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Abstract

L% (natural)-convex functions encompass a large class of nonlinear functions over general integer do-
mains and arise in a wide range of real-world applications. We explore the minimization of L -convex
functions, of multiple Lf-convex functions with common variables, and of a mixed-integer extension of
Lf-convex functions—functions defined over a mixed-integer domain with properties that resemble Lt-
convexity. For each of these families of minimization problems, we propose valid linear inequalities and
provide convex hull descriptions for the corresponding epigraphs. For all classes of proposed inequali-
ties, we discuss their facet conditions, develop exact separation methods, and analyze the complexity
of the separation problem. We discover hidden Li-convexity in well-known mixed-integer structures in
the integer programming literature, namely the (general integer) mixing set and the continuous mixing
set. We show that our findings subsume the existing polyhedral results for these sets and establish
new results for the multi-capacity variant of the continuous mixing set.

Keywords — Lf-convex functions; mixed-integer variables; polyhedral study; convex hull; submodularity;
mixing set; continuous mixing set.

1 Introduction

Let N = {1,...,n} be a finite non-empty ground set. Throughout, we use
X:={xeZ":{; <x;<u;Vie N}

to denote any discrete hyperrectangle, where ¢;,u; € Z u {to0} for every i € N. Introduced by Murota [44], a
function f : X — R is called L?-convez if

s+ 0= £ (| 55]) + 7 (|5) 0

for every x,y € X, where the rounding operators are component-wise. We provide Figure 1 as a visualization of
(1). Property (1) is referred to as mid-point convexity [12] because of its close analogy to the continuous notion of
convexity. Thus, Li-convexity is considered a discrete counterpart of classical convexity.

Lf-convex functions form a broad class of nonlinear functions. Examples of Li-convex functions include, but are
not limited to, submodular set functions, quadratic functions with diagonally dominant M-matrices, multimodular
functions, and max component functions [44, 46]. Despite the intuitive analogy with convexity, Lf-convex functions
are not equivalent to convex functions restricted to integer domains. In fact, non-conver functions over discrete
domains can be Li-convex. For example, as illustrated in Figure 2, f(x) = 10x? — 3 is nonconvex over R? and is
Lf-convex over X = {xeZ?: 0 <x < [2 1]} [19].

In particular, Li-convexity is closely related to submodularity (see Figure 3). Submodularity is one of the most
important concepts in integer programming and combinatorial optimization. A set function f : 2V — R is
submodular if

fS)+fM) = f(SuT)+ f(SnT) (2)
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Figure 1: A visual illustration of (1), where f represents an Li-convex function, the solid dots represent
the function values at arbitrary pairs of elements in the domain, and the hollow dots represent the function
values at the discrete midpoint(s).
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Figure 2: A non-convex function f(x) = 1027 — 23 (left) and an Lf-convex function (right) obtained by
restricting f to X = {x e Z?: 0 <x < [21]T}.

for all S,T7 < N. A generalization of submodularity to f : X — R is the lattice submodularity. A function
f: X — R is lattice submodular if

fE)+fy)=zfxvy)+fxAay) (3)

for all x,y € X. Here, v and A represent the component-wise maximum and minimum between two vectors,
respectively. A more precise definition of lattice submodularity is provided in Section 2. Notice that by replacing
the subset S € N by its binary indicator vector, a submodular set function is a lattice submodular function with
X = {0,1}". To see the connection with Lf-convex functions, we give an equivalent definition of L3-convexity. A
function f : X — R is Li-convex if and only if

fR)+fy) =2 f((x—al)vy)+ f(xA(y+al)) (4)

for every x,y € X’ and every nonnegative o € Z, such that (x—al) vy, x A (y+al) € X [44]. When « = 0, (4) co-
incides with (3), which shows that lattice submodular functions subsume L*-convex functions. It is straightforward
to see that a submodular set function is also an Lf-convex function over the discrete unit hypercube. Although
much progress has been made in optimizing submodular set functions, comparable progress in lattice submodular
optimization, particularly efficient exact solution methods, is lacking. The Choquet integral (equivalent to the
Lovasz extension in combinatorial optimization and discrete convex analysis) is generalized for lattice submodu-
lar functions, and an algorithm that relies on additional binary variables to represent general integer variables is
given for the minimization problem over box constraints [6]. The convex hull description of the epigraph of lattice
submodular functions in the original decision space remains open. Achieving this result for Li-convex functions, a
broad subclass of lattice submodular functions, will provide invaluable insights into this challenge; this is exactly
one of our objectives in this work.

Lf-convex functions have immense utility in real-world applications, including inventory management [24, 36, 40, 79],
revenue management [10, 11], healthcare [75], computer vision [50], auction theory [48, 56], and bike sharing [16].
It is known that Li-convex minimization over discrete hyperrectangles is polynomially solvable. This complexity
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Figure 3: A Venn diagram displaying the relation between Li-convexity and submodularity.

result follows from the fact that minimizing integrally convex lattice submodular functions over discrete hyperrect-
angles is polynomially solvable [15], and integrally convex lattice submodular functions are shown to be exactly the
L%-convex functions [19]. Discrete steepest descent algorithms are developed for Lf-convex function minimization
[45]. Minimization of a continuous extension of an Li-convex function subject to a linear inequality constraint
is shown to be polynomially solvable, and an algorithm that relies on binary search for an optimal Lagrangian
multiplier is proposed [18].

Nonetheless, these specialized algorithms cannot directly handle arbitrary linearly representable constraints. In
contrast to submodular set functions, which are naturally extendable to continuous and mixed-integer domains, for
which the associated mixed-integer optimization problems have been examined [2, 3, 74], the study of mixed-integer
extensions of Li-convex functions is still in its infancy. Notable exceptions include the works on continuous/discrete
hybrid convex optimization [41, 60] and, more recently, on the minimization of symmetric convex functions over a
hybrid of continuous and discrete convex sets [28]. However, to the best of our knowledge, polyhedral studies of the
mixed-integer sets associated with Li-convex functions and their mixed-integer extensions—which are the key to a
versatile cutting-plane methodology—have not been addressed. To bridge these gaps, we aim to devise a versatile
cutting-plane approach to handle arbitrary constraints in Li-convex function minimization and to handle both
general-integer and continuous decision variables when minimizing extensions of Li-convex functions. To achieve
these goals, we convexify the underlying mixed-integer sets in these optimization problems through a polyhedral
approach.

The polyhedral approach has proven highly effective for solving integer programming problems to achieve global
optimality. Submodular set function optimization is one such example. The pioneering work by Edmonds [14]
establishes that a specific class of linear inequalities, known as the extremal polymatroid inequalities, completely
characterizes the convex hull of the epigraph of any submodular set function. Furthermore, Wolsey and Nemhauser
[64] introduce the submodular inequalities, which are linear inequalities valid for the hypograph of any submodular
set function, and they offer a mixed 0-1 linear program reformulation for the unconstrained submodular max-
imization. These polyhedral results have subsequently been extended to accommodate constrained instances of
submodular optimization [1, 55, 69, 70, 73]. The polyhedral approach has further demonstrated success in sub-
modular set function optimization under stochastic settings [29, 54, 65, 66, 67, 68, 76] as well as minimization of
general set functions [41]. In addition, a growing body of research investigates how the polyhedral approach can be
leveraged for optimizing extensions of submodular set functions. One natural generalization of submodularity is
k-submodularity (i.e., functions with k& > 2 set arguments that display diminishing returns). Yu and Kiigiikyavuz
[71, 72] develop efficient exact solution methods for k-submodular minimization and maximization by obtaining
polyhedral descriptions for the associated epigraph and hypograph. We refer the reader to [31] for a review of
generalized submodular optimization. Taken together, these advances motivate exploring the polyhedral approach
for Li-convex optimization, particularly since Li-convex functions extend the class of submodular set functions.

A central application of our framework concerns the so-called mizing sets. The classical mixing set was introduced
by Giinliik and Pochet [21], motivated by the mizing procedure that combines mixed-integer rounding (MIR) in-
equalities associated with a common continuous variable; closely related polyhedral results appeared earlier in the
study of lot-sizing with Wagner—Whitin costs [52]. Mixing sets and their variants arise as fundamental substruc-



tures in production planning and lot-sizing, capacitated facility location, capacitated network design, and joint
chance-constrained programming, among others, and an extensive literature is devoted to their polyhedral analysis
[12, 21, 29, 30, 37, 39, 63, 77]. In this paper, we show that several of these seemingly disparate polyhedral results
can be derived and interpreted in a unified manner by uncovering hidden Lf-convexity in the underlying sets. In
addition, we obtain new convex hull results for the binary multi-capacity continuous mixing set, which has been of
interest in MIP literature on capacitated lot-sizing. While some classes of mixing sets are not immediately covered
by our Li-convexity assumptions, our framework provides a basis for their future study. In particular, combining
it with polyhedral results for the underlying lattice-submodular functions or with sufficient conditions for simulta-
neous convexification [61] offers natural avenues for extensions (see Sections 5 and 6).

We next summarize our contributions.

1.1 Our contributions

This work presents a comprehensive, in-depth study of the convexification of multiple families of mixed-integer sets
associated with Lf-convex functions. We describe our main contributions as follows.

(i) We establish useful properties of Li-convex functions and of closely related classes of functions, namely
submodular set functions, lattice submodular functions, and continuous submodular functions.

(ii) We formalize the complete linear description for the epigraph convex hull of any Lf-convex function f by
proposing a class of valid linear inequalities, which we call the shifted extremal polymatroid inequalities
(SEPIs). We provide a polynomial-time exact separation algorithm for the SEPIs. We further show that
these inequalities are facet-defining and, with trivial bounds when necessary, are sufficient to describe the
convex hull of the epigraph of f. In particular, we discover the hidden Lf-convexity in a well-known mixed-
integer set in the mixed-integer programming (MIP) literature, called the mizing set [21]. We show that the
existing polyhedral results for the mixing set are direct corollaries of our discussion.

(iii) We further consider the joint epigraph of multiple Li-convex functions sharing common variables, as well as
a variant with additional constraints linking the epigraph variables of these L-convex functions. We provide
their complete convex hull descriptions, respectively. We remark that the intersection of the epigraph convex
hulls of L2-convex functions is exactly the convex hull of the joint epigraph. This appears surprising because
the intersection of the convex hulls of multiple mixed-integer sets is generally not the convex hull of the
intersections of these mixed-integer sets. This scenario holds for submodular set functions with common
binary variables, and our result generalizes it to a much broader class of functions.

(iv) Lf-convex functions are traditionally defined on integer domains, and the study of mixed-integer extensions
of Lf-convex functions, particularly from a polyhedral perspective, remains limited. We thus examine one
family of such mixed-integer extensions and provide the convex hull description of its epigraph. Under certain
conditions, such a convex hull is fully described by a class of linear inequalities that we refer to as the mixed-
integer SEPIs (MISEPIs). We derive facet-conditions for MISEPIs and show that the separation problem
is solvable in polynomial time. This, in turn, proves the complexity of unconstrained minimization of any
such mixed-integer function. Lastly, we illustrate our theoretical results using the continuous mizing set [63]
and its capacitated variant. More specifically, we uncover the hidden Lf-convexity in the general integer
continuous mixing set and the binary multi-capacity continuous mixing set, both of which are important
mixed-integer structures in the MIP literature. We show that our results subsume the existing polyhedral
results for the former. For the latter, to the best of our knowledge, we are the first to present its convex hull
description using the MISEPIs and establish the complexity of its unconstrained minimization.

1.2 Outline

We organize the rest of this paper as follows. Section 2 provides background information on Li-convexity and
submodularity. After outlining their known properties, we establish additional characteristics of these functions
that are crucial for the later discussions. In Section 3, we examine the epigraph convex hull of any L°-convex
function. We describe the SEPIs, provide a polynomial-time exact separation algorithm, and show that these
inequalities are facet-defining. We then formally argue that the epigraph convex hull of any Lf-convex function is
completely described by SEPIs along with trivial bounds. We elaborate on our discovery of the hidden Li-convexity
in the mizing set and show that its known polyhedral description is a direct corollary of our discussion. In Section
I, we explore the joint epigraph of multiple Li-convex functions sharing common variables and its constrained



variant. In Section 5, we analyze a class of mixed-integer extensions of Li-convexity and give the form of the
convex hull description for the epigraph of any such mixed-integer function. We describe the MISEPIs and set
forth the conditions under which they fully describe the convex hull. We show in Section 5.4 that the separation for
MISEPIs is solvable in polynomial time, which proves the complexity of minimizing such mixed-integer functions.
We further provide the facet conditions for MISEPIs in Section 5.5. Lastly, in Section 5.6, we recover the existing
polyhedral results for the general integer continuous mixing set and establish new results for the binary multi-
capacity continuous mixing set. A closing discussion is included in Section 6.

2 Preliminaries

Recall that X denotes any bounded or unbounded discrete hyperrectangle. Alternatively, X = [[,.y &; where
Xi={xeZ:l; <x; <u;} for i € N. We represent its continuous relaxation by

X :={xeR": £ <x<u}.

In addition, we define X := {x € Z" : ¢; < x; < u; — 1,Vi € N}, and we follow the convention that «o — 1 = co. We
let
Bp = {XEZ" P <X <pi+1,V’L'EN}

be the discrete unit hypercube with a shifted origin p € Z". For example, By = {0,1}™. We follow the convention
that Z denotes the set of non-negative integers, and Z, = Z,\{0}. Let 1 be a vector with all ones of appropriate
dimension. Given any subset S € N, 1° is the indicator vector of S. If the subset is a singleton, S = {i}, we use
1¢ for ease of notation.

In Section 1, we have introduced submodular set functions (2) and lattice submodular functions (3). We revisit these
functions more rigorously. First, note that set functions are also functions defined over discrete unit hypercubes.
Given any submodular set function g : 2 — R, we can equivalently state g as f : Bog — R, where f(x) = g({i €
N :2; = 1}) for any x € Bg. Conversely, g(S) = f(1°) for any S € N. More generally, consider f : D € R” — R
where D is a lattice. Here, by Topkis [62], a lattice refers to a partially ordered set (poset) that contains the join
(v) and the meet (A) of each pair of its elements. A poset is a set on which there is a binary relation < that
is reflexive, antisymmetric, and transitive. Moreover, the direct product of lattices is a lattice. Following these
definitions, X = [Lien X; € R, as well as X = [L,ey & © Z™, where component-wise natural ordering is the
binary relation that defines the poset, are examples of lattices. Below, we provide the formal definition of the
extension of submodularity beyond set functions.

Definition 2.1. [62] Consider any function f : D < R™ — R, where D is a lattice. This function is submodular
if (3) holds for all x,y € D.

The following is an equivalent definition of submodularity that captures an intuition of diminishing returns.

Definition 2.2. [6] For any D that is a discrete hyperrectangle X or a continuous hyperrectangle X, the function
f:D<cR® - R is submodular if

f(x+al") — f(x) = f(x +al® + b17) — f(x + b17) (5)
for allxe D, all a,be Ry and all distinct i,7 € N such that x + al®,x + b1, x + al’ + b17 € D.

In the literature, some studies (e.g., [57, 58]) use the term lattice submodular functions to refer to submodular
functions defined over general integer domains. Other studies simply use the term submodular functions regardless
of the integrality of the domains (e.g., [6, 9, 22, 59, 62]). For clarity, throughout the discussions that follow, we
will use submodular set functions to refer to the submodular functions defined over 2%V (equivalently, over discrete
unit hypercubes). We will use lattice submodular (lattice submodularity) and continuous submodular (continuous
submodularity) to distinguish the submodular functions defined over general integer domains and continuous do-
mains, respectively.

Submodularity is often considered the analog of convexity for functions over discrete unit hypercubes because it is
well-known that submodular set functions are efficiently minimizable [13, 20, 25, 26, 27, 32, 38, 51, 53]. Moreover,
a continuous extension of a set function, called the Lovész extension, is conver exactly when the set function is
submodular [35]. More precisely, let a submodular set function f : By — R be given. For any x € Bg = [0, 1]", let



0 € G(N) be the permutation such that x5y > z52) = +++ = Ts5(n) = Ts(nt+1) = 0. The Lovasz extension of f at x

is
n i i—1
FH(x) = Z lf (Z 15(j)> - f (Z 15(”)] Ts(s)- (6)
i=1 j=1 j=1
In fact, the question of whether a function defined over an integral domain has a convex continuous extension has
driven Favati and Tardella [15] to explore the following class of functions.

Definition 2.3. [15] Given any f : X € Z™ — R, consider its continuous extension f : X — R defined by

f(y) := min Z Ao f(2) Z AeZ =y, Z A=1,22>20,VzeN(y) ¢,
zeN(y) zeN (y) zeN (y)

for any 'y € X, where N(y) :={z € Z" : |y; — z;| < 1,Vi e N}. If f is convex, then f is an integrally convex
function over X.

Remark 2.4. Suppose that X = B and [ is a submodular set function. As suggested in [15], f coincides with
the Lovasz extension fX: X — R of f, given in (6) [35].

Moreover, Li-convex functions are discovered to be closely related to integrally convex functions, as explained in
the next theorem.

Theorem 2.5. [19] A function f : X — R is Lf-convez if and only if it is integrally convex and lattice submodular.

It follows that an Li-convex function f : Bg — R must be a submodular set function (see Figure 3). Another
subclass of Li-convex functions that plays an important role in our discussions is the class of L-convex functions
restricted to a hyperrectangle, which we define next. We remark that, in the standard definition of Murota [44],
L-convex functions are defined over Z™ with linearity in the direction (1, 1,...,1); the functions in Definition 2.6 are
the restrictions of such functions to a discrete hyperrectangle X'. For brevity, and with a slight abuse of terminology,
we refer to the functions in Definition 2.6 simply as L-convex functions in the remainder of the paper.

Definition 2.6. (L-convex functions restricted to a hyperrectangle, cf. [//]) A function f : X — R is L-convex
restricted to a hyperrectangle (in short, L-convex) if (3) holds for all x,y € X, and if there exists r € R such that
fx+1)=f(x)+7r forallxe X withx+1eX.

The next result establishes the relationship between L-convex functions and Li-convex functions.

Lemma 2.7. [//] Any L-convex function f : X — R satisfies (1) for every x,y € X and every o € Z such that
(x—al)vy,xA(y+al)eX.

Recall that an Lf-convex function satisfies (4) for all o € Z , so every L-convex function is L-convex.

2.1 Examples and property preserving operations

In this section, we provide examples of Li-convex functions, lattice submodular functions, and continuous submodu-
lar functions. We also discuss the transformations of such functions that preserve Li-convexity or lattice/continuous
submodularity. These properties are crucial for the discussions that follow. We note that all the lemmas in this
section are either known or trivially follow from existing results in the literature, so their proofs are omitted or
supplemented in the appendix. To help the reader navigate this section, we highlight where each result is used in
the development of our main contributions: Lemmas 2.9-2.14 are building blocks for the new results in Section
2.2; Lemma 2.16 and Proposition 2.17 are used in the analysis of the functions F},, , that are introduced to drive
the convexification in Section 5 (see Remark 5.13 and Section 5.3); Lemma 2.19 certifies the hidden Lf-convexity
in the mixing set (Section 3); and Proposition 2.20 and Lemma 2.21 support the verification of Assumption 1 in
Remark 5.5.

Lemma 2.8. [//] Let g,h: X € Z" — R be Li-convex functions.
(1) For a e Ry, ag is L*-convex.

(2) ForaeZ" and B € Z\{0}, g(a + Bx) is Lf-convex in x.



(3) The sum g + h is also L°-convex.
Lemma 2.9. [//] The mazimum-component function g : Z" — R defined by g(x) := max;en{z;} is L-convez.

Lemma 2.10. [//] Suppose that f : Z — R satisfies f(x — 1) + f(z + 1) = 2f(z). Then f is Lf-convex. The
function g : Z? — R defined by g(x) = f(x1 — x2) is L-convex.

Lemma 2.11. [6] Let F : X € R" — R be a continuous submodular function. For everyie N, suppose h' : X; — R
is a monotonically decreasing function. Then G : X — R defined by

G(X) =F (hl(xl)v hZ(xQ)a ey h’n(xn))
18 lattice submodular.

The same result holds when h? is a monotonically increasing mapping of z; for every i € N.

Lemmas 2.9 and 2.10 suggest that the maximum-component functions and the structured bivariate functions are
lattice submodular. The next two lemmas formalize the continuous submodularity of these functions.

Lemma 2.12. The function g : X € R® — R defined by g(x) := max;en{z;} is continuous submodular.
Lemma 2.13. If f : R — R is convez, then g : R> — R where g(x) := f(x1 — 22) is continuous submodular.
The next lemma shows that partial minimization preserves continuous submodularity.

Lemma 2.14. [6] Suppose H : [],.n ?Lg R™ — R is submodular. Let K = {1,...,k} ¢ N for any k € N. The
partial minimization function F : [[,.x X; — R defined by

F(xy,...,x5) := inf  H(xy,...,%k, 21, Zn—k)
2€] [ie i A

is submodular.

In fact, K can be any subset of N. It is assumed that K = {1,..., k} without loss of generality up to re-indexing.

2.2 New results on L’-convex and submodular functions

In this section, we establish new classes of functions that satisfy submodularity or Li-convexity. These functions
help our discussion in the later sections.

We first consider the function F,, ,, : X € R™ — R for any

(ug,u) el := {(uo,u) eRT tug < 2 ul},

ieN
given by

Fyuyu(x) := min {uohj(x) + Z u; max{0, h'(x) — hj(x)}} , (7)

jeN
J ieN

where h' : X — R for every i € N. We show that any such function is lattice submodular under certain conditions.
Fixing an arbitrary (ug,u) € U, we first discuss the continuous submodularity of a simplified variant of F, v,
namely Gyyu: X € R" - R,

Gupu(x) 1= IJIél]{fl {uozj + ;VUZ max{0, x; — :17]}} . (8)
We further define a function H : X x R — R by

H(x,t) := upt + Z u; max{0, x; — t}. (9)
€N



Lemma 2.15. For any (ug,u) € U, the function H defined by (9) is continuous submodular over X x R.

Proof. We first notice that max{0,-} is a univariate convex function. Based on Lemma 2.13, max{0,z; — t} is
continuous submodular for every ¢ € N. The linear function ¢ is trivially continuous submodular. By definition of
U, (ug,u) = 0, so H is a non-negative combination of continuous submodular functions, which remains continuous
submodular. O

Lemma 2.16. For any (ug,u) €U and any x € X,

Gupu(x) = igﬂgH(x,t).

Proof. For any fixed x € X, H(x,t) is a convex, piecewise linear function of ¢, with breakpoints at x1, 2, ..., 2.
Its slope in ¢ is ug = 0 for t > maxen{x;} and ug — D };c y u; < 0 for t < minen{x;}, where the two sign conditions
follow from (ug,u) € Y. Hence, the infimum of H(x,t) over ¢ € R is attained at one of these breakpoints, and

inf H(x,t) = min H(x,t) = min {uoxj + Z u; max{0, x; — a:]}} = Gup,u(x).
JEN

teR te{zi}iEN ieN
O

Proposition 2.17. The function Fy,w given by (7) is lattice submodular for any (ug,u) € U when h; : X; — R
are monotone for all i € N.

Here, h; can be monotonically increasing or decreasing, as long as the direction is consistent across ¢ € N.

Proof. By Lemma 2.15, H given by (9) is continuous submodular over X x R. According to Lemma 2.14, its
partial minimization inf,cg H(x,t) is a continuous submodular function over x € X. We have shown in Lemma
2.16 that infeg H(x,t) for any x € X is equal to Gy u(X), 50 Guy.u is continuous submodular. Lastly, observe
that Fiyu(x) = Gugu(h'(21),...,h"(z,)) where h® is monotone for all i € N. We conclude that F,, , is lattice
submodular, following from Lemma 2.11. O

Proposition 2.18. Suppose F : X € Z™ — R satisfies the following conditions.
(i) F is decreasing (i.e., F(x) = F(x') for all x < x" in X).

(i) There exists r € R such that F(x +1) = F(x) +r for allxe X.

(iii) F(x Ay)=F(x)v F(y) forallx,y € X.
Then F is L-convex, and the function F¢: X — R,

Fé(x):=F(x)ve

is LA-convex for any c € R.
To improve the flow of the presentation, the proof of Proposition 2.18 is relegated to the appendix.
Lemma 2.19. (c¢f. [/7]) The function F° : 7" — R,

FO(X) ;= max{q; — x;} v 0,
ieEN

where q € R™, is L*-convex.

We note that Lemma 2.19 follows directly from the known Li-convexity of the mazimum-component function
discussed by Murota [47, p. 233], by setting the vector p in that discussion equal to —x. We retain a short
self-contained proof below, as it illustrates the use of Proposition 2.18.

Proof. Let F(x) := max;en{q; — x;}. We check conditions (i)—(iii) in Proposition 2.18.

(i) For any x,x’ € Z" with x < X/, ¢; — x; = ¢; — «} for every i € N. Thus, F(x) = maxen{q — x;} =
max;en{q — i} = F(x').

(ii) Note that F(x + 1) = max;en{qi — z; — 1} = maxjen{q; —2;} —1=F(x) — 1 for all x e X.



(iii) For all x,y € Z™,
F(x ny) = max{g — (zi A yi)}
iEN
= max{(¢; — i) v (¢ — vi)}
iEN
= Tgé%({(% — )} v I}g}\;{{(% — i)}

= F(x) v F(y).

Therefore, it follows from Proposition 2.18 that F° is Lf-convex. O
Proposition 2.20. Given a,b € R" and ag, by € R, the function F : X € Z" — R,
F(x) :=max{a'x +ap, b x+ by}
is lattice submodular if there exist i,7 € N and o, 8 = 0 such thata—b = ol — 817,
To improve the flow of the presentation, the proof of Proposition 2.20 is relegated to the appendix.
Lemma 2.21. The function F: X € Z"™ — R,
F(x) :=max{a'x +ap,b x+ by}
is L-convex if there exist i,7 € N and a = 0 such that a—b = (1! — 17).
Proof. By Proposition 2.20, F is lattice submodular. Let a'1 = 7. Then b™1 =7 — (1 — 1) = r. Thus,
F(x+1)=max{a' (x+1)+ap,b' (x+1)+by} =max{a'x+ag+rb'x+by+7r}=F(x)+r.
We conclude that F' is L-convex. O

Remark 2.22. Proposition 2.20 and Lemma 2.21 are closely related to the maximum-component function discussed
in Murota [47, p. 233]; in particular, when o = 3, they can alternatively be derived from the Lf-convexity of the
maximum-component function through suitable affine transformations of the arguments.

3 Epigraphs of L-Convex Functions

In this section, we formalize the epigraph convex hull description for Lf-convex functions. Let f : X € Z"™ — R be
any Lf-convex function. Recall that X is a hyperrectangle. We denote the epigraph of f over X’ by

PLi={(w,x) eRx X :w > f(x)}.

Before presenting the inequalities that describe conv (’Pj;), we position them within the discrete convex analysis

literature. It is well known that L-convex and Lf-convex functions are essentially equivalent concepts, and that
they are extensible to convex functions [44, Section 7.7 and Theorem 7.20]. Moreover, the convex extension of an
L-convex function—and hence of an Li-convex function—is given by a collection of Lovasz extensions within each
unit hypercube [44, Theorem 7.19]; explicit statements of this formula for Lf-convex functions appear in Section
4.3 of Murota [43] and Section 16.3 of Fujishige [17]. In a related vein, He and Tawarmalani [23] show that the
convex envelope, the staircase extension, and the locally Lovasz extension of a discrete function over a bounded
integer box coincide if and only if the function is Lf-convex. Consequently, the fact that the linear inequalities (10)
below describe the epigraph convex hull of an Li-convex function is essentially a corollary of these known results.
Our contributions in this section are complementary to this classical theory: we make the description explicit in
the original space of variables in the form of the inequalities (10), we provide a polynomial-time exact separation
algorithm (Algorithm 1), we show that each such inequality is facet-defining—so the resulting description contains
no redundant inequalities (Proposition 3.4)—and we build the connection between this convex hull description and
the general integer mixing set. These developments are also the workhorse of our analysis of the mixed-integer sets
in Sections 4 and 5, which constitute the main contributions of this paper.



We provide the following class of linear inequalities, which we refer to as the shifted extremal polymatroid inequalities
(SEPIs). Each SEPI is associated with a point p € X and a permutation § = (§(1),d(2),...,d(n)) € G(N). Such
an inequality assumes the following form

w > f(p) + i lf (p + Z 15(”) —f (p + 2 15”))] (s — Dsi)) - (10)

Recall 1¢ € {0,1}" is an indicator vector with one in the ith entry and zeros elsewhere. In (10), the summation
Z;;ll 1%0) is zero when i = 1.

Remark 3.1. Recall when X = {0,1}", f is a submodular set function. In this case, X = {0}, and the SEPIs
are exactly the extremal polymatroid inequalities (EPIs), which are facet-defining for the epigraph of f [4, 14, 35].
Each EPI is associated with a permutation d € &(N) and is in the form of

n i i—1
w = f(O) + 2 [f <Z 15(j)> - f (Z 16(j))1 LU(;(i).
i=1 Jj=1 j=1

This local polyhedral structure over any unit hypercube echoes the locally Lovasz construction of the convex
extension of an Lf-convex function. Moreover, Li-convexity ensures that these unit-hypercube pieces form a globally
convex envelope as discussed in Murota [44] and He and Tawarmalani [23].

Proposition 3.2. (c¢f. [25, /4]) An SEPI associated with any p € X and any § € G(N) is valid for 73/];.

To improve the flow of the presentation, the proof of Proposition 3.2 is relegated to the appendix.

Given any (w, %) € (R x ?)\Pff, we propose Algorithm 1 to obtain an SEPI that is violated by this infeasible point.

Algorithm 1: Fractional_Greedy
1: Input (0,%) € R x X
2: fori=1,2,...,n do
3 if ; = u; then
4 pi < T — 1
5. else

6: pi < |Zil;

7

8

9

end if
: end for
: Sort the entries in r = X — p to obtain a permutation § such that rsq) = rseo) = -+ = r5m);
10: Output An SEPI associated with p and 4.

In fact, Algorithm 1 determines the most violated SEPI at (w,%) as we show in Proposition 3.3.
Proposition 3.3. Algorithm 1 is an exact separation algorithm for SEPIs with time complexity O(nlogn).

Proof. Given any infeasible (1, %) € R x X, the separation problem to identify the most violated inequality 7' +
o < w is
max{my + X7 : 7 +x' 7 < f(x),Vxe X} (11)

Algorithm 1 returns an SEPT associated with p and §. Recall for every i € IV,

. i-i,]_’ 1f§?z=uz,
bi | 2], otherwise.

Let (7o, 7) € R"! be the constant term and the coefficients of the right-hand side of the SEPI (10) returned by
Algorithm 1, viewed as an affine function of x; that is, 75;) = f (p + Z;-:l 15(j)> —f (p + 23;11 15(j)> for i e N,

and To = f(p) — 21| Ts(:) Ps(s)- Following from Proposition 3.2, (7o, 7) is a feasible solution to problem (11). We
remark that feasibility of (7o, 7) only certifies validity of the returned SEPI. The purpose of the following duality
argument is to certify ezactness of the separation—that is, among all valid inequalities, and in particular among
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all SEPIs, the one returned by Algorithm | attains the maximal violation at (w,%). The corresponding objective

value is _ B
eprimal = f(p) + Z [f (p + Z 15(j)> —f <p + Z 190 )] p[s(
=1 j=1 j=1

By assigning the dual variables vy for all x € X', we obtain the following dual problem of (11).

min {Zfo ZVXX—X ZVx—le O,VXEX}. (12)
xeX xeX

xeX

Recall r = x — p. Next, we construct a dual solution 7 by

1- Ts(1), X=P .
7. — Ts(i) = T6(i+1)s X:p+Z;:115(]),Vi:1,2,...,%—1,
* Ts(n)» x=p+1,
0, otherwise.
By construction, », . Ux = 1. For every k € {1,2,...,n},
57 (k)-1 n—1
Z sy = (1 = 7501))pk + Z (T5() = Ts(i+1))Pk + 2 (rs¢y — rs(i+1)) (Px + 1)
xeX 1=6—1(k)

+ 75(n) (pk + 1)

2 UxPk + Z 7”5(z Ts(i+1)) T Ts(n)
xeX i=86"1(

=Dk t+ Tk

= Tk.

Therefore, the proposed dual solution is feasible. The corresponding dual objective value is

Oavar = (1 —7r501)) f Z Ts(i) = Ta(i+1)) <p+215 >+7’5 nf(p+1)

n—1 i—1
= f(P) = s f(P) + D oy f (p - Z 150‘)) - Z rsg f <p + ) 16<j>>
i=1 j=1 i=2 j=1
+ 15y f(P+1)

" @ n i-1
P)+ > s f (p + 3] 150’)) ~ Mrsof <p +3 160))
i=1 j=1 i=1 iz
" @ i—1
+2 lf (p + ] 15(1')) —f <p + 6(7’))] ra
=1

j=1 j=1
n 7 i—1

p) + Z lf (p + Z 15(j)> ( Z 6(])>1 Ts(i) — Ps(i)) -
i=1 =1 =1

Strong duality holds and (7o, 7) is an optimal solution to problem (11). Hence, Algorithm 1 is exact. The
entire algorithm is dominated by the sorting of r € R™, so the time complexity of this separation algorithm is
O(nlogn). O

The following proposition shows that the SEPIs are strong valid inequalities for 77;(.
Proposition 3.4. When X 2 By for any q € Z", Pﬁ; is full dimensional, and the SEPI associated with any p € X
and any 8 € S(N) is facet-defining for 73/4;.

11



Proof. For every k = 0,1,...,n, let p* = p + Z§:1 1°U), Given that p € X, {pk}ke{o,l,...,n} c X. The points

(f(p) + 1,p) and (f(p*),p*) for k = 0,1,...,n belong to P4 and are affinely independent. Thus, P} is full
dimensional. We observe that

k
F®") = @)+ D 1) — F(p' )]
=1
k n
= f0) + 210 = F0 " Dwse) + 1= pa) + X5 L) = F(™ )]sy — aa))-

@
I
—_

i=k+1

In other words, (f(pk),pk) for all £k = 0,1,...,n are on the face defined by the arbitrarily given SEPI and are
affinely independent. We conclude that the SEPI is facet-defining. O

In the next theorem, we formalize the complete description of conv (Pﬁ;) As discussed at the beginning of this

section, the statement of Theorem 3.5 can alternatively be derived from known results on the convex extensions of
Lf-convex functions [17, 23, 43, 44]. We provide a self-contained proof for completeness, as its constructive nature
is used in the proofs of Propositions 4.1 and 4.3.

Theorem 3.5. The convex hull of the epigraph, ’P , 18 fully defined by the trivial inequalities £ < x < u, and all
the SEPIs associated with anyp e X = {xeZ" : {; <x; <wu;—1,Vi=1,2,...,n} and any permutatzon d € S(N).

Proof. We let C € R**! denote the set constructed by the trivial inequalities and the aforementioned SEPIs. By
Proposition 3.2, C 2 conv (Pi) Next, we establish the reverse containment. Consider arbitrary (n,y) € C. We

can apply Algorithm 1 to (1,y) because y € X due to the trivial inequalities. Suppose Algorithm 1 returns an
SEPI associated with p € X and 6 € G(N). In what follows, we let \g = 1 — (%(1) - %(1))7 Ai = (%(i) —ﬁg(i)) -

(yg(i_H) _ﬁg(“_l)) forie{l,2,....n—1} A\, = (yg(n) —Tf(;(n)). We notice that

iio)\i - (% V“)) Z [( ?5@‘)) - (yﬁ(m) —255@“))] + (yS(n) —T?S(n)) =1

Moreover, by line 9 of Algorithm 1, A; = 0, for all i € {1,2,...,n — 1}. By lines 2-7 of Algorithm 1, we know that
0 < Y501y = P5(1)2 Y5(n) — Doy < 1, 80 Ao; An = 0. The point (7,y) satisfies the SEPI returned by Algorithm 1, due
to the definition of C. Thus

oSl ) )

=1 j=1

Ml oS AR N TR

AN

N

n—1
=fP)+fP+1) (%(n)*ﬁg(n +Zf<p+
i=1 j

)
- f() (193(1) _53(1)) - Z:f (

(s
= [1 - ('98(1) *%(1)” f@)+ [(%(i) *pS(z)) (Zr(zﬂ) F(iﬂ))] f (p + 15(j)>

K2

=1
i—1

el
+
=
>l
S
N——
&\
F
Nl

j=1

|
-

Il
-

+ (yS( )*Tf(n))f(ﬁ+1)-

=Xf(P Z)\f<P+216(j)> +Af(P+1).

j=1
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We further observe that

= [t (s =250 |2+ 25 [ (v = P30 = (w5 = Psion) | <p+ ill‘“”)
=

—/\0p+2>\ <p+21 >+/\n P+1).

Following from these observations, an arbitrary (n,y) € C can be written as a convex combination of certain
elements in 73/.]; with a positive multiple of the ray (1,0) € R**! namely

(y,m) = 2@, f(P)) + Mn(P+ 1, f(P+1)) ZA( Z J)f< iﬁ(ﬂ))

<n Xof (P ZAf<p+215 )—Anf(p+1)>(0,1>~

Hence, C < conv (Pﬁ;) O

Remark 3.6. When finitely many distinct SEPIs are needed for the description of conv (Pi), this convex hull
is polyhedral. This can happen when X is bounded; that is ¢; > —o0 and u; < oo for all i € N. Even when X is

unbounded, conv (Pﬁ;) can still be polyhedral—we will demonstrate this with an example next.

An example of Pf( — the mixing set

The general integer mizing set is given by
PMIX . — f(w,x) e Ry x Z" :w+ ;3 = ¢q;,Vi e N}, (13)

where the parameters q € [0,1)™ are fixed and sorted such that 1 > ¢; = -+ = ¢, = 0. This set is an important
substructure that arises in lot-sizing, production planning, chance-constrained programming, and vertex packing.
Pochet and Wolsey [52], as well as Giinliik and Pochet [21] establish that the mizing inequalities, in addition to the
trivial bounds, fully describe conv (PMIX). Every mixing inequality is associated with a subset K € N and any of
(in case of ties) its corresponding descending order o € &(K), such that ¢, (1) = -+ = qo (k). For any K € N, the
mixing inequalities assume the following two forms:

K
Z Uo(k) = o(k+1)) (1 — Tor)), (14)

and

| K|
Z Qo (k+1)) (1 = Zo()) — (1 = 4o (1)) To (1K) (15)

where ¢ (k|+1) = 0. In what follows, we recover the polyhedral result for PMIX hy exploiting the hidden L-
convexity.

Remark 3.7. The special case of PMX with binary variables has been studied extensively as a substructure in

problems ranging from chance-constrained programs to vertex packing [5, 29, 30, 33, 34, 37]. In particular, Kiling-
Karzan et al. [29] were the first to uncover the hidden submodularity in PMX for binary x and established the
equivalence between the (binary) mixing inequalities and the EPIs.
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Consider f : Z™ — R defined by

f(x) == max{g; — z;} v 0, (16)

ieN
whose epigraph
Pl = {(w,x) eRx Z" : w > f(x)}

is exactly PMIX,
Lemma 3.8. The function f given by (16) is Lf-convex.
Proof. This lemma follows directly from Lemma 2.19. O
By Theorem 3.5, the SEPIs for P%n associated with all p € Z™ and all § € &(N) describe conv (PMIX). We thus
obtain the next corollary.
Corollary 3.9. The mizing inequalities are exactly the SEPIs.
In the next two propositions, we establish the correspondence between the mixing inequalities and the SEPIs.

Proposition 3.10. The mizing inequality of form (14) with respect to K = N is identical to the SEPI associated
with p € Z™, where
0, ieK,
pi =

1, otherwise,
and the natural ordering 6 = (1,...,n).

Proof. Given that d is the natural ordering, we drop it from the indices. For any i € N and k € N u {0},
0, ifieKn{k+1,...,n},

k
<p+ > 1’“) =<2, ifie{l,... kMK,
i=1 i 1, otherwise.
Thus, for every k€ N u {0},

k .
<p+ Z ) {%‘mn{g&Kﬁ{k-&-l, nit}s lme{k"_la"'vn} 75@7

[\

, otherwise.

Notice further that all i € N\K are never the maximizer of f (p + Z§=1 1j) for any k € N U {0}, so all the terms
in the SEPI involving z;, i € N\K, are

lf<p+§lj>— <p+21ﬂ>] i—1)=0(z; —1) = 0.

Therefore, the SEPI for f associated with p and 9§ is identical to the SEPT for
f/(x) :== max{q; — x;} v 0
ieK

associated with p’ = 0 and o € &(K) such that g,(1) = -+ = ¢o(x). This SEPI is

2l () (Zf“)lw

|K]|

= 0v
f;;%{w;[ e

{QJ j)} {QU(J }:| o(i)

{7 a|K\}
|K|
do(1) + Z Qo(i+1) — 9o (i) To(i)

|K]| |K]|
= (QU( ) — qa(z-‘rl + Z qo (i) — QU(H-I))( U(i))
i=1 i=1
|K]|
= <QU('L) QU(i+1))(1 - zo(i))'
i=1
This is exactly (14). O
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Proposition 3.11. The mizing inequality of form (15) with respect to K < N is identical to the SEPI associated
with p € Z™, where
-1, 1€ K,
pi =

1, otherwise,
and the natural ordering 6 = (1,...,n).

Proof. With the same argument for Proposition 3.10, the SEPI for f associated with p and § is identical to the
SEPI for
f'(x) :== max{q;, — x;} v 0
ieK

associated with p’ = —1 and o € &(K) such that ¢,1) > - > ¢ k). This SEPI is

’ +Zlf/<p/+210(j)> <p +210(J>1 )+1)

= 1+
Ig}g({ qe}

|K|-1
+ max {q, Y + 4y - 1+ go( Ty +1
2 | (oo} v om0 ) s )y mas (1 g} (o +1)
+ [rggg({%} T |K\}{q”(’)} v{l+ qa(|K)}] (To(xp +1)
|K|-1
=144+ ), [0+ doqivn) = (1 + @o)](@oiiy + 1) + [do(1) — (1 + gorp)] @k + 1)
i=1
|K|-1
=144+ ), (o(is)) = 4o) @@y + 1) + (0 = doqry) (@oxpy + 1) + (1) — D (o)) +1)
i=1
| K|
= Z(QU(H-I) — Qo)) (@) + 1) + (¢o1) — DToqk)) + 24001)
i=1
| K| |K|
= Z(QU(iJrl) = 4o (T — 1) +2 Z(Q(r(iJrl) = 4o()) T (@) — D2o(x)) + 24001)
i=1 i=1
| K|
= Z(QU(iJrl) = Qo)) Ty = 1) = 245(1) + (Go(1) — Do k)) + 240(1)
=1
| K|
= Z(QU(i) — o(i+1)) (1 = 253)) = (1 = Go(1))To( k)
=1
This is exactly (15). O

We include the following example to illustrate the correspondence between mixing inequalities and the SEPIs.
Example 3.12. Consider the instance of f(x) = max{0, max{0.8 — 21,0.5 — 22,0.2 — x3}}. Let K = {1,2}. The
corresponding mixing inequalities (14) and (15) are

w = 0.3(1 —21) +0.5(1 — 23) = 0.8 — 0.327 — 0.524,
and
w=0.3(1—21) +0.5(1 —z3) — (1 —0.8)x2 = 0.8 — 0.321 — 0.7z4,
respectively. Let p! = (0,0,1), p? = (-=1,—1,1), and § = (1,2,3). The SEPI associated with p! and § for 7323 is
w = f(0,0,1) + [f(1,0,1) — f(0,0,1)]as
+[f(1, 1,1) £(1,0,1)]
[ ( ) (17 L, 1)](933 - 1)
08+ (0.5 —0.8)a1 + (0 — 0.5)a2 + (0 — 0) (x5 — 1)
— 0.8~ 0.321 — 0.525,
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which is identical to the first mixing inequality. The SEPI associated with p? and & is

w= f(-1,-1,1) + [f(0,-1,1) = f(-1,-1,1)](z1 + 1)
+[£(0,0,1) = f(0, =L, 1)J(z2 + 1)
4 17(0,0,2) — £(0,0, )]s — 1)
=18+ (1.5—-18)(z1 +1)+ (0.8 = 1.5)(x2 + 1) + (0.8 — 0.8)(z5 — 1)
=0.8—-0.3z; — 0.7z2.

This SEPI coincides with the second mixing inequality.

There are finitely many mixing inequalities, so conv (PMIX) is polyhedral. On the other hand, Proposition 3.4
shows that all SEPIs are facet-defining for conv (PMIX), and there appear to be infinitely many SEPIs due to the
unboundedness of Z". This seems to be a contradiction. We highlight that, in fact, only finitely many SEPIs are
distinct in this case. This is one class of f where conv (’Pﬁ;) is polyhedral despite the fact that X is unbounded,
as alluded to in Remark 3.6. We provide an example to illustrate this observation.

Example 3.13. Consider again f(x) = max{0, max{0.8 — x1,0.5 — x2,0.2 — 25}}. Recall that the SEPI associated

with p? = (—=1,—1,1) and § = (1,2,3) is w = 0.8 — 0.3z — 0.725. Let p> = (—=2,-3,—1) and &' = (3,2,1), the
associated SEPI is

w= f(=2,-3,-1) + [f(=2,-3,0) = f(=2, -3, )](z5 + 1)
+[f(=2,-2,0) - f(— 27—3 0)](»’62+3)
+[ (_ =2, ) f( 2,— )]($1+2)

=35+(35—-35)(xzs+ 1)+ (2.8 —3.5)(x2 + 3) + (2.5 — 2.8)(z1 + 2)
=0.8—-0.3z1 — 0.7z2.

Even though p? # p? and § # &', the corresponding SEPIs are identical.

We next formally show, in Proposition 3.15, that only finitely many SEPIs are distinct by relating an arbitrary
SEPI to a mixing inequality. Let any p € Z" and § € SG(N) be given. We construct K € N ubing Algorithm 2.
Throughout we use the notation §71(i), i € N, to denote the ordering of i in §. In other words, §~!(i) = j means
that 4(j) =

Algorithm 2: Build_K
1: Input peZ™, d € S(N) ;
2: Pmin < Minen{pi};
3: if pmin > 1 then
4: K — &,
5: else
6:  Npw < {0 € N :pi =pmin}, ki < min N, .,
7.
8
9

K < {kl}a K < 17
while {ie N, . :671(i) >0 1(k.)} # & do
kpr1 < min{ie N, :071(1) > 5 H(K,)}, K« K U {kes1}, k< k+ 1;
:  end while
10: kp < kx_1;

11:  if ppin < —1 then

12: Nppiwt1 — {1 €N 1 p; = pmin + 1}, &' < 0;

13: if {ie Ny .+1:0 i) >8"k),i <k} +# & then

14: kj < min{i e Np_. +1:071(i) > 6 H(kp),i < ki}, K < {ki}, &' < 1;

15: while {Z € Nprnin+1 : (5_1<i) > 6_1<]{?;,),’L' < kl} # ¢ do

16: K, —min{i € Ny, 41:071) >0 kL), i <k}, K — KU {kl, 1}, i <K +1;
17: end while

18: kp, — k.

19: end if

20: end if

21: end if

22: Output K € N. When K # ¢, return the mixing inequality (14) if ppin = 0, (15) if ppin < —1.
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For ease of notation, we let p* = p + 25:1 1%0) for k € N U {0}. Intuitively, the set K constructed by Algorithm 2
is the set of maximizers of {f(p*)}7_,. In lines 3-4, p* > 1 and f(p*) = 0 for all k € N U {0}. The corresponding
SEPI is w = 0, which maps to the trivial mixing inequality with K = ¢J. Line 6 of Algorithm 2 identifies the
maximizer k; of f(p) = qr, — pr,- Here, pr, = pmin < 0, and g, is the largest among all entries ¢ € N with
Pi = Pmin. In fact, f(p*) = qu, —pr, for all k =0,...,6 (k) — 1. Lines 7-9 iteratively determine the maximizers
k. of f(p*), for k = 6 1(ky),..., 6" (kz) — 1, where pr. = Pmin- At k = 67 1(kr), the minimum value in p*
becomes pmin + 1. If pmin = 0, then f(p*) = 0 for all k = 61 (kr),...,n. If puin < —1 and Np,int+1 = &, then
fP*¥) = qr, —pr, — 1 for all k = 6=%(kz),...,n. Otherwise, there could exist i € N such that p; = pyin + 1, that
comes after k, according to § (i.e., 71(i) > §71(k)), and that ¢; > g, (i.e., i < k1). Lines 13-17 iteratively
search for such maximizers of f(p*), where k = 6~!(kz),...,n. We demonstrate how Algorithm 2 works in the
next example.

Example 3.14. Consider an instance of f, where q = (0.9,0.8,0.7,0.6,0.5,0.4,0.3,0.2,0.1). Suppose p =
(1,1,0,0,1,—1,0,0,—1) and & = (1,7,6,2,9,3,8,5,4). Here, pmin = —1, and N_; = {6,9}. Thus, k; = 6.
The set {i € N_1 : 6 (i) > 6"1(k1)} = {9} because 6-1(9) = 5 > 3 = 6-1(6). We obtain k;, = ko = 9. Note
that Ng = {3,4,7,8}. Given that =!(kz) = 5 and k; = 6, ¥} = min{3,4} = 3, and k}, = k%, = 4. Therefore,
K = {3,4,6,9}.

We list the maximizers of f(p*), k =0,...,n, as follows.
p’ =(1,1,0,0,1,-1,0,0,—1), f(p°) = 1.4 = g5 — ps,
p' =(2,1,0,0,1,-1,0,0,—1), f(p") = 1.4 = g5 — ps = 46 — D5,
p°=(2,1,0,0,1,-1,1,0,-1), f(p*) = 1.4 = g6 — p5 = ¢ — Pe;
p’ =(2,1,0,0,1,0,1,0,-1), f(p®) =1.1=q9—p5 = qo —po, 6(3) =6,
p' =(2,2,0,0,1,0,1,0,—-1), f(p*) =1.1=q9 —p5 = qo — po,
P’ =(2,2,0,0,1,0,1,0,0), f(p°)=0.7=¢gs—p3=q3—ps, 6(5)=09,
P’ =(2,2,1,0,1,0,1,0,0), f(p®) =0.6=qs—p§ =qa—ps, 6(6) =3,
P’ =(221,0,1,0,1,1,0), f(p")=10.6=qs—p]=qs—pa,
p® =(2,2,1,0,2,0,1,1,0), f(p®) =0.6=qs—p} = q1—pa,
P’ =(2,21,1,2,0,1,1,0), f(p°)=04=q5—p5=0as— (ps+1), 6(9) =4

The maximizers are exactly K = {3,4,6,9}. The resulting SEPI is

w=1l4+ (1.1 —-14)(z¢ + 1)+ (0.7 —1.1)(xg + 1) + (0.6 — 0.7)x3 + (0.4 — 0.6) 24
=0.7— 0.11’3 - 0.21‘4 — 0.3,’E6 — O.4!L‘9.

The mixing inequality of form (15) is also

w=0.1(1—23) +0.2(1 —x4) +0.3(1 —26) + 0.1(1 — z9) — 0.329
=0.7—0.1x3 — 0.2x4 — 0.3z — 0.4z9.

Proposition 3.15. For any p € Z"™ and § € S(N), let K be the output of Algorithm 2. The SEPI associated with
p and d is

o w = 0, the mizing inequality with respect to K = &, if Pmin = 1;

o (14) with respect to K, if pmin = 0;

o (15) with respect to K, otherwise.

To improve the flow of the presentation, the proof of Proposition 3.15 is relegated to the appendix. In sum, we have
uncovered the hidden Li-convexity in an important mixed-integer structure, namely the general integer mixing set

PMIX " Our results subsume conv (PMIX), and this convex hull serves as an example of conv (Pﬁ;) that is polyhedral

(i.e., requires only finitely many SEPIs), despite the unbounded domain X.
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4 Mixed-Integer Sets Described by Multiple L?-Convex Functions with Common Variables

In the previous section, we focused on the mixed-integer set defined by a single Li-convex function, namely its
epigraph. In what follows, we further explore mixed-integer sets constrained by multiple Lf-convex functions
simultaneously. Throughout, K = {1,...,k} denotes a non-empty finite index set, and f;, g; : X — R are Li-convex
functions over a common domain X, for every ¢ € K. The sets that we aim to convexify are as follows:

Q:={(w,x)eRF x X :w; > fi(x), Vie K}, (17)
and
i = gl(x)a Vie K7
Q =4 (m,w,x) eR¥* x X :w; > fi(x), Vie K, . (18)

N —w; =Ny —wy, Vi,i' € K

The first set Q is defined by k Lf-convex functions, namely {f;}icx, which share the same variables x € X. The
second set Q' is defined by k pairs of Li-convex functions, {fi, g} icx, with common x € X. This set is further
restricted by a set of linear equality constraints, such that the upper bounds w; and n; on f; and g;, respectively,
have the same difference across all i € K. These two sets play a crucial role in our exploration of a mixed-integer
extension of L-!-convex functions, detailed in Section 5. We present the convex hull results for @ and Q' in Propo-
sition 4.1 and Proposition 4.3, respectively. It is surprising that, under Li-convexity, convexifying every individual
Lf-convex function’s epigraph and taking their intersection sufficiently defines the convex hull of the mixed-integer
sets of interest.

Proposition 4.1. Recall the set Q given by (17), where {f;}icx are Li-convex. Let
OQ;:{(w,x)eRkXI;(wi,x)econv(Pfg),WeK}. (19)

Then conv(Q) = CQ.
To improve the flow of the presentation, the proof of Proposition 4.1 is relegated to the appendix.

Remark 4.2. Recall the fact that submodular set functions form a subclass of Li-convex functions. Proposition
I.1 subsumes a result by Baumann et al. [8] as a special case, where X = {0,1}", and f; is a submodular set function
for every i € K. The same result for submodular set functions is also derived by Tawarmalani [61] following the
proposed inclusion certificate for simultaneous convexification.

Proposition 4.3. Recall the set Q' defined by (18), where {g;, f;}iex are Li-convex. Let
(ni,x) € conv(P%), Vie K,
CQ =< (n,w,x) e R* x X : (w;,x) € conw (’P)f() ,Vie K, p. (20)
n; —w; =Ny —wy, Vi,i' € K
If there exists h : X — R with h(x) = g;(x) — fi(x) for allx € X and i € K, then conv(Q') =CQ'.

Proof. As a relaxation, Q' < CQ’, thus conv (Q') = CQ'. For the reverse containment, we consider any element
M, w,X) € CQ'. If X e X, then (,W,X) € Q < conv(Q'). Otherwise, X € X\X. Following the argument for
Proposition 4.1, we obtain p € X and § € &(N) with respect to X. Then we construct
(', w!,x7) = ([g:(P))iexc, [fi(P")]iexc, D7)
for all j € N U {0}, and X € R"! such that
ATl =

)

and



Moreover, for every j € N U {0} and any pair of i,i’ € K,
m —w] = gi(p’) = fi(p’) = h(p’) = g (D7) — f (D7) = m), — w},

so (7, w’,x%) € Q. Hence, conv(Q') 2 CQ'. With the two-way containment, we conclude that conv(Q') =

cQ'. O

Remark 4.4. Propositions 4.1 and 4.3 are closely related to the study of simultaneous convexification via inclusion
certificates by Tawarmalani [61]. Let P be a compact decision set. Corollary 3.9 of [61] states that individual
convexifications of multiple functions over P are sufficient for simultaneous convexification if, for every point in
conv (P), the convex envelopes of all involved functions are attained by the same inclusion certificate, or intuitively,
by the same convex combination of elements in P. This condition holds for Li-convex functions over a common
domain: their convex envelopes coincide with their locally Lovész extensions [23, Corollary 2|. In our construction,
Algorithm 1 produces exactly this common convex combination for any X € X', which is independent of the particular
Lf-convex function. Thus, when X is bounded, Proposition 4.1 can be recovered from [61]. Nonetheless, we provide
direct and self-contained proofs of Propositions 4.1 and 4.3 because they rely only on the machinery of Section 3
(in particular, Algorithm 1). They hold when X is unbounded and cover the important variant Q’, later used in
Section 5, whose additional linking constraints among the epigraph variables are not covered directly by [61].

Until now, we have explored the mixed-integer sets described by one or more L-convex functions, which are defined
over pure integer domains. In what follows, we will examine an extension of Li-convexity that concerns the functions
defined over mized-integer domains.

5 A Mixed-Integer Extension of Li-Convexity

To the best of our knowledge, the polyhedral aspects of extensions of Li-convexity to functions with mixed-integer
arguments have received little attention. Thus, we focus on a structured class of functions with properties that
resemble Lf-convexity and derive characterizations of their epigraphs. In particular, we consider the class of
functions H : X x R} — R defined by

H(x,y) i= max{hi (x) - i}, (21)

where h? : X — R for all i € N. Here, x is a vector of pure integer variables. In contrast to the previous sections,
we allow additional variables y to be continuous. Our goal is to understand the epigraph of H, namely

Pﬂgfixx ={(w,y,x) eERx R} x X 1w > h'(x) —y;,Vie N}.
For brevity, we use 77]1{?1 .y and PH interchangeably.

In the rest of this section, we give a three-stage convexification framework to convexify P. (i) We represent P# as
a disjunction of the sets D7, j € N. (ii) We convexify each D’ through the convexification result of joint epigraphs
in Section 4; and (iii) we convexify the disjunction through a polar characterization combined with an aggregation
argument. We impose an Li-convexity assumption (Assumption 1) to make step (ii) tractable; in general, step
(ii) may be realized by other sufficient conditions for simultaneous convexification, such as the inclusion-certificate
conditions of Tawarmalani [61]. As concrete consequences, this framework recovers the known polyhedral results
for the continuous mixing polyhedron. It further yields new results for the binary multi-capacity continuous mixing
set.

5.1 Properties of P for general H

In this section, we explore the properties of the epigraph, P, without additional assumptions on H. We first
consider the following polyhedron:

D(X) = {(w,y) eRx R} :w > h'(X) —y;, Vie N}, (22)

for every X € X. Note that
PH = {(w,y,x) e R"™ x X : (w,y) e D(x)}.

For every j € N, we further define (w’(X),y’ (X)) where
W (X) := W (X), o) (X):=max{0,h'(X) — h’(X)}, Vie N. (23)
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This arbitrary X is fixed in what follows, unless mentioned otherwise. For brevity, we will use (w’(X),y?(X)) and
(w7, y7) interchangeably in this section. We observe that D(X) contains the rays (—1,1), (1,0), and (0,1¢) for
every i € N. Moreover, (w’,y’) € D(X) for all j € N. These observations suggest that all convex combinations of
these points and conical combinations of the rays form a subset of D(X). In fact, they are sufficient to generate all
the elements of D(X). We justify this claim in Lemma 5.1 and Proposition 5.2. First, in Lemma 5.1, we prove that
a subset of D(X), more precisely,

P(x) = {<w,y> e D)t w = max(h (%) — yi}. i € N s = 0} # @}

can be generated using {(w’,y’)};en and the rays {(0,1%)}icn.
Lemma 5.1. For any (w0,5) € D(X), there exists X € R% such that A1i=1w= ZjeN Ajwl, andy > ZjeN \jyo.

Proof. We sort {h?(X)}ieny in descending order to obtain a permutation o € &(N). In other words, h*) (%) >

> h°(")(X). Under the condition that @ = maxien{h*(X) — 7,;}, W < maxen{h’(X)} = h7(D(X) because
¥ > 0. In addition, there exists i € N with y; = 0, so W > hi(X) —y; = h(X) = h°(™(X). There must
exist £ € {1,...,n — 1} such that h?®)(X) > @w > h*“*1D(X). There is an associated pair of convex combination
coefficients (A, (¢), Ag(r4+1)) = 0 such that A,y + Ag(r41) = 1 and

T = A\ ()h” O (X) + Ap(oy 1) h7 TV ().

We complete the vector A € R with zeros in all other entries. Observe that for k£ € {1,...,¢ — 1},

Ao0¥otey + Ao oty ) = Aa(fz) [ho(k)( ) —h"O(x )] + Ao(e41) [ho(k)(f) - ho(Hl)(i)]
= holk [ Oh"O(R) + Aoy 1y (x )]
— polk )( ) —
= max{0, 7 ¥ () — w}.
When k = /¢,
AoOUot) + Aoternliey = 0+ Aggeany [0 () = 7D ()]
= (1= Ao (®) = Aoran) p7 D ()
= 07O) = Ao 7O ) + Ag(ean)h” D ()
=R —w
max{0, 2?9 (%) — w}.

Forke{¢{+1,...,n},
ol ol o — _
Ag(e)ya((k)) + Aa(fﬂ)yggk;rl) =0 = max{0, "™ (%) — w}.
Therefore, we have constructed A € R} with AT1 =1, such that
w = Z )\jwj,
JEN

and for every i € N, . '

Z Ayl = max{0,h'(X) — W} <7

JEN
The last inequality follows from the definition of D(X). O

In the next proposition, we formalize an alternative representation of D(X).

Proposition 5.2. For any X e X,
D(X) = conv ({(wj,yj)}jeN) + cone ({(—1,1),(1,0)} u {(0, 1i)}i€N) )

where (w?,y?) for all j € N are given by (23).
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Proof. Following from Lemma 5.1, it suffices to show that any element of D(X) is a conical combination of some
element of D(X) with the rays (—1,1) and (1,0). That is, for every (@, ) € D(X), we find (@, §) € D(X) and r > 0,
such that w > @ —r, and ¥ = y +r1. Now, we construct 7 = min;en{¥;}, ¥y = ¥ —r1, and @ = max;en {h*(X) — 7;}-
Note that » > 0, because ¥ = 0. By construction of r, we have ¥ > 0, and ¢; = 0 where i € argmin;en{7y;}. By
definition of W, we know that (#,y) € D(X). Lastly,

W = max{h'(X) — 7;} = max{h'(X) —7; +r} —r = max{h'(X) — §;} —r =w — 1.
i€EN iEN
This completes the proof. O

Recall
PP = {(w,y,x) e R"" x X : (w,y) e D(x)}.

It follows from Proposition 5.2 that conv (P) is generated by the points (w’(x),y’(x),x) for all x € X and all
j € N, along with the rays (—1,1,0), (1,0,0) and {(0,1%,0)};cn. We formalize this result in the next corollary.

Corollary 5.3. For je N, let
= U {(w (x),y? (x),%) + cone ({(=1,1,0), (1,0,0)} u {(0,1°,0)},_ ) }- (24)

xXeX
Then conv (PH) = conv (UjeN ’Dj) .

We remark that the generating points are grouped and combined with the cone in a special way, which enables us
to exploit certain properties for convexification.

We now explore the structure of D7 for any j € N, by first understanding the set
DI(X) := (v (X),y’ (X)) + cone ({(—1,1),(1,0)} u {(0, 1i)}ieN)

for every fixed X € X. In what follows, we will use h/(X) and max{0, h?(X) — h?(X)} to replace w’(X) and y/ (),
i € N, respectively, to avoid confusion between the variables (w,y) and these parameters. We can equivalently
state D7 (X) as

(25)
where 7 represents the coefficient of the ray (—1,1), while the inequalities capture the rest of the rays. In the next
lemma, we eliminate the auxiliary variable r.
Lemma 5.4. For any j € N and any X € X,

Dj(x):{m’y)ewﬂ.wwz > max(h (), 0 ()}, GN} 26)

h
yi = max{0,h'(X) — 1 (%)},
Proof. The inequality conditions in (25), including r > 0, can be written as

Ilre%l (y;: — max{0, h*(X) — ! (X)}) = r > max{0, K/ (X) — w}.
Such r exists if and only if

min (y; — max{0, " (X) — b’ (X)}) > max{0,  (X) — w},

ieN
which is equivalent to
y; — max{0,h"(X) — b/ (X)} = W (X) —w, y; —max{0,h"(X) —h/(X)} =0, VieN,

that is, , , _
w+ y; = max{h?(X),h'(X)}, y = max{0,h'(X)—h/(X)}, VieN.
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Following from Lemma 5.4, we observe that the set D7 given by (24) is, in fact, equivalent to

ax{hj($)vhi(x)}’ vz‘eN}
ax{0, h*(x) — I’ (x)},

) w+Y; = m
D’ = {(w,y,x) eR" x x: Y (27)
Yi = 1m
Based on Corollary 5.3, our goal of obtaining conv (PH ) can be achieved by convexifying [ J jeN DJ. However, this

task is challenging in general because D7 is mixed-integer for every j € N and the terms involving x are nonlinear.
Therefore, in the next section, we explore conv (PH ) when certain relevant functions are Li-convex. In particular,
we will first convexify D7 for every j € N and then discuss the convex hull of their union.

5.2 Convexify P with Lf-convexity

For ease of notation, we define gf : X > R by
gg(x) := max{0, h'(x) — b’ (x)},

for i, € N. With this new notation, we have

, w4y = gl (x) + b (x),
DI = {(w,y,x)eR"“ x X Y g.( ) ) VieN,} (28)
yl>gf(x)7

for every j € N. We impose Assumption 1 in this section.
Assumption 1. The functions gf and k7 are Lf-convex for i,j € N.

The appeal of Li-convexity in our framework is twofold: the convex hull of each individual epigraph is fully
understood, and multiple such epigraphs admit tractable simultaneous convexification. We note that the framework
is not inherently limited to L-convex functions and extends to other function classes possessing these two properties.
The inclusion-certificate approach of [61] provides a natural avenue for identifying sufficient conditions under which
such extensions are possible.

Remark 5.5. We include examples where Assumption 1 is satisfied. When h7 is a monotone univariate function for
every j € N, b/ and —h/ are trivially lattice submodular. By Lemmas 2.11-2.12, g/ (x) = max(h’ (x), h*(x)) —h? (x),
for i,j € N, is also lattice submodular. If X = By, g/ and h’ are submodular, and thus Lf-convex, for all 7,5 € N.

For any X < Z", if, additionally, h? for all j € N are univariate linear functions with a common slope, then g; and
h7 are L-convex, and thus Li-convex, for all i,j € N.

We characterize conv (Dj ) in the next proposition.

Proposition 5.6. Let any j € N be fized. Under Assumption 1, conv (Dj) = CD?, where

L
 (w+yi,x) € conv (Pﬁ} +hj> ,

CD’ = { (w,y,x) e R"™! x X : ; Vie N. (29)
(yi,x) € conv (Pi) ,

Recall that X represents the continuous relaxation of the hyperrectangle X', and P}, represents the epigraph of the
given function over X. The same result holds as long as g/ + h? and g/ are Lf-convex for all i € N.

Proof. We first transform D’ by introducing auxiliary variables 17 € R™ such that 7; = w + y;, for all i € N, and we
obtain

mi = g} (x) + h(x), YieN,
=9

J(x), Vie N, (30)

K2

(n,y,x)€R2" x Xy,
M= Yi =Ny — Y, Vi,i'€N.
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Notice that this new representation is in the form of (20). Additionally, with Li-convexity of {g? + i/, g/ }ien, the
convex hull of (30) is

(n:,%x) € conv (7791+h>7 Vie N,
2n V. J
(my,x) R XX'(yi,x)econv(ng) Vie N, (31)

N —Yi =i —Yir, Vi,i'€N,
following from Proposition 4.3. Replacing n; by w + y; for all ¢ € N completes the proof. O

From the previous sections, we know that CD’ for every j € N is described by the trivial inequalities and the
SEPIs associated with all points p € X and permutations 6 € G(N) with respect to g + h/ and g/ for all i € N.

Let (sd J:6,p:0 ,87P:9) ¢ R"*1 denote the parameters of the right-hand side of the SEPI associated with p and & for

g}, where i,j € N. Similarly, let (t}® % t3P8) ¢ R**! denote the parameters of the right-hand side of the SEPI
associated with p and § for A7, j € N. We remark that every SEPI, associated with p and &, for the epigraph

{(nx)eRxX:n>= ()+h9( )}, for any i,j € N, is exactly n > ]”p5+t]’p5+(sﬂp5+t3p7 )TX.
Then
w+y; = (Sjﬂ',pﬁ +tj,p,5) X + SJM)«S + tJ,p,

CDJ = (w7y,x) € Rn+1 X T : Ui > Sj,i,p,(sTx + s%,i,p,57 (32)
VieN,peX, deS(N).
We note that all inequalities that define CD’? are linear. When there are finitely many distinct SEPIs, the convex
hull, CD’, is polyhedral.

In what follows, we will convexify the union [ J jen D7 by characterizing the intersection of the polars of CD? for
j € N. We caution that our use of the term polar, as defined in polyhedral combinatorics [64], differs from the
standard polar set in convex analysis: here, the polar of CD? refers to the set of coefficient vectors (ug,u, 7, mo) of
all linear inequalities of the form wow +u'y > 7' x + 7y that are valid for CD’. For any j € N, we denote the
polar of CD? by

me?’ .= {(uo,u,m,m) e R*"*? 1 yqw +u'y > mw'x +m, V(w,y,x) e CD'}. (33)
Following from (32), for every j € N,
P = {(ug, u, 7, m0) € R¥"*2: Ja/ bl > 0 s.t. (352)-(35)}, (34)

where

Up = Z 2 Z aj’i’p’aa (35a)

i€EN peX §eS(N)

wp= Y Y (PP 4P Wie N, (35b)
PEX €S (N)
T = Z Z Z J i,p,8 ag,z‘,p,a + bj.,i,p 5 Z Z t],p,& Z a’*P% Ve N, (35¢)
ieN peX §eS(N PEX §eS(N) ieN
shP (qF P8 4 pFipd) PO N gihipd, (35d)
Z§V 1;( 5662 N) Ig;( 56; N) ’;]V

That is, II°?’ contains all the conical combinations of the SEPI parameters given in (32) and the ray (0,0,0,—1).
We next discuss a few properties of II°?’” for every j € N.

Observation 5.7. We notice that (ug,u) = 0 by non-negativity of a’ and b’/. Furthermore,

Z u; = Z Z Z (a7P0 4 pIEPO) = g 4 Z Z Z YPe Yje N.

EN 1EN peX 6eS (N €N peX eS(N)

Thus, up < >0y Ui-
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For ease of notation, we define
U:= {(uo,u)eRT'l tug < Zuz} (36)
ieN
In addition, for any j € N and any (ug,u) € U, we define fgoﬁu : X > R by
Flo () = ugh? (x) + ) uig! ().
ieN

Given that fgo,u is a nonnegative combination of Li-convex functions, ou tself is Lf-convex. Thus, the convex
hull of its epigraph, 2 'i0~“, is described fully by SEPIs. We let

H"”“V(pf%’") - {(5750) eR™ iy > € x+ &, V¥ (n,x) € conv (Pffio»u)}

represent the polar of conv (Pf'iO»“) for all (up,u) e U.

Lemma 5.8. Given any j € N and any (up,u) € U,
<u0w + Z uiyi,x> € conv (Pf’];'oﬁ“) ,
ieN
for all (w,y,x) € CD’.

To improve the flow of the presentation, the proof of Lemma 5.8 is relegated to the appendix. This lemma implies
that, for any j € N and (ug,u) € U, the inequalities of the form

uow +u'y = €'x + &

J
conv <73f“0‘“>

for every (&,&) e I , are valid for CD’.

Lemma 5.9. For any je N,
i conv Pfio’“
er’ = {(UO7H77T,7T()) e R*™*2 : (ug,u) e U, (mo, ) € 11 ( )} :

Proof. First, consider any (uo,u, 7, ) € Te?’. By Observation 5.7, (ug,u) € U. Note that (h/(x), [gf (%X)]ien,x) €
CD’ for every x € X. Thus,

X+ 7 < ugh? (x) + Z uigf(x) = go,u(x) <7,
ieEN
fi . corlv(Pin’“>
for all (n,x) € P’won. This means that (m,mo) € II
Hconv(PH‘O’“>

. Next, consider any (ug,u) € U and any (&,&) €
. The reverse containment follows from Lemma 5.8. O

Now, we explore the intersection of the polars [ ien TI°?’ to obtain all the inequalities that define | J, v CD’. For
any (ug,u) € U, we define a function F,, 4 : X — R by

Fuya(x) = min {7, ,00} (37)
We represent the polar of the convex hull of its epigraph by
oo (P ) o {(€,60) €™ 4> €+ 6o, ¥ (1) € comv (PPeo) ).
Lemma 5.10. The intersection of the polars of {CDj}jeN is

ﬂ er’ = {(uo7 u, 7, m) € R*2: (ug,u) e U, (m,m) € HCD"”(PF"O’“)} .
JEN
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Proof. We observe that

J
conv (Pf“O*“)

ﬂ er’ = ﬂ U {(ug,u)} x II

JEN JEN | (up,u)eld
conv ('Pﬁ"ﬂ '“)
(0

jeN

fj
jen conv Pruo.u

- U (ow)x

(uo,u)eu
= U {(u07u)}><HU
(uo,u)el

- U {(Uo,u)} X HCOIIV(PFuo,u).

(uo,u)el

O

Theorem 5.11. Under Assumption 1, the convex hull of the epigraph of H, where H(x,y) = max;en{h*(x) — y;}
is given by (21), is

conv (PH) = {(w,y,x) e R"! x X' : (wow +u'y,x) € conv (PFov) ¥ (ug,u) e U},
where Fyy u s defined in (37) and U is given by (36).
Proof. We have noted in Corollary 5.3 that conv (PH) = conv (UjeN Dj), and thus, by Proposition 5.6, that

conv (PH) = conv (UjeN CDj). The latter is described by the inequalities ugw + u'y > 7' x + my for all

(ug,u, 7, mo) € ﬂjGN HCDj, which are given by Lemma 5.10. This completes the proof. O

Corollary 5.12. Under Assumption 1, if Fy,u are LA-convex for all (ug,u) € U, then conv (PH) is completely
described by the mixed-integer SEPIs (MISEPIs)

upw +u'y > sPouon x4 SO0 (10 ) € U. (38)

Here, n > spduou’ x 4 Sg,&,uo,u is the SEPI associated with p € X and 6 € G(N) for the epigraph of Fy, u.

Remark 5.13. Based on Proposition 2.17, if h* : X; — R are monotonically decreasing functions for all i € N (or
increasing, as long as consistent for all i € V), then F,, y is lattice submodular for all (ug, u) € Y.

o If X = By, then F,, y for all (up,u) € U are submodular set functions, which are also LA-convex.

e Let any q € R” and a € R, be given. If hi(z;) = ¢; — az; for every i € N, then F,, , is L-convex for all
(ug,u) € U. To see this,

Fugu(x + 1) = min { uoh (z; + 1) + Y u; max{0, b’ (z; + 1) — b’ (x; + 1)}
jeN ieN

=min< uo(g; —ar; — o)+ Z u; max{0, ¢; — ax; —a —q; + az; + o}
jeN ieN

= min < uo(g; — azx;) + Z u; max{0, ¢; — oax; — q; + ax;} r —upa
jeN ieN

= Flyyu(x) —upo.

It follows that, in these examples, conv (’PH ) given in Theorem 5.11 can be stated as a linear program with MISEPIs

(39).
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5.3 Properties of I,

In this section, we explore the properties of the functions F,,, 4 for (ug,u) € Y. These properties are the basis of
the separation algorithm for the MISEPIs in Section 5.4 and of the facet analysis in Section 5.5. Let any X € X’ be
fixed. We use h; to represent hi(X) for brevity, and we use (-) to denote the relabeled indices following any (in case
of ties) descending order of {h;};cn; that is,

h(l) > h(2) =z h(n).

By definition, F,, +(X) = minjen{uoh; + >;c 5 i max{0, h; — h;}}, which is equal to the optimal objective value
of the following linear program (LP), whose minimum is attained at ¢ € {h;};en (cf. Lemma 2.16):

min  wugt + Z UiT;
t,r

ieN
st. rp+t=h;, VieN,
r > 0.
The dual problem is

max Z h;v; (39a)

€N
s.t. Z Vi = U, (39b)

€N
v; <u;, VieN, (39¢)
v=0. (39d)

These LPs give important insights into the properties of Fy,, 4, which we summarize in the lemma below.

Lemma 5.14. For any (up,u) € U with ug > 0 and any X € X,

J*-1
_ kY
Fuyu(®) = f3 1) = wohgx) + Y ug)(hg) = his)
j=1
where j* € N satisfies

j*-1 j*

Z gy < ug, and Z Uy = Uo-

i=1 i=1

On the other hand, if ug = 0, then Fy, «(X) = 0.

Proof. When ug > 0, such j* must exist because ug < >}, y w;. The dual problem (39) can be solved greedily. We
let

U’('L)a i < j*a

— i -1 S

V(i) = 4 Uo — 2y UGy, 1=J%,
0, otherwise.

The dual objective at v is
! ! i¥-1
D3 uihay + (wo— D) g | Py = wohiey + D) ug (hay = hix)),

=1 =1 =1

which is exactly the primal objective at ¢ = h(;+) and 7; = max{0, hy — h(j*)} for i € N. By strong duality, this
objective value is optimal and is equal to F,, (X). When uy = 0, both the primal and the dual objectives trivially
attain zero. O

Remark 5.15. Note that for (ug,u) € U with ug = 0, the constraints related to Fp y in the convex hull description
in Theorem 5.11 are equivalent to u'y > 0. With (ug,u) = (0,1%), we obtain y; > 0 for i € N. This explains why
y = 0 is ensured in Theorem 5.11 without explicitly stating. In addition, the inequalities for any (0,u) € U with
u # 1° for any i € N, are dominated by 7; > 0 for i € V.
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In the next lemma, we provide an intuition behind another special case of F,, , where u € B” and ug € {1,... ,u'1}.
This lemma will be useful in Section 5.6.1.

Lemma 5.16. Suppose u = 1' for some non-empty I' € N, and ug € {1,...,|T|}. Then
Fipu(x) = __max {;h (X)}
for all x e X.

Proof. We sort {h;}icr such that
hayr = -+ = hqp)r.

With the special form of ug and u, ugyr =1 for all i € {1,...,|T'|}, zero otherwise. Note that

’LLo—l uo

Z U)r < U, Z U(;)T = UQ-
i=1 i=1

By Lemma 5.14,
r
Fupu(x) = o (x)

Uup,a
ug—1
= UOh(ug)F + Z (h(j)r — h(uO)r)
j=1
’u,()fl
= hwoyr + 2 (hyr = hiugyr + heugyr)
j=1
Ug
= > by
j=1

=  max Zhi ,
SCT,[S|=uo oy

for all x € X. Intuitively, F,, u(x) evaluates the sum of the ug-th highest entries among {h?(x)}:cr for this choice
of (ugp,u). O

5.4 Separation of MISEPIs

Recall that when Assumption 1 holds and when F,,, , are Lf-convex, conv (PH ) is given by infinitely many MISEPIs
(38). We address the challenge of handling so many constraints by discussing the separation problem of MISEPIs.
Let any (w,y,X) € R x R} x X be given. Here, we include the trivial constraints y > 0 in the relaxation due
to Remark 5.15. This way, it suffices to only consider (ug,u) € U with ug > 0. Fix any such (ug,u) € Y. We
let 7 = wow + u'y. With Algorithm 1, we can exactly separate an SEPI for P™ou associated with p € X and
d € G(N) that attains maximal violation at (7,X). Thanks to the exact separation algorithm (Algorithm 1) and
the structure of SEPIs, we have A > 0 with >};_  Ax, = 1, such that X = }};'_, \yp* and

n
B,uo,ul = p,d,uo,u k
sPOuot X + 5 = Z MeFuy u(P¥).
k=0

Recall p* = p + 2?21 19G) and p® = p. We highlight that Algorithm 1 only depends on X, so no matter how we
vary (up,u) € U, we obtain the same p and 4.

Next, we explore how to determine (ug, u) € U so that the MISEPI (38) with respect to ug, u, p and 9 leads to the
maximal violation at (w,y,X). For ease of notation, let h¥ = h' (p*) and a = A\;h¥ for k € N U {0} and i € N.
The violation of (38) at (W0,y,X) is Y5 _q M Fug,u(P*) — uow + u'y. The separation problem can thus be stated as

n
max A\, min { upth + w;max {0, hF — "1} —Wuy — 7' u
32 e oot + 3 v 0.1 <)} < -5

ug,u :
’ iEN

s.t. Z U; = Ug,
iEN
(Uo, u) = 0.
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Recall that we only need to consider ug > 0, so we scale uy such that it is one. Thanks to (39), the separation
problem becomes

max i Z aful — Z Y — W (40a)

)

k=01ieN iEN

st. > vf =1, VkeNu{o}, (40b)
iEN
vF <w;, Vie N, keNu{o}, (40c)
v" >0, YkeNu{0}, (404)
u= 0. (40e)

We drop the constraint »},_, u; = 1 because it is implied by constraints (10b)—(40c). If the optimal objective value
of the separation LP (40) is strictly positive, then a violation occurs. The MISEPT associated with p, § and (1, u*),
where u* is an optimal solution to (40), is most violated by (w,y,X).

Proposition 5.17. Given any function H defined in (21), if Assumption 1 is satisfied and F,,  are LA-convex
for all (ug,u) € U, then the mized-integer problem N (x,y)e X xR H(x,y) is polynomially solvable.

Proof. The separation LP (40) is polynomially solvable. The statement follows from the equivalence of optimization
and separation for LPs [20]. O

Remark 5.18. Intuitively, the separation problem for MISEPI is easy due to Li-convexity of F,u for any (ug,u) €
U. This special property ensures that the separation for p and d relies only on X, and the returned parameters
are the same for all (up,u) € U. Thus, the separation for MISEPI can be decomposed into two steps, namely first
identifying p and 6 with Algorithm 1, and then obtaining (1, u*) € & with the LP (40).

Remark 5.19. We remark that it is generally hard to obtain the optimal u* for (40) in closed form. With any
feasible v, we can construct the best feasible u with u; = maxkeNu{O}{l/f}. In addition, with any feasible u, the
best assignment of v can easily be obtained greedily. However, simultaneously optimizing u and v is difficult
because they are highly interdependent.

Nonetheless, we can still exploit the structure of (40) to characterize the optimal solutions. In what follows, we
use the notation GL(m,2) to represent the set of all invertible m x m binary matrices, where m € Z,. For any
non-empty M < N, let u™ = [u;]icnr € R be the corresponding sub-vector of u. We construct a collection of
vectors u € R’} in the following way:

u= ueRy:uMe (] {B7'1},u"W =07, (41)
Me2N\{F} BeGL(|M]|,2)

The cardinality of U’ is upper bounded by >, | (") 2m”; even though large, U’ is finite.
Lemma 5.20. Any uell’ defined in (11) satisfies (1,u) € Y.

Proof. Consider an arbitrary u € U’. There exists a non-empty M < N and B € GL(|M]|,2) such that BuM = 1.
Given that B is binary, B;. < 1T for everyrowi € {1,...,|M|} in B. Thus, 1TuM > B,u™ = 1forie {1,...,|M|},
because u > 0. Hence, (1,u) € U. O

Lemma 5.21. Given the separation LP (10) for any (w,y,X) € RxR" x X, every optimal u* belongs to U’ defined
in (41).

Proof. Intuitively, an optimal v* with respect to the optimal u* is constructed in a greedy fashion that prioritizes
the highest a¥ with v** = u} until (10b) is satisfied. For every k € N U {0}, sort {a¥};cn in any (in case of ties)
descending order such that

algl)k = G?Q)k =z a/?n)k

Then v**¥ assumes the form

Uiy ie{l,... 0y —1},
vive =1 1= S ule @=L
0, i€{€k+1,...,n},

28



for some ¢, € N, where k € N u {0}. More precisely, £}, satisfies

ék—l ek:
Zl uz‘i)k <1, and Zlu?‘v)k > 1.

In addition to the n + 1 equality constraints (40b), the form of v* results in n? — 1 binding constraints (40c)—
(40d). Let M := UkeNU{O}{(l)k,...,(ﬁk)k} and m = |M|. We know that u} = 0 for every i € N\M because

*

uf = maxkeNu{O}{ui”‘k}. These are n — m additional binding constraints (40c¢). These n? 4+ 2n — m constraints

are linearly independent because the only possible redundancy would occur when u?‘i) = Vzki];k = 0; however, when
“Zki)k = 0, exactly one of u(*i’)“,c = u?‘i) . and u(*l’)“k = 0 is included in the set of binding constraints, so the redundancy
is avoided. Given that (v*,u*) is a basic solution, there must exist another m constraints in the optimal basis.
The only possibility is that there exists L ¢ N u {0} with |L| = m, such that I/&k)k = U, for every k € L. Note
that w, y» > 0 for all k£ by definition of £;. We remark that adding these binding constraints to the aforementioned
set of tight constraints is equivalent to adding Zfi 1 “Eki)k = 1 for every k € L. Therefore, the optimal basis is the

full-rank constraint matrix of the following system:

dMvE=1, VkeNu{o},
ieEN
uyr — Ve =0, Vie{l,....l —1}, ke N u{0},
Uk — Vi =0, VEke L,
Vi =0, Vie{ly+1,...,n}, ke N u{0},
u; =0, Yie N\M.

By elementary row operations, the system transforms into

Ly
Divk =1, YkeNu{o}, (43a)

1=1
u(i)k—u@)k =0, Yie{l,...,ly —1}, ke N U {0}, (43b)
Vi =0, Vie{ly+1,...,n}, ke N u{0}, (43c)

L
Duge =1 Vkel, (43d)

i=1
u; =0, Vie N\M. (43e)

Now, construct a matrix B € {0, 1}2*M where

B = L, ie {(1)k5'~'a(€k)k}7
M0, ie ML, (6)F)

for all k € L. In matrix form, constraints (43d) are exactly
BuM =1.

Matrix B € B™*™ contributes full row rank to the system of equality constraints, so B € GL(m,2). The optimal
u* e R satisfies Bu*M =1, and u*MM = 0. Hence, u* € U’. O

Remark 5.22. We provide more insights into why the optimal solutions u* to the separation problems (40) with
respect to all (w,y,X) € R x R? x X form a finite set &/’. We emphasize that constructing the optimal solution to
(40) in Lemma 5.21 does not directly use the actual values of {ak}kGNu{O}- Rather, it suffices to know the set of
n + 1 descending orders of {a¥};cn, which are exactly the descending orders of {h¥};cn, for k € N U {0}. Recall
that there are as many {{hf}ieN}keNu{o} as the pairs of p € X and § € &(N). Even though |X| could be infinite,
there are finitely many (at most n!"*1) possible sets of descending orders of {{hf}z‘eN}keNu{oy

Following the previous lemma, we can replace the infinite set ¢ in the convex hull description from Theorem 3.5
by its finite subset U’. We formalize this observation in the next proposition.
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Proposition 5.23. Under Assumption 1, suppose F,, are LA-convex for all (ug,u) € U. Let
CP = {(w,y,x) ERxRY x X: (w+ u'y,x) e conv (PFI*“) ,VYue L{’} .
Then conv (PH) =CP.

Proof. By Lemma 5.20, {1} x U’ < U, so CP' 2 conv (PH). We show the reverse containment by contradiction.
Suppose that there exists (w,y,X) € CP’\conv (PH). Then X gives rise to p € X, § € §(N), and the corresponding
separation LP (40) with an optimal solution u*. Given that (w,y,X) ¢ conv (PH ), this point incurs a positive
violation of the MISEPI associated with p, 4, and (1,u*). However, by Lemma 5.21, u* € &', which suggests that
this most violated MISEPI is already valid for CP’. Therefore, CP’\conv (’PH ) = . O

It follows that if conv (PF 1»“) is polyhedral for every u € U’, then conv (PH ) is polyhedral. This is trivially true
when X is finite. Moreover, the set U’ can be further refined, but to do so, it is crucial to exploit the structure of
the functions {h'};cn. We will address this in Section 5.6.

5.5 Facet-defining MISEPIs

In this section, we explore the conditions under which an MISEPI (38) is facet-defining for conv (P#). Our dis-
cussion is relevant when Assumption 1 is satisfied and F,, . are Li-convex for all (ug,u) € U. We focus on the
instances where ug > 0 because otherwise the MISEPIs are dominated by the trivial inequalities y; > 0 for i € N
according to Remark 5.15. Additionally, we will only consider n > 2. When n = 1, H(z,y) = h(xz) — y where
€ X < Zand y > 0. By Assumption 1, h is Li-convex, so this case is trivial.

Consider any p® € X and any § € G(N). Recall that

k
pF=p’+ 2 1°0) VEkeN,
j=1

hY =h'(p*), Vke N u{0},ie N,

(2

and
By = higye =+ = hipy

Proposition 5.24. If X D B, for any p € Z™, then conv (’PH) is full-dimensional.

Proof. We construct 2n + 2 affinely independent points in PH. The points (hl(“l)k,&pk) e PH for k e N u {0}
because h’(fl)k = h’(“j)k — 0 for all j € N. Moreover, (h?l)0 +1,0,p% € PH, and (h?l)o7 17,p% e PH for all j € N.
Subtracting (h?l)o, 0,p°) from all other 2n + 1 points, we obtain

k
(h’;l)k — hy0,0, > 150‘)) VkeN,

j=1
(1’ 0’ 0)7
(07 1770)7V] € Na
which are linearly independent. Therefore, conv (PH ) is full-dimensional. O
Consider a given p® € X and & € &(N). For any (ug,u) € U, the face of the MISEPI (38) contains (w,y,x) € PH

such that

0 T 0
UpW + uTy — SP ,0,u0,u X + Sg ,6,u0,u_
By Proposition 3.4, we know that

Fuo,u(pk) _ Spo)é,uo,u—rpk + sgo,é,ug,u’ Vke Nu {0}
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Thus, we next explore (w,y) such that upw + u'y = F,, «(p*). Consider any (ug,u) € U. For every k € N u {0},
let j € N be the index such that

ir—1 Jr
Z Uk < U, and Z U(jyk = U, (44)
Jj=1 j=1

as in Lemma 5.14. Recall that (-)¥ are permutations governed by {h¥};cn for k € N U {0}. Each (-)* gives rise to
a permuted version of u, and j; must exist according to the definition of &/. These permutations can coincide, but
are generally different for £ € N U {0}. Thus, for any k, k' € N U {0}, we have to include the subscripts k, k¥’ to
distinguish j;* and j;. We include an example to illustrate our notation.

Example 5.25. Suppose n =3, ug = 1, u = (0.3,1.2,0.7), and

h' = (0.8,0.5,0.1), h* = (—0.2,0.5,0.1), h® = (=0.2,-0.5,0.1), h* = (=0.2, 0.5, —0.9).

We obtain
hi>hd>hi, — ()'=1,02)'=203)'=3
h3>h3>hi, — (1)2=2,2)%=3,03)?2=1,
hS>h3>h3, — (1)0°=3,2°=103)°=2,
ht>h3>hi, — (1)*=1,02)"=2,3)*=3.
When k =1,

Uy = 0.3 <1 = g, Uy + Uyt = 0.3+ 1.2 > uy,

so j¥ = 2. When k = 2, j¥ = 0 because
0 <wo, w2 =12>up.
Similarly, when k = 3, ji = 2 because
uys = 0.7 <wup, u@ys +upep =07+03=1=up.
Note that the second inequality holds at equality in this case.

In Observations 5.26-5.28 and Lemma 5.27, we explore elements of P¥ that belong to the face of the MISEPI
associated with (ug,u), p°, and 8.

Observation 5.26. For any (ug,u) € U and every k€ N u {0},
upw® +u'y® = Fy u(p"),

where . .
w” = h?
(G

yr = rnau)({(),fﬂ€ — Rk, k}, Vie N.
g g (Jk)
This follows from Lemma 5.14. Notice that (w*,y*, p¥) e PH.

The second inequality in (44) may hold at equality for some k € N U {0}; that is, j; € N further satisfies

Ik
Z U(j)k = Uug-
j=1

We have seen an instance in Example 5.25 with k£ = 3. In this case, we can identify additional points where the
MISEPI is tight. We explain what these points are in the next lemma.
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s
Lemma 5.27. Suppose k€ N U {0} further satisfies that 375 | ugk = ug. Then we have

upd® + u'y" = Fuyu(p),

where -, N
N (46)
gk = max {0,nF —hls )}, VieN.
Proof. By construction, (w*,y*, p¥) € PH#. We observe that
Ik
<k ~k k k k
ugw" + Z wig; = uoh(j:+1)k + Z U(j)k(h(j)k — h(j;f+1)’c>
ieN j=1
i Ik
k k k k k
j= j=
r =1
k k k
= woh{jeye + 21 gy (A = Beye) +0
i=
- Fuoﬂl(pk)
O

Observation 5.28. For any i € N with u; = 0,
upw® +ul (y* +1%) = Fup u(p®),
where (w*,y* p¥) is given by (45). Furthermore, the point (w*,y* + 1%, p¥) remains in PH.

So far, we have found points in P that are also on the face of an MISEPI. When 2n + 1 of these points are affinely
independent, we can conclude that this MISEPI is facet-defining.

We now discuss how to construct (ug,u) € U for the given p® € X and § € &(N), such that the resulting MISEPI is
facet-defining. For every k € N U {0}, pick any £, € N, and construct a binary incidence matrix A(£) € {0, 1}(n+1)»n
such that

1, if j <4y,
DE= 0, otherwise.

In other words, the k-th row of A(£) is the incidence vector for the support of the top ¢ elements in {h¥};cn. Every
row of A(£) contains at least one entry of one. Let M denote all the non-zero columns in A(£), and let |M| = m.

Proposition 5.29. Fiz any pe€ X and 6 € &(N). We assume that B, € X. Suppose that {hF}ien are all distinct
for every k € N U {0}, and that A(£) contains a submatriz B € GL(m,2) such that B-*1 > 0 entry-wise. Then the
MISEPI associated with p,d and (1,u) is facet-defining for conv (PH), where uM = B~11 and uM\M = 0.

Proof. First, we notice that u € Y’ given in (41) by construction, and (1,u) € U from Lemma 5.20.

By Proposition 5.24, conv (’PH ) is full dimensional. Thus, we need to construct 2n + 1 affinely independent
points on the face of the MISEPL. We construct {(w®,y", p*)}renoop and {(w®, y° + 1%, p%)};en s as described in
Observations 5.26 and 5.28. These 2n + 1 — m points lie on the face of the proposed MISEPI. Let L < N u {0} be
the rows in A(€) that overlap with B, then |L| = m because B is a square matrix. As described in Lemma 5.27, we
construct m points, namely (@, y*, p*) for k € L. Note that Ji =4y for k e L. This is because B is a sub-matrix
of the non-zero columns of A(£), and Bj.uM = Zf’;l u(r = 1 = ug for every k € L. For the construction to work,
(¢ + 1)* must exist for k € L. Recall that n > 2. If, for a contradiction, there exists k' € L such that {3, = n,
then Bj. = 1. For Bu™ = 1 to hold with u™ > 0 entry-wise, every row in B has to be 1, which contradicts the
nonsingularity of B. Thus, £, < n, and ({3 + 1)* always exists for k¥ € L. These m points also belong to the face
of the MISEPI by Lemma 5.27.
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So far, we have obtained 2n + 1 —m + m = 2n + 1 points on the face. We next verify that they are affinely
independent. We subtract (w®,y°, p°) from all points, and form a 2n x (2n + 1) matrix with

{(wk7 yka pk) - (U/O, y07 po)}kGNa
{(wO’ yO + 1i7 pO) - (’U)O, y07 po)}iEN\Ma
{(ﬁ)ka yka pk) - (w07 y07 po)}kEL
as its rows. The block sub-matrix [p* — p°]ren contributes n to the total rank because p* — p® = Zle 1%(9)
for all K € N. The block sub-matrix [y° + 1? — yo]ieN\M contributes n — m to the total rank. We perform the
elementary row operation of adding the negated row —(w", ykk, p") +k(w0, y?, p°) to (w*,y*, p*) — (w®, y°, p°) for
every k € L. The resulting row is (h’&k)k - h’&kﬂ)k)(—l, 15"} 0). Given that {hF}icy are all distinct for

every k€ N u {0}, h’&k)k - h?éﬁl)’“ # 0. We observe that B coincides with A(£) in the columns i € M; otherwise,

B contains all-zero columns and cannot be nonsingular. Therefore, ACCOARN Ty e By. for all k € L. Matrix B is
nonsingular, so it contributes m to the total rank. Thus, the matrix representation of these 2n points has a total
rank of n + (n —m) + m = 2n. We conclude that the MISEPI is facet-defining. O

We can derive facet-defining inequalities by enumerating A(£€) and characterizing its nonsingular submatrices. We
include the following corollary as one example.

Corollary 5.30. Fiz any pe X and § € G(N). Let M = {(1)’“}k€NU{O} C N. Then the MISEPI associated with
p, 6 and (1,1M) is facet-defining for conv (PH),

Proof. In this case, let £, = 1 for all k € N u {0}. We construct the incidence matrix A(€) accordingly. This
incidence matrix has zero columns for i € N\M. Let L € N U {0} be any set of indices such that {(1)*}zcr, are
distinct. We know that |L| = |[M| = m. Consider the sub-matrix B of A(£) with rows in L and columns in M.
This sub-matrix is exactly an m x m permutation matrix, which satisfies B~'1 = BT1 = 1. Thus, u = 1™, which
is the indicator vector of M. O

5.6 Examples of structured H and conv (P*)

In this section, we illustrate the results from previous discussions using two examples: the general integer continuous
mixing set and the binary multi-capacity continuous mixing set. We conclude this section by applying our framework
to two more classes of mixing sets, which are common substructures in capacitated lot-sizing problems. With our
framework, we recover the known convex-hull description of the general-integer continuous mixing set in Section
5.6.1. Moreover, we give new polyhedral results for the binary multi-capacity continuous mixing set in Section
5.6.2.

5.6.1 General integer continuous mixing set

The continuous mizing set closely resembles the general integer mixing set (see Section 3), but with additional
non-negative continuous variables. We denote a continuous mixing set by

POMX = {(w,y,x) eERxRY x Z" :w +x; +y; = q;,Vie N},

where q € R such that 1 > q; > g2 > --- = ¢,. The set PEMIX plays a crucial role in the relaxations of lot-sizing,
capacitated facility location, and capacitated network design problems. Miller and Wolsey [39] extend the mixing
inequalities (14)—(15) to propose a class of valid inequalities for P°MX ~ {1 > 0}. The full convex hull description of
POMIX i5 provided by Van Vyve [63] with the cycle inequalities. We next describe how to construct these inequalities.
Throughout this section, G = (N, A) is a directed graph, where A = {(j,k) e N x N : ¢; # qr} v {(4,7) : j € N}
represents the arcs in G. Each arc (j, k) € A with ¢; # gx is associated with the following expression:

w+y — g+ (g — q; — Dz;], if g5 < qg,
ojr(w,y,x) = i~ law Il 7
yi — (ar — q5)z5, otherwise.

Each self-loop (j,7) € A is associated with

¢jj (X, y,w) == w+y; — (¢ — zj).
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Every elementary cycle C' € A in G corresponds to a cycle inequality

Z djk(w,y,x) = 0. (47)

(4,k)eC

The cycle inequalities associated with elementary cycles are facet-defining for conv (PCMIX)
rPCMIX) PCMIX

fPCMIX)

, and they fully describe

conv ( [63]. In what follows, we exploit the hidden Li-convexity in and show that our result subsumes

conv ( as a special case. Consider H : Z" x R} — R given by

H(x,y) := max{q; — v; — yi} (48)
iEN

Notice that PH = PCMIX 1n this case, h'(x;) = ¢; — x; is a univariate monotone function for every i € N. Thus,
Assumption 1 is satisfied by Remark 5.5, and F,, v is L-convex for every (ug, u) € U according to Remark 5.13. By
Theorem 3.5, conv (PCMIX) is fully described by MISEPIs. We remark that PCMIX also satisfies all the conditions
in Proposition 5.23, which means that we only need the MISEPIs corresponding to the finitely many u € U’ to
describe this convex hull.

Corollary 5.31. Any facet-defining cycle inequality is an MISEPIL

In what follows, we address the question ‘which MISEPI corresponds to the facet-defining cycle inequality associated
with C'?” Consider any elementary cycle C € A. We construct p e X = Z", § € G(N), and (up,u) € Y such that
the associated MISEPI is identical to the cycle inequality corresponding to C'. The next observation addresses the
case where C' is a self-loop.

Observation 5.32. For each self-loop C = {(j,7)} where j € N, the corresponding cycle inequality is w + y; >
qj — z;. Note that (1,17) € U, and F} 15(x) = ¢; — x;. For the epigraph of Fy 15, n > ¢; — x; is the only SEPI
associated with all p € X and all § € §(N). The resulting MISEPI, given (1,17) along with any arbitrary pair of
p and 4, is exactly w + y; > ¢; — ;.

In what follows, we focus on the case where C' is not a self-loop. Let the set of nodes involved in C be N(C). We
know that |[N(C)| = 2 and that ¢; are distinct for all i € N(C') because the original graph G does not contain arcs
that connect distinct j,k € N with ¢; = g,. We define L(C') € N(C) to be the set of indices in the cycle from
which the arc points backward; that is, L(C) := {j € N(C) : (4,k) € C, ¢; < qi.}. We let

uo = |L(C)], and u=1N0),

Observe that |[N(C)| — 1 = ug = 1 because C'is a cycle with at least two arcs—one of them must point backward,
but not all vertices have backward arcs. Thus, (|L(C)|,1V(®)) € Y. In addition, we construct p € Z" by

~1, ifjeL(C),
p;j =1 0, elseif je N(C)\L(C),
2,  otherwise, i.e., j € N\N(C).

The permutation d € G(N) is obtained as follows. We first construct a permutation of N(C). For ease of exposition,
we label the elements in N(C) by {N(C)1,...,N(C)n(cy} such that gn(cy, > -+ > an(C)ney - We use Ng (i)

and N/ (i) to denote the in-neighbor and out-neighbor of any i € N(C) in the cycle C, respectively. That is,
(Ng (i), 1), (i, N2 (i) € C. We construct

5(i) = N5 (N(C):), Vie {l,...,IN(O)}.

If N(C) < N, then we complete § with an arbitrary permutation of the remaining elements N\N(C). We illustrate
the aforementioned construction using an example.

Example 5.33. Consider the example of H(x,y) given in (48) with q = (0.8,0.5,0.2,0.1). The cycle C' =
{(1,4),(4,3),(3,1)} (see Figure 1) gives rise to the cycle inequality:

2W+y1 +ys+ys =1 —0.721 — 0.423 — 0.924.

Here, N(C) = {1,3,4}, so u = 1{1:34} We obtain L(C) = {3,4} and up = 2. Tt follows that p = (0,2, —1,—1). In
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Figure 4: A visual illustration of the cycle C' = {(1,4), (4, 3),(3,1)}, where N(C) = {1,3,4} and L(C) =
{3,4} because (4,3), (3,1) are backward arcs.

addition, the elements in N(C) satisfies ¢1 > g3 > ¢4, so N(C); =1, N(C)y = 3, and N(C)3 = 4. We obtain
0(1) = No (N(C)1) = N5 (1) =3, 6(2) = No(N(C)2) =Ns(3) =4, 6(3) =Ng(N(C)3) =Ns(4) =1,
and we complete the permutation by appending §(4) = 2. Thus, § = (3,4, 1,2). The associated MISEPT is
24y +ys +ya = FQ 101,343 (0,2, — 1) + [F2’1{1,3,4} (0, 2,0, —1) - F271{1,3,4) (07 2,—1, —1)](.%‘3 + 1)
[F2 141,3,4} (0, 2, 0,0) — F2,1{1,3,4} (0,2,0,—1)](z4 + 1)
[FQ 1{1,3 4}(1 2 0 0) F211{1,3,4} (0, 2,070)]$1
[F2,1{1‘3,4} (1, 3, 0, O) - F2,1{1,3,4} (1, 2, O7 0)] (SCQ - 2)
=234+(19-23)(z3+1)+(1—-19)(z4+1)+(0.3—1)z; +0
=1- 04!173 - 091'4 - 071’1
This matches the given cycle inequality.

Before establishing the equivalence between a cycle inequality and the constructed MISEPI, we highlight an im-
portant property of the function F|jy v Recall that Lemma 5.16 shows an alternative interpretation of

Fi1(c)),1v(e)—this function evaluates the highest |L(C)| values (including ties) among {h*(x)};en(cy for any x € X
We provide an example to illustrate how the supports of Fjr oy 1~ (p*) and of Firoyave (pF~1) are related.

Example 5.34. We assume the same setup in Example 5.33. Observe that

p’ = (0,2,-1,-1), Fyyoen(p’) =12+11= > (g —p),

1€{3,4}
{3,4} = L(C),
p' =(0,2,0,-1), Foyusa(p')=08+11= > (g —p)),
i€{1,4}

{1,4} = {3,4} W {N(C) ]\{Ng (N(O))},

p® = (0,2,0,0), Fhynsa(p?)=08+02= > (g —p),
i€{1,3}

{1,3} = {1,4} w {N(C)2}\{Ng (N(C)2)},

p’ = (1,2,0,0), Foy0s0(p®)=02+01= > (g—p)),
i€{3,4}

{3,4} = {1,3} W {N(C)s\{Ng (N(C)s)},

p* = (1,3,0,0), Foyusa(p*)=02+01= > (g—p).
1€{3,4}

Intuitively, the arcs in C' govern the supports of F|p o) 1~ (p*), which follows from our construction of p and &
with respect to C.

With this intuition, we discuss the terms in the SEPI associated with our proposed p and § for the epigraph of
Firoane©:

Observation 5.35. For any i € {1,...,[N(C)l[}, let j = N5 (N(C);) = 0(i). We represent N(C'); equivalently by
N&(j). When j = (i) € L(C), zj — p; = x; — (—1). Given that hj(p;_l) = ¢g; + 1, j must be in the support
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of F]L(C)lev(m(p“l). At p', B (pi) = ¢; < AN () = hNC(J)(p;Vg(j)). In fact, by our construction, the support

of Fip(cy v (p') is exactly the support of Fip oy 1) (p'~!) with j removed and with Ng(j) added. Thus,

Fireyave (P) = Fireyive (pi~t) = INg ()~ (1 + g;). Similarly, when j € N(C)\L(C), z; —p; = x; — 0. By

construction, the support of Fjzcy 1v @) (p') is again the support of Firoyave (p~!) with j removed and with
: i i— (5 (i i (pri—

N () added. Therefore, Flp o) 1n@) (PY) = Froyane (p7) = hNC(J)(pNg(j)) —hi(pih) = Iniy — - In

summary,

lans ) — L+ a)] @+ 1), jeL(C),

(avz) — 05) @5 j e NO\L(C).

Observation 5.36. For alli e {|{N(C)|+1,...,n}, again, let j = N (N(C);) = (1). First note that h/ (p;fl) =q;—

2, which is too low to be in the support of Fip, ) 1~ (p*~1). Second, h’ (p;) =hl (p;-*1 +1) = ¢; — 3, which means

that j must not be added to the optimal support of Fj1, ¢y 15 (p*). Thus, Fjp ) 1v@ (PY) = Flroyanve (P,
and

[Flz(c).1v@ (P') — Flroy v (1] (msi) — psy) =

[FlL(c) 15 (P') — Flrioyanve (1] w5y — psqay) = 0-
Lemma 5.37. The SEPI associated with our proposed p and § for the epigraph of Fipc) .1~ ©) is

Nz ), [qwg(j>+(qzvgo)_qj_l)‘”j]* > (qzv;(j)_qj)xj‘

JeL(C) JEN(C)\L(C)
Proof. Due to the two observations, the SEPI is
IN(©)| ‘ |
1= Freyave @)+ Y [Freave () = Freave ] (@50 — pse)
i=1

= Z (1+q)+ Z [qNg(j)—(1+qJ‘)] (z; +1) + Z (qNg(j)_qJ) Tj
JeL(C) JeL(C) JEN(C)\L(C)

= 2 (Utg+ayg - 0+a)+ ) (qzvg<j>—%—1) ZEDY (qNgm _qi) T
JeL(C) JeL(C) JEN(CN\L(C)

= 3 oo+ (v o -1)a]+ X (o~ o)
JeL(C) JEN(C)\L(C)

O

Proposition 5.38. Any facet-defining cycle inequality associated with C' is the MISEPI associated with (ug,u), p
and & following our construction.

Proof. A cycle inequality is facet-defining if it corresponds to an elementary cycle C' with distinct ¢; for i € N(C)
[63]. Observation 5.32 has fully addressed the case where C' = {(i,4)} is any self-loop. Now suppose |N(C)| = 2.
The cycle inequality assumes the form

IL(C)|w + Z Yi = Z lar + (qx — g5 — Vz;] + Z (qrx — 4;)7;-
ieN(C) JeL(C),(j,k)eC JEN(C\L(C),(j,k)eC
By construction, we obtain the MISEPI
O+ D vz X axen (v o) m]+ X (v —w) o
ieN(C) JEL(C) JEN(CN\L(C)

The right-hand side follows from Lemma 5.37. This coincides with the cycle inequality. O

Remark 5.39. Recall that Proposition 5.23 provides a finite representation of conv (’PCMIX). Here, in fact, U’
given by (41) can be refined to the following set

ue ) (BT'1:Bil=By1Viie{l,.. |M}uMM =0
U = U ueR?: BeGL(|M|,2)
Me2N\{g}

That is, every nonsingular binary square matrix B is further restricted to have equal row sums.
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5.6.2 Binary multi-capacity continuous mixing set

In this section, we consider another example of PH whose convex hull follows from our discussion. Let arbitrary
q € R" and c € RY be given. We examine H : By x R} — R given by

H(x,y) := max{q; — ¢;z; — yi}.
iEN

We denote its epigraph by PMEMIX  Thig set generalizes PCMX and more realistically captures the varying capac-
ities of the elements involved in lot-sizing, capacitated facility location, or capacitated network design. Multiple
studies have considered incorporating divisible weights ¢, while omitting the continuous variables y. For example,
Constantino et al. [12] examine

{(w,x) eRy X Z" : w+ c;x; = q;, Vie N},

where ¢; € {L,C} ¢ Z and C|L € Z. Zhao and de Farias Jr [77] allow ¢;, i € N, to be positive real values that are
divisible (i.e., ¢1|...|c,). In other words, ¢;/c; € Z for i > j. Studies that are more closely related to P in our case
are Bansal and Kianfar [7] and Zhao and de Farias Jr [78]. The former proposes a class of valid inequalities called
the n-step cycle inequalities and gives their facet conditions. The latter shows that when the weights c are divisible
(i.e., c1]...|ecn), optimization over P# can be performed in polynomial time. To the best of our knowledge, the
description of conv (PH ) and the complexity of optimizing over P without any restrictions on c (e.g., divisibility)
remain unanswered. Thanks to the hidden Lf-convexity and our results in Sections 5.1-5.5, we now address this
challenge.

Recall that ¢ > 0, so h'(z;) = ¢; — c;z; is univariate and monotonically decreasing for every i € N. Assumption 1
holds by Remark 5.5, and F,, 4 are L-convex for all (ug,u) € i by Remark 5.13. The next corollary addresses the
description of conv (PMCMIX), following from Proposition 5.23.

Corollary 5.40. (Following from Proposition 5.25.) The convex hull of PMEMIX s completely described by the
MISEPIs associated with (1,u), for all u € U’ (11), with p = 0, and with § € S(N). Here, X = {0} because
X = By, so p = 0 is the only relevant choice.

We include an example to illustrate what these MISEPIs look like.

Example 5.41. When q = (2,0.5,4,2.75) and ¢ = (3,1,4,2.5), the following inequality is facet-defining for
conv (PMCMIX).

w+ (2/3,1/3,1/3,1/3) Ty = 35/12 — 321 /2 — 19/12 — Ta3/6 — 14/4

Here, u = B~'1 where

O~ =
_ o o
= O = O
= -0 O

and d = (4,3,2,1).
In addition, we determine the complexity of the associated minimization problem following from Proposition 5.17.

Corollary 5.42. The relazation of the multi-capacitated lot-sizing problem, given by optimizing a linear objective
over PMEMIX " is polynomial-time solvable.

6 Conclusion

Lf-convex functions form a broad class of nonlinear functions with immense practical utility. Our work conducts
a comprehensive, in-depth study of the convexification of multiple classes of mixed-integer sets associated with
Lf-convex functions. We establish useful properties of these and related functions, such as lattice and continuous
submodular functions. We formalize the linear description for the convex hull of any Li-convex function’s epigraph
with linear inequalities called SEPIs, which are polynomial-time separable. We reveal hidden Lf-convexity in the
mixing set, recovering its existing convex hull description as a special case of our study. We also completely
describe the joint convex hulls of multiple Lf-convex functions sharing common variables, as well as a variant
with additional constraints. We show that, in this case, the intersection of individual convex hulls equals the
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convex hull of the intersection, generalizing analogous results for submodular set functions. Lastly, we extend the
notion of Li-convexity to functions defined over mixed-integer domains. We examine the convex hull description
for the epigraph of any such mixed-integer function. Under certain conditions, we provide a complete description
via MISEPIs, with specified facet conditions and polynomial separation complexity; the latter implies polynomial
complexity of minimizing such functions over mixed-integer variables. We illustrate our results with the continuous
mixing set and its multi-capacitated variant by uncovering the hidden Li-convexity. A natural step in our future
research is to extend our results for Li-convexity to its superclass, lattice submodularity—more precisely, to obtain
convexification of the epigraph of lattice submodular functions in the original decision space. Combining with our
methods in this work, we will then be able to generalize the convex hull description for the multi-capacity continuous
mixing set from X = By to X = Z". Our convexification of P proceeds in three steps: (i) reformulating P
as a disjunction of the sets D7, j € N; (ii) convexifying each D’ through the simultaneous convexification result
of Section 4; and (iii) convexifying the disjunction through a polar characterization combined with an aggregation
argument. All three steps exploit a common property—the convex envelopes of the functions A and ¢! involved are
determined by the same polyhedral subdivision, which is guaranteed under Assumption 1. Formalizing an abstract
set of conditions under which this three-step strategy applies beyond Lf-convexity, in the spirit of the inclusion
certificates of Tawarmalani [61], is another promising direction that could further broaden the class of mixed-integer
sets amenable to this analysis, including variants of mixing sets that do not satisfy Assumption 1.
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Appendix

Proof of Proposition 2.15. First, we show that F' is L-convex. For any x,y € X,

Fxvy)+Fxnry)=Fxvy)+[F(x)v F(y)] (by (i)
< [F(x) A F(y)] + [F(x) v F(y)]
(because F' is decreasing, x vy = x,andx vy =Yy)
= F(x) + F(y).

Thus, F is lattice submodular. Due to (ii), F' is L-convex, and in particular,
r=F(x+1)— F(x)<0.

Next, we prove that F° is Li-convex by showing (4). That is, for any x,y € X, and for any a € Z with (x—al) vy,
X A (y +al) € X, we will show that

Féx)+ F(y) 2 F°((x—al)vy)+ Fe(x A (y + al)).
(Case If F((x—al)vy),F(x A (y+al))>c, then

Fé(x—al)vy)+ F(xa(y+al)=F(x—al)vy)+ F(x A (y+al))

F(x)+ F(y) (by L-convexity of F' and Theorem 2.7)
[F(x) v el + [F(y) v ]

Fe(x) + F(y).

NN N

(Case ) If F((x—al)vy),F(x A (y+al)) <c, then

FC((x—al)vy)+ F(xan(y+al))=c+c<[F(x) v+ [F(y)ve]l=F(x)+ F(y).
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(Case 3) If F(x—al)vy)>cand F(x A (y+ al)) < ¢, then

FC((xfozl)vy)+FC(X/\(y+oz1))=F((xfoz1) y)+ec
< F(y) +c¢ (because F is decreasing)
<[F(y)v ] [F(x) v ]
< Fo(y) + FO(x).

(Case 4) Lastly, if F((x—al) vy)<cand F(x A (y + al)) > ¢, then
FC((x—al)vy)+ Fe(xa(y+al))=c+F(xn(y+al))
=c+ [F(x) v Fly +al1)] (by (iii))
=c+{F(x) v [F(y)+ar]} (by (i)

<(end)+[F(x) v F(y)] (aeZs,r<0)
<{F&) v ] A [F(y) v ey + {[Fx) v ] v [Fly) v cl}
—[F(x) v ] + [F(y) v

Fe(x) + F*(y)

O

Proof of Proposition 2.20. For any x,y € X', we will show that F(x) + F(y) = F(x vy) + F(x A'y) by cases. We
first make an observation that is useful in the following discussion. Under the given condition on a, b, there exists
at most one positive entry and at most one negative entry in a — b. All other entries in a — b are zeros. For the
given arbitrary x,y € X, we let

X:={ieN:xz; >y}, Y:i={ieN:zx <y},

and E = N\(X uY) ={ie N:z =y} Suppose X = . Then x < y component-wise. This means that
xvy =yand x Ay = x. It follows that F(x) + F(y) = F(x vy)+ F(x Ay). The same argument applies
when Y = ¢J. Thus, it remains to consider the cases where X # ¢ and Y # ¢J. Observe that X nY = (¥, so
there always exists A € {X,Y} such that a; — b; = 0 for all i € A. Similarly, there always exists B € {X,Y} such
that a; — b; < 0 for all i € B. Here, A and B can be identical. Note that A, B # (J because X and Y are both
non-empty in this case.

(Case 1) Suppose F(x vy)=b(xvy)+byand F(x Ay) =a'(x Ay)+ ag. We obtain

Flxvy)+ F(xay)= be1+2bzyz+2bxz+bo+Zazyz+2azx1+2az$z+ao

i€X €Y el i€eX €Y ek

Here, x;,y; for i € E are used interchangeably because x; = y; for all i € E. We know that there exists A € {X,Y}
such that a; — b; = 0 for all 7 € A.

e Suppose A = X. We have

2 bix; + Z biyi + 2 bix; + bo + Z a;y; + Z a;x; + Z a;T; + ag

ieX €Y ek ieX €Y el

= Y biwi+ Y biyi — > biyi — Y. biyi + Y. biwi + bo

i€eX iEN i€X ek i€k
+ Z a;yi + 2 a;T; — Z a;xT; — Z a;x; + Z a;x; + ag
i€X iEN i€eX ek ek

= Z bi(x; —y;) + by + bo + Z ai(yi — ;) +a'x +ag (by definition, z; = y; for all i € E)

i€eX i€eX
=b'y+by+a'x+ag+ Z (b; — a;)(z; — yi)

i€eX

y+bo+a'x+ay (b <a;andz; >y, forieX)

<b'
< F(y) + F(x).
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e Suppose A =Y. Observe that

Z bix; + Z bqyz + Z b;x; + bg + Z a;y; + Z a;r; + Z a;x; + ag

i€X €Y i€E i€ X €Y i€E

= Z bZ:Z?z — Z bixi — Z b,-xi + Z bzyz + Z bﬂ?i + bo
iEN ey i€E ey i€l
+ Z a;ly; — Z a;lY; — Z a;y; + Z a;T; + Z a;T; + ag
iEN ey i€E €Y ieE
=b'x+by+ Z bi(yi — ) +a'y +ag — Z a;(y; — ;)
ey ey
=b'x+by+a'y+ag+ Y (bi —a;)(yi — x:)
€Y
<b'x+by+a'y+ag (b; <a;and y; > z; forieY)
< F(x) + F(y).

(Case 2) Suppose F(x vy)=a'(xvy)+agand F(x Ay) =b"(x Ay)+ bo. In this case,

Fxvy)+Fxny)= Zale—kz}alyz Zaixi—i—ao—kZbiyi—kZbimi—kmei—kbo.

ieX €Y icE ieX €Y el
Recall B € {X,Y} such that a; — b; <0 for all i € B.
e Suppose B = X. Then

Z a;T; + Z a;y; + Z a;x; + ag + Z biy; + Z bix; + Z b;x; + by

ieX €Y S i€eX €Y ek
= Z aiT; + Z a;y; — Z aiYi — 2 a;yi + Z aiTi + ag
i€eX iEN i€eX ek ek
+ Z biy; + Z bix; — Z bix; — Z bix; + Z b;x; + by
i€X iEN i€eX el S
_Zazyz+2az$z yz +a0+2b$1+2b —.’El + bo (l‘i=yif0riEE)
ieEN ieX iEN ieX
=a'y+ay+b'x+by+ Z (a; — bi)(z; — yi)
i€eX
<a'y4+ap+b'x+by (a;—b; <0andxz; >y; forallieX)
< F(x) + F(y).

e Suppose B =Y. Then

Z a;x; + 2 a;y; + Z a;x; + ag + Z biy; + 2 bix; + Zbixi + bo

ieX €Y el ieX €Y S
= Z a;xr; — Z a;x; — Z a;xr; + Z a;y; + Z a;T; + ag
iEN €Y i€l €Y i€k
+ 2 iy — > biyi — > b + Y, biwi + ) bii + by
iEN €Y i€k €Y i€l
= Y @i+ Y ailys — i) +ag+ Y, biyi — Y bi(yi — i) + bo
iEN €Y iEN €Y
=a'x+ao+b'y+by+ Z(ai —bi)(yi — x4)
€Y
<a'x+ag+bly+by (a; —b; <0and y; > x; for all i € Y)
< F(x)+ F(y).
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(Case 3) Suppose F(x vy)=c'(xvy)+coand F(x Ay) =c' (x AYy) + ¢ for (c,c0) € {(a,a0), (b,bo)}. Then

Fxvy)+Fxay)=c (xvy)+c+c (xny)+co
=c'(x+y)+2c
_ T T
=C X+cpt+cCcy+c
< F(x) + F(y).

Hence, F' is lattice submodular. O
Proof of Proposition 3.2. We show that for an arbitrary x € X,
n i ] i—1 ,
fx) = f(p) + Z lf <P + Z 15(3)) - f (P + Z 15(”)] (Z5(i) — Ps(iy) -
i=1 j=1 j=1

Suppose X € Bp. Because f is a submodular set function over the discrete unit hypercube By, SEPI is valid at x.
On the other hand, suppose x ¢ Bp. We know that f(X) = f(X) because x € Z". We first construct p* € R" with

1 n+1-—1
Ds(iy = Ps(i) + Th 1l
for all i = 1,2,...,n. By construction, p! € Bp, and

pzlsu) —Psa) > p};(z) —DPsi) > > p};(n) — Ps(n)-
Thus,
. n i ] i—1 )
fh) = f(p) + Z [f (p + Z 15(”) —f (p + Z 15(1))] (ptls(i) —pa(i))
i=1 j=1 j=1
by Remark 2.4. Next, we construct p? € R" such that p? = X+ (1+a)(p' —%). Here, a € R, satisfies a|p’ —%|, <

1/(2n +2). Intuitively, p* lies in a small neighborhood of {x € R™ : p} —1/(2n+2) < z; < p} +1/(2n+2),Yie N}.
We observe that p? € By, and pﬁ(l) = Ps1) = p§(2) —Ds2) = = pg(n) — Ps(n)- Therefore,

f*) = f(p) + Z lf (P + Z 16(j)> - f (p + 2 15@)] (P(QS(z‘) *pcs(i)) :

Given that f is integrally convex, f is convex and

X +
1+« 1+«
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In other words,

1+«

o)~ -7 (p?)

_l+a { " Z l <p N Z 15@)) _f <p + i 1%)1 (p};(i) —pa(w)}

j=1

15 [ (oo $0) 1o 50 o)

f(%) =

n [ i i—1 T
. 1+« 1
=)+ |1 (P + 16(”) —f (P + ] 16(”) ( (P50 — Do) — E(p(%(i) —Pg(i))>
=1 | j=1 =1 1
n [ i i—1 1
) . 1+« 1
=fe)+ >, |f <p + 15@) —f (p + 15@) ( Psiy — —Pay pm))
i=1 | j=1 j=1 i o o
n [ i i—1 4 1
= fe)+ ), |f (p + 16(”) ~f (p + 15(”)
i=1 | j=1 Jj=1 .
1+a ) 1, 1
o I+a @ + 1+ alo® Lo — P
n [ i i—1 h
= f(p) + Z f <P + Z 15(”) —f <P + Z 15(3)) (Z5(i) — Po(i))
i=1 | j=1 j=1 ]

This completes the proof for the validity of the SEPIs for 77;(. O

Proof of Proposition 5.15. The first case is trivial. We prove the second and the third cases. Suppose ppin = 0.
We index the elements in K by o(K) such that ¢,(1) = -++ = ¢o(x|)- It must be that fp*) = 9o(1) for k =
0,...,07(c(1)) — 1. Similarly, f(p*) = qu(;) for k = 67 (c(j — 1)),...,07 (c(j)) — 1. Lastly, f(p*) = 0 for
k=06""(o(|K])),...,n because p* > 1 for all such k. Recall that q,(x|+1) = 0. Therefore, the SEPI is

|K|
W= {qo(1) t+ Z (4o(j+1) = 4o()Ta(s)
j=1
|K| |K|
= > (o) — @o+1) + 2, (@) = Goi+1) (—To (i)
j=1 j=1
|K|

(@o() = Goi+1)) (L = Z4(5)),
1

<.
Il

which matches (14) with respect to K.

Suppose pmin < 1. Recall that K = {kq,...,kr} v {k],... Kk}, }, consistent with the notation in Algorithm 2.
Notice that k¥ > -+ >k}, >k > --- > kg, and

Aoy = Z Qe 2 Gy =0 2 kg

by construction. We will denote gx, ,, = 0. We observe that f(p*) = gk, —Pmin for k = 0,...,6 (k1) —1. Similarly,
fP*) = qr, — Pmin for k =6 (ku1),...,0 Y (ks) — 1, where k € {2,... , L}. If L’ = 0, then FP*) = g1, — pmin — 1
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for all k = 6~1(kr),...,n. The SEPI is
L—-1

W 2 Gk; — Pmin + Z [(qk)erl _pmin) - (qkn - pmin)](mkn - pmin) + [(le — Pmin — 1) - (qu _pmin)] (ka
k=1
L—-1

= Gky = Prain + Y (Thsr — T @k, — Punin) + (@, — 1 = Gi) (Thy, — Prmin)

3
Il
—

NS

= Qk; — Pmin + ), (@hnsy — @) Tk — Pmin) + (¢k; — 1)(Zk, — Pmin)

&
Il
—

D=

= Gk, — Pmin T D (@ — Ghpiy)Pmin — 1+ 1 —2p,) + (@, — Dk, — (gk, — 1)Pmin
k=1
L
= Gy — Pmin + @y (Pmin — Z = Qi) —2k,) + (@ — D@k, — (@ — 1)Pmin
L
= —Pmin + G Prin + Y (@, — Ghoss) (1= 2,) + (G, — 1)k, — Qo Prnin + Prmim
k=1
L
= Z qkwrl (1 - xkn) - (1 - q/ﬁ)ka’

which matches (15) with respect to K = {k1,...,kr}.

- pmin)

On the other hand, suppose L’ > 1. Our discussion about the values of f(p*) for k = 0,...,07 (k) — 1 still
holds. For k = 6~ '(kg),...,0 ' (k}) = 1, f(P*) = qu; — Pmin — 1. Similarly, f(p*) = g/, — pmin — 1 for k =

S7YK, )y, 67 (KL,) — 1 where " € {2,..., L'}. Lastly, f(p*) = q&, — pmin — 1 for all k = §=1(k%,), .. .,
that qx, ., = 0. We construct the SEPI as follows.

L-1
w = dky — Pmin + Z [(quJrl - pmin) - (an - pmin)] (mkn - pmin)
k=1
+ [(Qk/l — Pmin — 1) - (qu - pmin)](xk:L - pmin)
L'-1
+ Z [(ak:, | = Pmin = 1) = (qr7, = Pmin = D] (2, = prmin — 1)

+ [(le — Pmin — 1) - (Qk’L, — Pmin — 1)](5516’1/ — Pmin — 1)
L—-1
= Gk; — Pmin + Z (an+1 - an)(l“km _pmin)
r=1
L'—1
+ > (v, ) (@, — Puin — 1)
K'=1

+ (ak, — )@k, = Pmin — 1)
+ (Qk’l = 1)@k, — Pmin) + (qu+1 = . )(Thy — Pmin)

L
= gk, — Pmin T+ Z (Qk,.ﬁl - qkﬁ)(l'kH - pmin)
s K=1
+ 2 (aw,, = a )@, = Puin) + (a0 — daiy,)(@x;, = Pinin)
&
+ > (aw, — G, )+ (ary, = ara) + (s = D@k, — Pmin)
K'=1 5
= Qk; — Pmin T Z (G, — Qs )Pmin — 1+ 1 —21,)
K=1
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L'—1
+ ) (gr, =@, ) (Pmin =1+ 1= 2p,) + (ar, = Gky) (Pmin — 1+ 1 — 27

r'=1
+ (ar;, — k) + (@, — D, — (g, — 1)Pmin
L L'—-1
=k, — Pmin + 21(% — Q) (1 —ap,) + Zl(Qk’ - Qk',ﬂ)(l — )+ (aw,, — k) (1 — 2 )
K= K/ =

By + Gy — @, + G, — D) (Pmim — Qe — i) + (ary — D, — (@r; — 1)Prin

(g, + + Qi ) 1)+ ( )+ ( 1) ( 1)

L L'—1
= D@ = @)=z ) + Y5 (e, =, N —2i) + (ar, — ar) (L= ax,) + (qr; — Dag
k=1 r'=1

+ Gk, — Pmin + 4k Pmin — gk + 4K} — k1 — 9k/ Pmin + Pmin

Z (arr, = awr, V(U= xp,) + (G, — ar) (1= 2, Z = Qi) (L= ) + (@, — D)@k, -

=1 k=1

L
K

The last inequality is exactly (15). To see this, recall that |K| = L' + L and gy > - > A, 2 Gy =00 2 Qhys
which gives o € &(K) where o(j) = kj for j = 1,..., L', and o(j) = k; for j = 1 + L',..., L + L'. With this
alternative notation, the SEPI is

| K|
Z —4o(j+1)) (1 = Zo(j)) + (@) — Dok

O

Proof of Proposition /.1. Every (W,X) € Q satisfies (w;,X) € conv (Pfi) for all i € K. Thus, conv (Q) < CQ. Next,

we show that conv(Q) 2 CQ. Consider any (W,X) € CQ. If X € X, then (w;,X) € P{ for all i € K. Therefore,
(W,X) € @ < conv(Q). On the other hand, suppose X € X\X. We apply Algorithm | on X to obtain § € &(N )
and p € X. Note that for all f;, i € K, we obtain the same § and p. Let

Ts(j) = To(5) — Ps()>

and p/ =p + ZLl 1%0) for j € N U {0}. In addition, let

1- T§(1)7 j = 0’
Aj =14 TsG) ~ TG+, J=Le.n—1,
T§(n)s Jj=n

Notice that A1 = 1 and A = 0 by the construction of 8. Thus, X is given by the convex combination of {p’ |

as the following:
+ 3 sy (P =P = Y AP
j=1 §=0

In addition, for all ¢ € K, by validity of the SEPI associated with § and p for P;j,

n

= Yo 1 07) — (01 7)] = 2 M (97).,

for all (w;,X) € conv (735;) Thus, for all i € K, given that (w;,X) € conv (’P/{}),

w >§n:AJf
j=0

Consider (w7, x7) e R¥ x X for j € N U {0}, where



and

x) = p’.
We observe that (w/,x7) € Q for all j € N u {0}, X = X7 (Nx/, and W > 3/ A;w/. This implies that
(W,X) € conv (Q). Hence, conv (Q) 2 CQ, and we conclude that conv (Q) = CQ. O

Proof of Lemma 5.5. Recall the definition of CD? given by (29). Given Li-convexity of gg and gf +hi forallie N,
there exist {\g,x"}rer for some K < Z, , with K # (J, such that A > 0, AM1l=1x"eXforkeK,

X = Z Apx”,

keK

Wty = Y A [gg'(x’“)+hﬂ’(x’“)], Vie N,
keK
and

Yi = Z )\kgf(xk), Vie N.
keK

Take any (a, 3) € R2" with >,y a; = ug and «; + 3; = u; for i € N. Such (o, 3) exists—for example, let

Uj; Us
y Bi = u — g ,
Dien Wi Diien Wi

Here, B; = u;(D ;e wi — u0)/(Den i) = 0 because (ug,u) € U. Then

u0w+Euiyi:wxai—kz}(ai—kﬁi)yi:Zaz w+yz Zﬁzyz

Vie N.

Q; = U

i€eN ieN ieN i€EN ieN
Moreover,
2041w+y1 Zﬂzyz ZazZAk[ +hj ]+ZB¢Z>\kgl
ieN ieN ieN keK ieN keK
=2 D0 [ x*) + b (x ] DAk Bigl (xF
ke K €N ke K €N
= Z Ak {Z ahd (x*) + Z (o + 5z)gzj(xk)}
keK ieN iEN
Z Ak {uoh] Z uzgl }
ke K €N
= Z Akfio,u(xk
ke K
Hence, (uow + ;e y ilYi, X) € conv (pfi,o,u). O

Proof of Lemma 2.11. Given any i € N,
hi(v) v Bt (w) = h'(v A w), h'(v) A B (w) = h'(v v w),
for all v,w € X; by monotonicity of h’. Consider any x,y € X. We note that
Gx)+G(y)=F (hl(acl), hQ(xg), . h”(gcn)) + F (hl(yl), hQ(yg), ol h"(yn))
> F (b (z1) v h' (1), h® (22) v B2 (y2), . W™ (@0) v R (yn)
+ F (h' (1) A B (y1), B*(z2) A B*(y2), ..., B (z) A B (yn))  (F is submodular (3))
=F (hl(xl A yl),hz(xg AY2)ye- oy B (Tn A yn))

+ F (' (z1 v y1),h*(z2 v ya), ..., K" (2 v yp)) (R is monotone for i € N)
=Gxnry)+Gxvy).
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Proof of Lemma 2.12. Consider any x,y € X. Suppose i, j' € N satisfy
gxvy)=zs vy, gXAY)=z5 Ay,
respectively. If z;; > y;, then
gxvy) +9(xny) =zi + (x5 Ayy) S 2oty < g(x) + 9(y)-
On the other hand, if x;; < y;/, then

gxvy)+gxAy) =y + (5 Ayy) =y + 5 < g(y) + g9(x).

O
Proof of Lemma 2.13. We show that (5) holds. Fix any x € R? and any a,be R,. Ifi = 1 and j = 2, then
g(x +al’) — g(x) = f(z1 — x2 +a) — f(a1 — x2)
> flxr—22—b+a)— f(x1 — 22— b)
=g(x +al’ +b17) — g(x + b17).
The inequality follows from the convexity of f. Otherwise, ¢ = 2 and j = 1, then similarly,
g(x+al’) — g(x) = f(x1 — 22 —a) — f(z1 — 22)
> f(ry —axo+b—a)— f(xr1 — 22+ D)
= g(x 4+ al” + b17) — g(x + b17).
O
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