Machine Learning Algorithms for Assisting
Solvers for Constraint Satisfaction Problems

Morteza Kimiaei*

Fakultéat fiir Mathematik, Universitdt Wien
Oskar-Morgenstern-Platz 1, A-1090 Wien, Austria
Email: kimiaeim83Qunivie.ac.at
WWW: http: //www.mat. univie. ac. at/ ~kimiaei

(*Corresponding Author)

Vyacheslav Kungurtsev
Department of Computer Science, Czech Technical University
Karlovo Namesti 13, 121 35 Prague 2, Czech Republic
Email: vyacheslav.kungurtsev@fel.cvut.cz

Abstract. This survey proposes a unifying conceptual framework and taxon-
omy that systematically integrates Machine Learning (ML) and Reinforcement
Learning (RL) with classical paradigms for Constraint Satisfaction and Boolean
Satisfiability solving. Unlike prior reviews that focus on individual applications,
we organize the literature around solver architecture, linking each major phase—
constraint propagation, heuristic decision-making, conflict analysis, and meta-
level structural learning—to its corresponding learning paradigm. We review
the evolution from symbolic constraint propagation to modern neuro-symbolic
optimization, highlighting the methodological convergence between Operations
Research and Artificial Intelligence. Building upon the Lazy Clause Genera-
tion and Conflict-Driven Clause Learning architectures, we introduce ML/RL-
enhanced algorithmic modules that demonstrate how data-driven inference can
augment logical reasoning. Our proposed taxonomy connects solver components
to specific learning approaches, including Graph Neural Networks, Transformer
encoders, and policy-gradient algorithms such as Proximal Policy Optimiza-
tion. We identify key research challenges—particularly the preservation of logi-
cal soundness, generalization across problem distributions, and interpretability
of learned heuristics—and outline a roadmap toward scalable hybrid optimiza-
tion frameworks that unify symbolic reasoning with data-driven learning.
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1 Introduction

Optimization and constraint reasoning lie at the foundation of both Operations
Research (OR) and Artificial Intelligence (AI). Constraint Satisfaction Problems
(CSPs) and Boolean Satisfiability (SAT) formulations provide the mathematical
core for decision-making under combinatorial and logical constraints. They un-
derpin a wide range of industrial applications, including scheduling, routing,
planning, and verification. Classical solver architectures such as LCG (Lazy
Clause Generation) and CDCL (Conflict-Driven Clause Learning) [5,13,21,47,53]
deliver provably correct results but face scalability bottlenecks as problem size
and complexity grow. In parallel, Machine Learning (ML) and Reinforcement
Learning (RL) have emerged as powerful paradigms for capturing structure,
predicting solver behavior, and guiding search heuristics in data—driven ways.
Neural Networks (NNs), and particularly Graph Neural Networks (GNNs), have
become central tools in this context, providing structured representations of
variable—clause interactions and enabling solvers to learn from the graph topol-
ogy of constraint systems. The convergence of these fields has sparked the devel-
opment of learning-augmented solvers, which combine symbolic reasoning with
statistical inference to address large-scale and dynamic constraint satisfaction.

1.1 Problem Setting

This survey investigates the intersection of classical constraint optimization and
learning—based methodologies. Specifically, it examines how ML and RL tech-
niques can be embedded within CSP and SAT solvers to improve propagation,
branching, conflict analysis, and restart strategies. Unlike empirical benchmarks
or algorithmic proposals, this work aims to consolidate and analyze the growing
body of research that integrates data—driven models into solver pipelines. For-
mally, let a CSP instance be defined as (X, D,C) with variables X', domains D,
and constraints C. Traditional solvers explore the feasible assignment space via
deterministic search; learning-augmented solvers instead estimate probabilis-
tic guidance functions my or predictive mappings fy that influence these steps.
This survey therefore focuses on the systematic mapping between classical solver
phases and their ML /RL-enhanced counterparts.

1.2 Challenges in Constraint Satisfaction

Despite rapid progress, several persistent challenges motivate this survey:

e Scalability. Classical CSP/SAT solvers face exponential search spaces,
while ML models struggle to generalize to unseen instance structures.



e Interpretability. Neural solvers lack the logical transparency of rule-

based algorithms, hindering verification and trust in critical domains.

e Data and Transferability. Collecting labeled solver traces or optimal

solutions is expensive, limiting supervised learning and domain transfer.

e Integration Consistency. Many hybrid architectures remain ad hoc,

lacking theoretical frameworks to ensure completeness or soundness when
learning modules intervene in logical reasoning.

These issues define the research landscape that this survey seeks to organize
and clarify.

1.3

Research Questions

This survey is structured around three guiding research questions that jointly
define how learning paradigms intersect with classical constraint optimization.
They correspond respectively to (i) the integration of ML and RL techniques
into solver pipelines, (ii) the representational and algorithmic frameworks that
enable such integration, and (iii) the theoretical and empirical challenges that
shape current research directions.

Q1.

Q2.

Q3.

How have ML and RL been integrated into the main phases of
CSP/SAT solvers? This question examines learning-based enhancements
to propagation, decision-making, conflict analysis, and restart strategies
within LCG/CDCL frameworks.

What algorithmic and representational frameworks support this
integration? It investigates the role of GNN-based embeddings, differen-
tiable logic, reinforcement-guided heuristic adaptation, and other hybrid
architectures that enable data-driven reasoning.

What are the principal open challenges and research trends?
This includes the issues of scalability, interpretability, data efficiency, and
theoretical soundness that define the frontier of learning—augmented rea-
soning.

Together, these questions structure the taxonomy, analysis, and synthesis pre-
sented throughout the paper, linking foundational solver theory with contem-
porary learning-based innovations.



1.4 Survey Scope and Organization

This paper is organized as both a survey and a conceptual synthesis that bridges
the traditions of OR, Constraint Programming, and Al with modern learning—
based reasoning. The survey integrates foundational optimization frameworks
[3,6,29] with contemporary advances in ML, RL, and graph neural architectures
[22,55,57,60].

Section 2 introduces the mathematical foundations of CSPs and SAT, revisiting
core solver architectures such as CDCL and LCG [5,13,21,47,53]. Section 3 re-
views background concepts from ML and RL that are central to solver guidance,
branching, and parameter optimization [11,32, 36, 46].

Section 4 discusses network-flow and graph-based optimization models [3, 14,
41], bridging these classical representations to neural embeddings and message-
passing frameworks [22, 24].

Sections 5 and 6 analyze direct learning and heuristic search strategies for tra-
ditional solvers, while Sections 7 and 8 explore reinforcement-guided heuristics
and GNNs for structured reasoning [50,51,57, 60].

Section 9 extends these ideas to DisP and hybrid scheduling formulations [6,16,
34,42], highlighting neural and RL-based dispatching policies [40]. Then, it gen-
eralizes these models to higher-order and first-order logical CSPs, emphasizing
neuro-symbolic reasoning and differentiable logic frameworks [15,43].

Section 10 consolidates empirical results from recent studies demonstrating the
effectiveness of ML- and RL-assisted constraint solving and combinatorial op-
timization. It shows that data-driven heuristics and hybrid neural-symbolic
frameworks consistently enhance solver scalability, runtime efficiency, and solu-
tion quality across diverse domains.

Section 11 synthesizes the open challenges of scalability, interpretability, and
theoretical soundness, while Section 12 presents future research directions for
learning-augmented reasoning systems. Across all sections, the survey main-
tains a unifying perspective grounded in the integration of optimization theory,
constraint solving, and data—driven inference, as illustrated in Figure 1.

1.5 Our Contributions

As a survey and conceptual synthesis, this work proposes a unifying tax-
onomy and conceptual framework that systematically integrates ML and
RL within classical CSP and SAT solving architectures. Unlike prior reviews
that describe isolated applications, we organize the field around the internal
phases of modern solvers, showing how each component—propagation, branch-
ing, conflict analysis, meta-level reasoning, and integration—can be enhanced
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Figure 1: Compact overview of the unified ML/RL-CSP/SAT framework high-
lighting five key contribution areas.

by learning-based methods. Building upon the foundational LCG (Lazy Clause
Generation) and CDCL (Conflict-Driven Clause Learning) paradigms, the frame-
work identifies five core areas where learning techniques have been successfully
or potentially embedded within solver pipelines. These contributions are sum-
marized in Figure 1 and detailed below.

C1.

C2.

C3.

ML-Enhanced Propagation. A propagation framework that inte-
grates logistic regression and Monte Carlo backbone prediction with RL-
based search-space pruning. This module (Algorithm 3) replaces static
domain filtering with data—driven backbone estimation, thereby improv-
ing consistency enforcement and reducing conflict depth. The method
builds upon prior work on backbone prediction in MiniSAT [59] and RL-
based constraint pruning in periodic timetabling [35], and extends the
abstraction—refinement approach introduced in [17].

Adaptive Heuristic Decision. A learned decision process (Algo-
rithm 4) combining instance classification, parameter optimization, and
neural branching. The approach generalizes the Learning Rate Branch-
ing (LRB) heuristic [32] and integrates transformer-based guidance [50]
and classifier-driven branching [10]. Parameter tuning builds on the
framework proposed in [11] and polarity prediction models from [59].
Together, these techniques yield adaptive solver configurations that dy-
namically align with problem structure.

ML /RL-Guided Conflict Analysis and Backjumping. A conflict
management model (Algorithm 5) that predicts clause utility using re-
gression or neural estimators and applies RL to optimize restart poli-
cies. The design draws on the RL-inspired restart scheduling of [32],
the domain-driven RL policies for scheduling problems in [35], and the
neural prioritization mechanisms developed in NeuroGIFT for cryptanal-
ysis [54]. Specifically, NeuroGIFT applies neural ranking to candidate as-
signments in cryptanalytic SAT formulations rather than general clause



learning, illustrating how learned prioritization can enhance structured
search in specialized domains. This integration enhances clause reten-
tion efficiency, restart scheduling, and solver convergence on structured
instances.

C4. Learning Beyond the Core Loop. A meta-level module (Algo-
rithm 6) that applies ML to study community structure and phase tran-
sitions in SAT instances [8], and leverages SAT-encoded learning for inter-
pretable models such as optimal decision trees [39]. This unifies struc-
tural analysis and symbolic learning, contributing to explainable and
hybrid neuro-symbolic optimization.

C5. Comprehensive Integration Framework. The paper synthesizes
these methods into a consistent taxonomy linking LCG/CDCL steps to
ML and RL enhancements. Table 5, below, summarizes this integra-
tion, providing a blueprint for developing hybrid intelligent solvers that
combine statistical inference and logical reasoning [8,32,39,50,59].

Future research should further formalize the theoretical guarantees of this uni-
fied architecture and explore its scalability to real-world, large-scale constraint
domains.

2 Classical Foundations of CSPs

CSPs provide a unifying mathematical formalism for expressing a wide range
of discrete decision-making tasks that lie at the intersection of OR and Al
They represent problems in which feasible solutions must satisfy a collection
of logical, algebraic, or combinatorial constraints, encompassing models such as
SAT, graph coloring, scheduling, and network design. Over the past decades, the
study of CSPs has not only shaped the theoretical foundations of computational
complexity and combinatorial optimization but has also guided the design of
practical algorithms based on propagation, search, and logical inference.

Goal and intuition. This section revisits the classical formulations and al-
gorithmic paradigms underlying CSPs to clarify how constraint representation,
propagation, and search interact to define feasible reasoning. The intuition is
to expose the logical and combinatorial structures that later serve as “anchors”
for ML and RL enhancements.

Motivation. By grounding subsequent developments in these foundations, we
highlight why classical CSP techniques remain central: they offer a principled
framework into which learning components can be systematically integrated,
ensuring that scalability and adaptability are achieved without sacrificing logical
soundness.



2.1 General Definition of CSPs

CSPs are mathematical formulations consisting of a finite set of variables, each
with a discrete domain, and a set of constraints that specify allowable combi-
nations of values. The objective is to find an assignment of values that satisfies
all constraints.

Formally, a CSP can be defined as a triple (X, D,C), where

o X ={x1,29,...,2,} is a finite set of decision variables,

e D= {D(x1),D(x2),...,D(xn)} is the collection of domains, where D(z;)
specifies the possible values of x; (it is assumed that all domains D(z;)
are nonempty and that each constraint c; is well defined over its scope),

o C = {c1,¢2,...,¢q} is the set of constraints. Each constraint c; is de-

fined over a subset scope(c;) of variables X and restricts the allowable
combinations of values for these variables:

Gy g H D(xl)a

x;Escope(c;)

where ] denotes the Cartesian product. Here, scope(c;) denotes the
subset of variables in & on which constraint c; depends.

Set-Theoretic and Logical Formulation. In the set-theoretic language,
each variable z; takes values from a finite set of symbols or states
{Sﬂ, Sig, ey S“\/i}, i.e.

x; € {Sil, Si27 BRE) SZNl}

and each constraint ¢; € C defines a subset ¢; C Ha:,-escope(cj) D(xz;) of the cor-

responding Cartesian product that enumerates all admissible combinations of
variable assignments. This representation connects the classical numeric and
symbolic perspectives: logical (propositional or first-order) formulas can be di-
rectly translated into set constraints of the above form.

In the propositional setting, constraints are Boolean clauses composed of lit-
erals (z;) or (—x;) connected by logical operators A,V,—. In the first-order
logic (FOL) setting, constraints extend to quantified predicates over structured
domains, for example

Vg, v [ Rz, x5) = =C(24,75) ],

which expresses that relation R forbids simultaneous satisfaction of condition C'.
Both cases fit naturally within the general CSP framework (X, D,C), allowing
logical and numerical constraints to coexist under a unified representation.
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A solution to a CSP is an assignment A : X — |J._, D(z;) such that
A(z;) € D(z;) for all z; € X, and for every constraint ¢; € C the condition
A(scope(c;)) € ¢; holds. If such an assignment exists, the CSP is called satis-
fiable; otherwise, it is unsatisfiable.

Several types of CSPs are commonly distinguished:

¢ Finite CSPs: all domains D(z;) are finite;
e Infinite CSPs: at least one D(x;) is infinite;
e Boolean CSPs: all domains D(z;) = {0,1};

e Soft CSPs: constraints incorporate preferences or weights.

CSPs form the foundation for a wide range of combinatorial optimization prob-
lems in both OR and AI. When an objective function f(x) is introduced, CSPs
extend naturally to discrete optimization problems such as Integer Program-
ming (IP) or Boolean Satisfiability (SAT). These models unify diverse prob-
lems—ranging from resource allocation and task scheduling to routing and plan-
ning—under a common framework of logical and algebraic feasibility.

Each constraint ¢; can equivalently be viewed as a predicate
¢ H D(z;) — {True, False},
xjEscope(c;)

which evaluates whether the tuple of variable assignments satisfies the relation.

Embedding into Optimization Frameworks. A CSP can also be expressed
as a feasibility version of an Integer Linear or Nonlinear Program. That is, the
goal is to find any x satisfying all constraints, without explicitly optimizing an
objective function. Let

x=(x1,...,2n), x; €D(x;) CZor{0,1}.

Each constraint ¢;(x) can be represented by a linear or nonlinear relation, for
example
ci(z) =gi(x) <0 or hy(x)=0,

so that the CSP becomes the feasibility problem
Find z € D(x1) X -+ X D(x,,) such that ¢;(x) = True, Vi € [q].

When an objective function f(z) is added, this formulation reduces to the
INLP/ILP forms introduced below. Thus, CSPs provide a modeling layer that
bridges symbolic reasoning and numerical optimization.

11



Connection to Boolean Satisfiability. Among the many subclasses of
CSPs, the Boolean case plays a central theoretical and practical role. A special
case arises when all variables are Boolean and all domains are {0, 1}, with each
constraint corresponding to a logical clause in Conjunctive Normal Form (CNF).
This yields the canonical Satisfiability Problem (SAT), which asks whether
there exists an assignment = € {0, 1}" such that all clauses in a Boolean formula
are satisfied. Even finite CSPs are NP-complete in general, motivating heuristic,
learning—based, and hybrid optimization strategies. Modern SAT solvers extend
classical CSP reasoning by incorporating efficient propagation, branching, and
conflict-learning mechanisms—topics introduced in the next section.

2.2 Integer, Boolean, and Logical Formulations

We begin by presenting a comprehensive set of problem formulations that are
discrete or mixed continuous—discrete in their decisions. Many distinct formula-
tions are computationally equivalent, but their chosen representations—integers,
sets, or logical variables—offer structural insights that facilitate specialized so-
lution methods.

Let
X:={zeR"|z<z <7} withz,TeR" (z <7), (1)

and define the Integer Nonlinear Programming (INLP) problem:

min  f(z)
s.t.  x € Cint, (2)
where f: Ciny € X — R and
Cint :={z€X | g(x) =0, h(z) <0, z; € 8;Z, i € [n]}. (3)

where s; > 0 is an integer scaling factor that defines the discretization granu-
larity for variable x;, [n] denotes {1,2,...,n}, and

g((L‘) = (gl(x)7 s ’gp(x))7 h(‘r) = (h1($)7 EEE) hq(x))

are the real-valued (possibly non-convex) equality and inequality constraint
functions g : Ciny € X — R for k£ € [p] and h; : Cipy € X — R for all

j € la).
If all functions f, g, and h; are linear, we obtain the Integer Linear Program-
ming (ILP) problem:

min Tz
s.t. x¢€ Ci, (4)
with
Cim={reX| Az =0b, Bz <d, z; € 8;Z, i € [n]}. (5)

12



Here, A € R"™*™ B € R"P b € R™, d € RP, and ¢ € R"™. Structural
combinatorial optimization focuses on exploiting properties of Cj,t or Ciyy, such
as polyhedral geometry, matroidal constraints, or network structure.

When such a structure is absent, computational complexity escalates rapidly,
motivating ML and RL methods that detect latent patterns and guide heuristic
search.

Constraint Optimization. A pure CSP specifies a feasibility prob-
lem—finding any assignment that satisfies all constraints. When an objective
(cost) function f(zx), defined over complete assignments of variables, is intro-
duced, the model becomes a Constraint Optimization Problem (COP):

! .t. i = T , v c .
xeD(£1§§1~pXD(mn) x) S ¢ (‘T) rue ) [q]

This generalization subsumes models such as ILP, MaxSAT (the optimization
variant of SAT, in which the goal is to satisfy the maximum number or total
weight of clauses), and weighted CSPs, and bridges symbolic reasoning with
numerical optimization—forming the backbone of modern CSP frameworks.

2.3 Constraint Propagation and Search Paradigms

Classical CSP solving relies heavily on two complementary mecha-
nisms—constraint propagation and systematic search. Techniques such as arc
consistency, backtracking, and branch-and-bound exploit constraint structure to
prune infeasible regions of the search space. Constraint propagation incremen-
tally reduces variable domains through logical inference, while search procedures
explore partial assignments guided by heuristics such as the minimum remaining
values (MRV) and degree-based ordering.

Constraint Consistency. A constraint c; is arc consistent if, for every vari-
able z; € scope(c;) and every value v € D(z;), there exists an assignment of
values to the remaining variables in scope(c;) such that ¢; is satisfied. Enforcing
arc consistency iteratively prunes infeasible values from domains, thus reducing
L |D(z;)| without exploring all assignments. This process underlies classical
propagation algorithms such as AC-3 [44, Ch. 5.2] and their higher-order exten-
sions. AC-3 refers to a classical algorithm for enforcing Arc Consistency in CSPs
by iteratively pruning inconsistent values from variable domains.

While these paradigms are complete and theoretically grounded, they face scal-
ability bottlenecks in dense, high-dimensional constraint spaces, where combi-
natorial interactions render purely symbolic inference intractable. This moti-
vates the integration of data—driven heuristics—learned from instance distribu-

13



tions—into branching, propagation, and restart policies, as explored in later
sections.

Recent advances in ML and RL have shown promising results in this direction.
Learned heuristics can adapt variable selection, prioritize constraint activation,
and approximate propagation functions, effectively transferring knowledge from
solved CSP instances to improve performance on unseen problems. Such hybrid
paradigms combine symbolic search precision with data—driven adaptability,
forming the foundation for the next generation of scalable CSP solvers.

Computational Complexity. Even for binary finite-domain CSPs, the deci-
sion version of the satisfiability problem is NP-complete. Consequently, propa-
gation and search procedures such as backtracking and branch-and-bound ex-
hibit exponential worst-case runtime in the number of variables |X|. These
complexity limits motivate the development of heuristic and learning—based
strategies that exploit structural regularities or instance distributions to achieve
practical scalability.

These classical mechanisms form the operational backbone of modern LCG/CDCL
solvers, which extend these ideas with clause learning, restart policies, and hy-
brid heuristic control.

2.4 Classical Search Procedures in CSP Solving

Classical search algorithms such as depth-first search (DFS), breadth-first search
(BFS), and branch-and-bound (BB) form the algorithmic backbone of constraint
satisfaction problem (CSP) solving. They provide systematic procedures for ex-
ploring the combinatorial search space, applying propagation and pruning rules
to reduce infeasible regions. Detailed pseudocode and procedural descriptions
of these algorithms are provided in Appendix A.1.

Table 1 summarizes the asymptotic time and space complexities of the six foun-
dational algorithms discussed in this chapter. As described by [44, Ch. 5.2,
the constraint-propagation algorithm AC-3 runs in O(c|D|?) time and O(c|D|?)
space, providing efficient domain pruning for binary constraints. Search-based
procedures such as BTS, BFS, and DFS exhibit exponential worst-case complex-
ity [44, Chs. 3.4-3.6, 5.3], reflecting the NP-completeness of general CSPs. BB
inherits the exponential worst-case growth of DFS, but often achieves substantial
practical gains through bounding and pruning strategies [6,44, Ch. 4]. The in-
formed search algorithm A* maintains the same exponential bound in the worst
case, but can achieve dramatic speedups when using consistent heuristics.

These asymptotic limits underscore why subsequent sections introduce heuristic,
learning-based, and neural approaches. By guiding search with data-driven

14



Table 1: Asymptotic time and space complexities of the six classical algorithms
discussed in this section, based on [6,44]. Here, b is the branching factor, d the
depth of the shallowest solution, m the maximum search depth, n the number
of variables, ¢ the number of constraints, and |D| the maximum domain size.

Algorithm Time Complexity Space Complexity
AC-3 O(c|D|?) O(c|DJ?)

BTS O(|D|™) (worst case) O(n)

BB exponential in n O(n)

BFS O(b+1) O(bt1)

DFS o@b™) O(bm)

A* O(b%) (worst case) O(b?)

inference, such methods aim to mitigate exponential growth and improve the
scalability of solver decisions.

2.5 DisP and Logical Constraint Systems

DisP provides a unifying logical framework for representing nonconvex combi-
nations of constraints arising in complex CSPs. A disjunctive set is defined as a
finite union of polyhedra

q
S=JP, Pe={xeR": AWz >pM},
k=1

where each Py corresponds to one logical clause (A(’“)ac > b(k)). This represen-
tation captures constraints of the form

(Alx > bl) \Y (AQ.’E > bg) VooV (Aq$ > bq),

which are not directly expressible in a single convex formulation. Following
Balas [6], the convex hull conv(S) admits a compact extended formulation via
lifting and projection, introducing auxiliary variables z;. A schematic represen-
tation of the lifted constraints can be written as

AR g — pF) 2 >0, sz =1, 2z, >0,
k

following the convexification principle of DisP. This convexification principle
bridges logical disjunctions with linear relaxations, enabling LCG and CDCL
solvers to reason over unions of feasible regions. In CSP terms, such disjunc-
tions generalize Boolean connectives: A (conjunction) corresponds to intersec-
tion, V (disjunction) to union, and — (negation) to complement in the feasible
set algebra.

15



The convex hull conv(.S) serves as the tightest convex relaxation of a disjunctive
set. In integer programming, this leads to the generation of disjunctive cuts
that iteratively approximate the integer hull. Such cuts, derived via lift-and-
project or intersection-cut methods, can be embedded in modern CSP solvers to
strengthen their linear relaxations without explicit enumeration of disjunctions.
This algorithmic connection highlights how logical inference and convex analysis
can jointly enforce feasibility in hybrid discrete—continuous systems.

A simple example arises in the job-shop scheduling constraint
(Si +p; < Sj) V (Sj + p; < Si)7

which enforces a non-overlap condition between two operations ¢ and j on the
same machine. Its disjunctive representation corresponds to two polyhedra in
(si,s;j)-space, and its convexified relaxation provides linear inequalities linking
s; and s;. These relaxations are frequently used as valid cuts in scheduling and
sequencing formulations, bridging the logical and geometric representations of
precedence.

In hybrid learning—based solvers, disjunctive constraints are embedded into neu-
ral propagation modules that estimate clause activation probabilities. Given
a learned clause embedding ¢, = Encg(A®) b)), a soft assignment 2, =
o(Wyor), where W, € R'*4 approximates the binary selector zj, allowing
gradient-based relaxation of disjunctive logic. This perspective unifies logical
CSPs, integer programming relaxations, and neural constraint embeddings into a

single differentiable reasoning framework. Here, Ency denotes a neural encoder
(defined by (14) in Appendix B.1).

This geometric—logical unification provided by DisP forms a natural bridge to
the graph-structured and neural optimization frameworks developed in the sub-
sequent sections.

3 ML, RL, and Deep NNs Background

ML and RL provide the statistical and decision-theoretic foundations for in-
tegrating adaptive intelligence into classical optimization frameworks such as
DisP and SAT. Traditional solvers rely on fixed heuristics and symbolic infer-
ence, whereas ML and RL introduce mechanisms for learning from data and
interaction, enabling systems to infer patterns, predict outcomes, and optimize
decisions dynamically.

Goal and intuition. The goal of this section is to establish the conceptual and
mathematical underpinnings that allow learning components to operate within
constraint solvers. The intuition is to present ML and RL not as external tools,
but as complementary reasoning mechanisms—statistical extensions of symbolic
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logic capable of guiding search, inference, and optimization in uncertain or data-
rich settings.

Motivation. By reviewing the essential learning principles and neural archi-
tectures here, we prepare the reader to understand how these models are em-
bedded in later sections—where they control propagation, decision making, and
constraint satisfaction within hybrid symbolic-learning solvers.

3.1 ML Foundations

ML formalizes learning from data as an optimization problem over a hypothesis
space of functions. Given a dataset Diyain = {(24,¥:)} drawn from an unknown
distribution, the learner seeks a function fy that minimizes the expected loss
E[¢(fo(z),y)]. Depending on the form of supervision, ML encompasses:

e Supervised learning, where labeled data (z;,y;) guide prediction (classifi-
cation or regression);

e Unsupervised learning, which infers latent structure or representations
without explicit targets (e.g., clustering, autoencoding);

o Self-supervised or contrastive learning, which generates supervisory signals
directly from the data distribution.

Generalization—the ability to perform well on unseen instances—is achieved
through regularization, inductive biases, and architectural constraints. These
concepts underpin the predictive components used in learning-augmented
solvers.

Detailed formulations of message-passing, attention, and regression models are
given in Appendix B.1.

3.2 RL Principles

RL extends ML to sequential decision-making under uncertainty. An agent
interacts with an environment modeled as a Markov Decision Process (MDP)
(S, A, Pr, R,~), observing states s;, taking actions a;, and receiving rewards
r¢. The objective is to learn a policy mg(als) that maximizes the expected
discounted return J() = E.,[>", v'r¢]. Learning proceeds through experience,
balancing exploration of new actions and exploitation of known good ones. Two
complementary families of methods are widely used:

o Value-based approaches, which estimate optimal value functions Q*(s, a)
(e.g., Q-learning, DQN);
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e Policy-gradient and actor—critic approaches, which directly optimize the
policy parameters through gradient ascent.

RL provides the algorithmic foundation for adaptive branching, scheduling, and
configuration strategies introduced later in the paper, with full mathematical
derivations and algorithmic specifications of policy-gradient, actor—critic, and
risk-sensitive methods presented in Appendix B.1.

3.3 Technical Foundations of Deep NNs

Deep Neural Networks (DNNs) provide the parametric foundation for modern
ML models. They generalize classical function-approximation schemes by com-
posing multiple layers of nonlinear transformations that progressively extract
hierarchical features from data. A standard feedforward network defines a dif-
ferentiable mapping

fp: RYn —y Rour fo(x) = ¢rogr_10---odi(x),

where each layer ¢, is parameterized by a weight matrix W, and bias vector by,
and applies an elementwise nonlinearity o:

do(x) = o(Wiex + by), o(z) € {ReLU(z), tanh(z), sigmoid(z)}.

The parameter set 0 = {Wy, b, }L_ | is learned from data by minimizing an
empirical loss

LO)=—— S tfalwi)m),

= Do
| ra1n| (24,Y:) EDsrain

where £(-,-) measures prediction discrepancy (e.g., cross-entropy or mean-
squared error). Parameter updates follow gradient-based optimization such as
stochastic gradient descent (SGD) or adaptive methods like Adam [27]:

0« 0 —nVoL(0),

where 1 > 0 denotes the learning rate.

3.4 Brief Primer on DNNs

Representation Learning. Each hidden layer learns intermediate features
that transform raw inputs into more abstract, task-relevant representations.
Lower layers typically encode local or syntactic patterns (e.g., edge or clause
statistics), while deeper layers capture global semantic or relational structure.
The universal-approximation theorem guarantees that sufficiently wide DNNs
can approximate any continuous mapping on a compact domain, providing a
theoretical justification for their expressive power.
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Regularization and Generalization. To prevent overfitting, several mech-
anisms are commonly used: weight-decay regularization (A||]|3), dropout
(stochastic node omission), and batch normalization (adaptive rescaling of ac-
tivations). These techniques improve generalization across problem instances
@~ Dinss-

Architectural Variants. Beyond fully connected (dense) networks, special-
ized architectures exploit problem structure:

e Convolutional Neural Networks (CNNs) share weights across local
neighborhoods, supporting translation invariance.

¢ Recurrent Neural Networks (RNNs) and gated variants (LSTM,
GRU) capture temporal or sequential dependencies through recurrent
state updates.

¢ GNNs extend these principles to relational structures (see Appendix B.1),
enabling message passing over variable—constraint graphs in CSP and SAT
formulations.

Backpropagation in Learning-Augmented Solvers. In neural-
augmented solvers, the policy parameters € are optimized via stochastic
gradient descent:

0 0—nVeL(me(Ap),y),

where £ measures the discrepancy between the learned policy 7wy and a target
decision y. This continuous update mechanism complements the discrete back-
tracking of classical solvers, linking symbolic search with differentiable learning.

For detailed mathematical derivations of gradient propagation, graph-neural
architectures, and reinforcement-learning algorithms, see Appendix B.1, which
provides the formal training equations and algorithmic specifications underpin-
ning these models. ML, RL, and neural architectures together offer complemen-
tary mechanisms for adaptive optimization—ML captures statistical regularities
from data, RL enables sequential decision adaptation, and DNNs provide ex-
pressive parametric representations.

Integration and Notation. ML components act as predictive heuristics that
refine fixed solver rules (e.g., variable scoring or branching order), while RL
agents learn adaptive control policies through sequential interaction. Table 2
summarizes the notation used throughout this work.
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Table 2: Summary of notation for ML and RL components used in this work.

Symbol Meaning

fo parameterized machine learning model.

me(als) Policy (actor) parameterized by ¢ (sometimes de-
noted 7y in PPO/A2C formulations).

Vs(s) State—value function (critic).

Quy(s,a) Action—value function.

Ay =R, — Vg (st) Advantage estimate measuring deviation from base-
line performance.

Pt PPO probability ratio mp(as|s:)/mo,,, (at]st).

€ PPO clipping constant controlling update bounds.

g, Qg Learning rates for actor and critic networks.

M= (S, APr,R,7)

Sty A, Tt

T

hy

N (v)

W

Tt

0

¢msgv ¢upd

d)read
C

node2vec

pointer attention

Cworking
trial

LBD

n

Markov Decision Process (MDP) tuple: states, ac-
tions, transitions, rewards, and discount factor.
State, action, and reward at time step t.

Rollout length or time horizon.

Learned node embedding of vertex v in a GNN.
Neighborhood of node v.

Learnable weight matrix used in message passing.
Stochastic reward signal in bandit and RL settings.
Tunable solver or model configuration parameters.
Message and update functions in GNNs.

Readout operator aggregating node embeddings.
Temperature coefficient controlling sigmoid smooth-
ness in dNL.

Random-walk-based node-embedding method pro-
ducing input features x; for graph models.
Attention mechanism used in sequence decoders to
focus on selected elements during output genera-
tion [58].

Working clause set maintained during search in SAT
solvers.

Record of assigned literals and their corresponding
decision levels.

Literal Block Distance, a metric for clause activity
in conflict analysis.

Solver or hyperparameter configuration vector (dis-
tinct from 8).
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4 Network Flow Models and Applications

Network flow theory forms one of the foundational pillars of operations research
(OR), concerned with the movement of commodities, information, or resources
through interconnected systems. A network is typically modeled as a graph
G = (V, L) where vertices V represent entities or locations and edges L represent
connections between them, each associated with a capacity, cost, or direction of
flow [3].

Goal and intuition. The goal of this section is to present the mathemat-
ical structure and intuition behind classical network flow models that under-
pin many combinatorial optimization problems. At its core, a network flow
model translates global allocation or routing decisions into local conservation
laws—capturing how limited resources can be optimally distributed across a
network subject to physical or logical constraints. Understanding these models
provides a geometric and algebraic foundation for later learning-based methods
that operate on graph-structured data.

Motivation. By revisiting network flow formulations, we clarify how funda-
mental flow constraints mirror the message-passing and propagation mecha-
nisms later used in ML- and RL-enhanced solvers. These models thus serve
both as analytical benchmarks for optimization and as conceptual precursors to
modern GNNs and RL frameworks that approximate or generalize them.

The detailed formulations of canonical network flow and disjunctive optimiza-
tion problems—including traffic routing, wireless spectrum allocation, energy-
efficient design, data-center load balancing, network security, transport routing,
and machine configuration— are provided in Appendix C.1. Each model is pre-
sented as a linear or mixed-integer program illustrating the flow conservation,
capacity, and logical disjunction principles that underpin the hybrid optimiza-
tion frameworks developed in later sections.

Figure 2 summarizes the classical families of Network Flow and Disjunctive
Optimization Models, introduced in this section. It highlights the structural
relationships among the core problem classes—from continuous flow-based for-
mulations (e.g., traffic routing, spectrum allocation, and energy-aware design)
to combinatorial disjunctive models (e.g., transport route selection and machine
configuration)—that jointly form the foundation for the hybrid ML—- and RL—
enhanced frameworks developed later in this paper. The recursive disjunctive
structure underlying these models reveals a duality between spatial convexifi-
cation and temporal decomposition, providing the foundation for convergence
analysis and learned policy design.

As defined in the introduction, DynP denotes dynamic disjunctive programming,
i.e., time-dependent DisP models augmented with adaptive control. The uni-
fied framework developed in this section highlights how planning and schedul-
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Figure 2: Overview of classical Network Flow and Disjunctive Optimization
Models (P1-P8). TRO-Traffic Routing, WNSA—-Wireless Spectrum Allocation,
EEND-Energy-Efficient Network Design, LBDC—Load Balancing in Data Cen-
ters, NSID-Network Security and Intrusion Detection, TRS-Transport Route
Selection, MCM—-Machine Configuration in Manufacturing, and DynP-Dynamic
Disjunctive Programming.

ing problems can be formulated as dynamic disjunctive optimization processes.
Classical disjunctive graphs capture resource and precedence constraints, while
DynP and RL introduce temporal adaptation and feedback. Graph-based neu-
ral architectures further extend these formulations by embedding combinato-
rial structure directly into differentiable learning models, enabling scalable and
adaptive decision-making.

The combination of disjunctive logic and learning—based control is applicable
across a broad spectrum of industrial and scientific domains. In manufactur-
ing, it governs job—shop and flexible-cell scheduling under uncertain machine
availability. In logistics, it supports dynamic fleet and routing management,
integrating sequential rescheduling decisions with network constraints. In en-
ergy and process systems, it enables hybrid operational strategies that switch
between discrete operating modes based on stochastic conditions. Risk-sensitive
variants, based on distributional RL, ensure robustness against disturbances and
improve reliability in safety-critical environments. Table 3 summarizes represen-
tative learning—enhanced approaches that combine disjunctive logic, reinforce-
ment learning, and neural inference, highlighting the diversity of architectures
and optimization objectives used in practice.
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Table 3: Representative learning-based frameworks for disjunctive scheduling
and planning.

Approach Main Features and Formulation Reference
Highlights

GNN-PPO

Framework Encodes disjunctive graph G = (V,C U [40]

D); learns dispatching policy mg(at|s:)
for makespan reduction

Attention—Based
crion=hase Transformer encoder captures long-range  [16]

Deep RL dependencies; pointer network decoder
generates schedules sequentially

?}}&rﬁilﬁi Online adaptation to evolving graphs G;  [34]
with stochastic job arrivals and break-
downs; continual policy updates via PPO

Distributional

Incorporates stochastic return distribu-  [3§]
tions and CVaR-based objectives for ro-
bust scheduling decisions

RL (Risk-Aware)

Differentiable

. . . -
Logic Models Neural inference of logical constraints — [15]

and clause activations within disjunctive
or ILP formulations

In summary, DisP provides the logical backbone for representing alternative
actions and resource exclusivity, whereas RL and neural architectures supply
adaptive policies that exploit these structures dynamically. Together, they form
a general computational paradigm for planning and scheduling under uncer-
tainty—linking symbolic reasoning, optimization, and learning. The next sec-
tion builds upon these principles by integrating neural architectures directly into
SAT and CSP solvers, extending the hybrid logical-learning framework beyond
scheduling to general constraint satisfaction.

5 Direct Solution Learning for CSPs

Direct solution learning aims to construct models that can infer satisfying as-
signments for CSPs without relying on explicit symbolic search or iterative prop-
agation. Instead of exploring the search tree step by step, these models learn
to approximate the solution operator—a mapping from problem instances to
feasible solutions—through data-driven generalization.

Goal and intuition. The goal of this section is to formalize how learning
algorithms can replace the traditional search process with direct prediction.
The central intuition is that by exposing the model to many solved instances,
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it can internalize the structural regularities that govern feasible assignments
and thus infer new solutions in a single forward pass. This viewpoint reframes
constraint solving as a supervised or self-supervised learning task: rather than
discovering a solution through combinatorial reasoning, the system learns the
function that generates it.

Motivation. Understanding direct solution learning is crucial because it rep-
resents the most aggressive form of learning integration into CSPs: the solver
itself becomes a trained model. Such models offer a blueprint for amortized
inference, neural decoding, and hybrid solvers that couple symbolic consistency
checks with fast parametric prediction.

5.1 Technical Formulation of the Solution Operator

These models approximate the solution operator
P:.7 - S, (I)(I) = A such that A; )Z Cworking(I)7

where Z denotes the space of encoded CSP instances, S the space of feasible
assignments, and Cyorking the active constraint set during inference. Here,
A; : X = D is a predicted assignment that satisfies the active constraint set
Cworking (I). This formulation parallels the satisfiability operator used in classi-
cal search (Section 6), but replaces discrete branching with parametric inference.

5.2 Supervised and Self-Supervised Learning for CSP

Given a dataset
Dasp = {(Li; A}l
each I; is an encoded instance, and A4; is a known feasible assignment satisfying
all constraints in Cworking(l;). A parametric model fy : Z — S is trained to
minimize
1N
L(0) = N ;f(fe(fi% Ai) + A Z I[-(A; = O)],

CECxworking (i)

where £(-,-) measures assignment distance (e.g., mean-squared error or cross-
entropy), A > 0 penalizes constraint violations, and I is the indicator function.

The model’s prediction A = fo(I;) approximates the satisfying assignment for
instance I;.
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Self-Supervised Constraint Optimization. When labeled assignments A;
are unavailable, training uses constraint-driven self-supervision. Each constraint
Cj(rs;) defines a relaxable satisfaction function v;(zs;) € [0,1]. The objective
maximizes expected satisfaction:

X Er Dy | 0 (e(D)s)|.

unsup .
|Cw0rk1ng (I) | Cj ecworking(l)

This constraint-aware objective aligns with the self-supervised principles used
for backbone and polarity estimation (cf. Section 6.2).

To ensure discrete feasibility, a differentiable binarization layer p.(z) =
sigmoid(z/7) with temperature 7 > 0 enforces near-binary variable values:

i'i :p'r(zi)7 Zq ERv

allowing end-to-end gradient flow while approximating integral assignments.

Graph Encoding and GNN Message Passing. FEach CSP instance is rep-
resented by a bipartite graph G = (Vx U Vi, E), connecting variable nodes
Vx and constraint nodes V. The GNN update rule (consistent with Eq. (11),
defined in Appendix B.1) is

e, om0,
ueN (v)

where NV (v) is the neighborhood of v and ¢upd, Pmsg are neural update functions.

Final embeddings {hq(JK)} are decoded by gy to produce variable assignments ;.
This representation mirrors the clause-literal graphs used in SAT-based neural
solvers (Section 6).

5.3 End-to-End Neural Solvers

End-to-end neural solvers embed both variable representation and constraint
enforcement into a differentiable graph. Given an instance I = (X, Cworking),

z = Ency(I), A = Decy(2),
where Encg is a GNN or Transformer encoder, and Decy predicts assignments

A= (#1,...,#,). Constraint satisfaction is measured by

R(I, A) - |Cwork:ilng(-[)| Z '(/J] (ASJ' )a

C; €ECworking (I)

which parallels the RL reward design used for propagation and restart scheduling
in Section 6.
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Constraint Projection and Feasibility Refinement. Predictions are re-
fined by a differentiable projection operator:

vorking (A) = Z [1—;(As,)]?,

C; ECworking (I)

ACD — 4O 0V Lo (AD), Le

working (

where 1 > 0 is a step size. This mirrors conflict-resolution updates in LCG/CDCL,
ensuring projection-based satisfaction rather than symbolic clause learning.

Sequential Policy Formulation. Alternatively, direct solving can be cast
as a sequential decision policy my(a;|s:) generating partial assignments:

st = (At Chorking), Gt € {assign, backtrack}.

Rewards follow the reduction in unsatisfied constraints:

Ty = |C€V?)3king| - |C€vorking|a

and 7y is optimized by the PP0O objective (defined by (16) in Appendix B.1). This
MDP formalism is identical to that used for propagation pruning in Algorithm 3.

5.4 Transfer and Meta-Learning across CSP Families

When CSP instances arise from similar distributions, learned solvers can transfer
knowledge. Given source and target families (Fyrc, Figt), adaptation minimizes

minErz, L(fo (D), A) st |0~ 63 <e,

with € > 0 bounding deviation from pretrained weights 6. Meta-learning further
optimizes for fast adaptation:

=0 —aVyLz,(0), meinZL}-k(%),
k

where a > 0 is the inner learning rate.

Cross-Domain Generalization. Constraint-aware, binarized networks [30]
generalize across structured CSP types (scheduling, resource allocation, etc.) by
training on mixed distributions using shared encoders and consistency losses.
This is analogous to solver-generalization effects observed in SAT meta-learners
of Section 6.

In summary, direct solution learning reinterprets CSP solving as differentiable
constraint satisfaction:

fe N churking ®
I —A——— A",

where fy produces a candidate assignment and Il¢ ensures feasibility.

working
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6 Learning for Classical Search

Classical search-based SAT solvers address a canonical NP-complete problem
that lies at the core of modern combinatorial optimization and logical infer-
ence frameworks. They form the computational backbone for reasoning over
Boolean formulas and underpin numerous applications in verification, planning,
and automated deduction.

Goal and intuition. The goal of this section is to clarify how learning com-
ponents can be incorporated into the different phases of traditional SAT solving,
transforming fixed heuristic procedures into adaptive reasoning systems. The
intuition is that each major operation of a solver—propagation, decision, conflict
analysis, and restart—can be viewed as a decision process that can be optimized
through data or experience. By learning to guide these phases, solvers can rec-
ognize recurring structural patterns across instances and dynamically adjust
their strategies.

Motivation. Integrating ML and RL into classical SAT search provides a foun-
dation for self-improving symbolic systems that retain logical soundness while
benefiting from statistical generalization. This view reframes SAT solving as a
sequence of learnable reasoning decisions, establishing the conceptual basis for
the hybrid architectures described in later sections.

6.1 Technical Formulation of the SAT Problem

SAT solvers transform logical reasoning tasks into checking the satisfiability of
Boolean formulas expressed in Conjunctive Normal Form (CNF):

¢:/\ \/lij ;

i=1 \j=1

where each literal I;; € {x;, ~x;}, either a variable x; or its negation —z;, A
denotes the logical AND operator, and \/ denotes the logical OR operator. The
goal is to determine whether there exists an assignment = € {0,1}" such that

o(x) = 1.

From the perspective of constraint reasoning, the SAT problem is a special case of
the Constraint Satisfaction Problem (CSP) defined earlier as the triple (X, D, C).
In the Boolean setting, all domains are D(z;) = {0,1}, and each constraint
¢;j € C corresponds to a clause in the CNF formula. A solution to SAT is therefore
an assignment

A:X —{0,1}, such that A(scope(c;)) € ¢j, Ve; €C.
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If no such assignment exists, the problem is unsatisfiable (=UNSAT).

From an optimization viewpoint, CSPs and their Boolean subclass SAT can be
embedded into ILP/NILP frameworks by encoding logical clauses as linear or
nonlinear feasibility constraints, as discussed in the previous section. In this
sense, SAT serves as both a fundamental model for logical reasoning and a com-
putational bridge between symbolic and numerical optimization.

The following sections survey how ML and RL methods have been embedded
into classical SAT/CDCL solvers at each algorithmic phase.

6.2 Backbone Estimation for SAT Solvers

While the general formulation of the SAT problem was introduced earlier, mod-
ern learning—based solvers exploit structural regularities within formulas to
guide search. One key concept is that of backbone variables, which represent
literals that take the same value in every satisfying assignment.

Backbone Variables. This paragraph defines backbone variables and logistic
Monte Carlo prediction for initial polarity estimation in SAT solving. It is applied
in Algorithm 3 (S13-S33). Given a satisfiable formula ¢, the set of backbone
variables is

Backbone(¢) = { z; | V A1, Ay € SAT(¢), Ai(z;) = Aa(z:)}.

Backbone variables form the structural core of ¢ and have a direct impact on
solver efficiency: correctly predicting their fixed polarity prior to search reduces
branching depth and the number of conflicts encountered during propagation.

Backbone Prediction via Monte Carlo Sampling. Following [59], a lo-
gistic regression model (defined by (15) in Appendix B.1) is trained to estimate
the probability that assigning a variable x; = 1 in a partially fixed subformula
leads to satisfiability.

(m)

i

For each variable x;, the feature vector z
statistics of the formula ¢,,, e.g.,

is constructed from local graph

Z, = [deg(w;), #clauses(z;), #positive(z;), #negative(z;),
clause_ratio(z;), ...].
These features are normalized and fed into the logistic model

1

(m) (m)
N = A = s
D; f@( 7 ) 1 _’_e—(VTZEM)"FC)
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which outputs the probability that the simplified subformula ¢,, remains satis-
fiable when z; = 1.

In each Monte Carlo trial, a random subset V,,, C X is fixed to random truth
values, yielding ¢,,. The subset V,, is drawn uniformly at random, and the
number of trials is denoted by M. Averaging the results yields the empirical
satisfiability confidence

M )

= (

pi=v7 20"
m=1

and the variable’s preferred initial polarity

x(p) _ 1, p; > 0.5,
’ 0, otherwise.

This provides a probabilistic backbone estimate used to initialize the solver’s
assignments during preprocessing and propagation (see Algorithm 3).

This method casts backbone detection as a probabilistic inference problem. The
logistic model offers a differentiable estimate of satisfiability likelihood, while
Monte Carlo averaging stabilizes predictions by sampling diverse partial assign-
ments. Subsequent RL-guided propagation and branching (Algorithms 3-4)
further refine these initial polarity estimates through online interaction with
the solver.

6.3 Classical Algorithms and Related Solvers

This section reviews LCG and CDCL solver structures, including initialization,
propagation, branching, and conflict analysis. It provides the base for Algo-
rithm 1 (S0;-S3;), Algorithm 2 (S02-S32), and their ML-enhanced variants:
Algorithm 3, 4, and 5.

State-of-the-art SAT solvers are largely based on two algorithmic paradigms:

e Lazy Clause Generation (LCG) — a hybrid method integrating CSP-style
propagation with SAT-style clause learning;
e Conflict-Driven Clause Learning (CDCL) — a purely Boolean approach

operating on CNF representations.

A detailed discussion of representative software implementing LCG and CDCL
algorithms is presented in Appendix A.2.
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We next present generic frameworks for both approaches. LCG (=Algorithm 1)
illustrates the LCG procedure, which iteratively applies constraint propagation,
heuristic decisions, and conflict analysis until either a satisfying assignment is
found or infeasibility is proven.

(S0;) Initialization. The solver initializes the partial assignment A := (), sets
d := 0, and defines the working set of constraints Cyorking := C. It also maintains

a record trial of pairs (I;,d) for each assigned literal [; (either z; or —x;), and
initializes a Boolean conflict indicator conflict := 0.

(S1,) Constraint propagation. For each constraint ¢, € C, domains are
reduced as

D'(z;) = {v € D(z;) | cx(z; = v) holds under A}.

If D'(z;) = 0 for some z;, then a conflict is detected (conflict := 1). If
D'(z;) = {v}, then the assignment z; = v is forced, and the assignment set is
updated by

A= AU {l; = true}, trial := trial U {(};,d)}.

Propagation continues until no further domain reductions are possible or a con-
flict arises.

(S21) Heuristic decision. If no conflict was detected in (S1;), the solver
selects an unassigned variable x; and a value v € D’(x;) according to a branching
heuristic. The assignment

li = (332 = ’U)

is added to the current assignment, and the decision level is increased:
A= AU{l;}, d:=d+1, trial := trial U {(l;,d)}.
(S3;) Conflict analysis and backjumping. If a conflict is detected in (S1;),

the solver derives a learned clause Cjearneq from the conflicting constraints and
augments the working set

Cworking = Cworking U {clearned}~

It then computes the backjump level by examining the decision levels of the
literals appearing in the learned clause Cjearneq. For simplicity, we define

dbackjump = max{di ‘ lz S Clearned}7

that is, the highest decision level among its literals. In practice, modern CDCL
solvers exclude the unique implication point (UIP) literal and use the second-
highest decision level to ensure correct non-chronological backtracking. All as-
signments made at levels higher than dpackjump are then removed:

A=A \ {li ‘ d; > dbackjump}7 d:= dbackjurnp-
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If dpackjump < 0, the solver declares the instance UNSAT; otherwise, propagation
resumes from the updated level.

The loop (S11)-(S31) continues until Cyorking = @, in which case a satisfying
assignment has been found and the solver returns SAT. If instead a conflict is
detected at the root level (i.e., dpackjump < 0) and no further backtracking is
possible, the solver declares UNSAT.

Termination states. The solver therefore terminates in one of two possible
states:

e SAT — a satisfying assignment 4 has been found such that all constraints
in Cyworking are satisfied;
e UNSAT — the solver has proven that no assignment A can satisfy all con-

straints, i.e., the instance is unsatisfiable.

These outcomes correspond to the classical decision problem formulation of
Boolean satisfiability.

Algorithm 1 A Generic LCG Framework

’ Initialization ‘
(S0) Initialize A, decision level d, working set Cworking, record trial, and
conflict.

repeat
] Constraint propagation \
(S1;) Reduce domains, assign forced values, and detect conflicts.

’ Heuristic decision ‘
(S21) If no conflict, select a variable, assign a value, increase decision level,
and continue.

’ Conflict analysis ‘
(S31) If conflict, derive a learned clause, backjump, and resume. If
dbackjump < 0, declare UNSAT.

until all clauses in Cyorking are satisfied or a conflict is detected at the root
level
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CDCL (=Algorithm 2) differs from LCG mainly in the propagation step, since
CDCL works purely on Boolean formulas encoded in CNF, while LCG combines
SAT solving with CSP propagation. The overall structure is similar: initialization
(S03), unit propagation (S1s), heuristic decision (S22), and conflict analysis with
backjumping (S32).

(S03) Imitialization. The solver starts with an empty assignment A := 0,
decision level d := 0, and the working clause set Cyorking := C = {c1,¢2,...,¢m}.
A record trial stores assignments and their decision levels, (I;,d), where [; is
a literal. The conflict flag is initialized as conflict := 0.

(S1;) Unit propagation and conflict detection. For each clause ¢; =
(ly Vig V- V), check:

o If exactly one literal is unassigned under A and all other k — 1 literals are
false, i.e.

[{l; | l; unassigned under A}| =1, |{l; | l; =0 under A}| =k — 1,

then the unassigned literal must be set to true. The assignment set is updated
by
A= AU{l; = true}, trial := trial U {(l;,d)}.

e If all literals in a clause are false under A, i.e.

[{li | li = 0 under A}| =k,
then the clause is falsified, a conflict is detected, and conflict := 1.
This process continues until no more unit clauses remain.

(S23) Heuristic decision. If no conflict was found, the solver chooses an
unassigned variable x; using a heuristic (e.g., VSIDS or CHB discussed in Section
7.1), assigns it a Boolean value, and increments the decision level:

A= AU{l;}, d:=d+1, trial := trial U {(l;,d)}.

(S32) Conflict analysis and backjumping. If a conflict occurs, the solver
identifies a conflict clause ceonfiict and uses resolution to derive a learned clause
Clearned, Which is added to the working set:

Cworking = Cworking U {Clearned}-
The solver then computes the backjump level
dbackjump = max{di ‘ li S Clearned}a

and removes all assignments at levels higher than dpackjump:

A=A \ {li ‘ d; > dbackjump}7 d:= dbackjurnp-
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If dbackjump < 0, the formula is declared unsatisfiable. Otherwise, the solver
resumes propagation.

The loop (S12)-(S32) continues until Cyorking = @, in which case the formula is
satisfiable.

Algorithm 2 A Generic CDCL Framework

’ Initialization ‘
(S02) Initialize A, decision level d, working set Cyworking, record trial, and
conflict.

repeat
’ Unit propagation ‘
(S1y) Perform unit clause propagation and detect conflicts.

’ Heuristic decision ‘
(S22) If no conflict, select a variable, assign a value, increase decision level,
and continue.

’ Conflict analysis ‘
(S32) If conflict, learn a clause, backjump, and resume. If dpackjump < O,
declare UNSAT.

until Cyorking = 0 % return SAT.

Literal Block Distance (LBD). This paragraph defines the LBD metric for
evaluating clause quality during conflict learning. It is employed in Algorithm 5
(S0s, S15) to guide clause retention.

The Literal Block Distance (LBD) [5] is a clause-quality metric used in modern
CDCL solvers to evaluate the relevance of learned clauses during conflict analysis.
Let C = (I3 VIaV---VI) be a learned clause, and let level(l;) denote the decision
level at which literal I; was assigned. The LBD of clause C is defined as

9

LBD(C) = |{level(l;) | I; € C}

that is, the number of distinct decision levels among the literals of C'. Clauses
with lower LBD values are considered more general and therefore more useful,
since they connect fewer decision levels and tend to prune the search space
more effectively. Consequently, LBD serves as a key heuristic for clause activity,
retention, and deletion in high-performance solvers such as Glucose and Kissat.

6.4 NNs as Enhancers for CSP Solvers

This paragraph summarizes ML and RL integrations at the propagation, de-
cision, and conflict phases of LCG/CDCL solvers. It is directly underlined by
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Algorithm 3 (S03-S33), Algorithm 4 (50,—S34), and Algorithm 5 (S05-S35).

Building on the definitions in Section 3, data—driven techniques have been suc-
cessfully integrated into the LCG and CDCL frameworks for CSP/SAT solving,
including logistic or neural classifiers for backbone prediction, solver-selection
models for instance classification, and PPO-based branching and restart strate-
gies. These methods replace hand-crafted heuristics with adaptive learned poli-
cies, improving scalability and robustness; representative ML and RL enhance-
ments are summarized in Table 4.

Table 4: ML and RL methods discussed for CSP/SAT solvers. These approaches
enhance the classical LCG and CDCL frameworks at different solver stages.

Solver Component ML/RL Enhancement References
Propagation Backbone variable prediction via logistic regres- | [17,35,59]
sion and Monte Carlo sampling; RL-guided prun-
ing in domain-specific encodings; ML-driven ab-

straction—refinement using ILP relaxations
Heuristic Decision Instance classification for solver selection; au- [10, 11, 18,
tomated parameter tuning via learned perfor- | 32,50,59]
mance models; Learning Rate Branching (LRB)
with multi-armed bandits; classifier-driven and
transformer-based branching; polarity prediction
through logistic regression

Conflict Analysis

_ 115 ] 1 < 1 . |4
& Backjumping Clause-utility prediction using regression or NNs; | [32,35,54]

RL-based restart scheduling and adaptive back-
jumping; domain-specific RL for timetabling;
ML-guided cryptanalytic solvers (NeuroGIFT)

Beyond Core Loop

and Analysis ML study of community-structured SAT phase | [8,39]

transitions; SAT encodings for interpretable ML
models such as optimal decision trees
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The propagation, heuristic decision, and conflict analysis phases of LCG (Algo-
rithm 1)/CDCL (Algorithm 2) correspond to the steps where ML or RL modules
can be embedded. Equations defining logistic regression, GNN updates, and
MDPs are omitted here since they are defined in Section 3; references below
link directly to those foundations.

Step (S1;)/(S1;) of LCG/CDCL — Propagation. Propagation uses ML-
predicted backbone variables and RL-guided pruning policies (definitions of
policy 7y and reward shaping follow Section 3). Algorithm 3 summarizes the
augmented propagation procedure.

The integration of learned heuristics into the propagation stage is summarized
in Algorithm 3. This module extends (S1;) and (S12) by embedding ML—driven
backbone estimation and RL-based pruning policies directly into the consistency
enforcement phase. In (S03), statistical features are extracted from the CNF
to initialize the logistic model. In (S13), a Monte Carlo refinement estimates
variable confidence and fixes high-probability backbone literals before search. In
(S23), an RL policy learns to prune infeasible domains, improving propagation
efficiency in LCG. Finally, (S33) integrates both ML predictions and RL guidance
into a unified propagation routine, reducing conflict depth and enabling faster
convergence [35,59].

Algorithm 3 ML-Enhanced Propagation for (S1;)/(S1,) of LCG/CDCL

] Initialization
(S03) Extract CNF features and train or load a logistic model for backbone
prediction.

Backbone Estimation |
(S13) Use Monte Carlo sampling to estimate variable confidence; fix literals
with high backbone probability.

’ RL—-Guided Pruning ‘
(S23) Model propagation as a decision process; apply a learned policy to prune
infeasible domains.

Integration

(S33) Combine ML and RL guidance to accelerate propagation and reduce
conflicts.

Figure 3 illustrates how the logistic model predicts backbone literals while an
RL policy prunes infeasible domains during constraint propagation.
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Figure 3: ML-enhanced propagation: the logistic model predicts backbone lit-
erals, while an RL agent prunes infeasible branches to accelerate propagation.

RL Formulation for Pruning. This paragraph formulates propagation
pruning as an MDP with states (A, CL actions {fix,prune}, and re-

ward r;. It is implemented in Algorithm 3 (S23, S33).

orking)?

The propagation process can be modeled as a Markov decision process (MDP)
Mprop = (Sa A7 Pr7 Ra ’7)7

where the state s; € S encodes the solver’s internal configuration, including
the current partial assignment and the working clause set, and the action a; €
A corresponds to fixing or pruning a literal. Transitions follow the solver’s
propagation dynamics Pr(s;41 | s¢,a¢), and the reward signal quantifies progress
in constraint reduction, for example,

re = |Chohingl — 1€

working working | ’
which measures the decrease in the number of active clauses or conflicts.

Formally, the propagation phase defines

St = (At7 Cévorking)7
a; € {fix(z; = v), prune(z; = v)},
Pr(si+1 | s¢,a¢) describes the solver’s update dynamics,
-1
Ry = |C\fvorking| - ‘Cé\/orking‘7

v € (0,1) is the discount factor.

The policy 7g(a; | s¢), parameterized by ¢, is trained using the PPO objective
(defined by (16) in Appendix B.1) to maximize the expected discounted return
Er,[>°, 7" Ry], thus guiding the solver to prune infeasible branches efficiently.

In practical implementations, the state representation s; is constructed from
compact solver statistics—such as the number of active clauses, mean LBD, and
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current decision depth—or from neural embeddings of the working clause set
Cworking produced by a GNN encoder. The policy 74(a: | s¢), parameterized
by ¢, is trained using the PPO objective (defined by (16) in Appendix B.1) to
maximize the expected discounted return

-fe+]

t

thereby learning an adaptive pruning strategy as formalized in Algorithm 3.

Step (S21)/ (S22) of LCG/CDCL — Heuristic Decision. Branching decisions
use instance classification, parameter tuning, and policy optimization via PPO
as described in Section 3. Equation-based definitions of classifiers and softmax
predictors are omitted and replaced by references. Algorithm 4 summarizes the
decision mechanism.

ML and RL enhance the heuristic decision phase by replacing static branch-
ing rules with adaptive, data—driven policies. Algorithm 4 extends (S2;) and
(S23) through instance classification, parameter tuning, and neural branching
strategies. In (S04), CNF features are collected and classified to select solver-
specific configurations. In (S1,), parameters such as restart intervals and clause
deletion thresholds are automatically tuned using learned performance models.
In (S24), branching variables are chosen through multi-armed bandit learning
or transformer-based scoring, integrating polarity prediction for conflict reduc-
tion. Finally, (S34) combines these models into an adaptive decision module
that guides search direction and branching depth dynamically, achieving faster
convergence and improved solver generalization [11,18,32,50,59].

Figure 4 shows adaptive branching, where ML classification and bandit-based
or transformer-guided policies dynamically select variables and polarities.
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Algorithm 4 ML-Enhanced Heuristic Decision for (S2;)/(S23) of
LCG/CDCL

’ Initialization ‘
(S04) Extract CNF features and classify instance type to load solver configu-
ration and parameter settings.

] Parameter Optimization ‘
(S14) Use learned performance models to adjust solver parameters (e.g.,
restart interval, clause deletion ratio) before search.

’ Learning-Based Branching ‘

(S24) Select branching variables using learning-rate—based multi-armed ban-
dits or Transformer-based scoring via the attention formulation (defined by
(13) in Appendix B.1). Predict polarity using a classifier or logistic model
(defined by (15) in Appendix B.1) to align initial assignments with backbone
tendencies.

’ Integration and Result ‘

(S34) Integrate classification, parameter tuning, and neural branching into the
decision phase to guide variable selection dynamically while reducing conflicts.
Achieves improved solver adaptability and faster convergence [11,18,32,50,59].

CNF feature vector Classifier
Features (Instance Type)
config 6

@ selected variable| RL / Bandit

Policy my(als)

Branching decision

Figure 4: Adaptive branching via ML classification and RL/bandit decision
policies. The model selects the next variable and polarity based on learned
solver statistics.

Step (S31)/ (S33) of LCG/CDCL — Conflict Analysis and Backjumping.
Conflict resolution benefits from ML-based clause utility prediction and RL-
guided restart scheduling (as in the PPO framework introduced earlier). Algo-
rithm 5 details the procedure.

ML further refines the conflict analysis and backjumping phase by predicting
clause utility, guiding restart decisions, and prioritizing search in specialized do-
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mains. Algorithm 5 extends (S3;) and (S32) through clause-utility prediction,
RL-driven restart scheduling, and neural-guided search in cryptanalytic prob-
lems. In (S05), clause statistics such as size, age, and LBD are collected after each
conflict. In (S15), a regression or neural model predicts the usefulness of learned
clauses, allowing low-utility clauses to be deprioritized or removed. In (S25),
RL agents dynamically determine restart or continuation actions based on solver
states, improving restart efficiency and clause quality. In (S35), domain-specific
neural prioritization models, such as NeuroGIFT, adapt the solver’s backtracking
strategy for cryptanalysis, ranking candidate assignments by plausibility. This
combination of predictive and adaptive control significantly reduces redundant
conflicts and enhances solver robustness [32, 35, 54].

Algorithm 5 ML-Enhanced Conflict Analysis and Backjumping for
(S31)/(S32) of LCG/CDCL

’ Initialization ‘
(S05) Collect features of learned clauses (e.g., size, LBD, activity, age) after
each conflict.

] Clause Utility Prediction ‘
(S15) Use a regression or neural model to estimate clause utility. Retain high-
utility clauses and remove or deprioritize those predicted to be less useful.

’ RL-Guided Restart Scheduling ‘

(S25) Represent the solver state as a decision process with actions
{restart, continue}. Train an RL policy using the PPO objective (defined
by (16) in Appendix B.1) to maximize runtime efficiency by selecting optimal
restart moments based on conflict patterns.

’ Neural Prioritization and Integration ‘

(S35) Integrate domain-specific models such as NeuroGIFT to prioritize search
branches or candidate assignments using neural scoring. Combine predictions
with a restart policy for adaptive backjumping and faster convergence.

ML models improve clause retention and restart scheduling, while neural pri-
oritization accelerates key recovery and structured search [32,35,54].

Figure 5 depicts conflict analysis enhanced by ML clause-utility prediction and
RL-based restart scheduling to improve solver efficiency.
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Figure 5: Conflict analysis enhanced by ML-based clause evaluation and RL-
guided restart scheduling.

RL Formulation for Restart Scheduling. This paragraph defines restart
scheduling as an MDP over solver statistics with actions {restart, continue}
and reward based on conflict reduction. It is used in Algorithm 5 (S25, S35).

Restart scheduling can be modeled as a Markov decision process (MDP)
Mrestart = (57 Av PI’, Ra 7)7

where the state s; € S encodes solver statistics such as the current number of
conflicts, the mean LBD value LBD;, and the current decision level d;. The avail-
able actions are a; € {restart, continue}, and transitions follow the solver’s
internal update dynamics Pr(s¢y1 | S¢,a¢). The reward encourages reductions
in the conflict rate:

Ty = At_l At

conflict ~ “—conflicts
t
where Acomﬂict

A policy m4(a; | s¢), parameterized by ¢, is trained using the PPO objective
(defined by (16) in Appendix B.1) to maximize the expected discounted return

]Eﬂ'¢ lz ’Ytrt‘| )
t

thereby providing an adaptive mechanism for determining optimal restart points
based on real-time solver behavior.

denotes the average number of conflicts per decision window.

Neural Prioritization Model (NeuroGIFT). This paragraph describes
NeuroGIFT, a neural encoder—decoder framework that ranks candidate assign-
ments for cryptanalytic SAT solving. It is implemented in Algorithm 5 (S35).

NeuroGIFT employs a neural encoder—decoder architecture to prioritize can-
didate assignments during cryptanalytic search. The encoder maps the vari-
able—clause adjacency matrix into hidden embeddings, while the decoder pro-
duces a ranked list of promising variable assignments that are fed back into
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the solver as branching priorities. Input features represent Boolean variables
and clause dependencies, which are processed through multilayer perceptrons
to yield scores indicating assignment likelihood. These scores are iteratively
refined using feedback from solver conflicts, integrating neural ranking with tra-
ditional CDCL backjumping. This hybrid design enables adaptive prioritization
while preserving solver soundness.

Beyond the Core Loop. This paragraph discusses ML for analyzing SAT
community structures and learning interpretable decision trees using SAT en-
codings. It is applied in Algorithm 6 (S0—S3g).

ML has also been used to study the structure of SAT formulas themselves.
Community-structured SAT formulas exhibit thresholds different from random
SAT, and ML-based analysis has been instrumental in understanding satisfia-
bility phase transitions in such structured cases [8]. Furthermore, SAT solving
itself can serve ML: for instance, SAT encodings have been developed for learning
optimal decision trees, yielding compact, interpretable models that contribute
explainable AT [39].

Beyond the core solving loop, ML contributes to structural analysis and in-
terpretable model construction. Algorithm 6 extends this perspective by in-
corporating ML-based structural study and SAT-encoded model learning. In
(S0g), the solver extracts graph-level and community-based statistics from SAT
instances to characterize problem structure. In (Slg), these representations are
used to identify community organization and predict phase transition regions.
In (S2¢), SAT-based encodings are employed to learn interpretable models such
as optimal decision trees. Finally, (S3¢) integrates these insights to guide both
solver analysis and the synthesis of explainable ML models [8,39].

Algorithm 6 ML Applications Beyond the Core Loop of LCG/CDCL

] Initialization ‘
(S0g) Collect global CNF features and construct a clause—variable or commu-
nity graph representation.

’ Structural Analysis ‘
(S16) Use ML models to detect community structures and estimate satisfia-
bility thresholds in complex SAT instances.

] SAT-Encoded Learning \
(S26) Encode interpretable models such as optimal decision trees as CNF for-
mulas and solve them using SAT to obtain minimal, consistent models.

Integration and Result |
(S36) Combine structural insight with SAT-encoded model learning to enhance
solver analysis and contribute explainable, hybrid neuro-symbolic reasoning
frameworks [8,39].
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Figure 6 visualizes meta-level learning, where ML models analyze SAT structure
and construct interpretable decision-tree models via SAT encodings.

SAT Formula
¢
explainable ML insights
SAT-Encoded interpretable

Decision Tree model

graph
features

ML Model
(Community + Phase)

Clause—Variable
Graph

Figure 6: Beyond the solving loop: ML models extract community structure
and encode interpretable decision trees via SAT formulations.

Community Structure Metrics. This paragraph defines modularity ) as a

measure of community structure in SAT clause—variable graphs. It is employed
in Algorithm 6 (Slg).

Given a CNF formula ¢, let G = (V.. UV¢, E) denote its bipartite clause—variable
graph, where V,, and V¢, represent variable and clause nodes, respectively. The
community structure of G is quantified by the modularity measure

1 kik
-3 |4, - e
@ 20B] £ [ g 2|E|}5(C“CJ)’

where A;; is the adjacency matrix, k; is the degree of node ¢, ¢; its community
label, and 4(-,-) is the Kronecker delta. For simplicity, the clause-variable bi-
partite graph is treated as undirected when computing the modularity ). For
bipartite graphs G, node degrees are normalized such that ). k; = 2|E|, ensur-
ing that the modularity () remains properly scaled under the clause—variable
partition. ML models leverage @@ and related graph-structural features to pre-
dict satisfiability thresholds and phase-transition behavior in structured SAT
instances.

SAT-Encoded Optimal Decision Trees. This paragraph presents SAT-
encoded optimal decision-tree learning, ensuring logical consistency between
sample labels and tree paths. It is used in Algorithm 6 (S2¢, S3g).

Learning an optimal decision tree of depth d can be formulated as a SAT problem.
Each internal node corresponds to a Boolean variable z; representing a split
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predicate, and each leaf encodes a class label y,. For a dataset {(z;,y;)}Y;, the
CNF encoding enforces label consistency between samples and tree structure as

;V\ V ((fﬂi = path(£)) = (y: = ye)),

i=1/4€L

where each path(¢) represents a conjunction of split predicates leading to leaf ¢
with class label y,. Equivalently, the constraint can be expressed as

yi:ftrcc(xi;zlw",zd)v Vi e [N]v

where fiee is the Boolean function realized by the candidate tree. Solving the
resulting CNF yields a tree of minimal size that satisfies all label constraints,
thereby producing an interpretable, globally optimal classifier learned through
logical inference.

Table 5 summarizes how ML and RL enhance the main stages of both Al-
gorithm 1 (LCG) and Algorithm 2 (CDCL). Each solver phase benefits from
newly integrated heuristics, predictive models, or reinforcement strategies that
strengthen propagation, decision making, and conflict analysis. Beyond the core
solving loop, ML further contributes to structural analysis of SAT formulas and
to SAT-based encodings for interpretable model learning. The table also com-
plements Table 4 by detailing, for each major solver step in LCG and CDCL, the
specific ML, and RL methods that drive performance improvements and solver
adaptability.

Neural Architectures for SAT Solving. Neural architectures for SAT solv-
ing extend the graph-based and attention-based foundations established in Sec-
tion 3. Given a clause-literal bipartite graph G = (V};; UV, E) representing
a Boolean formula in CNF, each literal v € Vj;; and clause ¢ € V is assigned
an embedding Ay, h. € R? that is iteratively refined through message passing
(defined by Eq. (11) in Appendix B.1). The following neural models specialize
this formulation:

e NeuroSAT [49] formulates satisfiability prediction as a binary classification
problem over the entire clause-literal graph. At each iteration k, literal
and clause embeddings are updated by

R =MLP.( Y Al ), R =MLP, (A, Y D
vEN (c) cEN (v)

followed by a graph-level pooling § = G'(WT > hg,K)) that predicts
whether the formula is satisfiable.
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Table 5: ML/RL Enhancements in LCG and CDCL Solver Steps

Step

ML/RL Techniques

References

(S1y) / (S1y):

Propagation

e Backbone prediction via

logistic regression & Monte Carlo;

o RL—guided pruning
in domain-specific encodings;

e Hybrid abstraction-refinement
using ILP relaxations guided by ML

(S21) / (S22):

Heuristic Decision

e Instance classification via CNF
features;

e Automated parameter tuning
with ML;

e Learning—based branching
(LRB, SGD, etc.);

o (Classifier-driven branching;

e Transformer-based variable
selection;

e Polarity prediction

(default truth values)

(831) / (832)
Conflict Analysis
& Backjumping

e ML-guided clause utility
prediction;

e RL-inspired restart policies;
e domain-specific RL guidance
(timetabling); ML-enhanced
SAT solvers

in cryptanalysis (NeuroGIFT)

w W
)

S

Beyond the Core Loop

ML analysis of community-
structured SAT thresholds;
SAT encodings for learning
optimal decision trees (XAI)
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e NeuralSAT [48] extends this idea by coupling unsatisfiable-core predic-

tion with clause-level attention. For each clause embedding th), an

attention score o, = softmax(thEK)) estimates its likelihood of be-

longing to an unsat core. The network minimizes a cross-entropy loss
Lunsat = — > [yclogac + (1 — ye)log(1 — a.)], guiding solver heuristics
such as clause deletion and restart policies.

e SATFormer [51] replaces local message passing with global multi-head
attention (defined by Egs. (13)—(14) in Appendix B.1) applied to tok-
enized clause-literal embeddings. The model computes Attn(Q, K,V) =
softmax(QK " /v/dj,)V over all variable-clause pairs, enabling long-range
relational reasoning. A transformer decoder then produces satisfiability
logits or variable activity scores used for branching and clause ranking.

The learning-enhanced SAT methods summarized in Table 5 focus primarily
on classical ML and RL heuristics embedded within LCG/CDCL frameworks.
NeuroSAT, NeuralSAT, and SATFormer generalize these ideas to end-to-end dif-
ferentiable architectures that operate directly on clause-literal graphs using mes-
sage passing and self-attention. These models form the conceptual bridge be-
tween the solver-embedded heuristics reviewed above and the neural-symbolic
reasoning frameworks introduced in the next section on first-order and relational
CSPs.

7 Learning for Heuristic Search

Heuristic search methods provide scalable strategies for navigating the im-
mense combinatorial spaces encountered in constraint and satisfiability prob-
lems. They operate by assigning scores or priorities to candidate variable as-
signments, guiding the solver toward regions of the search space that are more
likely to yield feasible or optimal solutions. In CSP/SAT solvers, these heuristics
determine branching order, polarity, and restart timing—factors that critically
affect runtime efficiency and convergence behavior.

Goal and intuition. The goal of this section is to illustrate how classical
heuristic mechanisms can be augmented or replaced by learning-based models
that adapt dynamically to problem structure and solver feedback. The intuition
is that heuristic control—long regarded as a fixed, rule-driven component—can
itself become a learnable function that captures statistical regularities in search
dynamics. By interpreting branching and restart strategies as policy-learning
problems, solvers can continuously refine their exploration behavior from expe-
rience.

Motivation. Learning-driven heuristics represent a key step toward adaptive
reasoning systems that self-tune their decision strategies while preserving the
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completeness of symbolic search. They bridge the gap between handcrafted scor-
ing rules and data-informed policies, forming the core of the hybrid architecture
presented in Algorithm 4 (S24), where reinforcement and supervised learning
jointly guide variable and clause selection.

This subsection reviews the operational principles of heuristic search and its
extensions through learning-based frameworks. Classical scoring schemes such
as VSIDS and CHB define rule-based priorities for variable selection, while their
modern counterparts employ data-driven or reinforcement learning models that
adaptively infer effective branching and restart strategies as described in Algo-
rithm 4 (S24).

7.1 Policy-Based Heuristic Generation

Classical solvers employ fixed heuristics such as Variable State Independent
Decaying Sum (VSIDS) [37] and Conflict History-Based (CHB) [33]. Learning—
based approaches reinterpret these scoring functions as adaptive policies 7y (a; |

st) over solver states s; = (At Clopiing)-

The VSIDS heuristic dynamically prioritizes variables by assigning and updating
activity scores based on their occurrence frequency in recently learned clauses,
as detailed in Algorithm 7.

The CHB heuristic adaptively ranks variables based on their historical success in
resolving conflicts, maintaining an effectiveness score that reflects each variable’s
contribution to past conflict resolutions, as detailed in Algorithm 8.

Both heuristics embody implicit reinforcement signals—conflict participation or
resolution—suggesting a natural extension toward explicit policy learning.

Policy-Based Extension. A neural policy replaces hand-crafted scoring by
mapping solver states to action probabilities:

Tg(ar|st) = softmax(Wy gg(s1)),

where g4(s;) encodes variable-level features (e.g., degree, activity, recent conflict
count). Actions a; correspond to selecting a variable and its polarity. Train-
ing the policy to imitate VSIDS/CHB decisions via supervised imitation or to
maximize downstream reward connects heuristic scoring to adaptive policy gen-
eration.
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Algorithm 7 Variable State Independent Decaying Sum (VSIDS)
Heuristic

’ Initialization ‘
(SO7) Initialize all variable scores to zero: score(z;) < 0 for all z; € X.
| Score Update |

(S17) Each time a new clause Clearned is learned, increment the score of each
variable appearing in the clause: score(x;) + score(x;)+1 for all 2; € Clearned-

Decay Step

(S27) Periodically decay all scores using a multiplicative decay factor 8 €
(0,1) (typically 8 =0.95): score(x;) + 3 - score(z;) for all z; € X.
’ Variable Selection ‘

(S37) Select the next branching variable as the unassigned variable with the
maximum score:

*

x* = argmax score(z;).
.’,KiEXunas:;igned

| Assignment Phase |
(S47) Assign z* using polarity caching, reusing its last successful truth value.
If no prior polarity is available, assign randomly or using a default heuristic.

(S57) Repeat steps (S17)—(S47) throughout the solver loop, allowing the scores
to evolve dynamically as new clauses are learned and conflicts are resolved.
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Algorithm 8 Conflict History Based (CHB) Heuristic

’ Initialization ‘
(SOg) Initialize an effectiveness counter for each variable: eff(z;) « 0 for all
z;, € X.

’ Conflict Tracking ‘
(S1g) During search, record whether assigning a variable x; contributes to
resolving a conflict. Maintain a per-variable history of effectiveness events.

’ Reward Update ‘
(S25) Each time the assignment of xz; helps resolve a conflict, increase its
effectiveness counter: eff(x;) < eff(z;) + 1.

] Variable Selection ‘
(S3g) Select the next branching variable as the unassigned variable with the
highest effectiveness score:

x* =  argmax eff(z;).
Z; € Xunassigned

’ Assignment Phase ‘
(S45) Assign the chosen variable z* using polarity caching as in the VSIDS
heuristic (Algorithm 7), reusing its last successful truth value.

(S5s) Repeat the process as conflicts are detected and resolved, allowing the
effectiveness counters to evolve adaptively during search.
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7.2 RL for Heuristic Adaptation

Heuristic adaptation can be formalized as a Markov Decision Process (MDP)
Mheur = (S, -Aa PI‘, Ra 7)7

where the solver’s internal configuration s; = (A, Ct_ .. serves as the state
» ¥working )

actions a; select the next branching variable or polarity, and transitions Pr(s;11 |
s¢, ay) follow propagation and conflict resolution.

Reward Definition. The immediate reward measures solver progress:

Ty = |Cﬁ_1 | — \C‘tNorkmg| — M[conflict],

working

where A > 0 penalizes conflicts. This mirrors the conflict-reduction reward used
in propagation and restart scheduling (Algorithms 3, 5).

Policy Optimization. The policy parameters ¢ are optimized via the PPO
objective (defined by (16) in Appendix B.1),

max Er, lz vtnl . ye(01).

t

This trains the agent to favor branching actions that quickly reduce active con-
straints or conflicts. The learned policy can generalize across solver instances,
enabling dynamic adaptation of heuristic parameters such as decay rate 8 or
restart interval.

Neural Feature Encoding. To support policy inference, solver states are
embedded using graph-based or transformer encoders. Given the clause—variable
graph G = (Via, UVq, E), variable embeddings are obtained as

hg;kJrl) = ¢upd(h£;k)v Z (z)msg(hgc)v euv))
uweN (v)
(consistent with Eq. (11), defined in Appendix B.1). Aggregated embed-

dings hg,K) form the feature input to g4, yielding adaptive scores analogous
to VSIDS/CHB but learned end-to-end.

Integration with Solvers. In practice, learned policies replace or modulate
the scoring functions in step (S21)/(S22) of Algorithms 1-2. Since only decision
ordering changes, logical soundness and completeness remain intact. The policy
thus serves as an intelligent, data—driven heuristic layer guiding the symbolic
search.
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7.3 Evaluation Metrics and Benchmark Results

Learning—based heuristics are typically evaluated on standardized SAT/CSP
benchmarks such as SATCOMP, MiniZinc Challenge, or synthetic instance fam-
ilies. Performance is compared against classical VSIDS and CHB baselines using
the following metrics:

¢ Runtime: Average CPU time to reach SAT/UNSAT conclusions.

e Conflicts: Total number of conflicts encountered before termination.

Decision Depth: Average decision level at solution or conflict.

Clause Quality: Mean LBD value of learned clauses.

Generalization: Performance on unseen instance distributions.

Empirical results in recent studies show that learned branching and polarity
policies can reduce conflict counts by 20-40% and runtime by up to an order
of magnitude on structured CSP/SAT benchmarks [33,50,59]. Neural policies
consistently outperform fixed-parameter heuristics in dynamic or non-stationary
problem families, while maintaining solver correctness.

Heuristic search thus transitions from static rule-based scoring to adaptive,
policy-driven control. By embedding learning objectives directly into vari-
able selection and propagation, modern solvers achieve amortized performance
gains and cross-domain generalization,bridging classical VSIDS/CHB schemes
with reinforcement-optimized decision frameworks.

8 GNNs for Graph Optimization

Graph optimization provides a natural interface between combinatorial opti-
mization and modern learning-based reasoning. Many canonical CSP and SAT
formulations—such as shortest path, spanning tree, max flow, and graph col-
oring—can be represented as optimization problems on graphs. This section
first revisits these classical graph formulations to illustrate the geometric and
algebraic structure underlying combinatorial reasoning, and then demonstrates
how GNNs extend these ideas into a differentiable, learning-based framework.

Goal and intuition. The goal of this section is to bridge traditional graph-
theoretic optimization and GNN-based learning architectures. The intuition is
that GNNs replicate the logic of classical graph algorithms—propagation, aggre-
gation, and constraint satisfaction—through learnable message-passing mecha-
nisms that capture the same relational dependencies among nodes and edges.
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This correspondence enables neural models to approximate or generalize well-
established combinatorial solvers while operating directly on graph data.

Motivation. By integrating GNNs into the study of graph optimization, we
highlight how structured neural computation provides an effective substrate for
hybrid symbolic—statistical reasoning. GNNs thus act as a unifying model class
that embeds optimization constraints within learned representations, enabling
scalable and adaptive solutions to complex network-based decision problems.

The formal definitions and mathematical formulations of the classical graph op-
timization problems— such as the shortest path, minimum spanning tree, max-
imum flow, minimum cut, graph coloring, and traveling salesman—are provided
in Appendix C.2, where each is expressed as a linear or mixed-integer program
forming the foundation of the GNN learning framework developed here. Fig-
ure 7 summarizes these core problems and their relationships, illustrating how
diverse combinatorial tasks can be unified under a common graph—optimization
structure widely studied in operations research [29].

( 1P )

P6 |
| P4
[ GCP ]‘T opt icr;lfiazpaﬁ:ion —'[ MCP ]
— 1 P2
( wp ) ( s ( msT )

Figure 7: Flowchart for core graph optimization problems (P1-P6). SPP-
shortest path, MST—minimum spanning tree, MFP— maximum flow, MCP—
minimum cut, GCP—graph coloring, and TSP—traveling salesman. These canon-
ical problems serve as the analytical foundation for GNN-based optimization
models.

8.1 Overview of Graph Optimization Problems

Beyond integer formulations, another common representation for combinatorial
optimization problems is the graph. A graph G is defined as a pair (V, E),
where V' = {v1,v2,...,v,} is the set of vertices (or nodes) and E = {(v;,v;) |
v;,v; € V,v; # v;} is the set of edges. Each edge (v;,v;) € E may indicate
the presence of a connection (e;; € {0,1}), a numerical weight (e;; € R), or an
attribute such as a color (e;; € ¢ = {blue,red}). See [14] for a comprehensive
monograph on graph theory.
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Graphs can be undirected or directed. In an undirected graph, e;; = 1 implies
e;; = 1. Undirected graphs typically represent symmetric relationships, while
directed graphs (or “digraphs”) represent asymmetric interactions—such as in-
fluence in a statistical model or the flow of a commodity in a network. Cyclicity
is an important concern in digraphs, and a Directed Acyclic Graph (DAG),
wherein there are no cycles, is often sought to define the structure of influence
in a model, wherein a cycle can indicate the model being vacuous. See [7] for
a comprehensive text on digraphs. A recent deep line of work explores the
cohomology of digraphs; see [23,31].

Combinatorial optimization problems on graphs can typically be redefined in
terms of some mixed-integer problem, indeed with e;; treated as a binary or
real-valued decision variable. However, while such a translation can enable
the use of generic integer programming software to solve such problems, one
should be careful before resorting to this “brute force” type of approach. The
structure of graphs yields insight into considerably faster algorithms that use
graph properties, which include a host of higher-order geometry, e.g., cliques,
that can be informative in the design and structure of algorithms. See the
text [29] for further details on combinatorial optimization.

8.2 GNN Architectures for Graph Problems

GNNs provide a unified framework to model and solve combinatorial opti-
mization problems on graphs. Given a graph G = (V, E) with node features
{hq(,o)}vev and edge features {eyy }(u,v)cr, the GNN performs iterative message
passing to update node and edge embeddings.

A general GNN layer follows the form:

hg;kJrl) = ¢upd(hqgk)v Z d)msg(hgk)v euv))v (6)
uweN (v)

where N (v) denotes the neighborhood of node v, and ¢msg, Pupa are learnable

functions implemented by multilayer perceptrons (MLPs). After K iterations,

the final embeddings hS,K) capture multi-hop structural dependencies such as

path lengths, connectivity, or capacities.

The learned embeddings are used by a decoder gg to produce task-specific out-
puts:

9o = go(R)),  or  Guw = go([BE); B e4]),

depending on whether the problem requires node-level or edge-level predictions.
Here, [-; -] denotes vector concatenation.
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Variants. Different GNN architectures specialize in distinct graph properties:

¢ Graph Convolutional Networks (GCN) [28]: use degree-normalized
linear aggregation of neighboring node features.

e Graph Attention Networks (GAT) [57]: introduce learnable attention
coefficients oy, to weight incoming messages adaptively.

¢ Graph Isomorphism Networks (GIN) [60]: maximize representa-
tional power by learning injective aggregation functions.

e Message-Passing NNs (MPNN) [22]: generalize the above by condi-
tioning messages on edge attributes e,, and allowing continuous feature
updates.

Training Objectives. GNNs for combinatorial optimization are trained un-
der either:

1. Supervised learning: minimizing ¢(g,y*) against ground-truth solu-
tions (e.g., optimal paths or trees).

2. Reinforcement learning: maximizing the expected reward E[R]
through environment interactions, where R reflects the quality (e.g., in-
verse cost or feasibility) of the constructed solution.

The differentiable structure of Eq. (6) allows gradient-based learning of global
combinatorial relationships without explicit enumeration.

Complexity and Expressivity. Theoretical results show that GNNs can
emulate classical algorithms such as Bellman—Ford (for shortest paths) or Prim’s
algorithm (for spanning trees) by embedding graph operations into differentiable
message functions. Attention mechanisms enhance scalability by learning sparse
dependencies across large graphs and selectively propagating information across
critical edges.

8.3 Applications

The practical strength of GNNs emerges in their ability to approximate classical
graph algorithms across a range of optimization tasks.

GNN-based solvers have been proposed for various graph optimization tasks,
often trained on synthetic or real network instances where optimal or near-
optimal solutions are known. The following subsections describe how GNN
architectures approximate the core graph problems introduced earlier.
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8.3.1 GNNs for SPP

In SPP, a GNN predicts edge-selection probabilities representing the likelihood
of each edge belonging to the optimal path.

Let (s,t) denote the source and target nodes. Node embeddings th) are pro-
cessed by a decoder that estimates distance potentials:

CZ'U = gG(hEJK)>7 YveV.

The predicted path ]5S7t is obtained by greedy edge selection following decreasing
potential differences:

Ps,t ={(u,v) € E: dy, —d, ~ Cuv }s

where ¢y, is the edge cost. Training minimizes the mean absolute error between
predicted and true shortest distances d;; (computed by Dijkstra’s algorithm):

1 7 *
LSPP = 15 Z |dv - du|'
|V| veV

GNNs trained in this manner achieve near-optimal routing on unseen graphs
and generalize across variable graph sizes.

8.3.2 GNNs for MST Learning

For the MST, each edge (i, ) is assigned a probability p;; of inclusion in the

tree:
(K), 4 (K)

Bij = o(ge ([l 51y 5 i),
where o(-) denotes the sigmoid activation. The loss encourages the selection of
low-cost edges that maintain connectivity while avoiding cycles:

LysT = Z ¢ijPij + M1 CyclePenalty(p) + A2 DisconnectPenalty(5),
(i,j)eEE

where A1, A2 > 0 are penalty weights. Here, CyclePenalty(p) penalizes edge
selections that create cycles, and DisconnectPenalty(p) penalizes disconnected
components. This formulation mimics Kruskal’s algorithm while providing a
differentiable, end-to-end relaxable variant. Empirically, trained GNNs recover
near-optimal trees and scale linearly with graph size.
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8.3.3 GNNs for MFP/MCP Estimation

For MFP, edge embeddings encode both capacity u;; and direction. A message-

passing network predicts flow magnitudes fij satisfying approximate conserva-
tion:

fis = ReLU(go ([ hS5ui ), > (fij — fii) =0, Vie V\ {s, 1},

J

The training objective minimizes violation of capacity and conservation while
maximizing total feasible flow:

Liow = Z [max(O,fij - uij)]2 + Z (Z(fzg - fji))Q - ansja

(i.4)€E i#st

where 7 > 0 is a reward coeflicient promoting larger feasible flows. MCP es-
timates can be derived from thresholded flow embeddings, consistent with the
MFP/MCP duality.

8.3.4 GNNs for TSP Approximation

In the TSP, the model sequentially constructs a tour using an attention-based
GNN (or Transformer) that selects the next node conditioned on the current

partial route. Given node embeddings {hSJK)}, the policy network outputs se-
lection probabilities:

(Ve | 8¢) = softmax(hgf)TWd)ﬁt),

where mg is the policy parameterized by ¢, W, is a learned projection ma-

trix, and h, is the context vector summarizing the already visited nodes. The
expected tour cost is minimized via

LTSP:E‘M)[ Z Ci]}v

(i,7)€E€tour

where c¢;; denotes the travel cost between cities ¢ and j. Training employs rein-
forcement learning with reward R = —tour length, optimized via policy-gradient
or PPO updates. This yields near-optimal tours competitive with classical heuris-
tics (e.g., Lin—Kernighan) on moderate-size instances.

GNNs thus act as differentiable approximators of classical graph algorithms.
Their message-passing architecture (Eq. (6)) captures structural information
directly from graph topology, enabling amortized inference on unseen instances.
When coupled with reinforcement objectives or hybrid CSP solvers, they pro-
vide a powerful, learning—based approach for large-scale combinatorial graph
optimization.
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9 Learning for DisP

DisP provides a unifying framework for optimization problems that involve ex-
plicit logical alternatives among constraints. Originally introduced by Balas [6],
it formalizes the structure of decisions that follow “either—or” or “one-of-many”
logic, creating a bridge between symbolic reasoning and continuous optimiza-
tion. This section revisits the classical foundations of DisP to prepare for its
integration with machine learning and reinforcement learning methods capable
of approximating or reasoning over disjunctive structures.

Goal and intuition. The goal of this section is to clarify how logical disjunc-
tions can be expressed as optimization objects and how their convexifications
enable tractable computation. The intuition is that each disjunction defines
a set of feasible regions—each locally convex but globally nonconvex—whose
union captures the combinatorial complexity of many real-world decision prob-
lems. By understanding this representation, we can later introduce learning
mechanisms that approximate or guide the resolution of these logical alterna-
tives.

Motivation. DisP serves as the theoretical foundation for modern mixed-
integer and hybrid optimization, making it a natural candidate for neural or
learning-based extensions. Learning-augmented DisP models enable systems to
discover useful cuts, branching rules, or feasibility patterns automatically, com-
bining the logical expressiveness of disjunctive reasoning with the adaptability
of data-driven methods.

9.1 Technical Formulation of DisP

DisP, originally introduced by Balas [6] in the 1970s, is an optimization frame-
work designed to handle problems with logical disjunctions among constraints.
A (linear) disjunctive set is the solution set of systems of inequalities connected
by logical operators such as conjunction (A), disjunction (V), and negation ().
While each polyhedron defined by such inequalities is convex, their union is
generally nonconvex, which makes disjunctive sets a natural representation of
nonconvex feasible regions. The theoretical significance of DisP lies in the fact
that it was the first broad class of nonconvex optimization problems amenable
to compact convexification: the closed convex hull of a union of polyhedra can
itself be represented as a polyhedron in a lifted higher-dimensional space. This
result established one of the first systematic bridges between convex and non-
convex programming [6].

Moreover, DisP is tightly connected to integer programming. Logical condi-
tions in real-world problems—such as either/or decisions, threshold effects, or
sequencing rules—were traditionally modeled by binary variables and the “big-
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M” method. Conversely, integrality constraints can themselves be expressed
through disjunctions. This duality enabled the development of powerful dis-
Junctive cuts (e.g., intersection cuts, lift-and-project cuts) which approximate
the integer hull and form the basis of modern cutting-plane methods in mixed-
integer optimization. From a practical standpoint, DisP provides a natural
modeling language for discrete choices and combinatorial structure, with appli-
cations in scheduling, routing, facility location, and configuration problems.

Formally, a mixed-integer disjunctive nonlinear program (MIDNP) can be writ-
ten as

min  f(z)

s.t.  x € Cpisp, (7)

where f : Cpisp € R™ — R is possibly nonconvex, and the feasible region is
given by

L
Cpisp := {m €X| \/ (gl(x) =0, hl(z) < 0), @; € ;7 for i € I} . (8)
=1

with X € R” a bounded domain, I C [n] the set of integer variables, and ¢!, h!
defining the equality and inequality systems for each disjunct { € [L].

The fundamental logical disjunction governing the structure of (8) can be ex-
pressed abstractly as

(¢'(2) =0, h'(x) <0) V (¢*(x) = 0, h*(2) S 0) V --- V (¢"(2) = 0, h*(z) < 0),

(9)
representing L alternative regimes of feasibility. This general disjunction forms
the logical core of mixed-integer DisP and underlies all subsequent examples
and algorithms.

9.2 ML and RL Enhancements

Differentiable Neural Logic for Disjunctive Reasoning. This para-
graph introduces the dNL formulation, defining continuous conjunction and dis-
junction operators feonj and faisj, the initialization of logic-layer parameters
(wi,e,z; € [0,1]), and the differentiable logical loss Liogic. These constructs
enable smooth gradient-based reasoning over symbolic disjunctions. This con-
cept is later employed in Algorithm 9 (S09—S3g) for differentiable reasoning,
reused in Algorithm 10 (SO019, S210, S31¢) for neural-assisted logical updates,
and referenced in Algorithm 3 (S23, S33) for backpropagation through logical
constraints.

The differentiable logical operators are taken from the dNL formulation intro-
duced in Section 3. Algorithm 9 summarizes their integration in learning dis-
junctive constraints.
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Algorithm 9 demonstrates how differentiable neural logic integrates symbolic
disjunctions into continuous neural optimization. In (SOg), the logical layer
parameters w;, temperature coefficient ¢, and predicate activations x; € [0, 1] are
initialized to represent soft truth values. In (S1g), differentiable conjunction and
disjunction functions feonj(z) and faisj(x) are computed using smooth sigmoid
activations m; = o(cw;), providing continuous approximations of Boolean logic.
During (S2¢), the model evaluates a symbolic or reinforcement-learning—based
loss Liogic and performs backpropagation through the logical operators to refine
the weights w;. Finally, (S39) checks for convergence, halting when the loss or
logical consistency stabilizes. Overall, Algorithm 9 enables NNs to reason over
disjunctive relations in a differentiable manner, combining interpretability from
logic with adaptability from learning.

Algorithm 9 Differentiable neural logic learning for disjunctive rea-
soning

’ Initialization ‘
(SO9) Initialize logic layer parameters w;, temperature ¢ > 0, and predicate
activations x; € [0, 1].

repeat
’ Forward computation ‘
(S1g) Compute differentiable conjunction and disjunction feonj(x) and
faisj () (defined by (18) in Appendix B.1).

’ Learning step ‘
(S29) Evaluate symbolic or RL-based loss Liogic. Backpropagate through
logical operators to update weights w;.

’ Convergence check ‘
(S39) If loss Liogic stabilizes or logical accuracy converges, stop.

until convergence of differentiable logic representation

Figure 8 illustrates how differentiable logic layers allow neural models to learn
and reason over smooth logical disjunctions.

Soft Truths Differentiable Loss Liogic
z; € [0,1] Conj./Disj. feonj, faisj Gradient Update

Figure 8: Differentiable neural logic (dNL): continuous conjunction/disjunction
operators enable gradient-based optimization over logical constraints.

Together, these learning-enhanced disjunctive frameworks demonstrate how
neural architectures and RL can approximate, adapt, and optimize within
complex disjunctive structures—bridging symbolic reasoning and data—driven
decision-making.
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9.3 Synthesis: DisP Meets Learning

This paragraph discusses how DisP integrates with ML and RL to combine
exact logical feasibility with adaptive optimization. It establishes a theoretical
basis for using neural and RL methods to approximate disjunctive systems in
scheduling and planning.

The synergy between DisP and ML or RL lies in combining the exact logical
structure of DisP with the adaptive, generalizing capabilities of learning algo-
rithms. DisP provides a formal scaffold defining feasible regions, while ML and
RL supply scalable, adaptive optimization strategies. This hybrid paradigm
has shown promise in job-shop scheduling, program analysis, and production
planning, and opens avenues for uncertainty-aware, real-time decision-making
in complex disjunctive environments.

Table 6: Representative ML/RL Enhancements in DisP (DisP).

Problem Domain ML/RL Contribution within Disjunc- Reference
tive Models
Job-shop scheduling GNN + RL for sequential decisions on disjunc-  [40]
tive graphs; transferable scheduling policies.
Job-shop scheduling Attention-based deep RL with disjunctive [16]
graph embeddings; scalable and high-quality
solutions.

Chemical production i tional  RL - handling  prece-  [3§]

scheduling dence/disjunctive constraints; risk-sensitive
optimization (CVaR).

Neuro-symbolic RL Inductive logic programming integrated with — [15]
RL; interpretable disjunctive decision rules.

Program analysis Data—driven disjunctive modeling for selective  [26]

context sensitivity; disjunction as an ML bias.

Detailed mathematical formulations, optimization objectives, and graphical il-
lustrations for the representative domains listed in Table 6 are provided in Ap-
pendix D.2.

9.4 First-Order and Logical Constraint Satisfaction Prob-
lems (FOL-CSPs)

This subsection defines FOL-CSPs, which generalize classical SAT/CSP by allow-
ing quantifiers and predicates over logical languages £ = (F,P), interpreted
under models M. It establishes quantified and relational reasoning beyond
propositional logic. This concept is directly employed in Algorithm 10 (S0;0—
S310) to construct and process neural-assisted FOL constraints and connects to
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Algorithm 1 (S1;) and Algorithm 2 (S1s) through grounding and propositional
reduction.

While Boolean SAT solvers address propositional reasoning, many real-world do-
mains require quantified and relational reasoning beyond propositional clauses.
Typical examples include knowledge bases, planning with quantified precondi-
tions, and constraint templates with parameters or relations between objects.
These problems are naturally expressed as FOL-CSPs, which extend the classical
triple (X, D,C) by defining constraints in a logical language £ = (F,P) with
function and predicate symbols.

A constraint c; € C takes the general form

ci(x, .., xk) = Quyr ... Qryr V(1. Ty Y1, - - Yr),s

where each Q; € {V,3} is a quantifier and 1); is a quantifier-free conjunction
or disjunction of atomic predicates over variables z1,...,y,. A model M =
(U, I) provides a universe Y and an interpretation I assigning meaning to each
predicate and function symbol in £. A solution is an assignment A : X — U
such that M = ¢;[A] for all ¢; € C.

Definition 9.1 (FOL-CSP Instance). A First-Order Constraint Satisfaction
Problem is a tuple (L, M, X,C), where L is a logical language, M its inter-
pretation structure, X a finite set of logical variables, and C a set of first-order
constraints over L. A solution A satisfies (L, M, X,C) iff M = ¢;[A] for all
cj € C.

Grounding and Reduction. To connect with the propositional SAT/CSP
framework, FOL-CSPs are grounded by instantiating quantifiers over finite do-
mains, yielding large but finite propositional subproblems. Formally, each quan-
tified constraint

Qlyl---err '(/)j(xla"'7xkay17"'7yr)

is converted into a finite set of propositional clauses

{Q/Jj(:cl,...,xk,al,...,ar)|az- GU},

where U is the domain of instantiation. Learned clause priors and predicate
embeddings guide this process by ranking likely instantiations, thus reducing
combinatorial explosion and improving solver efficiency. This concept is applied
in Algorithm 10 (S1y¢) for clause prioritization and grounding selection, and in
Algorithm 3 (S03) for CNF feature extraction before propagation.

Neural Assistance. This paragraph introduces neural predicate encoders
such as GNNs and Transformers, which produce clause embeddings ¢(K, ¢) and
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predict satisfiability probabilities py(g|K). This mechanism is implemented in
Algorithm 10 (5049, S119) to rank quantified clauses.

Recent neuro-symbolic solvers [43] represent predicates, constants, and relations
as nodes in a relational graph and employ GNNs or Transformer encoders to pre-
dict the relevance or satisfiability probability of each clause. Given a knowledge
base I and a query ¢, a neural model estimates the entailment likelihood

po(q| K) = o(w'o(K,q)),

where ¢(K, ¢) is an embedding of the symbolic—graph pair, w and 6 are trainable
parameters, and o(-) is the logistic activation. The resulting probabilities serve
as priorities for clause selection and grounding order.

Integration with the Unified ML—CSP Framework. This paragraph links
neural models with classical LCG/CDCL solvers, describing a feedback loop where
learned clause relevance guides grounding and solver conflicts update neural
encoders. This integration is realized in Algorithm 10 (S010-S310) and further
operationalized in Algorithm 5 (S35) for feedback-driven clause evaluation.

Within the overall framework, FOL-CSPs extend the ML-enhanced LCG/CDCL
loop: (1) neural relevance models rank quantified clauses before grounding, (2)
grounding produces propositional constraints used by the standard solver, and
(3) feedback from solver conflicts updates the neural encoders. This establishes
a recursive interaction between symbolic deduction and statistical learning.

The operation of this neuro-symbolic FOL-CSP module is summarized in Algo-
rithm 10. Each step mirrors the solver phase style (S010—S310) used throughout
the paper.

This paragraph summarizes the hierarchical solver structure corresponding to
Algorithm 10 (S010-S310): (S010) relational graph construction, (S1y¢) clause
relevance estimation, (S219) symbolic-neural unification, and (S31¢) integration
with propositional solvers.

Connection to the Global Framework. This paragraph explains the in-
tegrative role of the FOL-CSP module in the overall architecture, corresponding
conceptually to Algorithm 3 (S03). It describes how the FOL-CSP layer bridges
propositional reasoning at the SAT level and dynamic optimization at the plan-
ning level through ML—RL interaction, establishing a unified constraint-solving
pipeline. Formally, the integration preserves a hierarchical dependency:

Symbolic Reasoning — FOL-CSP — RL/DynP.

By embedding symbolic inference within this ML-RL hierarchy, the framework
provides a continuous flow of information from logical clauses to sequential de-
cision policies, supporting consistent reasoning, planning, and scheduling under
uncertainty.
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Algorithm 10 Neural-Assisted FOL-CSP Inference

’ Initialization ‘

(S010) Construct the relational graph G = (Vyar U Vprea, E) from M or knowl-
edge base K. Initialize a neural encoder ¢y that produces predicate and clause
embeddings, and a relevance predictor py(c;) estimating the usefulness of each
constraint.

| Clause Prioritization |

(S110) Rank constraints by their predicted relevance pg(c;). Select the top-K
clauses or those with py(c;) > 7 for grounding. Generate partial propositional
encodings for these high-confidence clauses.

| Guided Symbolic Search |

(S219) Perform unification and substitution among selected clauses. Neural
similarity between predicate embeddings guides the order of resolution. Con-
flicts or failed unifications are recorded to refine ¢y.

| Integration with Propositional Solvers |

(S310) The grounded propositional subset Cgrounded is forwarded to the ML-
enhanced LCG/CDCL solver. Backpropagated signals from solver conflicts up-
date neural parameters 6, closing the loop between symbolic and statistical
reasoning.

] Termination \

The procedure terminates when all clauses are either satisfied or grounded. If
all constraints are satisfied under some assignment A, return SAT; otherwise
return UNSAT.
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10 Empirical Evidence from the Literature

To strengthen the theoretical framework introduced in this paper, this sec-
tion summarizes and analyzes empirical findings reported in prior studies on
machine learning—assisted constraint solving and combinatorial optimization.
These works collectively demonstrate that data-driven and hybrid symbolic—
learning approaches can substantially enhance solver efficiency, scalability, and
adaptability.

10.1 RL for Search Heuristics

RL has been repeatedly shown to improve the efficiency of combinatorial and
scheduling solvers. For example, Park et al. [40] and Liu et al. [34] combined
GNNs with deep RL policies to learn dispatching rules for the job-shop schedul-
ing problem, achieving faster convergence and reduced makespan compared to
traditional heuristics. Chen et al. [16] proposed an attention-based RL frame-
work with disjunctive graph embeddings that reduced tardiness and outper-
formed metaheuristic baselines. In chemical production scheduling, Mowbray
et al. [38] used distributional RL to optimize batch sequencing under uncertainty,
showing robust performance against domain-specific solvers. These results con-
firm that RL-guided heuristic selection can effectively replace handcrafted rules
in dynamic and stochastic scheduling domains.

10.2 ML for SAT and CSP Solvers

A substantial body of empirical work demonstrates that machine learning can
significantly improve SAT and CSP solver performance. Liang’s PhD thesis [32]
and follow-up works such as Audemard and Simon [5], Liang et al. [33], and
Bergin et al. [10] showed that learned branching heuristics and clause-quality
predictors yield faster convergence on benchmark families. Selsam et al. [49] in-
troduced the NeuroSAT architecture, which learns unsupervised message-passing
embeddings to predict satisfiability, achieving competitive accuracy across stan-
dard SATLIB' and handcrafted datasets. Subsequent transformer-based exten-
sions [50,51] further improved scalability and runtime performance on indus-
trial SAT instances. Matos et al. [35] successfully applied a hybrid SAT and ML
pipeline to periodic timetabling, reducing solution time and improving feasibil-
ity rates on public transport data. Together, these studies empirically validate
that data-driven branching, clause learning, and variable selection can improve
search efficiency in Boolean and finite-domain constraint satisfaction problems.

Thttp://www.cs.ubc.ca/~hoos/SATLIB/
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10.3 Neural and Hybrid Optimization Frameworks

Several works demonstrate the integration of neural architectures with sym-
bolic optimization models. Oh et al. [26] employed a ML-based disjunctive
model for static program analysis, achieving higher accuracy and reduced false
positives relative to purely symbolic approaches. Recent advances in physics-
inspired and graph-based neural solvers further validate this paradigm: Krutsky
et al. [30] binarized physics-inspired GNNs for large-scale combinatorial opti-
mization, achieving competitive accuracy with substantially reduced model size.
The empirical evaluations in these studies demonstrate that learned neural rep-
resentations can effectively approximate or complement the symbolic reasoning
process underlying classical solvers.

10.4 Summary of Reported Improvements

Table 7 consolidates representative empirical results from the literature that
support the feasibility of ML- and RL-assisted constraint solving. The reported
improvements consistently indicate significant reductions in search effort and
runtime compared with traditional handcrafted heuristics.

Table 7: Representative empirical results supporting ML-assisted constraint
solving.

Reference Summary of Empirical Findings
Approach:
GNN + RL scheduling policy

Park et al. (2021) [40] Problem Domain: Job-shop scheduling

Reported Improvement:
10-25% makespan reduction
Approach: Deep RL with GNN features
Problem Domain: Dynamic JSSP
Reported Improvement:
20-35% runtime improvement
Approach:
Attention-based RL + disjunctive graph
Chen et al. (2023) [16] Problem Domain: Job-shop scheduling

Reported Improvement:

Reduced tardiness by 30%

Continued on next page

Liu et al. (2023) [34]
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Table 7 (continued)

Reference

Summary of Empirical Findings

Liang et al. (2016) [33]

Approach:

ML-guided branching heuristic
Problem Domain: SAT solving
Reported Improvement:

Faster solving on industrial benchmarks

Selsam et al. (2018) [49]

Approach:

Message-passing GNN (NeuroSAT)
Problem Domain:

SAT, CSP classification

Reported Improvement:
Accurate satisfiability prediction

Matos et al. (2021) [35]

Approach:

ML + SAT hybrid optimization
Problem Domain: Timetabling
Reported Improvement:
Shorter runtime, higher feasibility

Oh et al. (2019) [26]

Approach:

ML-enhanced disjunctive model
Problem Domain: Program analysis
Reported Improvement:

Improved precision, fewer false alarms

Krutsky et al. (2025) [30]

Approach:

Binarized physics-inspired GNN
Problem Domain:

Combinatorial optimization

Reported Improvement:

Comparable accuracy, lower compute cost

10.5 Discussion

The empirical results surveyed above consistently confirm the effectiveness of
ML and RL techniques when integrated with constraint programming and com-
binatorial optimization. Learned heuristics and neural graph representations
enable solvers to generalize across problem instances, reduce branching depth,
and improve solution quality. These findings provide solid empirical grounding
for the unified framework proposed in this paper, reinforcing the claim that
hybrid intelligent systems combining symbolic reasoning with data-driven infer-

ence are both feasible and performance-enhancing.
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11 Current Challenges and Future Directions

Building on the empirical evidence summarized in Section 10, we now examine
the remaining challenges and research directions that define the frontier of learn-
ing—augmented constraint optimization. The convergence of ML, RL, and classi-
cal optimization—including SAT, CSP, GNN-based graph models, and DisP—has
transformed automated reasoning and combinatorial problem solving. Yet de-
spite this progress, the integration of symbolic and statistical methods remains
far from complete; many hybrid solvers succeed on narrow benchmarks but still
struggle with scale, interpretability, and theoretical guarantees.

Goal and intuition. The goal of this section is to synthesize the major chal-
lenges that limit current learning—augmented optimization frameworks and to
outline research directions that can bridge symbolic logic and adaptive learning
more effectively. The intuition is that achieving true autonomy in reasoning sys-
tems requires more than incremental improvements in accuracy or runtime—it
demands a principled understanding of how knowledge, learning, and inference
interact within unified solver architectures.

Motivation. By identifying these open problems, we aim to frame a research
agenda for the next generation of hybrid solvers. The discussion that follows
highlights both the theoretical and practical frontiers of the field—scalability,
interpretability, data efficiency, and reproducibility—each representing an es-
sential step toward explainable, adaptive, and verifiable reasoning systems.

Scalability and Generalization. A fundamental limitation of current
learning—based solvers is their difficulty in scaling to industrial-scale instances
and generalizing across problem families. GNNs, Transformer architectures,
and neural policies often exhibit excellent performance on fixed distributions of
benchmark instances but degrade significantly on out-of-distribution or struc-
turally distinct problems. This challenge arises from overfitting to training
graphs or clause distributions and from the exponential growth of combina-
torial search spaces. Promising research directions include meta-learning and
transfer-learning strategies that adapt across domains, as well as hierarchical
or modular GNNs that capture compositional structure in large-scale graphs
without sacrificing tractability.

Interpretability and Theoretical Guarantees. The opacity of neural rea-
soning remains a major obstacle for adoption in safety—critical or verifiable ap-
plications. Unlike classical CDCL, LCG, or DisP frameworks, where each inference
step is logically justified, learning—based solvers provide limited interpretabil-
ity and few theoretical guarantees of soundness or completeness. Bridging this
gap requires (i) the design of explainable architectures combining symbolic con-
straints with differentiable logic (cf. Algorithm 9), and (ii) the development of
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formal bounds on generalization, convergence, and suboptimality within learned
branching or policy mechanisms. Recent hybrid symbolic—neural approaches
that embed continuous relaxations of disjunctions or quantified predicates show
promise toward transparent and verifiable ML-enhanced solvers.

Data Efficiency and Self-Supervision. Supervised learning for SAT/CSP or
graph optimization requires large sets of solved instances or optimal solutions,
which are costly to obtain. Even with reinforcement-based exploration, reward
sparsity and slow convergence hinder efficient policy learning. Future research
should focus on self-supervised and unsupervised formulations where constraint
satisfaction or logical consistency provides intrinsic training signals. Possible
strategies include differentiable constraint penalties (cf. Section 5), curriculum
generation of progressively harder instances, and generative models that syn-
thesize diverse and challenging training data for solver generalization.

Integration of ML with Classical Heuristics. Although ML-guided
heuristics such as backbone prediction, learning-rate branching, and neural
restart scheduling have demonstrated clear runtime benefits (see Algorithms 3—
5), their coupling with deterministic solver cores remains ad hoc. A rigorous uni-
fication of neural policies with classical heuristic control laws could be achieved
by formalizing propagation, branching, and backjumping as differentiable op-
erators embedded within a stochastic control framework. Such formulations
would enable joint optimization of solver parameters and learned policies un-
der unified gradient-based objectives, maintaining completeness while improving
adaptability.

Hybrid Symbolic—Neural Solvers. The most promising direction lies in
integrating symbolic reasoning (logical consistency, inference rules) with neu-
ral approximations (pattern recognition, generalization). In DisP and FOL-CSP
frameworks, this synergy is achieved through differentiable logical layers and
neural predicate embeddings (Algorithms 9 and 10), yet a complete hybrid
pipeline capable of continuous logical inference and discrete optimization re-
mains an open goal. Future solvers should combine (i) symbolic correctness
guarantees, (ii) neural adaptability, and (iii) dynamic uncertainty management,
potentially via RL-based policy hierarchies or variational logic layers.

Benchmarking and Reproducibility. Comparative evaluation of learning—
based solvers remains inconsistent due to heterogeneous datasets, differing
instance distributions, and diverse hardware environments. Standardized
benchmarking—encompassing not only runtime but also learning overhead,
sample efficiency, and cross-domain transfer—is essential to ensure reproducibil-
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ity and fair comparison. Community-driven initiatives, analogous to SATCOMP?
and the MiniZinc challenge®, could be extended to include ML-enhanced and
neural-symbolic solvers, establishing a unified experimental baseline.

Cross-Domain Integration. Extending ML-enhanced solvers to broader do-
mains such as hybrid optimization, control, and symbolic reasoning under uncer-
tainty constitutes another key frontier. Incorporating disjunctive and relational
structures within continuous optimization (e.g., MIP/NLP) and dynamic control
(e.g., DynP and RL) can enable unified solvers that reason over both logical and
numerical domains. Potential applications include dynamic resource allocation,
explainable planning, neuro-symbolic verification, and adaptive multi-agent sys-
tems.

The above challenges define the current research frontier for ML-enhanced op-
timization.

Outlook. The convergence of symbolic optimization, logical reasoning, and
statistical learning defines the emerging paradigm of learning—augmented rea-
soning. Realizing its full potential will require scalable graph representations,
interpretable hybrid architectures, and principled theories linking learning to
logical inference. Future research should focus on developing general frame-
works where deductive structure and data—driven adaptability coexist, leading
toward self-improving, explainable solvers that integrate the strengths of math-
ematics, logic, and machine intelligence.

Reflection on Research Questions. The discussion above provides per-
spective on the three guiding research questions introduced in Subsection 1.3.

Q1 (Integration of ML and RL into Solver Phases): Significant progress
has been achieved in embedding learning components within each phase of
LCG/CDCL architectures—propagation, decision-making, conflict resolution, and
restart control—through Algorithms 3-5. Nevertheless, integration remains par-
tial: most systems treat learned modules as auxiliary heuristics rather than as
fully unified, differentiable operators within the solver loop.

Q2 (Algorithmic and Representational Frameworks): GNN-based ar-
chitectures, differentiable logic (Algorithm 9), and RL-driven heuristic adapta-
tion have established promising representational paradigms. However, theoret-
ical understanding of these frameworks—particularly in terms of convergence,

2SATCOMP is the annual international competition evaluating SAT solvers on standardized
benchmarks.

3The MiniZinc challenge is an annual international competition comparing constraint solv-
ing technologies on standardized MiniZinc problem sets. It focuses on finite-domain propaga-
tion solvers and aims to build a library of benchmark models for evaluating solver performance
and optimization quality [1].

68



completeness, and generalization—remains limited. Bridging formal guarantees
with neural expressivity is a key goal for future hybrid symbolic—neural solvers.

Q3 (Open Challenges and Research Trends): The major challenges iden-
tified—scalability, interpretability, data efficiency, and benchmarking—outline
an evolving research frontier. Future work should pursue general theories of
learning—augmented reasoning that unify symbolic inference and statistical gen-
eralization, supported by reproducible empirical benchmarks.

These reflections connect the survey’s synthesis back to its foundational re-
search questions, clarifying both the progress achieved and the opportunities
that remain for next-generation learning-enhanced constraint solvers.

Transition to Conclusion. The challenges and opportunities outlined above
underscore the continuing evolution of learning—based reasoning frameworks.
They motivate the synthesis presented in the following Conclusion, where the
modular algorithms developed throughout this paper are unified into a coherent
ML/RL—-enhanced LCG/CDCL architecture. Together, these contributions illus-
trate how statistical learning and symbolic optimization can converge toward
adaptive, explainable, and self-improving solver paradigms.

To complement the conceptual discussion above, comprehensive mathematical
formulations and additional case-study implementations are provided in the
appendices (see Appendices B.1-D.2) for reference and reproducibility.

12 Conclusion

This paper presented an integrated framework that enhances classical CSP and
SAT solvers through embedded ML and RL components. Building upon Algo-
rithm 1 (LCG, Lazy Clause Generation) and Algorithm 2 (CDCL, Conflict-
Driven Clause Learning) paradigms, four modular extensions were intro-
duced to embed learning—based intelligence directly into each major solver
phase.

Together, these extensions form a cohesive learning-augmented solver pipeline
that connects symbolic reasoning with adaptive statistical learning.

Algorithm 3 (ML-Enhanced Propagation) integrates logistic regression,
Monte Carlo backbone prediction, and RL—guided pruning. This enhance-
ment replaces static domain filtering with probabilistic backbone estimation
and adaptive consistency enforcement, improving propagation efficiency and re-
ducing early conflicts.

Algorithm 4 (ML-Enhanced Heuristic Decision) extends the decision-
making process through instance classification, parameter tuning, and neural
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branching via transformer embeddings. The resulting adaptive policy general-
izes across problem families, dynamically aligning branching choices with in-
stance structure and solver performance.

Algorithm 5 (ML-Enhanced Conflict Analysis and Backjumping) incor-
porates predictive clause utility modeling and RIL-based restart scheduling, en-
abling data—driven conflict analysis and more effective backjumping. Neural
prioritization techniques such as NeuroGIFT further demonstrate improvements
in cryptanalytic applications by ranking candidate assignments according to
learned structural cues.

Algorithm 6 (ML Applications Beyond the Core Loop) extends solver
capability through ML-based structural analysis of community-structured SAT
formulas and interpretable model construction using SAT-encoded decision trees.
This contribution bridges symbolic reasoning and explainable AI, integrating
solver analysis with interpretable model learning.

Collectively, these components form a comprehensive ML/RL-augmented
LCG/CDCL framework. The integration of statistical inference with symbolic
reasoning enhances solver scalability, adaptability, and generalization across
structured and real-world domains. Prior empirical and theoretical stud-
ies [8, 32,35, 39, 50, 59] show that learned heuristics consistently outperform
static rule-based methods in runtime efficiency, conflict minimization, and de-
cision accuracy.

Overall, this study contributes a step toward autonomous, learning-augmented
reasoning systems that unify combinatorial optimization, statistical inference,
and symbolic logic within a single, adaptive computational framework. Future
research should further formalize the theoretical guarantees of this unified archi-
tecture and explore its scalability to real-world, large-scale constraint domains.

Detailed algorithmic derivations, mathematical formulations, and extended ex-
amples supporting this framework are included in Appendices A-D, which pro-
vide full reproducibility of the presented results.

A Appendix: Classical Algorithms and devel-

oped software for CSPs

Classical CSP solving can be interpreted as a graph—search problem over the
space of partial assignments. Each node in the search tree corresponds to a
partial assignment A, C A, and each edge represents the assignment of a new
variable value consistent with the constraints so far. Let A,(z;) = v denote
that variable x; has been assigned value v.
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Formally, we define the search tree as
T = (VT,ET), Vr = {.Ap | .Ap X Cc X, Ap($1) € 'D(’le)},

where (Ap, A}) € BEr if A, = A U{(2i,v)} for some unassigned x; and v € D(z;)
consistent with all ¢; € C. A leaf node represents either a conflict (dead end) or
a full assignment A.

A.1 Appendix: Classical Algorithms for CSPs

Arc Consistency and the AC-3 Algorithm. Among propagation methods,
the AC-3 procedure (=Algorithm 11) is one of the most widely used for establish-
ing consistency in binary CSPs. It operates by iteratively enforcing consistency
on every directed arc (X;, X;) in the constraint graph. Whenever a value in the
domain of X; is found inconsistent with all values of X}, it is pruned, and the
neighboring arcs of X; are reinserted for reconsideration. This process continues
until no domain reductions occur. AC-3 guarantees that all binary constraints
are locally consistent and terminates with a consistent domain assignment or
detects inconsistency if any domain becomes empty.

Algorithm 11 Arc Consistency Algorithm (AC-3)

(S011) Initialize a queue @ with all arcs (X;, X;) in the constraint graph.

repeat
(S111) Remove an arc (X;, X;) from Q.
(S211) For each value x € D(X;), check whether there exists a value y €
D(X;) such that the constraint between X; and X is satisfied. If no such
y exists, remove z from D(X;).

(S311) If D(X;) was reduced, then for each neighbor Xj, of X; (except X}),
add (X, X;) to Q.
until @ is empty.
(S411) If any domain D(X;) becomes empty, return inconsistent.
Otherwise, all domains are arc-consistent; return consistent.

Backtracking Search (BTS) and Branch-and-Bound (BB). Classical CSP
search procedures rely on recursive exploration of the search tree representing
partial variable assignments. BTS is the foundational depth-first enumeration
scheme for constraint satisfaction. At each recursive call, the current partial
assignment A, is tested for consistency; if it violates a constraint, the search
immediately backtracks (fail); if it assigns all variables consistently, the pro-
cedure terminates (success). Otherwise, an unassigned variable x; is chosen,
and the algorithm recursively expands all feasible value choices v € D(z;). This
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recursive process implicitly enumerates the feasible region defined by the con-
straints and forms the logical basis of many complete solvers.

Algorithm 12 Depth-First Backtracking Search (tt BTS)

(S012) Initialize partial assignment A, = (), constraint set C, and variable
ordering (x1,...,Zy).

(S1i2) If A, is total and satisfies all ¢; € C, return success.
If 3¢; € C such that A,(scope(c;)) ¢ ¢;, return fail.

(S212) Select the next unassigned variable z; and iterate over values v € D(z;):
Add (z;,v) to A, and recursively call DFS(A, U {(z;,v)}).

If a recursive call returns success, propagate upward.
Otherwise, remove (z;,v) and try the next v.

(S312) If all values in D(x;) fail, return fail.

The success and fail outcomes thus serve as Boolean indicators of feasibility
propagation in the recursion: success marks a complete consistent solution,
whereas fail indicates that no consistent extension of the current partial as-
signment exists. Backtracking ensures completeness but can grow exponentially
in the number of variables, motivating the use of cost-based pruning. We discuss
the DFS algorithm, below.

When an objective function f(x) is introduced, the same tree structure can be
searched using the branch-and-bound strategy. Instead of exploring all feasi-
ble completions, branch-and-bound computes a lower bound fumin(Ap) (a valid
lower bound on the objective value of all feasible completions of A,) for each
partial assignment. Any node whose bound exceeds the current incumbent f*
can be safely pruned. This converts pure feasibility search into an exact opti-
mization scheme and forms the computational backbone of many mixed-integer
and combinatorial solvers.

In summary, Algorithm 12 provides the fundamental logical search mechanism,
while Algorithm 13 extends it with numerical bounds to support optimization.
Both can be viewed as discrete analogues of recursive dynamic programming,
and their decision structure directly parallels the policy search mechanisms used
later in reinforcement learning formulations.

Breadth-First vs. Depth-First. Let depth(.A,) denote the number of as-
signed variables. Breadth-first search (BFS=Algorithm 14) explores nodes in
increasing depth order, ensuring minimal-depth solutions but with exponential
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Algorithm 13 Branch-and-Bound (BB)

(S013) Initialize incumbent objective f* = +o00, root node representing the
full feasible domain D, and an empty search stack.

repeat
(S1i3) Select a node A, from the stack (partial assignment). Compute a
valid lower bound fmin(Ap) and check feasibility of A,,.

(S213) If A, is infeasible, discard the node (fail).

If A, is complete and f(A,) < f*, update f* := f(A,) and record A* := A,
(success).

(S313) Otherwise, if fmin(Ap) < f*, branch on a variable x; and push each
subproblem A, U {(z;,v)} for v € D(x;) onto the stack.

Prune any node with fmin(Ap) > f*.

until stack is empty or optimal solution found.

memory requirements. Depth-first search (DFS=Algorithm 15) explores along
a single branch until conflict, then backtracks. Modern solvers combine both
strategies through iterative deepening or restarts, providing full coverage while
controlling memory.

Algorithm 14 Breadth-First Search (BFS)

(S014) Given constraint set C over variables (x1,...,x,), initialize a queue
Q + [Ao] with the empty assignment Ay = 0.

repeat
(S114) Dequeue the first node A, from Q.
If A, is total and satisfies all ¢; € C, return success.
If 3¢; € C such that A,(scope(c;)) ¢ c¢;, skip to the next node.

(S214) For the next unassigned variable x;, generate child nodes A}, =
Ap U{(zi,v)} for all v € D(x;), and enqueue each Aj, into Q.

until @ is empty.
Return fail.

Completeness and Termination. All search algorithms described are com-
plete for finite-domain CSPs, guaranteeing termination with either success or
fail. However, in the absence of strong pruning or learned guidance, their ex-
pected time complexity remains exponential in | X|, underscoring the importance
of heuristic and ML-based acceleration.
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Algorithm 15 Depth-First Search (DFS)

(SO15) Given constraint set C over variables (x1,...,x,), initialize a stack
S « [Ap] with the empty assignment Ag = 0.

repeat
(S115) Pop the top node A, from S.
If A, is total and satisfies all ¢; € C, return success.
If 3¢; € C such that A,(scope(c;)) ¢ ¢;, continue.

(S215) Select the next unassigned variable x;, generate child nodes A;j, =
Ap U{(z4,v)} for all v € D(x;), and push each Aj, onto S.

until S is empty.

Return fail.

From Classical Search to CDCL. Modern SAT solvers extend classical CSP
search through conflict-driven clause learning (CDCL), non-chronological back-
tracking, and restart strategies. These mechanisms augment Algorithm 12 with
learned “nogoods” that prevent revisiting inconsistent subspaces. The result-
ing synergy between propagation, learning, and restart policies provides the
conceptual bridge to ML-augmented CSP/SAT solvers discussed in later sections.

Both algorithms enumerate the same search tree but in different traversal orders:
BFS guarantees the shallowest solution first but requires large memory, whereas
DFS uses minimal memory but may explore deep infeasible paths. Iterative
deepening combines the advantages of both by bounding the recursion depth
and gradually increasing the limit.

Constraint Graph Representation. Every CSP induces a constraint graph
G = (V,E) with V = X and (z;, z1) € E if variables co-occur in some ¢;. Search
procedures can then be viewed as traversals of G guided by variable-ordering
heuristics. For instance, the minimum remaining values (MRV) heuristic selects

z; = argmin |D(z;)|
z;€X\dom(Ap)

to reduce branching factor.

Beyond uninformed strategies such as BFS and DFS, heuristic-guided algorithms
use cost estimates to prioritize promising partial assignments.

A* Search. A* is a classical best-first search algorithm combining path-cost
accumulation with heuristic guidance. At each step, it expands the node min-
imizing f(s) = g(s) + h(s), where g(s) is the known cost from the start state
and h(s) is a heuristic estimate of the remaining cost to the goal. For each
successor s’ of state s, ¢(s,s’) denotes the transition cost between them. Under
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an admissible heuristic, A* is both complete and optimal, serving as the founda-
tion for many classical planning and constraint-search procedures. Algorithm 16
summarizes the standard A* framework.

Algorithm 16 Classical A* Search Algorithm

’ Initialization ‘
(SO16) Initialize the open list with the start node sgtart; set g(Sstart) := 0
and f(Sstart) := h(Sstart). Initialize the closed list as empty.

repeat
’ Node Selection and Expansion
(S116) Select from the open list the node s with the smallest f(s) = g(s) +
h(s). If s is the goal state, terminate and reconstruct the path. Otherwise,
remove s from the open list and add it to the closed list.

’ Successor Generation ‘
(S216) For each successor s’ of s with transition cost c(s, s'):

e  Compute tentative cost ¢'(s") = g(s) + (s, ).
o If s’ ¢ open/closed lists or ¢’'(s") < g(s’), update:
9(s') :=g'(s"),  f(s) = g(s") + (s"),
and record s’’s parent as s.

e Add s’ to the open list if not already present.

Termination
(S316) Repeat (S116)—(S216) until the open list is empty (no solution) or a
goal node is found. Return the path of minimal total cost f(s) if successful.

until goal reached or open list empty

A.2 Appendix: Software using LCG and CDCL algorithms

Lazy Clause Generation (LCG)-based Solvers. LCG-based solvers inte-
grate the propagation mechanisms of finite-domain constraint programming (CP)
with the learning capabilities of Boolean satisfiability (SAT) solvers, combin-
ing expressive high-level modeling with efficient conflict-driven search. Among
state-of-the-art LCG systems, Chuffed [53] is a solver designed from the ground
up around the principles of lazy clause generation. Each finite-domain propaga-
tor in Chuffed records the reasons for its propagations as implication clauses,
constructing a conflict graph similar to that of CDCL SAT solvers. This enables
the derivation of nogoods, non-chronological backjumping, and variable activ-
ity heuristics based on the VSIDS scheme, achieving substantial reductions in
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redundant search while maintaining tight integration between the SAT and CP
layers.

ECLiPSe [4] provides a foundational constraint logic programming (CLP) envi-
ronment that has strongly influenced the architecture of modern LCG solvers.
Developed as a research and industrial platform for constraint-based model-
ing, it supports hybrid solvers for integer, real, and Boolean domains, an open
module system for defining new propagators, and a robust language interface
to external solvers. Its design philosophy—separating modeling, search control,
and solver implementation—continues to inform LCG system architecture.

Gecode [47] represents a highly optimized and extensible C++ library for con-
straint programming. It offers an extensive collection of global constraints,
advanced propagation algorithms, customizable search strategies, and efficient
multi-core parallel search engines. As an open-source framework under the MIT
license, Gecode has become a reference implementation for academic research
and a back-end for modeling languages such as MiniZinc. Its modular ker-
nel allows the rapid development and testing of new propagation algorithms
and branching heuristics, making it an essential component in the evolution of
hybrid CP--SAT technologies.

Finally, Picat [62] is a modern logic-based multi-paradigm language that uni-
fies logic, functional, constraint, and imperative programming. Its built-in con-
straint modules (cp, sat, mip, and smt) provide a unified interface to multiple
solving paradigms, allowing the seamless application of SAT-based encodings
within a declarative modeling environment. The PicatSAT compiler integrates
LCG-style clause learning with high-level constraint representations, while its
tabling and dynamic programming features extend the solver’s capabilities to
planning and optimization problems. Together, these solvers—from ECLiPSe’s
CLP foundations to Gecode’s extensible architecture, Chuffed’s hybrid clause
learning, and Picat’s declarative multi-paradigm integration—illustrate the
continuous convergence of CP and SAT paradigms that defines the modern LCG
landscape.

Conflict-Driven Clause Learning (CDCL)-based Solvers. CDCL-based
solvers form the core of modern propositional and satisfiability modulo theories
(SMT) solving. They extend the classical DPLL procedure with conflict-driven
clause learning, non-chronological backjumping, restarts, and variable activity
heuristics. Among the most influential solvers in this lineage, MiniSAT [21]
stands as a minimalist yet extensible implementation that crystallized the mod-
ern CDCL architecture. It introduced efficient data structures such as watched
literals for Boolean constraint propagation and offered a clean C++ interface, al-
lowing it to serve as a foundation for later high-performance solvers. Glucose [5],
derived from MiniSAT, pioneered the use of the LBD (Literal Blocks Distance)
metric to evaluate the quality of learnt clauses, introducing the concept of “glue
clauses” that connect fewer decision levels and thus contribute most effectively
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to pruning the search space. This innovation led to predictive clause manage-
ment strategies that became standard across subsequent solvers.

PicoSAT [12] emphasized low-level performance optimization through memory-
efficient occurrence lists and aggressive restart policies. Its innovations in data
layout and proof trace compression improved both runtime and proof generation
efficiency, establishing new baselines for solver engineering. MapleSAT [33] in-
tegrated machine learning concepts into branching heuristics via the Learning
Rate Branching (LRB) algorithm, viewing variable selection as an online opti-
mization process inspired by reinforcement learning. This approach significantly
improved solver adaptability across heterogeneous benchmark categories.

Kissat [13], a recent descendant of CaDiCal, exemplifies a modern high-
performance CDCL solver engineered for simplicity, determinism, and cache
efficiency. Written in C, it combines optimized restarts, inprocessing, and
lightweight preprocessing while maintaining the lean structure of MiniSAT.
CryptoMiniSAT [52] extends the CDCL framework to cryptographic reasoning
by adding native XOR constraint propagation through Gaussian elimination, en-
abling efficient treatment of algebraic relations in cryptanalysis problems.

Beyond pure SAT solving, Z3 [19] and Yices [20] extend CDCL into the domain
of SMT solving. Z3 integrates Boolean reasoning with first-order theories such as
arithmetic and arrays via the DPLL(T) architecture, providing a powerful plat-
form for verification, synthesis, and symbolic reasoning. Similarly, Yices com-
bines a DPLL-based Boolean core with specialized theory solvers for arithmetic,
arrays, bit-vectors, and uninterpreted functions, supporting MAX-SMT, unsat-
core extraction, and model construction. Both solvers implement flexible APIs
and serve as backends in major formal verification environments, including PVS
and SAL. Together, these CDCL-based solvers—spanning from MiniSAT’s mod-
ular foundation to Kissat’s streamlined engineering, Glucose’s clause-quality
learning, MapleSAT’s machine-learning heuristics, and Z3/Yices’s theory inte-
gration—define the state-of-the-art in SAT and SMT solving technology.

B Appendix: Mathematical Details of Learning
Methods

This appendix provides additional mathematical formulations and algorithmic
details that complement Section 3. It expands on gradient-based learning dy-
namics, graph neural architectures, attention mechanisms, and reinforcement-
learning procedures that form the computational foundation for hybrid sym-
bolic-learning solvers.
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B.1 Training Dynamics of Deep NNs
Learning proceeds via backpropagation, which applies the chain rule to propagate
gradients from output to input layers:

OL  OL Ohgs1 Ohy
OW;  Ohgyr Ohy OW,'

hot1 = J(thz + bg).

This recursive update mechanism enables end-to-end differentiability across all
parameters. In hybrid optimization frameworks, such differentiability permits
integrating DNN components with symbolic solvers via gradient-based feedback.

B.2 GNNs and Attention Models

A supervised ML model learns a parametric mapping fy : X — ), where X
denotes the input space and ) the prediction target. The model parameters 6
are optimized using the standard supervised learning objective L(#) defined in
Section 3, typically minimized by stochastic gradient descent (SGD) or adaptive
methods such as Adam [27].

Classification Models. When the prediction target is categorical, ML mod-
els often use the softmax mapping to represent class probabilities

exp(w, x + by)
Z]K:1 exp(w;rx +bj) 7

Pr(y = k | x) = (10)

where wj, € R? and b, € R are learned parameters for class k. This model
underlies instance classification and solver-selection tasks introduced later.

GNN Representations. For graph-structured inputs G = (V| E), ML mod-
els often employ GNNs to capture relational dependencies between variables

or constraints. Given node embeddings hg,k) € R? at layer k, each iteration of
message passing is defined by

m® = 3 b ). AED = upa(nP P, ()
ueN (v)

for all v € V, where ¢msg, Pupd, and ¢read are learnable neural functions (typ-
ically small MLPs), and e,, encodes edge features such as precedence or re-
source type (the readout operator ¢..q aggregates node embeddings into a
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fixed-size vector representation — e.g., mean, sum, or attention pooling — ensur-
ing permutation invariance). A global graph representation is obtained through
a permutation-invariant readout,

he = breaa ({H) [0 E V),

used as input to downstream decision models. Permutation invariance ensures
that the learned graph representation remains consistent under node reordering.
Here K denotes the total number of message-passing layers (or iterations) in

the GNN, so that hS,K) is the final embedding of node v after K propagation
steps.

node2vec Embeddings. The node2vec algorithm [24] learns continuous vec-
tor representations of nodes in a graph by simulating biased random walks that
capture both local and global structure. Formally, let G = (V, E) be a graph,
and let N, (v) = (v1,v,...,v,) denote a length-r random walk starting from
node v € V. The objective is to learn an embedding function

fV R

that maximizes the likelihood of preserving network neighborhoods under a
skip-gram model:

max cul Fo ol Flo)) = P (W) ()
] gue%»:(v)logf)( T, el 1) P wev exp(f(w) T f(v))

. (12)
Here, N,.(v) denotes the multiset of nodes visited within a random walk of
length r starting from node v, and (p,q) are the return and in—out parame-
ters that control the breadth-first and depth-first exploration biases controlling
whether the random walk revisits nearby nodes or explores distant ones. The
resulting embeddings f(v) serve as dense feature vectors for each node, used in
subsequent graph-based learning tasks.

Attention Mechanisms. Transformer-based architectures generalize GNN
aggregation through scaled dot-product attention:

attn(Q, K, V) = softmax(?/[id:) V, (13)

where Q, K,V € R™% are the query, key, and value matrices obtained by
linear projections of node features, and dj is the key embedding dimension.
This operator allows learning global dependencies over disjunctive or clause
graphs while preserving differentiability.
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Let Ency : R"*% 5 R"*?- denote the Transformer encoder parameterized by 6,
which computes a contextual embedding of the input X:

Ency(X) = FFN(attn(Q, K,V)), (14)

where attn(Q, K, V) is the multi-head attention output defined in (13). The
feed-forward network (FFN) applies non-linear transformations and residual
connections, producing contextualized embeddings Ency(X) that capture de-
pendencies among all input elements.

Pointer Attention. The pointer attention mechanism extends (13) by using
attention weights to select a single element from the encoder outputs rather than
computing a weighted sum. At decoding step ¢, the model assigns a probability
distribution over encoder positions:

exp((Woa) " (Wk;))
> exp((Woa) T (W)’

Q= Pr(a; = i) = oy,

where ¢, € R% is the decoder query vector at step ¢, z; € R% is the encoder
representation of element i, and W € R%*4a and Wy € R% >4 are learned
projection matrices for the query and key transformations. The coefficient ay;
denotes the probability of selecting encoder position i, and a; represents the
index of the element chosen at decoding step t. This mechanism, introduced
by [58], enables a decoder to “point” directly to variables, operations, or clauses
during sequential decision making, a capability later exploited in the attention-
based scheduling and branching algorithms.

Logistic Regression. For binary prediction problems, such as polarity esti-
mation in SAT solvers, a logistic model computes

1

Priz =1 = =G

(15)

where z; are the feature vectors of variable x;, v are learned weights, and c is
a bias term. This formulation reappears in the polarity-prediction heuristics
described later in this section.

Clause Utility Regression. Clause retention and deletion decisions can be
guided by a learned estimate of each clause’s expected utility. Let C' denote
a learned clause characterized by features such as its size |C/|, Literal Block
Distance LBD(C), age, and activity score. A regression or neural model predicts
a scalar utility value

u(C) = fo([LBD(C), |C], age(C), activity (C)]),

80



where fy is a parametric function (e.g., a multilayer perceptron) with learn-
able parameters 6. Clauses with higher predicted utility are prioritized during
propagation and conflict analysis, while those with low utility are deprioritized
or removed. This formulation provides a unified learning interface for clause
management, referenced later in Algorithm 5.

Online Learning and Bandit Models. Some decision processes, such as
variable selection or parameter tuning, can be formalized as multi-armed bandit
problems. At each round ¢, the learner chooses an action (or arm) a; and
observes a stochastic reward ;. A common strategy is the Upper Confidence
Bound (UCB) policy:

Int
ap = argmax (Qi—i—ﬁ 2 ) ,

3

where @; is the estimated reward of arm 4, n; counts how many times arm 3
has been selected, and 5 > 0 controls exploration versus exploitation. Action
values are updated incrementally by

Qi +— Qi +n(re — Qy),

where 7 is the learning rate. The objective is to maximize the expected cumu-
lative reward over a time horizon 7"

T
max E, lz rt] ,
t=0

where 7 denotes the stochastic decision policy balancing exploration and ex-
ploitation. This framework underlies adaptive heuristics such as learning-rate
branching and algorithm configuration used in later sections.

Learning Rate Branching (LRB). A practical instance of bandit-based
decision making used in modern SAT solvers is the LRB heuristic. Each vari-

able x; corresponds to an arm with reward rii) inversely proportional to the
conflict depth after branching. At iteration ¢, the policy selects arm i according

to
exp(Q:(3)/7)
>, exp(Qu(j)/7)

where Q:(7) is the estimated utility and 7 > 0 controls exploration. Action
values are updated incrementally,

Qi (D) (1 — )Qu(i) + ar'”.

This bandit-based mechanism balances exploration and exploitation in variable
selection, serving as a prototype for adaptive branching in CSP/SAT solvers (de-
tailed later in Algorithm 4).

Pr(at = ’L) =
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B.3 Mathematical Foundations of RL

RL formalizes optimization and control as a sequential decision-making process
modeled by a Markov Decision Process (MDP)

M= (S, A Pr,R,7),

where S is the set of states, A the set of actions, Pr(s'|s,a) the transition
probability, R(s,a) the reward, and v € (0,1] the discount factor. At time ¢,
the agent observes state s;, selects action a;, receives reward r, = R(sg, aq),
and transitions to s;11. The goal is to find a policy my(als) that maximizes the
expected return

J(0) =E,,

T
Z 7%&] .
t=0

For later reference, we define the Monte Carlo return as

which represents the discounted cumulative reward collected along a trajectory
under policy my.

Policy Gradient Theorem. For a differentiable policy my, the gradient of
the expected return is

Vo J(0) = Exy[Vologma(als) Q™ (s, a)],

where Q™ (s,a) is the true action—value function under policy mg, and V7 (s)
is the corresponding state—value function estimating the expected return from
state s. In practical actor—critic implementations, these functions are approx-
imated by NNs Q(s,a) and Vj(s) with parameters ¢ and ¢. The advantage
estimate is then computed as

Ay = Qu(se,ar) — Vi(se),

which measures how much better an action performed compared with the critic’s
baseline expectation.

Value-Based Methods. In Q-learning, the agent estimates the optimal
action—value function Q*(s,a), which satisfies the Bellman optimality equation.
The tabular update rule is

Qs.a) « (1-a)Q(s,0) + afr +ymax Q(s', "),
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where « is the learning rate and y € (0, 1] is the discount factor weighting future
rewards. In function-approximation settings such as Deep Q-Networks (DQN),
the value function is represented by an NN Qy(s,a) parameterized by . Its
parameters are optimized by minimizing the temporal-difference loss

L() =E[(r + ymax Qy-(s',a') = Qu(s, )],

where 1~ denotes the frozen target-network parameters, and Qy (s, a) serves as
an approximation of the true Q*(s,a) [55].

Algorithm 17 summarizes the A2C procedure. In step (S017), the actor—critic
networks and learning rates are initialized. During (S117), the current policy
g interacts with the environment to collect trajectories of states, actions, and

rewards. (S217) computes the discounted returns and advantage estimates A,
using the critic’s value predictions. The actor parameters are then updated in
(S317) through a policy-gradient ascent step that reinforces actions with posi-
tive advantages, while the critic parameters are refined in (S4;7) by minimizing
the mean-squared error between predicted and observed returns. Finally, (S517)
synchronizes gradients across multiple trajectories to ensure stable, parallel up-
dates.

Figure 9 illustrates how the actor and critic cooperate in A2C: the actor generates
actions, the critic provides advantage feedback, and both are updated through
gradient steps.
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Algorithm 17 Advantage Actor—Critic (A2C) [36]

(SO17) Initialize actor parameters 6, critic parameters ¢, learning rates
(v, avg), and discount factor .

repeat
(S117) Run current policy mp(als) in the environment for T steps. Collect
trajectories {(s¢,at, ¢, s141)}i—q and compute the Monte Carlo return

Ry = Z’Yk_tﬁm i = R(sk, ax),

where R(s,a) is the immediate reward function defined in the MDP, and R,
denotes its discounted cumulative estimate over a sampled trajectory, which
is the empirical return computed via Monte Carlo rollout, distinguishing it
from the reward function R(s,a) that defines instantaneous feedback.

(S217) Estimate advantages using the critic network:
Ay =Ry — Vy(sy).
(S317) Update actor parameters by ascending the policy-gradient objective:
0+ 0+ agVglogmg(as|st) A,.
(S417) Update critic parameters by minimizing the value loss:
¢+ ¢ — apVe(Va(se) — Re)?.

(S517) Optionally synchronize gradients or parameter averages across mul-
tiple parallel trajectories (synchronous update).

until policy convergence or training budget exhausted.
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Gradient Updates
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Actor | Critic
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state s¢41
reward 7

action a¢

Environment
M = (87 A7 Pr’ R7 ’Y)

Collect trajectories {(s¢, at,r¢)} and update
actor via policy gradient, critic via value loss.

Figure 9: Advantage Actor—Critic (A2C) [36]. The actor interacts with the
environment to collect trajectories, while the critic evaluates state values to
compute the advantage A;. Both networks update synchronously to improve
the policy.

Algorithm 18 outlines the PPO update process. In step (S01s), the policy and
value networks are initialized together with learning rates, clipping constant e,
and discount factor v. During (S1;g), the current policy 7y interacts with the
environment to generate trajectories and compute the corresponding discounted

returns R;. Step (S215) estimates advantages A, using the critic’s predictions
Vg(st). The policy parameters are then updated in (S315) by maximizing the
clipped objective (16), where the ratio p;(6) measures the change between new
and old policies and the clipping term limits large updates to stabilize learning.
Finally, the critic is refined in (S415) by minimizing the value loss Ly (¢) =
E:[(Vys(s¢) — Rt)?]. The procedure repeats until the policy converges or the
training budget is exhausted.

Risk-Sensitive Extensions. In distributional RL, the return from state—
action pair (s,a) is treated as a random variable rather than a scalar expecta-
tion. Let Z™(s,a) denote the return distribution under policy 7, defined as the
distribution of discounted cumulative rewards obtained by following 7 after tak-
ing action a in state s. The stochastic Bellman operator governing its evolution
is
T"Z(s,a) = R(s,a) +vZ7(s',a’),

where R(s,a) is the random immediate reward, Z(s,a) represents a generic
(estimated) return variable, and v € (0, 1] is the discount factor. A risk-sensitive
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Algorithm 18 Proximal Policy Optimization (PP0) [46]

(S015) Inmitialize policy parameters 6, value function parameters ¢, clipping
constant € > 0, learning rates (ag, @), and discount factor ~.

repeat
(S11s) Run policy mp in the environment for T steps, collect transitions

(st,at, T, St+1) and compute discounted returns R; = Z;‘::t VTt
(S215) Estimate advantages A; = Ry — Vy(s;).

(S315) Compute the probability ratio p:(6) = mg(as|st)/mo,,, (at]st), where
T, denotes the policy before the current update. Update § by maximizing
the clipped objective:

LCUP (9) = E, [min (p(0) Ay, clip(py(0),1 — €,1 + e)At)} . (16)

The clipping term stabilizes learning by preventing excessively large policy
updates that could degrade performance.
(S4:5) Update ¢ by minimizing Ly (¢) = E¢[(Vs(st) — Re)?].

until policy convergence or training budget exhausted.

objective can be formulated using the Conditional Value-at-Risk (CVaR),
CVaR,(Z) =E[Z | Z < F,; ' (a)), (17)

where a € (0, 1) specifies the risk level. The CVaR quantifies the expected loss
(or return) in the worst a-fraction of cases, providing a principled measure of
tail risk widely used in robust and safety-critical learning [56]. In risk-averse
optimization, the objective is typically to minimize CVaR,(Z), thereby reducing
the expected loss in the worst a-fraction of outcomes, rather than maximizing
the mean return.

Figure 10 visualizes the PP0O framework, where policy updates are constrained by
a clipping term to ensure stable, monotonic improvement of the actor network.
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Figure 10: Structure of the PPQ algorithm. The actor and critic networks gen-
erate trajectories, compute advantages, and perform gradient updates on the
clipped objective LMF (6) to stabilize learning.

Algorithm Configuration. Many solvers expose continuous or discrete pa-
rameters 6 € O that influence performance. The algorithm-configuration prob-
lem seeks
0" = argminE,p,, ., [T(¢,0)],
6ce

where T'(¢, 0) is the runtime on instance ¢, and Di,s denotes the distribution
of instances. This optimization viewpoint links ML model selection with solver
parameter tuning, discussed later. Note that Dj,s; here denotes an instance
distribution, distinct from the training dataset Di,ain used in supervised learning
earlier.

Reward Shaping and Training Loop. In optimization-oriented RL, the
reward r; often reflects the improvement of an objective function over time. If
Jy denotes the current objective value, a natural shaping scheme is

re = Ji_1 —Jy,

so that positive rewards correspond to reductions in the objective (i.e., perfor-
mance improvement). Each training iteration alternates between data collection
under the current policy, advantage estimation, and parameter updates using
Algorithm 18. This iterative loop constitutes the backbone of RL integration in
subsequent sections.
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B.4 Differentiable Neural Logic and Notation

Differentiable Neural Logic(dNL) provides a continuous counterpart to symbolic
reasoning, enabling smooth logical operations within gradient-based training.
Logical relations are represented through differentiable operators:

fconj(x) = H(l - mi(l - 371))7 fdisj (J?) =1- H(l - mixi)) (18)

i i

where z; € [0, 1] denotes a soft truth value, and m; = o(cw;) € [0, 1] is a learned
weighting coefficient obtained via a sigmoid activation with temperature param-
eter ¢ > 0. These functions provide smooth relaxations of Boolean conjunction
(A) and disjunction (V), thereby enabling continuous optimization over logical
expressions. The temperature coefficient ¢ controls the smoothness of the logical
transition: larger values of ¢ make the soft logic closer to crisp Boolean behavior.
These differentiable operators form the foundation of neural-symbolic reasoning
frameworks for continuous logical optimization.

This section establishes the ML and RL terminology, notation, and algorithms
that are repeatedly referenced in the forthcoming integrations with DisP and
SAT solving frameworks.

C Appendix: Network Flow and Graph Opti-

mization Formulations

This appendix provides full mathematical formulations for the classical network-
flow and graph-optimization problems discussed in Sections 4 and 8. Each model
is presented with its objective, constraints, and variable definitions, together
with optional diagrams illustrating graph structure.

C.1 Network Flow and Disjunctive Optimization Models

Traffic Routing Optimization (TRO). The TRO problem [41] with
quality-of-service (QoS) guarantees aims to determine optimal routing strategies
that minimize overall network latency or maximize throughput while satisfying
QoS constraints such as bandwidth, delay, and jitter.

Let the network be represented by a directed graph G = (V, L), where V is the
set of nodes and L is the set of directed links (or edges). Each link [ € L has
an associated latency (or delay) cost function ¢;(z;) that depends on the flow
x; traversing it, and a capacity limit u; > 0 specifying the maximum allowable
flow. Denote by P the set of all admissible paths in the network, where P, C P
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is the subset of paths that include link I, and by P, (v) and Poyut(v) the sets of
paths entering and exiting node v € V, respectively. The goal is to minimize
the total network cost:

min Z c(zy),

leL

subject to flow conservation and link capacity constraints.

The TRO problem can be formulated as:

min Z c(z)

leL
s.t. Z Tp — Z =0, YvoeV,
PE Pin (v) PE Pout (v) (19)
Z zp < uy, Vie L,
pEP,
Tp € Spliy, Vp e P,

where z; is the total flow on link I, x, is the flow assigned to path p, ¢;(z;) is
a nonlinear latency or congestion cost function (often convex and increasing),
u; denotes the capacity of link [, and s, represents a flow scaling parameter
associated with discrete routing units. The first constraint enforces flow con-
servation, ensuring that the inflow equals the outflow at each intermediate
node, and the second enforces capacity constraints limiting the flow on each
link.

Traffic routing optimization is fundamental in modern operations research and
telecommunications. It is widely applied in Internet traffic engineering, intel-
ligent transportation systems, and large-scale communication networks, where
maintaining QoS guarantees (e.g., latency bounds or bandwidth reservations) is
critical. An illustrative network example is shown in Figure 11.

Wireless Network Spectrum Allocation (WNSA). The WNSA prob-
lem [61] aims to assign available frequency bands to transmitters in a wireless
network in order to minimize overall interference while satisfying channel avail-
ability and interference threshold constraints.

Let T denote the set of wireless transmitters (e.g., base stations, access points, or
other transmitting devices) and F' denote the set of available frequency bands
(channels). Each transmitter ¢ € T must be assigned exactly one frequency
f € F. When two transmitters i,7 € T are assigned frequencies that cause
overlapping signals or nearby spectral leakage, they generate interference quan-
tified by a nonlinear function I;;(x;,x;). The objective is to minimize the to-
tal interference across all transmitter pairs while maintaining acceptable signal
quality:
IIEH Z Iij(mi7xj)-

i,j€T
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Figure 11: Traffic routing optimization: flows x; travel from the source to the
sink through intermediate nodes v; and vo. Flow conservation ensures that
inflow equals outflow at each intermediate node, while link capacities u; limit
total traffic. The objective minimizes overall latency ), ; ci(2;) under QoS
constraints.

The WNSA problem can be formulated as the following mixed-integer nonlinear
program:

min Z ]Z'j(.’ll‘i,l‘j)

i,j€T
s.t. ZWZL VieT,
fer (20)
x5 € {0,1}, VieT, feF,
where x;; = 1 if transmitter 7 is assigned frequency f, and 0 otherwise;

I;;(x;,x;) is a nonlinear interference function measuring signal overlap or chan-
nel conflict between transmitters ¢ and j; § > 0 is the allowable interference
threshold, generally § € (0,00). The first constraint ensures that each trans-
mitter is assigned exactly one frequency band, while the second restricts the
interference between any two transmitters to remain below the threshold §.

If channel interference is symmetric, then I;;(x;, x;) = Ij;(xj,x;). The param-
eter § > 0 denotes the permissible interference threshold, typically determined
by system QoS limits.

The WNSA problem is fundamental in wireless communications and network
optimization. Applications include dynamic spectrum management in cogni-
tive radio networks, frequency assignment in cellular and Wi-Fi systems, and
interference-aware resource scheduling in 5G and next-generation wireless in-
frastructures. An illustrative example is shown in Figure 12.

Energy-Efficient Network Design (EEND). The EEND problem aims to
design a communication or data network that minimizes total energy consump-
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Figure 12: Wireless spectrum allocation: transmitters 77 and 75 must each be
assigned one frequency band f € F. Assignment variables ;s indicate chosen
bands, while interference constraints I;;(x;, ;) < 6 limit simultaneous use of
conflicting channels.

tion by activating only a subset of available links and devices, while maintaining
network connectivity and satisfying all traffic demands.

Let G = (V, L) be a directed or undirected graph where V' denotes the set of
network nodes and L the set of candidate links. Each link [ € L incurs an energy
cost represented by a nonlinear function Ej(x;), where x; € {0,1} is a binary
variable indicating whether the link [ is active (x; = 1) or inactive (z; = 0). The
total energy consumption must not exceed the upper limit €, which represents
the available network energy budget ensuring feasibility. Let J(v) denote the
set of links incident to node v, and let K denote the set of traffic demands,
where each dj specifies the required flow or capacity to be supported in the
network. The objective is to select a subset of links that minimizes total energy
consumption while ensuring full connectivity and demand satisfaction.

The EEND problem can be formulated as the following mixed-integer nonlinear
program:

min Z Ei(xz;)

leL
s.t. Z x> 1, Vv eV,
1€d(v)
> w > dy, Vk € K, (21)
leL
ZEl(xl) <€,
leL
x; € {0,1}, Vil e L.

The first constraint ensures that each node in the network has at least one active
link, thereby maintaining overall connectivity. The second constraint guarantees
that the network can accommodate all required traffic demands di. The third
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constraint limits the total energy consumption to the predefined energy budget €
(which represents the total available energy budget limiting network operation
costs). The binary decision variables x; activate or deactivate network links,
enabling an energy-efficient configuration that balances operational cost and
performance.

The EEND problem is a critical problem in sustainable telecommunications and
computing infrastructures. It arises in green data center management, smart
grid communication systems, and next-generation Internet backbones, where
energy savings must be achieved without compromising connectivity or service
quality. An illustrative example is presented in Figure 13.

Figure 13: Energy-efficient network design: nodes A-D are connected by links.
Binary variables z; indicate whether a link is active (solid) or inactive (dashed).
The objective is to minimize ), Ey(x;) subject to connectivity and demand
constraints.

Load Balancing in Data Centers (LBDC). The LBDC problem [2] seeks
to distribute workloads across multiple servers in a way that minimizes total
energy consumption while ensuring that capacity and latency constraints are
satisfied.

Consider a data center system consisting of a set of servers (or computing nodes)
J and a set of workloads or tasks S to be processed. Each workload j € J
must be allocated among servers according to the system demand d;. Each
server ¢ € S has a finite processing capacity u; and incurs a power consumption
P;(x;), which is typically a nonlinear increasing function of its utilization z;.
The objective is to determine an allocation of workloads that minimizes the
total energy consumed while ensuring demand satisfaction and respecting server
capacities.

The LBDC problem can be formulated as the following nonlinear mixed-integer
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program:

min Z Pi(x;)

€S
s.t. inj = dj, Vj € J,
ics (22)
inj S'U/i, V’iES,
jeJ

T; € 8Ly, Vie S,

where x;; denotes the allocation of workload j to server ¢, and x; represents
the total workload handled by server ¢. The first constraint ensures that each
workload demand d; is completely satisfied by the aggregate allocation from
all servers. The second constraint enforces server capacity limits, guaranteeing
that no server operates beyond its capacity u;. The final constraint defines the
discrete or quantized nature of the workload units, where s; denotes a scaling
factor corresponding to the granularity of tasks processed by server i.

The LBDC problem is central to modern cloud computing and distributed com-
puting infrastructures. It underpins energy-aware scheduling, dynamic server
provisioning, and adaptive workload management in large-scale data centers.
Optimally balancing load across servers reduces both energy costs and opera-
tional latency while improving system reliability and sustainability. Empirical
studies such as [9] demonstrate the practical impact of energy-aware load balanc-
ing in large-scale cloud data centers. By dynamically consolidating workloads
and adapting server utilization through heuristic or migration-based strategies,
significant reductions in power consumption can be achieved while maintaining
quality-of-service guarantees. This aligns closely with the optimization frame-
work in (22), which formalizes workload distribution and capacity constraints
as an energy-minimization problem under discrete operational limits. An illus-
trative example is shown in Figure 14.

Network Security and Intrusion Detection (NSID). The NSID prob-
lem [45] seeks to determine the optimal placement of security devices—such
as firewalls, intrusion detection systems (IDS), or monitoring sensors—to mini-
mize total deployment cost while ensuring complete coverage of critical network
nodes and links.

Let G = (V, E) represent a communication network, where V' is the set of nodes
(e.g., routers, switches, or servers) that must be protected and F is the set of
links connecting them. Let N denote the set of candidate locations where sensors
or IDS devices can be deployed. Each device i € N incurs a deployment cost ¢;
and provides coverage to a subset of nodes incident to it, denoted by d(v). The
binary decision variable x; indicates whether a device is deployed at location i
(z; = 1) or not (z; = 0). The objective is to minimize the total installation cost
while maintaining full network coverage and adhering to a deployment budget

5.
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Figure 14: Load balancing in data centers: workloads d; are distributed among
servers with capacity u;. Variables x;; denote the amount of workload assigned
from task j to server i. The objective minimizes total power consumption
> Pi(z;) subject to demand and capacity constraints.

The NSID problem can be formulated as the following binary integer program:

min Z CiT;
ieEN
st Y ap>1, Ywev,
J€S(v) (23)
Z iy <7,
ieN
x; € {0,1}, Vi € N.

Here, the parameter v > 0 denotes the total cost budget for deploying security
devices.

The first constraint ensures that every network node v € V is covered by at least
one active security device—this is the coverage constraint. The second con-
straint imposes a total cost limit -y, which represents the available deployment
budget or a general resource limitation such as power, storage, or bandwidth.
The binary variables z; determine the selection and placement of devices across
the network.

This formulation captures a broad class of problems in cybersecurity and net-
work defense, including optimal placement of firewalls, intrusion detection sys-
tems, and monitoring agents. It applies to enterprise networks, cloud infrastruc-
tures, and Internet of Things (IoT) environments where resources for protection
are limited and efficient coverage is critical. An illustrative example is shown in
Figure 15.

94



<

Figure 15: Network security and intrusion detection: binary decision variables
x; determine whether sensors are deployed. Sensor 1 covers nodes v1 and v3,
while Sensor 2 covers nodes v2 and v4. The objective minimizes total cost
subject to coverage and budget constraints.

Transport Route Selection (TRS). This subsection discusses the TRS
problem as a representative example of optimization models that incorporate
logical (disjunctive) constraints. Two complementary formulations are pre-
sented to highlight both the practical and theoretical aspects of such problems.
The first example provides a complete mixed-integer linear programming
(MILP) model capturing transportation costs, flow conservation, capacity lim-
its, and logical route-selection rules within a realistic network. The second,
titled Disjunctive Representation of Alternative Routes, abstracts the same idea
into a compact logical form that isolates the essential disjunction between
alternative feasible routes. Together, these examples illustrate how disjunctive
conditions arise naturally in transport planning and how they can be modeled
either as part of an integrated MILP system or as a standalone logical con-
struct—bridging the gap between network optimization practice and the
foundations of DisP.

Example 1: Transport Route Selection. The TRS problem [25] seeks to
determine an optimal set of transportation routes that minimize total shipping
cost while satisfying logical, capacity, and supply—demand balance constraints.
This problem frequently arises in logistics network design, multimodal trans-
portation planning, and supply chain optimization.

Let S denote the set of supply nodes, D the set of demand nodes, and R the
set of feasible transportation routes. For each route (i, j), the decision variable
x;; represents the quantity of goods transported, and the binary variable y;;
indicates whether route (i, 5) is selected (y;; = 1) or not (y;; = 0). The unit
transportation cost on route (7, j) is denoted by ¢;;, and w;; denotes its capacity
limit. Each node i is associated with a supply or demand quantity b;, where
b; > 0 for suppliers and b; < 0 for consumers. The objective is to minimize the
total transportation cost while maintaining network feasibility and logical route
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consistency.

The TRS problem can be formulated as the following mixed-integer linear pro-

gram:
min E CijLij

(4,9)
s.t. xij—iji:bi, Vie SUD,
J J
Z Yij > 1,
(i,5)€ER o
Yij +yzk S ]-a Vl,j,k, (24)
Yij < Ykls
T < WisYij, v(i, ),
yij € {07 1}7 V(Za])a
x5 > 0, (i, ).

In this formulation, the first constraint enforces flow conservation, ensuring
that the net flow at each node equals its supply or demand b;. The second to
fourth constraints constitute the disjunctive constraints, which ensure logi-
cal route selection rules. Specifically, the second constraint guarantees that at
least one feasible route is chosen, the third prevents conflicting or parallel routes
from being activated simultaneously, and the fourth enforces hierarchical or de-
pendency relationships between routes. The fifth constraint imposes capacity
limits on each selected route. The binary variables y;; determine which routes
are active, while continuous variables x;; capture the flow of goods along those
routes.

Transport route selection models are used in multimodal logistics systems,
freight network optimization, and supply chain planning. They help determine
the most cost-effective configuration of shipping lanes, trucking paths, or rail
connections while respecting infrastructure capacity and demand fulfillment.
An illustrative example is shown in Figure 16.

Example 2: Disjunctive Representation of Alternative Routes. Con-
sider a transportation network where goods can be shipped through one of sev-
eral alternative routes. Suppose that if route A is chosen, the flow variables x
must satisfy capacity and travel-time constraints h'(z) < 0, whereas if route B
is chosen, the constraints h?(z) < 0 apply. This naturally leads to a disjunctive

formulation
(h'(z) <0) v (h*(z) <0),

which captures the logical choice between route A and route B. Such modeling
is typical in logistics and supply chain optimization, where route alternatives,
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Figure 16: Transport route selection: goods flow from a supply node s to a
demand node d through alternative routes (via A or B to C). Decision vari-
ables x;; represent transported quantities, while binary variables y;; indicate
selected routes. Capacity constraints u;; restrict feasible flows, and disjunctive
constraints prevent conflicting or redundant route choices.

congestion thresholds, or contractual restrictions require disjunctive conditions;
for example, see Figure 17.

Route A

Route B

Figure 17: Transport route selection: goods can be sent either via Route A
or Route B. Each route is associated with its own capacity and travel-time
constraints (h'(z) < 0 or h%(z) < 0). The disjunction enforces that at least one
feasible route must be chosen.

Machine Configuration in Manufacturing (MCM). We here discuss the
MCM problem as a canonical example of disjunctive modeling in production
and scheduling systems. Two complementary formulations are presented to
highlight both the practical and theoretical aspects of disjunctions in manufac-
turing optimization. The first example introduces a MINLP formulation that
integrates task assignment, capacity, precedence, and sequencing constraints
within a flexible manufacturing environment. The second, titled Disjunctive
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Representation of Machine Alternatives, abstracts these ideas into a logical ei-
ther—or structure that isolates the essential technological disjunction between
alternative machine configurations. Together, these examples demonstrate how
production scheduling can be expressed either as an integrated MILP /MINLP
system or as a logical disjunction between feasible machine-specific subsys-
tems—bridging the gap between industrial scheduling applications and the
DisP framework introduced by Balas [6].

Example 1: Machine Configuration in Manufacturing. The MCM
problem [6] aims to determine the optimal assignment of tasks to machines
and their execution sequence in order to minimize total operational cost while
satisfying capacity, precedence, and scheduling constraints.

Let T denote the set of manufacturing tasks and M the set of available machines.
Each task ¢ € T' must be processed by exactly one machine j € M. The binary
variable x;; equals 1 if task 7 is assigned to machine j and 0 otherwise. The start
and completion times of task ¢ are represented by s; and C;, respectively. Each
task 7 has a known processing time p;, and assigning it to machine j incurs a cost
di;. The scheduling of tasks on a shared machine is controlled by precedence
and non-overlapping constraints, where h is a sufficiently large positive constant
(big-M) used to linearize disjunctive relations. The objective is to minimize the
total cost of task—machine assignments while ensuring that each task is processed
exactly once, machine capacities are respected, and precedence constraints are
maintained.

The MCM problem can be formulated as the following mixed-integer nonlinear
program:

min Z Z dijxij

i€T jEM
s.t. Z x5 =1, VieT,

jEM

si—l—pigsk—&—h(l—xijmkj), Vi.keT,i#k, jE M,

C; < sg, Vi k€T, (25)

Ci = s; +pi, vieT,

zi; € {0,1}, VieT, jeM,

s; >0, VieT,

either s; +p; < sporsg+pp <s;, Vi,keT, i#k, je M.
The first constraint ensures that each task is assigned to exactly one machine

(task assignment constraint). The second constraint prevents overlapping
tasks on the same machine (machine capacity constraint) through a big-M
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formulation. The third and fourth constraints define precedence and com-
pletion time relations. The fifth and sixth constraints specify binary and
nonnegativity conditions, while the final disjunctive constraint enforces non-
overlapping schedules for any pair of tasks assigned to the same machine. Here,
h > 0 is a sufficiently large constant (Big-M) satisfying h > max; p;, ensuring
that disjunctive scheduling constraints are correctly linearized.

Machine configuration models are fundamental to production planning and man-
ufacturing systems. They are widely applied in job-shop scheduling, flexible
manufacturing systems, and robotic cell operations, where efficient task assign-
ment and sequencing directly influence throughput and energy consumption.

An illustrative example is presented in Figure 18.

11 = 1, di1

precedence

Task T2 (pz) T2 = 1, d22

Figure 18: Machine configuration in manufacturing: each task ¢ must be as-
signed to exactly one machine j, with binary variable z;;. Costs d;; depend
on the assignment. Here, Task T} is assigned to Machine M; and Task T, to
Machine Ms. Dashed arrows represent alternative assignments. A precedence
constraint requires T} to finish before Ty starts.

Example 2: Disjunctive Representation of Machine Alternatives. In
a flexible manufacturing system, a product may be processed on one of several
machines, each with its own setup cost and operating constraints. For instance,
if the product is assigned to machine 1, then equality constraints g'(z) = 0
and inequalities h!(z) < 0 enforce the technical requirements of machine 1. If
instead machine 2 is chosen, the feasible set is defined by a different system
g*(x) = 0, h?(x) < 0. The assignment can be written disjunctively as

(gl(x) =0, h'(z) < O) \% (gQ(x) =0, h%(z) < O).

This illustrates how disjunctions capture either-or technological choices. In
practice, the inclusion of integer variables ensures that only one configuration
is activated, which is critical in mixed-integer DisP (MIDNP); for example, see
Figure 19.

The optimization models and graph-based formulations above provide the foun-
dation for integrating data—driven and learning—based heuristics. In the follow-
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g*(z) =0, h'(z) <0

g*(x) =0, h?(z) <0

Figure 19: Machine configuration: a product can be assigned either to Ma-
chine 1 or Machine 2. Each machine has its own equality and inequality con-
straints defining feasibility. The disjunctive formulation ensures that exactly
one machine configuration is selected.

ing section, we introduce the ML and RL frameworks that will later enhance
these classical solvers.

C.2 Classical Graph Optimization Problems
Shortest Path Problem (SPP). The SPP aims to determine the path of
minimum total weight between two specified vertices in a weighted graph.

Let G = (V,E) be a directed (or undirected) graph with nonnegative edge
weights (or costs) ¢;; > 0 for all (¢,7) € E. Two distinct vertices s,t € V are

designated as the source and destination (or target) nodes, respectively. The
objective is to find a path from s to ¢ that minimizes the total cost:

min ¢(P) = Z Cijs

Pep,
o (i.j)eP

where P ; denotes the set of all s—t paths in G.

The SPP can equivalently be formulated as a flow-based linear program:

min E CijTij

(1,j)€EE
1, ifi =s,
26
5.t Yooowmy— Y wp=4-l, ifi=t, .
{jlG,j)eE} {715, 1) eE} 0, otherwise,

xij207 V(Z7])€Ea
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where the decision variable z;; represents the amount of flow on edge (4, j). In
an integer setting, x;; = 1 if edge (¢, j) lies on the shortest s—¢ path, and z;; = 0
otherwise. The first set of constraints enforces flow conservation: one unit of
flow is sent from the source s and received at the sink ¢, ensuring a continuous
path from s to ¢.

The shortest path problem is fundamental in operations research, with applica-
tions in transportation and logistics, telecommunication and network routing,
and project scheduling and management. An illustrative example is provided
in Figure 20.

Figure 20: Shortest path problem (SPP): given edge weights ¢;;, the goal is to
find a path from s to ¢t with minimum total cost. Here, the optimal path (thick)
iss—+ A— C —twith cost 24+ 2+ 2 =6.

Minimum Spanning Tree (MST). The MST problem secks a subset of
edges that connects all vertices in a connected, weighted graph with the mini-
mum possible total edge cost.

Let G = (V,E) be an undirected and connected graph, where V' is the set of
vertices and F is the set of edges. Each edge (i,j) € E is associated with
a nonnegative weight (or cost) ¢;; > 0. A spanning tree of G is a subgraph
T = (V, Er) that connects all vertices of V' without forming any cycles. The
objective of the MST problem is to find such a spanning tree T' that minimizes
the total edge cost:

min c(Er) = Z Cij-

ErCE
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The MST problem can be expressed as the following integer program:

min Z CijTij
(i,j)eE
s.t. Z Tij = |V| — 1,
(i,j)€E (27)
> m <IS|-1, VSCV,S#£0,
(i,5)€E(S)
Tij € {0, 1}, V(%]) S E,

where z;; = 1 if edge (i, ) is included in the spanning tree and z;; = 0 otherwise.
The first constraint ensures the correct number of edges in a spanning tree, and
the second (subtour elimination) prevents cycles.

The MST problem has numerous applications in operations research and com-
puter science, including cluster analysis in data science, supply chain and trans-
portation network design, and infrastructure planning. An illustrative example
is shown in Figure 21.

Figure 21: Minimum spanning tree (MST): the selected edges (thick) connect
all vertices with minimum total weight 34+2+ 1 = 6.

Maximum Flow Problem (MFP). The MFP seeks to determine the great-
est possible amount of flow that can be sent from a designated source vertex to
a designated sink vertex through a capacitated network.

Let G = (V, E) be a directed graph where each edge (4, j) € E has a nonnegative
capacity u;; > 0 representing the maximum permissible flow along that edge.
Two distinct vertices s,t € V are designated as the source and sink (or target)
nodes, respectively. A feasible flow is a function f : F — R, satisfying the
following:

1. Capacity constraints: 0 < f;; < u;; for all (¢,7) € E;

2. Flow conservation: for every vertex i € V' \ {s,t},

Z fij — Z fii=0.

J:(i.5)€E J:(H)eE
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The goal is to maximize the total amount of flow leaving the source (equivalently,

entering the sink):
max >, fu— > i

Ji(s,j)€E J:(4,s)€E

The MFP can be formulated as the following linear program:

max oo fa— >, fis

{il(s.5)eE} {il(4,8)€E}

s.t. S fii— Y, fi=0, VieV\{st} (28)
{Jli.5)eE} {71(5,9)eE}
0§fij§“ij7 V(l,])EE,

where f;; denotes the flow on edge (¢,7) and w;; its capacity. The objective
maximizes the net outflow from the source, subject to flow conservation at all
intermediate nodes and edge capacity constraints.

The MFP has broad applications in operations research and network optimiza-
tion, including transportation and logistics planning, communication and data
network design, and resource or workforce assignment. An illustrative example
is provided in Figure 22.

flu=3/5

flu=2/3

Figure 22: Maximum flow problem (MFP): flows f;; (numerators) are assigned
on each edge subject to capacity limits u;; (denominators). The maximum flow
from s to t in this example is 5.

Minimum Cut Problem (MCP). The MCP secks to partition the vertices
of a graph into two disjoint sets such that the total weight of the edges crossing
the partition is minimized.

Let G = (V,E) be a directed (or undirected) graph with nonnegative edge
capacities (or costs) ¢;; > 0 for all (4,j) € E. Two distinct vertices s,t € V' are
designated as the source and sink (or target), respectively. The goal is to find a
partition (S,T) of V satisfying s € S, t € T, that minimizes the total capacity
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of edges from S to T":

min ¢(S,T) = Z Cij-

(8.T) o ~
(i,J)EE,i€S, jET

The minimum cut problem can be expressed equivalently as the following integer
program:

min Z CijTij
(i,J)EE

st ®ij > Y — Y, Y(i,j) € E, (29)
ys =1, y =0,
0<uz; <1, y, €{0,1}, VieV,(i,j) € E,

where y; indicates the partition assignment of vertex i (y; = 1ifi € S, y; =0
if i € T'), and x;; is an indicator variable equal to 1 if edge (7, j) crosses the cut
from S to T and 0 otherwise.

The minimum cut problem arises in various domains of operations research,
including network reliability analysis, supply chain optimization, and project
scheduling and resource allocation. An illustrative example is provided in Fig-
ure 23.

Figure 23: Minimum cut problem (MCP): the dashed line separates {s} from
{4, B,t}, cutting edges (s, A) and (s, B) with total cost 2 + 3 = 5.

Graph Coloring Problem (GCP). The GCP seeks to assign colors to ver-
tices of a graph such that no two adjacent vertices share the same color, while
minimizing the total number of colors used.

Let G = (V, E) be an undirected graph, where V is the set of vertices and FE is
the set of edges. A proper coloring of G assigns a color v € [k] = {1,2,...,k}
to each vertex ¢ € V such that adjacent vertices receive different colors. The
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objective is to determine the smallest integer k (the chromatic number) for
which such a coloring exists:
min k.

z, k

The GCP can be formulated as the following integer program:

min £k

St Ty + X <1, V(l,j) ek, Yve [kL

k
a=1, Vi€V,
v=1
xi € {0,1}, Vi eV, Yu € [k],

where the binary decision variable x;, equals 1 if vertex i is assigned color v, and
0 otherwise. The first set of constraints enforces that adjacent vertices cannot
share the same color, while the second ensures that each vertex receives exactly
one color. Minimizing k yields the smallest number of colors needed to properly
color the graph.

The graph coloring problem is a classical NP-hard problem with widespread
applications in operations research and computer science. Notable applications
include register allocation in compiler design, frequency assignment in telecom-
munications, and task or resource scheduling in manufacturing systems. An
illustrative example is shown in Figure 24.

Figure 24: Graph coloring problem (GCP): each vertex is assigned a distinct
color such that adjacent vertices differ. Here, three colors (red, blue, and green)
suffice to color all vertices.

Traveling Salesman Problem (TSP). The TSP seeks the shortest possible
route that visits each vertex exactly once and returns to the starting vertex.

Let G = (V, E) be a complete directed (or undirected) graph where each edge
(1,j) € E is associated with a nonnegative travel cost (or distance) ¢;; > 0.
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The objective is to determine a Hamiltonian cycle that visits every vertex in V'
exactly once and minimizes the total travel cost:

min E CijTij-
x
(i.j)E€E

Here, x;; is a binary decision variable equal to 1 if the salesman travels directly
from city 4 to city j, and 0 otherwise.

The TSP can be expressed as the following integer linear program:

min E CijTij

(4,5)EE
s.t. Z Ti5 = 1, Vi € ‘/,
{3lG.5)eE}
{il(5)eE}
> wy<IS|-1, VSCV,S#0,
(,9)€E(S)
Tij € {0, 1}, V(Z,]) c E‘7

where the first two sets of constraints ensure that each city is visited exactly
once and departed from exactly once, while the third set (subtour elimination
constraints) prevents disconnected cycles (subtours).

The TSP is a cornerstone problem in combinatorial optimization and operations
research, with broad applications in logistics and transportation, manufacturing
and robotic routing, and scheduling and sequencing. An illustrative example is
shown in Figure 25.

Figure 25: Traveling salesman problem (TSP): a tour visiting all vertices exactly
once and returning to the start. The thick cycle represents the optimal route
with minimum total cost.

The graph optimization problems discussed—shortest path, spanning tree, flow,
cut, coloring, and TSP—form a hierarchy of classical combinatorial problems
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that underpin many OR applications. They also serve as natural domains for
applying ML and RL techniques in subsequent sections.

D Appendix: Extended Examples in DisP

D.1 Background on Disjunctive Graphs and Logical Con-

straints

DisP provides a mathematical framework for representing scheduling and se-
quencing problems in which two operations competing for the same resource can-
not overlap in time. Introduced by Balas [6], a disjunctive graph G = (V,CUD)
encodes a set of operations V', conjunctive arcs C' representing precedence con-
straints, and disjunctive arcs D representing resource conflicts that must be
ordered one way or the other.

Classical Formulation. FEach operation ¢ € V has a start time z; € R} and
processing duration p; > 0. For any two operations (i, j) requiring the same
machine, exactly one of the following disjunctions must hold:

ri+pi<zx; or x;+p; <,

ensuring that no two jobs overlap on a shared resource. Precedence relations
(t,7) € C impose additional constraints x; + p; < x;. The scheduling objective
is often to minimize the makespan

CVmax - rznea";((xz +Pi)»

subject to all conjunctive and disjunctive constraints.

This background establishes the classical and dynamic foundations of disjunc-
tive scheduling on which subsequent sections build, including dynamic GNN-RL
integration, risk-sensitive RL, and differentiable neural logic for disjunctive rea-
soning.

D.2 Learning-Enhanced DisP: Extended Case Studies

The following formulations and diagrams illustrate the mathematical structure
and ML/RL integration for each domain in Table 6.
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(1) Job—Shop Scheduling (GNN + RL on Disjunctive Graphs) [40].
The classical job—shop scheduling problem can be expressed as

min  Chrax
Ziy Cmax

st. zi+pi<z; V x;+p; <z, V(,j)eD,

z; +pi < xj, V(i j) € C,
Omax Z T+ Di, Vi € Va
ZT; > O,

where x; is the start time of operation i, p; its processing duration, C' denotes
precedence arcs, and D disjunctive (resource-conflict) arcs. A GNN encodes
G = (V,CUD) and an RL agent (e.g., PP0) learns a dispatching policy my(a¢|s;)
to minimize the makespan Ciax.

Either xp+pp <zxc
or xg+pc<zp

Figure 26: Disjunctive-graph representation of a job—shop scheduling instance.

(2) Job—Shop Scheduling (Attention—based Deep RL) [16]. The at-
tention mechanism captures long-range dependencies among operations:

exp((Woz;) T (W)

hi = attn(Q, K, V)i = Z i Wya;, Y= Sopexp((Wox) T (Wiay))

jEV

The RL policy mg(at|st) selects the next operation based on attention-weighted
embeddings, producing scalable, transferable schedules.

Dl

Attention weights «;;

Figure 27: Attention-based encoding of global precedence and disjunction de-
pendencies.
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(3) Chemical Production Scheduling (Distributional RL, CVaR) [38].
Let Z™(s,a) denote the random return distribution. A risk-sensitive scheduling
problem minimizes expected downside loss:

min CVaR,[—Z"(s,a)]
st. x;+p<z; V x;+p; <y,
W) <0, ¢(x) =0.

The CVaR objective CVaR,(Z) = E[Z|Z < F,'(a)] penalizes the worst
a—fraction of outcomes, yielding safer policies for uncertain chemical-production
systems.

Density

CVaR tail region
VaR,,

Return 7

Figure 28: Illustration of the CVaR tail region for risk-sensitive RL scheduling.

(4) Neuro—Symbolic RL (Inductive Logic Programming + RL) [15].
Policies are expressed as differentiable logical combinations:

m(als) = a(Z w; fllogic(s,a)> , faisj(z) =1 — H(l — o(w;xz;)).
1 i

RL optimizes weights w; to satisfy symbolic rules while preserving differentia-
bility, yielding interpretable disjunctive decision structures.

Action

Figure 29: Differentiable logical composition in neuro—symbolic RL.
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(5) Program Analysis (Data—Driven Disjunctive Modeling) [26]. Pro-
gram analysis with selective context sensitivity can be modeled by

<=

(gl(z) = O7 hl(x) < 0),

=1

where each [ denotes an execution context. ML models estimate probabilities
p1 = Pr(select context 1| x) to guide which context or abstract domain to ana-
lyze.

pi = Pr(select | x)

Program state z

Figure 30: Disjunctive selection of analysis contexts guided by ML probabilities.
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