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Abstract

Counterfactual Analysis is a powerful tool in Explainable Machine Learning.
Given a classifier and a record, one seeks the smallest perturbation necessary
to have the perturbed record, called the counterfactual explanation, classified
in the desired class. Feature uncertainty in data reflects the inherent variabil-
ity and noise present in real-world scenarios, and therefore, there is a need to
design Counterfactual Analysis methods that take into account uncertainty and
provide robust counterfactual explanations. In this paper, we address the prob-
lem of finding counterfactual solutions for tabular data under uncertainty, where
uncertainty is modeled assuming each record has a (convex) set around. The
model is expressed as an optimization problem, which is solved with a Variable
Neighborhood Search heuristic.

Keywords: Machine Learning, Counterfactual explanations, Decision making
under uncertainty, k-NN, GaussVNS

1. Introduction

Uncertainty in data is a significant issue that may affect the quality of decisions
and therefore addressing it properly is critical in data-driven decision making
(Klas and Vollmer, [2018; |Alizadehsani et al., 2024} Fakour et al., 2024]).

In classification problems under uncertainty in the input, one seeks robust clas-
sifiers not sensitive to small perturbations, where uncertainty is modeled as prob-
ability distributions or intervals around nominal values (Qin et al., 2009; |Agrawal
and Ram)| 2015; |Angiulli and Fassetti, 2013; |[Bertsimas et al.| 2018} |De Leone
et al., 2023} Faccini et al., 2022).
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Counterfactual Analysis (Wachter et al., 2018) is a powerful tool in Explain-
able Machine Learning, providing, for a classifier and a record, the so-called coun-
terfactual explanation, which is the solution with minimal perturbation in the fea-
tures that is classified in the desired class by the classifier. See (Carrizosa et al.
for a recent review on Counterfactual Analysis from a Mathematical Opti-
mization perspective. Counterfactual explanations provide valuable information
that allows the user to take action on his own features and thus change the pre-
diction in a decision-making scenario. The information provided is user-friendly
because it resembles contrastive human reasoning @ and is based on
principles of similarity and proximity (Mothilal et al., 2020). In the literature,
there are numerous methods for constructing counterfactual explanations, each
focusing on a specific property of the classifier used or the explanations generated
(Guidotti, 2022; Smyth and Keane, [2022; |Carrizosa et al., 2024a; [Verma et al.,
2021).

Several open challenges have emerged from the instability of counterfactual
explanations under small changes. Counterfactuals can be highly sensitive to
perturbations or uncertainties, thus undermining their reliability in real-world
applications (Slack et al., |2021}; |[Virgolin and Fracaros, 2023). The definition of
robustness can be model-dependent, with counterfactual explanations asked to
fit different architectures exhibiting varying behaviors (Forel et al., [2024}; Blackl
et al.,2022; Dutta et al., 2022; |Bui et al.,2022). Beyond instantaneous robustness,
temporal stability has also been explored, looking consistency of the explanations
over time (Ferrario and Loi, 2022)). Robustness to input perturbations has been
studied in (Artelt et al.,|2021), while an analysis of the counterfactual explanation
region of validity is provided in (Maragno et all 2024).

In this paper, we present a new model for Counterfactual Analysis under un-
certainty in the data, which are modeled as convex sets (Carrizosa et al. 2018).
The classifier considered is the k-Nearest Neighborhood (k-NN), and therefore our
model can be seen as the robust counterpart of the models recently introduced in
(Magagnini et al., 2025} |Contardo et al., [2024). The problem is written as a non-
linear mixed integer optimization problem, heuristically solved with a Gaussian
Variable Neighborhood Search (Carrizosa et al., 2012).

We briefly describe our notation now. All vectors are column vectors where
subscripts indicate components of a vector, while superscripts are used to identify
different vectors. The set of real numbers will be denoted by R, while the space
of the J-dimensional vectors with real components will be indicated by R”. The
symbol ||z|| indicates the norm of the vector z. In particular, the Euclidean norm
is denoted by ||z|lz = Va'z. Let A € R7*/ be a positive definite matrix, we
define the ellipsoidal norm ||z|2.4 = VaTAT Az = ||Az|. Similarly, ||2[lcc,a =
max |(Az);|. In the following, {(2",yn)}n=1,..~ is a labeled dataset with 2" €

=1,...,

R’ features vector and y, € {0,1} label. We assume that categorical variables
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have already been pre-processed with an appropriate encoding procedure, which
transforms them into binary vectors.

The remainder of the paper is structured as follows. In Section [2| we introduce
the k-NN classifier under uncertainty. Section [3|states the counterfactual explana-
tion problem in case of uncertain data, while Section {4] analyses the very specific
optimization problem for counterfactual explanations with the k-NN classifier and
uncertain data. A constructive starting solution, and a tailored Variable Neigh-
borhood Search are described in Section [p|as a solution procedure. An illustration
of the experimental results is discussed in Section [} The main contributions and
some lines of research are resumed in the Conclusions, Section

2. k-NN classifier with uncertain data

In this Section, we briefly describe how to adapt the traditional k-NN to the
case in which instances are affected by uncertainty in their features.

To model uncertainty, we assign to each instance (z",y,) in the training sam-
ple an uncertainty set U™. We assume that each U™ is a convex set centered at
x™, more precisely each U™ is a ball (centered at x,) of norm of the form || - ||¢, n
for £ € {2,00} and a positive definite matrix A" € R/*7:

U"={z eR’: 2 =2a"+u" for some u", ||u"[|pan < 1}.

This way, the original training sample {(z',y1), ..., (2" y,)} is replaced by {(U*, y1),

., (U™, yn)}. Since in the feature space each axis represents a feature, all in-
stances must have the same axis orientation in their representation with uncer-
tainty as convex sets. Then, we assume that all the symmetric positive definite
matrices A" A" share the same orthogonalization, meaning that their orthogo-
nal vectors define the same axial orientation for all the convex sets. In particular,
when ¢ = oo, the matrix A™ is restricted to be diagonal. Figure [I| shows some
examples of the dataset with the embedded uncertainty.

ORI oD -
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(a) Balls (£ =2) (b) Ellispes (¢ = 2) (c) Squares (¢ = o0) (d) Rectangles (¢ = o0)

Figure 1: Possible dataset configurations according to the norm chosen for representing the
uncertainty.



Given a new instance Z, with associated uncertainty set U, the k-NN classifi-
cation rule assigns to each point the majority class in its k closest neighbors. To
implement it in our context with uncertainty, we need, therefore, a definition of
distance for uncertainty sets, which, by construction, are convex compact sets.

We define the distance d(U, U) between uncertain sets U and U as the mini-
mum distance between points in the two sets,

d{U,U) = min _||o — ], (1)

velU,oel

see ((Carrizosa et al., [2018), for more details and other possible choices and prop-
erties of distances between convex compact sets.

Given the training sample {(UY,y1),..., (U™, y,)} and the instance U, let
r&(U) be the k"-smallest value in the set {d(U',U),...,d(UN,U)}, and consider
the set NV, (U) of instances at a distance not greater than ry(U),

No(T) = {n: dU™,T) < r(0)}. 2)

Note that N3 (U) has, by construction, at least k elements, but it may have more
in case of ties.

Now, the k-NN classifier assigns a label 1 to U if at least a half of the instances
in MV%(U) belongs to class 1, i.e., if

[ € N(D) 2 g = 1}] = LIAG(D)]. )

3. Counterfactual explanations for uncertain data

This Section is devoted to generalize the problem of building counterfactual
explanations for uncertain data.

Given a classification rule f : R/ — {0,1}, the label associated to a new
instance € R’ is 4 = f(#). Building a counterfactual explanation for the couple
(Z,7) amounts to finding 2¢ € R/ such that f(z¢) # % and the distance d(z¢, %)
between the input instance and its counterfactual is minimal (Wachter et al.,
2018), where d is the distance in R”.

Consider the uncertainty set of Z, i.e.

U={zeR’ :z=2+uq, |ul,; <1},

its label is provided by a classification rule F' : R/ — {0,1} such that F(x) =
F(z) = g for all x € U. Building a counterfactual explanation for (U,y) means
determining

Us={x e R’ : = 2°+u, HucH&A <1}
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such that F(x) = F(2¢) # g for all z € U° and the distance d(U¢,U) is minimal,
where now d is the distance defined in (). Therefore, the counterfactual (U¢,y¢)
is the optimal solution of the following optimization Problem

min  d(U, U)
U (4)
st. FU®) =y°

where y¢ # y.

4. k-NN optimal counterfactuals with uncertain data

This Section specifically describes Problem in the case of the k-Nearest
Neighborhood classifier.

Consider an input instance with uncertain features (U,7), where § = 0 is the
label given by the k-NN rule. The counterfactual explanation (U€,y¢) has label
¢ =1 and it is the solution of Problem when the classification function F' is
the k-NN rule as in (3)):

min d(U,°U)
UC
, (5)
st. {neN(U) :y, =1} > §\Nk(UC)\
For the rest of the paper, the labels of the input instance U and any associated
counterfactual will be the same as the ones outlined here.

An extended version of Problem in the classical no uncertainty case is
described in (Magagnini et al., [2025). Here, we analyze the adaptation of the
proposed formulation when we deal with data with uncertainty, and d is the
minimal distance between two convex sets.



min  d(U¢,U) (6a)

UC,Tk
Y U
N | XN
s.t. WS Y > = = 6b
2 nz g2y &
d(Ucv Un) - M( - yng) < Tk n =1, 7.7\7 (6C)
AU, U™) + My,= > r, + ¢ n=1,...,N (6d)
dUSU") - M1 —y,~)<r,—€¢ n=1,....N (6e)
d(US,U") + My,~ > 7y, =1,...,N (6f)
N
D ==k (6g)
n=1
N
Y S <k-1 (6h)
n=1
Yn <, yn= € {0,1} n=1,....N (61)
r € [0, M] (6))

Variable rj, := 74 (U€) is the k''-smallest distance in the set {d(U¢, U"), ..., d(U¢,UN)},
while 3=, 4 are binary variables that identify whether an element U™ is in the k-
neighborhood of the counterfactual NV (U) . Constraints (6d), (6d), and (61)
contribute to the localization of the counterfactual. Parameter M € R is utilized

for the linearization of the constraints, while € is a sufficiently small quantity. The
classification rule is expressed by constraints , and .

As we use the minimal Euclidean distance between two convex sets , Prob-
lem @ becomes a bi-level minimization problem. Thus, we deepen the study
of constraints —@. In the following we analyze the couple of constraints
—, the behavior of —@ being similar.

Despite d(U¢,U™) in is the minimal Euclidean distance, the constraint is
equivalent to

2 +u® = (@ + u) |2 = M(1 = ya=) <7 (7)
with [[u||, 1 < 1, |[u"[|¢an < 1. The counterfactual U¢ and the instance U™ are
represented by their centers x¢ (a variable) and z™ (known) and by the uncer-
tainty variables u® and 4", respectively. Removing the second-level minimization
problem does not affect the requirement of minimum distance between two convex
sets. When holds, constraint is satisfied, too.

On the other hand, removing the second-level minimization problem in con-
straint (6d]) is not straightforward. The direction of the inequality in the con-
straint prevents us from making the same considerations as in the previous case
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with a minimization problem at the second level. Now, we transform the mini-
mization problem into an equivalent maximization problem. The maximization
problem at the second level can be eliminated without affecting the feasibility of
the original constraint .

We can observe that the following minimization Problems are equivalent

min ||z 4+ u® — (2" +u")||2
uc,um

st. JJu”|lean <1,
[ueq < 1.

min ~ max 2" [z°+u® — (2" + u")]

uu” zn||2<1
st [Ju™lgan < 1.
[ullg.a < 1.

where 2" € R’. Hence, the minimization in constraint can be converted in
the following

max |z"'(z¢ —2") — max (—2z")"u — max 2" (u")
2" luclle, <1 [[um]le,an <1 (9)

st |23 <1,

whose objective function has different forms according to the f-norm. If ¢ = 2,
Problem @ becomes

max 2T (@ = a™) = [[(A) 7122 = (1(A™) 2" (10a)
s.t. 1273 < 1, (10b)

while, if £ = oo, it is

max ZnT(IC _ xn) _ ZnT(A_)_lfn _ ZnT(An)—lgn (11&)
s.t. 123 < 1, (11b)
€ =2y" — 1, (11c)
— M1 —~7") <" < MAy" —k, (11d)
7" {01}, (11e)

where ¢ € {~1,1}” and £ =1if 27 >0, ' = —1 otherwise. Depending on the
norm utilized, we can replace d(U¢,U™) in with the objective function ((10a))
(¢ = 2) and (1a) (¢ = o) and add to the upper level Problem (§)), in both cases,
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the constraints ||2"||3 < 1, and constraints (11c)-(11e) when ¢ = oo. For £ = 2,
when B
(¢ —a™) = [(A) 7 o = I(A™) T 2"l + My, S 2y + € (12)

holds, also constraint is satisfied. Similarly, for £ = oo the constraint becomes
2T (2 — 2™) — 2T (A)THE — 2T (AY) T + My,S >+ e (13)

With the reformulation of the constraints as in and —, Problem @
becomes a single-level optimization problem. However, finding an optimal solution
for this problem is still challenging. In case of ¢ = 2, in fact, are Second
Order Cone (SOC) constraints with a quadratic non-convex term, while for £ =
o, are quadratic non-convex and their structure involves the addition of
binary variables v* for n = 1,..., N in , which increases the complexity
of the problem as the number of instances grows. The computational cost of
transforming the bi-level problem into a single-level problem is excessively large,
even disregarding the size of the dataset.

5. Heuristic solutions

Solving Problem @ to optimality is too demanding even for datasets of small
size. Therefore, we propose a heuristic method, which first constructs a feasi-
ble solution exploiting the structure of the problem, and then such solution is
improved with a Variable Neighborhood Search.

5.1. Building a starting solution

We assume we can provide a feasible solution to Problem @ looking for coun-
terfactuals among the elements of the dataset, i.e. endogenous counterfactuals
(Smyth and Keane, 2022). Actually, every U", for which the k-NN rule assigns
label 1, is a possible counterfactual explanation for U. The optimal choice is the
one that minimizes the distance from the input U:

d(Ue,U) <d(U™U) n=1,...,N, (14)

such that y¢ = Fpnn(U€) =1, e € {1,..., N}, where Fj_nN is the k-NN rule that
assigns a label according to the majority of the labels of the k& nearest neighbors.
Hence, computing the endogenous counterfactual means:

(a) finding the k nearest neighbors of U™, among all n =1,..., N;

(b) checking if Fj nn(U™) =1, for some n=1,...,N;

(c) selecting among all the U™ that satisfy (@, the one that minimizes the dis-
tance from U .



Point @ could be computationally expensive as the size of the dataset increases
because the construction of all the neighborhoods requires computing the distance
between each pair of instances in the dataset. In (Contardo et al. 2024), the au-
thors propose efficient strategies to reduce the computational cost of constructing
a neighborhood.

The endogenous counterfactual represents the best feasible solution within the
dataset for Problem @, although it typically differs from the ezogenous optimal
solution. In the following Section, we propose a heuristic strategy that, starting
from the endogenous counterfactual, constructs new feasible counterfactuals at
shorter distances from the input compared to the initial endogenous one.

5.2. GaussVNS improvements

The heuristic strategy we propose follows the Gaussian Variable Neighbor-
hood Search (GaussVNS) (Carrizosa et al., 2012)), an extended methodology of
the traditional Variable Neighborhood Search (VNS) (Mladenovi¢ and Hansen)
1997). Using GaussVNS, an incumbent counterfactual is perturbed by adding
some noise generated from a Gaussian distribution. The perturbation of the
incumbent aims to select a new neighborhood employed to build a better coun-
terfactual. This counterfactual becomes the incumbent in the next iteration if it
reduces the distance from the input compared to the current one.

To determine better counterfactuals, the algorithm systematically extends the
research space by increasing the variance of the perturbation distribution till a
maximum number G of choices, i.e. o = (01,...,0¢), and it ends after a given
time limit.

Let (H, Nj,d) be respectively the incumbent counterfactual H = {x € R’ :
=z +uf |luf||, z < 1}, the set of the k nearest neighbors of H and the
distance of H from U, i.e. § = d(H,U). Algorithm [1] is designed to construct
better counterfactuals than the starting one (H*®, N}, ), which is passed to the
algorithm as the first incumbent. We suggest to use the endogenous counterfactual
(Section as initial incumbent of the heuristic, i.e. (H*,N},8°) = (U¢, N, 6°),
where N are the k nearest neighbors of the endogenous counterfactual and 6¢ =
d(Ue,0),

Let us delve into the details of an iteration of Algorithm[I] The heuristic first
perturbs H according to the features type of the instance, see Algorithm [2| If the
feature is categorical, the perturbation is a {0,1} coin flip. We refer in Algorithm
to the simple binary case, for multiple categories the strategy can be generalized.
In the numerical case, 7; is a random point from a Gaussian distribution N(0, 1)
with 0 mean and 1 variance, and the perturbation o,7 is applied as a translation
of the center of the incumbent H.

Once the perturbed incumbent H* is built, the heuristics computes the set of
its k nearest neighbors N;". If the new set NV} is equal to the incumbent N, then
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Algorithm 1: Heuristic

Data: k, U, H*, N, 6%, G, TimeLimit

Result: H

g=1; # Variance index
A=1; # Research region magnitude
H=H?*; # Incumbent counterfactual
Nie =N; ; # k-Neighborhood of H
6 =104%; # Distance H — U
while g < G and t < TimeLimit do

if A =1 then

H* + Perturb H,;

Compute N};

end

f N = N, then

Update g;

A=1;

else if N} not feasible then

| Update g;

else

Compute M7;

p=\-d(H*U"); # U* is H* k'h-NN
HCOF §COP + Solve COP(H*, U, N, M}, p);

Compute N9,

if 09O < § and NFOF feasible then

o

H = HCOF. # New closer incumbent
Ny, = NCOP;
S5 = 5C’OP;
g=1; # Reset
A=A+1; # Enlarge research region

else
Update g;
A=1;

end

end
end

10
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Algorithm 2: Perturb H

Data: H, o,

Result: H*

for j=1,...,J do

if Hj categorical then

7; < Random {0, 1}; # Coin flip #

a:f = (:rf + 75)%2;

else

7; < Random N(0, 1); # Gaussian distribution #
o

_ H .
Ty =xf 4 0gTy;

end

end
H*={zecR’/ : z =2 " |Juf|

A <1}

Algorithm 3: Update g

Data: g, G

Result: ¢

if g < G then

‘ g=g+1; # Next variance value #
else

| 9=1

end
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the current iteration terminates and in the next one H is perturbed using a larger
variance (0441). Moreover, when N} = N, g is updated according to Algorithm
Here, index g is incremented or reset to 1 if all the variance increments have
already been explored.

If the new N is different from the previous N, there is still to check that it
is feasible to construct a counterfactual explanation. A feasible neighborhood to
construct a counterfactual must have the majority of the instances with label 1.
Again, if N} is not feasible, the iteration stops and a different H* is built in the
next one with an updated variance (Algorithm .

If N} is feasible, the heuristic computes the set M} and the radius p. First,
let sx(H*) be the k''-smallest value in the set {d(H*,U") : n ¢ N}, y, = 0},
then M is the set of the first k instances closest to H* with label y,, = 0 which
are not already in N},

Mj = {n : r(H®) < d(H*,U") < sp(H"); yo = O},

On the other hand, radius p identifies a portion of the space, the research region,
where to look for a new counterfactual. Actually, p is distance between U and
the k*" nearest neighbor of H* (called U*) multiplied by a coefficient A. We call
A the research region magnitude.

Problem is an optimization problem that minimizes the distance from U,
when the solution is closer to the instances in A rather than to the ones in Mj
and it belongs to B(H™, p), the ball centered in H* center with radius p.

min%}nize d(U,U) (15a)
subject to  d(U,U™) < d(U,U™)—€ neN;,meM;j (15b)
d(U,H*) <p (15¢)

We will also refer to Problem as COP, which is the optimization problem
embedded in Algorithm [I] to generate instances candidate to be counterfactual.
Problem is much easier to solve than Problem @ We will discuss in the next
Sections two specific versions of : when the uncertain instances are rectangles
(¢ = 00) and when no uncertainty is provided (points).

At this point of the heuristic iteration, Problem is solved by an optimal
solver (within a time-limit of few seconds to increase the number of iterations of
the heuristic) providing a feasible solution which is a possible new counterfactual
HCOP and its distance 6¢OF from U. Actually, despite the restriction on the
research region caused by p, the k nearest neighborhood of the solution (H cop )
could not be V. Thus, the neighborhood of H“OF is computed NFOF to check
if the majority of the instances have label 1 (feasibility), which confirms if H¢OF
is a counterfactual. When this happens and the new counterfactual H¢OF is
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closer to U (699F < §), then it becomes the new incumbent counterfactual, i.e.
(H, Ny, 0) = (HCOP , NEOP §COF) Finally, the variance index g is reset to 1 and
the research region magnitude X is incremented, so that in the next iteration no
new neighborhood is computed but the same Problem with a larger research
region is solved. The search keeps focusing on the same research region, which is
iteratively expanded through updates of A, until the optimization Problem COP
can no longer identify improvements. If a new counterfactual is found, but it
does not improve the distance ((5COP > 0), a new iteration of the heuristic will
be started.

The heuristic terminates with the last best counterfactual computed along the
iterations. This counterfactual is closer to the input U than the initial counter-
factual provided to start Algorithm

5.2.1. Variance vector o

The variance vector o is a parameter of Algorithm|[I]that needs to be calculated
before starting the heuristic. We suggest here a possible way to obtain it.

Let X be a random vector in R”, normally distributed with mean p and
covariance matrix 021, where [ is the identity matrix. In the heuristic (Algorithm
X represents the incumbent perturbed counterfactual H*, and p stands for the
actual incumbent H. Given a probability § € (0,1), let us calculate ¢(5) > 0
satisfying

P(IX = il < e(8)) = B.

Considering the heuristic perspective, this means that the perturbed incumbent
counterfactual has probability 5 of being in the ball centered on the actual in-
cumbent and with radius that depends on S.

Observing that

71
2||X MI%:Zﬁ 15)?,
=1

each term || X;—||2 is an independent, normally distributed stochastic variable
91

and follows a chi-square distribution with 1 degree of freedom (x?). Thus,

1

|1 X — ull3 ~ X3, (16)

91

where X?] has J degrees of freedom. Hence, combining with the following
observation

C2
=P(|X —pll2 <c(B) = P <01%||X —pulP* < (5)) )

01
C(/B) =01 \/ X2’57
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where x%} 5 is the S-quantile of a x? distribution with J degrees of freedom.

Given pu = x| the center of the incumbent solution in Algorithm [I} and c*
the distance from its nearest neighbor, we seek o such that the probability of
generating a value of a normal distribution with mean z and covariance 0?1 is at
a distance from g smaller than ¢* with probability 3, this is

c
o1 = .
2
XJ,p
Such oy defines the first variance of the GaussVNS and o, := 29710y for g €

{1,...,G}.

Since our aim is to ensure the locality of the search of GaussVNS, high values
of probability § are suggested, which means generating H* close enough to the
incumbent H. Moreover, by doubling the value of o at each step, we immediately
allow the enlargement of the research space.

5.2.2. Rectangles: case £ = oo.

Here, we focus our attention on Problem in the specific case where the
convex set of uncertainty is a rectangle (¢ = oo). Observe that the minimal
distance between two rectangles can be calculated as the distance between a point
and a rectangle. Consider, in fact, two rectangles U™ and U™

AU U™) = min, '~ wlls = min - 2"
ﬁgUm wem

where U™ = {z € R' : © = 2™ + @™, |47 4m < 1} and A™ is a diagonal
positive definite matrix defined by the diagonal entries of A™ and A™ as follows:

- AT A™
A?JL = Amj] j{yn ' (17)
i T4

Rectangle U™ has the same center as U™ but a larger uncertainty which is the
sum of U™ and U™ uncertainties (see Figure [2)).

The advantage of measuring the distance between two rectangles as point-
rectangle lies in reducing the number of variables that describe the uncertainty,
which is a computational improvement for Problem . From now on, when
we calculate the distance between a counterfactual U¢ (as well as the incumbent
H or the perturbed H* in Algorithm (1)) and any instance of the dataset U™, we
will always use the point-rectangle approach. The center of the counterfactual
z¢ will be the point, while the rectangle will be the uncertainty set centered
at the instance of the dataset with the sum of both the uncertainties, and we

will call it U™. Since we assume in this work that the counterfactual has the
14
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Figure 2: The distance between the two rectangles U™ and U™ in (a) is equal to the point-
rectangle (z™,U™) distance in (b), where the rectangle U™ includes both the uncertainties of
U™ and U™.

same uncertainty as the input instance U, the matrix A™ is computed as in (117)
considering the matrices A™ and A.

A further computational improvement can be achieved by observing that the
point-rectangle distance is always realized either between the point and a vertex
or between the point and an edge of the rectangle. Therefore, in cases where this
information can be precomputed, the complexity of the point-rectangle distance
problem can be reduced. In Algorithm [I} the perturbed incumbent H* is used to
select a new feasible neighborhood A and the associated M}, which are passed
to the optimization Problem . We can calculate a priori the distance between
H* and any instance in Mj,, we observe which vertex or edge is involved in the
realization of this distance and we can constraint the solution HOF to have the
same relative positions to the instances in M7 as H*, see Figure . Consider

| |
o T 1T
[
| Sm — (1’ 0)
- » Um
-7 —eo
ez ___
Pt [ N
- ./1711 | |
| |
| |
| |
(a) H* and HYOF sharing the same relative (b) Point-rectangle relative positions (j = 2)
positions with the rectangles in the figure. translated to S™ vector (18).

Figure 3: The minimal distance between a point and a rectangle always involves an edge or a
vertex of the rectangle.
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*and m € Mj, as in Algorithm [I], their distance is

J 2
d(H*,Um):wrg[ierHﬁj—mH*HQ: min Y (2 +af —af)?

i e i <1 |

where the matrix A™ associated to U™ is a diagonal positive definite matrix
defined by A™ and A as in ([17)). To simplify the notation, we call the diagonal

entries a Am Now, let define A; as follow

H*\2 H* _.om _ 1

(z" -z )* iz T < =g
~ * . H* m 1

A= min 2+ am -2 =00 if |z — 2| < o,
! lam™l <1( ! ’ ) 1 H*\2 Ij . 1%-
J— — m —_—
(z" 7 L R vt > o

with 27" and 2™ the centers of H* and U™, respectively. Then,

J 3
dH*U™) = |> A
j=1
overtakes the minimization problem and directly calculates the distance. More-
over, from the definition of A; we can extract a rule to record the relative
positions between H* and every instance U™, m € M;j. Let define a vector
S™ € {~1,0,1}” such that

-1 if xH*—x;-”<—

J ar’
: H* 1
SPt=4q0 if |z —al'| < o (18)
: H* 1
it ay —af' > o

for m € Mj. A graphical intuition of the construction of the S™ vector is given
in Figure The following reformulation of Problem takes into account the
information on S™ relative to the positions between H* and the instances in M;:

min:;EInize d(z,U) (19a)

J Sm
subject to  d(x,U™) Z ST |(x —i-f —z;)?—e neN;, meM;
=1 4

(19b)
d(z,H*) <p (19¢)
T € XS (19d)
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where the second level minimization problem in (19bf) and (19¢|) due to the mini-
mal distance can be directly removed without loss of generality. Constraint (19d))
imposes that

_am o 1y m o _ _
z; —x" < a7 if SJ = -1,
. em 1 : m __
|zj — 2| < am if S7t=0,
. am 1 : m __
r; — x> am if Sj =1,

embedding the positional information inside the optimization problem. This mod-
ified version of Problem is more time-efficient and can be employed in Algo-
rithm [I] as the COP Problem. The numerical results of this implementation will
be discussed in Section [6l

5.2.8. Point case

It is worth mentioning the particular case of a problem without uncertainty
(points). Actually, Problem can be formulated just considering the Euclidean
distance and the original dataset:

minimize |z — Z||3 (20a)
subject to ||z — 2"||3 < ||z —2™||3 —€ n € Nj, me M; (20b)
lz — 23 < p (20¢)

Problem is particularly easy to solve and thus suitable for combination
with Algorithm [Tl Therefore, in the case of no uncertainty, the heuristic allows
the construction of good-quality counterfactuals that approximate the optimal
one. The average time is shorter compared to the computation of the optimal
solution. We will illustrate some comparisons in the following experiment section.

6. Computational Experiments

In this Section, we apply Algorithm [I] on a real dataset, showing how the
heuristic works. The discussion will involve only the keynote experiments on the
Boston Housing dataset (Harrison and Rubinfeld, [1978)). A brief description of
the dataset is given in [Appendix Al Further analyses are available on GitHub at
https://github.com/MagagniniMarica/Uncertain-Data-kNN-Counterfactuls.

All the numerical experiments have been performed on a PC, with an Intel
R CoreTM i7-12650H CPU @ 2.30 GHz processor and 16 gigabytes RAM. The
operating system is Windows 11, 64 bits. Algorithm [I] has been implemented in
Python 3.12 while for the COP optimization problems, we use pyomo optimiza-
tion modeling language (Hart et al., 2011; Bynum et al., [2021) and Gurobi 12.0
solver (Gurobi Optimization, LLC, [2024)).
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We designed 3 main experiments involving 10 distinct input instances (see
Table |A.3|in |[Appendix A)), each already classified with label 0 by the k-NN rule.
For each instance, we seek counterfactual explanations with label 1. We report
the average results from 10 runs of Algorithm [I] for each instance. The variance
vector ¢ for all these experiments is computed as proposed in Section with
G =4 and 8 = 0.99. The COP Problem in Algorithm [I]is solved with a time limit
of 5 seconds, which is usually sufficient to reach an optimal solution. However,
when this is not the case, a good feasible solution is still acceptable, as the overall
goal of the algorithm is a local search focused on improving the current incumbent
quickly. The analysis that follows is a comparison of the distances between the
input instances and the counterfactuals built with different methods.

The first experiment is a validation of the methodology. We tested the heuris-
tic on the basic normalized Boston housing (BH) dataset with no uncertainty,
comparing the results obtained using Algorithm [I] with the optimal solutions pro-
vided by (Magagnini et al., 2025) methodology, i.e., Problem @ with Euclidean
distance. For different values of k in the £-NN rule (k = 3,5, 7), we computed the
endogenous counterfactual (z€), the heuristic one (z), and the actual optimal
(9). To speed up the computations, in all the following experiments we com-
puted the counterfactuals as described in Section but choosing only among
the instances already labeled as 1. The heuristic counterfactuals are provided by
Algorithm [I] combined with as COP Problem (parameter e = 0.00001) and a
time-limit of 150 seconds per run. Moreover, counterfactual =¥ results from the
heuristic Algorithm [1| with the endogenous counterfactual ¢ as initial incumbent.
In Table [1] are reported the distances between the three kinds of counterfactuals
and the input instances, i.e., endogenous 6¢, heuristic 6/ (average distance of 10
runs) and optimal §©.

8l

56

k=3
6H

50

66

k=5
5H

50

56

k=7
6H

50

0.451395
0.283759
0.285653
0.611435
0.307697
0.843765
0.742691
0.807388
0.927064
0.454322

© OO U WN -

Jun
o

0.212454
0.016704
0.111586
0.302817
0.124082
0.534686
0.494566
0.625774
0.575255
0.454322

0.201083
0.016659
0.095542
0.293881
0.113681
0.503927
0.393258
0.466810
0.462193
0.201629

0.451395
0.321424
0.285653
0.611435
0.321076
0.843765
0.742691
0.807388
0.927064
0.454322

0.184499
0.025165
0.080511
0.222817
0.128207
0.656749
0.441368
0.637607
0.541029
0.454322

0.183829
0.025289
0.080737
0.222818
0.110140
0.577679
0.441667
0.548199
0.510952
0.237395

0.451395
0.321424
0.285653
0.611435
0.321076
0.843765
0.783416
0.807388
0.927064
0.454322

0.097131
0.036173
0.094930
0.131217
0.109558
0.714399
0.568918
0.650620
0.509621
0.454322

0.068305
0.029402
0.093555
0.131216
0.067406
0.630409
0.486145
0.587915
0.509622
0.264120

Table 1: Distances comparison between each of the 10 instances z and the endogenous coun-
terfactual (6°), the heuristic counterfactual (6*7) provided by Algorithm [1f with COP Problem
([20) and the optimal counterfactual (§°). Number of nearest neighbors k = 3,5, 7.

We observe that the heuristic is almost always able to improve the initial
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counterfactual, in this case the endogenous, and constructs counterfactuals whose
distance from the input instance (677) is close to that of the optimal counterfac-
tual (69). Input 10 is the only one for which the heuristic did not achieve any
improvement. However, several times the heuristic ¥ converges to the optimal
solution 2. Actually, when comparing the neighborhoods, € and z typically
share the same neighbors.

To visualize the quality of the improvement of !, starting from z¢, we use
z9 as the reference value. The closer the distance 67 is to the distance 9, the
better is the quality of the counterfactual 27 and the greater is the improvement
obtained by the heuristic method. Let

o

5e_5H

denote the percentage improvement in distance 6%, i.e., the percentage by which

zH approaches 2© starting from z¢. Except for instance 10, each heuristic counter-

k=3 mk=5 mk=7

100%

90%
80%
70%
60%
50%
40%
30%
20%
10%
0% -
1 2 3 4 5 6 7 8 9 10

Figure 4: Heuristic average percentage improvement per each instance Z for three different
values of kK = 3,5,7.

factual improves the distance from the endogenous to the optimal counterfactual
by at least 50%. In some cases, the heuristic counterfactual is exactly the opti-
mal, in Figure some improvements reach the 100%. Moreover, the quality of the
improvements does not depend on the parameter k. The improvements that can

be seen in Figure [4 are produced in less than a minute on average independently
19



from the choice of k, while, as stated in (Magagnini et al., |2025|), the optimal
counterfactual is constructed in twice the time as the number k£ of neighbors in-
creases and depends on the hyperparameters of the solver. The heuristic provides
good results in a shorter time that depends neither on the classifier parameter k
nor on the hyperparameters of the solver.

The other two experiments introduce the uncertainty in the Boston Housing
dataset. The instances of the dataset become the centers of the convex sets in
the dataset with uncertainty Upg. For each numerical feature j, the uncertainty
bounds are the 10% of the average over all values of that feature in the dataset:

N
1 1 (1 n
97. T 10\ N ij )
n=1
for all n = 1,..., N, the uncertainty variables satisfy
0; = 7 0

and all the matrices A" = diag(f;,...,0;). The categorical instance “CHAS” has
no uncertainty. Dataset Uppy consists of identical hyperrectangles of dimension
J — 1 since no uncertainty is associated with the categorical variable “CHAS”.
Similarly, the 10 inputs instances Z in Table [A.3] are the centers of the associ-
ated inputs with uncertainty U in which variables (%) have the same uncertainty

bounds as the instances in Ugp, i.e. —eij <u; < 9%_ forall j = 1,...,J and
A = A™. Note that, since the dataset is normalized, the features are all con-
strained to a certain interval. When we apply Algorithm [I], in particular during
the perturbation phase (Algorithm, if the perturbed feature exceeds the bound-
aries, it is projected onto the feasible set.

k=3 k=5 k=7
0°¢ 5t 0°¢ oH 0°¢ ot
0.288357 0.127033 | 0.288357 0.155445 | 0.288357 0.187571
0.148401 0.079862 | 0.114627 0.065728 | 0.114627 0.078417
0.064473  0.039252 | 0.064473 0.020604 | 0.064473 0.018490
0.519705 0.263821 | 0.519705 0.168101 | 0.519705 0.194188
0.127234 0.051444 | 0.127234 0.053438 | 0.127234 0.060325
0.811572  0.609563 | 0.713839 0.662531 | 1.143533 0.987550
0.668415 0.485063 | 0.636282 0.577758 | 1.096228 0.890192
0.783076 0.640472 | 0.710147 0.654515 | 1.156458 0.896418
0.795444  0.532812 | 0.770648 0.593853 | 1.038946 0.885158
0.252789  0.154883 | 0.252789 0.178313 | 0.252789  0.189258

= R N N

Table 2: For each input U and k neighbors, the two columns show the endogenous distance ¢
and the heuristic average distance 6 from the input U. Number of nearest neighbors involved
k=3,5,T7.
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For different numbers of nearest neighbors in k-NN rule (k = 3,5,7), we com-
pute endogenous counterfactual U® and we use it as first incumbent for Algorithm
combined with COP Problem , which provides a heuristic counterfactual
H. For Algorithm [T} a run time limit was set to 150 seconds. Table [2] shows the
distance results associated with the endogenous (6%) and the heuristic counterfac-
tual (67) as the average of 10 runs. Even though we don’t have a reference point
as in the previous case of no uncertainty, we can observe that the heuristic never
fails to find new counterfactuals that are closer to the input than the endogenous
one. Actually, the 67 distances are always lower than the 6¢ ones.

Finally, with the same experiment setting, we compare the improvements for
longer run times. Figure |5 shows what happens to distances 67 when the time
limit is increased to 150, 300, and 600 seconds. When k = 3,5, we observe a clear

k=3 k=5 k=7

—
- -
 — 4 E——
-

— -
—— —

”r I - I

Figure 5: For each input U and k neighbors, the plot shows the average distance ¢ with
3 different time limit, i.e. 150, 300, and 600 seconds. Number of nearest neighbors involved
k=3,5,7.

pattern: distances are shorter the longer the run time limit is. For k = 7, this is
not that obvious, actually a bigger k seems to put more strain on the heuristic,
which therefore needs a longer time limit. The lack of improvements does not
imply that the heuristic solutions are close to the true optimal solutions, but
rather that by increasing the number of neighbors that classify the counterfactual,
it becomes more difficult for the heuristic to select better neighborhoods.

7. Conclusions

The paper develops a model to construct robust counterfactual explanations
under uncertainty in the data. As in any Counterfactual Analysis methodology, a
classification rule is given, and for the analysis in this paper, the k-NN classifier is
chosen, although our approach can be extended to other choices of the classifier.
The uncertainty has been modeled as convex sets of different shapes, namely
rectangles (¢ = oo) and ellipses (¢ = 2). The problem has been modeled as a
bi-level optimization problem, which resulted too hard to be solved even when
converted into a classical single-level problem. Second, a heuristic is designed. A
starting solution is built by finding the endogenous counterfactual, i.e., when the
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search space is reduced to the instances in the training set. From such a starting
solution, a Gaussian VNS is used.

Some experiments are performed to explore the performance of our model
and algorithm by presenting some numerical results for the case of rectangular
uncertainty (¢ = oo). The ¢ = 2 balls case presents similar complexities. The
COP associated Problem can be reformulated, avoiding integer variables, and
solved with continuous nonlinear solvers.

Two extensions of the model considered deserve further investigation. First,
the shape of the uncertainty sets has been considered to be fixed, while it could
be considered, at the expense of increasing the complexity of the optimization
problem, as decision variables. Finally, the distance between the uncertainty
set and its counterfactual is assumed to be given by the FEuclidean distance. A
combined distance combining not only the Euclidean, but also the £y norm and
asymmetric distances, as in |Carrizosa et al.| (2024b)), would be an extension giving
more realistic and interpretable decisions.

Acknowledgements

The work of one of the authors has been funded by the European Union -
NextGenerationEU, Mission 4, Component 2, under the Italian Ministry of Uni-
versity and Research (MUR) National Innovation Ecosystem grant ECS00000041
- VITALITY - CUPJ13C22000430001. For the same author, this study was also
carried out under the project INdAAM — GNCS 2024 - CUP E53C23001670001.
The manuscript reflects only the authors’ views and opinions, neither the Eu-
ropean Union nor the Furopean Commission can be considered responsible for
them.

Appendix A. Boston Housing

The Boston Housing dataset consists of N = 506 instances and J = 13 fea-
tures, 12 being numerical and 1 (“CHAS”) categorical (binary). A description
of the features can be found in (Harrison and Rubinfeld] [1978). In Section [6]
the experiments use the normalized [0,1] version of the dataset. The target is a
binary variable {0, 1}, i.e., it has value 1 if the price of the house is higher than
the median value and 0 otherwise.

The following table reports 10 input instances of 0 label assigned by the k-NN
rule on Boston Housing.
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Z| CRIM ZN INDUS CHAS NOX RM AGE DIS RAD TAX PTRATIO B LSTAT
T 0001840 0.125 02716285 0.0 _ 0286008 0.468097 0.8547889 0496731 0.173913 0.236641  0.276596  0.974305 0424117
2 0002399 0.0 0236437 0.0 0129630 0391071 0.608651 0.450863 0.086957 0.087786  0.563830 L0 0399283
3| 0001607 0.25 0171188 0.0  0.139918 0417705 0.651905 0.554320 0.304348 0.185115  0.755319  0.995486 0.315121
4] 0015820 0.0 0700880 1.0 10 0492048 0.958805 0.056361 0.173913 0412214 0223404  0.808664 0.369481
50 0002870 0.0 0346041 0.0  0.327160 0.471738 0.901133 0.154080 0.130435 0.223282  0.617021  0.998487 0.275662
6| 0124781 0.0  0.646628 0.0  0.582305 0.257712 1.0 0004056 1.0 0914122  0.808511 10 0911700
7| 0274100 0.0 0646628 0.0  0.648148 0.209044 1.0 0030700 1.0 0914122  0.808511 1.0 0.732616
8| 0430994 0.0 0646628 0.0  0.633745 0.362522 1.0 0032736 1.0 0914122 0.808511 1.0 0.796358
9 | 0137585 0.0  0.646628 0.0  0.409465 0436009 0584964 0.078931 1.0 0914122  0.808511  0.061350 0.385210
10 [ 00031849 0.0  0.338343 0.0 0411523 0350450 0.720906 0151770 0217391 0.389313  0.702128 1.0 0535596

Table A.3: 10 input instances feature values for the Boston Housing dataset.
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