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Abstract. Combinatorial decision problems lie at the intersection of Opera-
tions Research (OR) and Artificial Intelligence (AI), encompassing structured
optimization tasks such as submodular selection, dynamic programming, plan-
ning, and scheduling. These problems exhibit exponential growth in decision
complexity, driven by interdependent choices coupled through logical, temporal,
and resource constraints. Classical optimization frameworks—including integer
programming, submodular optimization, and dynamic programming—offer rig-
orous theoretical foundations but often struggle to scale in high-dimensional,
uncertain, or dynamic environments.

This survey provides a unified overview of classical and learning-augmented
approaches for combinatorial decision optimization. It reviews fundamental
mathematical models and algorithmic paradigms, spanning submodular mini-
mization and maximization, sequential and stochastic dynamic programming,
and temporal and resource-constrained scheduling. The survey further examines
how Machine Learning (ML) and Reinforcement Learning (RL) enhance these
frameworks by learning heuristic policies, approximating value functions, and
guiding branching or rollout decisions. Hybrid ML/RL–optimization methods
are highlighted as a means to extend the reach of traditional solvers to adaptive,
data-driven, and large-scale decision spaces.

By integrating classical combinatorial structures with learning-based inference,
this survey underscores the emergence of ML-assisted decision solvers as a new
paradigm for scalable planning and optimization. The resulting hybrid frame-
works fuse the interpretability and rigor of optimization theory with the adapt-
ability and generalization power of modern AI, offering a consolidated perspec-
tive on the convergence of OR and AI in decision optimization.
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1 Introduction

Decision-making in complex systems often involves selecting optimal actions, se-
quences, or configurations from an exponentially large set of possibilities. Such
problems arise across domains, including operations research (OR), logistics, en-
ergy systems, and artificial intelligence (AI), where decisions must satisfy logical,
temporal, and resource constraints while optimizing a quantitative objective. In
recent years, neural networks (NNs) and graph neural networks (GNNs) have
emerged as powerful AI tools to model and solve such decision and optimiza-
tion tasks, bridging learning and combinatorial reasoning within OR contexts.
Despite decades of progress, the combinatorial nature of these problems contin-
ues to pose significant computational challenges, especially when uncertainty,
interdependence, or sequential structure is present. This work seeks to pro-
vide a unified mathematical and algorithmic framework that connects classi-
cal combinatorial optimization with learning-based methods such as machine
learning (ML) and reinforcement learning (RL). By integrating OR principles
with AI and neural computation, we aim to capture both structural constraints
and data-driven adaptability. The goal is to enable scalable, adaptive, and
interpretable approaches to decision optimization that can reason over both
symbolic constraints and data-driven models. In particular, GNN-based formu-
lations offer a natural way to represent dependencies among decision variables
through graph structures, enhancing interpretability and efficiency in large-scale
decision-making. To this end, we begin by formalizing the general structure of
combinatorial decision problems and analyzing their foundational components.

1.1 Combinatorial Decision Problems

Combinatorial decision problems constitute a broad class of discrete optimiza-
tion tasks where the objective is to determine an optimal subset, ordering, or
sequence of decisions subject to problem-specific feasibility constraints. Unlike
constraint satisfaction problems (CSPs), which primarily focus on identifying
feasible assignments, combinatorial decision problems emphasize the selection
of decisions that maximize or minimize a quantitative objective function over a
combinatorial space. These problems frequently appear in operations research,
logistics, scheduling, and planning, and are characterized by their exponential
growth in computational complexity as the decision dimension increases.

Formally, let X denote a finite or countably large decision space, where each
x ∈ X represents a discrete configuration, subset, or sequence of decisions. A
general combinatorial decision problem can be expressed as

min f(x)
s.t. x ∈ F , (1)
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where f : F ⊆ X → R denotes a cost or reward function, and F represents the
feasible decision set determined by logical, algebraic, or resource constraints.
Let [n] := {1, · · · , n} for any positive integer value n. The feasible region F can
often be defined implicitly by a collection of combinatorial relations such as

F := {x ∈ X | gi(x) ≤ 0, hj(x) = 0, ∀i ∈ [m], j ∈ [p]}, (2)

where gi and hj encode inequality and equality constraints that describe capac-
ity limits, precedence relations, or resource couplings.

Many canonical problems can be represented as instances of the problem (1):
• Submodular maximization: selecting a subset S ⊆ V that maximizes a
set function f(S) with the diminishing returns property.
• dynamic programming and sequencing: optimizing f(x1, x2, . . . , xT )
over temporal decision sequences subject to state transitions.
• Planning and scheduling: determining action sequences or job assignments
under temporal and precedence constraints.

These formulations unify discrete optimization, decision-making, and tempo-
ral reasoning under a single framework. Classical algorithms—such as greedy
procedures, branch-and-bound, or backward induction—can provide exact or
approximate solutions, but they often struggle to scale beyond modest dimen-
sions due to the combinatorial explosion of F .

1.2 The Challenge of Sequential and Structured Decisions

A distinguishing feature of combinatorial decision problems is the presence of
sequential or interdependent decision variables. In scheduling, planning, and
control, each choice constrains future options, introducing temporal or logical
dependencies that exponentially expand the effective search space. Let St denote
the system state at time step t, and at the decision (or action) taken at that
step. The decision process can then be described recursively as

St+1 = T (St, at),

where T is a state-transition operator encoding temporal feasibility, logical con-
sistency, and resource evolution. The cumulative cost over a decision horizon T
can be expressed as

J(π) =

T∑
t=1

c(St, at),

where π = {a1, a2, . . . , aT } denotes the decision policy. The optimal policy π∗

satisfies
π∗ = argmin

π∈Π
J(π),
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with Π representing the set of admissible policies that satisfy all feasibility and
resource constraints.

Such formulations illustrate why classical algorithms—such as dynamic pro-
gramming and backward induction—often encounter the curse of dimensionality,
wherein computational complexity grows exponentially with the number of deci-
sion variables or time steps. When uncertainty is introduced—such as stochas-
tic demand, variable processing times, or dynamic resource availability—the
complexity further increases, motivating the development of approximate and
learning-based solvers capable of generalizing across related decision structures.
These solvers leverage function approximation, experience-based policy learn-
ing, and structural priors to reduce computational cost while retaining feasible
or near-optimal decision quality.

1.3 Role of ML and RL in Decision Optimization

ML and RL have emerged as powerful complements to classical optimization
techniques for addressing large-scale structured decision problems. ML meth-
ods can learn mappings from problem parameters to approximate solutions or
heuristic scores, effectively acting as surrogate models that reduce computa-
tional search effort. Examples include neural approximations of value func-
tions, learned branching and variable selection in mixed-integer solvers, and
data-driven priority rules in scheduling [40,50].

RL extends these ideas to sequential optimization. Here, s ∈ S denotes the
current state of the system, and a ∈ A is the action (or decision) taken in that
state. The function c(s, a) represents the immediate cost (or negative reward)
incurred by applying a in s, while T (s, a) denotes the (possibly stochastic) state-
transition operator mapping the current state–action pair to the next state. The
expectation E[·] is taken over stochastic transitions, and V ∗(s) is the optimal
value function giving the minimum expected discounted cumulative cost from
state s onward. By interacting with a simulated or real-world environment, an
RL agent learns a policy π(a|s) that maximizes cumulative reward, approximat-
ing the solution to the Bellman optimality equation [7, 62]

V ∗(s) = min
a

E
[
c(s, a) + γV ∗(T (s, a))

]
,

with the discount factor γ ∈ [0, 1). This recursive structure directly parallels
dynamic programming, but RL enables scalable approximation through sam-
pling, neural function representation, and experience replay [15, 42]. Conse-
quently, RL-based solvers can generalize decision-making patterns across fami-
lies of problem instances rather than solving each case from scratch.

The integration of ML and RL with combinatorial decision optimization repre-
sents a hybrid paradigm: ML models capture statistical structure in decision
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spaces, while classical optimization ensures logical consistency and feasibility.
This synergy enables adaptive, data-efficient solvers capable of tackling pre-
viously intractable problems in logistics, energy scheduling, and multi-agent
planning [38,45,50].

1.4 Research Questions

This survey is structured around three overarching research questions that guide
the integration of ML and RL within classical frameworks for combinatorial
decision-making. Together, they define how learning-based paradigms enhance,
generalize, and unify traditional approaches in OR, planning, scheduling, and
submodular optimization.

Q1. How can ML and RL augment classical decision optimiza-
tion frameworks? This question explores how predictive and policy-
based learning are incorporated into optimization pipelines—including
temporal planning, scheduling, and submodular maximization—to im-
prove scalability, adaptability, and generalization beyond deterministic
solvers [35,42,51].

Q2. What algorithmic and representational mechanisms enable this
integration? It investigates hybrid formulations that link symbolic logic,
integer programming, and dynamic programming with neural and proba-
bilistic models—such as GNN-based decision graphs, neuro-symbolic poli-
cies, and learned surrogate objectives—bridging discrete combinatorial
structure with continuous learning dynamics [14,40,73].

Q3. What theoretical and practical challenges remain open? This in-
cludes open questions on optimality guarantees, convergence under uncer-
tainty, interpretability of learned decision rules, and the trade-off between
empirical performance and theoretical soundness in learning-enhanced op-
timization [30,37,58].

These questions collectively frame the survey’s exploration of how ML and RL
methods extend classical optimization into adaptive, data-driven, and tempo-
rally aware decision frameworks.

1.5 Survey Scope and Organization

This paper serves both as a survey and a conceptual synthesis bridg-
ing classical OR, planning, and scheduling with modern learning-based op-
timization. It integrates foundational models such as temporal and stochas-
tic planning [26, 50, 52], backward induction [7, 56], and submodular optimiza-
tion [35,37,58] with contemporary ML/RL approaches [4, 10,20,42].
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� Section 1 introduces the motivation and outlines challenges in structured
and sequential decision-making, setting the stage for ML/RL-enhanced
frameworks.

� Section 2 reviews the theoretical background on ML and RL, highlighting
their role in optimization and policy learning.

� Sections 3–4 cover classical and generalized planning and scheduling mod-
els, including temporal, stochastic, and event-triggered formulations, and
introduce learning-based disjunctive frameworks.

� Section 6 details the backward induction framework and its ML/RL ex-
tensions, illustrating forward–backward reasoning, uncertainty handling,
and imitation learning.

� Section 7 surveys broader learning-enhanced decision algorithms, which
blend optimization with adaptive learning and heuristic discovery.

� Section 8 develops submodular optimization methods—both classical and
ML/RL-augmented—showing how learning-driven surrogates and policies
scale discrete optimization.

� Section 9 introduces dynamic and temporal decision optimization, com-
bining GNN-based reasoning with RL for adaptive scheduling and resource
allocation.

� Section 10 outlines current challenges and future directions, summarizing
open problems across submodular, sequential, and temporal optimization.
It highlights key research gaps in scalability, interpretability, and data
efficiency, and proposes directions for unifying classical optimization with
ML and RL frameworks.

� Section 11 concludes with open challenges, theoretical frontiers, and direc-
tions for integrating differentiable, neuro-symbolic, and transfer learning
approaches in decision optimization.

Throughout, the survey maintains a unified perspective: classical logic- and
graph-based optimization provides structural rigor, while ML and RL inject
adaptability, scalability, and uncertainty-awareness. The resulting synthesis
forms a conceptual bridge between symbolic optimization and data-driven in-
telligence for temporal and combinatorial decision-making.

1.6 Our Contributions

This survey contributes a unified and systematic perspective on learning-
enhanced combinatorial decision optimization, integrating the classical
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theory of OR with modern ML and RL methodologies. It is positioned at the in-
tersection of Submodular Optimization (SubModOpt), Dynamic Programming
(DynP), Disjunctive Programming (DisjP), Disjunctive Scheduling (DisjS),
Probabilistic Programming (ProbP), and Backward Induction (BI), establish-
ing conceptual and algorithmic bridges among these domains. Our main con-
tributions are summarized as follows:

� Unified conceptual framework: We formalize combinatorial decision
problems under a common mathematical structure encompassing sub-
modular, disjunctive, and recursive (dynamic) optimization models. This
framework connects classical paradigms such as the Lovász extension [37],
Schrijver’s polynomial minimization algorithm [58], and Balas’DisjP [5]
with modern learning-based inference.

� Integration of ML and RL into structured optimization: We re-
view how supervised ML and RL augment classical methods by approx-
imating value functions, learning heuristic or policy-based decision rules,
and guiding search or branching in high-dimensional decision spaces. Rep-
resentative advances include GNN–RL frameworks for DisjS [38, 50, 73],
backward-induction-enhanced RL [4,20], and submodular RL [35,51].

� Algorithmic synthesis: We systematically present a unified family of
algorithmic templates that blend learning and optimization. These meth-
ods demonstrate how hybrid solvers can preserve logical structure (e.g.,
disjunctions or submodularity), while achieving data-driven adaptabil-
ity [15,40,53].

� Dynamic and temporal decision optimization: We extend the dis-
cussion to dynamic and temporal domains, introducing the recursive
DisjP-DynP framework that integrates DisjP for spatial and resource
feasibility with DynP for temporal recursion, respectively. This hybrid for-
mulation links DisjS graphs with Bellman recursion, enabling adaptive
reasoning over time-dependent decision structures. The synthesis general-
izes classical scheduling [50] and DynP [7] to adaptive, risk-sensitive, and
online decision-making via distributional RL [42,45].

� Comparative and conceptual analysis: We provide a compar-
ative taxonomy of classical and learning-enhanced algorithms, high-
lighting theoretical guarantees (e.g., optimality or submodularity) ver-
sus empirical scalability. Benchmark analyses emphasize how hybrid
ML/RL–optimization methods achieve near-optimality in real-world deci-
sion problems [19,40].

In summary, this work establishes a coherent theoretical and algorithmic founda-
tion for ML/RL–augmented decision optimization, showing how learning
principles can extend classical combinatorial methods to dynamic, data-rich,
and uncertain environments.
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2 Background on ML and RL

ML and RL constitute the algorithmic core of modern data-driven optimiza-
tion. ML provides statistical and computational methods for inferring predic-
tive or generative models from data, typically by minimizing an expected loss or
maximizing likelihood under uncertainty. RL, in contrast, extends learning to
sequential decision-making problems, where an agent interacts with an environ-
ment to maximize long-term expected reward through exploration and feedback.
Together, ML and RL form complementary paradigms: ML captures patterns
and uncertainties from data, while RL translates them into adaptive policies
and control strategies. This section presents the fundamental definitions, math-
ematical formulations, and representative algorithms underlying both ML and
RL, which later serve as computational building blocks for hybrid frameworks in
ProbP (Section 4.4), BI (Section 6), and SubModOpt (Section 8). The presenta-
tion progresses from supervised, unsupervised, and probabilistic learning models
to sequential decision-making and policy optimization, concluding with recent
unified approaches such as forward–backward RL and safe adaptive submodular
policies.

Throughout this section, expectations E(·)[·] are taken with respect to the in-

dicated probability distributions. The notation KL(p∥q) denotes the Kullback–
Leibler divergence between two probability distributions p and q, defined as

KL(p∥q) =
∫
p(x) log

p(x)

q(x)
dx,

where p typically represents a variational or approximate distribution and q the
corresponding target or true distribution (e.g., a posterior).

2.1 ML

ML refers to methods that automatically improve their performance on a given
task through experience, without being explicitly programmed [44]. An ML
model is a parametric mapping

hθ : X → Y,

where X is the input space, Y is the output space, and θ ∈ Rd are learnable
parameters. The goal is to minimize an expected loss over the data distribution
D,

min
θ

E(x,y)∼D[ℓ(hθ(x), y)],

where ℓ is a task-specific loss function (e.g., mean squared error, cross-entropy).
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Supervised Learning. In supervised learning, the model learns from a la-

beled dataset D = {(xi, yi)}Ni=1, minimizing the empirical loss

L(θ) =
1

N

N∑
i=1

ℓ(hθ(xi), yi).

Optimization proceeds iteratively using gradient-based methods to adjust θ in
the direction that reduces L(θ).

Unsupervised Learning. Unsupervised learning seeks to discover hidden

structure in unlabeled data {xi}Ni=1. Common objectives include maximizing

the likelihood
∑
i log pθ(xi) or minimizing reconstruction loss in autoencoders.

NNs. NNs are layered nonlinear mappings of the form

h(l+1) = σ(W (l)h(l) + b(l)), l = 0, . . . , L− 1,

whereW (l) and b(l) are the weight and bias matrices at layer l, σ is an activation

function (e.g., ReLU, sigmoid), and h(0) = x. Parameters θ = {W (l), b(l)} are
optimized by stochastic gradient descent (SGD) or its adaptive variants such as
Adam or RMSProp. More generally, neural architectures that embed structural
priors—such as graph topologies, rule systems, or relational templates—are col-
lectively referred to as template-based models. These appear again in the con-
text of planning and logical reasoning in Section 3.4.

GNNs. For a graph G = (V,E), each node v∈V has an embedding h
(k)
v ∈Rd.

At message-passing layer k, node representations are updated via

m(k)
v =

∑
u∈N (v)

ϕmsg(h
(k)
u , euv), h(k+1)

v = ϕupd

(
h(k)v ,m(k)

v

)
, (3)

where ϕmsg and ϕupd are neural functions and euv encodes edge features (e.g.,

precedence or machine type). After K iterations, a global graph embedding is

obtained through a permutation-invariant readout hG = ϕread
(
{h(K)

v | v ∈ V }
)
.

These message-passing operators (Eq. 3) later reappear in template-based re-
lational reasoning models for planning (Section 3.4), where they are applied to
logical or Datalog structures instead of simple graphs.
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Attention Mechanisms. Transformer attention generalizes GNN aggrega-
tion by learning global dependencies:

attn(Q,K, V ) = softmax

(
QK⊤
√
dk

)
V, (4)

where Q,K, V are query, key, and value matrices. Here, the quantity dk is the
dimensionality of the key (and query) vectors used for scaling the dot-product
attention. The contextual encoder output is

Encθ(X) = FFN
(
attn(Q,K, V )

)
, (5)

where FFN is a feed-forward network with residual connections. Attention
enables reasoning over job precedence and machine interactions in disjunctive
graphs.

Deep Submodular Functions (DSFs). A Deep Submodular Function [10]
is a neural network architecture designed to learn submodular set functions

f : 2V → R. A DSF composes simple submodular building blocks through layers
of concave transformations over modular functions. For an input set S ⊆ V
represented by its incidence vector x ∈ {0, 1}|V|, a typical DSF has the form

fθ(S) =

m∑
i=1

wi ϕi

∑
j∈S

aij

 ,

where each activation ϕi : R → R is a concave, nondecreasing function that
ensures the submodularity of fθ, aij ≥ 0 and wi are feature weights, and θ =

(a,w) are trainable parameters. Such networks preserve submodularity and
are trained via stochastic gradient descent to approximate a target submodular
objective.

Learning Frameworks for Submodular Functions. Beyond DSFs, other
frameworks [3,6] aim to learn submodular functions directly from labeled subsets
{(Si, yi)} where yi = f∗(Si) are oracle or empirical utilities. These methods
assume the true function f∗ lies within a hypothesis class F of submodular
functions (e.g., mixtures of coverage or facility-location functions). Learning
then solves a structured risk minimization problem:

min
f∈F

1

N

N∑
i=1

ℓ(f(Si), yi) + λ∥f∥H,

where ℓ is a convex loss (e.g., squared or logistic) and ∥f∥H regularizes the
parameters. Here, H denotes the hypothesis or reproducing-kernel Hilbert space
in which the regularization norm ∥f∥H is defined.
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Probabilistic Modeling. Probabilistic ML explicitly models uncertainty via
distributions pθ(y|x) or pθ(x). For latent-variable models, the posterior pθ(z|x)
is approximated by a parametric family qϕ(z|x) using variational inference, min-
imizing the Kullback–Leibler divergence:

min
θ,ϕ

KL(qϕ(z|x)∥pθ(z|x)).

ProbP. ProbP languages (PPLs) such as Edward [64], Pyro [55], and
Stan [55] allow users to specify generative models and inference procedures
using general-purpose code. A probabilistic program defines random variables
Θ ∼ pθ(Θ) and observations D ∼ pθ(D | Θ), and performs inference on the
posterior p(Θ | D). These frameworks automate inference via stochastic gradi-
ent estimators, variational inference, or Markov chain Monte Carlo (MCMC),
enabling flexible Bayesian learning. Edward is a ProbP library built on Tensor-
Flow that integrates deep learning and Bayesian inference, supporting scalable
variational and Monte Carlo methods. Pyro is a deep universal ProbP language
developed on PyTorch, designed for flexible modeling and stochastic variational
inference. Stan is a standalone ProbP system emphasizing full Bayesian in-
ference via Hamiltonian Monte Carlo and other gradient-based sampling tech-
niques.

Posterior Sampling. In Bayesian learning, model uncertainty is represented
by the posterior distribution

p(Θ | D) = p(D | Θ)p(Θ)

p(D)
.

Posterior sampling (Thompson sampling) draws parameter realizations Θi ∼
p(Θ | D) to form predictive distributions or scenario sets. This allows data-
driven refinement of uncertainty models for optimization under uncertainty and
ProbP.

Compositional Generative Population Models (CGPMs). A
CGPM [57] is a modular probabilistic model representing populations of
random variables using a composition of local generative components. Each
component defines conditional distributions pψ(Xi | Zi) with latent variables
Zi and parameters ψ, and compositions correspond to graph or program
structures. CGPMs allow probabilistic programs to express joint models
pΨ(X1, . . . , Xn) that can be queried, conditioned, or marginalized efficiently,
supporting structured uncertainty reasoning. The symbols ψ and Ψ collectively
represent the parameters of the local and global generative components
composing the CGPM.
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Amortized Variational Inference. Amortized inference replaces repeated
optimization of variational parameters for each observation with a neural net-
work inference model qϕ(Θ | D), parameterized by ϕ. Given an evidence lower

bound (ELBO)

L(ϕ, θ) = Eqϕ(Θ|D)

[
log pθ(D | Θ)

]
−KL

(
qϕ(Θ | D) ∥ p(Θ)

)
,

amortized inference jointly optimizes (ϕ, θ) to efficiently approximate the pos-
terior p(Θ | D) across data points.

Black-Box Variational Inference (BBVI). BBVI [67] provides a generic
gradient-based framework for optimizing variational objectives without requir-
ing analytic gradients of the model likelihood. The gradient of the ELBO with
respect to ϕ is estimated using the score-function estimator:

∇ϕL(ϕ) ≈ Eqϕ(Θ)

[
∇ϕ log qϕ(Θ)

(
log p(Θ,D)− log qϕ(Θ)

)]
.

This black-box estimator enables stochastic optimization of inference networks
in complex probabilistic programs. Here, Θ denotes the collection of latent
or model parameters being inferred, and D represents the observed dataset.
The distribution qϕ(Θ) is the variational approximation to the true posterior

p(Θ | D), parameterized by ϕ.

Regularization and Generalization. To improve generalization and pre-
vent overfitting, regularization techniques are applied, such as ℓ2 weight decay,
dropout, and early stopping. Generalization refers to the model’s ability to per-
form well on unseen data sampled from the same distribution as the training
data.

The ML algorithm (=Algorithm 20, introduced in Appendix 12.1).
This algorithm outlines the general process behind most machine learning meth-
ods that use stochastic gradient-based optimization. It begins by initializing a
model and its parameters using available data. Next, the algorithm repeatedly
improves the model by comparing its predictions with observed outcomes and
adjusting its parameters to reduce the difference—this adjustment is guided by
gradients that point toward better solutions. Finally, the process continues un-
til the model’s performance stabilizes or a stopping criterion is met, yielding a
trained model that captures patterns in the data.

Deep Probabilistic Models. Combining neural networks and probabilistic
inference leads to deep generative models such as Variational Autoencoders
(VAEs) and Generative Adversarial Networks (GANs), which form the basis for
modern ProbP systems discussed in Section 4.4.
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Imitation Learning and Neural Rationalization. Imitation learning
trains a policy πθ(a | s) to mimic expert demonstrations DE = {(si, ai)} by
minimizing a supervised loss

min
θ

E(s,a)∼DE [− log πθ(a | s)].

In game-theoretic extensions, neural rationalization models agents that infer
or imitate rational backward reasoning processes, approximating equilibrium
behavior through differentiable policy recursion.

2.2 RL

RL formalizes sequential decision making as a Markov Decision Process (MDP)

M = (S,A, P,R, γ), where S and A denote state and action spaces, P (s′|s, a)
the transition model, R(s, a) the reward, and γ ∈ [0, 1) a discount factor. A
policy πθ(a|s) aims to maximize the expected discounted return

J(θ) = Eπθ

[ ∞∑
t=0

γtR(st, at)

]
.

The policy-gradient update is

∇θJ = Eπθ
[
∇θ log πθ(a|s) Ât

]
.

Here, Ât denotes an estimator of the advantage function, e.g.,

Ât = rt + γVϕ(st+1)− Vϕ(st).

Proximal Policy Optimization (PPO). To stabilize policy-gradient train-
ing, PPO employs the clipped surrogate objective

LCLIP(θ) = Et
[
min

(
ρt(θ)Ât, clip(ρt(θ), 1− ϵ, 1 + ϵ)Ât

)]
, (6)

where ρt(θ) = πθ(at|st)/πθold(at|st) and ϵ > 0 controls the clipping range (see

Algorithm 22 in Appendix 12.1). Here, the variable θold stores the previous
policy parameters used to compute the importance sampling ratio in each iter-
ation.

Value Functions and Bellman Operator. The state-value function V π(s)
and the action-value function Qπ(s, a) quantify the expected discounted return
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starting from state s or state–action pair (s, a):

V π(s) = Eπ

[ ∞∑
t=0

γtR(st, at) | s0 = s

]
,

Qπ(s, a) = Eπ

[ ∞∑
t=0

γtR(st, at) | s0 = s, a0 = a

]
.

They satisfy the Bellman expectation recursions

V π(s) = Ea∼π(·|s), s′∼P
[
R(s, a) + γV π(s′)

]
,

Qπ(s, a) = R(s, a) + γ Es′∼P, a′∼π(·|s′)
[
Qπ(s′, a′)

]
.

Equivalently, these relations can be written using the Bellman operator

(T V π)(s) = Ea∼π,s′∼P
[
R(s, a) + γV π(s′)

]
, (7)

which provides the foundation for DynP and value iteration. In these equations,
s′ and a′ denote the next-state and next-action random variables, respectively.
The transition kernel P (s′|s, a) defines the probability distribution over next

states s′ given the current state s and action a, while the policy π(a′|s′) specifies
the distribution over actions taken in the next state.

Neural BI. Neural BI approximates the recursive Bellman equations in DynP
using neural networks. Given a finite-horizon problem with value functions
Vt(s), the recursion

Vt(s) = max
a

[
R(s, a) + γ Es′∼P (·|s,a)Vt+1(s

′)
]

is approximated by a neural network Vϕ(s, t) with parameters ϕ trained via

temporal-difference or regression loss. At each step, a target value V̂t(s) is
computed from the Bellman backup,

V̂t(s) = max
a

[
R(s, a) + γ Es′∼P (·|s,a)Vϕ(s

′, t+1)
]
,

and the network parameters are optimized to minimize

L(ϕ) = E
[
(Vϕ(s, t)− V̂t(s))2

]
.

This enables scalable backward reasoning in continuous or high-dimensional
state spaces. Here, s′ denotes the next state sampled from the transition dis-
tribution P (s′ | s, a), which specifies the probability of reaching state s′ after
taking action a in the current state s. This neural approximation of DynP
later serves as the foundation for template-enhanced planning algorithms (see
Algorithm 1, below), which generalize such backward reasoning to logical and
relational domains.
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Contextual Policies and Bandits. In contextual bandits, the agent ob-

serves a feature vector (context) xt ∈ Rd and chooses an action at ∈ A according
to a stochastic policy πθ(at | xt). The policy parameters θ ∈ Rp are updated to
maximize the expected reward

J(θ) = Ext,at∼πθ
[
r(xt, at)

]
.

Contextual policies generalize supervised learning by allowing adaptive, data-
dependent decision making and are the foundation for learned greedy and adap-
tive submodular algorithms.

The AC algorithm (=Algorithm 21, introduced in Appendix 12.1). This
algorithm merges two complementary ideas in reinforcement learning: learning
how good actions are and deciding which actions to take. It does so by main-
taining two parts—an actor, which represents the decision policy, and a critic,
which evaluates how well the actor’s recent decisions performed. The critic
provides feedback to help the actor improve its choices, and both components
are refined together over time as the system gains more experience. This coor-
dination between acting and evaluating allows the algorithm to learn efficient
decision strategies in complex, dynamic environments.

The PPO algorithm (=Algorithm 22, introduced in Appendix 12.1).
This algorithm is designed to make reinforcement learning more stable and re-
liable when improving decision policies. It starts by collecting experience from
interactions with the environment and then measures how the current policy
performs compared to past versions. During learning, it carefully limits how
much the policy is allowed to change at each update so that improvements are
gradual and do not destabilize performance. By repeatedly balancing explo-
ration and controlled adjustment, the algorithm steadily refines the policy until
it reaches a stable and effective behavior.

Exploration vs. Exploitation. RL agents must balance exploring new ac-
tions and exploiting known rewarding ones. Exploration techniques include
ϵ-greedy action sampling, entropy regularization, and optimism bonuses B(s, a)
in Upper Confidence Bound (UCB) methods, where

Q+(s, a) = Q(s, a) + αB(s, a),

and α > 0 controls exploration intensity. Beyond standard policy-gradient
methods, recent approaches integrate backward reasoning and value propagation
with forward policy execution.

Risk-Sensitive and Distributional RL. Standard RL maximizes the ex-
pected return, but in stochastic or safety-critical environments, it is useful to
account for variability in outcomes. Distributional RL represents the return
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as a random variable Z(s, a) whose distribution captures uncertainty in future
rewards. A common risk-sensitive criterion is the Conditional Value-at-Risk
(CVaR):

CVaRα(Z) = E[Z | Z ≤ F−1
Z (α)],

where FZ is the cumulative distribution function of Z and α∈ (0, 1] is a confi-
dence level controlling risk aversion. The corresponding Bellman operator

T πCVaRZ(s, a) = R(s, a) + γ CVaRα
(
Z(s′, a′)

)
propagates the return distribution under the policy π and discount factor
γ∈ [0, 1). Risk-sensitive RL yields robust policies that balance expected perfor-
mance and downside risk.

Forward–Backward RL (FBRL). FBRL [20] combines BI (value recursion)
with forward policy execution. Backward passes propagate optimal value esti-
mates Vt(s) or Qt(s, a) backward in time, while forward passes sample trajecto-
ries (st, at) using the current policy πθ. Joint optimization ensures consistency
between predicted future values and observed rollouts, improving sample effi-
ciency.

Optimistic Bootstrapping and Backward Induction (OB2I). OB2I [4]
augments BI with optimism under uncertainty by adding an exploration bonus
bt(s, a) to the value target:

Qt(s, a) = R(s, a) + γ Es′
[
max
a′

Qt+1(s
′, a′)

]
+ bt(s, a),

where bt(s, a) ∝
√

log(1/δ)
Nt(s,a)

depends on the visitation count Nt(s, a) and confi-

dence δ. This yields provably efficient exploration in DynP. Here, s′ denotes
the next state sampled from the transition distribution P (s′ | s, a), and a′ de-
notes the action selected in that next state, typically according to the optimal
or current policy at time step t+1.

Model-Based RL and Meta-Learning. When the environment dynamics
are unknown, a transition model can be learned as

st+1 = fψ(st, at,Θt),

where fψ is a differentiable function parameterized by ψ∈Rdψ , and Θt denotes
exogenous random factors such as disturbances or arrivals. Learning fψ enables
predictive control and planning using simulated rollouts. Meta-learning further
enhances adaptability by learning a prior distribution qϕ(π) over policy param-

eters π, with ϕ∈Rdϕ , so that new tasks can be solved efficiently by fine-tuning
this prior. Both model-based and meta-learning paradigms connect RL with
adaptive optimization and dynamic system identification.
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Safe RL. This method constrains policy exploration to avoid actions that
violate safety or performance bounds. A common formalism uses probabilistic
logic shields [70], which restrict the feasible action set in state s ∈ S to

Asafe(s) = {a ∈ A | P (φ(s, a)) ≥ 1− δ},

where φ(s, a) is a logical safety predicate, encoding a Boolean or probabilistic
condition, expressing whether action a is considered safe in state s, and δ is the
allowable risk. Safe RL ensures that the learned policy πθ(a | s) respects these
probabilistic constraints during learning and deployment.

Logical and Disjunctive Feasibility in RL. Many decision problems in-
volve mutually exclusive or logical constraints among actions. Let A(st) denote
the feasible action set in state st, defined by

A(st) =
{
at

∣∣∣ L∨
l=1

(
glt(st, at) = 0, hlt(st, at) ≤ 0

)}
,

where glt and h
l
t encode equality and inequality constraints for the lth disjunctive

condition, and
∨

denotes logical OR. This formalism connects RL with DisjP
frameworks, allowing policies to reason over alternative feasible actions such as
machine sequencing or resource assignment.

Adaptive Submodular Policy Optimization. Adaptive submodular-
ity [28] extends SubModOpt to sequential decision processes where the utility of
each action depends on observed outcomes. An adaptive policy π sequentially
selects elements at ∈ A based on past observations to maximize the expected
marginal gain:

π∗ = argmax
π

E

[
T∑
t=1

f(At, ωt)

]
.

In this formulation, T denotes the planning or decision horizon, i.e., the to-
tal number of time steps or adaptive selections performed by the policy π, ωt
denotes the random outcome observed after taking action at, and f(At, ωt) is
a stochastic submodular utility function measuring the realized reward given
the current selected set At and observation ωt. Policy-gradient methods can
optimize such adaptive policies efficiently while preserving submodularity guar-
antees.

Connections to Optimization. RL can be viewed as stochastic optimization
over expected rewards. Q-learning resembles DynP; policy-gradient methods
resemble gradient ascent; and actor–critic architectures parallel primal–dual
updates in constrained optimization frameworks.
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This section establishes the foundational concepts, notation, and algorithmic
frameworks of ML and RL, which serve as building blocks for the hybrid ap-
proaches explored in later sections on SubModOpt, ProbP, and BI.

3 Classical Planning

Classical planning represents one of the earliest and most rigorously defined
models of intelligent decision-making. In contrast to numerical optimization,
it operates in a symbolic domain where facts, actions, and goals are expressed
through logic and set theory. The planner reasons about which sequences of
actions transform the initial world state into one satisfying the desired goal.
This section first presents the logical and set-theoretic foundations of classical
planning, then illustrates the STRIPS representation with canonical examples,
and finally shows how these logical constructs can be encoded algebraically to
interface with optimization and scheduling frameworks.

Unlike numerical optimization, classical planning is formulated entirely in the
language of sets and propositional logic. Its primitive notions are logical atoms,
preconditions, and effects rather than continuous variables or objective func-
tions. Integer- or mixed-integer encodings that appear later in this section
serve only as faithful translations of these logical relations, not as relaxations
or approximations of continuous programs.

3.1 Logical and Set-Theoretic Foundations of Planning

A classical planning problem is defined in the symbolic and logical domain rather
than as a numerical optimization task. Following [26, 33, 55], we represent a
planning problem as a tuple

P = (P,A, s0, G),

where P = {p1, p2, . . . , pn} is a finite set of propositional variables (facts about
the world); A = {a1, a2, . . . , am} is a finite set of actions, where each action
a ∈ A is defined as

a = (pre(a), add(a),del(a)),

with pre(a) ⊆ P denoting the preconditions that must hold before a is applied,
and add(a),del(a) ⊆ P representing its additive and delete effects; s0 ⊆ P
is the initial state, specifying the propositions that are true initially; G ⊆ P
is the goal condition, specifying the propositions that must hold in the final
state.

Each state s ⊆ P represents the set of true propositions and may equivalently
be represented by a binary vector s ∈ {0, 1}n. The complete state space is
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therefore S = 2P . The deterministic state–transition function

γ : S ×A→ S, γ(s, a) = (s \ del(a)) ∪ add(a),

maps each state–action pair (s, a) to its successor state. A plan is a finite
sequence of actions

π = ⟨a1, a2, . . . , ak⟩,

such that iterative application of γ from s0 yields a final state sk satisfying
G ⊆ sk. Formally, the semantics of a plan π = ⟨a1, . . . , ak⟩ can be expressed as
a sequence of logical transitions

st+1 = γ(st, at+1) = (st \ del(at+1)) ∪ add(at+1), t = 0, . . . , k − 1,

with the initial condition s0 and the goal satisfaction condition

|= (π,P) ⇐⇒ G ⊆ sk.

That is, a plan π is valid if and only if, under the transition function γ, the
set of propositions in the final state sk entails all goal propositions in G. Clas-
sical planning thus emphasizes logical goal satisfaction rather than numerical
optimization; minimizing plan length is usually secondary.

Non-IP Example. To emphasize the symbolic nature of planning before any
numeric encoding, consider a robot in a 2 × 2 grid world. It starts at position
(1, 1) and must reach (2, 2). Position atoms represent the state space

S = {(1, 1), (1, 2), (2, 1), (2, 2)},

and the action set A = {Up,Down,Left,Right} is defined by:
• Up: move from (i, j) to (i− 1, j) if i > 1,
• Down: move from (i, j) to (i+ 1, j) if i < 2,
• Left: move from (i, j) to (i, j − 1) if j > 1,
• Right: move from (i, j) to (i, j + 1) if j < 2.

The initial state is s0 = (1, 1) and the goal is G = (2, 2). A valid plan is
π = ⟨Down,Right⟩, which moves the robot (1, 1)→ (2, 1)→ (2, 2). This plan is
verified through the logical transition semantics γ.

Logical Inference Semantics. A planning domain can equivalently be ex-
pressed as a system of logical rules governing state transitions. For each action
a ∈ A, the following inference rules define when a is applicable and how it
changes the world:

pre(a) ⊆ st
st+1 = (st \ del(a)) ∪ add(a)

.
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That is, if all preconditions of a hold in the current state st, then the successor
state st+1 is obtained by deleting the propositions in del(a) and adding those
in add(a). The overall planning problem can be formulated as a satisfiability
condition:

∃π = ⟨a1, . . . , ak⟩ s.t. (∀t, pre(at) ⊆ st) ∧ (G ⊆ sk).

This logical form expresses plan existence as a purely declarative property, in-
dependent of any numeric optimization.

Before introducing algebraic encodings, it is essential to emphasize that the
planning semantics are purely logical. A state is a subset of propositions, and
an action deterministically maps one such set to another according to its precon-
dition–effect structure. Any algebraic representation, such as a binary integer
program, merely encodes these logical dependencies in a form compatible with
optimization solvers. It does not relax or modify the symbolic semantics of the
original planning problem.

Binary Integer Programming Encoding. While classical planning is fun-
damentally logical and set-theoretic, it can be encoded as a binary integer pro-
gram (BIP) for integration with optimization or scheduling systems [5,26]. This
encoding serves only as an implementation mechanism—not as a relaxation or
redefinition of the logical model. A compact BIP encoding is

min
∑
ai∈A

xai

s.t. xai ≤ yj , ∀ai ∈ A, pj ∈ pre(ai),

yj ≥
∑
ai∈A

fadd(pj , ai)xai , ∀pj ∈ P,

yj ≥ gj , ∀pj ∈ G,
xai , yj ∈ {0, 1}.

Here, xai = 1 if action ai is chosen and yj = 1 if fact pj is true in the final

state. The parameters fpre, fadd : P ×A→ {0, 1} and gj ∈ {0, 1} encode logical
relations between actions and propositions. This simplified encoding abstracts
away temporal sequencing; a full model would include time-indexed variables
xai,t indicating execution at time t.

3.2 Block World and STRIPS-Style Representations

In this subsection, we introduce the classical STRIPS-style block world prob-
lem [2, 26], which illustrates how planning is defined through logical predicates
and action schemas. This example demonstrates the set-theoretic semantics of
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classical planning and, for completeness, shows how its logical dependencies can
be represented in an algebraic encoding for integration with optimization-based
solvers. Importantly, the logical model remains the primary definition of the
planning task, and the algebraic encoding serves only as a structural transla-
tion rather than a relaxation or redefinition of its semantics.

There are two blocks: A and B. In the initial state, it is assumed that block A
is on top of block B, the top of A is clear, and block B is clear. The goal is to
move block A from B to the table, such that block A is no longer on block B
and block B remains clear. In such a problem, propositions are defined as

P := {fon(A,B), fclear(A), fclear(B), fonTable(A), fonTable(B), fholding(A)},

where fon(A,B) indicates that block A is directly on top of block B; fclear(A)
and fclear(B) indicate that the tops of blocks A and B are clear, respec-
tively; fonTable(A) and fonTable(B) indicate that a block is directly on the table;
fholding(A) means that block A is currently being held by the agent. Actions

are defined as follows: fpickUp(A), removing block A from B with the two pre-

conditions fon(A,B) and fclear(A), and the two effects fholding(A) and fclear(B);

fputDown(A), placing block A on the table with the precondition fholding(A) and

the two effects fonTable(A) and fclear(A); fstack(A,B), placing block A on top
of block B with effects fon(A,B), fclear(A), and the two preconditions fclear(B)
and fholding(A). The initial state is given by

s0 = {fon(A,B), fclear(A), fclear(B)},

and the goal state is
G = {fonTable(A)}.

The objective (secondary to goal satisfaction) is to minimize the number of
actions taken to reach the goal. The action set is

A = {fpickUp(A), fputDown(A), fstack(A,B)}.

We now introduce an algebraic representation of the block world problem as an
illustrative encoding:

min xfpickUp(A) + xfputDown(A) + xfstack(A,B)

s.t.
∑
ai∈A

xai · fpre(fon(A,B), ai) ≥ 1,∑
ai∈A

xai · fpre(fclear(A), ai) ≥ 1,∑
ai∈A

xai · fadd(fclear(B), ai) ≥ 1,∑
ai∈A

xai · fadd(fonTable(A), ai) ≥ 1.

(8)
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In this formulation, xai ∈ {0, 1} denotes whether action ai is selected in the plan
(xai = 1) or not (xai = 0); fpre(p, a) : P×A→ {0, 1} is a binary parameter equal

to 1 if proposition p is a precondition of action a, and 0 otherwise; fadd(p, a) :
P ×A→ {0, 1} is a binary parameter equal to 1 if proposition p is an additive
effect of action a, and 0 otherwise.

The first and second constraints in (8) are precondition constraints:
fpre(fon(A,B), ai) = 1 if ai requires fon(A,B) to be true before execution,

and fpre(fclear(A), ai) = 1 if ai requires fclear(A). The first constraint ensures

that at least one chosen action requires fon(A,B), and the second ensures that
at least one chosen action requires fclear(A).

The third and fourth constraints are additive effect constraints:
fadd(fclear(B), ai) = 1 if ai produces fclear(B), and fadd(fonTable(A), ai) = 1
if ai produces fonTable(A). Thus, the third constraint ensures that fclear(B)
becomes true, and the fourth ensures that the goal condition fonTable(A) is
satisfied. Overall, this encoding maintains a one-to-one correspondence with
the logical planning semantics, serving as a compact algebraic bridge between
propositional planning and mixed-integer optimization. In this case, the optimal
plan is

π = ⟨fpickUp(A), fputDown(A)⟩,

which achieves the goal condition fonTable(A). The plan is visualized in Figure 1.

Initial State B

A

Goal StateB A

PickUp(A), PutDown(A)

Figure 1: Block world problem: moving block A from on top of B to the table.

3.3 Logistics and Transportation Planning

In this subsection, we introduce a classical STRIPS-style logistics and trans-
portation planning problem [26]. This domain models objects, locations, and
movement actions using logical predicates and state transitions. It demon-
strates how transportation planning can be expressed entirely in propositional
logic and set-theoretic terms, and also how the same structure may be encoded
algebraically for integration with mixed-integer optimization frameworks. As
before, the logical semantics remain the foundation of the planning problem,
while the algebraic form serves as a compact encoding, not a relaxation or re-
definition.
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We consider two locations, L1 and L2, and two movable objects, A and B.
Initially, A is at L1 and B is at L2. The goal is to move both A and B to L1.
The set of propositions is

P := {fat(A,L1), fat(A,L2), fat(B,L1), fat(B,L2)},

where each predicate fat(X,Li) indicates that object X is located at location
Li in the current state. The action set is defined as: fmove(A,L1, L2), mov-
ing object A from L1 to L2 with the precondition fat(A,L1) and the effect
fat(A,L2); fmove(A,L2, L1), moving object A from L2 to L1 with the precon-
dition fat(A,L2) and the effect fat(A,L1); fmove(B,L2, L1), moving object B
from L2 to L1 with the precondition fat(B,L2) and the effect fat(B,L1). The
initial state and goal state are defined as

s0 := {fat(A,L1), fat(B,L2)}, G := {fat(A,L1), fat(B,L1)}.

The action set is

A = {fmove(A,L1, L2), fmove(A,L2, L1), fmove(B,L2, L1)}.

The objective is to minimize the number of actions required to reach the goal
state. Under the logical semantics, a valid plan is

π = ⟨fmove(B,L2, L1)⟩,

which moves object B to L1 while A already satisfies its goal condition.

We now formulate an algebraic encoding of the same logical relationships:

min xfmove(A,L1,L2) + xfmove(A,L2,L1) + xfmove(B,L2,L1)

s.t.
∑
ai∈A

xai · fpre(fat(A,L1), ai) ≥ 1,∑
ai∈A

xai · fpre(fat(B,L2), ai) ≥ 1,∑
ai∈A

xai · fadd(fat(A,L1), ai) ≥ 1,∑
ai∈A

xai · fadd(fat(B,L1), ai) ≥ 1.

(9)

In this formulation, xai ∈ {0, 1} is a binary decision variable equal to 1 if action
ai is selected in the plan, and 0 otherwise; fpre(p, a) : P ×A→ {0, 1} is a binary
parameter function equal to 1 if proposition p is a precondition of action a, and
0 otherwise; fadd(p, a) : P ×A→ {0, 1} is a binary parameter function equal to
1 if proposition p is an additive effect of action a, and 0 otherwise.

The first two constraints in (9) represent precondition constraints:
fpre(fat(A,L1), ai) = 1 if ai requires A to be at L1 before execution, and
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fpre(fat(B,L2), ai) = 1 if ai requires B to be at L2. These ensure that valid
preconditions must hold before executing corresponding actions.

The third and fourth constraints are additive effect constraints:
fadd(fat(A,L1), ai) = 1 if ai produces the fact that A is at L1, and
fadd(fat(B,L1), ai) = 1 if ai produces the fact that B is at L1. These ensure
that the plan’s outcome satisfies both goal conditions.

This algebraic encoding again corresponds directly to the logical semantics of
the planning problem. It preserves all precondition–effect dependencies while
abstracting away temporal sequencing. Hence, it serves as a bridge between
symbolic reasoning and mixed-integer optimization without altering the under-
lying logic of the planning domain.

The optimal plan is π = ⟨fmove(B,L2, L1)⟩, since A is already located at L1 in
the initial state. The resulting transition from s0 to G is illustrated in Figure 2.

Initial State

L1

L2

A

B

Goal State

L1

L2

A

B

Move(B,L2,L1)

Figure 2: Logistics problem: moving object B from L2 to L1 while A is already
at L1.

3.4 ML/RL for Classical Planning

Modern research increasingly integrates ML/RL with classical planning by em-
bedding symbolic reasoning within differentiable models. This hybridization
allows neural agents to reason over logical structures such as STRIPS operators
or lifted relational domains while maintaining the optimization and general-
ization capabilities of ML/RL. Two complementary paradigms dominate this
line of work: (i) template-enhanced learning with background knowledge, and
(ii) graph-based lifted heuristic learning. Both instantiate the general principle
of Template-Enhanced Modeling (TEM), wherein the learning process is con-
strained by a symbolic or relational template defining the model’s inductive
bias.

27



Learning with Background-Knowledge Templates. Chen et al. [17] in-
troduce a neuro-symbolic framework in which a classical planning domain is
represented as a differentiable Datalog program containing a set of rules

Condition → Action,

encoding a background-knowledge (BK) policy σ(s) ⊆ A that returns admissible
actions for state s ∈ S. Each rule becomes a differentiable relational template
through a Lifted Relational Neural Network (LRNN) parameterized by weights
Θ = {Hr, B

r
λ}. Given a Datalog program F , its differentiable evaluation on a

state s proceeds by relational message passing:

ĥr = ϕ1

 ∑
λ∈body(r)

Brλ v̂(λ)

 , hΘ(s) = ϕ2

(∑
r∈F

Hr agg
(
{ĥr}

))
,

where ϕ1, ϕ2 are activation functions (e.g., ReLU), and agg is a permutation-
invariant aggregation (e.g., sum or mean). The resulting hΘ(s) represents either
a policy score πΘ(a|s) or a value estimate used for plan evaluation. Training op-
timizes Θ to minimize plan-quality loss or to maximize expected reward, yielding
policies that improve plan efficiency while preserving symbolic interpretability.

Graph Encodings and Neural Heuristics. A complementary development
by Horčik et al. [29] applies GNNs to lifted planning representations. A lifted
planning state s is encoded as a typed graph G(s) = (V,E), where vertices rep-
resent objects or ground atoms, and edges represent predicate relations. Three
canonical state-encoding templates are considered:

� Object encoding: vertices are domain objects; edges connect objects that
co-occur in predicates (Gaifman graph).

� Atom encoding: each ground atom is a vertex linked through shared ar-
guments.

� Object–atom encoding: a bipartite graph combining the above two struc-
tures.

A GNN with parameters θ performs message passing over G(s) to compute a
heuristic hθ(s) estimating the remaining plan cost. The parameters θ are trained
from optimal plans using the ranking loss L∗(π, θ):

L∗(π, θ) =
∑
i

∑
t∈Oi\{si}

log
(
1 + exp[g(si)− g(t) + hθ(si)− hθ(t)]

)
,

where g(s) is the accumulated cost-to-state, π is the optimal plan sequence,
and Oi is the A* open list at iteration i. This loss penalizes any suboptimal
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ranking of states during search, enabling the learned heuristic to mimic optimal
A* expansions. Empirically, the object-encoding template achieved the best
trade-off between expressiveness and computational cost, nearly matching the
performance of the classical LAMA planner while remaining orders of magnitude
faster.

Template-Enhanced Modeling (TEM). Both LRNN and GNN ap-
proaches instantiate Template-Enhanced Modeling, in which learning occurs
within a symbolic or relational template rather than from unstructured data.
In LRNNs, the template is a Datalog program defining the logical skeleton of
the policy; in GNN heuristics, it is a graph schema defining relational message-
passing structure. Training adjusts only the numeric parameters (Θ, θ), while
the template encodes domain knowledge and structural priors. This separation
yields: Lifted generalization across problem sizes due to variable-independent
representation; Sample efficiency from reusing symbolic priors as inductive
bias; Interpretability via human-readable templates; and Compatibility
with RL formulations through policy-gradient or actor–critic updates.

Integration with RL and Search. From an RL standpoint, the learned
policy πΘ(a|s) or heuristic hθ(s) can be incorporated into a reinforcement loop
that alternates between value propagation and policy improvement. The LRNN
parameters Θ are updated via policy gradients using trajectories (st, at, rt, st+1)

with advantage estimates Ât, whereas the GNN parameters θ can be optimized
through gradient descent on L∗(π, θ). Both yield differentiable surrogates of
the Bellman operator under a fixed logical template, blending symbolic DynP
with stochastic gradient optimization. The resulting unified procedure is sum-
marized by the TEMPL algorithm, below, unifying symbolic DynP and neural
learning. The background-knowledge template F defines the structural prior
(analogous to the Bellman operator in SPD), while the neural parameters (Θ, θ)
adapt to optimize plan quality or cumulative reward. This hybrid approach gen-
eralizes DynP to structured, differentiable reasoning, bridging the gap between
classical planning and modern ML/RL. Algorithm 1 summarizes the overall
learning–planning procedure. In (S01), the planner initializes the symbolic do-
main, logical or graph-based template F , and neural parameters (Θ, θ) that
will be optimized. (S11) performs template-based message passing, propagat-
ing information through the relational structure of F to produce embeddings
or value estimates for each state s ∈ S. These representations drive (S21),
where the algorithm updates the neural parameters either by policy-gradient
reinforcement learning (for LRNN policies) or by minimizing the ranking loss
L∗(π, θ) (for GNN heuristics). (S31) then executes or simulates plans under
the current model, collecting new trajectories or rollouts for supervision and
feedback. Finally, (S41) evaluates convergence based on expected improvement
or loss stabilization, repeating the process until the learned policy or heuristic
converges to a high-quality planner. Together, these stages implement a closed
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learning–reasoning loop that integrates symbolic structure with gradient-based
optimization. When search is used instead of direct policy execution in (S31),
TEMPL typically adopts an A* planner guided by the learned heuristic hθ(s). A

∗

expands states in order of f(s) = g(s) + hθ(s), combining actual and predicted
costs to efficiently find a plan that minimizes expected path length or reward
loss. The resulting plan π = (a1, . . . , aT ) is then used to update the parameters
in (S21).

4 Planning Generalizations

Classical planning, as introduced in the previous section, assumes instantaneous
actions, deterministic outcomes, and purely logical representations of state tran-
sitions. However, many real-world decision problems involve temporal dura-
tions, resource sharing, uncertainty, and event-driven dynamics that go beyond
static logical models. Planning generalizations extend the classical framework
to capture these richer aspects by incorporating time, probability, and condi-
tional logic while preserving the underlying symbolic semantics of precondi-
tions, effects, and goals. In this extended setting, algebraic or mixed-integer
formulations are used not as relaxations of logical disjunctions, but as opera-
tional encodings that preserve the logical structure of the problem. The follow-
ing subsections present four major extensions—temporal and metric planning,
stochastic and robust planning, event-triggered and conditional planning, and
ProbP—each progressively integrating elements of optimization, uncertainty,
and learning within the logical foundations of planning.

4.1 Temporal and Metric Planning

In the context of OR, the goal of the temporal planning problem [26] is to find
optimal or feasible sequences of actions under time constraints and resource
limitations. This can be achieved by integrating scheduling, optimization, and
decision-making into one framework to handle real-world problems (e.g., logis-
tics, workforce management, and project scheduling).

A temporal planning problem [26] can formally be considered as a tuple

⟨S, A, I,G, T ⟩,

where S is the set of states, A is the set of actions with durations, I is the initial
state, G is the goal state conditions, and T represents the temporal constraints.
Before the mathematical formulation of such a problem, we discuss its key in-
gredients:
• Action Timing. Specific start times and durations are allocated to actions.
• Temporal Constraints. Actions are subject to temporal precedence (e.g.,
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Algorithm 1 Template–Enhanced ML/RL Planning (TEMPL) Algo-
rithm

Initialization (S01) Specify planning domain D = (S,A, P,R, γ) and

background-knowledge template F (Datalog program or graph schema). Ini-
tialize neural parameters Θ (for LRNN) or θ (for GNN heuristic), learning
rates η, ηv > 0, and convergence threshold ϵ > 0.

repeat

Template-based message passing (S11) For each state s ∈ S, com-

pute relational embeddings using the logical/graphical template:

ĥr = ϕ1

 ∑
λ∈body(r)

Brλ v̂(λ)

 , hΘ(s) = ϕ2

(∑
r∈F

Hr agg
(
{ĥr}

))
.

Here, ϕ1, ϕ2 are activation functions and agg denotes permutation-invariant
aggregation (e.g., sum or mean).

Policy or heuristic update (S21)

� Policy learning: update Θ using policy-gradient objective

Θ← Θ+ η∇Θ log πΘ(at|st) Ât,

where Ât = rt + γVϕ(st+1)− Vϕ(st).

� Heuristic learning: update θ by minimizing the ranking loss
L∗(π, θ) defined above using gradient descent:

θ ← θ − ηv∇θL∗(π, θ).

Plan or trajectory generation (S31) Execute the current policy πΘ

or run search (e.g., A*) guided by hθ(s) to obtain trajectories τ =
{(st, at, rt, st+1)}Tt=1 and corresponding plans π = (a1, . . . , aT ).

Convergence or termination (S41) If the expected improvement

∆J < ϵ or validation loss stabilizes, stop; otherwise set parameters
Θ←Θnew or θ←θnew and continue.

until convergence or maximum iterations.

Output Return optimized parameters (Θ∗, θ∗) and the corresponding pol-

icy πΘ∗ or heuristic hθ∗(s) capable of generating high-quality plans under the
relational template F .
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action A must finish before action B starts) and deadlines or time windows (e.g.,
action A must occur between tstart and tend).
• Resource Constraints. Resources (e.g., machines, workers) are limited and
shared among tasks. Resources must never be allocated more than what can be
used.
• Types of objective functions. Minimizing total completion time, minimiz-
ing lateness or tardiness, and maximizing resource utilization or profit are the
three types of objective functions in temporal planning problems.

We formulate a typical temporal planning problem in OR as the following MILP
problem

min Cmax

s.t. xj ≥ Ci, for all (i, j) ∈ PR,
Ci = xi + di, for all i,

tstart ≤ xi ≤ tend, for all i,∑
i∈A

ri fusage(t) ≤ R, for all t,

Cmax ≥ Ci, for all i.

(10)

Here, xi denotes the start time of action i, and Ci = xi+di its completion time,
where di is the given duration. The precedence relation (i, j) ∈ PR indicates that
action i must finish before action j starts. The parameters tstart and tend define
the earliest and latest allowable start times, respectively. Each action i requires
ri units of a shared resource with total capacity R. The function fusage(t) is an

indicator that equals 1 if task i is active at time t (i.e., xi ≤ t < Ci), and 0
otherwise.

The first constraint enforces precedence relationships, ensuring that a successor
action j cannot start before its predecessor i completes. The equality Ci = xi+di
defines the completion time of each action. The third constraint enforces tem-
poral window feasibility, requiring that each action start between its earliest and
latest permissible start times tstart and tend. The fourth constraint represents
resource limitations, ensuring that the total resource usage

∑
i rifusage(t) does

not exceed the available capacity R at any time t. The final constraint defines
the makespan Cmax as the latest completion time among all actions. Illustra-
tive scheduling and energy-planning examples are relocated to Appendix 12.2
for reference.

4.2 Stochastic and Robust Planning

In many real-world domains, planning must account for uncertainties in action
outcomes, resource availability, or environmental conditions. Stochastic plan-
ning generalizes classical and temporal planning by allowing probabilistic state
transitions and random rewards. The objective is to compute a policy that
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minimizes the expected cost (or equivalently, maximizes expected reward) over
a stochastic process such as an MDP [31,52].

Formally, a stochastic planning problem is defined by the tuple

Pstoch = ⟨S, A, P,R, γ, ρ0⟩,

where S is the finite set of states, A is the finite set of actions, P (s′|s, a) denotes
the transition probability from state s to s′ when action a is executed, R(s, a)
is the immediate reward function, γ ∈ [0, 1) is the discount factor, and ρ0 is the
initial state distribution. A stationary policy π : S → A maps each state to an
action and induces a stochastic process {St}∞t=0. The value of a policy π is the
expected discounted reward

V π(ρ0) = Eπ,P,ρ0

[ ∞∑
t=0

γtR(St, π(St))

]
.

The optimal policy π⋆ satisfies

V ⋆(s) = max
a∈A

[
R(s, a) + γ

∑
s′

P (s′|s, a)V ⋆(s′)

]
.

Illustrative stochastic grid-world planning example is relocated to Appendix 12.2
for reference.

Stochastic Optimization Formulation. In operations research, stochas-
tic planning problems are often cast as multistage stochastic programs,
where decisions evolve sequentially over time and adapt to uncertainty as it is
revealed. A general formulation is

min
x0∈X0

Eξ1 min
x1(ξ1)∈X1(ξ1)

· · ·EξT min
xT (ξ1:T )∈XT (ξ1:T )

[
T∑
t=0

ft(xt, ξt)

]
, (11)

where T ∈ N denotes the finite planning horizon, i.e., the number of decision
stages in the stochastic program. At each stage t = 0, 1, . . . , T , uncertainty ξt is
observed and a decision xt is chosen adaptively. xt ∈ Rnt denotes the decision
vector at stage t. Each decision xt is chosen after observing the random outcome
ξt, and can depend on all previously observed realizations ξ1:t = (ξ1, . . . , ξt);
ξt ∈ Ξt is a random vector representing the uncertainty (e.g., demand, price,
weather) revealed at stage t. The random variables ξ1, . . . , ξT follow a joint
probability distribution D on the sample space Ξ1 × · · · × ΞT ; ft(xt, ξt) is the
cost (or negative reward) incurred at stage t when decision xt is made and
random event ξt is realized. Typical examples include production costs, delay
penalties, or resource usage; Xt(ξ1:t) denotes the feasible decision set at stage
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t, which may depend on all previously realized uncertainties. This set encodes
resource, logical, or coupling constraints such as capacity limits or inventory
balance equations. The outer expectation Eξt is taken with respect to the dis-
tribution of ξt, capturing the expected cost over random outcomes. The nested
minimizations represent adaptive decisions: each xt is chosen after observing
ξ1:t, so that decisions can respond to uncertainty as it unfolds.

The structure of problem (11) captures the essence of sequential decision-making
under uncertainty. If all random variables ξt are known in advance, (11) reduces
to a deterministic multistage planning problem. If uncertainty is revealed only
once at t = 0, the formulation reduces to a two-stage stochastic program:

min
x0∈X0

{
f0(x0) + Eξ1

[
Q(x0, ξ1)

]}
, Q(x0, ξ1) := min

x1∈X1(x0,ξ1)
f1(x1, ξ1),

where x0 represents first-stage (here-and-now) decisions, and x1 denotes re-
course (wait-and-see) decisions made after observing ξ1.

In energy systems, for example, xt may represent generation levels or storage
dispatch at time t, while ξt denotes stochastic wind output or demand. The
objective is to minimize the expected total cost of operation while maintaining
feasibility across all possible realizations of uncertainty.

Stochastic planning is applied in inventory control, energy systems, and
robot navigation. In renewable scheduling, stochastic forecasts of wind or
solar generation are incorporated to minimize expected operating cost while
ensuring reliability.

The SPD Algorithm (=Algorithm 2). The SPD algorithm (Stochastic Plan-
ning via DynP) is a classical framework for solving MDP-based stochastic plan-
ning problems by iterative value updates. This algorithm iteratively improves
the value function and policy through successive applications of the Bellman
operator. It starts by initializing an arbitrary value function V0(s) for all states
s ∈ S in (S02). In each iteration, it performs a Bellman update in (S12),
computing the expected return of each action by combining immediate reward
R(s, a) and the discounted future value γ

∑
s′ P (s

′|s, a)Vk(s′). Next, in the

policy improvement step (S22), it selects for each state the action a that
maximizes this expected return, thereby generating an improved policy πk+1.
The algorithm then checks convergence in (S32) by measuring the maximum
change between successive value functions; if this difference is below a tolerance
ϵ, the algorithm terminates. Finally, the optimal policy π⋆ and value function
V ⋆ are returned. Thus, SPD alternates between evaluation and improvement,
converging to the optimal solution of the stochastic planning problem under the
Bellman fixed-point condition.
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Algorithm 2 The Stochastic Planning DynP (SPD) Algorithm

Initialization (S02) Initialize V0(s) arbitrarily for all s ∈ S. Set iteration
counter k = 0.

repeat

Bellman update (S12) For each state s ∈ S, compute

Vk+1(s) = max
a∈A

[
R(s, a) + γ

∑
s′

P (s′|s, a)Vk(s′)
]
.

Policy improvement (S22) Derive the improved policy

πk+1(s) = argmax
a∈A

[
R(s, a) + γ

∑
s′

P (s′|s, a)Vk+1(s
′)
]
.

Convergence check (S32) If maxs |Vk+1(s)− Vk(s)| < ϵ, stop; else set

k←k + 1.

until convergence or maximum iterations.

Output Return π⋆(s) = πk(s) as the optimal policy and V ⋆(s) = Vk(s)
as the value function.
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4.3 Event-Triggered and Conditional Planning

Event-triggered and conditional planning extends deterministic and temporal
planning by explicitly modeling contingencies—decisions that depend on exter-
nal events, observations, or conditions revealed during execution. Unlike fixed
action sequences, an event-triggered plan encodes conditional branches such
as if event E occurs, execute action A; otherwise execute action B.

Formally, a conditional planning problem is defined as

Pcond = ⟨S, A,E, P,Φ, G⟩,

where S is the set of states, A the controllable actions, E the set of exogenous
events, P defines probabilistic or logical event models, Φ is a conditional policy
mapping event histories e0:t to actions, and G represents goal conditions. A
conditional policy Φ aims to minimize

J(Φ) = E

[
T∑
t=0

c(St,Φ(e0:t), Et)

]
, St+1 = f(St,Φ(e0:t), Et).

Illustrative conditional planning example for autonomous flight is relocated to
Appendix 12.2 for reference.

Mathematical Formulation. Event-triggered control can be expressed as
the following stochastic optimization problem:

min E

[
T∑
t=0

ct(xt, ut)

]
s.t. xt+1 = f(xt, ut, ωt), t = 0, . . . , T − 1,

ut = Φ(xt, ω0:t),

Φ ∈ Flogic.

(12)

Here, xt ∈ Rn denotes the system state at time t (e.g., position, energy
level, queue length), which evolves dynamically over time; ut ∈ Rm is the con-
trol action or decision taken at stage t; in an event-triggered setting, ut
is executed only when an event condition is satisfied; ωt ∈ Ω represents an
exogenous event or disturbance (e.g., sensor measurement, environmental
condition, communication signal) that may trigger control actions. The se-
quence ω0:t = (ω0, . . . , ωt) denotes the history of observed events up to time t;
ψ : Rn × Ω→ {true,false} is the trigger condition (or event predicate)
that determines whether an event is activated based on the current state and
the observed event signal. If ψ(xt, ωt) = true, the corresponding control action

u(1) is executed; otherwise, the default action u(0) is applied. This predicate
encodes the logical rule that governs event detection in the ETP framework;
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f : Rn × Rm × Ω→ Rn is the state transition function that models the sys-
tem dynamics. It determines the next state xt+1 as a function of the current
state xt, control ut, and event ωt; ct(xt, ut) is the stage cost function at time
t, which quantifies the immediate penalty or energy expenditure incurred by ap-

plying control ut in state xt. The overall objective E[
∑T
t=0 ct(xt, ut)] minimizes

the expected cumulative cost over the planning horizon T ; Φ : Rn × Ωt+1 → Rm
denotes the event-triggered policy, which maps the current state and event
history ω0:t to a control action ut. This policy determines how the system
reacts when events occur; and Flogic is the set of admissible logic-based
policies, typically constrained by temporal logic, Boolean rules, or disjunctive
(if–then) conditions. For example, Φ ∈ Flogic may enforce that certain actions
are triggered only when safety or threshold conditions are satisfied. The for-
mulation (12) therefore captures both continuous dynamics (via f) and discrete
event logic (via Φ and Flogic), combining them in a unified stochastic optimiza-
tion framework. The expectation operator E is taken over all possible event
realizations ω0:T according to their underlying probability distribution.

Event-triggered planning arises in autonomous systems, manufacturing,
and networked control. In robotic assembly, sensor events trigger path ad-
justments; in cyber-physical systems, messages are transmitted only when sig-
nificant deviations occur; and in scheduling, conditional triggers handle machine
failures.

The ETP Algorithm (=Algorithm 3). The ETP (Event-Triggered Planning)
algorithm integrates discrete-event logic and optimization via a rule-based up-
date mechanism. This algorithm operates by continuously monitoring external
event signals and triggering control actions only when specific logical conditions
are satisfied. It begins with the initialization of the system state x0, event set E,
and rule-based policy Φ in (S03). At each time step, an event ωt is observed, and
the algorithm evaluates the trigger condition ψ(xt, ωt) to determine whether an

event has occurred in (S13). If the condition is true, the control action u(1) is ex-

ecuted; otherwise, the default action u(0) is applied in (S23). The system state
is then propagated forward through the dynamic model xt+1 = f(xt, ut, ωt)
in (S33). As the algorithm evolves, event patterns and system responses are
analyzed to adapt the logical policy Φ, enabling learning-based refinement of
triggering thresholds or decision rules in (S43). The process continues until
the horizon T is reached, after which the resulting event-triggered policy Φ⋆

and the corresponding trajectory {xt, ut}Tt=0 are returned. In summary, ETP
dynamically balances responsiveness and efficiency by activating control only
when necessary events occur, thereby reducing computational and communica-
tion costs while maintaining system performance.
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Algorithm 3 The Event-Triggered Planning (ETP) Algorithm

Initialization (S03) Initialize system state x0, event set E, policy rules

Φ, and planning horizon T .

for t = 0 to T − 1 do

Event detection (S13) Observe event signal ωt; check if trigger condi-

tion ψ(xt, ωt) = true.

Action selection (S23)

ut =

{
u(1) if ψ(xt, ωt) = true,

u(0) otherwise.

State update (S33) Propagate state xt+1 = f(xt, ut, ωt).

Policy adaptation (S43) If recurrent event patterns are detected, up-

date rule parameters in Φ via data-driven learning.

end for
Output Return the event-triggered policy Φ⋆ and resulting trajectory

{xt, ut}Tt=0.
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4.4 Probabilistic Programming (ProbP) and ML/RL-

Enhanced Methods

In this subsection, we introduce the foundations of ProbP and its integration
with optimization under uncertainty. We first review classical approaches
based on probabilistic integer nonlinear programming (INLP), where
randomness in the problem data is modeled through probabilistic (chance) con-
straints, and expectations in the objective function. To approximate such prob-
lems, we present a Monte Carlo Disjunctive (MCD) framework that com-
bines scenario sampling with disjunctive logic representations of uncertainty and
integrality. This formulation provides a unifying view of probabilistic optimiza-
tion problems and establishes the algorithmic foundation for handling random-
ness through sampling-based relaxations. Building on this classical setting, we
then discuss how ML and RL techniques can enhance the MCD approach—by
improving inference accuracy, constraint satisfaction, and learning-based deci-
sion updates—thus bridging traditional ProbP with modern data-driven and
adaptive optimization paradigms.

4.4.1 Classical Methods for ProbP

ProbP with disjunctive logic has been applied in various domains such as OR,
e.g., see [24,47,68]. We first define the set of simple bounds

X := {x ∈ Rn | x ≤ x ≤ x} with x, x ∈ Rn (x < x) (13)

on variables x ∈ Rn (called the box). We here define a probabilistic problem as

min E[f(x,Θ)]
s.t. x ∈ Cpr

in ,
(14)

where the probabilistic integer nonlinear feasible set is

Cpr
in := {x ∈ X | g(x,Θ) = 0, h(x,Θ) ≤ 0, xi ∈ siZ, i ∈ [n]},

with X given by (13), Θ a random parameter vector, and E the expectation
operator. The components of the vectors

g(x,Θ) :=
(
g1, . . . , gm

)
, h(x,Θ) :=

(
h1, . . . , hp

)
are (possibly non-convex) constraint functions gk : Cin → R for k ∈ [m] and
hj : Cin → R for j ∈ [p].

To handle uncertainty, probabilistic (chance) constraints are imposed:

P
(
g(x,Θ) = 0

)
≥ 1− αg, P

(
h(x,Θ) ≤ 0

)
≥ 1− αh,

where αg and αh denote acceptable risk levels of constraint violations.
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Monte Carlo Relaxation. The expectation in the objective can be approx-
imated by the sample average approximation (SAA):

E[f(x,Θ)] ≈ 1

K

K∑
i=1

f(x,Θi), Θi ∼ DΘ,

where DΘ is the distribution of Θ. Similarly, the probabilistic constraints are
relaxed using disjunctive representations over sampled scenarios∨

l∈Γg

g(x,Θl) = 0,
∨
l∈Γh

h(x,Θl) ≤ 0, (15)

where Γg and Γh are scenario sets generated by sampling.

The integer constraints xi ∈ siZ for i ∈ [n] can be expressed disjunctively as

xi ∈
⋃

k : sik∈Xi

{sik}, i ∈ [n]. (16)

Thus, the probabilistic INLP problem (14) can be written as the disjunctive
SAA problem

min
1

K

K∑
i=1

f(x,Θi)

s.t.
∨
l∈Γg

g(x,Θl) = 0,∨
l∈Γh

h(x,Θl) ≤ 0,

xi ∈
⋃

k: sik∈Xi

{sik}, i ∈ [n].

(17)

The MCD algorithm (=Algorithm 4). This algorithm is a generic Monte
Carlo Disjunctive framework that approximates probabilistic INLP problems
by scenario sampling. It proceeds through four main stages:

(S04) Initialization. Random scenarios Γf = {Θ1, . . . ,ΘK} are generated

from the distribution of Θ. In the example above, K = 3 and Γf = {2, 5, 9}.
An initial feasible x is chosen from {0, 1, . . . , 10}.

(S14) Objective evaluation. The expected objective is approximated by the
sample average

fMC(x) =
1

K

K∑
i=1

f(x,Θi). (18)

For example, with x = 5, fMC(5) = (3 + 0 + 4)/3 = 7/3.
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(S24) Constraint checking. Probabilistic constraints are relaxed using dis-
junctions as in (15). In this facility-location example, there are no nonlinear
constraints, so the disjunction is trivially satisfied.

(S34) Integer feasibility enforcement. The algorithm ensures x ∈
{0, 1, . . . , 10}, i.e., x must belong to the disjunctive set

x ∈
10⋃
k=0

{k}.

(S44) Updating best solution. If fMC(x) < fbest, the algorithm updates the
best known solution. For the example, starting from x = 2 (fMC = 10/3), the
algorithm updates to x = 5 with fMC = 7/3.

Termination. The process is repeated until all sampled scenarios are evaluated
or a convergence criterion is satisfied. In the example, the algorithm correctly
identifies x∗ = 5 as the optimal solution.

Algorithm 4 A Generic Monte Carlo Disjunctive (MCD) Framework
for Probabilistic INLP

Initialization (S04) Generate K random scenarios Γf = {Θ1, . . . ,ΘK}
from distribution DΘ. Initialize feasible set x ∈ X, and best solution
(xbest, fbest) with fbest = +∞.

repeat

Objective evaluation (sample average) (S14) Compute the Monte

Carlo approximation of the expected objective fMC(x) by (18).

Constraint checking (disjunctive form) (S24) Check sampled prob-

abilistic constraints by (15). If violated, add corresponding disjunctive cuts
to eliminate infeasible scenarios.

Integer feasibility enforcement (S34) Enforce discrete restrictions

for each i ∈ [n] by (16).

Updating the best solution (S44) If fMC(x) < fbest and x is feasible,

update xbest := x and fbest := fMC(x).

until stopping criterion is met (e.g., maximum iterations, convergence toler-
ance).

Illustrative conditional planning example of Probabilistic INLP is relocated to
Appendix 12.2 for reference.

41



4.4.2 ML/RL-enhancements for ProbP

ML and RL offer significant opportunities to enhance the ProbP framework
introduced in Section 4.4. While the Monte Carlo Disjunctive (MCD) algorithm
provides a principled approximation for solving probabilistic INLP problems, re-
cent advances in probabilistic ML and RL show how inference and optimization
can be improved in terms of scalability, adaptability, and safety.

Probabilistic inference with ML. Step (S14) of Algorithm 4 computes the
sample average approximation fMC(x) by (18), where x ∈ Zn is the decision
vector, Θi ∼ DΘ are K i.i.d. samples from the distribution DΘ of the random

parameter vector Θ, and f : Zn × Rd → R is the cost function. Deep ProbP
frameworks such as Edward [64] or programmable inference languages [39] in-

troduce adaptive surrogates f̂(x, ϕ), parameterized by ϕ ∈ Rm, to approximate
the expectation E[f(x,Θ)]. Amortized inference solves

min
ϕ

EΘ∼DΘ

[(
f(x,Θ)− f̂(x, ϕ)

)2]
,

which reduces variance in the Monte Carlo estimates of fMC(x).

Structured constraint handling. The chance constraint in (14),

P (h(x,Θ) ≤ 0) ≥ 1− αh,

with violation tolerance αh ∈ [0, 1], can be strengthened by modeling the

joint distribution of Θ ∈ Rd using composable generative population models
(CGPMs) [57]. Instead of enforcing feasibility through disjunctive constraints,
one can optimize

min
x

EΘ∼p(Θ)[max{0, h(x,Θ)}] ,

where h : Zn × Rd → Rp is the vector of inequality constraints and p(Θ) is
a learned distribution. This reduces the number of disjunctive cuts needed to
satisfy the probabilistic constraints.

Safe and constrained RL. The risk thresholds αg, αh ∈ [0, 1] in (14) par-

allel safety constraints in RL. Probabilistic logic shields [70] and LTL-based
exploration [11] restrict the feasible action set in state s ∈ S to

Asafe(s) =
{
a ∈ A | P (φ(s, a)) ≥ 1− δ

}
,

where A is the full action set, φ(s, a) is a temporal-logic safety condition, and
δ ∈ [0, 1] is a risk tolerance parameter. In the MCD setting, feasible solutions
x are analogues of safe actions a, and the scenario sets Γg,Γh correspond to
sampled safety conditions.
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Policy search as optimization. The update step (S44) selects the best fea-
sible candidate solution. In RL, parametric policies πθ : S → ∆(A) with pa-
rameters θ ∈ Rp are optimized by gradient ascent on the expected return:

∇θJ(θ) = ∇θ Eπθ
[
R(x,Θ)

]
,

where R(x,Θ) = −f(x,Θ) defines the reward function. Black-box variational
inference [67] optimizes

max
θ

Eqθ(x)[f(x,Θ)],

with qθ a variational distribution over x. This mirrors the MCD update step, but
enables scalable gradient-based optimization.

Uncertainty representation in AI. Finally, scenario generation in (S04)
draws Θi ∼ DΘ, where DΘ is a prior distribution on Θ. Probabilistic ML
methods [25] refine this by learning a posterior distribution p(Θ | D) from
observed data D. Scenarios are then sampled as

Θi ∼ p(Θ | D),

yielding more faithful uncertainty representation and thereby improving both
objective estimation and constraint satisfaction in the MCD loop.

In summary, integrating ML and RL into the MCD framework strengthens each
stage of MCD (=Algorithm 4): adaptive inference for objective evaluation in
(S14), composable probabilistic modeling for constraint enforcement in (S24),
RL-style safety guarantees for feasible sets in (S24/S34), and black-box policy
search for solution updates in (S44). This synergy extends probabilistic INLP
beyond static Monte Carlo relaxations, providing adaptive, safe, and scalable
methods for optimization under uncertainty.

Table 1 summarizes how recent advances in ML and RL strengthen each stage
of Algorithm 4. Probabilistic ML enriches uncertainty modeling in (S04), while
adaptive inference frameworks such as Edward and programmable inference ac-
celerate objective evaluation in (S14). Structured abstractions (CGPMs) and safe
RL mechanisms (probabilistic shields, LTL-based exploration) reinforce con-
straint satisfaction in (S24)/(S34). Finally, solution updates in (S44) align with
policy search methods from RL, enabling scalable optimization under uncer-
tainty. Together, these enhancements extend the static Monte Carlo approach
into an adaptive, safe, and composable framework.

5 Scheduling and Disjunctive Planning

Scheduling generalizes classical planning to continuous time and resource-
allocation domains. Whereas classical planning reasons over logical precon-
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Table 1: Enhancements of the MCD framework via ML and RL techniques.

MCD Step Objective ML/RL Enhancement

(S04):
Scenario generation

Sampling Θ from
DΘ

Probabilistic ML improves
uncertainty representation
and sample fidelity [25]

(S14):
Objective evaluation

Monte Carlo
estimate of
E[f(x,Θ)]

Deep ProbP
and programmable inference
reduce variance via amortization
and decomposition [39,64]

(S24)–(S34):
Constraint enforcement

Disjunctive
relaxations for
chance constraints

CGPMs provide flexible
compositional models of Θ;
safe RL with logic shields
and LTL constraints ensures
probabilistic feasibility [11,57,70]

(S44): Solution update
Select/update
feasible candidate x

Black-box policy search treats
updates as policy gradient steps
in probabilistic programs [67]

ditions and effects, scheduling integrates these logical relations with temporal
and capacity constraints, producing optimization problems defined over time in-
tervals. Disjunctive programming, introduced by Balas [5], provides the formal
basis for representing the mutual exclusivity of operations sharing a resource. In
this sense, scheduling remains grounded in logical structure—expressed through
precedence and disjunctive relations—while its algebraic or MILP formulations
serve only as computational encodings of these logical constraints. The follow-
ing subsections develop classical scheduling models, their disjunctive represen-
tations, and modern learning-based generalizations.

Scheduling is a fundamental problem in operations research, where the objective
is to allocate a set of jobs to a set of resources over time in order to optimize
a performance measure. Formally, a scheduling problem is defined by a set of
jobs J := [n], each with processing requirements, release times, and deadlines,
and a set of resources R := [m], each with limited capacity. A feasible schedule
specifies the start and completion time of every job on some resource, subject
to:

� Precedence constraints: Certain jobs must finish before others can
start.

� Resource constraints: Each resource can handle at most one job at a
time (or has a limited capacity shared among jobs).

� Timing constraints: Each job must be executed within its release time
and deadline window.
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The objective function may vary depending on the application, e.g., minimiz-
ing makespan (the maximum completion time), minimizing total tardiness, or
minimizing resource cost:

min Cmax +

m∑
j=1

fj(yj)

s.t. tj ≥ ci + sij , for all (i, j) ∈ precedence pairs,

n∑
i=1

xij ≤ 1, for all j ∈ [m],

ci ≤ di, for all i ∈ [n],

Cmax ≥ ci, for all i ∈ [n],

ci = ti + pi, for all i ∈ [n],

yj ≥ xij , for all i ∈ [n], j ∈ [m],

m∑
j=1

xij = 1, for all i ∈ [n],

xij , yj ∈ {0, 1}, ti, ci ≥ 0.

(19)

Here, xij is a binary variable equal to 1 if job i is assigned to resource (or

machine) j and 0 otherwise. The start time of job i is ti, and its completion
time is ci = ti + pi, where pi denotes the processing time. The variable Cmax

represents the makespan, i.e., the latest completion time among all jobs.

The parameter sij denotes the setup or transition time required between the
completion of job i and the start of job j. Each resource j has a binary acti-
vation variable yj that equals 1 if it is used by any job. The activation cost is

modeled by a function fj(yj), often linear or convex (e.g., fj(yj) = cjyj). The
constraint yj ≥ xij ensures that a resource is considered active if at least one job

is assigned to it. The model enforces (i) precedence constraints between jobs,
(ii) exclusive assignment of jobs to resources, (iii) satisfaction of release and
deadline windows, and (iv) non-negativity of start and completion times. The
objective minimizes the total makespan plus the aggregate resource usage cost.
Additional scheduling examples, including job-shop, workforce, and flow-shop
formulations, are compiled in Appendix 12.3.

5.1 Classical Disjunctive Scheduling (DisjS) Formulation

Static DisjS defines precedence and resource constraints with precedence arcs
C, disjunctive arcs D, and makespan minimization Cmax. It establishes the
formal base of disjunctive optimization. This formulation is utilized in Algo-
rithm 6 (S06), Algorithm 7 (S07), and Algorithm 8 (S08) for graph initialization
and constraint encoding.
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DisjP provides a mathematical framework for representing scheduling and se-
quencing problems in which two operations competing for the same resource can-
not overlap in time. Introduced by Balas [5], a disjunctive graph G = (V,C∪D)
encodes a set of operations V , conjunctive arcs C representing precedence con-
straints, and disjunctive arcs D representing resource conflicts that must be
ordered one way or the other.

Classical Formulation. Each operation i ∈ V has a start time xi ∈ R+ and
processing duration pi > 0. For any two operations (i, j) requiring the same
machine, exactly one of the following disjunctions must hold:

xi + pi ≤ xj or xj + pj ≤ xi,

ensuring that no two jobs overlap on a shared resource. Precedence relations
(i, j) ∈ C impose additional constraints xi + pi ≤ xj . The scheduling objective
is often to minimize the makespan

Cmax = max
i∈V

(xi + pi),

subject to all conjunctive and disjunctive constraints.

Graph Interpretation. In the static job–shop setting, G is fixed once all jobs
and machines are known. Conjunctive arcs form directed acyclic subgraphs for
precedence relations, while disjunctive arcs between operations on the same
machine are oriented during search to produce feasible schedules. Heuristic or
exact algorithms (e.g., branch–bound, tabu search) determine an orientation
minimizing Cmax.

5.2 Scheduling as Sequential Decision-Making

This paragraph reformulates scheduling as an MDP with disjunctive graphs Gt,
state transitions, reward rt = Ct−1

max − Ctmax, and RL policy πϕ(at|st) optimized

via PPO. This concept is implemented in Algorithm 6 (S16–S36), Algorithm 8
(S28, S38), and Algorithm 5 (S15, S35).

In practical manufacturing and service systems, the job set and machine avail-
ability vary over time due to random arrivals, breakdowns, or changing priori-
ties. The resulting dynamic disjunctive graph is denoted

Gt = (Vt, Ct ∪Dt),

where the vertex set Vt and constraint sets Ct, Dt evolve with time t. Each
update modifies the feasible region and may introduce new jobs, remove com-
pleted operations, or alter machine availability, requiring adaptive rescheduling.
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Processing times are pi, pj > 0, start times xi, xj , and the current makespan

Ctmax defines the reward

rt = Ct−1
max − Ctmax,

which measures the improvement achieved by the latest scheduling decision. An
equivalent definition often used in minimization settings is rt = −∆Cmax, which
simply reverses the sign convention to express makespan reduction as a negative
cost rather than a positive reward. Both conventions are equivalent under the
policy-gradient formulation.

This dynamic formulation naturally casts scheduling as a sequential decision-
making process. At each time step t, the system observes the current graph
state Gt, selects an action at (such as dispatching an operation or orienting a
disjunctive edge), and transitions to a new graph Gt+1 representing the updated
production state. The decision policy πϕ(at|st) is trained—typically via PPO
or another actor–critic method introduced in Section 5.3—to maximize the ex-
pected cumulative reward

∑
t γ

trt, thereby minimizing the long-run makespan.
This formulation unifies DisjP, DynP, and RL: disjunctive constraints specify
feasible local actions, while RL provides temporal adaptation and generalization
under stochastic environments.

5.3 GNN–RL Framework for DisjS

Building upon the general ML, RL, and neural-architecture foundations intro-
duced in Section 2, this subsection specializes those formulations for DisjS.
GNNs encode the structural dependencies among operations and shared re-
sources, while RL agents, trained via PPO, optimize adaptive sequencing poli-
cies under logical disjunction constraints. Together, these components form the
learning-enhanced DisjP framework for dynamic and risk-sensitive scheduling.
The focus is on how graph-based neural representations and policy-gradient
methods are integrated to model precedence, resource sharing, and logical dis-
junctions, thereby establishing the computational bridge between the theoretical
ML/RL foundations and their realization in practical scheduling algorithms.

Logical Disjunction in DisjP. The fundamental logical disjunction govern-
ing the structure of disjunctive programs is expressed abstractly as

(g1(x) = 0, h1(x) ≤ 0) ∨ (g2(x) = 0, h2(x) ≤ 0) ∨ · · · ∨ (gL(x) = 0, hL(x) ≤ 0),
(20)

representing L alternative regimes of feasibility. This general disjunction forms
the logical core of mixed-integer DisjP models and underlies all subsequent
examples and algorithms.
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Mixed-Integer DisjP Formulation. The general logical disjunction in (20)
leads to the canonical mixed-integer disjunctive nonlinear program (MIDNP):

min f(x)
s.t. x ∈ CDisjP,

(21)

where f : CDisjP ⊆ Rn → R may be nonlinear or nonconvex, and CDisjP denotes

the disjunctive feasible region. This abstract formulation unifies a wide range of
combinatorial, scheduling, and planning problems under a single optimization
framework.

The feasible region of (21) is given by the disjunctive set

CDisjP :=

{
x ∈ X |

L∨
l=1

(
gl(x) = 0, hl(x) ≤ 0

)
, xi ∈ siZ for i ∈ I

}
, (22)

where X ⊆ Rn is a bounded domain, I ⊆ [n] is the set of integer variables, and

each pair (gl, hl) defines the equality and inequality constraints associated with
disjunct l ∈ [L]. This general form serves as the mathematical foundation for
all DisjP models and their dynamic and learning-based extensions.

Risk-Sensitive and Differentiable Logic. Distributional RL models the
return as a random variable Zπ(s, a) and propagates its distribution by

T πZ(s, a) = R(s, a) + γZπ(s′, a′). A risk-sensitive objective uses the Condi-
tional Value-at-Risk:

CVaRα(Z) = E[Z | Z ≤ F−1
Z (α)], (23)

which measures expected loss in the worst α fraction of cases. For neural-
symbolic reasoning, logical disjunctions are represented by differentiable opera-
tors:

fdisj(x) = 1−
∏
i

(1−mixi), mi = σ(cwi), (24)

where mi is a learned weight and c > 0 controls smoothness. These operators
enable continuous optimization over logical constraints. Equations (3)–(24) con-
stitute the core mathematical framework reused throughout the learning-based
scheduling and disjunctive-planning models.

We here introduce GNN-based RL models for representing operations and ma-

chines as graph nodes with embeddings h
(t)
v and optimizing scheduling via PPO.

It is directly realized in (S06)–(S36) of Algorithm 6 and reused in (S18) of Al-
gorithm 8. Recent work integrates GNN and RL methods into this framework.

GNNs encode the evolving disjunctive graph Gt through node embeddings h
(t)
v

that capture machine and job states, while RL agents learn dispatching poli-
cies πϕ(at|st) that select the next feasible operation or orientation to reduce
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makespan. The GNN and PPO formulations follow those introduced in Section 2.
These hybrid methods enable size-agnostic and real-time decision-making under
stochastic environments.

This background establishes the classical and dynamic foundations of DisjS
on which subsequent sections build, including dynamic GNN–RL integration,
risk-sensitive RL, and differentiable neural logic for disjunctive reasoning.

Risk-Sensitive and Robust Scheduling. We here introduce risk-sensitive
RL using the CVaR metric and distributional Bellman operators to manage un-
certainty in scheduling. These ideas are applied in (S05)–(S35) of Algorithm 5
and referenced in (S19) of Algorithm 9 for risk-aware recursion. Risk-sensitive
formulations employ the Bellman operator and CVaR metric from Section 5.3.
The algorithmic structure for distributional RL remains identical. Algorithm 5
outlines how distributional RL introduces risk sensitivity into DisjS. In (S05),
the policy parameters ϕ, the return distribution Zπ(s, a), and the confidence
level α for the CVaR measure are initialized, together with precedence and dis-
junctive constraints. In (S15), multiple simulated trajectories are generated

under the current policy πϕ, and corresponding returns Z =
∑
t γ

trt are com-

puted to capture stochastic variability in rewards. During (S25), the distribu-
tional Bellman operator T π updates the estimate of the return distribution by
propagating uncertainty through successive state–action pairs. Finally, (S35)
computes the CVaR metric and updates the policy parameters to minimize ex-
pected downside risk, thereby biasing the learning process toward safer schedul-
ing strategies. Overall, Algorithm 5 enables risk-aware optimization over dis-
junctive constraints, ensuring robust performance under stochastic operating
conditions.

RL-Based Scheduling Policy. This paragraph outlines the unified RL-
enhanced DisjS paradigm using GNN, attention, and dynamic RL architec-
tures. It defines key notation for πϕ, Vϕ, and Gt. This formulation underpins

Algorithm 6 (S06–S36), Algorithm 7 (S17–S37), Algorithm 8 (S18–S38), and
Algorithm 5 (S15–S35).

While classical DisjP provides a rigorous convexification-based framework for
logical and combinatorial optimization, recent advances in ML and RL introduce
data-driven strategies that improve both representation and policy optimization.
Disjunctive formulations often result in large-scale mixed-integer programs that
are computationally demanding. ML and RL replace explicit combinatorial
enumeration with differentiable approximation and adaptive policy learning, as
detailed below and summarized in Table 2.
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Algorithm 5 Distributional RL framework for risk-aware DisjS

Initialization
(S05) Initialize policy parameters ϕ, return distribution Zπ(s, a), and confi-
dence level α for CVaR. Define precedence and disjunctive constraints.

repeat
Sampling and return estimation

(S15) Simulate multiple trajectories under policy πϕ. Compute sampled
returns Z =

∑
t γ

trt.

Distributional Bellman update
(S25) Apply operator T πZ(s, a) = R(s, a)+γZ(s′, a′) to estimate the return
distribution.

Risk-sensitive optimization

(S35) Compute CVaRα(Z) = E[Z|Z ≤ F−1
Z (α)]. Update policy parameters

ϕ to minimize negative CVaR (risk-averse objective).

until policy converges to stable risk-sensitive schedule

Table 2: Representative ML/RL approaches enhancing DisjP.

Domain Model & Key Formulation Reference

Job-shop scheduling
GNN with PPO; message passing (3),
policy update (6)

[48]

Large-scale JSSP
Transformer-based Deep RL;
attention dependency (4)

[18]

Dynamic JSSP
Size-agnostic GNN;
stochastic disjunction (20)

[36]

Chemical scheduling
Distributional RL;
CVaR risk objective (23)

[45]

Neuro-symbolic logic
Differentiable ILP with logic
operators (24)

[14]

Throughout this subsection, G := (V,C ∪ D) denotes the disjunctive graph,
where V is the set of operations, C the conjunctive precedence edges, and D
the disjunctive edges representing shared resources. The makespan is denoted

by Cmax, and the reward signal is defined as rt = Ct−1
max−Ctmax, which is positive

when the makespan decreases. Equivalently, one may define rt = −∆Cmax to
maintain a minimal interpretation. Embedding dimensions are written as d for
node features, dh for hidden embeddings, and dk for attention-key dimensions.
The policy is represented by πϕ(at|st) (actor parameters ϕ), the critic/value

network by Vϕ(st) where applicable, and θ denotes neural-encoder or GNN
weights used for representation learning. When reused across models, distinct
losses are indicated by subscripts, e.g., LPPO for policy-gradient training and
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Llogic for differentiable neural logic learning. Time-dependent disjunctive graphs
are denoted by Gt and evolve as new decisions or environment changes occur.

All learning-based disjunctive algorithms presented in this section share a uni-
fied iterative structure consisting of (i) graph encoding, (ii) policy sampling,
(iii) reward evaluation, and (iv) parameter update. Each subsequent algorithm
specializes this loop with different representations (GNN, attention, dynamic
adaptation, or risk sensitivity).

In scheduling problems, the disjunctive structure is encoded as a directed graph
G = (V,C ∪ D). Each node v ∈ V carries a feature vector xv, and GNN
message passing and policy optimization use the unified formulations from Sec-
tion 5.3. The stochastic policy πϕ(at|st) is trained by PPO to optimize the
expected makespan reduction.

Building upon this foundation, Algorithm 6 provides a step-by-step overview
of how RL enhances DisjS through graph representation and policy optimiza-
tion. In (S06), the disjunctive graph G = (V,C∪D) and model parameters (θ, ϕ)
are initialized, establishing the structural and decision-making components of
the system. In (S16), the GNN performs message passing across conjunctive
and disjunctive edges to compute node embeddings that encode operation and
machine dependencies. (S26) maps the current graph state st to a schedul-
ing action at sampled from the stochastic policy πϕ(at|st), with an immediate

reward measuring the reduction in makespan. Finally, (S36) updates the pa-
rameters through the PPO objective L(ϕ), improving the expected scheduling
performance while maintaining stable policy updates. Overall, Algorithm 6
learns a neural policy that implicitly resolves disjunctive alternatives—selecting
operation orderings—without explicit combinatorial enumeration.

Graph-Based Neural Representation. This paragraph describes
Transformer-based attention attn(Q,K, V ) for capturing global depen-
dencies in disjunctive graphs. It is employed in Algorithm 7 (S17–S37). The
attention mechanism for global dependency modeling follows the definition in
Section 5.3. The Transformer encoder captures relational dependencies among
operations, and the PPO-based training minimizes expected makespan.

Algorithm 7 summarizes how attention-based deep RL captures long-range de-
pendencies in disjunctive graph scheduling. In (S07), the disjunctive graph
G = (V,C ∪ D) is constructed, node2vec embeddings xi are generated, and
the Transformer parameters θ are initialized. In (S17), multihead attention lay-
ers compute contextual dependencies among operations through attn(Q,K, V ),
producing encoded representations Z that reflect both conjunctive and disjunc-
tive relations. During (S27), the decoder sequentially generates a schedule by
sampling πt ∼ πθ(πt|π1:t−1, X), guided by the attention-weighted embeddings.
Finally, (S37) updates the model via policy-gradient optimization to minimize
the expected makespan Cmax. Overall, Algorithm 7 learns a scalable attention
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Algorithm 6 GNN-based PPO Framework for DisjS

Initialization
(S06) Initialize the disjunctive graph G = (V,C ∪D), the GNN parameters θ,
the policy parameters ϕ, and the PPO constants (ϵ, γ).

repeat
State encoding and propagation

(S16) Compute node embeddings using the message-passing rule h
(k)
v (de-

fined by (3)), and propagate messages along conjunctive and disjunctive
arcs.

Policy decision
(S26) Form current state st from Gt. Sample scheduling action at ∼
πϕ(at|st) (dispatch an operation). Apply it and observe reward rt =
Ct−1

max − Ctmax.

Policy update
(S36) Update ϕ via the PPO objective L(ϕ) (defined by (6)) and backprop-
agate through GNN to update θ.

until convergence of scheduling policy πϕ

mechanism that replaces explicit enumeration of disjunctive constraints with
differentiable relevance estimation among operations.

In this subsection, the parameter symbol θ refers to the encoder–decoder weights
of the attention model, distinct from the actor parameters ϕ used in GNN–based
PPO formulations.

Dynamic Graph Updates and Online Adaptation. This paragraph de-
fines adaptive GNN-RL scheduling for time-varying disjunctive graphs Gt with
real-time policy updates via PPO. It is implemented in Algorithm 8 (S08–S38).

The dynamic GNN-RL framework adapts to time-varying graphs Gt = (Vt, Ct ∪
Dt), with rewards rt = Ct−1

max − Ctmax. Algorithm 8 remains as in the original,
using PPO training as described in Section 5.3. This algorithm describes how
RL handles dynamic DisjS in stochastic environments. In (S08), the system
initializes with an evolving environment that may include new job arrivals or
machine breakdowns, constructing the initial graph G0 = (V0, C0 ∪ D0) and
initializing model parameters (θ, ϕ). In (S18), the GNN continuously updates

node embeddings h
(t)
v as the disjunctive graph Gt changes, allowing the model to

capture temporal variations in machine and job states. During (S28), the policy
πϕ(at|st) selects a feasible operation that satisfies the disjunction constraint xi+
pi ≤ xj or xj+pj ≤ xi, ensuring machine exclusivity while optimizing makespan

reduction. Finally, (S38) performs online learning via PPO updates using new
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Algorithm 7 Attention-based deep RL for disjunctive graph embed-
ding

Initialization
(S07) Construct disjunctive graph G = (V,C ∪ D), compute node2vec em-
beddings xi, initialize Transformer encoder–decoder parameters θ.

repeat
Encoding via attention

(S17) Compute multihead attention attn(Q,K, V ) by (4) and obtain en-
coded context Z = Encθ(X) by (5).

Sequential decoding
(S27) Iteratively decode operation sequence πt ∼ πθ(πt|π1:t−1, X) with con-
textual embeddings Z and a pointer-attention mechanism following [69],
which assigns attention-based probabilities to discrete scheduling actions.

Policy optimization

(S37) Compute the reward rt = Ct−1
max − Ctmax; update θ by the policy

gradient ∇θE[Cmax].

until minimum expected makespan or convergence

experience samples, enabling continual policy adaptation as system conditions
evolve. Overall, Algorithm 8 achieves size-agnostic, real-time decision-making
by combining disjunctive constraint reasoning with adaptive RL.

Algorithm 8 Dynamic DisjS with GNN and PPO

Initialization
(S08) Initialize an environment with stochastic job arrivals and machine
breakdowns. Construct an initial graph G0 = (V0, C0 ∪ D0). Initialize pa-
rameters (θ, ϕ) for GNN and policy.

repeat
Graph update and embedding

(S18) Update Gt as jobs arrive or machines fail. Propagate messages to

update embeddings h
(t)
v = fθ

(
h
(t−1)
v , {h(t−1)

u , euv}u∈N (v)

)
, ensuring edge

features euv are included as in (3).

Adaptive decision
(S28) Select feasible operation at ∼ πϕ(at|st) respecting disjunction xi +
pi ≤ xj or xj + pj ≤ xi. Execute at and collect reward rt = Ct−1

max −Ctmax.

Online learning
(S38) Update (θ, ϕ) using PPO with on-policy samples; continue scheduling
adaptively under dynamic changes.

until end of production horizon
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Building on the dynamic GNN–RL and risk-sensitive formulations above, the
next section formalizes DisjP as a recursive, multistage optimization frame-
work, extending the static disjunctive model into a temporal domain.

5.4 Dynamic Disjunctive Programming (DisjP) as Recur-

sive Optimization

This subsection unifies DisjP and DynP through recursive Bellman equations
and feasible disjunctive action sets A(st). It forms the core of Algorithm 9
(S09)–(S39).

Although DynP here refers to dynamic programming (as in Bellman’s formula-
tion) rather than DisjP, the two are closely related. Both frameworks employ
logical disjunctions to define feasible sets—DisjP in a static optimization set-
ting, and DynP through recursive decisions across time stages.

DynP, introduced by Bellman in the 1950s, is a recursive optimization paradigm
based on the principle of optimality: an optimal policy has the property that,
regardless of the initial state and initial decision, the remaining decisions must
form an optimal policy with respect to the resulting state. The classical frame-
work is well-suited for sequential decision-making, but modern problems in oper-
ations research often require extensions to incorporate uncertainty, constraints,
logical disjunctions, or multiple objectives. These extensions are particularly
important when combining DynP with DisjP, where at each stage of the deci-
sion process the feasible set may be defined by logical alternatives.

Unified View. The combination of disjunctive and DynP formulations can be
viewed as a multistage extension of the mixed-integer disjunctive set (22). At
each time stage t, a local disjunctive system defines the feasible action set, while

the recursion of DynP propagates this logic through time. Here, (glt, h
l
t) denote

the time-indexed counterparts of the disjunctive components (gl, hl) introduced
in (20), allowing each stage t to activate distinct logical regimes while preserving
the same structural syntax. Formally, let st ∈ S denote the system state at
stage t, and define the disjunctive feasible action set as

A(st) :=

{
at

∣∣∣∣∣
L∨
l=1

(
glt(st, at) = 0, hlt(st, at) ≤ 0

)
, ati∈Z for all i∈I

}
. (25)

The corresponding value function satisfies the recursive Bellman-type relation

Vt(st) = min
at∈A(st)

{
ct(st, at) + Eξt [Vt+1(Ft(st, at, ξt))]

}
, VT+1(sT+1) = 0. (26)

Minimizing the stage cost ct is equivalent to maximizing the cumulative reward
rt = −ct, consistent with the reinforcement-learning formulation in Section 5.3.
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Here, ξt denotes exogenous stochastic disturbances at stage t, representing ran-
dom events such as demand shocks or machine failures, and the notation and
recursive structure are consistent with the MDP tuple M = (S,A,Pr, R, γ)
introduced in Section 5.3, where the transition Ft corresponds to Pr(s′|s, a)
and the stage cost ct(st, at) plays the role of the reward R(s, a). Thus, the
Bellman recursion in (26) generalizes the standard RL formulation V (s) =

Eπθ [R(s, a)+γV (s′)] to disjunctive feasible regions. Equation (26) is equivalent

to the expectation EPr(s′|s,a)[Vt+1(s
′)] used in RL Bellman updates, highlighting

the correspondence between DynP recursion and RL value iteration.

Algorithmic Formulation. The recursive structure defined by (25) and (26)
can be formalized as a stage-wise algorithmic process. At each decision stage t,
the feasible action set A(st) in (25) represents disjunctive alternatives among
local regimes, while the Bellman recursion in (26) propagates value estimates
backward in time. Algorithm 9 summarizes this procedure, providing a construc-
tive view of dynamic DisjP and its equivalence to RL when value functions and
policies are approximated by neural networks, as defined in Section 5.3.

Algorithm 9 Recursive Dynamic DisjP Procedure

Initialization
(S09) Define time horizon T , initial state s1, stage cost ct(st, at), transition
mapping Ft(st, at, ξt), and disjunctive feasible action set A(st) as in (25).
Initialize the terminal value VT+1(sT+1) = 0.

for t = T, . . . , 1 do
Stage-wise recursion

(S19) For each state st, compute the value function by (26).

Policy extraction
(S29) Record the minimizing action as the optimal stage policy:

π∗
t (st) = argmin

at∈A(st)

{ct(st, at) + E[Vt+1(Ft(st, at, ξt))]}.

end for
Output

(S39) Return the sequence of optimal value functions {Vt}Tt=1 and correspond-
ing policies {π∗

t }Tt=1.

Interpretation and Properties. Each stage t defines a disjunctive subprob-
lem similar in form to (21), parameterized by the current state st. The transition
mapping Ft governs the propagation of states, while A(st) introduces multiple
local regimes or modes of operation. This recursive structure effectively gener-
ates a tree of feasible trajectories, where each branch corresponds to a sequence
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of activated disjunctive alternatives {l1, l2, . . . , lT }. Even when each local sub-
problem is convex, their union yields a globally nonconvex feasible set.

Convexification techniques from DisjP (e.g., lift-and-project or intersection
cuts) can be applied locally at each stage to tighten A(st). Likewise, decompo-
sition methods from DynP (e.g., value-function approximation, policy iteration)
can propagate relaxations temporally. In practical implementations, these ap-
proximations often employ PPO optimization as detailed in Section 5.3, linking
temporal recursion with data-driven policy updates. In this sense, convexifica-
tion in DisjP and decomposition in DynP act as dual processes—one spatial,
the other temporal. This correspondence highlights how DisjP operates as a
spatial decomposition, whereas DynP performs temporal decomposition across
decision stages.

Under bounded rewards and Lipschitz-continuous value functions, the neural
approximation of Vt(st) or πt(st) converges in expectation to a fixed point of
the Bellman operator [62]. This ensures theoretical consistency between the
learned policies and the recursive structure of (26).

Applications and Computational Aspects. This paragraph presents real-
world applications of dynamic disjunctive models in inventory, energy, and
scheduling systems, showing practical optimization relevance. These ideas ap-
pear in Algorithm 9 (S09) and Algorithm 8 (S08).

Integrating disjunctive logic into sequential models enables realistic multi-period
formulations. In inventory control, the state st represents stock levels, and A(st)
encodes contract-dependent procurement rules. In energy management, dis-
junctions capture switching between generator configurations or power-market
regimes. In multi-objective scheduling, they represent alternative sequencing
or resource-assignment constraints across time. Such models yield multistage
mixed-integer disjunctive programs, often solved via branch-and-bound across
the temporal dimension and cutting-plane or relaxation techniques spatially.

Connection to Learning-Based Methods. This paragraph connects dis-
junctive DynP to RL via value-function approximation and stochastic policy
optimization under PPO. It underlies Algorithm 9 (S19, S29) and Algorithm 5
(S35). Dynamic disjunctive programs form a natural bridge to modern RL
and approximate DynP. When the functions ct, Ft, or the disjunctive com-

ponents (glt, h
l
t) are unknown or high-dimensional, neural approximators can

estimate value functions Vt(st) or learn policies at = πt(st). This viewpoint
unifies model-based DynP with data-driven RL, where learned value functions
approximate disjunctive value landscapes or implicit convexifications obtained
through experience. Consequently, RL can be interpreted as a stochastic, data-
driven implementation of dynamic DisjP. Risk-sensitive variants build upon
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the CVaR-based objectives and distributional Bellman operators defined in Sec-
tion 2, extending them to DisjS under uncertainty. See Figure 13 in Appendix
12.3 for a conceptual visualization of the proposed dynamic DisjP framework.

6 Backward Induction (BI)

In this section, we begin by outlining the theoretical foundations of BI as a sys-
tematic framework for solving multi-stage decision problems through recursive
reasoning from the final stage to the initial one. We then illustrate the classical
BI algorithm with an example and formalize its generic computational proce-
dure. Building upon this foundation, the subsequent subsections explore how
recent advances in ML and RL extend the classical BI framework—introducing
neural approximations, forward–backward reasoning, uncertainty modeling, and
imitation-based learning—to enhance its scalability and applicability in com-
plex, uncertain environments.

6.1 Classical BI methods

In this section, we introduce a multi-stage decision problem and describe a
generic BI algorithm to solve such a problem. For more details about various
problems and algorithms, see [7, 35,56,63].

To solve multi-stage decisions, we propose a generic BI algorithm, which works
backwards from the final stage to the initial stage, while computing the optimal
decisions at each stage based on the value of subsequent stages. We consider a
multi-stage decision problem with T stages whose decisions are made sequen-
tially and whose nonlinear objectives, integer decision variables, and constraints
depend on these T states and random variables Θ, in the form of

min
x1,x2,...,xT

E
[∑T

t=1 ft(st, xt,Θt)
]

s.t. st+1 = fs(st, xt,Θt), for all t ∈ [T − 1],

P
(
gt(st, xt,Θt) ≤ 0

)
≥ 1− αt, for all t ∈ [T ],

xt ∈ Xt(st), for all t ∈ [T ],

xti ∈ siZ, for all i ∈ [n].

(27)

Here, t ∈ [T ] denotes the stage index, the initial state s1 is assumed to be
given, E[·] denotes the expectation over the random variables Θt, which rep-
resent exogenous disturbances or uncertainties realized at each stage t. The
stage-wise cost function ft(st, xt,Θt) specifies the immediate cost (or negative
reward) given current state st, decision xt, and random outcome Θt. The tran-
sition function fs(st, xt,Θt) maps the current state, action, and uncertainty
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to the next state st+1. The nonlinear constraint function gt(st, xt,Θt) defines
stage-dependent feasibility requirements, and αt is the allowable probability of
violation for those constraints.

The formulation in (27) is a stochastic multi-stage optimization model expressed
in functional and set-theoretic form rather than as a mixed-integer program.
The integrality constraint xti∈siZ simply encodes discrete decision granularity
and does not alter the logical structure of the feasible sets Xt(st).

The feasible setXt(st) collects all admissible decisions at stage t, possibly includ-
ing continuous, discrete, and integer variables. The notation xti ∈ siZ indicates
that the variable xti must take integer multiples of a specified step size si. To-
gether, this formulation describes a generic stochastic multi-stage optimization
problem underlying classical BI methods. A detailed illustrative example of the
two-stage inventory problem solved via BI is provided in Appendix 12.4.

Algorithm 10 is a generic BI procedure that solves multi-stage problems by re-
cursion. It works backwards from the final stage T to the first stage 1, computing
optimal actions at each step. The stages are:

(S010) Initialization at the final stage. At T = 2, compute

V2(s2) = min
x2∈X2(s2)

1

K

K∑
k=1

f2(s2, x2,Θ
k
2).

In the example, given realized demand Θ ∈ {1, 2}, the decision x2 minimizes
holding/penalty cost.

(S110) Recursive steps. At t = 1, compute

V1(s1) = min
x1∈X1(s1)

1

K

K∑
k=1

f1(s1, x1,Θ
k
1) + V2(s2).

In the example, x1 is chosen anticipating the distribution of Θ1 and the fu-
ture cost V2. Monte Carlo sampling estimates the expectation. K denotes the
number of Monte Carlo samples used to approximate stage expectations.

(S210) Base case. At the initial state s1, the algorithm outputs x∗1 that
minimizes expected ordering cost plus future costs. In the example, if c = 1,
h = 1, p = 5, then BI recommends ordering one unit (x1 = 1) to balance holding
and penalty risks.

The algorithm stops when all t ∈ [T ] stages have been solved. BI ensures that
the decision at each stage accounts for future uncertainty and costs. In general,
the backward recursion governing BI can be summarized as

Vt(st) = min
xt∈Xt(st)

EΘt [ft(st, xt,Θt) + Vt+1(fs(st, xt,Θt))] , t = T−1, . . . , 1,
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with the terminal condition VT (sT ) = minxT∈XT (sT ) EΘT [fT (sT , xT ,ΘT )]. This

recursion defines the theoretical core of the BI algorithm.

Algorithm 10 Two-Stage BI Example (Inventory Problem)

(S010) Solve stage T = 2 for each realized demand Θ ∈ {1, 2} to compute
V2(s2).
(S110) At stage t = 1, evaluate V1(s1) for each feasible x1 using

V1(s1) = f1(s1, x1) + E[V2(s2)].

(S210) Output x∗1 = argminV1(s1).

6.2 ML/RL–enhancements for BI methods

While classical BI provides a systematic framework for solving multi-stage de-
cision problems, recent advances in ML and RL offer promising directions to
enhance its scalability, adaptability, and applicability in complex, uncertain en-
vironments.

First, NNs have been shown to approximate BI reasoning in game-theoretic
contexts. Spiliopoulos [59] demonstrates that NN agents can learn to backward
induce in multi-stage games, capturing both rational and bounded-rational be-
haviors. This suggests that ML can serve as a realistic cognitive model to
approximate BI reasoning where exact computation is infeasible.

Second, the integration of RL with BI has given rise to new algorithms that
combine forward exploration with backward reasoning. Edwards et al. [20]
introduce Forward-Backward RL (FBRL), which leverages imagined backward
trajectories from goal states to propagate sparse rewards, thereby accelerating
learning compared to standard forward-only methods. Similarly, Bai et al. [4]
propose OB2I, which incorporates uncertainty-aware exploration into backward
updates, resulting in improved sample efficiency in deep RL.

Third, hybrid approaches combine BI with supervised or imitation learning to
produce human-like or domain-specific strategies. For example, Tung et al. [66]
integrate BI with NNs to develop a billiard AI that mimics human players’
strategies. Their method learns heuristic-based backward search rules enhanced
with ML predictions, yielding behavior judged more human-like compared to
physics-only simulations.

Beyond strategic games, BI has inspired novel applications in AI systems. Lee
and Kim [34] apply BI-inspired inverse mappings for deep image search, demon-
strating that inductive knowledge in neural embeddings can be leveraged for
conditional retrieval. More broadly, Harris and Dunham [49] argue that valid
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inductive principles, grounded in causality, are necessary to avoid overfitting and
enhance the generalizability of ML methods that complement BI. Meanwhile,
Srivastava et al. [60] highlight the importance of backward compatibility in ML
systems, emphasizing that improvements should not introduce regressions in
earlier stages, a principle conceptually aligned with BI’s recursive consistency.

Finally, theoretical extensions of BI itself have benefited from ML-inspired ra-
tionalizability concepts. Meier and Perea [43] propose a synthesis of forward and
BI, rationalizing behavior under imperfect information in a way that resonates
with RL’s balance of exploration and exploitation.

Connection to the BI Algorithm. The generic BI procedure described
earlier (Algorithm 10) can be directly enhanced by learning-based methods.
At the final stage (S010), NNs can approximate value functions when exact
computation is infeasible [59]. Formally, instead of

VT (sT ) = min
xT∈XT (sT )

EΘT [fT (sT , xT ,ΘT )],

an NN VT (sT ; θ) with parameters θ ∈ Rd is trained to minimize the empirical
risk

min
θ

1

K

K∑
k=1

(
VT (sT ; θ)− fT (sT , xT ,ΘkT )

)2
,

where K is the number of Monte Carlo samples, ΘkT are sampled realizations of
the random variable ΘT , and fT is the terminal-stage cost function.

During recursive steps (S110), RL techniques improve exploration and expecta-
tion estimation. For example, Forward-Backward RL [20] augments the Bellman
recursion:

Qt(st, xt) ← ft(st, xt) + γ Est+1

[
max
xt+1

Qt+1(st+1, xt+1)
]
,

whereQt(st, xt) is the state–action value at stage t, γ ∈ [0, 1) is a discount factor,
and the expectation is taken over next states st+1 induced by the transition fs.
Backward rollouts simulate imagined trajectories from goal states to accelerate
credit assignment. Similarly, OB2I [4] introduces an uncertainty bonus:

Q+
t (st, xt) = Qt(st, xt) + αB(st, xt),

where Q+
t (st, xt) is the optimistic Q-value, α > 0 is a tunable exploration co-

efficient controlling optimism level, and B(st, xt) is the epistemic uncertainty
bonus defined as

B(st, xt) =

√√√√ 1
K

K∑
k=1

(
Qkt (st, xt)− Q̄t(st, xt)

)2
,
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with {Qkt }Kk=1 denoting K bootstrapped Q-value estimates and Q̄t their mean.
This mechanism encourages exploration in poorly visited regions.

At the base case (S210), imitation- and heuristic-based methods guide decision
initialization. Instead of solving

x∗1 = argmin
x1∈X1(s1)

EΘ1
[f1(s1, x1,Θ1) + V2(s2)],

a stochastic policy πϕ(x1|s1) parameterized by ϕ ∈ Rp can be trained via su-
pervised imitation learning:

min
ϕ

E(s1,x∗
1)∼D

[
− log πϕ(x

∗
1|s1)

]
,

where D is a dataset of expert demonstrations (s1, x
∗
1).

Finally, causality-driven induction [49] and backward compatibility checks [60]

can be integrated by constraining updated value functions Ṽt not to regress on
validated states:

Ṽt(st) ≈ Vt(st), ∀st ∈ Spast,

where Spast is the set of previously validated states. Hence, ML and RL augment

the classical backward recursive algorithm with approximation (VT ≈ VT (·; θ)),
reward shaping (via backward rollouts), uncertainty modeling (Q+ with UCB-
style bonuses), and human-like priors (imitation-based initialization).

Overall, ML and RL enrich BI by embedding learning-based mechanisms into its
recursion, making it tractable for high-dimensional, stochastic, and real-world
decision problems.
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Table 3: ML/RL Enhancements to BI Aligned with Algorithmic Steps

BI Step ML/RL Enhancement References

S010: Final stage
NNs approximate value functions
when closed-form solutions are
infeasible

[59]

S110: Recursive
backward updates

RL-based forward–backward
rollouts and uncertainty-aware
bootstrapping improve exploration
and sample efficiency

[20]

S210: Base case
Human-like heuristics and
imitation learning guide early-stage
decisions

[66]

Consistency
across stages

Inductive validity, backward
compatibility, and rationalizability
ensure recursive solutions remain
stable

[43,49,60]

Applications
beyond strategy

BI-inspired mappings enable new
AI functionalities (e.g., search,
retrieval)

[34]

7 Learning-Enhanced Decision Algorithms

Modern decision-making increasingly combines optimization with learning-
based components that adapt to data and uncertainty. While BI and
SubModOpt address structured dynamic and set-based problems, respectively,
a broad range of alternative methods leverage ML and RL to enhance classi-
cal optimization routines. These learning-enhanced decision algorithms
improve scalability, enable online adaptation, and discover heuristics or poli-
cies that approximate optimal decisions without explicit enumeration [40, 53].
In this section, we survey such algorithms, beginning with ML/RL approaches
for planning and scheduling, and then extending to broader combinatorial and
optimization contexts.

7.1 ML/RL for Planning and Scheduling (Non-BI Ap-

proaches)

ML and RL have recently been integrated into classical planning and schedul-
ing algorithms to enhance scalability, generalization, and adaptability. These
methods, unlike BI, do not explicitly rely on recursive DynP formulations, but
instead embed learned predictive or policy models directly into optimization
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frameworks [15, 40]. They combine the efficiency of data-driven inference with
the rigor of optimization modeling.

General Framework. A generic learning-enhanced decision problem can be
represented as the tuple

Plearn = ⟨S, A, f, c, πθ,D⟩,

where S is the state space, A the set of possible actions, f : S × A → S the
transition function, c : S×A→ R the cost or reward, πθ a parameterized policy
with parameters θ ∈ Rp, and D the dataset or instance distribution. The goal
is to learn πθ minimizing the expected cumulative cost:

min
θ

E(s,a)∼D

[ T∑
t=0

c(st, πθ(st))
]
, st+1 = f(st, πθ(st)).

This learning-based formulation generalizes many classical planning and
scheduling models by embedding adaptive, data-driven components [8,61]. Here,
T denotes the planning horizon or number of decision steps.

Learning-Enhanced Decision Algorithm (LEDA). This algorithm pro-
vides a unified structure for combining learned predictive models with opti-
mization solvers. It alternates between three stages: prediction, optimization
refinement, and learning. It first predicts a candidate decision using the cur-
rent learned model in (S111), refines it via exact optimization for feasibility
and quality in (S211), and updates the model based on performance feedback
in (S311). Through this iterative cycle, LEDA learns policies that approximate
optimal mappings from instances to decisions, balancing efficiency and accu-
racy [9,61]. LEDA-style architectures are applied in scheduling, logistics, and
supply chain optimization, enabling adaptive policies that generalize across
instances and reduce reliance on costly exact optimization [40].

Learning-Based Heuristic Scheduling (LBHS). In large-scale scheduling
problems, exact optimization methods (e.g., MILP) are often computationally
expensive. LBHS combines predictive modeling and heuristic dispatching to
rapidly construct near-optimal schedules. Let us describe how its steps work. It
learns dispatching rules that generalize across scheduling instances. It extracts
state features in (S112), prioritizes jobs using a learned policy in (S212), updates
the current schedule in (S312), and improves the policy based on performance
feedback in (S412). This hybrid learning–optimization approach yields near-
optimal schedules in real time and reduces reliance on handcrafted heuristics [15,
61]. LBHS is widely used in manufacturing, logistics, and cloud computing for
dynamic job dispatching and online scheduling under uncertainty [19].
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Algorithm 11 The Learning-Enhanced Decision Algorithm (LEDA)

Initialization (S011) Initialize model parameters θ, dataset D, and opti-

mization problem class {X(ξ), f(x, ξ)}.

for each training iteration or instance ξ ∼ D do

Prediction or policy generation (S111) Compute a candidate solu-

tion xπ = πθ(ξ) using the learned model.

Optimization refinement (S211) Refine xπ using an optimization or-

acle:
x⋆(ξ; θ) = argmin

x∈X(ξ)

f(x, ξ; θ) initialized at xπ.

Learning update (S311) Update parameters θ using gradient-based

feedback:
θ ← θ − η∇θF (x⋆(ξ; θ), ξ),

where F denotes a differentiable loss or feedback function measuring the
performance of the optimized decision and η is the learning rate.

end for
Output Return the trained decision model π⋆θ .

7.2 Neuro-Symbolic Planning and Logical RL

Beyond planning and scheduling, ML and RL have also been applied to general
combinatorial optimization and search. RL for Combinatorial Optimiza-
tion (RLCO) represents one of the most powerful frameworks in this class; e.g.,
see [15, 53]. RLCO models optimization as a sequential decision-making process
where an agent incrementally constructs a solution through learned policies.
The RLCO algorithm learns through repeated interactions with a combinatorial
environment. It constructs a solution step in (S113), computes total reward
based on solution quality in (S213), and updates the policy parameters through
gradient feedback in (S313); see [8, 53]. Over time, the learned policy general-
izes across instances and can generate high-quality solutions instantly during
inference [8, 15]. RLCO has achieved success in solving problems such as the
travelling salesman problem, vehicle routing, knapsack, and bin pack-
ing. These methods demonstrate how RL can discover implicit optimization
strategies without explicit programming, providing fast, scalable alternatives
to traditional metaheuristics. In this framework, P (st, at) is the environment
transition function that maps a current state–action pair to the next state, and
rt is the immediate reward capturing the incremental improvement in objective
value or constraint satisfaction.
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Algorithm 12 The Learning-Based Heuristic Scheduling (LBHS) Algo-
rithm

Initialization (S012) Initialize model parameters θ, job set J , machine set

M , and scheduling horizon T .

for each decision epoch t = 0, 1, . . . , T − 1 do

Feature extraction (S112) Compute job features ϕ(j, t) (e.g., process-

ing time, remaining work, due-date slack).

Job selection (S212) Rank available jobs via scores sj = πθ(ϕ(j, t)) and

assign the top-ranked job to the next machine.

Schedule update (S312) Update machine states and completion status

of assigned jobs.

Learning update (S412) Update θ by minimizing scheduling loss:

L(θ) = ED[Cmax(πθ)− C⋆max],

where Cmax denotes the makespan (maximum job completion time) for
a schedule and C⋆max represents the optimal or best-known makespan ob-
tained by an exact solver or benchmark heuristic. Moreover, the dataset
D may consist of either simulated problem instances or historical decision
data.

end for
Output Return the trained heuristic π⋆θ .
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Algorithm 13 RL for Combinatorial Optimization (RLCO) Algorithm

Initialization (S013) Initialize policy parameters θ and environment rep-

resenting problem instances (e.g., graphs, jobs, or routes).

for each episode or training instance do

Solution construction (S113) Initialize partial solution s0; for t =

0, . . . , T−1, sample action at ∼ πθ(·|st) and update st+1 = P (st, at), where
P denotes the environment transition function that maps state-action pairs
to successor states.

Reward evaluation (S213) Compute cumulative reward R =
∑T−1
t=0 rt,

where rt reflects improvement in cost or constraint satisfaction.

Policy gradient update (S313) Update θ using the policy gradient

rule:
θ ← θ + η Eπθ

[
R∇θ log πθ(at|st)

]
.

end for
Output Return trained policy π⋆θ for combinatorial problem generation.
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7.3 Comparative Evaluation and Benchmark Insights

Learning-enhanced decision algorithms exhibit complementary strengths com-
pared to classical optimization and planning frameworks. While methods such
as BI and SubModOpt offer theoretical guarantees and interpretability, they
often face scalability limits when applied to high-dimensional, data-rich, or
uncertain environments. Conversely, ML and RL–based approaches, includ-
ing LEDA, LBHS, and RLCO, provide empirical efficiency, robust generalization
across instances, and the ability to learn problem-specific heuristics directly
from experience. This subsection summarizes comparative trends observed in
benchmark studies and theoretical evaluations across planning, scheduling, and
combinatorial optimization domains.

Scalability and Adaptation. Classical methods rely on explicit enumera-
tion or recursion, which can become computationally prohibitive in large-scale
systems. Learning-based algorithms amortize optimization effort by reusing
trained models to generate decisions for new instances instantly. For example,
LBHS achieves near–optimal makespan performance on large job–shop schedul-
ing benchmarks while reducing computation time by an order of magnitude
compared to exact MILP solvers [61]. Similarly, LEDA and RLCO demonstrate
strong scalability through neural policy inference, allowing decision quality to
remain consistent as instance size or dimensionality grows.

Optimality and Theoretical Guarantees. BI and SubModOpt retain prov-
able guarantees such as Bellman optimality or diminishing–returns optimality
bounds [35, 63]. In contrast, learning-enhanced methods generally trade ana-
lytical guarantees for empirical optimality. Recent results show, however, that
hybrid formulations—such as LEDA with optimization refinement loops—recover
partial optimality certificates by constraining learned solutions within feasible
sets X(ξ) [40]. These hybrid methods thus combine the rigor of optimization
with the adaptability of learning.

Interpretability and Logical Structure. Referee feedback emphasized the
importance of preserving logical reasoning within learned models. All algorithms
presented here maintain interpretability by defining feasible actions or solutions
as logical sets, rather than as relaxed numerical variables. For instance, RLCO
explores discrete symbolic search spaces (e.g., routes, assignments) and can be
viewed as learning a probabilistic policy over logical action sets [15]. Similarly,
LBHS ensures that precedence and disjunctive constraints remain logically valid
even when the policy is learned.

67



Integration with Classical Frameworks. Learning-enhanced algorithms
integrate seamlessly with the earlier frameworks in this manuscript:

� With BI, learned value or policy functions provide approximations of re-
cursive reasoning, supporting partially observed or high-dimensional set-
tings.

� With DisjP, neural policies can orient disjunctive edges and update fea-
sibility graphs online, improving adaptability to dynamic scheduling.

� With SubModOpt, learned gain functions approximate set-wise marginal
utilities, enabling fast greedy approximations guided by data.

This unified perspective shows that learning augments rather than replaces clas-
sical logic-based optimization.

Empirical Benchmarks. Empirical benchmarks consistently show that hy-
brid learning–optimization methods achieve near-optimality at significantly
lower computational cost. For example, LEDA achieves an average optimality
gap below 3% on stochastic knapsack and assignment problems [40], while RLCO
achieves sub-second inference on combinatorial graph benchmarks [53]. Mean-
while, LBHS achieves comparable quality to handcrafted dispatching heuristics
but adapts dynamically to non-stationary job distributions [19]. These trends
suggest that the synergy between learning and optimization yields state-of-the-
art performance in dynamic and uncertain environments.

These trends suggest that the synergy between learning and optimization yields
state-of-the-art performance in dynamic and uncertain environments. A con-
cise summary of the representative algorithms, their principles, strengths, and
limitations is provided in Table 4.
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Table 4: Comparison of representative decision-making techniques, highlighting
their core principles, strengths, limitations, and references. Only, here, SMO
stands for Submodular Optimization and Tech. for technique.

Tech. Core Principle Strengths/Limitations/Reference

BI
Backward recursion
over dynamic stages

Strengths: Optimality guarantee,
interpretability
Limitations: Limited scalability,
high recursion cost
Reference: [7, 56]

LEDA
Learning–optimization
refinement loop

Strengths: Fast inference, hybrid
guarantees
Limitations: Requires labeled or
simulated data
Reference: [9, 61]

LBHS
Learned dispatching;
heuristic scheduling

Strengths: Real-time adaptability,
reduced solver cost
Limitations: Limited theoretical
guarantees
Reference: [19]

RLCO
Sequential policy-based
construction of
combinatorial solutions

Strengths: Scalable, domain-agnostic,
fully data-driven
Limitations: Reward design sensitivity

Reference: [15, 53]

SMO
Greedy set selection
under diminishing
returns

Strengths: Theoretical bounds,
compact set structure
Limitations: Requires explicit
submodularity, poor scaling to
high-dimmensional
Reference: [35]
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8 Submodular Optimization (SubModOpt)

In this section, we present the foundations of SubModOpt and its applications
in discrete and mixed-integer optimization problems. We begin by reviewing
the classical methods for both submodular minimization and maximization,
highlighting the key structural properties of submodular functions—such as the
diminishing returns property and their connections to lattice theory—that en-
able efficient or approximate algorithms. Several representative algorithms are
introduced, including the Lovász extension (LE), cutting plane (CP), and
greedy descent (GD) methods for submodular minimization, as well as the
greedy (Gr), randomized local search (RLS), and multilinear exten-
sion (ME) methods for submodular maximization. These classical algorithms
establish the mathematical and computational basis for SubModOpt in combi-
natorial and continuous settings. Building on this, we later discuss how ML and
RL techniques can enhance SubModOpt—through learned relaxations, adaptive
policies, and surrogate models—enabling scalable, data-driven, and feedback-
based decision-making in complex optimization environments.

8.1 Classical SubModOpt Methods

Let V be a finite ground set, and let 2V denote its power set (the set of all

subsets of V). A set function f : 2V → R is said to be submodular when it
exhibits a diminishing returns behavior: for any two subsets A ⊆ B ⊆ V and
for any element x /∈ B,

f(A ∪ {x})− f(A) ≥ f(B ∪ {x})− f(B).

Equivalently, f satisfies the lattice inequality

f(A) + f(B) ≥ f(A ∪B) + f(A ∩B), (28)

for all A,B ⊆ V. When f additionally preserves set inclusion in value,

A ⊆ B ⇒ f(A) ≤ f(B),

we call f a monotone submodular function. If such a condition does not hold,
f is called non-monotone. Optimization with submodular functions is either
submodular minimization or submodular maximization. In submodular
minimization, the goal is to find a solution of the problem

min
S⊆V

f(S) (29)

in polynomial time by combinatorial algorithms. But, the goal of submodular
maximization, which is generally NP-hard, is to find the solution of the problem

max
S⊆V

f(S), (30)
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which is harder than finding the solution of the submodular minimization prob-
lem; hence, approximation algorithms are commonly used to solve submodular
maximization problems.

For a lattice (L,≤), the join of x, y ∈ L is x ∨ y := sup{x, y}. In addition, the
meet x∧y of x and y is defined as x∧y := inf{x, y}, i.e., the greatest element in
L that is less than or equal to both x and y. A lattice is a partially ordered set
(L,≤) whose every two elements x, y ∈ L have a unique least upper bound
(join) and a unique greatest lower bound (meet). Submodular functions can
also be studied using lattice-theoretic approaches. They can be extended to
functions f : L → R, which satisfies

f(x) + f(y) ≥ f(x ∨ y) + f(x ∧ y).

In nonlinear programming (NLP), submodular functions can be used in mixed-
integer formulations in the presence of discrete and continuous variables. To
generate relaxation techniques for optimization, the Lovász extension [37] can
be used to extend submodular functions to continuous domains. To preserve
submodular (diminishing returns) by optimization algorithms, submodularity
constraints can be encoded linearly. Lattices are tools for Submodular NLP
for defining feasible regions and generalizing duality approaches. Submodular
minimization is polynomially solvable; Schrijver [58] gave a strongly polynomial
algorithm.

8.1.1 Integer Submodular Minimization Algorithm

In this section, we discuss three integer submodular minimization algorithms,
Lovász extension (LE), cutting plane (CP), and greedy descent (GD), to find the
solutions of the integer submodular minimization problems. For LE methods,
see [21,37], for CP methods, see [41], and for GD methods, see [12,13].

The LE algorithm (=Algorithm 14): The LE method reformulates an inte-
ger submodular minimization problem as a continuous convex relaxation that
can be optimized efficiently. It executes three main stages (S014)–(S214) until an
optimum point is found. In the initialization step (S014), an initial feasible solu-

tion x =
(
x1, x2, . . . , xn

)
∈ F := [0, 1]V is selected, where V =

(
v1, v2, . . . , vn

)
,

and its objective value f(x) is evaluated. Then, xbest = x and fbest = f(x) are
initialized. During the relaxation stage (S114), the current discrete problem is
replaced by the continuous relaxation

min
x∈P (F)

fLE(x), (31)

where P (F) is the convex hull of incidence vectors of feasible subsets (rather

than the simple cube [0, 1]V), and fLE : [0, 1]V→R denotes the Lovász exten-
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sion, defined as

fLE(x) =

n∑
i=1

xπ(i)
(
f(Sπ(i))− f(Sπ(i−1))

)
.

Here, π orders the components of x in descending order (xπ(1) ≥ · · · ≥ xπ(n)),

and Sπ(i) = {π(1), . . . , π(i)}. If f is monotone, then fLE is convex, which makes

the relaxed problem (31) amenable to efficient continuous optimization methods.
Finally, the updating step (S214) compares the new objective value fLE(xrelax)
with the best value found so far and updates (xbest, fbest) accordingly. Then, the
integer submodular minimization problem is solved, whose solution is denoted
by xrelax and its objective function value by fLE(xrelax). Then, the components
of such a solution are rounded to integers. In the updating best point step
(S214), if fLE(xrelax) < fbest, then xbest := xrelax and fbest := fLE(xrelax) are
updated.

Algorithm 14 LE Framework

Initialization: (S014) Select an initial feasible solution xbest := x =(
x1, x2, . . . , xn

)
∈ [0, 1]V ; set the initial objective value fbest := fLE(x).

repeat

Solving relaxation problem: (S114) Find the solution

(xrelax, fLE(xrelax)) of the continuous relaxation of the integer submodular
minimization problem (31).

Updating the best point: (S214) If fLE(xrelax) < fbest, set xbest :=

xrelax and fbest := fLE(xrelax).

until stopping criterion is met.

Example solved by Algorithm 14: Submodular Minimization via
Lovász Extension (LE). Consider the ground set V = {1, 2, 3} and let
E = {(1, 2), (2, 3)} be the edge set of a simple chain graph. Define the cut
function

f(S) = #{(i, j) ∈ E | i ∈ S, j /∈ S}, S ⊆ V.

It is known that cut functions are submodular. The goal is to solve the sub-
modular minimization problem (29). Clearly, if S = ∅ or S = V, then no edges
cross the cut, so f(S) = 0. Thus, the optimal value is 0.

Lovász extension. We extend f to the continuous domain x = (x1, x2, x3) ∈
[0, 1]3. By minimizing the convex Lovász extension fLE(x) over the cube [0, 1]

3,
the optimal solutions are x∗ = (0, 0, 0) or x∗ = (1, 1, 1). After rounding, this
gives S = ∅ or S = V, both achieving f(S) = 0. Hence, LE correctly recovers
the optimal solution to this minimization problem.
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The CP algorithm (=Algorithm 15): The goal of CP is to minimize a sub-
modular function over a feasible region defined by constraints. CP performs
three steps (S015)-(S215) until an optimum point is found. In the initialization
step (S015), an ellipsoid

E(0) :=
{
S ∈ F | (S − S0)TH−1

0 (S − S0) ≤ 1
}

(32)

is formed, including the feasible region F := [0, 1]V (continuous relaxation of
the feasible region), where S0 ⊆ V is the center of the initial ellipsoid, which is
the initial feasible point, and H0 is a positive definite matrix defining its shape
(the task of the ellipsoid is to exclude infeasible regions by cutting through the
hyperplane). For k = 0, 1, 2, . . ., CP computes the submodular function f(Sk)
(Sbest = S0 and fbest = f(S0) are chosen only for k = 0) in (S115), generates
the cutting plane

f(S) ≥ f(Sk) +∇f(Sk)T (S − Sk) (33)

at Sk and adds it to the constraints in (S215), where ∇f(Sk) is the subgradient
of the Lovász extension at Sk, finds the solution Sk+1 of the relaxed problem

min
S∈E(k)

f(S) (34)

in (S315), updates Hk+1 by a quasi-Newton formula and the (k + 1)th ellipsoid

E(k+1) := {S ∈ F | (S − Sk+1)
TH−1

k+1(S − Sk+1) ≤ 1} (35)

and sets Sbest = Sk and fbest = f(Sk) if f(Sk) < fbest in (S415). This algorithm

is terminated if the volume of Ek+1 becomes sufficiently small or a feasible point
satisfying all constraints is found.

Example solved by Algorithm 15. Consider again the ground set V =
{1, 2, 3} with cut function

f(S) = #{(i, j) ∈ E | i ∈ S, j /∈ S}, E = {(1, 2), (2, 3)}.

We want to minimize the submodular problem (29) by Algorithm 15. In (S015),

an initial ellipsoid E(0) is formed, covering the feasible region [0, 1]3. Choose
center S0 = (0.5, 0.5, 0.5) and H0 = I. In (S115), f(S0) is evaluated. At S0, f
is approximated by a convex relaxation and f(S0) = 1.5 is supposed. In (S215),
linear inequality

f(S) ≥ f(S0) +∇f(S0)T (S − S0).
is constructed. In (S315), the relaxed problems are Minimized subject to el-

lipsoid and cuts, yielding S1 = (0, 0, 0). In (S415), the new ellipsoid E(1) is
centered at S1, shrunk according to violated cut. At S1 = (0, 0, 0), f(S1) = 0 is
found, which is optimal.

The GD algorithm (=Algorithm 16): This algorithm is a generic GD al-
gorithm with steps (S016)-(S416). In the initialization step (S016), the full
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Algorithm 15 CP Framework

Initialization: (S015) Given S0 ∈ [0, 1]V , form an initial ellipsoid E(0).

for k = 0, 1, 2, . . . do

Computation of submodular function: (S115) Compute the sub-

modular function f(Sk). If k = 0, set Sbest := S0 and fbest := f(S0).

Adding cutting plane: (S215) Form the cutting plane like (33) and

add it to the constraints.

Solving relaxed problem: (S315) Find the solution Sk+1 of the re-

laxed problem (34).

Updating parameters: (S415) update Hk+1 (in practice, quasi-

Newton updates may be used, although in the classical ellipsoid method
Hk+1 is updated analytically) and compute E(k+1) by (35). If f(Sk+1) <
fbest, set Sbest := Sk+1 and fbest := f(Sk+1).

end for

set S0 := V or any other feasible initial solution is chosen as a binary vec-
tor xi ∈ {0, 1}n with xi = 1 if i ∈ S0 and xi = 0 otherwise. Then, x0 = x
and Sbest = S0 are chosen, and fbest = f(S0) is computed. In the computing
gradient step (S116), the discrete gradient is computed by either

∇f(xk)i := f(Sk ∪ {i})− f(Sk) (36)

for additions or
∇f(xk)i := f(Sk \ {i})− f(Sk) (37)

for removals. In the computing direction step (S216), the direction

dk ∈ argmin
d∈D

∇f(xk)T d (38)

is computed to achieve the largest reduction of f . Here, D ⊆ {−1, 0, 1}n is a
given feasible direction set. In the evaluation point step (S316), the new binary
vector xk+1 := xk + dk, its corresponding set Sk+1, and its function value
f(Sk+1) are computed. The last step (S416) updates the best binary vector or
its corresponding feasible set if a reduction of f at the new binary vector is
found.

Example solved by Algorithm 16. We consider the ground set V = {1, 2, 3}
with the cut function

f(S) = #{(i, j) ∈ E | i ∈ S, j /∈ S}, E = {(1, 2), (2, 3)}.
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Algorithm 16 GD Framework

Initialization: (S016) Given the feasible direction set D ⊆ {−1, 0, 1}n

(which is the set of feasible search directions representing add/remove op-
erations on elements of V), choose the full set S0 ⊆ V as a binary vector
xi ∈ {0, 1}n with xi = 1 if i ∈ S0 and xi = 0 otherwise. Set x0 = x,
Sbest = S0, and compute fbest = f(S0).
repeat

Computing discrete gradient: (S116) Compute the discrete gradient

∇f(xk) by either (36) or (37).

Computing direction: (S216) Choose dk ∈ D by (38).

Evaluating the new point: (S316) Compute xk+1, Sk+1, f(Sk+1).

Updating the best point: (S416) If f(Sk+1) < fbest, set Sbest := Sk+1

and fbest := f(Sk+1).

until stopping criterion is met.

We want to minimize f(S) over subsets S ⊆ V by Algorithm 16. In (S016, an
initial set S0 = {1, 2, 3} is chosen. Then, f(S0) = 0 (no edges cross the cut) is
computed. In (S116), for i ∈ S0, marginal change is computed if removed as

∇f(S0)i = f(S0 \ {i})− f(S0);

e.g., removing node 2: f({1, 3}) = 2 (both edges cut). So ∇f(S0)2 = 2− 0 = 2.
In (S216), since removal increases the objective, no descent direction is found.
Thus, S0 is already optimal. The GD method terminates with S0 = V and
f(S0) = 0. This matches the true minimum.

8.1.2 Integer Submodular Maximization Algorithm

In this section, we discuss three algorithms, greedy (Gr), randomized local
search (RLS), and multilinear extension (ME) to find the solutions of inte-
ger submodular maximization problems. For Gr methods, see [13, 46], for RLS
methods, see [22,23,27], and for ME methods, see [16].

The Gr algorithm (=Algorithm 17): Given the ground set V = [n], the

submodular function f : 2V → R+, and the cardinality constraint k, the goal
is to find a subset S∗ ⊆ V such that |S∗| ≤ k approximately maximizes the
function f(S). Algorithm 17 is a generic greedy algorithm. It has three steps
(S017)-(S217). In the initialization step (S017), an initial subset Sbest = S0 ⊆ V is
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chosen, and its function value fbest := f(S0) is computed. Then, Gr alternately
performs two other steps (S117) and (S217) until a stopping criterion is met.
The greedy algorithm Gr produces a set St that satisfies

f(St) ≥ (1− 1/e) f(S⋆),

implying that the value attained by Gr is guaranteed to reach at least a (1−1/e)
fraction of the optimal objective f(S⋆). This guarantee holds for monotone
submodular functions under a cardinality constraint k. In the finding maximum
gain step (S117), the marginal gain

∆f(x,St) := f(St ∪ {x})− f(St)

is computed to add each element x ∈ V \ St to the current set St. Then, the
solution (largest marginal gain) xt ∈ V \ St of the optimization problem

max
x∈V\St

∆f(x,St) (39)

is obtained. In the updating information step (S217), St+1 := St ∪ {xt} is
updated, and the best point and its function value are updated if an increment
in f at xt is found. This algorithm is terminated if ∆f(x,St) ≤ ϵ for all
x ∈ V \ St and for a given threshold 0 < ϵ < 1, or a maximum number of
iterations is reached.

Algorithm 17 Gr Framework

Initialization: (S017) Initialize Sbest := S0 ⊆ V, compute fbest := f(S0).

repeat

Finding maximum gain: (S117) Find the largest marginal gain by

solving the optimization problem (39).

Updating information: (S217) Update St+1 := St∪{xt} and compute

f(St+1) If f(St+1) > fbest, set Sbest := St+1 and fbest := f(St+1).

until stopping criterion is met.

Example solved by Algorithm 17. Let V = {a, b, c, d} represent four fea-
tures, and define a coverage function

f(S) =

∣∣∣∣∣ ⋃
i∈S

Ui

∣∣∣∣∣, S ⊆ V,

where
Ua = {1, 2}, Ub = {2, 3}, Uc = {3, 4}, Ud = {1, 4}.
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This is a monotone submodular function (a classic coverage problem). We want
to solve the submodular maximization problem

max
S⊆V,|S|≤2

f(S)

by Algorithm 17. In (S017), the algorithm starts with S = ∅, f(S) = 0. In
(S117), the marginal gains f({a}) = 2, f({b}) = 2, f({c}) = 2, f({d}) = 2 are
obtained. The algorithm chooses a (ties possible). In (S217), with S = {a}, the
algorithm computes the gains

∆(b|a) = f({a, b})−f({a}) = 3−2 = 1, ∆(c|a) = f({a, c})−f({a}) = 4−2 = 2,

∆(d|a) = f({a, d})− f({a}) = 3− 2 = 1.

The algorithm chooses c (ties possible). Greedy yields S = {a, c} with f(S) = 4.
The optimal set is S∗ = {a, c} (or {b, d}), with f(S∗) = 4. Thus, greedy achieves
the (1− 1/e) approximation guarantee:

f(S) = 4 ≥ (1− 1/e) · f(S∗) ≈ 0.63 · 4.

The RLS algorithm (=Algorithm 18): This algorithm is a generic RLS
algorithm. It has five steps (S018)-(S418). The goal of RLS is to iteratively
refine a solution by performing local searches using randomness in the selection
of elements to add or remove from the current solution. In the initialization
step (S018), S is chosen randomly as k elements from V and its function value
f(S) is computed. Here k is the number of cardinality constraints. Moreover,
Sbest := S and fbest := f(S) are initialized. Then, RLS alternately performs
steps (S118)-(S418). In (S118), an element x ∈ S is selected randomly and
remove from S. In (S218), an element y ∈ V \S is randomly selected and added

to S, i.e., S ′ := (S \ {x}) ∪ {y} is generated. In (S318), the objective function

value f(S ′) is computed. In (S418), if f(S ′) > fbest holds, then Sbest := S ′ and
fbest := f(S ′) are updated. The algorithm can be terminated if the maximum
number of iterations is reached.

Example solved by Algorithm 18. Let V = {a, b, c, d} and define the cov-
erage function

f(S) =

∣∣∣∣∣ ⋃
i∈S

Ui

∣∣∣∣∣
with

Ua = {1, 2}, Ub = {2, 3}, Uc = {3, 4}, Ud = {1, 4}.

By applying this algorithm, we want to solve

max
S⊆V,|S|≤2

f(S).
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Algorithm 18 RLS Framework

Initialization: (S018) Choose randomly S as k elements from V and com-

pute f(S). Then, set Sbest := S and fbest := f(S).
repeat

Updating the set S: (S118) Update randomly S := S \ {x}.

Updating the set S ′: (S218) Update randomly S ′ := S ∪ {y}.

Computing f(S ′): (S318) Compute the function value f(S ′).

Updating information: (S418) If f(S ′) > fbest, then set Sbest = S ′

and fbest = f(S ′).

until stopping criterion is met.

In (S018), the algorithm chooses random S0 = {a, d} and then f(S0) = |Ua ∪
Ud| = |{1, 2, 4}| = 3. In (S118), the algorithm removes one element at random:

S′ = {a} with f(S′) = 2. In (S218), the algorithm adds a random element from

V \ {a}. Suppose we add c, then S′′ = {a, c} with f(S′′) = |{1, 2} ∪ {3, 4}| = 4.

In (S318), since f(S
′′) = 4 > f(S0) = 3, update best set to Sbest = {a, c}. RLS

can continue iteratively, but here we already hit the optimal f(S) = 4.

The ME algorithm (=Algorithm 19): The goal of ME is to maximize f(S)
subject to constraints, such as |S| ≤ k, where S ⊆ V = [n]. The continuous

multilinear extension f̂ : [0, 1]n → R of the submodular function f is defined by

f̂(x) =
∑
S⊆V

f(S)
∏
i∈S

xi
∏
i/∈S

(1− xi).

Here x = (x1, x2, . . . , xn) ∈ [0, 1]n is a vector of continuous variables whose com-
ponents xi correspond to the fractional membership of an element i in the set S
for i ∈ [n]. Algorithm 19 is a generic ME algorithm. It performs the initialization
step by choosing a subset S of V and computing its function value f(S). Then,
it alternately performs steps (S119)-(S319) until an optimum point is found or
a maximum number of iterations is reached. In the relaxation problem step
(S119), the solution x∗ := (x∗1, x

∗
2, . . . , x

∗
n) of the relaxation problem

max
x∈[0,1]n, ∥x∥1≤k

f̂(x) (40)

can be found by any standard continuous optimization methods, in which the

relaxed version f̂ of the submodular function f is maximized, subject to ad-
ditional constraints such as cardinality or matroid constraints. After solving
such a problem, the fractional solution x∗ must be converted into a discrete
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solution S ⊆ V. This can be done by the thresholding technique or the ran-
domized rounding technique in the rounding step (S219). In the thresholding
technique, for each i ∈ [n], xi = 1 is chosen if x∗i ≥ 0.5 and xi = 0 otherwise.

In the randomized rounding technique, for each i ∈ [n], xi = 1 is chosen with
probability x∗i , while xi = 0 is chosen with probability 1 − x∗i . This results in

the rounded solution S = {i | xi = 1} whose objective function f(S) must be
computed. In the updating information step (S319), the best-rounded set Sbest
and its function value fbest are updated if an increment in f at S ′ is found.

Algorithm 19 ME Framework

Initialization: (S019) Choose randomly S as k elements from V and com-

pute f(S). Then, set Sbest := S and fbest := f(S).
repeat

Solving relaxation problem: (S119) Find the solution x∗ of the re-

laxation problem (40).

Rounding the real solution: (S219) Round x
∗ to integer x by either

thresholding or randomized rounding, resulting in the new rounded solution
set S. Then, compute f(S).

Updating information: (S319) If f(S) > fbest, then set Sbest = S and

fbest = f(S).

until stopping criterion is met.

Example solved by Algorithm 19. Consider the ground set V = {a, b, c, d}
with coverage function

f(S) =

∣∣∣∣∣ ⋃
i∈S

Ui

∣∣∣∣∣,
where

Ua = {1, 2}, Ub = {2, 3}, Uc = {3, 4}, Ud = {1, 4}.
By applying this algorithm, we want to maximize f(S) subject to |S| ≤ 2.
In (S019), the algorithm relaxes to continuous variables x = (xa, xb, xc, xd) ∈
[0, 1]4. In (S119), the algorithm defines

f̂(x) =
∑
S⊆V

f(S)
∏
i∈S

xi
∏
i/∈S

(1− xi).

In (S219), using continuous optimization, an approximate maximizer is x∗ =
(1, 0, 1, 0). That is, fully pick a and c, ignore b and d. In (S319), the algorithm
chooses {a, c}. Randomized rounding would also select a with prob 1, c with
prob 1. S = {a, c} with

f({a, c}) = |{1, 2} ∪ {3, 4}| = 4,
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which is the global optimum point.

8.2 ML/RL-Enhanced for Classical SubModOpt Methods

In this section, we extend the classical integer submodular algorithms by in-
corporating ML and RL ideas discussed in recent works. The goal is to replace
purely combinatorial search by learned or adaptive policies, surrogate functions,
and data-driven relaxations.

Lovász Extension with Learning (LE–ML). In the classical LE algorithm,
step (S014) initializes with a feasible solution S0 ⊆ V and step (S114) solves a
continuous relaxation

min
x∈[0,1]n

f̂(x),

where f̂ is the Lovász extension of the submodular function f . ML approaches
such as deep submodular functions [10] and learning frameworks for submodular
functions [3,6] can improve step (S014) by providing learned surrogate objectives

f̂θ trained from data, and step (S114) by replacing exact evaluations with

min
x∈[0,1]n

f̂θ(x),

thus reducing oracle queries and adapting relaxations to domain-specific struc-
ture.

Cutting Plane with Learning (CP–ML). In the CP algorithm, step (S115)
computes subgradients g(S) ∈ ∂f(S) and step (S215) adds cutting planes of the
form

w⊤x ≤ f(S) + g(S)⊤(x− χS),

where χS is the indicator vector of S. With ML, subgradient prediction models
[30, 65] can be integrated into step (S115) by replacing g(S) with a learned
predictor ĝθ(S), yielding

w⊤x ≤ f(S) + ĝθ(S)
⊤(x− χS),

thereby accelerating ellipsoid shrinkage and reducing the number of oracle calls.

Greedy Descent with RL (GD–RL). In GD, step (S116) computes discrete
gradients

∆(e | S) = f(S ∪ {e})− f(S), e ∈ V \ S,
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where f : 2V → R is a submodular objective defined on ground set V , S ⊆ V
is the current solution, and ∆(e | S) is the marginal gain of adding element e.
Step (S216) classically chooses a descent direction by adding or removing the
element with the steepest decrease in f .

With RL, step (S216) is replaced by a policy πθ(a | S) that selects an action
a ∈ A, where A = {add(e), remove(e) : e ∈ V }, based on the current state S.
The reward is defined as

r(S) = −f(S),

so that minimizing f(S) corresponds to maximizing cumulative reward. The

policy parameters θ ∈ Rd are updated using policy-gradient methods:

θ ← θ + η∇θEa∼πθ(·|S)[r(S
′)],

where η > 0 is the learning rate (controlling the magnitude of parameter up-

dates), and S′ denotes the new solution obtained after applying action a to state
S. This aligns with submodular RL frameworks [51], where the policy improves
adaptively through feedback.

Greedy Maximization with ML (Gr–ML). In the classical Gr algorithm,
step (S117) selects the element

et = argmax
e∈V \St

∆(e | St), ∆(e | St) = f(St ∪ {e})− f(St),

where f : 2V → R is a monotone submodular objective defined on ground set
V , St ⊆ V is the solution set at iteration t, and ∆(e | St) is the marginal gain
of adding e.

ML improves step (S117) by introducing a contextual policy πθ(e | xt) that

predicts the next element et given instance-specific features xt ∈ Rd, with θ ∈ Rp
denoting the learned parameters of the policy. Instead of explicitly evaluating
∆(e | St) for all e ∈ V \ St, the algorithm selects

et ∼ πθ(· | xt),

thus reducing oracle queries and enabling generalization to unseen contexts and
tasks [54,65].

Randomized Local Search with RL (RLS–RL). In RLS, step (S018) ini-
tializes with a solution S0 ⊆ V , step (S118) randomly removes an element
e ∈ St from the current solution St, and step (S218) randomly adds an ele-

ment e′ ∈ V \ St. Formally, the update rule is

St+1 = (St \ {e}) ∪ {e′},
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where f : 2V → R is the submodular objective and V is the ground set.

RL improves steps (S118)–(S218) by replacing uniform random swaps with a

policy πθ(e, e
′ | St) that biases removals and additions toward promising candi-

dates, maximizing

max
θ

E(e,e′)∼πθ(·|St)

[
f
(
(St \ {e}) ∪ {e′}

)]
,

where θ ∈ Rp are the policy parameters. Separately, meta-learning methods
[1] can enhance the initialization (S018) by learning a distribution qϕ(S0) over
starting solutions parameterized by ϕ, so that the initial set S0 ∼ qϕ is already

close to a high-quality solution. Here, qϕ(S0) is a parameterized distribution
over initial solutions, with ϕ denoting its learnable parameters.

Multilinear Extension with Learning (ME–ML). In ME, step (S119) solves
the multilinear relaxation

max
x∈[0,1]n, ∥x∥1≤k

F (x),

where F : [0, 1]n → R is the multilinear extension of a monotone submodular

function f : 2V → R, x ∈ [0, 1]n is a fractional solution, and k is the cardinality
constraint. Step (S219) then rounds x to an integral solution S ⊆ V using
randomized rounding. ML can improve step (S119) by introducing a surrogate
Fθ(x), parameterized by θ, trained using sampled evaluations of F (x) to reduce
the computational burden of gradient estimation. Likewise, step (S219) may use
a learned rounding policy πϕ(S | x), parameterized by ϕ, which infers promising
discrete sets S from the fractional representation x. In addition, RL–based
adaptive SubModOpt [28, 32] updates its policy parameters according to

θ ← θ + η∇θ ES∼πϕ(·|x)[f(S)],

where η > 0 is the learning rate. This enhances both steps (S119) and (S219),
yielding scalable RL-style optimization with theoretical guarantees.

Table 5 summarizes how classical submodular algorithms can be enhanced with
ML and RL. Each row lists the algorithm, its key classical steps, and the corre-
sponding data-driven improvements. ML components provide surrogate relax-
ations, predictive models, and contextual policies that reduce oracle calls and
generalize to new problem instances. RL components introduce adaptive poli-
cies that bias search or descent toward promising regions, enabling scalable and
feedback-driven optimization while preserving theoretical guarantees.
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Alg. Classical Step(s) ML/RL Enhancement Refs.

LE–ML

(S014):
initialization;
(S114):
convex relaxation

Surrogate objectives and
learned relaxations reduce
oracle calls

[3,6,10]

CP–ML

(S115): compute
subgradients;
(S215):
add planes

Predictive models estimate
informative subgradients

[30,65]

GD–RL

(S116):
discrete gradients;
(S216):
descent direction

RL policies replace
descent rules with
reward r(S) = −f(S)

[51]

Gr–ML
(S117): select max
marginal element

Contextual policies predict
best element, generalize
to new instances

[54,65]

RLS–RL
(S118)–(S218):
random remove
or add

RL biases swaps
meta-learning improves
initialization

[1]

ME–ML
(S119): relaxation;
(S219): rounding

Surrogate relaxations
and learned rounding;
policy gradients
improve adaptivity

[10,30],
[28]

Table 5: Enhancements of classical submodular algorithms with ML/RL com-
ponents.

9 Dynamic and Temporal Decision Optimiza-

tion

Decision-making in real-world systems often unfolds over time, involving se-
quences of interdependent actions constrained by both logical structure and
temporal dynamics. Classical optimization models, while powerful in static set-
tings, struggle to represent evolving system states, uncertainty, and resource
interactions that change across stages. Dynamic and temporal decision
optimization extends these foundations by embedding time, causality, and
adaptability into the optimization process. It integrates the logic of disjunctive
constraints, which govern mutually exclusive temporal events, with learning-
based methods capable of updating policies from experience and observation.
This synthesis enables a unified treatment of scheduling, planning, and resource
allocation where actions, states, and uncertainties evolve continuously. The
following subsections develop this framework—beginning with the classical dis-
junctive representation of scheduling problems and proceeding toward dynamic,
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learning-enhanced, and risk-sensitive formulations.

9.1 Background on Disjunctive Graphs and Dynamic

Scheduling

DisjP provides a mathematical framework for representing scheduling and se-
quencing problems in which two operations competing for the same resource can-
not overlap in time. Introduced by Balas [5], a disjunctive graph G = (V,C∪D)
encodes a set of operations V , conjunctive arcs C representing precedence con-
straints, and disjunctive arcs D representing resource conflicts that must be
ordered one way or the other.

Classical Formulation. Each operation i ∈ V has a start time xi ∈ R+ and
processing duration pi > 0. For any two operations (i, j) requiring the same
machine, exactly one of the following disjunctions must hold:

xi + pi ≤ xj or xj + pj ≤ xi,

ensuring that no two jobs overlap on a shared resource. Precedence relations
(i, j) ∈ C impose additional constraints xi + pi ≤ xj . The scheduling objective
is often to minimize the makespan

Cmax = max
i∈V

(xi + pi),

subject to all conjunctive and disjunctive constraints.

This background establishes the classical and dynamic foundations of DisjS
on which subsequent sections build, including dynamic GNN–RL integration,
risk-sensitive RL, and differentiable neural logic for disjunctive reasoning.

Relation to Job-Shop Scheduling. As shown by Balas [5] and further de-
tailed by Pinedo [50], the job-shop scheduling problem can be expressed as the
disjunctive program

min Cmax

s.t. xj − xi ≥ pi, (i, j) ∈ C,

(xi + pi ≤ xj) ∨ (xj + pj ≤ xi), (i, j) ∈ D,

xi ≥ 0, i ∈ V.

The conjunctive arcs form precedence chains across jobs, while the disjunctive
arcs connect operations competing for the same machine, thereby forming dis-
junctive cliques within the resource graph [50]. The resulting model yields a
compact logical encoding of feasible machine sequences and naturally extends
to flexible job shops, parallel machines, and flow-shop systems.
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Graph-Based Interpretation. Each feasible orientation of the disjunctive
arcs (i, j) ∈ D induces a directed acyclic graph (DAG) defining one admissi-
ble schedule. Dynamic algorithms typically operate by iteratively reorienting
disjunctive arcs to adapt to real-time events such as job arrivals, failures, or
delays. In this view, the disjunctive graph becomes a dynamic decision graph
whose edges evolve.

9.2 Dynamic Scheduling

In dynamic environments, jobs may arrive over time or machine availability may
change stochastically. Dynamic scheduling extends the static DisjP formulation
by allowing the sets of operations and arcs to evolve with time:

Gt = (Vt, Ct ∪Dt), t = 0, 1, . . . , T.

Each Gt encodes the scheduling state at time t, and decisions must be updated
adaptively as new information arrives.

Reactive and Predictive Scheduling. According to Pinedo [50], dynamic
scheduling policies can be categorized as reactive, which respond after disrup-
tions (e.g., machine breakdowns or urgent orders), and predictive, which antici-
pate changes using forecasts or stochastic models. Reactive rescheduling focuses
on minimizing the deviation from the previous plan, while predictive strategies
optimize expected performance given probabilistic knowledge of future events.

Mathematical Formulation. Let xi(t) denote the start time of operation i
at time t, and pi(t) its possibly time-varying processing duration. A dynamic
scheduling policy π maps observed states st = (Gt,Θt), where Θt captures
random factors such as arrivals or breakdowns, to decisions (start times or
sequencing actions):

at = π(st).

The objective is to minimize the expected cumulative cost (e.g., makespan or
tardiness):

min
π

E

[
T∑
t=0

c(st, at)

]
, st+1 = fs(st, at,Θt),

where fs represents the state transition function describing how the system
evolves under decision at and uncertainty Θt. This formulation generalizes
the stochastic job-shop models studied by Pinedo [50] and aligns with DynP
approaches in Russell and Norvig [55].
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Adaptive Heuristics and Robustness. Common dynamic strategies in-
clude:

� Rolling-horizon optimization: periodically resolve a truncated plan-
ning horizon to adapt to new data.

� Priority dispatching: use heuristic rules (e.g., shortest processing time,
earliest due date) that adapt to changing conditions.

� Stochastic lookahead: integrate probabilistic forecasts for expected de-
lays or arrivals.

Hybrid reactive–predictive methods have been shown to yield robust perfor-
mance across industrial job-shop settings [50].

9.3 ML/RL for Temporal and Online Planning

Recent work integrates learning-based prediction and RL with classical DisjS,
combining adaptive control with graph-based reasoning. These approaches
learn policies that dynamically orient or update disjunctive arcs to minimize
makespan, tardiness, or energy costs under uncertainty.

GNNs for Scheduling. GNNs provide a structured learning framework for
temporal decision graphs [73]. Each node represents an operation with features
such as processing time, release date, and machine type, while edges encode
precedence or disjunctive constraints. Message-passing updates capture both
local and global temporal dependencies, making GNNs suitable for dynamic
scheduling and online sequencing [38,71].

RL for Disjunctive Decisions. RL-based schedulers [42, 71, 72] model the
dynamic decision process as an MDP, where each action corresponds to selecting
the next operation or resolving a disjunction. The policy πθ(at|st) is trained
to minimize cumulative makespan or weighted tardiness via reward shaping.
Hierarchical RL and graph-based policy representations [38] enable efficient ex-
ploration over large combinatorial decision spaces.

Risk-Sensitive and Uncertain Environments. In stochastic systems
where processing times or arrivals are uncertain, risk-sensitive RL formulations
introduce measures such as CVaR-based objectives to manage tail risk in com-
pletion time distributions. This builds on Bellman operators extended for risk
sensitivity, ensuring that policies remain robust under variability.
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Dynamic GNN–RL Integration. Integrating GNNs with RL provides a
scalable mechanism for learning adaptive sequencing policies. At each time step

t, GNN message passing produces embeddings h
(t)
v for each operation, and the

RL policy uses these embeddings to select the next disjunctive orientation. The
combined update can be written as

h(t+1)
v = fθ

(
h(t)v , {h(t)u , euv}u∈N (v)

)
, at ∼ πϕ(at | h(t)),

where N (v) are neighboring nodes in Gt, and ϕ, θ are learned parameters. This
dynamic learning loop enables real-time adjustment of sequencing and allocation
decisions.

9.4 Dynamic Resource Allocation and Adaptive Decision

Graphs

Beyond static scheduling, modern systems involve multiple interacting re-
sources, including machines, workers, and transportation links. Dynamic re-
source allocation generalizes DisjS by treating resource availability as a
stochastic function of time.

Adaptive Decision Graphs. We define an adaptive decision graph as

Gt = (Vt, Ct ∪Dt, Rt),

where Rt represents dynamic resource nodes with time-dependent capacities.
Edges between operations and resources encode resource usage constraints,
which evolve as jobs start or complete. This representation enables unified
modeling of resource allocation and temporal sequencing.

Learning-Based Adaptation. Adaptive decision graphs can be updated on-
line using learned transition models:

Rt+1 = gψ(Rt, at,Θt),

where gψ predicts future resource states given current actions and uncertain-
ties. Combining this with a GNN–RL architecture allows for simultaneous op-
timization of sequencing, resource assignment, and risk-sensitive adaptation in
nonstationary environments.

Dynamic and temporal decision optimization merges the logic of DisjP with
learning-based adaptation. Classical models [5, 50] define the feasible logic and
structure, while modern ML/RL approaches [38, 42, 73] enable real-time rea-
soning over evolving decision graphs. This synthesis supports scalable, inter-
pretable, and adaptive optimization for complex temporal systems.
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10 Current Challenges and Future Directions

Building on the synthesis developed throughout Sections 6–9, this section exam-
ines the remaining challenges and open research directions defining the frontier
of learning–enhanced combinatorial decision optimization. The integration of
classical frameworks—such as SubModOpt, BI, and DisjS—with ML and RL
has enabled scalable reasoning under uncertainty, yet key theoretical and prac-
tical issues remain unresolved.

Goal and Intuition. The objective of this section is to highlight major lim-
itations that currently constrain hybrid ML/RL–optimization frameworks and
to outline future research directions that can unify learning and decision theory.
Achieving genuine autonomy in decision systems requires not only algorithmic
efficiency but also a principled understanding of how learning, reasoning, and
optimization interact across temporal and structural scales.

Motivation. By identifying these open challenges, this section defines a re-
search agenda for next-generation hybrid solvers capable of addressing dy-
namic, stochastic, and large-scale decision problems. The discussion is organized
around six core themes: scalability, interpretability, data efficiency, algorithmic
integration, benchmarking, and cross-domain adaptation.

Scalability and Structural Generalization. Despite notable progress in
adaptive submodular policy optimization [35] and submodular RL [51], learning-
based decision algorithms still face scalability bottlenecks when applied to high-
dimensional or structurally diverse problem instances. DynP and BI scale poorly
with horizon length, and learned approximations can overfit to narrow distri-
butions of instances. Promising directions include hierarchical policy decom-
position, modular graph representations for DisjS [38, 73], and meta-learning
methods that transfer knowledge across related optimization tasks while retain-
ing submodular structure.

Interpretability and Theoretical Foundations. Classical optimization
methods—such as the Lovász extension [37] or Schrijver’s polynomial-time min-
imization algorithm [58]—offer strong theoretical guarantees, whereas learning-
augmented variants often sacrifice interpretability or formal correctness. Bridg-
ing this gap requires the development of hybrid architectures that preserve sub-
modularity, convexity, and Bellman consistency within neural approximations.
Establishing convergence bounds for learned value functions, or providing ap-
proximation guarantees for data-driven greedy and dynamic policies, remains
an important avenue of research [7, 30,35].
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Data Efficiency and Self-Supervised Learning. Obtaining labeled data
or optimal trajectories is computationally expensive in multi-stage and combi-
natorial problems. Future work should pursue self-supervised and simulation-
driven paradigms where intrinsic signals—such as violations of the diminishing-
returns property or temporal consistency errors—guide representation learning.
Generative modeling of task distributions and curriculum learning across syn-
thetic submodular or scheduling instances could further improve sample effi-
ciency and policy generalization [15,42].

Integration of Learning with Classical Optimization. Current hybrid
algorithms typically couple neural predictors or RL policies with classical opti-
mization as external heuristics rather than unified decision systems. A major
challenge is to embed combinatorial operators—such as greedy selection, back-
ward recursion, and disjunctive constraints—within differentiable architectures.
End-to-end optimization layers capable of gradient-based training while enforc-
ing feasibility and logical consistency would enable continuous improvement of
decision quality without sacrificing structure. Bringing together BI, greedy
SubModOpt, and stochastic RL updates within a unified differentiable frame-
work is a central open goal [14,40].

Benchmarking and Reproducibility in Decision Optimization. Evalu-
ation of ML/RL–enhanced optimization methods remains fragmented across
planning, scheduling, and submodular domains. Benchmark datasets, met-
rics, and experimental protocols vary widely, hindering reproducibility and fair
comparison. Establishing standardized benchmark suites—covering dynamic
scheduling, submodular selection, and sequential decision tasks—would enable
systematic measurement of optimality gaps, computation cost, and learning effi-
ciency. Such benchmarking would parallel the role of shared datasets in classical
operations research, but adapted to learning-driven optimization [42,50].

Cross-Domain and Temporal Adaptation. Real-world decision problems
evolve over time and span multiple interacting domains. Integrating submodular
reasoning, dynamic scheduling, and RL in non-stationary environments remains
an open challenge. Transferable meta-policies and graph-based temporal rep-
resentations could allow adaptive coordination of decisions under changing re-
sources, uncertainties, and time scales. Promising applications include logistics,
manufacturing, and energy systems, where hybrid optimization must balance
efficiency, robustness, and interpretability [35,38,50,51].

Outlook. The convergence of SubModOpt, BI, and RL represents a paradigm
shift toward adaptive, data-driven decision intelligence. Realizing this poten-
tial requires scalable graph reasoning, interpretable hybrid architectures, and
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rigorous theories linking learning dynamics to optimization principles. Future
research should emphasize explainable and verifiable models that retain the
mathematical guarantees of classical methods while extending their applicabil-
ity to uncertain and high-dimensional environments.

Reflection on Research Questions. The challenges above directly relate to
the three guiding research questions introduced in Subsection 1.4. Q1 addressed
the integration of ML and RL into structured decision algorithms; progress in
differentiable design and hierarchical policies will deepen this integration. Q2
focused on representational and algorithmic frameworks; graph-based and sub-
modular representations remain crucial for scalability and interpretability. Q3
concerned open trends and evaluation; continued progress in self-supervised
learning, reproducibility, and cross-domain transfer will shape the next genera-
tion of learning-augmented optimization systems.

The challenges and opportunities outlined above motivate the synthesis pre-
sented in Section 11, where the unification of ML, RL, and classical optimization
is discussed as the foundation for interpretable, adaptive, and scalable decision
frameworks.

11 Conclusion and Future Work

Combinatorial decision problems represent a central and unifying theme in
optimization, encompassing a wide range of discrete and sequential decision-
making models, including selection, DynP, planning, and scheduling. Classi-
cal approaches in operations research have developed powerful mathematical
frameworks for these problems, offering provable guarantees of optimality, con-
vergence, and feasibility [5, 37, 58]. However, the combinatorial explosion of
decision spaces—especially under temporal, stochastic, and nonlinear depen-
dencies—remains a significant obstacle to scalability and real-time applicability.

This survey has presented a unified formulation of combinatorial decision prob-
lems, covering core models such as SubModOpt, DynP, and temporal scheduling.
Building on these foundations, it examined how ML and RL can augment clas-
sical solvers through data-driven generalization, neural value approximation,
and adaptive policy learning [35,42,51]. These learning-augmented frameworks
extend traditional optimization by identifying latent problem structure, approx-
imating value landscapes, and learning heuristic search strategies that improve
computational efficiency.

The synthesis of ML and RL with combinatorial optimization highlights a new
paradigm for large-scale and adaptive decision-making. RL contributes sequen-
tial reasoning and experience-driven improvement [20, 62], while ML provides
pattern recognition, state representation, and surrogate modeling [3, 15]. Their
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integration with combinatorial structure enables interpretable and generalizable
solvers that connect symbolic reasoning with statistical learning.

Several open directions remain for future research. First, theoretical founda-
tions for the stability, convergence, and optimality of learned policies in com-
binatorial settings require further study [30, 35]. Second, incorporating dif-
ferentiable programming and neuro-symbolic reasoning offers a path-
way toward solvers that can learn both model structure and decision policies
jointly [14,40]. Third, advances in transfer learning across problem instances
and domains may enable scalable deployment of learned optimization models in
logistics, energy management, and autonomous planning [38,50].

In summary, ML- and RL-assisted solvers for combinatorial decision problems
represent a transformative step toward adaptive and intelligent optimization.
By combining the rigor of classical algorithms with the adaptability of learning
systems, these hybrid frameworks promise to redefine the boundaries of compu-
tational decision-making across operations research and artificial intelligence.

12 Supplementary Algorithms and Examples

This appendix collects supplementary algorithms and illustrative examples that
complement the formulations and theoretical developments in the main text.
They are included for reference and pedagogical completeness but are not re-
quired for understanding the core optimization frameworks presented in the
paper.

12.1 Algorithms from ML and RL Background

The following algorithms, originally discussed in Section 2, illustrate founda-
tional ML and RL techniques that underpin later decision-optimization frame-
works.

� Algorithm 20: Generic ML Framework – outlines data-driven model
training and inference.

� Algorithm 21: Actor–Critic (AC) Framework – presents a two-network
RL paradigm combining value estimation and policy improvement.

� Algorithm 22: Proximal Policy Optimization (PPO) Framework –
demonstrates a modern policy-gradient method with stability guarantees.

Each of these algorithms is reproduced here in full detail for completeness, as
they serve as conceptual foundations for learning-augmented optimization, but
are not invoked directly in subsequent sections.
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Algorithm 20 Generic Gradient-Based ML Training Procedure

Initialization (S020) Initialize parameters θ0 randomly, specify loss func-

tion ℓ, and learning rate η > 0.

repeat

Mini-batch gradient computation (S120) Sample a mini-batch B ⊂

D and compute the gradient

∇θL(θ) =
1

|B|
∑

(x,y)∈B

∇θℓ(hθ(x), y).

Parameter update (S220) Update model parameters by gradient de-

scent:
θ ← θ − η∇θL(θ).

until stopping criterion (e.g., convergence or maximum iterations) is met.

Output: Trained parameters θ∗.

Algorithm 21 Actor–Critic (AC) Framework

Initialization (S021) Initialize policy parameters θ, value parameters ϕ,

learning rates η, ηv, and discount factor γ.

repeat

Policy interaction (S121) Observe state st, sample action at ∼ πθ(·|st),

execute at, and observe reward rt and next state st+1.

Temporal difference (TD) update (S221) Compute TD error

δt = rt + γVϕ(st+1)− Vϕ(st)

and update critic parameters ϕ← ϕ+ ηv δt∇ϕVϕ(st).

Policy update (S321) Update actor parameters using the policy gradi-

ent: θ ← θ + η∇θ log πθ(at|st) δt.

until convergence or maximum iterations.

Output: Trained actor πθ and critic Vϕ.
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Algorithm 22 Proximal Policy Optimization (PPO)

Initialization (S022) Initialize policy parameters θ, value parameters ϕ,

learning rates η, ηv, clip range ϵ > 0, and discount factor γ.

repeat

Trajectory collection (S122) Run the current policy πθold to collect

trajectories τ = {(st, at, rt, st+1)} and compute the advantages

Ât = rt + γVϕ(st+1)− Vϕ(st).

Policy and value updates (S222) Compute the probability ratio

rt(θ) =
πθ(at|st)
πθold(at|st)

,

and the clipped surrogate objective LCLIP(θ) defined by (6). Then, update
policy and value parameters, respectively, by

θ ← θ + η∇θLCLIP(θ), ϕ← ϕ− ηv∇ϕ(Vϕ(st)−Rt)2,

where Rt =
∑T
l=t γ

l−trl denotes the empirical return.

Policy synchronization (S322) Set θold ← θ for the next iteration.

until convergence or performance threshold met.

Output: Optimized policy parameters θ∗ and value parameters ϕ∗.
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12.2 Temporal and Metric Planning Examples

This section consolidates extended examples and applications from Section 4,
demonstrating how temporal and metric planning models are applied in real-
world scheduling contexts.

Example. Consider two actions: task 1 with duration d1 = 3 and task 2
with duration d2 = 2. Task 2 must start only after task 1 completes, so the
precedence set is PR = {(1, 2)}. Both tasks require one unit of a single shared
resource, with capacity R = 1. The objective is to minimize the makespan. The
optimal plan is to start task 1 at time 0, finish it at 3, and then start task 2 at
3 and finish it at 5, giving Cmax = 5 (see Figure 3).

time

Task 1

Task 2

0 1 2 3 4 5

Figure 3: Temporal planning example: Task 1 (duration 3) precedes Task 2
(duration 2). The optimal schedule yields makespan Cmax = 5.

Applications and Temporal Planning Solvers. Temporal planning has
broad applications in robotics, logistics, space exploration, healthcare,
and the energy sector. In robotics, it governs action sequencing with dead-
lines; in logistics, it optimizes transport operations; in space exploration, it co-
ordinates mission activities; and in healthcare, it schedules treatments and staff.
In the energy domain, temporal planning is crucial for operating hydro plants,
thermal generators, and renewable resources under time-dependent constraints.
These applications typically aim to minimize operational cost, maximize effi-
ciency, or guarantee feasibility under deadlines and resource limits.

Hydropower Scheduling. In hydro scheduling, the goal is to determine
when and how much water to release from reservoirs in order to meet elec-
tricity demand, while satisfying reservoir capacity limits, turbine capacities,
and environmental flow requirements. Let xt denote water released in period t,
st the storage level, pt the power generated, and dt the demand. A simplified
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formulation is

min
∑
t ct pt

s.t. st+1 = st + It − xt, for all t,
pt = η xt, for all t,
pt ≥ dt, for all t,
0 ≤ st ≤ Smax, 0 ≤ xt ≤ Xmax,

where It is the natural inflow, η is the conversion efficiency, ct is the unit gen-
eration cost, Smax is the reservoir capacity, and Xmax is the turbine discharge
limit. The objective minimizes the total generation cost

∑
t ctpt, ensuring that

electricity demand is met while operating within reservoir and turbine limits
(see Figure 4).

time

demand

Hydro releases scheduled to follow demand

Figure 4: Hydro scheduling: allocating water releases across time periods to
match demand.

Unit Commitment in Power Systems. Another important application is
unit commitment, where generators must be scheduled on/off over time to sat-
isfy demand. Each generator i has a binary variable yi,t indicating if it is online
at time t, with generation limits and start-up costs. A typical MILP is

min
∑
t,i cipi,t +

∑
t,i hiyi,t

s.t.
∑
i pi,t ≥ dt, for all t,

Pmin
i yi,t ≤ pi,t ≤ Pmax

i yi,t, for all i, t,
yi,t ∈ {0, 1}.

Here, ci is the marginal cost of generation for unit i, pi,t is the power output

of generator i, dt is demand, Pmin
i , Pmax

i are generation bounds, and hi is the

start-up cost (see Figure 5).

Renewable and Storage Coordination. Temporal planning also governs
the integration of renewable energy (e.g., solar, wind) with storage devices. Let
gt denote renewable generation, bt charging, dt discharging, and st the battery
state. Temporal constraints are

st+1 = st + bt − dt, 0 ≤ st ≤ Smax, 0 ≤ bt, dt ≤ Bmax.

95



time

demand

Gen 1 (on/off)

Gen 2

Figure 5: Unit commitment: two generators are scheduled to cover demand over
time. The red line represents electricity demand across time periods. Gen 1
(blue) is a base-load unit that cycles on and off to reduce costs, while Gen 2
(green) is a peaking unit that provides additional capacity when demand is
higher or Gen 1 is offline. The horizontal axis represents time periods, and the
vertical axis represents power output.

Here, Smax denotes the maximum storage capacity, and Bmax the maximum
charging or discharging rate. The variables bt and dt represent charging and dis-
charging amounts, respectively, and st is the state of charge at time t. planner
ensures demand is met by combining renewable generation, discharging stor-
age, and backup generation, while respecting temporal and resource limits (see
Figure 6).

time

demand
solar generation

storage discharge

backup

Figure 6: Renewable and storage coordination: electricity demand (red line)
must be satisfied across time periods (horizontal axis). Solar generation (yellow
curve) varies over the day, and storage (blue bars) discharges during low-solar
periods. Backup generation (green bar) is activated when neither solar nor
storage is sufficient. The vertical axis represents power output, showing how
resources are combined to meet demand.

Example for Optimal Policy in a Stochastic Grid World. Consider a
3×3 stochastic grid world where the agent can move in four directions (up,
down, left, right). Each action succeeds with probability 0.8 and moves the
agent in the intended direction, while with probability 0.2 it moves randomly
to a neighboring cell. The agent receives reward +10 for reaching the goal state
and −1 per step otherwise. Figure 7 illustrates the optimal stochastic policy
computed using value iteration.
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s00

s01
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s11
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s20

s21
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Goal

policy

Figure 7: A stochastic grid world: the agent moves stochastically toward the
goal (green).

Conditional Planning for Autonomous Flight Example. An au-
tonomous drone switches to a safe flight mode when strong wind is detected,
otherwise follows a fast route. This branch structure is depicted in Figure 8.

Start Wind?

Fast Path

Safe Path

Goal

No

Yes

Figure 8: Conditional plan example: switching between safe and fast modes
based on event occurrence.

Illustrative Example of Probabilistic INLP. To illustrate the probabilis-
tic INLP formulation (17) and the Monte Carlo Disjunctive Algorithm 4, con-
sider the following toy problem. Let the decision variable x ∈ {0, 1, . . . , 10}
be an integer representing the location of a facility on a one-dimensional line.
The uncertain parameter Θ represents a random demand location uniformly
distributed over {2, 5, 9}. The cost function is the distance between x and the
demand location:

f(x,Θ) = |x−Θ|.

The goal is to minimize the expected distance subject to integer feasibility:

min
x∈{0,1,...,10}

E[f(x,Θ)].
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True solution. For x = 5, the expected cost is

E[f(5,Θ)] = 1
3 (|5− 2|+ |5− 5|+ |5− 9|) = 1

3 (3 + 0 + 4) = 7
3 .

For x = 2, E[f(2,Θ)] = 10
3 , and for x = 9, E[f(9,Θ)] = 11

3 . Thus, the optimal

decision is x∗ = 5 with expected cost 7/3.

x
0 1 2 3 4 5 6 7 8 9 10

Θ = 2 Θ = 5 Θ = 9

facility x = 5

Figure 9: Probabilistic facility location with random demand at Θ ∈ {2, 5, 9}.

12.3 Scheduling Examples

The following examples, drawn from Section 5, illustrate specific scheduling
problem types and their optimal solutions.

Example: Two-Machine Scheduling. Consider three jobs with durations
d1 = 2, d2 = 3, and d3 = 2, to be scheduled on two identical machines. The
precedence relation requires that job J1 must finish before job J2 can start,
while J3 is independent. The objective is to minimize makespan. An optimal
schedule places J1 on machine M1 from time 0 to 2, followed by J2 on M1 from
time 2 to 5, while J3 is executed in parallel on machine M2 from time 0 to 2,
giving a makespan of 5 (see Figure 10).

time

J1 J2

J3

M1

M2

0 1 2 3 4 5

Figure 10: Scheduling example: J1 precedes J2 on M1, while J3 runs indepen-
dently on M2. The horizontal axis represents time, and the vertical axis lists
machines. The makespan is 5.

Example: Job-Shop Scheduling. Important examples of scheduling are
job-shop scheduling, flow-shop scheduling, project scheduling, batch scheduling,
and workforce scheduling. In the job-shop scheduling problem, each job consists
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of a sequence of operations that must be processed in a specific order on a set
of machines. Each operation requires exactly one machine for a fixed duration,
and machines can handle only one operation at a time. The objective is often
to minimize the makespan, i.e., the time by which all jobs are completed.

We here formulate the job-shop scheduling problem as

min Cmax = max
i∈[n]

ti,oi

s.t. ti,k+1 ≥ ti,k + pi,k, for all i ∈ [n] and k ∈ [oi − 1],
n∑
i=1

oi∑
k=1

xijk ≤ 1, for all j ∈ [m] and k,

ti,k ≥ 0, for all i ∈ [n] and k ∈ [oi],

(41)

where n is the number of jobs, m is the number of machines, oi is the number
of operations for job i, pi,k is the processing time of the kth operation of job i,
and ti is the completion time of job i. Here, ti,oi denotes the completion time of
the last operation of job i, which determines the overall makespan Cmax. The
constraints are: (i) precedence between consecutive operations of each job, (ii)
machine capacity (each machine can only process one operation at a time), and
(iii) non-negativity of starting times.

Illustrative Job-Shop Scheduling Example. Consider two jobs J1 and
J2 to be scheduled on two machines M1 and M2. Each job consists of two
operations:

J1 : O11 → O12, J2 : O21 → O22,

where O11 must be processed on M1 for 2 units of time, followed by O12 on M2

for 3 units. Similarly, O21 must be processed on M2 for 2 units, followed by
O22 on M1 for 1 unit. The precedence relations are O11 ≺ O12 and O21 ≺ O22.
An optimal schedule executes O11 on M1 from 0–2, O12 on M2 from 2–5, O21

on M2 from 0–2, and O22 on M1 from 2–3, yielding a makespan Cmax = 5 (see
Figure 11)

time

O11 O22M1

O21 O12M2

0 1 2 3 4 5

Figure 11: Job-shop scheduling example: Job J1 requires O11 (on M1) followed
by O12 (on M2), while Job J2 requires O21 (on M2) followed by O22 (on M1).
The horizontal axis represents time, and the vertical axis lists machines. The
makespan of the schedule is 5.
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Example: Workforce Scheduling. Here, we look at the example of work-
force scheduling, which allocates workers to tasks with specific time windows and
resource constraints. We denote the set of tasks by T := {T1, T2, . . . , Tn} and
the set of workers by W := {W1,W2, . . . ,Wm}. Let di be the duration of task

Ti, which must occur between [tstarti , tendi ]. It is assumed that at most k workers
can perform tasks simultaneously. We formulate the workforce scheduling as

min Cmax

s.t. tstarti ≤ xi ≤ tendi for all i ∈ T ,∑
j∈W

yij ≤ 1 for all i ∈ T ,∑
i∈T

factive(t, i) ≤ k for all t,

Cmax ≥ xi + di for all i ∈ T ,
yij ∈ {0, 1} for all i ∈ T , j ∈W .

(42)

Here, xi denotes the start time of task i, and di its fixed duration. The binary
variable yij equals 1 if worker j is assigned to task i, and 0 otherwise. The

time-window constraint tstarti ≤ xi ≤ tendi ensures that each task starts within
its allowable interval. The second constraint enforces that each task is assigned
to at most one worker. The third constraint limits the number of simultaneously
active tasks to k, where factive(t, i) is an indicator equal to 1 if task i is active
at time t (i.e., xi ≤ t < xi + di), and 0 otherwise. The makespan variable Cmax

represents the latest task completion time.

Example: Flow-Shop Scheduling. Another important scheduling problem
is flow-shop scheduling. Unlike job-shop scheduling, where each job has its own
routing, in a flow-shop environment, all jobs must follow the same sequence of
machines (e.g., production lines). Each job consists of a set of operations that
must be performed in the same machine order, and each machine can process
only one job at a time. The objective is typically to minimize the makespan.
We formulate the flow-shop scheduling problem as

min Cmax = max
i∈[n]

ti

s.t. ti,k+1 ≥ ti,k + pi,k, for all i ∈ [n], k ∈ [m− 1],
ti+1,k ≥ ti,k + pi,k, for all i ∈ [n− 1], k ∈ [m],
ti,k ≥ 0, for all i ∈ [n], k ∈ [m],

(43)

where n is the number of jobs, m the number of machines, pi,k the processing
time of job i on machine k, and ti,k the start time of job i on machine k.
The first constraint enforces the precedence of operations within each job, the
second ensures that machines process jobs sequentially, and the third enforces
non-negativity. The formulation assumes a fixed processing order of jobs (e.g.,
increasing job indices) on each machine. If the job sequence is a decision variable,
binary precedence indicators can be introduced to generalize the model.
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Illustrative Flow-Shop Scheduling Example. Consider two jobs J1 and
J2 processed on two machines M1 and M2 in the same order. Job J1 requires
2 units of processing on M1 followed by 3 units on M2, while job J2 requires 1
unit on M1 followed by 2 units on M2. A feasible schedule is: J1 on M1 from
0–2, then on M2 from 2–5, and J2 on M1 from 2–3, then on M2 from 5–7. The
makespan is 7 (see Figure 12).

time

J1 J2M1

J1 J2M2

0 1 2 3 4 5 6 7

Figure 12: Flow-shop scheduling example: both jobs must follow the same
machine order (M1 → M2). Job J1 is processed first on M1 and then on M2,
followed by J2. The horizontal axis represents time, and the vertical axis lists
machines. The makespan of the schedule is 7.

Figure 13 provides a conceptual visualization of the proposed dynamic DisjP
framework. It illustrates how disjunctive feasible sets A(st) interact with the
temporal recursion of DynP, linking spatial disjunctions to sequential decision-
making. This addition is purely explanatory and does not alter any quantitative
results or algorithms. It is intended to clarify the theoretical formulation intro-
duced in Equations (25)–(26) and Algorithm 9.

st st+1 st+2

a1t : g
1
t , h

1
t a2t : g

2
t , h

2
t a3t : g

3
t , h

3
t

at+1

Stage t Stage t+1 Stage t+2

Disjunctive feasible actions:
A(st) =

∨L
l=1(g

l
t, h

l
t)

Figure 13: Schematic of the proposed Recursive Dynamic DisjP framework
introduced in this paper. At each stage t, the current state st determines a
disjunctive feasible action set A(st) =

∨L
l=1(g

l
t, h

l
t); the selected action at drives

a transition to the next state st+1. This diagram conceptually links DisjP
(spatial feasibility) with DynP recursion (temporal decision-making).
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12.4 BI Example

This section provides an illustrative two-stage decision problem demonstrating
the classical BI method described in Section 6. It shows how the recursive
reasoning process operates in a simple inventory management setting.

Illustrative Inventory Management Example. Consider a two-stage de-
cision problem for inventory management. At stage t = 1, the decision is how
much to order x1 ∈ {0, 1, 2}. The state s1 is the initial inventory level. At stage
t = 2, demand Θ1 ∈ {1, 2} is realized with equal probability. The second-stage
decision x2 must satisfy the demand shortfall.

The cost functions are:

f1(s1, x1,Θ1) = c · x1, f2(s2, x2,Θ2) = h · (s2 − x2)+ + p · (x2 − s2)+,

where c is ordering cost, h is holding cost, and p is penalty cost.

Stage 1: x1

Θ = 1

Θ = 2

P = 0.5

P = 0.5

Holding cost: h = 1

Penalty cost: p = 5

Expected cost: V1(s1, x1) = f1(s1, x1) + E[V2(s2)]

Figure 14: BI tree for the two-stage inventory problem. Stage 1 chooses x1,
then demand Θ is realized, Stage 2 incurs holding/penalty cost, and Stage 1
evaluates expected value.
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Table 6: Expected costs for different x1 in the two-stage inventory problem
(c = 1, h = 1, p = 5).

x1 Expected total cost V1(s1) Decision quality
0 1

2 (5 + 10) = 7.5 High penalty cost
1 1

2 (1 + 3) = 2 Optimal
2 1

2 (2 + 3) = 2.5 Slightly worse
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