ě 0 for i P N .

In the next lemma, we provide an intuition behind another special case of Fu0,u where u P Bn and u0 P t1, . . . ,uJ1u.
This lemma will be useful in Section 5.6.1.

Lemma 5.16. Suppose u “ 1Γ for some non-empty Γ Ď N , and u0 P t1, . . . , |Γ|u. Then

Fu0,upxq “ max
SĎΓ,|S|“u0

#

ÿ

iPS

hipxq

+

for all x P X .

Proof. We sort thiuiPΓ such that
hp1qΓ ě ¨ ¨ ¨ ě hp|Γ|qΓ .

With the special form of u0 and u, upiqΓ “ 1 for all i P t1, . . . , |Γ|u, zero otherwise. Note that

u0´1
ÿ

i“1

upiqΓ ă u0,
u0
ÿ

i“1

upiqΓ “ u0.

By Lemma 5.14,

Fu0,upxq “ f pu0q
Γ

u0,u pxq

“ u0hpu0qΓ `

u0´1
ÿ

j“1

phpjqΓ ´ hpu0qΓq

“ hpu0qΓ `

u0´1
ÿ

j“1

phpjqΓ ´ hpu0qΓ ` hpu0qΓq

“

u0
ÿ

j“1

hpjqΓ

“ max
SĎΓ,|S|“u0

#

ÿ

iPS

hi

+

,

for all x P X . Intuitively, Fu0,upxq evaluates the sum of the u0-th highest entries among thipxquiPΓ for this choice
of pu0,uq.
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5.4 Separation of MISEPIs

Recall that when Assumption 1 holds and when Fu0,u are L6-convex, conv
`

PH
˘

is given by infinitely many MISEPIs
(38). We address the challenge of handling so many constraints by discussing the separation problem of MISEPIs.
Let any pw,y,xq P R ˆ Rn

` ˆ X be given. Here, we include the trivial constraints y ě 0 in the relaxation due
to Remark 5.15. This way, it suffices to only consider pu0,uq P U with u0 ą 0. Fix any such pu0,uq P U . We
let η “ u0w ` uJy. With Algorithm 1, we can exactly separate an SEPI for PFu0,u associated with p P X and
δ P SpNq that attains maximal violation at pη,xq. Thanks to the exact separation algorithm (Algorithm 1) and
the structure of SEPIs, we have λ ě 0 with

řn
k“0 λk “ 1, such that x “

řn
k“0 λkp

k and

sp,δ,u0,u
J

x ` sp,δ,u0,u
0 “

n
ÿ

k“0

λkFu0,uppkq.

Recall pk “ p `
řk

j“1 1
δpjq, and p0 “ p. We highlight that Algorithm 1 only depends on x, so no matter how we

vary pu0,uq P U , we obtain the same p and δ.

Next, we explore how to determine pu0,uq P U so that the MISEPI (38) with respect to u0,u,p and δ leads to the
maximal violation at pw,y,xq. For ease of notation, let hk

i “ hi
`

pk
˘

and aki “ λkh
k
i for k P N Y t0u and i P N .

The violation of (38) at pw,y,xq is
řn

k“0 λkFu0,uppkq ´u0w `uJy. The separation problem can thus be stated as

max
u0,u

n
ÿ

k“0

λk min
tkPR

#

u0t
k `

ÿ

iPN

ui max
␣

0, hk
i ´ tk

(

+

´ wu0 ´ yJu

s.t.
ÿ

iPN

ui ě u0,

pu0,uq ě 0.

Recall that we only need to consider u0 ą 0, so we scale u0 such that it is one. Thanks to (39), the separation
problem becomes

max
ν,u

n
ÿ

k“0

ÿ

iPN

aki ν
k
i ´

ÿ

iPN

yiui ´ w (40a)

s.t.
ÿ

iPN

νki “ 1, @ k P N Y t0u, (40b)

νki ď ui, @ i P N, k P N Y t0u, (40c)

νk ě 0, @ k P N Y t0u, (40d)
u ě 0. (40e)

We drop the constraint
ř

iPN ui ě 1 because it is implied by constraints (40b)–(40c). If the optimal objective value
of the separation LP (40) is strictly positive, then a violation occurs. The MISEPI associated with p, δ and p1,u˚q,
where u˚ is an optimal solution to (40), is most violated by pw,y,xq.

Proposition 5.17. Given any function H defined in (21), if Assumption 1 is satisfied and Fu0,u are L6-convex
for all pu0,uq P U , then the mixed-integer problem minpx,yqPXˆRn

`
Hpx,yq is polynomially solvable.

Proof. The separation LP (40) is polynomially solvable. The statement follows from the equivalence of optimization
and separation for LPs [19].

Remark 5.18. Intuitively, the separation problem for MISEPI is easy due to L6-convexity of Fu0,u for any pu0,uq P

U . This special property ensures that the separation for p and δ relies only on x, and the returned parameters are
the same for all pu0,uq P U . Thus, the separation for MISEPI can be decomposed into two steps, namely first
identifying p and δ with Algorithm 1, and then obtaining p1,u˚q P U with the LP (40).

Remark 5.19. We remark that it is generally hard to obtain the optimal u˚ to (40) in closed form. With any
feasible ν, we can construct the best feasible u with ui “ maxkPNYt0utνki u. In addition, with any feasible u, the best
assignment of ν can easily be obtained greedily. However, simultaneously optimizing for u and ν is difficult due to
their highly interdependent nature.
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Nonetheless, we can still exploit the structure of (40) to characterize the optimal solutions. In what follows, we
use the notation GLpm, 2q to represent the set of all invertible m ˆ m binary matrices, where m P Z`. For any
non-empty M Ď N , let uM “ ruisiPM P R|M | be the corresponding sub-vector of u. We construct a collection of
vectors u P Rn

` in the following way:

U 1 :“
ď

MP2N ztHu

$

&

%

u P Rn
` : uM P

ď

BPGLp|M |,2q

␣

B´11
(

, uNzM “ 0

,

.

-

. (41)

The cardinality of U 1 is upper bounded by
řn

m“1

`

n
m

˘

2m
2

; even though large, U 1 is finite.

Lemma 5.20. Any u P U 1 defined in (41) satisfies p1,uq P U .

Proof. Consider an arbitrary u P U 1. There exists a non-empty M Ď N and B P GLp|M |, 2q such that BuM “ 1.
Given that B is binary, Bi¨ ď 1J for every row i P t1, . . . , |M |u in B. Thus, 1JuM ě Bi¨u

M “ 1 for i P t1, . . . , |M |u,
because uM ě 0. Hence, p1,uq P U .

Lemma 5.21. Given the separation LP (40) for any pw,y,xq P RˆRn
` ˆX , every optimal u˚ belongs to U 1 defined

in (41).

Proof. Intuitively, an optimal ν˚ with respect to the optimal u˚ is constructed in a greedy fashion that prioritizes
the highest aki with ν˚k

i “ u˚
i until (40b) is satisfied. For every k P N Y t0u, sort taki uiPN in any (in case of ties)

descending order such that
akp1qk ě akp2qk ě ¨ ¨ ¨ ě akpnqk .

Then ν˚k assumes the form

ν˚k
piqk “

$

’

&

’

%

u˚
piqk

, i P t1, . . . , ℓk ´ 1u,

1 ´
ři´1

j“1 u
˚
pjqk

, i “ ℓk,

0, i P tℓk ` 1, . . . , nu,

for some ℓk P N , where k P N Y t0u. More precisely, ℓk satisfies

ℓk´1
ÿ

i“1

u˚
piqk ă 1, and

ℓk
ÿ

i“1

u˚
piqk ě 1.

In addition to the n ` 1 equality constraints (40b), the form of ν˚ results in n2 ´ 1 binding constraints (40c)–
(40d). Let M :“

Ť

kPNYt0utp1qk, . . . , pℓkqku and m “ |M |. We know that u˚
i “ 0 for every i P NzM because

u˚
i “ maxkPNYt0utν˚k

i u. These are n ´ m additional binding constraints (40e). These n2 ` 2n ´ m constraints
are linearly independent because the only possible redundancy would occur when u˚

piqk
“ ν˚k

piqk
“ 0; however, when

u˚
piqk

“ 0, exactly one of ν˚k
piqk

“ u˚
piqk

and ν˚k
piqk

“ 0 is included in the set of binding constraints, so the redundancy
is avoided. Given that pν˚,u˚q is a basic solution, there must exist another m constraints in the optimal basis.
The only possibility is that there exists L Ă N Y t0u with |L| “ m, such that νk

pℓkqk
“ upℓkqk for every k P L. Note

that upℓkqk ą 0 for all k by definition of ℓk. We remark that adding these binding constraints to the aforementioned
set of tight constraints is equivalent to adding

řℓk
i“1 u

˚
piqk

“ 1 for every k P L. Therefore, the optimal basis is the
full rank constraint matrix of the following system:

ÿ

iPN

νki “ 1, @ k P N Y t0u,

upiqk ´ νkpiqk “ 0, @ i P t1, . . . , ℓk ´ 1u, k P N Y t0u,

upℓkqk ´ νkpℓkqk “ 0, @ k P L,

νkpiqk “ 0, @ i P tℓk ` 1, . . . , nu, k P N Y t0u,

ui “ 0, @ i P NzM.
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By elementary row operations, the system transforms into

ℓk
ÿ

i“1

νkpiqk “ 1, @ k P N Y t0u, (43a)

upiqk ´ νkpiqk “ 0, @ i P t1, . . . , ℓk ´ 1u, k P N Y t0u, (43b)

νkpiqk “ 0, @ i P tℓk ` 1, . . . , nu, k P N Y t0u, (43c)
ℓk
ÿ

i“1

upiqk “ 1 @ k P L, (43d)

ui “ 0, @ i P NzM. (43e)

Now, construct a matrix B P t0, 1uLˆM where

Bki “

#

1, i P tp1qk, . . . , pℓkqku,

0, i P Mztp1qk, . . . , pℓkqku

for all k P L. In matrix form, constraints (43d) are exactly

BuM “ 1.

Matrix B P Bmˆm, and it contributes full row rank to the system of equality constraints, so B P GLpm, 2q. The
optimal u˚ P Rn

` satisfies Bu˚M “ 1, and u˚NzM “ 0. Hence, u˚ P U 1.

Remark 5.22. We provide more insights into why the optimal solutions u˚ to the separation problems (40) with
respect to all pw,y,xq P R ˆ Rn

` ˆ X form a finite set U 1. We emphasize that constructing the optimal solution to
(40) in Lemma 5.21 does not directly use the actual values of takukPNYt0u. Rather, it suffices to know the set of
n ` 1 descending orders of taki uiPN , which are exactly the descending orders of thk

i uiPN , for k P N Y t0u. Recall
that there are as many tthk

i uiPNukPNYt0u as the pairs of p P X and δ P SpNq. Even though |X | could be infinite,
there are finitely many (at most n!n`1) possible sets of descending orders of tthk

i uiPNukPNYt0u.

Following the previous lemma, we can replace the infinite set U in the convex hull description from Theorem 3.5
by its finite subset U 1. We formalize this observation in the next proposition.

Proposition 5.23. Under Assumption 1, suppose Fu0,u are L6-convex for all pu0,uq P U . Let

CP 1 :“
␣

pw,y,xq P R ˆ Rn
` ˆ X : pw ` uJy,xq P conv

`

PF1,u
˘

,@u P U 1
(

.

Then conv
`

PH
˘

“ CP 1.

Proof. By Lemma 5.20, t1u ˆ U 1 Ă U , so CP 1
Ě conv

`

PH
˘

. We show the reverse containment by contradiction.
Suppose that there exists pw,y,xq P CP 1

zconv
`

PH
˘

. Then x gives rise to p P X , δ P SpNq, and the corresponding
separation LP (40) with an optimal solution u˚. Given that pw,y,xq R conv

`

PH
˘

, this point incurs a positive
violation of the MISEPI associated with p, δ, and p1,u˚q. However, by Lemma 5.21, u˚ P U 1, which suggests that
this most violated MISEPI is already valid for CP 1. Therefore, CP 1

zconv
`

PH
˘

“ H.

It follows that if conv
`

PF1,u
˘

is polyhedral for every u P U 1, then conv
`

PH
˘

is polyhedral. This is trivially true
when X is finite. Moreover, the set U 1 can be further refined, but to do so, it is crucial to exploit the structure of
the functions thiuiPN . We will address this in Section 5.6.

5.5 Facet-defining MISEPIs

In this section, we explore the conditions under which an MISEPI (38) is facet-defining for conv
`

PH
˘

. Our dis-
cussion is relevant when Assumption 1 is satisfied and Fu0,u are L6-convex for all pu0,uq P U . We focus on the
instances where u0 ą 0 because otherwise the MISEPIs are dominated by the trivial inequalities yi ě 0 for i P N
according to Remark 5.15. Additionally, we will only consider n ě 2. When n “ 1, Hpx, yq “ hpxq ´ y where
x P X Ď Z and y ě 0. By Assumption 1, h is L6-convex, so this case is trivial.
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Consider any p0 P X and any δ P SpNq. Recall that

pk “ p0 `

k
ÿ

j“1

1δpjq, @ k P N,

hk
i “ hi

`

pk
˘

, @ k P N Y t0u, i P N,

and
hk

p1qk ě hk
p2qk ě ¨ ¨ ¨ ě hk

pnqk .

Proposition 5.24. If X Ě Bp for any p P Zn, then conv
`

PH
˘

is full-dimensional.

Proof. We construct 2n ` 2 affinely independent points in PH . The points phk
p1qk

,0,pkq P PH for k P N Y t0u

because hk
p1qk

ě hk
pjqk

´ 0 for all j P N . Moreover, ph0
p1q0

` 1,0,p0q P PH , and ph0
p1q0

,1j ,p0q P PH for all j P N .
Subtracting ph0

p1q0
,0,p0q from all other 2n ` 1 points, we obtain

˜

hk
p1qk ´ h0

p1q0 ,0,
k
ÿ

j“1

1δpjq

¸

,@ k P N,

p1,0,0q,

p0,1j ,0q,@ j P N,

which are linearly independent. Therefore, conv
`

PH
˘

is full-dimensional.

Consider a given p0 P X and δ P SpNq. For any pu0,uq P U , the face of the MISEPI (38) contains pw,y,xq P PH

such that
u0w ` uJy “ sp

0,δ,u0,u
J

x ` sp
0,δ,u0,u

0 .

By Proposition 3.4, we know that

Fu0,uppkq “ sp
0,δ,u0,u

J

pk ` sp
0,δ,u0,u

0 , @ k P N Y t0u.

Thus, we next explore pw,yq such that u0w ` uJy “ Fu0,uppkq. Consider any pu0,uq P U . For every k P N Y t0u,
let j˚

k P N be the index such that

j˚
k ´1
ÿ

j“1

upjqk ă u0, and
j˚
k
ÿ

j“1

upjqk ě u0, (44)

as in Lemma 5.14. Recall that p¨qk are permutations governed by thk
i uiPN for k P N Y t0u. Each p¨qk gives rise to

a permuted version of u, and j˚
k must exist according to the definition of U . These permutations can coincide, but

are generally different for k P N Y t0u. Thus, for any k, k1 P N Y t0u, we have to include the subscripts k, k1 to
distinguish j˚

k and j˚
k1 . We include an example to illustrate our notation.

Example 5.25. Suppose n “ 3, u0 “ 1, u “ p0.3, 1.2, 0.7q, and

h1 “ p0.8, 0.5, 0.1q, h2 “ p´0.2, 0.5, 0.1q, h3 “ p´0.2,´0.5, 0.1q, h4 “ p´0.2,´0.5,´0.9q.

We obtain

h1
1 ą h1

2 ą h1
3, ÝÑ p1q1 “ 1, p2q1 “ 2, p3q1 “ 3,

h2
2 ą h2

3 ą h2
1, ÝÑ p1q2 “ 2, p2q2 “ 3, p3q2 “ 1,

h3
3 ą h3

1 ą h3
2, ÝÑ p1q3 “ 3, p2q3 “ 1, p3q3 “ 2,

h4
1 ą h4

2 ą h4
3, ÝÑ p1q4 “ 1, p2q4 “ 2, p3q4 “ 3.

When k “ 1,
up1q1 “ 0.3 ă 1 “ u0, up1q1 ` up2q1 “ 0.3 ` 1.2 ą u0,
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so j˚
1 “ 2. When k “ 2, j˚

2 “ 0 because

0 ă u0, up1q2 “ 1.2 ą u0.

Similarly, when k “ 3, j˚
3 “ 2 because

up1q3 “ 0.7 ă u0, up1q3 ` up2q3 “ 0.7 ` 0.3 “ 1 “ u0.

Note that the second inequality holds at equality in this case.

In Observations 5.26–5.28 and Lemma 5.27, we explore elements of PH that belong to the face of the MISEPI
associated with pu0,uq, p0, and δ.

Observation 5.26. For any pu0,uq P U and every k P N Y t0u,

u0w
k ` uJyk “ Fu0,uppkq,

where
wk “ hk

pj˚
k qk

,

yki “ max
!

0, hk
i ´ hk

pj˚
k qk

)

, @ i P N.
(45)

This follows from Lemma 5.14. Notice that pwk,yk,pkq P PH .

The second inequality in (44) may hold at equality for some k P N Y t0u; that is, j˚
k P N further satisfies

j˚
k
ÿ

j“1

upjqk “ u0.

We have seen an instance in Example 5.25 with k “ 3. When this scenario occurs, we can identify additional points
at which the MISEPI is tight. We explain what these points are in the next lemma.

Lemma 5.27. Suppose k P N Y t0u further satisfies that
řj˚

k
i“1 upiqk “ u0. Then we have

u0w̃
k ` uJỹk “ Fu0,uppkq,

where
w̃k “ hk

pj˚
k `1qk

,

ỹki “ max
!

0, hk
i ´ hk

pj˚
k `1qk

)

, @ i P N.
(46)

Proof. By construction, pw̃k, ỹk,pkq P PH . We observe that

u0w̃
k `

ÿ

iPN

uiỹ
k
i “ u0h

k
pj˚

k `1qk
`

j˚
k
ÿ

j“1

upjqkphk
pjqk ´ hk

pj˚
k `1qk

q

“ u0h
k
pj˚

k qk
`

j˚
k
ÿ

j“1

upjqkphk
pjqk ´ hk

pj˚
k qk

q `

¨

˝

j˚
k
ÿ

j“1

upjqk ´ u0

˛

‚phk
pj˚

k qk
´ hk

pj˚
k `1qk

q

“ u0h
k
pj˚

k qk
`

j˚
k ´1
ÿ

j“1

upjqkphk
pjqk ´ hk

pj˚
k qk

q ` 0

“ Fu0,uppkq.

Observation 5.28. For any i P N with ui “ 0,

u0w
k ` uJpyk ` 1iq “ Fu0,uppkq,

where pwk,yk,pkq is given by (45). Furthermore, the point pwk,yk ` 1i,pkq remains in PH .
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So far, we have found points in PH that are also on the face of an MISEPI. When 2n`1 of these points are affinely
independent, we can conclude that this MISEPI is facet-defining.

We now discuss how to construct pu0,uq P U for the given p0 P X and δ P SpNq, such that the resulting MISEPI is
facet-defining. For every k P N Yt0u, pick any ℓk P N , and construct a binary incidence matrix Apℓq P t0, 1upn`1qˆn

such that

Apℓqkpjqk “

#

1, if j ď ℓk,

0, otherwise.

In other words, the k-th row of Apℓq is the incidence vector for the support of the top ℓk elements in thk
i uiPN . Every

row of Apℓq contains at least one entry of one. Let M denote all the non-zero columns in Apℓq, and let |M | “ m.

Proposition 5.29. Fix any p P X and δ P SpNq. We assume that Bp Ď X . Suppose that thk
i uiPN are all distinct

for every k P N Y t0u, and that Apℓq contains a submatrix B P GLpm, 2q such that B´11 ą 0 entry-wise. Then the
MISEPI associated with p, δ and p1,uq is facet-defining for conv

`

PH
˘

, where uM “ B´11 and uNzM “ 0.

Proof. First, we notice that u P U 1 given in (41) by construction, and p1,uq P U from Lemma 5.20.
By Proposition 5.24, conv

`

PH
˘

is full dimensional. Thus, we need to construct 2n ` 1 affinely independent
points on the face of the MISEPI. We construct tpwk,yk,pkqukPNYt0u and tpw0,y0 `1i,p0quiPNzM as described in
Observations 5.26 and 5.28. These 2n ` 1 ´ m points lie on the face of the proposed MISEPI. Let L Ă N Y t0u be
the rows in Apℓq that overlap with B, then |L| “ m because B is a square matrix. As described in Lemma 5.27, we
construct m points, namely pw̃k, ỹk,pkq for k P L. Note that j˚

k “ ℓk for k P L. This is because B is a sub-matrix
of the non-zero columns of Apℓq, and Bk¨u

M “
řℓk

i“1 upiqk “ 1 “ u0 for every k P L. For the construction to work,
pℓk ` 1qk must exist for k P L. Recall that n ě 2. If, for a contradiction, there exists k1 P L such that ℓk1 “ n,
then Bk1¨ “ 1. For BuM “ 1 to hold with uM ą 0 entry-wise, every row in B has to be 1, which contradicts the
nonsingularity of B. Thus, ℓk ă n, and pℓk ` 1qk always exists for k P L. These m points also belong to the face
of the MISEPI by Lemma 5.27.

So far, we have obtained 2n ` 1 ´ m ` m “ 2n ` 1 points on the face. We next verify that they are affinely
independent. We subtract pw0,y0,p0q from all points, and form a 2n ˆ p2n ` 1q matrix with

tpwk,yk,pkq ´ pw0,y0,p0qukPN ,

tpw0,y0 ` 1i,p0q ´ pw0,y0,p0quiPNzM ,

tpw̃k, ỹk,pkq ´ pw0,y0,p0qukPL

as its rows. The block sub-matrix rpk ´ p0skPN contributes n to the total rank because pk ´ p0 “
řk

i“1 1
δpiq

for all k P N . The block sub-matrix ry0 ` 1i ´ y0siPNzM contributes n ´ m to the total rank. We perform the
elementary row operation of adding the negated row ´pwk,yk,pkq ` pw0,y0,p0q to pw̃k, ỹk,pkq ´ pw0,y0,p0q for
every k P L. The resulting row is phk

pℓkqk
´ hk

pℓk`1qk
qp´1,1tp1q

k,...,pℓkq
k

u,0q. Given that thk
i uiPN are all distinct for

every k P N Y t0u, hk
pℓkqk

´ hk
pℓk`1qk

‰ 0. We observe that B coincides with Apℓq in the columns i P M ; otherwise,

B contains all-zero columns and cannot be nonsingular. Therefore, 1tp1q
k,...,pℓkq

k
u “ Bk¨ for all k P L. Matrix B is

nonsingular, so it contributes m to the total rank. Thus, the matrix representation of these 2n points has a total
rank of n ` pn ´ mq ` m “ 2n. We conclude that the MISEPI is facet-defining.

We can derive facet-defining inequalities by enumerating Apℓq and characterizing its nonsingular submatrices. We
include the following corollary as one example.

Corollary 5.30. Fix any p P X and δ P SpNq. Let M “ tp1qkukPNYt0u Ď N . Then the MISEPI associated with
p, δ and p1,1M q is facet-defining for conv

`

PH
˘

.

Proof. In this case, let ℓk “ 1 for all k P N Y t0u. We construct the incidence matrix Apℓq accordingly. This
incidence matrix has zero columns for i P NzM . Let L Ď N Y t0u be any set of indices such that tp1qkukPL are
distinct. We know that |L| “ |M | “ m. Consider the sub-matrix B of Apℓq with rows in L and columns in M .
This sub-matrix is exactly an m ˆ m permutation matrix, which satisfies B´11 “ BJ1 “ 1. Thus, u “ 1M , which
is the indicator vector of M .
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5.6 Examples of structured H and conv
`

PH
˘

In this section, we illustrate the results from previous discussions using two examples: the general integer continuous
mixing set and the binary multi-capacity continuous mixing set.

5.6.1 General integer continuous mixing set

The continuous mixing set closely resembles the general integer mixing set (see Section 3), but with additional
non-negative continuous variables. We denote a continuous mixing set by

PCMIX :“ tpw,y,xq P R ˆ Rn
` ˆ Zn : w ` xi ` yi ě qi,@ i P Nu,

where q P Rn
` such that 1 ą q1 ě q2 ě ¨ ¨ ¨ ě qn. The set PCMIX plays a crucial role in the relaxations of lot-

sizing, capacitated facility location, and capacitated network design problems. Miller and Wolsey [36] extend the
mixing inequalities (14)–(15) to propose a class of valid inequalities for PCMIX X tw ě 0u. The full convex hull
description of PCMIX is provided by Van Vyve [53] with the cycle inequalities. We next describe the construction
of these inequalities. Throughout this section, G “ pN,Aq is a directed graph, where A “ tpj, kq P N ˆ N : qj ‰

qku Y tpj, jq : j P Nu represents the arcs in G. Each arc pj, kq P A with qj ‰ qk is associated with the following
expression:

ϕjkpw,y,xq :“

#

w ` yj ´ rqk ` pqk ´ qj ´ 1qxjs, if qj ă qk,

yj ´ pqk ´ qjqxj , otherwise.

Each self-loop pj, jq P A is associated with

ϕjjpx,y, wq :“ w ` yj ´ pqj ´ xjq.

Every elementary cycle C Ď A in G corresponds to a cycle inequality
ÿ

pj,kqPC

ϕjkpw,y,xq ě 0. (47)

The cycle inequalities associated with elementary cycles are facet-defining for conv
`

PCMIX
˘

, and they fully describe
conv

`

PCMIX
˘

[53]. In what follows, we exploit the hidden L6-convexity in PCMIX and show that our result subsumes
conv

`

PCMIX
˘

as a special case. Consider H : Zn ˆ Rn
` Ñ R given by

Hpx,yq :“ max
iPN

tqi ´ xi ´ yiu. (48)

Notice that PH “ PCMIX. In this case, hipxiq “ qi ´ xi is a univariate monotone function for every i P N . Thus,
Assumption 1 is satisfied by Remark 5.5, and Fu0,u is L-convex for every pu0,uq P U according to Remark 5.13. By
Theorem 3.5, conv

`

PCMIX
˘

is fully described by MISEPIs. We remark that PCMIX also satisfies all the conditions
in Proposition 5.23, which means that we only need the MISEPIs corresponding to the finitely many pu0,uq P U 1

to describe this convex hull.

Corollary 5.31. Any facet-defining cycle inequality is an MISEPI.

In what follows, we address the question ‘which MISEPI corresponds to the facet-defining cycle inequality associated
with C?’ Consider any elementary cycle C Ď A. We construct p P X “ Zn, δ P SpNq, and pu0,uq P U such that
the associated MISEPI is identical to the cycle inequality corresponding to C. The next observation addresses the
case where C is a self-loop.

Observation 5.32. For each self-loop C “ tpj, jqu where j P N , the corresponding cycle inequality is w ` yj ě

qj ´ xj. Note that p1,1jq P U , and F1,1j pxq “ qi ´ xj. For the epigraph of F1,1j , η ě qi ´ xi is the only SEPI
associated with all p P X and all δ P SpNq. The resulting MISEPI, given p1,1jq along with any arbitrary pair of
p and δ, is exactly w ` yj ě qj ´ xj.

In what follows, we focus on the case where C is not a self-loop. Let the set of nodes involved in C be NpCq. We
know that |NpCq| ě 2 and that qi are distinct for all i P NpCq because the original graph G does not contain arcs
that connect distinct j, k P N with qj “ qk. We define LpCq Ă NpCq to be the set of indices in the cycle from
which the arc points backward; that is, LpCq :“ tj P NpCq : pj, kq P C, qj ă qku. We let

u0 “ |LpCq|, and u “ 1NpCq.
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Figure 4: A visual illustration of the cycle C “ tp1, 4q, p4, 3q, p3, 1qu, where NpCq “ t1, 3, 4u and LpCq “

t3, 4u because p4, 3q, p3, 1q are backward arcs.

Observe that |NpCq| ´ 1 ě u0 ě 1 because C is a cycle with at least two arcs—one of them must point backward,
but not all vertices have backward arcs. Thus, p|LpCq|,1NpCqq P U . In addition, we construct p P Zn by

pj “

$

’

&

’

%

´1, if j P LpCq,

0, else if j P NpCqzLpCq,

2, otherwise, i.e., j P NzNpCq.

The permutation δ P SpNq is obtained as follows. We first construct a permutation of NpCq. For ease of exposition,
we label the elements in NpCq by tNpCq1, . . . , NpCq|NpCq|u such that qNpCq1 ą ¨ ¨ ¨ ą qNpCq|NpCq|

. We use N´
C piq

and N`
C piq to denote the in-neighbor and out-neighbor of any i P NpCq in the cycle C, respectively. That is,

pN´
C piq, iq, pi,N`

C piqq P C. We construct

δpiq “ N´
C pNpCqiq, @ i P t1, . . . , |NpCq|u.

If NpCq Ĺ N , then we complete δ with an arbitrary permutation of the remaining elements NzNpCq. We illustrate
the aforementioned construction using an example.

Example 5.33. Consider the example of Hpx,yq given in (48) with q “ p0.8, 0.5, 0.2, 0.1q. The cycle C “

tp1, 4q, p4, 3q, p3, 1qu (see Figure 4) gives rise to the cycle inequality:

2w ` y1 ` y3 ` y4 ě 1 ´ 0.7x1 ´ 0.4x3 ´ 0.9x4.

Here, NpCq “ t1, 3, 4u, so u “ 1t1,3,4u. We obtain LpCq “ t3, 4u and u0 “ 2. It follows that p “ p0, 2,´1,´1q. In
addition, the elements in NpCq satisfies q1 ą q3 ą q4, so NpCq1 “ 1, NpCq2 “ 3, and NpCq3 “ 4. We obtain

δp1q “ N´
C pNpCq1q “ N´

C p1q “ 3, δp2q “ N´
C pNpCq2q “ N´

C p3q “ 4, δp3q “ N´
C pNpCq3q “ N´

C p4q “ 1,

and we complete the permutation by appending δp4q “ 2. Thus, δ “ p3, 4, 1, 2q. The associated MISEPI is

2w ` y1 ` y3 ` y4 ě F2,1t1,3,4u p0, 2,´1,´1q ` rF2,1t1,3,4u p0, 2, 0,´1q ´ F2,1t1,3,4u p0, 2,´1,´1qspx3 ` 1q

` rF2,1t1,3,4u p0, 2, 0, 0q ´ F2,1t1,3,4u p0, 2, 0,´1qspx4 ` 1q

` rF2,1t1,3,4u p1, 2, 0, 0q ´ F2,1t1,3,4u p0, 2, 0, 0qsx1

` rF2,1t1,3,4u p1, 3, 0, 0q ´ F2,1t1,3,4u p1, 2, 0, 0qspx2 ´ 2q

“ 2.3 ` p1.9 ´ 2.3qpx3 ` 1q ` p1 ´ 1.9qpx4 ` 1q ` p0.3 ´ 1qx1 ` 0

“ 1 ´ 0.4x3 ´ 0.9x4 ´ 0.7x1.

This is identical to the given cycle inequality.

Before establishing the equivalence between a cycle inequality and the constructed MISEPI, we highlight an im-
portant property of the function F|LpCq|,1NpCq . Recall that Lemma 5.16 shows an alternative interpretation of
F|LpCq|,1NpCq—this function evaluates the highest |LpCq| values (including ties) among thipxquiPNpCq for any x P X .
We provide an example to illustrate how the supports of F|LpCq|,1NpCq ppkq and of F|LpCq|,1NpCq ppk´1q are related.
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Example 5.34. We assume the same setup in Example 5.33. Observe that

p0 “ p0, 2,´1,´1q, F2,1t1,3,4u pp0q “ 1.2 ` 1.1 “
ÿ

iPt3,4u

pqi ´ p0i q,

t3, 4u “ LpCq,

p1 “ p0, 2, 0,´1q, F2,1t1,3,4u pp1q “ 0.8 ` 1.1 “
ÿ

iPt1,4u

pqi ´ p1i q,

t1, 4u “ t3, 4u Y tNpCq1uztN´
C pNpCq1qu,

p2 “ p0, 2, 0, 0q, F2,1t1,3,4u pp2q “ 0.8 ` 0.2 “
ÿ

iPt1,3u

pqi ´ p2i q,

t1, 3u “ t1, 4u Y tNpCq2uztN´
C pNpCq2qu,

p3 “ p1, 2, 0, 0q, F2,1t1,3,4u pp3q “ 0.2 ` 0.1 “
ÿ

iPt3,4u

pqi ´ p3i q,

t3, 4u “ t1, 3u Y tNpCq3uztN´
C pNpCq3qu,

p4 “ p1, 3, 0, 0q, F2,1t1,3,4u pp4q “ 0.2 ` 0.1 “
ÿ

iPt3,4u

pqi ´ p4i q.

Intuitively, the arcs in C govern the supports of F|LpCq|,1NpCq ppkq, which follows from our construction of p and δ
with respect to C.

With this intuition, we discuss the terms in the SEPI associated with our proposed p and δ for the epigraph of
F|LpCq|,1NpCq .

Observation 5.35. For any i P t1, . . . , |NpCq|u, let j “ N´
C pNpCqiq “ δpiq. We represent NpCqi equivalently

by N`
C pjq. When j “ δpiq P LpCq, xj ´ pj “ xj ´ p´1q. Given that hjppi´1

j q “ qj ` 1, j must be in the support
of F|LpCq|,1NpCq ppi´1q. At pi, hjppijq “ qj ă qN`

C pjq
“ hN`

C pjqppi
N`

C pjq
q. In fact, by our construction, the support

of F|LpCq|,1NpCq ppiq is exactly the support of F|LpCq|,1NpCq ppi´1q with j removed and with N`
C pjq added. Thus,

F|LpCq|,1NpCq ppiq ´ F|LpCq|,1NpCq ppi´1q “ qN`
C pjq

´ p1 ` qjq. Similarly, when j P NpCqzLpCq, xj ´ pj “ xj ´ 0. By
construction, the support of F|LpCq|,1NpCq ppiq is again the support of F|LpCq|,1NpCq ppi´1q with j removed and with
N`

C pjq added. Therefore, F|LpCq|,1NpCq ppiq ´ F|LpCq|,1NpCq ppi´1q “ hN`
C pjqppi

N`
C pjq

q ´ hjppi´1
j q “ qN`

C pjq
´ qj. In

summary,

“

F|LpCq|,1NpCq ppiq ´ F|LpCq|,1NpCq ppi´1q
‰

pxδpiq ´ pδpiqq “

$

&

%

”

qN`
C pjq

´ p1 ` qjq

ı

pxj ` 1q, j P LpCq,
´

qN`
C pjq

´ qj

¯

xj , j P NpCqzLpCq.

Observation 5.36. For all i P t|NpCq| ` 1, . . . , nu, again, let j “ N´
C pNpCqiq “ δpiq. First note that hjppi´1

j q “

qj ´ 2, which is too low to be in the support of F|LpCq|,1NpCq ppi´1q. Second, hjppijq “ hjppi´1
j ` 1q “ qj ´ 3,

which means that j must not be added to the optimal support of F|LpCq|,1NpCq ppiq. Thus, F|LpCq|,1NpCq ppiq “

F|LpCq|,1NpCq ppi´1q, and
“

F|LpCq|,1NpCq ppiq ´ F|LpCq|,1NpCq ppi´1q
‰

pxδpiq ´ pδpiqq “ 0.

Lemma 5.37. The SEPI associated with our proposed p and δ for the epigraph of F|LpCq|,1NpCq is

η ě
ÿ

jPLpCq

”

qN`
C pjq

`

´

qN`
C pjq

´ qj ´ 1
¯

xj

ı

`
ÿ

jPNpCqzLpCq

´

qN`
C pjq

´ qj

¯

xj .
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Proof. Due to the two observations, the SEPI is

η ě F|LpCq|,1NpCq pp0q `

|NpCq|
ÿ

i“1

“

F|LpCq|,1NpCq ppiq ´ F|LpCq|,1NpCq ppi´1q
‰

pxδpiq ´ pδpiqq

“
ÿ

jPLpCq

p1 ` qjq `
ÿ

jPLpCq

”

qN`
C pjq

´ p1 ` qjq

ı

pxj ` 1q `
ÿ

jPNpCqzLpCq

´

qN`
C pjq

´ qj

¯

xj

“
ÿ

jPLpCq

p1 ` qj ` qN`
C pjq

´ p1 ` qjqq `
ÿ

jPLpCq

´

qN`
C pjq

´ qj ´ 1
¯

xj `
ÿ

jPNpCqzLpCq

´

qN`
C pjq

´ qj

¯

xj

“
ÿ

jPLpCq

”

qN`
C pjq

`

´

qN`
C pjq

´ qj ´ 1
¯

xj

ı

`
ÿ

jPNpCqzLpCq

´

qN`
C pjq

´ qj

¯

xj .

Proposition 5.38. Any facet-defining cycle inequality associated with C is the MISEPI associated with pu0,uq, p
and δ following our construction.

Proof. A cycle inequality is facet-defining if it corresponds to an elementary cycle C with distinct qi for i P NpCq

[53]. Observation 5.32 has fully addressed the case where C “ tpi, iqu is any self-loop. Now suppose |NpCq| ě 2.
The cycle inequality assumes the form

|LpCq|w `
ÿ

iPNpCq

yi ě
ÿ

jPLpCq,pj,kqPC

rqk ` pqk ´ qj ´ 1qxjs `
ÿ

jPNpCqzLpCq,pj,kqPC

pqk ´ qjqxj .

By construction, we obtain the MISEPI

|LpCq|w `
ÿ

iPNpCq

yi ě
ÿ

jPLpCq

”

qN`
C pjq

`

´

qN`
C pjq

´ qj ´ 1
¯

xj

ı

`
ÿ

jPNpCqzLpCq

´

qN`
C pjq

´ qj

¯

xj .

The right-hand side follows from Lemma 5.37. This coincides with the cycle inequality.

Remark 5.39. Recall that Proposition 5.23 provides a finite representation of conv
`

PCMIX
˘

. Here, in fact, U 1

given by (41) can be refined to the following set

U 1 :“
ď

MP2N ztHu

"

u P Rn
` : uM P

ď

BPGLp|M |,2q

tB´11 : Bi¨1 “ Bi1¨1,@ i, i1 P t1, . . . , |M |u,uNzM “ 0
*

.

That is, every nonsingular binary square matrix B is further restricted to have equal row sums.

5.6.2 Binary multi-capacity continuous mixing set

In this section, we consider another example of PH whose convex hull follows from our discussion. Let arbitrary
q P Rn and c P Rn

` be given. We examine H : B0 ˆ Rn
` Ñ R given by

Hpx,yq :“ max
iPN

tqi ´ cixi ´ yiu.

We denote its epigraph by PMCMIX. This set generalizes PCMIX and more realistically captures the varying capac-
ities of the elements involved in lot-sizing, capacitated facility location, or capacitated network design. Multiple
studies have considered incorporating divisible weights c, while omitting the continuous variables y. For example,
Constantino et al. [12] examine

tpw,xq P R` ˆ Zn : w ` cixi ě qi, @ i P Nu,

where ci P tL,Cu Ă Z and C|L P Z. Zhao and de Farias Jr [67] allow ci, i P N , to be positive real values that are
divisible (i.e., c1| . . . |cn). In other words, ci{cj P Z for i ě j. Studies that are more closely related to PH in our case
are Bansal and Kianfar [7] and Zhao and de Farias Jr [68]. The former proposes a class of valid inequalities called
the n-step cycle inequalities and gives their facet conditions. The latter shows that when the weights c are divisible
(i.e., c1| . . . |cn), optimization over PH can be performed in polynomial time. To the best of our knowledge, the
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description of conv
`

PH
˘

and the complexity of optimizing over PH without any restrictions on c (e.g., divisibility)
remain unanswered. Thanks to the hidden L6-convexity and our results in Sections 5.1–5.5, we now address this
challenge.

Recall that c ě 0, so hipxiq “ qi ´ cixi is univariate and monotonically decreasing for every i P N . Assumption 1
holds by Remark 5.5, and Fu0,u are L-convex for all pu0,uq P U by Remark 5.13. The next corollary addresses the
description of conv

`

PMCMIX
˘

, following from Proposition 5.23.

Corollary 5.40. The convex hull of PMCMIX is completely described by the MISEPIs associated with p1,uq, for
all u P U 1 (41), with p “ 0, and with δ P SpNq.

We include an example to illustrate what these MISEPIs look like.

Example 5.41. When q “ p2, 0.5, 4, 2.75q and c “ p3, 1, 4, 2.5q, the following inequality is facet-defining for
conv

`

PMCMIX
˘

.
w ` p2{3, 1{3, 1{3, 1{3qJy ě 35{12 ´ 3x1{2 ´ x2{12 ´ 7x3{6 ´ x4{4

Here, u “ B´11 where

B “

¨

˚

˚

˝

1 1 0 0
1 0 1 0
1 0 0 1
0 1 1 1

˛

‹

‹

‚

,

and δ “ p4, 3, 2, 1q.

In addition, we determine the complexity of the associated minimization problem following from Proposition 5.17.

Corollary 5.42. The relaxation of the multi-capacitated lot-sizing problem, given by optimizing a linear objective
over PMCMIX, is polynomial-time solvable.

6 Conclusion

L6-convex functions form a broad class of nonlinear functions with immense practical utility. Our work conducts
a comprehensive, in-depth study of the convexification of multiple classes of mixed-integer sets associated with
L6-convex functions. We establish useful properties of these and related functions, such as lattice and continuous
submodular functions. We formalize the linear description for the convex hull of any L6-convex function’s epigraph
with linear inequalities called SEPIs, which are polynomial-time separable. We reveal hidden L6-convexity in the
mixing set, recovering its existing convex hull description as a special case of our study. We also completely describe
the joint convex hulls of multiple L6-convex functions sharing common variables, as well as a variant with additional
constraints. We show that the intersection of individual convex hulls equals the convex hull of the intersection in
this case, generalizing analogous results for submodular functions. Lastly, we extend the notion of L6-convexity to
functions defined over mixed-integer domains. We examine the convex hull description for the epigraph of any such
mixed-integer function. Under certain conditions, we provide a complete description via MISEPIs, with specified
facet conditions and polynomial separation complexity; the latter implies polynomial complexity of minimizing
such functions over mixed-integer variables. We illustrate our results with the continuous mixing set and its multi-
capacitated variant, by uncovering the hidden L6-convexity. A natural step in our future research is to extend our
results for L6-convexity to its super-class, lattice submodularity—more precisely, to obtain convexification of the
epigraph of lattice submodular functions in the original decision space. Combining with our methods in this work,
we will then be able to generalize the convex hull description for the multi-capacity continuous mixing set from
X “ B0 to X “ Zn.
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Appendix

Proof of Lemma 2.11. Given any i P N ,

hipvq _ hipwq “ hipv ^ wq, hipvq ^ hipwq “ hipv _ wq,

for all v, w P Xi by monotonicity of hi. Consider any x,y P X . We note that

Gpxq ` Gpyq “ F
`

h1px1q, h2px2q, . . . , hnpxnq
˘

` F
`

h1py1q, h2py2q, . . . , hnpynq
˘

ě F
`

h1px1q _ h1py1q, h2px2q _ h2py2q, . . . , hnpxnq _ hnpynq
˘

` F
`

h1px1q ^ h1py1q, h2px2q ^ h2py2q, . . . , hnpxnq ^ hnpynq
˘

(F is submodular (3))

“ F
`

h1px1 ^ y1q, h2px2 ^ y2q, . . . , hnpxn ^ ynq
˘

` F
`

h1px1 _ y1q, h2px2 _ y2q, . . . , hnpxn _ ynq
˘

(hi is monotone for i P N)
“ Gpx ^ yq ` Gpx _ yq.

Proof of Lemma 2.12. Consider any x,y P X . Suppose i1, j1 P N satisfy

gpx _ yq “ xi1 _ yi1 , gpx ^ yq “ xj1 ^ yj1 ,

respectively. If xi1 ě yi1 , then

gpx _ yq ` gpx ^ yq “ xi1 ` pxj1 ^ yj1 q ď xi1 ` yj1 ď gpxq ` gpyq.

On the other hand, if xi1 ă yi1 , then

gpx _ yq ` gpx ^ yq “ yi1 ` pxj1 ^ yj1 q ě yi1 ` xj1 ď gpyq ` gpxq.

Proof of Lemma 2.13. We show that (5) holds. Fix any x P R2 and any a, b P R`. If i “ 1 and j “ 2, then

gpx ` a1iq ´ gpxq “ fpx1 ´ x2 ` aq ´ fpx1 ´ x2q

ě fpx1 ´ x2 ´ b ` aq ´ fpx1 ´ x2 ´ bq

“ gpx ` a1i ` b1jq ´ gpx ` b1jq.

The inequality follows from the convexity of f . Otherwise, i “ 2 and j “ 1, then similarly,

gpx ` a1iq ´ gpxq “ fpx1 ´ x2 ´ aq ´ fpx1 ´ x2q

ě fpx1 ´ x2 ` b ´ aq ´ fpx1 ´ x2 ` bq

“ gpx ` a1i ` b1jq ´ gpx ` b1jq.
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