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Abstract. This paper proposes a mixed-integer nonlinear programming
approach for joint scheduling of long-term maintenance decisions and
short-term production for groups of complex machines with multiple in-
teracting components. We introduce an abstract model where the pro-
duction and the condition of machines are described by convex functions,
allowing the model to be employed for various application areas fitting
the scheme. We develop a branch-and-price algorithm to solve this prob-
lem, enhanced with acceleration techniques to find primal solutions and
reduce the number of pricing rounds. An experimental comparison of this
approach to solving the compact formulation directly demonstrates the
benefit of the decomposition approach, in particular in larger instances.

Keywords: Production-maintenance scheduling - Dantzig-Wolfe decom-
position - Branch-and-Price - MINLP

1 Introduction

Industrial maintenance encompasses a wide range of actions and strategies taken
to ensure that machinery used in industrial contexts remains functional. The
worldwide cost of industrial maintenance was evaluated at over 54 billion USD
in 2024 and is projected to increase to 73 billion USD by 2029 |[The Busi-
ness Research Company, 2024], driven by multiple factors, notably the increase
in global demand. Efficient, timely maintenance is of particularly high impor-
tance in critical infrastructures—such as power plants and water treatment fa-
cilities—especially when the underlying equipment is costly and generally old.
These factors motivate the development of new models and methods for mainte-
nance planning. Since machine degradation and, thus, the need for maintenance
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actions typically depend on the machines’ production output, approaches that
integrate production and maintenance planning are of interest.

The problem we tackle can be summarized as follows. A group of machines
produces a product that must satisfy a predetermined demand, and each machine
is composed of multiple interacting components. The machines’ components may
interact in the maintenance sense, where the maintenance of one component
implies that of another, and also in the degradation sense, where the condition
of a component impacts the degradation speed of another. The production of a
machine entails a degradation process, which may trigger machine maintenance,
potentially necessary for demand satisfaction at a later time period. Maintenance
actions are applied to the components directly, and the evolution of component
condition can depend nonlinearly on both the production and the condition of
other components.

Example applications include the minimization of maintenance costs of power
transformer fleets, where the “product” is electricity, or of water treatment sta-
tions, where the “product” is clean water. More abstractly, it can also be un-
derstood as production-maintenance scheduling in multiple factories working in
parallel, each containing different interacting machines. In this last example, the
factories take on the role of the (potentially different) machines and the ma-
chines of the (potentially interacting) components. Example |1| below illustrates
the problem in an abstract setting, and the limitations of disjoint production
and maintenance planning.

Ezample 1. Figure [l] represents an instance with three time periods and three
machines. Machines 1 and 2 each have four components, and machine 3 has
6 components and a higher potential output, illustrated by its increased com-
plexity. The arrows represent maintenance implications, i.e., if component K is
maintained, then so are components L and M. For simplicity, the components’
condition is discrete in this example—green, yellow, orange, red. To allow for a
grayscale interpretation, the component’s condition is also number-coded, with
green corresponding to 1, yellow to 2, orange to 3, and red to 4.

In this example, we assume that the demand is the same for every period. The
shapes linking machines and demand represent the machines’ production. So, in
period 1, machine 1 produces roughly half the demand, while machine 2 produces
the least of the three machines. Each machine’s production is visually represented
by a different pattern: machine 1 with dots, machine 2 with horizontal lines, and
machine 3 with vertical lines. The demand is satisfied if the production of all
machines covers it.

In the first period, machine 1 produces over half of the total demand. This
increased production leads to significant degradation of machine 1’s components,
especially component A, which must be maintained. Component C will also be
maintained, despite its degradation being only partial, because of the A—C
maintenance implication. As machines cannot produce while under maintenance,
the other machines must compensate in period 2. This compensation is very
damaging to machine 2, necessitating maintenance on all of its components for
it to become functional again. This forces machines 1 and 3 to operate at their
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Fig. 1: Visual representation of an infeasible production-maintenance plan

maximum capacity in the third period. Their maximum capacity is reduced due
to the damage to their components—a degraded machine is not able to produce
as much as one in optimal condition. Even when operating at current maximum
capacity, the machines cannot satisfy all the demand, and thus this solution is
not feasible.

Two suboptimal decisions in this solution are the over-production by machine
1 in the first period and the non-replacement of components B and D during the
second period. Even though these components did not strictly require mainte-
nance as they were still operational, their damaged state did not allow machine
1 to operate at maximum capacity in the third period, which would have been
sufficient to satisfy the demand. These limitations of separating production and
maintenance decisions motivate our work on integrated approaches.

A

1.1 Related Work

Maintenance in practice Industrial maintenance tends to rely on two heuris-
tics for maintenance scheduling: Time-Based Maintenance (TbM), where main-
tenance is planned considering the time since the last maintenance action, and
Condition-Based Maintenance (CbM), where the asset is regularly tested and
when some predefined threshold is reached, maintenance is scheduled -
Working Group A2.34 [2011] elaborates on this in the context of power trans-
formers. In the same context, shows that these heuristics are
inefficient in optimizing the profit of a single machine compared to a mixed-
integer program (MIP).

Research on optimizing maintenance at the precise moment when any delay
in the maintenance action would result in the failure of a component is abundant.
However, as shown in Example[7]from Appendix[A] this just-in-time maintenance
strategy can lead to suboptimal or even arbitrarily bad solutions in our setting—
undesirable when the underlying equipment is very costly.

puewo
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Further, many of these methods resort to machine learning, using real-world
data [Art], [2020]. As industries have only recently started collecting data system-
atically, approaches reliant on historical data are less reliable, making a mixed-
integer nonlinear program (MINLP) more attractive in some settings. Even in
the presence of data, however, the reliability of MIP and its feasibility and opti-
mality guarantees, as well as the knowledge of how far one is from the optimal
solution, are also advantages over other artificial intelligence approaches.

Production-maintenance scheduling The problem discussed in this work
belongs to the class of production-maintenance scheduling problems with paral-
lel machines - see |Geurtsen et al.| [2023] for a comprehensive literature review.
Many variants exist and have been studied for decades, albeit less than other
more classical problems. The vast majority of the literature focuses on linear
variants of this problem (see|Grigoriev and Uetz [2009] for a resource-production
exception), mostly because physical considerations tend to be ignored in more
abstract models. Other authors avoid the nonlinearities by modeling machine
failure with a random distribution [Bittar et al.l [2022, (Okumusoglu et al., 2022,
Zhu et al. [2019|, sometimes using Markov Chains to model a discrete set of con-
ditions [Liang and Parlikad, 2018 [Maliheh Aramon Bajestani and Beck|, [2014]
Verheyleweghen et al., 2019]. In these stochastic models, a few authors perform
Bender’s decomposition |Ghaleb et al., 2020, Pries) 2022].

In his thesis, |Pries| [2022] studies decomposition approaches for joint production-
maintenance scheduling problems, using both Benders’ and Dantzig-Wolfe de-
compositions. This work considers the machines as single structures that are
all identical. Machines are subject to random failures, and their degradation is
implicitly modeled as the failure probability increases with the operational time.

In |Abiri-Jahromi et al.| [2013], the authors heuristically decouple the main-
tenance and the production decisions to make the model more tractable. Not
performing these decisions simultaneously allows the decision horizon for main-
tenance to be longer, but it loses reliability due to the assumptions on production.

1.2 Contributions

In this article, we present an MINLP that models the production-maintenance
scheduling problem for complex machinery. To the best of our knowledge, our
work is the first not to assume that the machines are inseparable units, but
rather consider each as a structure composed of interacting components that
can be independently maintained. Furthermore, we allow nonlinearities in the
degradation functions of the components, which results in MINLPs that can
model real-world systems with greater accuracy at the cost of increased compu-
tational difficulty.

As solving this problem can be computationally expensive, we construct a
Dantzig-Wolfe reformulation and solve the associated integer master problem
with Branch-and-Price. Branching is done on the master variables by adding
hyperplanes to the master problem, complemented by a repair step to recover
an integer solution in the original variable space.
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This article is organized as follows. In Section [2} a compact formulation is
presented. Section [3] develops the Dantzig-Wolfe reformulation of this compact
model, while Section [4] presents the branching rule used to solve this reformula-
tion to global optimality by a branch-and-price method. Implementation details
and acceleration techniques appear in Section [5} Section [6] discusses the exper-
imental setup and results. We conclude the paper in Section [7] also indicating
future research directions.

2 Compact Formulation

In this production-maintenance scheduling problem, two types of decisions dic-
tate the solution: how much to produce and when to maintain. The production,
modeled by continuous variables, must satisfy the known demand at each pe-
riod. This impacts the auxiliary continuous variables modeling the condition of
the components. Since the condition of the components imposes a hard limit on
production, this must be counterbalanced by component maintenance to guar-
antee satisfaction of the demand in subsequent periods. Maintenance decisions
are modeled by binary variables, and the minimization of their cost is the objec-
tive of this problem. Maintenance actions are further restricted by the downtime
constraints, which impose that no production occurs while maintenance is being
performed.

Below, we present a general compact formulation of the production-maintenance
scheduling problem described above. Throughout this work, variables are repre-
sented by lowercase letters (x,y, ), parameters by uppercase letters in sans serif
(C, Q, M, etc.), and sets by uppercase letters with calligraphic font (N, K, Z).
Subscripts n,t will index machine n and time period t, respectively, and super-
script & will refer to component k. Tables [I] and [2] present the parameters and
variables of the compact formulation.

Parameter ||Parameter Meaning Parameter Range
cF Cost of maintaining component k RT

D* Duration of component k’s maintenance N

E: Demand at period ¢ RT

T Set of maintenance implications KxK
K Index set of components to be maintained N

M Big constant to dominate constraint R*

N Set of machines N

Q* Maximum permissible production RT

R* Maximum condition of component k R*

T Set of periods N

Table 1: Description of the parameters used in the compact formulation

The production of machine n at time ¢ is represented by the continuous
decision variable y,; € [0, mingein Qk]. Here, Q" represents the production
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Variable ||Variable Meaning Variable Type
rfht Condition of component k of machine n at period ¢ Continuous
xﬁ,t Maintenance of component k£ of machine n at period ¢t |Binary

Yn,t Production of machine n at period ¢ Continuous

Table 2: Description of the variables used in the compact formulation

limit that component k£ imposes when it is in perfect condition. The requirement
that the production over all machines must satisfy the demand is given by the
following constraints:

>y >E VteT [1.1]
neN

The continuous variable 7% , € [0, Rﬁ] indicates the condition of component
k of machine n at time period ¢t. Constraints enforce a (possibly nonlinear)
upper bound on the production of a machine, based on the condition of its
components:

Yt < goi(rh,) VtETYne NVkeK, [1.2]

where g is an increasing function. The intent is that a machine with deteriorated

Lk will not be able to produce

components, and therefore a smaller value for rJ .,

as much as a machine in better condition.

Binary decision variables fﬁ,t model the maintenance decisions, indicating
whether component k of machine n is maintained at time ¢. Constraints
impose a predetermined duration D* for maintenance:

ah >k —al, | YneNVhkeK,Vt+1<i<t+DF [1.3]

n,i =

Constraints |1.4] represent maintenance action implications, where the re-
placement of some components forces the maintenance of others:

xfm <a¥, VteTVneNV(kK) e L, [1.4]

n,t

where Z, is a given set of maintenance implications, meaning that if (k, k') € Z,,
then the maintenance of component k requires the maintenance of component
K.

Constraints [1.5] dictate that machines stop production while one of their
components is being maintained:

Yot < (1 -2k ) Q¥ VteTVneNVEeK [1.5]
Finally, Constraints model the evolution of the condition of the compo-

le[l(S.
1nt_.}nk'7nt—7ynt7 n,t—1rrv'nt— n,ts

YVt € TVn e NVk c K"
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Function f,,  will model the (possibly nonlinear) degradation of component
k of machine n. It depends on the previous condition of the component, the
current production, and may depend on the condition of other components of
the same machine. This work assumes that the components all start in optimal
condition, so Tﬁ}o = Rk, for all n, k.

The big-M term represents the maintenance action which, in conjunction with
the binary variable z}, ;, will indicate the replacement of the component. It does
this by setting an upper bound on rfm that is larger than R’;, thus allowing the
component to be at its optimal state. If function f, ; is concave, then the big-M
is given by fn (0, Q*o0,..., 0) + RE. It offsets the degradation by adding the
biggest possible degradation and adds R¥, the component’s optimal condition.

The objective of this problem is to minimize the maintenance cost (added
over all components of all machines in all time periods). The complete compact
model therefore is:

in;ri Z Z Z ck. xﬁ’t [1.7]

neEN teT kekn
subject to: Constraints [T.1]— [1.8]

Given parameters 7,N, and K,,,Z, for all n € N, Table [3] presents the
number of variables, constraints, and variable bounds of the model.

Variables [T en (1 +2|Kn])
Constraints [T en BIKn] + 1+ # +1Znl)
Bounds 61T en 1+ 1Kn])

Table 3: Size of the model as a function of the input

The number of periods and the number of machines are the parameters with
the most influence on the model size. The machine’s complexity, measured by
the number of components and maintenance implications, further complicates
things.

As this is a complex MINLP, valid constraints can help in solving it by
removing parts of the search space known to be sub-optimal. Since a maintenance
action cannot start if it does not have enough time to finish, the following is a
valid constraint:

oy, <@l i _pe, VRVE > |T| - D" [1.9]

As will be seen in Section this formulation is rather difficult to solve for
bigger instances. As such, we decided to explore a different approach to solve
the problem.
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3 Extended Formulation

The compact formulation’s incidence matrix exhibits a block diagonal structure
with a set of complicating constraints. These are Constraints , requiring
that the demand must be satisfied, while the blocks are composed of the con-
straints describing the functioning of the independent machines. This structure
is amenable to decomposition methods, given the near-independence of the block
diagonal. If the complicating constraints were to be removed, then the result-
ing model would be much easier to solve, as the remaining constraints can be
partitioned by their index n and solved independently.

Dantzig-Wolfe decomposition, originally introduced in |Dantzig and Wolfe
[1960], can be used to reformulate problems with these attributes, so that they
can be solved efficiently. It begins by reformulating the problem into a pattern-
based formulation, instead of the original assignment-based approach. Assuming
all feasible partial solutions satisfying each of the blocks are known, the formula-
tion will decide which of these partial solutions should figure in the final solution.
This formulation is called extended formulation, alluding to its very high number
of variables. In contrast, the original formulation is called the compact formula-
tion. Example 2] below illustrates the difference between these two formulations
with a simple abstract problem. The example merely shows the difference in how
the formulations view the problem, as the variables in the example are integer,
to allow a more aesthetic presentation.

Ezxample 2. Consider the integer problem below, which has two independent
blocks and a linking constraint.

min vy + 2v9 + wy + 3wo [2.1]
subject to vy + vo + w1 + wo > 4 [2.2]
v+ 12 <3 [23]

21 + we < 3 [24]

U1, V2, W1, W2 S {07 132} [25]

The optimal solution is given by v; = 0, vo = 2, w; = 1, and we = 1.
Constraint [2:2] can be seen as a linking constraint, while Constraints 2.3) and [2.4]
respectively represent the two independent blocks. Note how variables v and w
only interact in Constraint and are otherwise independent.

If we list all the ways of satisfying Constraint 2.3] and all the ways of sat-
isfying Constraint then the optimal solution of the extended formulation
corresponds to choosing the ways that satisfy Constraint with minimum
cost. Figure [2| shows how the optimal solution would be represented in both
formulations.
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Fig. 2: Assignment-based and pattern-based approaches

In the optimal solution of the compact formulation, assignments are repre-
sented by arrows. In the optimal solution of the extended formulation, chosen
patterns are represented by red circles. There is a clear equivalence between
ways of assigning values to the variables of the compact formulation and ways of
choosing patterns in the extended formulation. Notice also how each individual
column in the pattern-based formulation satisfies the constraints associated with
the respective subproblem. For example, A\;3 = 1 corresponds to v; = 0,v9 = 2,
which satisfies Constraint Further, the columns chosen in the optimal solu-
tion together satisfy the linking constraints with the minimum cost.

The extended formulation is formally described below, where Z; is the index
set of the A-variables of block 7. v1; and vg; (similarly for wq; and ws;) represent
the value of the original variable in Ay; (similarly As;). For example, wiy =
1, wq4 = 2, which can be seen by looking at variable Ao4 in Figure

m)%n Z (Ulj + 2v2j))‘1j + Z (wlj + 3w2j))\2j [26]
JEZ JEZ2
subject to Z Nij < 1,Vi e {1,2} [2.7]
JEZ;

Z (v1; + ’Uzj))qj + Z (w15 + ng))\gj >4 [2.8]
JEZ1 JEZ2

Aij €{0,1},Vie {1,2}Vj € 2 [2.9]

Only in toy problems is it possible to solve an extended formulation directly,
since the number of feasible assignments tends to be huge. Extended formulations
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are typically solved with column generation, a method that starts with a small
subset of all the variables, and iteratively adds more, as long as they improve the
previously obtained solution. A key insight from LP theory is that there is always
an optimal basic feasible solution, which has at most number-of-constraints non-
zero variables. Since in an extended formulation the number of variables is so
much larger than the number of constraints, this result indicates that relatively
very few variables will need to be added to the model. In the provided example,
most of the columns did not need to be included.

There are then two types of problems. The master problem, which is re-
sponsible for coordinating the columns and guaranteeing that the complicating
constraints are satisfied, and the pricing problems, which are responsible for gen-
erating the columns that must satisfy the respective block diagonal constraints.
These two problems are solved alternately, the master problem providing dual in-
formation which guides the pricing problems towards columns that will improve
the current solution of the master problem.

Column generation is a technique for solving linear problems, but the com-
pact formulation in this work has both nonlinearities and binary variables. While
there are nonlinearities in the compact formulation, we delegate them to the
pricing problems, thus not directly interfering with the column generation pro-
cess. Examples of other works with nonlinear pricing problems can be found
in |[Aganagic and Mokhtari [1997], |Allman and Zhang| [2021], |Gleixner et al.
[2018]. In the presence of non-continuous variables, approaches employing col-
umn generation rely on a Branch-and-Bound tree as well. At each node, the
linear relaxation of the local problem is solved, and constraints are added to
remove fractional solutions. When the linear relaxation of every node in the
Branch-and-Bound tree is solved with column generation, we have Branch-and-
Price. For more details on column generation and Branch-and-Price see, e.g.,
Desrosiers et al.| [2024], or Uchoa et al. [Uchoa et al.|[2024].

While nonlinearity will not impact our Branch-and-Price framework, the
presence of continuous variables will. Further explained in Section [d] they re-
quire special care when detecting integrality. In [Vanderbeck and Savelsbergh
[2006], the authors present a general framework for Dantzig-Wolfe decomposi-
tion in mixed-integer problems. In their approach, they first split the columns
into two, with one sub-column containing the values of the integer original vari-
ables and the other containing the values of the continuous original variables.
They later discretize the integer part, while enforcing convexity constraints on
the continuous part. Vanderbeck and Savelsbergh’s approach was independently
applied by Degraeve and Jans| [2007] for the Capacitated Lot Sizing Problem
with Set Up Times. Since our goal is to solve the problem described by the
compact formulation, we allow the presence of relaxed integer variables in the
optimal solution, as long as we can translate them into an integer solution in
the original variable space. For ease of exposition, these considerations will only
be explicit when discussing the branching rule.

We will now start describing the application of these techniques to the prob-
lem we want to solve.
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3.1 Reformulating the production-maintenance scheduling problem

To allow for an easier understanding, we present Tables[d]and [f]with the variables
and parameters for the extended formulation, respectively.

Variable ||Variable Meaning Variable Type
Op Variables satisfy all thresholds of branching constraint b{{0,1}

Az How many solutions 4 are picked from subproblem z Integer

0 Dual variable associated to the convexity constraint Continuous

e Dual variable associated to time period t Continuous
Y Dual variable associated to branching constraint b Continuous

Table 4: Description of the variables used in the extended formulation

Parameter ||Parameter Meaning Parameter Range

B Set of (variable, threshold) pairs for branching K xRF

B Set of branching decisions -

L. Index set of master variables for subproblem z N

Vp Threshold to split master variables on R

Yait Production of solution % of subproblem z at period ¢ Rt

Z Set of aggregated subproblems N

A Size of aggregated subproblems N

Table 5: Description of the sets and parameters used in the extended formulation

In the following, for a given original variable p, the parameter p; denotes the
value of p in solution i. So, for y; and xF, we have y; and xF,. These use a
different font to emphasize that they are parameters in the master problem. £,
symbolizes the index set of master variables associated to machine n. In compact
formulation terms, ¢ € L, if the associated column satisfies all constraints for
machine n, ignoring the demand constraints. The subscript will be omitted when
not relevant. We now present the integer master problem (IMP) below.

min c"Ain
N § § ;

neN ieL,

subject to Z Z YitAin = Ei,

neN €Ly,

> Aim <1,

€Ly
Ain € {0,1}, YneN

VteT (m)
VneN (9)
Vie L,

3.1]
3.2]

[3.3]

[3.4]
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Constraints [3.2] force the chosen solutions to satisfy the production demand,
while Constrain enforce that at most one solution per machine can be
chosen.

The master problem (MP) is obtained from the IMP by relaxing the inte-
grality constraints. The master problem is the one that must be solved at every
node of the Branch-and-Bound tree.

3.2 Generating new columns

Given that the master problem has a number of variables equal to the number of
feasible partial assignments to each machine, it has an uncountably large num-
ber of variables, making it impossible to solve directly. Thus, as is common with
Dantzig-Wolfe decomposition, this extended formulation is solved with column
generation. The restricted master problem (RMP) sets all but a small subset
of variables to 0. It starts with a restricted subset £ C £ of available columns.
After solving the RMP, its optimal dual solution is used in a secondary prob-
lem, henceforth pricing problem, tasked with finding columns that improve the
optimal solution of the RMP. The added column is the one in £\ £ with mini-
mum reduced cost. The process is repeated until the column with the minimum
reduced cost has a non-negative reduced cost, because adding it to the RMP
would not improve the optimal solution. It proves that none of the columns in
L\ £ would improve the optimal solution of the RMP, meaning it is also an
optimal solution of the MP.

Variables 7, lower bounded by 0, represent the dual variables associated to
the demand (Constraints [3.2). Whenever precision is needed to indicate the
dual variable referring to time period t, m; will be used. Likewise, variables 6,
upper bounded by 0, represent the dual variables associated to the convexity
Constraints [3.3] and 6,, is the dual variable referring to machine n. The reduced
cost is then computed as CTx — 7Ty — 6,,. Since the production is a variable in
this subproblem, y uses the variable font.

min CTz — 7Ty — 6, [4.1]
.,y
subject to  Constraints [1.2]- being satisfied [4.2]

The dual variables 7 incentivize solutions with high production at specific
periods, and, informally, the dual variable 6 indicates whether the solutions
currently available for machine n have a high impact on the objective of the
solution of the RMP, making new ones valuable.

The value of the demand is a valid upper bound on the production of any
specific machine, since any extra production would not be necessary, allowing us

to add Constraint [4.3].

y <ENVteT [4.3]
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Using the analysis done for the compact formulation in Section[2] the number
of variables, constraints, and variable bounds of the pricing problem is presented
in Table [

Variables [T1(1 + 2|Kn])
Constraints ITIBIKCA] + 1+ 35 + |Zal)
Bounds 6|71(1+ |Kal)

Table 6: Size of pricing problem n as a function of the input

By being machine-specific, the pricing problem drops the sums over all ma-
chines of the compact formulation, as seen in Table |3} With many machines, this
represents a large difference in size and difficulty. The nonlinearity of the pricing
problem will depend on the characteristics of f and g (Constraints[L.6| and [1.2).

The pricing problem can also be interpreted in the context of machine pro-
duction. The objective function is equivalent to the maximization of the profit of
a machine (where the selling price of the product at time ¢ is given by the corre-
sponding dual value). The added valid inequality enforces a cap on production,
after which the product cannot be sold, simulating markets where there is limited
demand. An application of this reinterpreted problem into profit maximization
of power transformers was introduced in |Dionisio and Pedroso [2023].

To prepare the exposition of the branching rule used in this work, we must
first present the concept of identical subproblem aggregation. Without aggrega-
tion, the branching rule would have required substantially less effort. Instances of
this production-maintenance scheduling problem may have identical machines,
a common occurrence in real-world scenarios. Whenever this is the case, the re-
stricted master problem exhibits a lot of symmetry, requiring much additional
effort. To see this, suppose machines n1, no are identical. The pricing problem for
machine n; is producing columns that also satisfy the non-linking constraints
related to machine no, but are only available to machine ns after solving the
pricing problem associated with it.

A common way to break these symmetries is to aggregate identical subprob-
lems. That is, given identical machines ny, ny, we will choose two columns out of
one representative set instead of choosing one column each out of two identical
sets. More formally, instead of choosing A, ; € £1 and A, ; € Lo with £1 = Lo,
we choose A, i, An,.5 € L1.

In the following, instead of variables A, ; for each machine n, we will use
variables A, ; for each subgroup z of identical machines, and the variables will
indicate how many of these machines use column 4. The parameter y, ; , will
denote the production in column ¢ from the subgroup z, at time ¢. Further, the
size of subgroup z, the number of identical machines that were aggregated into
subgroup z, is denoted by Z,. Thus, the variable A, ; now has an upper bound
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equal to Z,, rather than 1, allowing us to choose the same column multiple times.
The aggregated integer master problem is described in [£.4]

m}%n Z Z iz [4.4]

zEZIEL,

subject to Z Z Yoiihiz > Ep, VteT (m) [4.5]
zEZ1ELy,
> Ni:<Z., VzeZ ()  [4.6]
i€l
Nix € Z¢, VzeZVieL, [4.7]

With this aggregation, we expect that the usefulness of the reformulation
will increase with the number of identical machines, given its symmetry-breaking
characteristics.

4 An Exact Branch-and-Price Method

Up until now, the focus has been on the column generation algorithm, which
solves LPs. However, the compact formulation that we want to solve has integer
variables. This means that after the optimal solution of all pricing problems
has a non-negative reduced cost, hence proving that the solution of the RMP
is also optimal for the MP, branching is required. As each node tends to be
more computationally expensive in Branch-and-Price than traditional Branch-
and-Bound, the branching rule gains increased importance. In this section, we
will use the notation A\* to indicate the value that variable A takes in an optimal
solution, which we assume unique, for simplicity, unless specified otherwise.

Branching on single fractional master variables is not advisable in branch-
and-price, as it leads to very unbalanced trees. Given a fractional master variable
Ai, the added branching constraints would be A; > [AF] and A; < [AF]. The first
constraint is extremely restrictive, forcing the column corresponding to A; to be
picked at least A; > [A}] times. On the other hand, the second constraint is very
lax, as it limits one column out of uncountably many, and it would be possible to
choose a similar column that would perform the same role in the RMP. For that
it would be enough, for example, to change one of the continuous variables by
a small €. Furthermore, the branching constraints also need to be respected in
the pricing problem to guarantee that this same pattern is not generated again,
which would not be easy with this branching rule.

On the other hand, branching on pricing variables directly is not possible
due to the aggregation of identical subproblems—two identical machines might
pick different columns in the optimal solution. While possible to disaggregate the
subproblems as new original variable branching candidates appear, this would
reintroduce symmetry to the problem, which we want to avoid.

For these reasons, we decided to branch on a set of bounds on the pric-
ing variables as originally described in [Vanderbeck| [2000] and elaborated upon
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in [Desrosiers et al. [2024, p. 470]. Keeping with the notation of the latter, let
F be the index set of the fractional master variables, 5 the set of bounds on
the pricing variables, 5 the index set of fractional master variables whose cor-
responding columns respect the bounds in 3, and vg = Zieﬂ; A;. To ease the
exposition, we will assume that there is a single aggregated subproblem. The
work can be easily generalized to the case of different subproblems.

4.1 Variable-bound branching

After solving the RMP to optimality, we choose a pricing variable p, which can
be any of the binary maintenance variables x. Then, we pick a threshold v,
and define 8 = {(p,vp)}, and Fg = {i € F | (pi,vp;) € R}, where R is a
relationship. In this work, (a,b) € R if a < b or a > b, depending on the criteria
explained below. In reality, both options need to be considered to explore the
solution space fully, but, for the sake of presentation, we omit this, as it would
increase the density of the text for little benefit. As a small detail, we use a
priority queue to choose which subset s to focus on next, and if its corresponding
sum is integral, then the queue grows with two additional subsets, s1, s2, with
51 =5 U{piy1 < [Vp,y, |}, and s = sU{piy1 > [vp,,, | }. For simplicity, we will
assume in this explanation that all thresholds are an upper bound on the pricing
variables, making R represent a less-than-or-equal inequality. In other words, we
will consider the fractional master variables whose coefficient for variable p in its
corresponding column is less-than-or-equal to v,. Using the notation introduced
already, Fg = {i € F | p; < v}. Then, the branching constraint at the down
branch would be >, <, Ai < |vg]. This assumption will be dropped later
when describing the pricing problem modifications.

For any integer solution, we must have 7 = () and vg = 0, and this pro-
cess works whenever vg is fractional. However, it may happen that the set of
fractional master variables is not empty, but vg € Z, which does not allow us
to branch. For example, it would be the case if F = {A1, A2}, p; = py, and

I = A5 = 0.5. In this case, we repeat the process by picking a different origi-
nal variable p’ and associated threshold v,/ . By increasing the restrictions in £,
we remove elements from Fg, which in the worst-case scenario is reduced to a
single fractional variable, thus allowing us to branch. Even in this scenario, the
branching rule is not the same as the single-variable branching described at the
beginning of this section. This is because any variable added to the RMP that
satisfies the restrictions in 8 will later be added to the branching constraint.

When the patterns of the variables we want to branch on have no continuous
variables, this process for finding a # with a fractional vg must terminate, given
the finite number of original variables and master variables in the RMP. To
see this, simply choose A;, \; € F3 and a pricing variable p such that without
loss of generality, p; < p;. Such a pricing variable must exist, for otherwise
there would be two identical columns in the RMP. Then, the threshold can be
vp = (P; +P;)/2, and adding (p, vz) to B excludes at least one variable from Fg,
A;. In fact, in the worst case, we need to add log(|F|) restrictions to /3, as proven
in [Vanderbeck| [2000, Prop. 3].
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So, finally, when vg ¢ Z, the left branch is given by

SN < [og) 5.1]

€Ly

Ezample 3. Figure[3|below shows the process of finding a suitable subset of frac-
tional variables whose values in the optimal solution are fractional. To simplify
the presentation, we abuse the notation when we describe the inequalities as
x1 > 1, since in reality it should be {i | z1,; > 1}. After identifying such a
subset, the figure also illustrates the addition of the branching constraint to the
RMP and its impact on the MP.

Suppose that the optimal solution of the RMP has five fractional variables,
A1, A2, A3, Ag, A5, with optimal solution values 0.5,0.5,0.3,0.2,0.5, respectively,

0 0 1 1 1
and that their corresponding columns are |0|, (1|, 0|, (0|, and |1
1 0 0 1 0

Before starting to describe the application of the procedure to this example,
we note that Figure [3] sacrifices some rigor in favor of visual clarity. Specifically,
the cuts are depicted as a simplified illustration of the separation of the master
variables according to the specified bounds and should not be interpreted lit-
erally, since a faithful representation of the algorithm would not be possible in
two dimensions. The points in the top diagrams represent the variables in the
space of fractional master variables, a subset of the RMP, which is the dashed
rectangle in the bottom diagram. The points in the RMP that are outside the
inner rectangle are the master variables with an integer value in the optimal
solution. The larger outer rectangle in the bottom diagram represents the mas-
ter problem, with the points (master variables) that have not yet been added
to the RMP. Representing these discrete sets as rectangles is also a deliberate
simplification made to improve the readability of the figure.

In the top left diagram, the sets are initialized. There are no bound changes
yet, so B is empty, and the set F of fractional master variables is the same as
Fp. The sum of all the fractional master variables satisfying the (empty) bound
restrictions is 2. Since this value is not fractional, the branching rule will not
be able to create a branching constraint, and must keep refining the set F3. In
the top middle diagram, the bound z; > 1 is chosen, and applying it to the
previous set Fp gives us {3,4,5}, as the columns associated to A1, A2 do not
satisfy this bound. Having reduced the number of fractional variables by nearly
half, the resulting sum is 1, still integer. This means that more bound changes are
still required, and the introduction of x3 < 0 in the top right removes variable
A4. The resulting sum, 0.5, allows us to branch. Since there is a finite set of
possible bound changes, the process of finding a suitable set of bounds must
always terminate.

The set of master variables that satisfy the bound restrictions is then ex-
panded with all the master variables in the RMP satisfying them, even those that
were not fractional in the optimal solution, and those that were zero. Otherwise,
the associated variables could have a negative reduced cost and be regenerated.
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Fig. 3: Visual representation of branching on original variable bounds. We use z1 > 1
as shorthand for {¢ € £ | z;,1 > 1}. The inner rectangle represents the discrete set of
fractional variables in the optimal RMP solution, the dashed rectangle represents the
discrete set of variables in the RMP, and the outer rectangle represents the discrete
set of all the variables in the MP. The variables at the intersection of the two
half-spaces are the ones in the new branching constraints.

Despite starting with only a limited view of the MP via the RMP, these
restrictions are actually applied to the former. With this we mean that with the
dynamic generation of columns, the branching constraints need to be updated
throughout the iterations, whenever the generated column satisfies the bound
restrictions.

A

Branching may be required multiple times throughout the optimization pro-
cess, so we define BB as the set of branching decisions that led to the current
node. Similarly, we define Fgj as the index set of fractional master variables
that satisfy the thresholds imposed by £ in branching decision b € B. We will
also drop the assumption on the thresholds, and define 8=, 32 (similarly 6;, Bbz)

>1
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as the thresholds with a less-than-or-equal or greater-than-or-equal inequality,
respectively.

4.2 Incorporating dual variables in pricing

As the branching decisions b € B are added to the local RMPs, the corresponding
duals, denoted by ~;, will also influence the reduced cost of the remaining master
variables. It is thus necessary to incorporate these duals into the pricing problem.
Since each branching decision b restricts the master variables A\; in Fgp, the
corresponding dual is non-zero only in these cases. This justifies the introduction
of binary variables §; for each branching decision b, which are 1 if and only if all
the thresholds in b are respected, and consequently, whose dual variable should
impact the objective. Thus, we arrive at the pricing problem we must solve at
every node.

min CTz —7nTy -6, — Z Vb0 [5.2]

oY beB,
subject to (5b —1e (VpeBs, p<uv,AVpepZ, p> vp)) , YbeB [5.3]
o € {0,1}, Vbe B [5.4]
Constraints being satisfied. [5.5]

Constraints [5.3] are activated whenever all the thresholds relative to the
branching constraint are satisfied. We emphasize that these constraints neither
forbid nor enforce any assignment of the pricing variables. Rather, satisfying
the thresholds of branching decision 3, makes variable §, = 1, resulting in the
subtraction of the value of 7, from the reduced cost. For a given branching de-
cision b, the sign of 7, will either encourage or discourage the satisfaction of the
thresholds of Sp.

These constraints can be linearized, but implementation becomes more com-
plex in practice, since there needs to be a distinction between the up and down
branches, as the indicator variables §, must be treated differently depending
on the sign of v,. The cases of negative and positive =, also differ between the
less-than-or-equal and the greater-than-or-equal thresholds.

If 4 is positive, then &, has an upward incentive, and we need to add con-
straints forcing it to 0 if any of the thresholds are not satisfied. This can be
translated to

0y <1—p,¥p € By [5.6]
517 S D, vp € 6[)2
On the other hand, if =, is negative, setting J;, to 1 will increase the reduced

cost. So, we must force d;, to 1 if all thresholds are satisfied, which can be done
with Constraint
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Gp=1=Y p+ > p—(1851+167) [5.8]

< >
PEBY PEB;

FEzxzample 4. To show how the branching decision impacts the pricing problem,
suppose the current node has depth 3, and thus has two branching constraints.
As explained previously, these constraints have an associated set of thresholds
to specify which master variables are affected. In this example, for the first
and second branching constraints, let the thresholds be b; = {(z2 < 0)} and
by = {(z1 > 1), (x3 < 0)}, respectively.

Assume also that the current node is the down child of its parent, which
in turn is the up child of the root node. The branching dual is non-positive
for the current branching constraint, and non-negative for the parent branching
constraint. See Figure [] for a clarification.

Fig. 4: The node in this example.

Figure [5| illustrates the behavior of the dual variables of the branching con-
straints in this example, as well as the incentives to satisfy the thresholds in the
pricing problem. From the sign of the dual branching variable, there is a pressure
not to satisfy the thresholds of by, and another to satisfy the thresholds on bs.
Depending on the remaining dual variables and constraints, the optimal solution
of the pricing problem is more likely to satisfy —(xo < 0) and (1 > 1,23 < 0).

A

From the works we have seen in the literature, variable-bound branching
has always been achieved by finding hyperplanes that split the master vari-
ables into two fractional sets. However, there is nothing forbidding the usage
of nonlinear constraints for defining these sets. That is, given original variables
P1,---,pn we can define Fg = {i € L | h(py;,---,P,,;) < 0} for any func-
tion h, and the branching constraints in the pricing problem would look like
o =1 <= hy(p1,...,pn) < 0,Vb € B. Having nonlinear thresholds might
more easily capture the fractional sets and allow one to rely on a solver’s ability
to find strong linearizations that might otherwise be too difficult to implement
directly. When the pricing problem is already an MINLP, this might achieve
faster pricing more easily. This approach will not be explored in this work.
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B ={b1,bs2}
b1 ={(z2<0)} be={(x1>1),(z3<0)}

.%QSO 1 \\1’121

Fig. 5: Visual representation of the impact of the branching decisions on pricing. The
ellipse represents the search space of the pricing problem, and the patterns represent
the sign of the corresponding branching variable . Only if the pricing variables
satisfy all the thresholds for a given branching decision does the corresponding dual
affect the reduced cost. The thresholds are dashed to indicate that these are indicator
constraints and that the thresholds do not need to be respected.

4.3 Adapting the branching rule for the mixed-integer case

At first sight, the branching rule we described does not seem to be complete, as
illustrated by Example [5| below.

Ezample 5. Let N' = {1}, K = {1}, and E; = E; = 1. Since there is only one
machine and one component, we will omit the indices n and k in the notation.
Further, let f = R, and ¢ = Q > E;. That is, there is no degradation, and the
production limit is enough to satisfy the demand. Assume also that we have two
master variables, A;, Ao with columns x; 1 =x21 =0,r11 =ro1 =ro1 =rao =
R,yand y; 1 =2,y57 =0,y; 5 = 0,y5 5 = 2. In natural language, components are
all at the optimal state, there is no maintenance, and columns 1 and 2 produce
double the demand at time period 1 and 2, respectively, and produce nothing
in period 2 and 1, also respectively. Then, the only optimal solution is given
by A1 = A2 = 0.5. This solution is clearly optimal since it is feasible and its
objective value is 0. However, there is no hyperplane defined on original integer
variables that can separate the fractional master variables into two disjoint sets,
since x;,1 = Xg,1. Thus, this branching rule cannot find a hyperplane to separate
the fractionalities.

A

We claim that whenever this is the case, there is an integer solution with
the same objective value, which can be constructed by exploiting the convexity
assumptions made in this work. We apply such a procedure to the example
above, but the explanation makes it clear that the approach is generalizable.



Title Suppressed Due to Excessive Length 21

FEzxzample 6. Under the conditions of Example [bl we add a new variable A3 such
that, for every original variable p, we have p; = %. Thus, the new column
is constructed by adding the coefficients of the columns associated with Aq, Ao,
and dividing by their value in the original optimal solution. Since the compact
formulation is convex, any convex combination of feasible solutions is also fea-
sible. In particular, this statement remains true when fixing a machine index n,
which corresponds to this convexification of the columns we just did. On the mas-

ter problem side, since we start from a feasible solution, y; ;A7 +y; ;A3 satisfies

Pl if Ay = A + A
With Ay = A2 = 0, A3 = A] + A3, the convexity constraints are also satisfied, by
construction. Then, A\; = 0, A3 = 0,A\3 = 1 is a feasible integer solution. Since
the coefficients associated with the integer original variables of the master vari-
ables A1, Ay are the same (all zero), the objective value of this new solution is
the same as that of the previous optimal solution. It is thus an integer optimal

solution.

the demand for every period ¢t. But then, so can A3

A

To get to this point, the sum of the master variables in the optimal solution
must be an integer, so we can say that there is always an optimal solution where
the variables we add take an integer value, and all other variables with the same
maintenance pattern are 0.

It is worth pointing out the need for normalizing by A} +A5 when constructing
the new column, because it seems to be possible to avoid this, and then simply
take A} = A5 = 0, A3 = 1. However, if the original fractional variables add up
to an integer greater than one, the resulting column would not respect the non-
linking constraints of the compact formulation—the convexity argument would
no longer hold. In other words, it is the difference between using a column k
times, and using (k times a column) 1 time.

This explanation was given under the assumption of a single aggregated
subproblem. If there are multiple subproblems, these arguments only hold if the
A-branching procedure cannot be applied in any of them.

Assuming we apply the repair step in the end, we can replace the original
integrality constraints in Formulation [3.I] with alternative constraints that ensure
that the repair step is possible, which we present next.

The theoretical portion of this paper will finish with the formal definition of
the constraints we may use instead of the original integrality constraints [£.7]

Let us define an equivalence relation ~ that groups master variable indices
by the corresponding integer pattern. In mathematical notation, for a given
subproblem z € Z,

i~y = x?’t = xﬁt,Vk e VteT
This naturally defines equivalence classes [j] :== {i € £, | i ~ j}, and the set
of all equivalence classes L,/ ~. So, we replace the original constraints enforcing
integrality with the following:
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Y N €rVzeZV[jl€ L.~ [5.9]
i€lj]

In other words, all variables whose columns have the same coefficients for
the maintenance variables must add up to an integer value. As shown above,
any solution satisfying these constraints can be converted to one satisfying the
original integrality constraints, which can be done post-solve.

The branching rule is summarized in Figure [f]

Node solved with
fractional solution A*
Fs = {i € L.}

Fs = Fs i | (piuvy) € R} —

Constraint m Yes Solution
satisfied? optimal

No

Choose R € {<,>} ‘ —)‘ Compute vg = 3, A

Branch on
Zzef,j Ai > [vs]
or < |vg]

vg
fractional?

Choose variable p
and threshold v,

Fig. 6: Branching on original variable bounds

This concludes the theoretical part of the paper, and we will shift our focus
to implementation details, acceleration techniques, and computational experi-
ments.

5 Implementation Details and Acceleration Techniques

For the implementation, we used SCIP [Bolusani et al., [2024], as it is equipped
with an easily customizable framework for Branch-and-Price. Nevertheless, there



Title Suppressed Due to Excessive Length 23

remained some problem-specific details that needed to be implemented, as de-
scribed in this section. We also highlight acceleration techniques for column
generation and Branch-and-Price that are commonly found in the literature and
were used in this work.

Initial columns’ generation In almost all instances, we use Farkas’ Pric-
ing [Gamrath, 2010, p. 43] for initializing the RMP and resolve infeasibilities dur-
ing the Branch-and-Price process. This technique uses Farkas’ Lemma |[Farkas,
1902] on the RMP by computing patterns that break the lemma’s infeasibility
proof and adding them to the restricted master. Implementation-wise, this cor-
responds to solving the pricing problem with the Farkas’ duals and a zero cost
coefficient.

We are not using Farkas’ pricing in instances with many subproblems and
few identical machines in each of them. They are instead initialized with a mod-
ified run of the compact model. This is done by running SCIP in the feasibility
emphasis mode until a solution is found.

Choice of subproblem As it may be expensive to solve the pricing problems
exactly, we will not solve every subproblem in every iteration. When a variable
with a negative reduced cost is found, the RMP is solved again to get access to
more updated duals.

We will use the results of a simple just-in-time heuristic that fixes the pro-
duction based on the dual values of the given iteration and tries to deduce the
remaining variables, to decide the order in which the subproblems should be
solved. Subproblems with a more promising heuristic result will be solved first.

Besides this, pricing problems are initially solved with a gap limit and a
solution limit. Only when this limited run does not provide a variable with a
negative reduced cost do we solve the problem to optimality. Even with these
restrictions, pricing took most of the solving time in our experiments, as can be
seen in Section

Choosing a branching candidate and associated threshold When decid-
ing between a less-than-or-equal and a greater-than-or-equal inequality to define
the fractional sets for branching, we choose the direction that maximizes the size
of the respective set. That is, if

{ie Fslpi < loplil >H{ieFplpi = [vpl}l,

then the less-than-or-equal inequality is chosen. The greater-than-or-equal in-
equality is chosen if the second set is larger than the first. The intuition is that
more variables in the set, and consequently in the branching constraint, will lead
to a more balanced tree. In the case of a tie, we choose the inequality that allows
us to keep the variables with a higher corresponding sum of squares, defaulting
to less-than-or-equal. That is, if
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1€Fg|pi<|vp) i€EFg|pi>[vp]

then we opt for the less-than-or-equal inequality. The reasoning is that these
variables have a greater chance of being non-zero in the optimal solution.

Lower bounds Strong lower bounds are fundamental during the Branch-and-
Bound process since they allow early pruning of suboptimal subtrees—no need
to explore a subtree whose local lower bound is worse than the global primal
bound. The usual lower bound originating from the LP is not available since, at
each pricing round, only the RMP is solved, not the MP. It is thus necessary to
employ alternative lower-bounding techniques.

The following, known as the Lagrangian dual bound, is a valid lower bound
for the master problem [Liibbecke, 2011 Prop 2.1]:

cRmp + Z Z, - min(0, w,), [5.10]
Z2EZ

where cfp is the optimal objective of the restricted master problem, and
w, is a valid dual bound for pricing problem z.

The minimum reduced cost indicates the largest improvement in the objec-
tive per unit increase of the corresponding variable. Thus, choosing to add the
columns associated with the minimum reduced cost of each subproblem in the
RMP yields an upper bound on the improvement of the current iteration. As
not all the pricing problems are solved to optimality in every iteration, it is use-
ful that remains a lower bound to the master problem for any valid lower
bounds on the pricing problems.

We can also use information from lower bounds of the pricing problem to stop
the last pricing iteration earlier. Given a primal bound cp\p, we can stop pricing
as soon as we find lower bounds w, for every pricing problem, such that
is not less than cyyp. While this trick does not reduce the number of pricing
rounds, since the node would be pruned before the next pricing round, it lets
one terminate the last pricing round sooner in every node that does not reach
the branching stage.

In the case of a single subproblem z, the above can be transformed into a
valid cut, as in every iteration, the reduced cost must be good enough to justify
not pruning the node, for identical arguments.

Cz—nTy—6, — Z Ypop < CIMPQA [5.11]
beB, z

In instances where the pricing problem is expensive, the valid cut can lead to a
minor improvement.

If all subproblems are aggregated, because all machines are identical, then
we also include the Farley bound, first discovered by |Farley| [1990]. For it, we
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need to define the minimum lambda price 1(r):

I(r) = min{

zel

T > o} . [5.12]

TTa,

The minimum lambda price can also be used as an alternative to the mini-
mum reduced cost for finding variables that would improve the RMP, which may
be useful in some applications. For more information, we refer to the “Pivot rules
and column management” section of Desrosiers et al.| [2024]. From this, the Far-
ley bound can be derived:

I(m) -7 < cyyp, Vm >0. [5.13]

Since the bound remains valid for every dual solution 7, it can still be used
even when using suboptimal dual values. This is not the case with the La-
grangian bound, as the required lower bounds from the pricing problems would
not be applicable. Suboptimal dual values are often used in column generation,
for example, when employing dual variable smoothing. For information on dual
variable smoothing, see Wentges| [1997].

The objective coefficients may also permit the tightening of these lower
bounds. For example, if all the variables in the master problem, even those
not in the RMP, have objective coefficients that are multiples of k, then a bound
b can be tightened to k - [%], due to the integrality of the master variables of
the IMP. That is, if all coefficients are multiples of 1.5 and we get a lower bound
of 3.7, then it can be tightened to 4.5.

Early branching One of the common causes for a slow convergence of column
generation is the tailing-off effect, where variables with near-zero reduced costs
are generated. Although many iterations can be spent generating such columns,
this translates into very minor improvements to the relaxed master problem.
This effect can be lessened by a process called early branching, where a node is
not solved to optimality, but branching stops column generation when some con-
dition is met—usually when the optimal reduced cost from the pricing problems
gets close enough to zero. The downside of early branching is that the optimal
solution of the MP is not available, and thus cannot be used as a lower bound.
However, the lower bounds described above mitigate this issue, reducing the
number of pricing rounds at the cost of potentially more branching decisions,
depending on the tightness of the bounds.

When deciding to perform an early branching, there is a case that is of special
interest. When tightening the RMP solution yields a value not bigger than a
known lower bound, we do not lose anything by performing early branching.
Mathematically, given a lower bound 1b, if [cyp] < b, solving the RMP to
optimality will not result in a tighter integer bound. In this case, early branching
does not lose any relaxation strength. This is based on the work in |Ghannam
et al|[2024].



26 Dionisio, Gleixner, Pedroso, Bestuzheva

RMP heuristic In comparison to Branch-and-Price, the application of column
generation is straightforward, especially given the tools already available. For
this reason, and due to the strength of Dantzig-Wolfe relaxations, a common
first attempt to determine the potential of an extended formulation is to solve
the root node with column generation and then optimize the resulting RMP
with the integrality restrictions. This heuristic is called Price-and-Branch, and
is indeed a heuristic, since there is no guarantee that the optimal LP solution is
integral.

This work is concerned with developing an exact method, but the Price-
and-Branch heuristic remains quite useful for obtaining good primal bounds
to quickly enable earlier pruning of subtrees. We impose time limits on the
solving of this integer problem, and a solution and objective limit. As soon as a
solution that improves the current primal bound is found, solving stops. We use
this heuristic after solving the root node, and again once enough new columns
have been added since the last unsuccessful run of the integer restricted master
problem.

6 Computational Experiments

In this section, we will detail the experimental setup and metrics used to validate
the models and assess their performance

We generated a diverse set of instances randomly, parametrized by the fol-
lowing features:

— by the number of time periods (either 10 or 20),

— by the number of machines (either 20 identical machines, or two groups of
10 identical machines each), and

— by their complexity (either “high” or “low”).

The complexity is a parameter of the machine that determines whether it will
have a higher or lower number of components (between 1 and 3 and between 3
and 7, respectively) with more or less interaction between them (a 10% chance
of two specific components having a dependency, against 15%). The complexity
of the machine also affects the amount of nonlinearity in the model, resulting
from the increased inter-component interaction. For each of these combinations,
we generated 50 different instances.

Functions f and g from the compact formulation and the pricing problem
can randomly be linear, polynomial, or exponential, and the coefficients are
sampled from a uniform distribution. Polynomial expressions are at most cubic,
and exponential expressions use a fixed base and multiply the variable in the
exponent by a constant. These constants are uniformly sampled between 0 and
3. Due to the nature of block-diagonal problems, exacerbated by the fact that
not all components interact with each other, the instances are quite sparse.

One of our first observations was that it is easy to create instances that favor
each of the formulations, as having more or less identical machines favors the

® The code and experiment results can be found on GitHub [Joao-Dionisio, [2024].
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extended or the compact formulation, respectively. For this reason, we opted
for creating two sets of instances, with one of them having several identical
machines (one group of 20 machines), and another having two medium-sized
groups of identical machines (2 sets of 10 each).

The varying combinations of time periods, complexity, and machine groups
yield 2 - 2.2 .50 = 400 different instances. For each instance, we ran two ex-
periments: the compact formulation and the extended formulation with exact
pricing. They are referred to as “Compact” and “DW?”, respectively.

To obtain more meaningful results, we removed the instances that could be
solved by both methods in under 5s, and the ones for which no method could
find an incumbent solution in the given time limit. This resulted in excluding 72
and 107 instances, respectively, and thus the results are shown for 221 instances.
Of these, 118 are feasible, and 103 are infeasible. We defend having this many
infeasible instances because we believe that is likely to be how this work would
be used most often in practice, with an industry expert tweaking the parameters
(for example, the demand) to find a feasible and satisfactory model. The results
in the following section are also split between feasible and infeasible, since the
methods performed very differently in these two subsets.

In Table [7] in Section [6.1] below, the instances are split between “easy”,
“medium”, and “hard”. Easy instances are those where one of the models could
either prove optimality or infeasibility in under 10s, medium instances where op-
timality or infeasibility was proven in the 300s time limit by one of the models,
and hard instances are those that hit the time limit and at least one of the mod-
els found a primal solution. While the time and number of nodes shown are the
arithmetic mean over the number of instances in the respective category, the gap
is the arithmetic mean over the number of feasible instances in the category. The
gap is computed as %, to deal with the cases where the dual bound
is 0. In this table, the number of feasible instances is provided in parentheses to
facilitate a better understanding of the methods’ behavior. For example, in the
solved “easy” instances by the Compact formulation, we see 23(9). This means
that the Compact formulation solved 23 easy instances, 9 of which were feasible.

The experiments were run on a 6-Core Intel Core i7 with 64 GB running at
3.20GHz with a 300-second time limit. The models were solved with the SCIP
solver, version 9.2.1 [Bolusani et al,, 2024]. The LP solver used was Soplex,
version 7.1.3, and the NLP solver was IPOPT, version 3.14.17. For the imple-
mentation, we used SCIP’s Python interface, PySCIPOpt |[Maher et al.l 2016],
version 5.6.0, with Python version 3.13.3.

6.1 Results and Analysis

Table [7] below presents the results of the two approaches mentioned in this work
across different difficulties, as explained in Section [6] We emphasize that the
time and the number of nodes presented is the arithmetic mean over the number
of instances, and the gap is the arithmetic mean over the number of feasible
instances, defaulting to the primal bound when the dual is 0.
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Table 7: Performance comparison of the different methods across different instance
difficulties. In parentheses are the number of feasible instances.

Compact DW
Subset instances  solved  time(s) gap(%) nodes solved time(s) gap(%) nodes
casy 57(9) 23(9)  189.1s 5.6 475  57(9)  6.1s 0 5
medium 73(18) 12(12) 261.8s 44.7 5238 62(7) 99.9s 8.9 7
hard 91(91) - - 126.8 6426 - - 11.3 47

Throughout the development process, a few results were observed consis-
tently. The decomposition approach, thanks to Farkas’ Pricing, was very good
at proving infeasibility, whereas the compact formulation struggled immensely
with this. The compact formulation, in turn, was better at proving optimality
(21 instances vs 16), often due to the success of presolving. In more challeng-
ing instances, the extended formulation was able to find good solutions much
more quickly than the compact formulation, partly due to the RMP heuristic
described in Section Bl

Focusing on the instances in the “Hard” subset, and comparing the results of
the Compact and DW formulations, we see that the latter had a much smaller
average gap (126.8% vs 11.3%), and again a much smaller number of nodes
(~ 6.4k vs 47). The number of nodes in particular showcases the strength of the
branching rule used in this work. However, while progress was consistently made
on the compact formulation, some instances showed very little progress after the
root node in the extended formulation, with the branching rule creating many
nodes with the same local dual bounds. Another observation is that the average
number of nodes for the Dantzig-Wolfe decomposition was smaller in the “Hard”
instances, when compared to the “Medium” instances. This is because in these
problems, the bottleneck was often the pricing problem, meaning that much time
is spent solving the root node, and relatively few branchings are created.

O Exact pricing time
O Python time

O Integer RMP

O Branching time

O Others

|

8%

Fig. 7: Distribution of solving time across different components of the Dantzig-Wolfe
decomposition, rounded to the nearest integer.
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As expected, exact pricing was responsible for the vast majority of time
spent, 72.82%, even with the limits imposed on it. It makes a very strong case
for the need for a heuristic to generate columns more quickly. The branching
rule is responsible for 11.35% of the total solving time, suggesting that the
algorithms used to choose variables and thresholds for the branching rule should
be implemented in a more performant language.

Outside of SCIP, everything was implemented in Python. As the data struc-
tures are quite complex and the codebase is big, the language’s relatively slow
performance led to a significant slowdown, making up 7.66% of the total solving
time. The Price&Branch heuristic, for obtaining master problem primal solu-
tions, used 6.96% of the total time. While the time spent is not insignificant, we
feel like the benefit of obtaining good primal solutions in these instances made
up for it. In any case, harsher solving limits can be put in place if desired. The
“Others” segment refers to the just-in-time heuristic for subproblem reorder-
ing (with 1.18%), and to the restricted master problem reoptimizations (with
0.03%).

From this analysis, we conclude that the compact formulation yielded much
worse results for difficult problems and for proving infeasibilities than the Dantzig-
Wolfe decomposition. On the other hand, it was slightly better at proving the
optimality of easy instances than the decomposition approach. In all, the ex-
tended formulation is the preferred method for solving this type of production-
maintenance scheduling problems.

The decomposition would greatly benefit from a pricing heuristic, as exact
pricing takes most of the time. While that is a priority, rewriting the code in a
faster language would also give some improvement.

7 Conclusion and Future Work

This article presents an MINLP for a general production-maintenance scheduling
problem. Besides proposing a compact model, we also developed a Dantzig-Wolfe
reformulation to take advantage of the block diagonal structure.

The compact model can quickly solve smaller instances to optimality. How-
ever, it shows great difficulty in solving most instances, revealing a large gap
in suboptimal instances and an inability to find incumbent solutions or prove
infeasibility in most of them. The decomposition approach was an improvement
in almost every aspect, except for proving optimality, where the compact formu-
lation proved slightly superior. Furthermore, the decomposition approach per-
formed much better in harder instances, and also at detecting infeasibility, where
the compact formulation yielded very poor results. Across all instance types, the
extended formulation also used considerably fewer nodes.

Regarding future work, it could be beneficial to explore the use of more
intricate extended formulations with the goal of reducing the number of costly
pricing rounds. Such formulations could be based on using separate maintenance
and production patterns (patterns being an assignment to the corresponding
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variables) via two different easier pricing problems and combine them in the
RMP. These formulations would require more effort than the one presented in
this paper, as it involves simultaneous column-and-row generation.

On the compact model side, more than one type of maintenance action,
which could differentiate between light and heavy maintenance, can make the
model more interesting. It would increase its difficulty, but it also makes it more
realistic, as a complete replacement of a component is usually not the only
option. The model can also become more general. For example, there might be
non-critical components that may be maintained while still allowing for some
production of the machine. Another example is the production upper bound in
Constraints, which could depend not only on the condition of individual
components but also on the joint condition of multiple components.

A Appendix

This appendix provides an example showing that the just-in-time maintenance
strategy is only a heuristic.

Ezxample 7. Consider machines with two components, A and B, and suppose
that the maintenance of component B implies the maintenance of component
A. Assume also that the production is heuristically planned independently of
maintenance considerations. Suppose that, by following this production plan,
component A needs to be maintained in year ¢;, while B can continue without
maintenance until year to > ¢;. Because maintenance of B implies maintenance
of A, the just-in-time heuristic here yields three maintenance actions in total.
Alternatively, in order to avoid the forced second maintenance of A, let us con-
sider a solution where B and A are maintained both in year ¢;. There is nothing
in our assumptions implying that this alternative solution is not feasible. If it
is feasible, then it would save us one maintenance of component A. For exam-
ple, if the total number of periods is t; + 1, it is not unreasonable that both
components could have been maintained at ¢; and still reached the end without
failing. This anticipation of a maintenance action would have resulted in a solu-
tion that is strictly better than the one we started with, proving that just-in-time
maintenance does not always produce the optimal solution.

Note also that if the bottom solution is feasible, then it is guaranteed to be an
optimal solution for this fixed production vector. By construction, the original
solution tells us that component B requires one maintenance action at to at the
latest, and component A also requires one at t1 at the latest.

A

The theoretical study of these local improvement steps is interesting but out
of scope for the present paper. Potential research directions are the detection of
instances for which the local improvement step arrives at the optimal solution,
and finding upper bounds on the number of steps to arrive at said optimal
solution.
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T T
t1 t2

Fig. 8: The anticipation of the B-A maintenance in the top solution leads to the
bottom solution. If feasible, the bottom solution is strictly better.
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