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Abstract. We study linear chance-constrained problems where the coefficients follow a Gaus-

sian mixture distribution. We provide mixed-binary quadratic programs that give inner and outer

approximations of the chance constraint based on piecewise linear approximations of the standard

normal cumulative density function. We show that O
(√

ln(1/τ)/τ
)

pieces are sufficient to attain

τ -accuracy in the chance constraint. We also show that any desired optimality gap can be achieved

under a constraint qualification condition by controlling the approximation accuracy. Extensive

computations using a commercial solver show that problems with up to one thousand random

coefficients specified with up to fifteen Gaussian mixture components, generated under diverse

settings, can be solved to near optimality within 18 hours, while satisfying chance constraint sat-

isfaction probabilities of up to 0.999. The solution times are significantly lower for problems with

fewer random coefficients and mixture terms. For example, problems with one hundred random

coefficients, ten mixture terms, and a constraint satisfaction probability of 0.999 can be solved in

a minute or less. Sample average approximations fail to provide meaningful solutions even for the

smaller problems.

Key words: Gaussian mixture model (GMM), piecewise linear (PWL), approximation

accuracy, continuity, differentiability, finite breakpoints, standard normal distribution.

1. Introduction

Chance-constrained models [8, 33] ensure that constraints involving random parameters are satis-

fied with a desired probability. These models are known to be hard to solve, even in the presence
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of a single chance constraint, due to their non-convex feasible set [28,35]. We study linear chance-

constrained optimization problems of the form:

Z⋆(θ) :=min
x∈X

c⊤x (1a)

s.t. P
[
ξ⊤x≤ b

]
≥ θ. (1b)

Here, x∈Rn is the decision vector and X represents its feasible region specified by deterministic

constraints. We assume thatX is compact. We suppose that ξ is a random vector taking realizations

in Rn. The constant θ ∈ (0,1) specifies the desired probability of constraint satisfaction.

We focus on the solvability of (1) when the probability distribution of ξ is described by

a K-component Gaussian mixture model (GMM). Specifically, the density function of ξ is∑K
k=1wkN (· |µk,Σk), whereN (· |µk,Σk) is the density function of a multivariate normal vector

with mean µk ∈ Rn and covariance matrix Σk ∈ Rn×n. The vector w ∈ RK
+ specifies the mix-

ture weights, satisfying 1⊤w = 1, where 1 denotes the vector of ones. We assume that Σk is

positive definite for all k ∈ [K], where we define [K] := {1,2, . . . ,K}. Our motivation for specify-

ing the chance constraint using a GMM stems from the fact that any probability density function

can be approximated using a Gaussian mixture distribution to arbitrary accuracy [47, 51]. This

allows chance constraint models of problems where the uncertain data is multi-modal. We list sev-

eral recent applications of Gaussian mixture models to optimization problems arising in various

domains in Section 2.

Remark. The chance constraint (1b) is an example of left-hand side uncertainty. Although we

assume the right-hand side coefficient b to be a given constant, it may also follow a (univariate)

Gaussian mixture distribution. This case can be reduced to (1) by augmenting the decision vector

x to (x, x′), adding the constraint x′ = 1 to X , replacing the objective coefficients c with (c,0),

and updating the chance constraint to P[ξ⊤x− bx′ ≤ 0] ≥ θ. Similarly, the form of problem (1)

is also general enough to accommodate constraints of the form, ξ⊤ (Hx+h) + a⊤x≤ b, where

H ∈Rm×m′
, h ∈Rm, and a ∈Rm′

. This can be captured by setting n=m+m′, augmenting the

decision vector x to (x,x′), adding the constraints x′ =Hx+h to X , and replacing the objective

coefficients c with (c,0).

Assumption 1. The covariance matrix Σk is positive definite for all k ∈ [K]; specifically,

x⊤Σkx> 0 for all x∈Rn\{0}.
Define p(x) := P

[
ξ⊤x≤ b

]
to be the probability function. Then, Assumption 1 implies that we

can equivalently write p(x) as
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p(x) =
K∑
k=1

wkP
[
ξ⊤k x≤ b

∣∣ξk ∼N (µk,Σk)
]

(2a)

=
K∑
k=1

wkP
[
ξ⊤k x≤ b

∣∣ξ⊤k x∼N (µ⊤
k x,x

⊤Σkx)
]

(2b)

=
K∑
k=1

wkpk(x), (2c)

where pk(x) :=


1≥0(b), if x= 0,

Φ

(
b−µ⊤

k x√
x⊤Σkx

)
otherwise.

(2d)

Here, Φ denotes the standard normal cumulative distribution function (CDF) and 1≥0 denotes

the indicator function of the nonnegative reals. We will see in Proposition 1 and Lemma 2 that

problem (1) is infeasible if b < 0. The chance constraint (1b) can now be equivalently expressed as

p(x)≥ θ. We denote the feasible region of problem (1) as:

P (θ) := {x∈Rn |Hx=h,Ax≥ d, p(x)≥ θ}, (3)

whenever X = {x ∈ Rn| Hx = h,Ax ≥ d} is specified explicitly using linear equality and

inequality constraints.

Remark. Assumption 1 and the resulting reformulation (2d) of the chance constraint (1b) is with-

out loss of generality. Indeed, suppose that Σk has rank rk < n. Then, it admits an eigenvalue

decomposition; specifically, there exists Qk ∈Rn×n with columns formed from the eigenvectors of

Σk such that Dk =Q⊤
k ΣkQk =

D′
k 0

0 0

, where D′
k ∈ Rrk×rk is a diagonal matrix. Now, aug-

ment the decision vector x to (x,yk) and add the constraints, yk = Qkx, to X . Also, partition

yk = (y′
k,y

′′
k) such that y′

k ∈Rrk . Then, it can be readily verified that the associated pk(x) in (2d)

can be written as Φ
(

b−µk
⊤x√

y′
k
⊤D′

ky
′
k

)
with y′

k
⊤D′

ky
′
k > 0 for all y′

k ̸= 0.

The chance constraint, p(x) ≥ θ, can be nonconvex even in simple cases. To visualize this,

consider a two-dimensional problem with X = [−15,15]2, K = 2, eigenvalues of Σ1 and Σ2 are

D1 = diag(1.15, 0.65) and D2 = diag(1.47, 0.33), respectively, with eigenvectors Q1 and Q2

shown below:

w1 =w2 = 0.5, µ1 =µ2 =

0.875
1.784

 , Q1 =

 1 −0.08

0.08 1

 , Q2 =

 1 −0.02

0.02 1

 .

The chance-constraint right-hand side coefficient b = 6.7. The left-hand side of Figure 1 plots

p1(x) and p2(x) whereas the right-hand side plots p(x). Observe that p(x) is nonconvex over X .
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The non-convexity can also be seen from Figure 2, which shows the contour plots of p1(x), p2(x)

on the left and of p(x) on the right.

Figure 1 Plots of p1(x), p2(x) (left) and p(x) (right) over x∈X .

Figure 2 Contour plots of p1(x), p2(x) (left) and p(x) (right) over x∈X .

The shape of the distribution of ξ⊤x can also change significantly as a function of x. This is

illustrated in Figure 3, where each plot corresponds to different solutions sampled from the feasible

region of a problem in which the random vector follows a GMM with K = 5 components 1. In

1 The data for this experiment is generated as follows. We set θ = 0.9, n = 100, X = [−20,20]100, and each entry of c ∈ R100 is randomly
sampled from [−1,1]. The chance constraint right-hand side coefficient b = 1303.223 is set to be the average of x⊤µk + 4

√
x⊤Σkx across

all k and one thousand randomly sampled decisions x ∈ X . We set K = 5, w = (0.30,0.10,0.20,0.05,0.35), and each entry of µk is sampled
from [µ

k
, µ̄k], which are [102,103], [5 · 102,1.2 · 103], [−20 · 103,−8 · 103], [1.4 · 103,2.2 · 103], [−3 · 103,−2 · 103], for k = 1,2, . . . ,5,

respectively. The eigenvalues; i.e., diagonal entries of Dk, are uniformly sampled from [0, ν̄k], where ν̄1, ν̄2, . . . , ν̄5 are evenly spaced points in
(0,5]. The eigenvector matrices Qk are randomly generated orthogonal matrices to ensure that Σk =Q⊤

k DkQk is positive definite.
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each plot, we normalize the x-axis and show the individual component-specific normal densities

of ξ⊤k x, see equation (2b), for k= 1,2, . . . ,5 using blue, green, cyan, magenta, and orange colored

curves, respectively. The density of ξ⊤x is shown in black color.

Figure 3: Probability density of ξ⊤
k x for k= 1,2, . . . ,5 in blue, green, cyan, magenta, and orange colors,

respectively, and of ξ⊤x in black color. Each plot uses a distinct x sampled from the feasible region.

We observe from Figure 3 that for certain decisions (e.g., middle row and bottom right), the

means of most component-specific distributions tend to cluster around a particular value. In con-

trast, for certain others (e.g., top left and right), the means are spread further apart. Additionally,

certain component-specific distributions can completely shift from the negative end of the x-axis

(e.g., blue, magenta, green in the middle left plot) to the positive end (e.g., see bottom and middle

right plots). Moreover, the mass of ξ⊤x can vary significantly (e.g., middle and bottom right) with

the decision. The plots highlight the difficulty in estimating or predicting the location and shape

of the overall mixture distribution, let alone the individual component-specific distributions, at the

optimal solution x∗(θ).
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1.1. Contributions

The key technical challenge lies in handling the weighted sum of the cumulative distribution func-

tions in reformulation (2d), each of which is composed with a nonlinear fractional function of x.

When ξ is multivariate normal (i.e., when K = 1), it is well known that the chance constraint can

be reformulated as a tractable second-order conic constraint [46]. Unfortunately, this is no longer

the case when ξ follows a GMM with K > 1 components.

To address this gap, we develop and analyze approximations of problem (1). This is achieved

by exploiting the special convex-concave structure of the univariate standard normal CDF Φ and

replacing it with an efficient piecewise linear (PWL) approximation. We provide mixed-integer

optimization formulations that can be iteratively refined to either inner- or outer-approximate the

feasible set, namely P (θ), to any arbitrary user-specified accuracy. We refer to these formulations

as ‘PWL-I’ and ‘PWL-O’, respectively. Unlike previous studies (reviewed in the next section), we

do not impose any restrictive structural assumptions on the GMM, such as dependence structures

among the component covariance matrices, or bounds on the total number of components. Under

suitable regularity assumptions, we also show that our formulations provide solutions up to any

desired optimality tolerance. All of the proposed formulations can be solved using standard mixed-

integer quadratic programming solvers.

We perform an extensive computational study on the PWL-I, and PWL-O formulations, across

five thousand synthetically generated problem instances with 100, 500, and 1,000 variables and up

to fifteen mixture components for chance constraint satisfaction levels θ set at 0.95, 0.99, and 0.999.

If the complement of the chance constraint in (1b) models an unsafe system condition that causes

failure, then θ= 0.999 can be interpreted as a minimum reliability requirement of 99.9%, or equiv-

alently, as a maximum allowed failure probability of 0.001, thus modeling a decision-dependent

rare event [3,49]. Our experimental findings show that the majority of PWL-I and PWL-O approx-

imation models are solved to optimality within a time limit of 18 hours, while also attaining the

desired probabilities of constraint satisfaction. Most instances consisting of ten and five mixture

components are solved within 12 and 4 hours, respectively. Finally, we also compare the compu-

tational performance of the proposed formulations with classical sample average approximations

(SAA) [24, 28, 36]. We find that the SAA models take very large computational times and are

unable to produce solutions with the desired optimality or feasibility tolerances.
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1.2. Notation

All vectors and matrices as well as vector- and matrix-valued functions are typeset in boldface,

whereas all scalars and scalar-valued functions are typeset in normal font. The cumulative distri-

bution and the probability density functions of the standard normal random variable are denoted

by Φ and ϕ, respectively. The derivative of ϕ is denoted by ϕ′. We use R+ to denote the set of non-

negative real numbers. For any non-negative integer N , we use [N ] to denote the set {1,2, . . . ,N}
and [N ]0 to denote {0,1,2, . . . ,N}. Unless stated otherwise, ∥ · ∥ denotes the Euclidean norm for

vectors and the Frobenius norm for matrices; we sometimes also use ∥ · ∥F to denote the latter. We

use U∼ to indicate sampling from a uniform distribution.

2. Related Literature
For an overview of the theory and algorithms for chance-constrained optimization problems, we

refer the reader to [12,43]. Approaches based on distributionally robust optimization are reviewed

in [26,37,57]. For the models we study in this paper, the decision vector x and the random param-

eters ξ are not separable. In the case of separable chance-constrained models, one can move the

uncertainty entirely to the right-hand side. In this case, existing approaches are based on inte-

ger programming ideas [25, 29, 48] and so-called p-efficient points to approximate the feasible

set [13, 42].

In the general non-separable case, existing methodologies for solving chance-constrained opti-

mization problems can be categorized into sample-based and sample-free analytical approaches.

The sample average approximation (SAA) method [4, 7, 9, 28, 34, 36], belonging to the first cate-

gory, is a general strategy to approximate the probability in (1b). The method is based on drawing

several, say N , i.i.d. Monte Carlo samples, ξ1,ξ2, . . . ,ξN , of the random parameters and then

approximating the probabilistic constraint function using the empirical estimate based on these

samples,
p(x) =E[1≥0

(
b−x⊤ξ

)
]≈ 1

N

N∑
i=1

1≥0

(
b−x⊤ξi

)
, (4)

where 1≥0(z) is the indicator function of the non-negative reals that equals 1 if z ≥ 0 and 0 other-

wise. Alternative sample-based approaches include quasi-Monte Carlo-based methods tailored for

elliptically symmetric distributions [53, 54]. The quality of the resulting SAA solutions depends

critically on the number N of generated samples. A key issue is their deviation from the true

(unknown) optimal solution. The sampled-based solution might be unstable when N is small,

meaning that small changes in the samples may have a significant impact on the obtained solu-

tions [1, 11, 20]. Larger sample sizes are thus required to better approximate the optimal solution,
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but they come at the cost of increased computational difficulty [19, 55]. This is exacerbated in

high-dimensional regimes where incorporating large sample sizes renders the solution of the SAA

models impractical (see Section 4.4).

Indeed, the challenge in SAA is the discontinuity of the indicator function 1≥0 which needs to

be further reformulated. This reformulation is typically done using additional binary variables to

yield a mixed-integer optimization problem [10, 29], or approximated using continuous nonlinear

functions, such as difference-of-convex functions [21], smooth differentiable functions [16,39], or

monotone convex functions [35] that also subsume the conditional-value-at-risk (CVaR) approxi-

mation. Each of these strategies requires introducing at least N new variables or constraints, thus

increasing the computational complexity of solving the chance-constrained problem.

In contrast to sample-based methods, sample-free approaches typically exploit the structure of

the distribution of ξ to obtain analytically computable approximations or reformulations of the

chance constraints. Early pioneering results are based on so-called α-concave measures and func-

tions [6,40,41]. In these cases, one can show that feasible region is convex, so that classical results

in convex optimization can be adapted to design algorithms and optimality conditions. Convexity

of the feasible set can also be achieved when ξ has symmetric logarithmically concave density

function [27].

Another line of work aims to build (convex) outer approximations of the chance constraints.

The popular CVaR approximation and other approaches based on Bernstein-type large deviation

inequalities are examples of this approach [35, 44]. More recent sample-free approaches based on

large deviation theory develop analytical closed-form (albeit nonlinear) expressions of the proba-

bilistic constraint function for GMM distributed uncertainties [52].

The use of GMMs to model uncertainties in stochastic optimization models has gained sig-

nificant interest in recent literature. Applications of GMM to quantify uncertainties can be

found in portfolio optimization [31], chemical engineering [59, 60], and power system opera-

tions [14, 23, 58, 61, 62]. Joint chance-constrained optimization problems involving Gaussian mix-

ture distributed randomness have been studied in [5, 59], although such problems typically rely on

using Boole’s inequality to obtain conservative individual chance-constrained problems.

The most closely relevant studies to our work are [14, 22, 37, 56]. All of these consider GMM-

distributed uncertainties affecting either individual or two-sided chance constraints. In [22, 37],

methods based on nonlinear optimization techniques, specifically gradient-based and spatial
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branch-and-bound algorithms, are proposed to solve chance-constrained problems to global opti-

mality. The work of [56] improves the performance of this spatial branch-and-bound algorithm by

proposing an enhanced pruning strategy. In [14], a second-order cone programming (SOCP) model

is proposed as a candidate approximation of chance-constrained problems under GMM-distributed

uncertainties. Similar to our work, this reformulation also uses a piecewise linear approximation

of the standard normal CDF by selecting an optimal number of breakpoints to obtain an SOCP

approximation. However, the component-specific covariance matrices in their GMM are assumed

to be proportional to the same general covariance matrix: Σk = ηkΣ for some fixed ηk > 0. Also,

their resulting SOCP model is optimal only when the risk threshold θ is sufficiently large; namely,

when θ ≥ 1 − 1
2
min{w1,w2, . . . ,wK}. In contrast, our study considers a general form of the

GMM without additional constraints on the component-specific weights, means, or covariances,

and focuses on finding provably optimal solutions of linear chance-constrained models without

restrictive assumptions on its problem parameters.

3. Mixed-Integer Optimization Formulations
We first present a mixed-integer quadratically constrained reformulation of the chance-constrained

optimization problem (1) that motivates our subsequent developments. Our key insight is to isolate

and separate the nonconvexities in the probability function p(x), shown in (2), stemming from the

fractional term, (b−µ⊤
k x)/

√
x⊤Σkx, and from the standard normal CDF, Φ.

Proposition 1. Problem (1) has the following equivalent reformulation.
min c⊤x

s.t.
K∑
k=1

wkζk ≥ θ, x∈X , z ∈RK , ζ ∈ [0,1]K , λ∈RK
+ ,

Φ(zk)≥ ζk, b−x⊤µk ≥ zk λk, x⊤Σkx= λ2
k

}
k ∈ [K].

(5)

Proof. See Appendix A.

Observe that the original non-convexities are captured in three separate sets of constraints for

each k ∈ [K]; namely, (i) the constraint, Φ(zk)≥ ζk, specified using the standard normal CDF, (ii)

the bilinear constraint with the term zkλk, and (iii) the quadratic equality constraint. Note that each

of these three sets of constraints is non-convex. Recent developments in quadratic optimization

solvers allow efficient handling of the nonconvex bilinear and quadratic constraints. Therefore, we

only focus on approximating the constraint, Φ(zk) ≥ ζk, using suitable piecewise linear (PWL)

approximations. In particular, we exploit the convex-concave structure of Φ(z), which is convex

for z ∈ (−∞,0] and concave for z ∈ [0,∞).
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3.1. Piecewise Linear Outer Approximation

We now provide an outer approximation model called ‘PWL-O’ whose optimal objective value pro-

vides a lower bound on the optimal objective value of the original chance-constrained problem (1)

and which “under-satisfies” the desired chance constraint probability. For notational simplicity, we

temporarily drop subscript k and focus on approximating Φ(z)≥ ζ, where z, ζ ∈R.

Let ž = (ž−L, ž−L+1, . . . , ž−1, ž0, ž1, . . . , žR−1, žR) ∈ RL+R+1 denote a valid array of break-

points, parameterized by integers L> 0 and R> 0 with

−∞< ž−L < ž−L+1 < . . . < ž−1 < ž0 = 0< ž1 < . . . < žR−1 < žR <∞. (6)

The proposed piecewise linear outer approximation uses L and R + 1 linear pieces on the non-

positive (left) and non-negative (right) sides of the domain of Φ, respectively. We allow L ̸= R;

as we shall later discuss, the approximation of Φ on the convex and concave sides of Φ allows

identification of a different number of breakpoints to achieve the same accuracy. We define the

following quantities:

gi := ϕ(ži), g0i =Φ(ži)−ϕ(ži)ži, i∈ [R]0,

hi :=
Φ(ž−i+1)−Φ(ž−i)

ž−i+1− ž−i

, h0
i =Φ(ž−i)−

Φ(ž−i+1)−Φ(ž−i)

ž−i+1− ž−i

ž−i, i∈ [L],

where g represents approximation of Φ on the non-negative reals and h represents its approximation

on the negative reals. Given the array of breakpoints ž, we define the PWL outer approximation of

Φ as follows:

Φ̄(z; ž) :=


min

{
1, min

i∈[R]0

{
giz+ g0i

}}
, if z ≥ 0, (Tangent)

max

{
Φ(ž−L),max

i∈[L]

{
hiz+h0

i

}}
, otherwise. (Secant)

(7)

Remark. Note that (7) ensures correctness of the outer approximation of Φ̄(z, ž)

for z ≥ žR and z ≤ ž−L, respectively, by using min
{
1,mini∈[R]0 {giz+ g0i }

}
and

max
{
Φ(ž−L),maxi∈[L] {hiz+h0

i }
}

to approximate the tails of the Gaussian distribution. In par-

ticular, Φ̄(z, ž) equals Φ(ž−L) for any z ≤ ž−L, and Φ̄(z, ž) equals 1 for z ≥ žR. As we shall show,

this allows us to bound the outer approximation error even when z is outside [ž−L, žR].

By construction, the graph of Φ̄(·; ž), is above the graph of Φ, as shown in Figure 4. This is

because on the non-negative real line (z ≥ 0), it uses a tangent-based PWL approximation, whereas

on the negative real line (z < 0), it uses a secant-based PWL approximation.

Similar to Φ(z), the PWL approximation in (7) is also convex on the domain z ≤ 0, and concave

when z ≥ 0. On the concave part of the domain, constraint Φ̄(z; ž)≥ ζ can be represented using
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Figure 4 Piecewise linear outer approximation of Φ.

linear constraints, whereas on the convex part it is reformulated using Type-2 Special Ordered Set

(SOS2) constraints. This is formalized in the following proposition.

Proposition 2. If ž is any valid array of breakpoints as in (6) and z, z̄ ∈ R are given numbers

satisfying z ≤ ž−L < žR ≤ z̄, then there exist (z, ζ) ∈ [z, z̄]×R satisfying Φ̄ (z; ž)≥ ζ if and only

ifH(ž) ̸= ∅, where

H(ž) :=



α∈RL
+,

t∈ {0,1}3,

y ∈R3,

z, ζ ∈R

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Φ(ž−L)t1+ t2+ giy3+ g0i t3 ≥ ζ ∀i∈ [R]0,

Φ(ž−L)t1+
L∑
i=0

αiΦ(ž−i)+ t3 ≥ ζ,

t1+ t2+ t3 = 1, z = y1+ y2+ y3,

− t1z ≤ y1 ≤ t1ž−L, 0≤ y3 ≤ t3z̄,

y2 =
L∑
i=0

αiž−i, t2 =
L∑
i=0

αi, α∈ SOS2



. (8)

Proof. See AppendixA.

In formulation (8), the binary variables, t1, t2, and t3, are used to indicate if z ∈ [z, ž−L], z ∈

(ž−L,0), and z ∈ [0, z̄], respectively. The nonnegative variables α can be nonzero only when z ∈

(ž−L,0). The SOS2 constraint ensures that at most two components of α are positive, and that if

two components are indeed positive, then these component indices are consecutive integers in the

set [L]0. Several modern mixed-integer optimization solvers enforce SOS2 constraints algorithmi-

cally during branching, as opposed to reformulating them as explicit constraints.

An application of Proposition 2 to each of the K constraints, Φ̄(zk)≥ ζk, yields the following

MIQP approximation of the reformulated problem (5), and hence, of the original chance con-
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strained problem (1):

min c⊤x

s.t.
K∑
k=1

wkζk ≥ θ, x∈X , z ∈RK , ζ ∈ [0,1]K , λ∈RK
+

(αk, tk,yk, zk, ζk)∈H(ž), b−x⊤µk ≥ zkλk, x⊤Σkx= λ2
k

}
k ∈ [K].

(9)

The quality of the above PWL-O model depends on the accuracy of Φ̄, which in turn depends on

the vector of breakpoints ž. The following lemma, inspired from [30, Appendix C.1], shows that

Φ̄ is a τ -accurate outer-approximation of Φ whenever the discretization of the breakpoint array, ž,

is small in regions where the magnitude of the second derivative of Φ is large and when ž−L and

žR are sufficiently far from the origin.

Lemma 1. For any z1, z2 ∈R, let C(z1, z2) :=maxz∈[z1,z2] |Φ′′(z)|, ž be any valid array of break-

points as in (6), and τ > 0. Then the following holds:

a) If ži− ži−1 ≤
√

2τ
C(ži−1,ži)

for all i∈ [R], then 0≤ Φ̄(z; ž)−Φ(z)≤ τ for all z ≥ 0.

b) If ž−i+1− ž−i ≤ 2
√

2τ
C(ž−i,ž−i+1)

for all i∈ [L], then 0≤ Φ̄(z; ž)−Φ(z)≤ τ for all z < 0.

Proof. See AppendixA.

Lemma 1 generalizes the approximation conditions established in [14,30]. It shows that we only

need the discretization interval to be small in regions where C(ži−1, ži) is large. This is particularly

important to control the number of breakpoints since |Φ′′(z)| is small for large values of z (see

Figure 5). The number of breakpoints differs in (a) and (b) by a factor of 2 because, in comparison

to the secant-based approximation, the tangent-based approximation has lower approximation error

estimates.
We now discuss the calculation of the constant C(ži−1, ži) appearing in Lemma 1. First note

that Φ′′(z) =−ϕ(z) z, and the maximum and minimum of Φ′′(z) is attained at ±1 with the value

± e−0.5
√
2π

. Thus, |Φ′′(z)| ≤ e−0.5
√
2π

,∀z ∈R. A worst-case bound on the number of breakpoints required

to achieve a τ -approximation in Lemma 1 can be obtained based on this absolute constant. How-

ever, as we note from Figure 5, Φ′′(z) varies significantly on its domain, and it exhibits monotonic-

ity on parts of its domain. A significant reduction in the number of breakpoints is possible when

we take advantage of the monotonically changing values of Φ′′(·). These breakpoints are computed

a priori based on the value of τ and varying Φ′′(z). We now show how to achieve this.
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Figure 5 CDF of standard Normal distribution and its second derivative

Algorithm 1 Breakpoints for approximating Φ(z)

(a) Tangent approximation of Φ(z), z ≥ 0

Require: žR, τ
Ensure: AR

1: Part 1: 0≤ z ≤ 1
2: i← 1, ži← 1,AR←AR ∪{ži}
3: ži+1 = ži−

√
2τ

e−0.5√
2π

4: while ži+1 > 0 do

5: AR←AR ∪{ži+1}, i← i+1

6: ži+1 = ži−
√

2τ
ϕ(ži)ži

7: end while
8: AL←AR ∪{0}, i← i+1
9: Reverse the order of AR

10: AR←AR\{1}
11: Part 2: 1≤ z ≤ žR
12: i← i+1, ži−1← 1,AR←AR ∪{ži−1}
13: ži = ži−1 +

√
2τ

ϕ(ži−1)ži−1

14: while ži < žR do

15: AR←AR ∪{ži}, i← i+1

16: ži = ži−1 +
√

2τ
ϕ(ži−1)ži−1

17: end while
18: AR←AR ∪{žR}

(b) Secant approximation of Φ(z), z < 0

Require: ž−L, τ
Ensure: AL

1: Part 1: −1≤ z ≤ 0
2: i← 1, ž−i←−1,AL←AL ∪{ž−i}
3: ž−i−1 = ž−i− 2

√
2τ

ϕ(ž−i)ž−i

4: while ž−i−1 < 0 do

5: AL←AL ∪{ž−i−1}, i←−i− 1

6: ž−i−1 = ž−i− 2
√

2τ
ϕ(ž−i)ž−i

7: end while
8: Reverse the order of AL

9: AL←AL\−1
10: Part 2: ž−L ≤ z ≤−1
11: i← i+1, ž−i+1← 1,

AL←AL ∪{ž−i+1}
12: ž−i = ž−i+1 +2

√
2τ

ϕ(ž−i+1)ž−i+1

13: while ž−i > ž−L do

14: AL←AL ∪{ž−i}, i← i+1

15: ž−i = ž−i+1 +2
√

2τ
ϕ(ž−i+1)ž−i+1

16: end while
17: AL←AL ∪{ž−L}

Observe that Φ′′(·) is monotonically increasing in the intervals [žL,−1] and [1, žR], and it is

monotonically decreasing in the interval [−1,1]. For z ≥ 0, we first divide the values of z in inter-

vals [0,1] (Part 1), [1, žR] (Part 2) (see lines 1-10 and 11-18 of Algorithm 1a respectively for Part 1

and Part 2). For the interval [0,1], we determine the breakpoints as a decreasing sequence starting

at z = 1. We use the value of Φ′′ at the current point ži for C(ži+1, ži) that determines the next

point ži+1. At the end of Part 1, we reverse the order of the breakpoints calculations (note that array
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AR maintains the breakpoints in increasing order (line 9)). z = 1 serves as the starting point for

Part 2. Starting from z = 1, for the interval [1, žR] we determine the breakpoints as an increasing

sequence. Once again, we use the value of Φ′′ at the current point ži−1 for C(ži−1, ži) to determine

the next point ži. Similar to a tangent-based approximation, Algorithm 1a outlines a secant-based

approximation for z < 0 in two parts. Here, both parts start from z = −1 and add breakpoints

at twice the interval used for tangent-based approximation and constitute an ordered sequence of

breakpoints AL. Combining these two sequences, we achieve A←AL ∪AR.

Theorem 1 bounds the worst-case number of breakpoints required by Algorithms 1a-1b to

achieve a τ error in the resulting PWL approximation.

Theorem 1. Let ž−L, žR be such that max
{
1 − Φ(žR),Φ(ž−L)

}
≤ τ , where 0 < τ ≪

min{|ž−L|, žR}. Then O(
√

1
τ
log( 1

τ
)) breakpoints are sufficient (|A| in Algorithms 1a-1b) to ensure

0≤ Φ̄(z; ž)−Φ(z)≤ τ , ∀z ∈R.

Proof. See AppendixA.

3.2. Piecewise Linear Inner Approximation

An inner approximation of Φ(z) can be constructed similar to the outer approximation by taking

secant approximation for z ≥ 0 and tangent approximation for z < 0. This ensures that the inner

approximation Φ(·; ž) is always below the original curve Φ(z). More formally,

Φ(z; ž) =


min

{
Φ(žR),min

i∈[R]

{
giz+ g0i

}}
, if z ≥ 0, (Secant)

max

{
0,max

i∈[L]0

{
hiz+h0

i

}}
, otherwise, (Tangent)

(10)

where
gi :=

Φ(ži)−Φ(ži−1)

ži− ži−1

, g0i := Φ(ži−1)−
Φ(ži)−Φ(ži−1)

ži− ži−1

ži−1, i∈ [R]

hi := ϕ(ži), h0
i =Φ(ži)−ϕ(ži)ži, i∈ [L]0.

Note that we have followed the convention that g represents approximation of Φ(·) on the non-

negative reals and h represents its approximation on the negative reals. Similar to Φ(z) and its

outer approximation, its PWL inner approximation, Φ(z; ž), is also concave over the domain z ≥

0. Therefore, the constraint, Φ(z; ž) ≥ ζ, can be reformulated using linear constraints over this

domain. For z ≤ 0, this function is convex, and it is reformulated using binary variables. The

following proposition provides this formulation.
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Proposition 3. If ž is any valid array of breakpoints and z, z̄ ∈ R are given numbers satisfying

z ≤ ž−L < žR ≤ z̄, then there exist (z, ζ)∈ [z, z̄]×R satisfying Φ(z; ž)≥ ζ if and only if G(ž) ̸= ∅,

where

G(ž) :=



α∈ {0,1}L,

t∈ {0,1}4,

y ∈R3,

z, ζ ∈R

z∈RL

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

t1+ t2+ giy3+ g0i t3+Φ(žR)t4 ≥ ζ ∀i∈ [R],

hLy1+h0
Lt1+

L−1∑
i=0

(hizi +h0
iαi)+ t3+Φ(žR)t4 ≥ ζ,

hLy1+h0
Lt1 ≥ 0, t1+ t2+ t3+ t4 = 1,

z = y1+ y2+ y3+ y4, − z t1 ≤ y1 ≤ ž−Lt1,

t2 =
L−1∑
i=0

αi, ž−i−1αi ≤ zi ≤ 0 ∀i∈ [L− 1]0, y2 =
L−1∑
i=0

zi,

0≤ y3 ≤ žRt3, z̄ t4 ≥ y4 ≥ žRt4



. (11)

Proof. See Appendix A.

In the above proposition, the binary variables, t1, t2, t3, and t4, are used to indicate if z ∈ (z, ž−L],

z ∈ [ž−L,0], z ∈ [0, žR], and z ∈ [žR, z̄), respectively. Applying Proposition 3 to each of the K

constraints, Φ̂(zk) ≥ ζk, we obtain the following MIQP approximation of the reformulated prob-

lem (5).

min c⊤x

s.t.
K∑
k=1

wkζk ≥ θ, x∈X , z ∈RK , ζ ∈ [0,1]K , λ∈RK
+ ,

(αk, tk,yk, zk, ζk)∈ G(ž), b−x⊤µk ≥ zkλk, x⊤Σkx= λ2
k

}
k ∈ [K].

(12)

We state the counterparts of Lemma 1 and Theorem 1 for the inner approximation in the

Appendix B as Lemma 5 and Theorem 3, respectively.

Remark. If the original problem (1) is feasible, the PWL-O model (9) is always feasible for any

valid array of breakpoints. In contrast, the PWL-I model (12) may not always be feasible despite

the feasibility of the original problem. However, note that a feasible inner approximation always

over-satisfies the chance constraint.

3.3. Optimality Guarantees to a Given Tolerance

We now show that the optimal objective values of the PWL-O and PWL-I models can be arbitrarily

close to the optimal objective of the original chance-constrained model by controlling the accu-

racy threshold τ in the breakpoint calculation algorithms. To that end, we require the following

additional assumptions and definition.
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Assumption 2. There exists ρ > 0 such that the feasible set, P (θ′), is nonempty for all θ′ ∈ [θ−

ρ, θ+ ρ].

Assumption 3. If b= 0, then there exists δ̂ > 0 such that P (θ)∩ {x ∈Rn|∥x∥ ≤ δ̂}= ∅. In other

words, if b= 0, then x= 0 is not a feasible solution of the chance-constrained problem (1).

Assumption 4. The linear independence constraint qualification is satisfied at all optimal solu-

tions of the chance-constrained problem (1).

Definition 1 (Uniform compactness). [15, Definition 1.3]. The set P (θ) is uniformly compact

near θ if there is a neighborhood [θ− ρ, θ+ ρ] of θ for some ρ > 0 such that the closure of the set,⋃
θ′∈[θ−ρ,θ+ρ]P (θ′), is compact.

Remark. Assumption 3 rules out 0 as an optimal solution when b= 0. This is a mild assumption

even when b ̸= 0 since this can be explicitly checked separately, and it might not even be of practical

interest.

Now, let G :Rn→R be defined such that G(x) =


1≥0(b), if x= 0,

Φ

(
b−µ⊤x√
x⊤Σx

)
, otherwise.

(13)

We show some graphs of G(x) and its derivative in a one-dimensional setting below. We find that

G(x) and its derivative are well-behaved near x = 0. We will formally prove this in the general

case.

Figure 6 The graph of G(x) (left) and G′(x) (right) when x is one-dimensional.

Lemma 2. Let G be defined as in (13). Then, the following holds:

(i) If b < 0, then 0 /∈ P (θ).

(ii) Under Assumptions 1-3, G(x) is continuous on P (θ).

(iii) Under Assumptions 1-3, P (θ) is uniformly compact near θ.
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Proof. We prove part (i) using (2a) which clearly shows that for any θ > 0,∑K
k=1wkP

[
0≤ b

∣∣ξk ∼N (µk,Σk)
]
≥ θ does not hold with b < 0.

We prove part (ii) by establishing continuity of G at an arbitrary point x̄ ∈ P (θ). We consider

two cases: (case-1) x̄ ̸= 0 and (case-2) x̄= 0.

To show (case-1), observe that G(x) = Φ(g(x)) in this case, where g(x) = b−µ⊤x√
x⊤Σx

. Now,

let {xm}∞m=1 be any sequence in Rn \ {0} converging to x̄. Then, since Assumption 1 implies

x⊤Σx> 0 for any x ̸= 0, and x̄ ̸= 0, we have:

lim
m→∞

g(xm) = lim
m→∞

b−µ⊤xm√
x⊤
mΣxm

=
limm→∞(b−µ⊤xm)

limm→∞
√

x⊤
mΣxm

=
b−µ⊤x̄√
x̄⊤Σx̄

= g(x̄).

The second equality holds by [45, Theorem 4.4] and the second-to-last equality follows due to the

continuity of the functions, b−µ⊤x and x⊤Σx. Thus g is continuous at x= x̄ ̸= 0. Additionally,

since Φ is continuous on R, Φ
(
g(x)

)
is also continuous at all x ̸= 0 by [45, Theorem 4.7].

To prove (case-2), note that part (i) implies that we must have b≥ 0. Moreover, Assumption 3

ensures that it suffices to consider only b > 0. Observe that the definition of G implies that it is

continuous at 0, if for any ε > 0, there exists some δ > 0 such that all x ̸= 0 with ∥x∥< δ satisfy∣∣1−Φ
(

b−µ⊤x√
x⊤Σx

)∣∣< ε, which is equivalent to 1−Φ
(

b−µ⊤x√
x⊤Σx

)
≤ ε since Φ is always less than 1. To

that end, define δ = b

Φ−1(1−ε)∥Σ
1
2 ∥κ

> 0 with κ= 1+ ∥µ∥
Φ−1(1−ε)∥Σ

1
2 ∥

. Then, observe that

∥x∥ ≤ b

Φ−1(1− ε)∥Σ1/2∥κ
=⇒

√
x⊤Σx≤ ∥Σ1/2∥∥x∥ ≤ b

Φ−1(1− ε)κ

=⇒ Φ−1(1− ε)
√
x⊤Σx≤ b

κ
=⇒ µ⊤x+Φ−1(1− ε)

√
x⊤Σx≤ b

κ
+µ⊤x

≤ b

κ
+ ∥µ∥ b

Φ−1(1− ε)∥Σ1/2∥κ
≤ b

κ

(
1+

∥µ∥
Φ−1(1− ε)∥Σ1/2∥

)
= b

=⇒Φ−1(1− ε)
√
x⊤Σx≤ b−µ⊤x =⇒ 1− ε≤Φ

( b−µ⊤x√
x⊤Σx

)
=⇒ 1−Φ

( b−µ⊤x√
x⊤Σx

)
≤ ε.

To prove part (iii), we use the continuity property from part (ii). By definition 1, uniform com-

pactness of P (θ) near θ requires the closure of the set
⋃

θ′∈[θ−ρ,θ+ρ]P (θ′) to be closed and bounded.

Note that by Assumption 2,
⋃

θ′∈[θ−ρ,θ+ρ]P (θ′) is not empty. Additionally, part (ii) implies that

pk(x) and hence, p(x) =
∑K

k=1wkpk(x), is continuous everywhere as Φ(gk(x)) is continuous.

Then, given any θ′ ∈ [θ− ρ, θ+ ρ], for any convergent sequence {xm} with xm ∈ P (θ′) ∀m, i.e.

Hxm =h,Axm ≥ d, p(xm)≥ θ′, ∀m, we have

lim
m→∞

Hxm =Hx̄=h, lim
m→∞

Axm =Ax̄≥ d, lim
m→∞

p(xm) = p(x̄)≥ θ′.
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Thus, P (θ′) also includes the limit point x̄. Therefore,
⋃

θ′∈[θ−ρ,θ+ρ]P (θ′) is closed. Additionally,

since X is a bounded set, X ∩ {x | p(x)≥ θ′} ⊆ X is also bounded for every θ′ ∈ [θ− ρ, θ + ρ].

Therefore,
⋃

θ′∈[θ−ρ,θ+ρ]P (θ′) is compact.

Lemma 3. G(x) is continuously differentiable on Rn under Assumption 3. Specifically, for all

x∈Rn,
∇G(x) = Φ′(g(x))∇g(x) = 1√

2π
e−g(x)2/2

{
−µ

(x⊤Σx)1/2
− (b−µ⊤x)Σx

(x⊤Σx)3/2

}
(14)

Proof. Let g(x) := b−µ⊤x√
x⊤Σx

. We consider two cases: x ̸= 0 and x= 0.

Following the steps in the proof of Lemma 2, it can be shown that g′(x) exists for all x ̸= 0, and

since Φ(·) is differentiable everywhere in R, ∇G(x) is well-defined and continuous at all x ̸= 0.

Hence, for all x ̸= 0, we can apply the chain rule [45] and obtain (14).

To prove differentiability at x = 0 it suffices to prove it for b > 0 (Assumption 3 and

Lemma 2(i)). Recall that a function G(x) is continuously differentiable at 0 if and only if its partial

derivatives exist and are continuous at 0 [32]. The partial derivatives of G exist at 0 if following

limits exist:
∂G

∂xj

∣∣
x=0

= lim
h→0+

Φ(g(0+hej))−G(0)

h︸ ︷︷ ︸
A

= lim
h→0+

Φ(g(0−hej))−G(0)

h︸ ︷︷ ︸
B

∀j (15)

Let ∥Σj∥ be the norm of the jth column vector of Σ. Note that g(0+hej) = (b−µjh)/h∥Σj∥=
b/h∥Σj∥ − µj/∥Σj∥= qj/h− rj , where qj = b/∥Σj∥> 0 since b > 0, and rj := µj/∥Σj∥. Since

G(0) = 1, using the definition of Φ in term A of (15), we have:

A= lim
h→0+

∫ qj
h
−rj

−∞
1√
2π
e−

z2

2 dz− 1

h
= lim

h→0+

− 1√
2π

∫∞
qj
h
−rj

e−
z2

2 dz

h
∀j.

According to [50, Proposition 3], for t > −1, 2
t+

√
t2+4
≤ et

2/2
∫∞
t

e−z2/2dz ≤ 4
3t+

√
t2+8

. Let tj =

qj/h− r. Then as h→ 0+, tj→∞ since qj > 0. Thus, the condition tj >−1 is satisfied for all j.

Therefore,
2e−(

qj
h
−r)2/2

h
(
(
qj
h
− r)+

√
(
qj
h
− r)2+4

) ≤
∫∞

qj
h
−r

e−z2/2dz

h
≤ 4e−(

qj
h
−r)2/2

h
(
3(

qj
h
− r)+

√
(
qj
h
− r)2+8

) .
Note that the lower bound 2e(

qj
h

−r)2/2

h

(
(
qj
h
−r)+

√
(
qj
h
−r)

2
+2

) = 2e
−(

qj
h

−r)
2
/2

(qj−rh)+
√

(qj−rh)2+2h2
goes to 0 as h→ 0+.

Similarly, the upper bound also goes to 0 as h→ 0.

Now for the term B in (15), g(0− hej) = (b+ µjh)/h∥Σj∥= b/h∥Σj∥+ µj/∥Σj∥= qj/h+

rj = tj . Thus, as h→ 0+, tj→∞ (since qj > 0). Hence, the condition tj >−1 is satisfied. There-

fore,
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2e−(
qj
h
+r)2/2

h
(
(
qj
h
+ r)+

√
(
qj
h
+ r)2+4

) ≤
∫∞

qj
h
+r

e−z2/2dz

h
≤ 4e−(

qj
h
+r)2/2

h
(
3(

qj
h
+ r)+

√
(
qj
h
+ r)2+8

) .
Similar to the proof for the part A in (15), we can show that both lower and upper bounds in the

above inequality go to 0 as h→ 0+. Thus, ∇G(x) = 0 at x = 0 for b > 0. It shows that G(x) is

differentiable at all x.

We now show that (14) provides an expression for ∇G(x) at all x, including x = 0, and that

∇G(x) is continuous. From (14),

∂G(x)

∂xj

=
1√
2π

e−g(x)2/2

{
−µj

(x⊤Σx)1/2
− (b−µ⊤x)(Σx)j

(x⊤Σx)3/2

}
. (16)

To prove continuity of ∇G(x) at x= 0, when b > 0, we show that

lim
x→0

∂G(x)

∂xj

=
∂G(x)

∂xj

|x=0 = 0, ∀j

by showing that limsupx→0
∂G(x)
∂xj

= lim infx→0
∂G(x)
∂xj

= 0. Note that since −∥Σ1/2∥∥Σ1/2x∥ ≤

(Σx)j = (Σ1/2Σ1/2x)j ≤ ∥Σ1/2∥∥Σ1/2x∥,
1√
2π

exp{−( b−µ⊤x√
x⊤Σx

)2}
{
− |b−µ⊤x|∥Σ1/2∥∥Σ1/2x∥

∥Σ1/2x∥3
− ∥µ∥
∥Σ1/2x∥

}
≤ ∂G(x)

∂xj

≤ 1√
2π

exp{−( b−µ⊤x√
x⊤Σx

)2}
{
|b−µ⊤x|∥Σ1/2∥∥Σ1/2x∥

∥Σ1/2x∥3
+

∥µ∥
∥Σ1/2x∥

}
∀j. (17)

Let the left and right hand side of (17) be L(x) and U(x), respectively. It suffices to show that

limsupx→0L(x) = lim infx→0U(x) = 0.

We first show that lim infx→0U(x) = 0. Since ey =
∑∞

ℓ=0
(y)ℓ

ℓ!
= 1 + y + y2

2!
+ y3

3!
+ · · · , for any

j ∈ [n], ℓ∈N and for ℓ≥ 2,

U(x) =
1√
2π

{∥∥∥∥ |b−µ⊤x|∥Σ1/2∥
∥Σ1/2x∥2

1+ ( b−µ⊤x
∥Σ1/2x∥)

2+ 1
2!
( b−µ⊤x
∥Σ1/2x∥)

4+ 1
3!
( b−µ⊤x
∥Σ1/2x∥)

6+ · · ·

∥∥∥∥
+

∥∥∥∥ ∥µ∥
∥Σ1/2x∥

1+ ( b−µ⊤x
∥Σ1/2x∥)

2+ 1
2!
( b−µ⊤x
∥Σ1/2x∥)

4+ 1
3!
( b−µ⊤x
∥Σ1/2x∥)

6+ · · ·

∥∥∥∥}
=

1√
2π

{∥∥∥∥ |b−µ⊤x|∥Σ1/2∥
∥Σ1/2x∥2+(b−µ⊤x)2+ 1

2!
(b−µ⊤x)4

∥Σ1/2x∥2 + 1
3!

(b−µ⊤x)6

∥Σ1/2x∥4 + · · ·

∥∥∥∥
+

∥∥∥∥ ∥µ∥
∥Σ1/2x∥+ (b−µ⊤x)2

∥Σ1/2x∥ + 1
2!

(b−µ⊤x)4

∥Σ1/2x∥3 + 1
3!

(b−µ⊤x)6

∥Σ1/2x∥5 + · · ·

∥∥∥∥}

≤ 1√
2π

{∥∥∥∥ |b−µ⊤x|∥Σ1/2∥
∥Σ1/2x∥2+(b−µ⊤x)2+ 1

2!
(b−µ⊤x)4

∥Σ1/2x∥2 + · · ·+ 1
ℓ!

(b−µ⊤x)2ℓ

∥Σ1/2x∥2ℓ−2

∥∥∥∥
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+

∥∥∥∥ ∥µ∥
∥Σ1/2x∥+ (b−µ⊤x)2

∥Σ1/2x∥ + 1
2!

(b−µ⊤x)4

∥Σ1/2x∥3 + · · ·+ 1
ℓ!

(b−µ⊤x)2ℓ

∥Σ1/2x∥2ℓ−1

∥∥∥∥}

=
1√
2π

{∥∥∥∥ ℓ!∥Σ1/2x∥2ℓ−2|b−µ⊤x|∥Σ1/2∥
ℓ!∥Σ1/2x∥2ℓ+(b−µ⊤x)2ℓ!∥Σ1/2x∥2ℓ−2+ · · ·+(b−µ⊤x)2ℓ

∥∥∥∥
+

∥∥∥∥ ℓ!∥Σ1/2x∥2ℓ−1∥µ∥
ℓ!∥Σ1/2x∥2ℓ+(b−µ⊤x)2ℓ!∥Σ1/2x∥2ℓ−2+ · · ·+(b−µ⊤x)2ℓ

∥∥∥∥},

where the first inequality in the above follows since summation is truncated and all terms

are positive. Now, since b > 0, taking limit on both sides of the above expression, we obtain

lim infx→0U(x) = 0. A similar argument shows that limsupx→0L(x) = 0. Thus, ∇G(x) in (14)

is continuous at x= 0 and G(x) is continuously differentiable on Rn.

We are now in a position to present the main result of this section in Theorem 2 below. In

particular, we show that using O(
√

1
τ
log( 1

τ
)) breakpoints can provide a solution that achieves a

user-specified tolerance τ̂ in the optimal objective value. We first establish the continuity of the

optimal objective function of (1) by using a result from Gauvin and Tolle [15].

Lemma 4. Let Assumptions 1-4 hold. Then, the optimal value function Z⋆(θ) is continuous at θ.

Proof. By Lemma 2, P (θ) is uniformly compact near θ. Additionally, Lemma 3 ensures that

p(x) is continuously differentiable on Rn. The KKT condition then implies that for dual variables

u(θ), ρ(θ)≥ 0, and v(θ),

c−H⊤v(θ)−A⊤u(θ)− ρ(θ)∇p(x∗(θ)) = 0, ui(θ)(Aix
∗(θ)−di) = 0.

Let Bx∗(θ) = dB be the set of binding linear inequality constraints at an optimal solution, x∗(θ).

Since by Assumption 4, linear independence constraint qualification (LICQ) holds at x∗(θ), there

do not exist non-zero dual variables u(θ), ρ(θ)≥ 0 and v(θ) such that

H⊤v(θ)+B⊤u(θ)+ ρ(θ)∇p(x∗(θ)) = 0.

Gordan’s theorem [2, Theorem 2.4.9] then implies the existence of z such that

Bz> 0, ∇p(x∗(θ))⊤z> 0.

Thus, the Mangasarian-Fromovitz constraint qualification conditions hold at x∗(θ). Then, [15,

Theorem 2.6], implies that Z⋆(θ) is continuous at θ.

The following result is a direct consequence of the above lemma.

Definition 2. A solution x̂ is called τ̂−feasible to problem (1) if Hx̂ = h,Ax̂ ≥ d and p(x̂) ≥

θ− τ̂ . A solution x̂ is called τ̂−optimal if it is τ̂−feasible and |c⊤x∗(θ)− c⊤x̂| ≤ τ̂ .
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Theorem 2. Let x∗(θ) be an optimal solution of (1). Suppose Assumptions 1-4 hold, and we are

given a user-specified tolerance τ̂ . Then, there exists τ satisfying τ̂ ≥ τ > 0, such that the outer

and inner approximation problems (9) and (12) generated using O(
√

1
τ
log( 1

τ
)) breakpoints have

optimal solutions xOA and xIA that are τ̂ -optimal. Specifically,

|c⊤xIA− c⊤xOA| ≤ |c⊤x∗(θ+ τ)− c⊤x∗(θ− τ)| ≤ τ̂ .

Proof. To show τ̂− feasibility, let us denote the feasible set corresponding to the PWL-O formu-

lation (9) with τ−accuracy as P̄ (θ, τ). Then from Definition (3) and Theorem 1 we have P (θ)⊆

P̄ (θ, τ)⊆ P (θ− τ). Thus τ̂−feasibility follows since τ̂ ≥ τ .

To prove τ̂−optimality, using the continuity of Z⋆(θ) at θ from Lemma 4, for every ε > 0,

∃ τ+(ε) > 0 such that |θ − θ′| ≤ τ+(ε) implies |Z⋆(θ)− Z⋆(θ′)| ≤ ε. Let θ′ ∈ [θ − τ, θ + τ ] for

some τ > 0. Then, given the user-specified τ̂ we have a τ+(τ̂) for which |Z⋆(θ) − Z⋆(θ′)| ≤

τ̂ /2 is satisfied for all sufficiently small τ̂ > 0, with θ′ satisfying |θ − θ′| ≤ τ+(τ̂ /2) = τ . Now

|Z⋆(θ + τ)− Z⋆(θ − τ)| ≤ |Z⋆(θ + τ)− Z⋆(θ)| + |Z⋆(θ)− Z⋆(θ − τ)| ≤ τ̂ . The claim follows

because |c⊤xIA− c⊤xOA| ≤ |Z⋆(θ+ τ)−Z⋆(θ− τ)|.

An immediate consequence of Theorem 2 is that for any τ̂ , there exists a τ > 0 satisfying

|c⊤x∗(θ) − c⊤xOA| ≤ τ̂ and |c⊤xIA − c⊤x∗(θ)| ≤ τ̂ . Although this is only an existence result,

we note that we in practice can follow an iterative procedure to achieve the desired user-specified

tolerance in the optimal objective value. In this procedure, we start with an initial value of τ , and

solve the outer and inner approximation problems. If the optimality gap determined from their

solutions do not satisfy the desired tolerance τ̂ , we reduce τ by a suitable factor (e.g., by a factor of

2) and update the previously generated break points. We can stop this procedure once the desired

tolerance is satisfied.

4. Numerical Experience with a Commercial Solver

This section studies the computational performance of the PWL-I and PWL-O approximations,

and the sample average approximation (SAA). Our discussion is based on extensive computational

experiments conducted across a range of data generation parameters for the problems of differ-

ent dimensions. We use Gurobi [18] to solve the instances. We describe problem generation in

Section 4.1 and computational setup in Section 4.2. The break point selection in the PWL approx-

imations is described in Section 4.3.
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4.1. Data Generation

We randomly generated problems of 100, 500, and 1000 dimensions, i.e., n ∈ {100,500,1000}.

We set θ ∈ {0.95,0.99,0.999} for chance constraint satisfaction probability. The value of

θ = 0.999 indicates a solution with a very high satisfaction probability. The number of

Gaussian mixture components used was set at K ∈ {5,10,15}. For the results reported

in the main body of this section, the mixture weights were w = (0.05,0.1,0.2,0.3,0.35)

for K = 5, w = (0.001,0.009,0.02,0.05,0.08,0.09,0.1,0.15,0.2,0.3) for K = 10 and w =

(0.001,0.005,0.009,0.01,0.01,0.015,0.02,0.05,0.08,0.09,0.1,0.12,0.13,0.17,0.19) for K = 15.

These weights are chosen to have both small and large values while ensuring that they sum to

1.0. We also conducted experiments using equal mixture weights. These results are reported in

Appendix C.

Mixture component mean vectors and covariance matrices were generated using component-

mean and variance control hyper-parameters, denoted by ϱ and ζ, respectively. We used six dif-

ferent values of ϱ ∈ {2,5,10,15,20,25}. For each value of ϱ > 0, we randomly generated interval

bounds [µ
k
,µk]⊂ [0, ϱ

√
n logn]n for every k ∈ [K]. Given these bounds, each component µki of

µk = (µk1, . . . , µkn)
⊤ is sampled as µki ∼ Unif([µ

ki
, µki]) for all i ∈ [n]. Similarly, for covari-

ance matrices, five different values of variance-control hyperparameter ς ∈ {2,5,10,15,20} were

considered. Eigenvalues νk, k ∈ [K] are uniformly sampled from (0, ςℓk], where ℓk ∈ [0,1] was

chosen through quasi-Monte-Carlo (QMC) sampling. QMC sampling ensures that ℓk is not clus-

tered. Given a ℓk, we finally constructed Σk ∈ SN
++ for all k ∈ [K] from an n-dimensional diagonal

matrix of eigenvalues Dk, where each entry was uniformly sampled from [0, ςℓk]. The eigenvector

matrices Qk are randomly generated orthogonal matrices. They were generated by taking 2n prod-

ucts of randomly generated 2× 2 Givens rotation matrices [17]. The generated covariance matrix

Σk =Q⊤
k DkQk is positive definite.

We generated samples for the SAA approach as follows. We used the scikit-learn

(sklearn) package in Python [38]. In particular, we used the GaussianMixture class from

sklearn.mixture, initializing it with our Gaussian mixture parameters and then calling its

sample method. Generated samples are then used in the general SAA model from [28]:

min
x∈X ,y∈{0,1}S

c⊤x s.t. ξsx− b≤Mys ∀s∈ [S]
S∑

s=1

ys ≤ (1− θ) S, (GMM-SAA)

where the binary vector y is of the same dimension as the sample size S. Big-M value was set

to 1e6. Sample size S depends on θ: for θ = 0.95 and θ = 0.99, we set S = 100/(1 − θ). For
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θ= 0.999, we set S = 20/(1− θ), since generating problems with a large number of scenarios was

not practical for θ= 0.999.

To generate the right-hand side b in constraint (1b), we sampled 1000 decision vectors x from its

domain. We then computed b as the average of x⊤µk+
√
x⊤Σkx over all k and sampled decisions

x. One standard deviation of x⊤µk (i.e., x⊤µk +
√
x⊤Σkx) was used to prevent an excessive

proportion of infeasible instances. We did not use linear equality constraints and generated inequal-

ity constraints as follows: A and d are randomly generated as A
U∼ [0,1] and d

U∼ [n/4,3N/4].

For n = {100,500} we specify the dimension of vector d as n/10; for n = 1000 we reduce this

dimension to n/20 to avoid too many infeasible instances.

4.2. Experimental Setup

All computations were performed on a server with Intel Xeon 2.80 GHz CPUs. We used Python

3.9 and Gurobi 11.0.3. We set (1− θ)/10 as the optimality (MIP) gap in Gurobi. We allow

Gurobi to use up to 2 cores per instance with other parameters set at their default values. A 18-

hour (64,800s)-time limit is set. Let the solution from PWL-I, PWI-O, and SAA models within the

time-limit be x̌I , x̌O, and x̌S . We substitute these solutions into (2d) to compute chance constraint

probability satisfied by them. These probabilities are denoted by θ̌I , θ̌O and θ̌S , respectively.

4.3. Break point selection and number of pieces in Piecewise Linear Approximation

We set τ = (1− θ)/10 in specifying piecewise linear approximation accuracy. For this value of

τ , we use Algorithm 1a-1b to adaptively construct the breakpoint-array ž. We fix breakpoint-

array endpoints for all τ by setting žL = −6.466 and žR = 6.466. It meets the requirement of

Theorems 1 and 3: |Φ̄(žL)− Φ(žL)| = |Φ̄(žR)− Φ(žR)| < 1× e−10 (for PWL-O), and |Φ(žL)−

Φ(žL)|= |Φ(žR)−Φ(žR)|< 1× e−10 (for PWL-I).

4.4. Computational Results and Discussion

We present detailed numerical results for ϱ = 2, ς = 2 and ϱ = 5, ς = 10 with unequal mixture

weight setting in Tables 1-2, respectively. Results for all the remaining parameter combinations of

(ϱ, ς) with unequal weights are summarized in Table 3. Similar results with equal mixture weights

are presented in Appendix C.

Table 1: Comparison of PWL-I, PWL-O, and SAA approaches for ϱ= 2, ς = 2 with different

mixture weights and 64,800s (18-hour) time limit
PWL-I PWL-O SAA
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K θ
Time
(sec) Obj* θ̌I Time

(sec) %- Obj θ̌O %θ̌
Time
(sec) Obj* θ̌S

n= 100

5
0.95 0.7 -735 0.9500 0.4 0.0000 0.9499 0.011 0.5609 -844 0.9565
0.99 1.2 -735 0.9900 0.9 0.0002 0.9899 0.010 215.58 -844 0.9452

0.999 5.0 -734 0.9990 5.3 0.0005 0.9990 0.000 338.77 -844 0.9555

10
0.95 2.2 -727 0.9500 2.0 0.0002 0.9498 0.021 64,800 -759 0.8636
0.99 3.4 -726 0.9900 2.7 0.0001 0.9900 0.000 64,800 -743 0.9186

0.999 90 -725 0.9990 57.1 0.0001 0.9990 0.000 23,893 -730 0.9799

15
0.95 3.5 -704 0.9504 2.9 0.3555 0.9499 0.06 23,089 -730 0.8790
0.99 2.6 -706 0.9900 3.1 0.0006 0.9900 0.000 64,800 -707 0.9573

0.999 54 -705 0.9990 55.2 0.0000 0.9990 0.000 64,805 -706 0.9799
n= 500

5
0.95 111.9 -2,454 0.9758 109.7 0.0000 0.9995† - 5,238.8 -2,474 0.5791
0.99 157.6 -2,454 0.9901 199.2 0.0002 0.9900 0.010 64,800 -2,473 0.5307

0.999 201.4 -2,453 0.9990 227.7 0.0001 0.9990 0.000 64,801 -2,473 0.6910

10
0.95 391.1 -1,812 0.9500 329.0 0.0003 0.9498 0.021 64,800 -1,857 0.6029
0.99 252.0 -1,810 0.9900 251.6 0.0002 0.9900 0.000 64,801 -1,812 0.7697

0.999 498.7 -1,809 0.9990 2,225.8 0.0001 0.9990 0.000 64,801 -1,812 0.8628

15
0.95 578.4 -2,338 0.9501 658.4 0.0000 0.9496 0.053 64,800 -2,665 0.6546
0.99 748.4 -2,338 0.9900 686.6 0.0004 0.9899 0.010 64,800 -2,411 0.8926

0.999 1,556 -2,337 0.9990 6,116 0.0000 0.9990 0.000 64,801 -2,338 0.9018
n= 1000

5
0.95 839.8 -7,794 0.9510 823.2 0.0001 0.9499 0.116 64,800 -7,794 0.3706
0.99 958.9 -7,794 0.9901 760.5 0.0000 0.9900 0.010 64,800 -7,794 0.7984

0.999 798.4 -7,793 0.9990 796.1 0.0000 0.9990 0.000 64,809 -7,794 0.8662

10
0.95 3,343 -5,810 0.9500 2,947 0.0000 0.9496 0.053 64,800 -5,824 0.4744
0.99 2,851 -5,810 0.9900 2,363 0.0001 0.9899 0.010 64,800 -5,819 0.5889

0.999 8,008 -5,809 0.9990 6,312 0.0000 0.9990 0.000 64,805 -5,810 0.8211

15
0.95 3,069 -4,349 0.9506 4,275 0.0000 0.9498 0.105 64,800 -4,592 0.6923
0.99 2,774 -4,349 0.9900 4,587 0.0000 0.9899 0.010 64,801 -4,445 0.8392

0.999 2,836 -4,348 0.9990 3,797 0.0000 0.9990 0.000 64,838 -4,349 0.9049

Table 2: PWL-I, PWL-O vs SAA for ϱ= 2, ς = 5 with different mixture weights

K θ
Time
(sec) Obj* θ̌I Time

(sec) %- Obj θ̌O %θ̌
Time
(sec) Obj* θ̌S

n= 100

5
0.95 0.53 -988 0.9500 0.32 0.0000 0.9447 0.560 0.341 -894 1.000
0.99 0.36 -988 0.9900 0.476 0.0000 0.9899 0.010 3.504 -894 1.000

0.999 0.68 -988 0.9990 0.76 0.0001 0.9990 0.000 11.25 -894 1.000

10
0.95 2.18 -891 0.9500 1.37 0.0000 0.9499 0.011 1,978.9 -894 0.9458
0.99 1.82 -890 0.9900 4.02 0.0000 0.9889 0.111 64,853 -892 0.9882

0.999 14.3 -890 0.9995 60.25 0.0190 0.9989 0.060 19,829 -890 0.9970

15
0.95 3.39 -928 0.9500 3.65 0.0003 0.9499 0.011 30.99 -981 0.9434
0.99 11.8 -926 0.9900 25.1 0.0000 0.9899 0.010 36,789 -976 0.9857

0.999 58.91 -922 0.9990 69.24 0.0001 0.9989 0.010 27,442 -924 0.9922
n= 500

5
0.95 115 -2,344 0.9673 117.4 0.0010 0.9664† - 928.68 -2,334 0.7964
0.99 166.2 -2,343 0.9900 213.8 0.0005 0.9899 0.010 64,803 -2,332 0.8411

0.999 292.6 -2,342 0.9990 268.3 0.0002 0.9989 0.010 64,801 -2,330 0.8527

10
0.95 410.4 -2,500 0.9502 235.6 0.0002 0.9498 0.042 64,800 -2,642 0.9194
0.99 267.7 -2,499 0.9900 257.5 0.0003 0.9899 0.010 64,801 -2,639 0.9826

0.999 14,400 -2,498 0.9990 2,460 0.0002 0.9989 0.010 25,398 -2,593 0.9817

15
0.95 737.7 -2,188 0.9501 779.5 0.0001 0.9499 0.021 64,800 -2,421 0.6018
0.99 633.6 -2,187 0.9900 818.6 0.0006 0.9899 0.010 64,800 -2,207 0.9324

0.999 4,694 -2,185 0.9990 15,318 0.0001 0.9989 0.010 64,804 -2,186 0.9427
n= 1000

(continued on next page)

* Objective values are reported after truncating decimal digits
† For these instances, chance constraint appears inactive at target satisfaction probability
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K θ
Time
(sec) Obj θ̌I Time

(sec) %- Obj θ̌O %θ̌
Time
(sec) Obj θ̌S

5
0.95 858 -4,556 0.9509 930 0.0004 0.9498 0.116 64,800 -4,558 0.4818
0.99 1,176 -4,554 0.9900 968.5 0.0001 0.9899 0.010 64,801 -4,556 0.7318

0.999 948 -4,553 0.9990 1,007 0.0001 0.9989 0.010 64,806 -4,554 0.9052

10
0.95 2,580 -7,286 0.9500 2,596 0.0000 0.9495 0.053 64,800 -7,599 0.5847
0.99 2,540 -7,285 0.9900 2,126 0.0001 0.9899 0.010 64,800 -7,557 0.8751

0.999 6,267 -7,285 0.9990 4,117 0.0000 0.9989 0.010 64,801 -7,285 0.9507

15
0.95 3,652 -4,046 0.9500 3,747 0.0001 0.9497 0.032 64,800 -4,365 0.7277
0.99 564.5 -4,046 0.9900 2,769 0.0000 0.9899 0.010 64,800 -4,183 0.8842

0.999 25,548 -4,045 0.9990 2,933 0.0000 0.9989 0.010 64,801 -4,046 0.9584

Table 3: Computational performance summary of PWL-I, PWL-O and SAA approaches with

different mixture weights across hyperparameters

Average Time
(sec) θ̌S

% of Instances not
Solved to

Optimality Gap

Avg. θ̌I , θ̌O, θ̌S for
Instances not

Solved to
Optimality Gap

K θ PWL-I PWL-O SAA SAA PWL-I PWL-O SAA PWL-I PWL-O SAA
n= 100

5
0.95 0.6 0.5 0.4 0.9927 0 0 0 - - -
0.99 0.9 0.6 52 0.9908 0 0 0 - - -

0.999 2.2 2.1 72 0.9925 0 0 0 - - -

10
0.95 2.6 1.56 15,108 0.9313 0 0 16.7 - - 0.86
0.99 14.0 14.4 64,809 0.9698 0 0 100 - - 0.96

0.999 52.5 52.0 50,488 0.9895 0 0 66.7 - - 0.99

15
0.95 51.3 2.6 26,046 0.9054 0 0 28.6 - - 0.89
0.99 46.3 40.5 50,059 0.9604 0 0 66.7 - - 0.94

0.999 178 198.8 55,462 0.9793 0 0 75.0 - - 0.97
n= 500

5
0.95 123 133 38,760 0.4934 0 0 50.0 - - 0.52
0.99 144 183 64,802 0.4253 0 0 100 - - 0.42

0.999 732 655 64,801 0.5539 0 0 100 - - 0.55

10
0.95 501 250 64,800 0.8916 0 0 100 - - 0.89
0.99 260 366 64,813 0.8410 0 0 100 - - 0.84

0.999 2,504 2,384 58,235 0.9267 0 0 83.3 - - 0.92

15
0.95 6,298 5,327 58,910 0.7653 0 0 66.7 - - 0.76
0.99 6,835 10,636 64,800 0.9090 0 0 100 - - 0.91

0.999 11,958 21,322 64,802 0.9063 0 13.3 100 - 0.9989 0.91
n= 1000

5
0.95 679 742 40,204 0.6654 0 0 50.0 - - 0.53
0.99 996 830 64,807 0.8376 0 0 100 - - 0.84

0.999 2,112 2,360 64,804 0.8836 0 0 100 - - 0.88

10
0.95 2,400 3,294 54,106 0.6501 0 0 83.3 - - 0.65
0.99 2,400 1,976 64,812 0.8077 0 0 100 - - 0.81

0.999 2,537 8,525 64,802 0.8911 0 3.3 100 - 0.9999 0.89

15
0.95 4,929 13,426 64,800 0.7053 20 16.7 100 0.9978 0.9989 0.70
0.99 17,313 22,778 64,817 0.8828 30 26.7 100 0.9989 0.9991 0.88

0.999 21,022 31,354 64,863 0.9310 33.3 43.3 100 0.9997 0.9998 0.93

Tables 1–2 show the time required to solve the instances, objective value at termination, and

the values of θ̌I , θ̌O, θ̌S . For PWL-O, we also report %-Obj§ and %θ̌‡ respectively defined as:

max
(
c⊤(x̌I − x̌O),0

)
/c⊤x̌I × 100 and (θ̌I − θ̌O)/θ× 100. The results in these tables show that

SAA reaches the 18-hour limit for nearly all instances (even some with K = 5 components),

whereas PWL-I and PWL-O are able to close the optimality gap much faster. In particular, PWL-I

and PWL-O instances take at most 60 seconds for n= 100, and less than 6 and 9 hours for n= 500,
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and 1000, respectively. Runtimes of PWL-I and PWL-O grow with n and K. Both approximations

take a similar amount of time.

Both the reported values of θ̌O and θ̌I are within the approximation accuracy (τ ) of the target

value of θ. The few exceptions highlighted by symbol† indicate that the solution we obtain for

them lies in the feasible interior of the chance constraint. Except for those few instances, chance

constraint satisfaction θ̌I from PWL-I, in general, is at least as large as the target satisfaction

probability θ and satisfaction θ̌O obtained from PWL-O. Such an observation is consistent with the

statements of Lemmas 1 and 5 made for the outer and inner approximation models, respectively.

In contrast, chance constraint satisfaction probability θ̌S at the SAA solutions is below the target

value frequently—sometimes markedly below—suggesting inadequacy of the number of samples

in the sample average approximation. Finally, PWL-I and PWL-O achieve almost the same optimal

objective, with PWL-O having an objective value that is slightly smaller (as expected since the

feasible set from inner approximation is contained in that by outer approximation). SAA objective

values, however, are typically much smaller than those of PWL-O. Such smaller values come at

the expense of their poor chance constraint satisfaction probability.

4.4.1. Discussion on the summary Table 3 The results for PWL-I, PWL-O, and SAA sum-

marized in Tables 3 report average computation time across instances, percentage of instances fail-

ing to achieve the desired optimality gap within 18 hours, and θ̌I , θ̌O, θ̌S for the unsolved instances.

This summary also highlights the superior performance of the PWL-I and PWL-O approximations

over SAA in terms of both computational efficiency and probability satisfied by their solutions.

The aggregate performance statistics are highlighted below:

• Average computation time-based comparison: For SAA, approximately 60% of instances

reach the 18-hour time limit, and in 74% of the cases the computation time exceeds 14 hours.

On the other hand, in any of the cases, the average time reported for PWL-I and PWL-O never

reaches the time limit. Additionally, no significant difference is observed in the average time

required to solve PWL-I and PWL-O.

• Comparison of failure rates in achieving desired optimality gap: In 55% of the test settings,

SAA fails to achieve the prescribed gap (1−θ
10

) within the time limit. In the remaining 45% cases,

many SAA instances with K = 10 or K = 15 also fail to achieve the desired gap. In contrast,

PWL-I and PWL-O approximations almost always achieve the gap, except for n = 1000 and

K = 15 instances. Even in these cases, the percentage of instances that fail to meet the prescribed
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gap stays below 50%. Additionally, for n= 1000,K = 10 and n= 500,K = 15, fewer than 10%

of the PWL-O instances fail to meet the required gap, on average.

• Comparison based on the satisfied chance constraint probability: For PWL-I and PWL-O

approximations instances that failed to meet the optimality gap, the reported average θ̌I , θ̌O val-

ues are mostly observed to be greater than the target probability θ. This indicates that even when

the desired optimality gap is not attained, solutions we obtain at termination satisfy the required

chance constraint probability on average. This however may come at the cost of increased objec-

tive value.

On the other hand, SAA-generated solutions yield θ̌S significantly below the target θ, even

when averaged over those instances that meet the required optimality gap. Understandably, aver-

age θ̌S values become worse when instances that fail to satisfy the optimality requirement are

also incorporated (see last column of Table 6). Furthermore, in comparison to PWL models,

worsening performance trends of SAA are more noticeable with increasing n. Even with n= 500

and K = 5, some SAA runs yield θ̌S values 2.5 times below the target, and with n= 1000, these

values can be 3-fold smaller. Interestingly, the θ̌S values for SAA appear to improve with K.

4.4.2. Effect on solution time with number of breakpoints We conducted additional exper-

iments to examine the effect of the number of breakpoints and linear pieces on computation time

and optimality gap at termination for both PWL-I and PWL-O approximations. For n = 500 and

n= 1000, we randomly selected about 10% instances from those used in our previous experimen-

tation settings. We, however, now set the approximation accuracy τ to (1− θ)/2 and (1− θ)/50,

which require respectively fewer and more breakpoints (and linear pieces) than the baseline value

(1− θ)/10. Tables 7-8 and Tables 9-10 report the findings respectively for n= 500 and n= 1000.

The first four columns of these tables show the values of mean and variance control parameters

ϱ and ς , the number of components K, and the probability threshold θ. As expected, increasing

accuracy requirement increases solution time for both inner and outer approximations, with the

effect being more pronounced for n= 1000 than for n= 500. For n= 500, every instance is solved

within the 18-hour limit for both error tolerances and all values of K. In contrast, for n = 1000

cases, many instances fail to reach the desired optimality gap that was set in Gurobi. About 40%

of instances with n = 1000 yield no feasible solution within 18 hours for τ = (1− θ)/50. How-

ever, in several instances, the optimality gap at termination is almost identical for (1− θ)/2 and

(1− θ)/50 cases, indicating that Gurobi cannot tighten the optimality gap further regardless of the
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approximation accuracy. Such observation is more noticeable for PWL-I than PWL-O approxima-

tion, indicating that outer approximation is easier to solve, especially when a finer approximation

is used. The reasons are unclear. However, we hypothesize that it is because the feasible set of

PWL-I approximation is more restricted, thus making it difficult for the MIP solver to identify

feasible solutions.

4.4.3. Solution time and mixture distribution To examine the effect of the number of Gaus-

sian mixture components and their parameters on solution time, we perform linear regression with

the following predictors:

(i) n – problem dimension

(ii) K – number of mixture components

(iii) ϱ – mean-control hyperparameter

(iv) ς – variance-control hyperparameter

(v) d̄µ – average of the distances between any two Gaussian component means

(vi) dmax
µ – maximum of the distances between any two Gaussian component means

(vii) average value of eigenvalue ratio νmax/νmin across mixture components

(viii) maximum value of eigenvalue ratio νmax/νmin across mixture components

Analyses are performed separately for different values of θ. Regression results are reported in

Appendix D for both PWL-I and PWL-O approximations. Predictably, solution time increases with

both n and K, with K showing a greater effect. Other observations are as follows:

• For both PWL-I and PWL-O approximations, predictors ς, d̄µ and dmax
µ exhibit statistically

significant influence on solution time, particularly with larger θ.

• For both PWL-I and PWL-O approximations, solution time and optimality gap tend to

increase with greater variance in the component distribution. Such effects become more pro-

nounced at higher θ values. The influence of variance, as captured by the regression coefficient

and statistical significance of ς , is slightly stronger for PWL-O than PWL-I approximation.

• For PWL-I approximation with θ = 0.99,0.999, it is observed that the smaller the d̄µ value

(average distance across all pairs), the faster it is to reach the desired optimality gap. However,

the effect of dmax
µ value (maximum distance across all pairs) appears to be opposite.

• Similar effect of d̄µ and dmax
µ are observed for PWL-O approximation but they are statistically

significant only when θ= 0.999. Additionally, corresponding regression coefficient values are

observed to be smaller than those for PWL-I approximation.



Dey et al.: On Solving Chance-Constrained Models with GM Distribution
29

5. Conclusion

We studied a linear chance-constrained problem with continuous decision variables, assuming that

the data follows a GMM distribution. We related the approximation accuracy of Φ to a perturbation

in chance constraint satisfaction probability θ and showed that the desired optimality gap can be

ensured through controlling the approximation accuracy. An extensive computational study with

thousands of instances gives a clear indication of the superior performance of piecewise-linear

inner and outer approximation over the popular SAA approach, in terms of both computation time

and the chance constraint probability satisfied by the solution of these problems. We believe that

insights from our numerical findings could facilitate customized algorithm development for solving

problems with multiple or joint GMM-based chance constraints. Extending this study to discrete

decision variables and studying distributionally robust chance constraints for mixture models, with

unknown component parameters, weights, and counts, are some promising future research direc-

tions.
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programs. In Dietmar Hömberg and Fredi Tröltzsch, editors, System Modeling and Optimization, pages 25–37. Springer Berlin
Heidelberg, 2013.
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Appendix A: Proofs

Proof of Proposition 1: Let x be any feasible solution of (1). First, suppose x = 0. Then

p(0) = P [0≤ b], which is equal to 1 if b≥ 0. If b < 0, then p(x) = 0 ̸≥ θ, contradicting feasibility

of x. Thus, it must be true that b≥ 0 for x= 0. Now, observe that one constructs a feasible solution

in (2a) with the same objective value by setting x = 0, λk = 0, ζk = θ, and zk = Φ−1(θ) for all

k ∈ [K]. Suppose now that x= x̄ ̸= 0. Again, we construct a feasible solution in (2a) with the same

objective value by setting x= x̄, λk =
√
x̄⊤Σkx̄, zk = b−x̄⊤µk√

x̄⊤Σkx̄
, and ζk =Φ(zk) for all k ∈ [K].

Now, let (x,z,ζ,λ) be any feasible solution for (1). We claim that x is also feasible to (1) with

the same objective value. First, suppose x = 0. Then for all k ∈ [K], λk = 0 implies that b ≥ 0

for any arbitrary value of zk. Hence, Φ(zk) ≥ ζk is always satisfied for all k ∈ [K] and therefore∑
k∈[K]wkζk ≥ θ. Suppose now that x ̸= 0. Then

p(x) =
K∑
k=1

wkΦ

(
b−x⊤µk√
x⊤Σkx

)
=

K∑
k=1

wkΦ

(
b−x⊤µk

λk

)
≥

K∑
k=1

wkΦ(zk)≥
K∑
k=1

wkζk ≥ θ.
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The equality follows from (2d) because of Assumption 1 and that x ̸= 0, whereas the inequalities

follow from feasibility of (x,z,ζ,λ) and monotonicity of Φ. Hence, p(x)≥ θ of (1) is satisfied

having same objective value as that of (1).

Proof of Proposition 2: First, consider the forward direction of the claim starting from

Φ̄ (z; ž) ≥ ζ . Let us take some z ≥ 0, ζ such that Φ̄(z; ž) ≥ ζ. Then, z = y3 ≥ 0 with t3 = 1

implies that t1, t2 = 0, giz+ g0i ≥ ζ, i∈ [R]0 and 1≥ ζ. Thus, for a given solution z ≥ 0 satisfying

Φ̄(z; ž)≥ ζ, one can construct a feasible solution to the set H(ž) using t1, t2 = 0, t3 = 1, α= 0,

y1, y2 = 0, z = y3 ≥ 0.

Next we consider some z ∈ [ž−L,0). Then, z will be in [ž−i, ž−i+1] for some i ∈ [L] which

indicates t2 = 1, t1 = t3 = 0, and therefore, y1 = y3 = 0. Then there exists some weights α̂i, α̂i−1 ≥
0 such that α̂i + α̂i−1 = 1 = t2. Furthermore, from constraint y2 =

∑L
i=0αiž−i we obtain y2 =

α̂iž−i+ α̂i−1ž−i+1. Hence, αiΦ(ž−i)+αi−1Φ(ž−i+1)≥ ζ. Thus for any given z ∈ [ž−L,0), one can

find an index i∈ [L] such that αi = α̂i, αi−1 = α̂i−1 with y2 = α̂iž−i + α̂i−1ž−i+1, y1 = y3 = 0, and

αj = 0 ∀j ∈ [L]\{i− 1, i}, which satisfy all the constraints of H(ž). Similarly, if we take some

z < ž−L, then t1 = 1, and y1 = z. This implies t2, t3, y2, y3 = 0,Φ(ž−L)≥ ζ. Therefore,H(ž) ̸= ∅.

Now we prove that any point in the setH(ž) also satisfies Φ̄ (z; ž)≥ ζ based on the definition of

Φ̄ (z; ž) in (7). It is formally shown below using three separate cases:

i) Let us choose y3 = z ≥ 0 with t3 = 1 and t1, t2, y1, y2 = 0 such that giy3 + g0i ≥ ζ for all

i∈ [R]0. Then Φ̄ (z; ž) =mini∈[R]0{giy3+ g0i } ≥ ζ.

ii) Let ž−L ≤ y2 = z < 0 with t2 = 1 and t1, t3, y1, y3 = 0 such that y2 = αǐž−ǐ + αǐ−1ž−ǐ+1,

αǐ + αǐ−1 = 1 = t2, and αǐΦ(ž−ǐ) + αǐ−1Φ(ž−ǐ+1) ≥ ζ for some ǐ ∈ [L] and αj = 0 for all

j ∈ [L]\{̌i− 1, ǐ}. Thus there exists an index ǐ ∈ [L] that satisfies Φ̄ (z; ž) = hǐy2 + h0
ǐ
≥ ζ .

Hence, Φ̄ (z; ž) =maxi∈[L] hiy2+h0
i ≥ ζ is satisfied.

iii) Finally, y1 = z < ž−L with t1 = 1, t2, t3, y2, y3 = 0 indicates that Φ(ž−L) = Φ̄ (z; ž)≥ ζ.

Additionally, since all of these cases allow ζ to be at most 1, using the definition of Φ̄(z; ž) in (7),

Φ̄(z; ž)≥ ζ is satisfied.

Proof of Lemma 1: We split the proof into two cases depending on the convexity/concavity of

Φ. Recall that for any ẑ between z1 and z2, and for some z ∈ (z1, z2), the Taylor expansion with

Lagrange remainder around z1 gives

Φ(ẑ) = Φ(z1)+Φ′(z1)(ẑ− z1)+
1
2
Φ′′(z) (ẑ− z1)

2. (18)
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Case 1 (Secant approximation when z < 0). Let z1 < ẑ < z2 < 0. For notational convenience

let the secant line be S(z) = Φ̄(z; ž) for z < 0:

S(z) := Φ(z1)+
Φ(z2)−Φ(z1)

z2− z1
(z− z1). (19)

From Taylor’s theorem at z1, we have

Φ(ẑ) = Φ(z1)+Φ′(z1)(ẑ− z1)+
1
2
Φ′′(z) (ẑ− z1)

2,

for some z∈ (z1, ẑ). Similarly, expanding at z1 and plugging z = z2 gives

Φ(z2) = Φ(z1)+Φ′(z1)(z2− z1)+
1
2
Φ′′(η) (z2− z1)

2,

for some η ∈ (z1, z2). Hence, the slope of the secant is

Φ(z2)−Φ(z1)

z2− z1
=Φ′(z1)+

1
2
Φ′′(η)(z2− z1).

Substituting this slope expression into (19) and using z = ẑ, we obtain

S(ẑ) = Φ(z1)+
(
Φ′(z1)+

1
2
Φ′′(η)(z2− z1)

)
(ẑ− z1).

Next, subtracting (18) from S(ẑ), we find

S(ẑ)−Φ(ẑ) = 1
2
Φ′′(η)(z2− z1)(ẑ− z1)− 1

2
Φ′′(z)(ẑ− z1)

2.

Factoring out (ẑ− z1),

S(ẑ)−Φ(ẑ) = 1
2
(ẑ− z1)

(
Φ′′(η)(z2− z1)−Φ′′(z)(ẑ− z1)

)
. (20)

Next, we show that for some z̃∈ (ẑ, z2),

Φ′′(η)(z2− z1)−Φ′′(z)(ẑ− z1) = Φ′′(z̃)(z2− ẑ), (21)

using the fact that Φ is twice continuously differentiable on an interval containing [z1, z2] with

z1 < ẑ < z2 and applying the Mean Value Theorem to Φ′ respectively on the intervals [z1, ẑ], [ẑ, z2]

and [z1, z2].

By the Mean Value Theorem on [ẑ, z2], there exists z̃∈ (ẑ, z2) such that

Φ′(z2)−Φ′(ẑ) = Φ′′(z̃) (z2− ẑ), and
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By the Mean Value Theorem on [z1, ẑ], there exists z∈ (z1, ẑ) such that

Φ′(ẑ)−Φ′(z1) = Φ′′(z) (ẑ− z1).

By adding the above two equalities, we get: Φ′(z2)−Φ′(z1) = Φ′′(z̃) (z2− ẑ)+Φ′′(z) (ẑ− z1).

Now, by the Mean Value Theorem on [z1, z2], there exists η ∈ (z1, z2) such that

Φ′(z2)−Φ′(z1) = Φ′′(η) (z2− z1).

Combining the last two equality expressions, we obtain (21). Thus, plugging (21) into (20) gives

us:

S(ẑ)−Φ(ẑ) = 1
2
Φ′′(z̃)(z2− ẑ)(ẑ− z1), for some z̃∈ (ẑ, z2).

Now, since Φ is convex on (−∞,0), we have Φ′′(z̃)≥ 0. Hence,

0 ≤ S(ẑ)−Φ(ẑ) ≤ 1
2
C(z1, z2) (z2− ẑ)(ẑ− z1),

where C(z1, z2) :=maxz∈[z1,z2] |Φ′′(z)|. Furthermore, by geometric inequality

(z2− ẑ)(ẑ− z1) ≤ 1
4
(z2− z1)

2.

This inequality holds as equality at ẑ = z1+z2
2

. Therefore, the secant-based approximation error is

bounded by

S(ẑ)−Φ(ẑ) ≤ 1
8
C(z1, z2) (z2− z1)

2.

Case 2 (Tangent approximation when z ≥ 0). Let z1 < ẑ < z2 with z1 ≥ 0. Consider the tangent

line:

T (z) := Φ(z1)+Φ′(z1)(z− z1).

Subtracting the Taylor expansion (18) from T (z) gives

T (ẑ)−Φ(ẑ) =−1
2
Φ′′(z) (ẑ− z1)

2

for some z ∈ (z1, ẑ). Since Φ(z) is concave in z for z ≥ 0, we have Φ′′(z)≤ 0. Hence, the error is

nonnegative:

0 ≤ T (ẑ)−Φ(ẑ) ≤ 1
2
C(z1, z2) (ẑ− z1)

2 ≤ 1
2
C(z1, z2) (z2− z1)

2.

Similarly, expanding around z2 yields

0 ≤ T (ẑ)−Φ(ẑ) ≤ 1
2
C(z1, z2) (z2− ẑ)2 ≤ 1

2
C(z1, z2) (z2− z1)

2.
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Proposition 4. Let z ∈R. Then

Φ′′(z) is



strictly increasing for z ∈ (−∞,−1]

strictly decreasing for z ∈ [−1,1],

strictly increasing for z ∈ [1,∞),

with maxz≤0Φ
′′(z) = Φ′′(−1) = 1√

2π
e−1/2 and minz≥0Φ

′′(z) = Φ′′(1) =− 1√
2π
e−1/2, respectively.

Proof. Note that Φ′′(z) = d
dz

(
ϕ(z)

)
= d

dz

(
1√
2π
e−z2/2

)
=−z ϕ(z). Set κ(z) :=−z ϕ(z). Then

κ′(z) =−ϕ(z)− z ϕ′(z).

Using ϕ′(z) =−z ϕ(z), we get

κ′(z) =−ϕ(z)− z(−z ϕ(z)) = ϕ(z) (z2− 1).

Since ϕ(z)> 0 for all z, the sign of κ′(z) is the sign of z2− 1 and we obtain:

κ′(z)> 0 for z ∈ (−∞,−1), κ′(−1) = 0 with κ(−1) = 1√
2π
e−1/2,

κ′(z)< 0 for z ∈ (−1,1), κ′(1) = 0 with κ(1) =− 1√
2π
e−1/2, and

κ′(z)> 0 for z ∈ (1,∞),

which gives us the desired result.

Proof of Theorem 1: We prove for the cases: z ≥ 0 and z < 0.

First, let the number of linear pieces required for the outer approximating standard normal CDF

curve when 0≤ z ≤ 1 be N1. Observe that corresponding iterative rule in Part 1 of Algorithm 1a

is such that
∑N1

i=1(ži − ži−1) = 1 where ž0 = 0, žN1 = 1 (line 1 of Algorithm 1a). However, by

Lemma 1 and since maxz∈R |Φ′′(z)|= 1√
2π
e−1/2,

1 =

N1∑
i=1

(ži− ži−1)≥N1

√
2τ

1√
2π
e−1/2

= (N1)

√
2τ
√
2πe0.5.

Hence, we have N1 ≤
√

1
2τ

√
2πe0.5

.

For Part 2 of Algorithm 1a (z ≥ 1), let the number of pieces be N2 + 1 starting from z = 1 and

the corresponding constructed breakpoints be

ži− ži−1 =

√
2τ

ϕ(ži−1)ži−1

∀i∈ [N2].
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Let Ii = ži− ži−1, ∀i∈ [N2]. By construction and curvature property of Φ(·) from Proposition 4,

clearly Ii ≥ Ii−1 ∀i∈ [N2]. Then,

Î :=

N2∑
i=1

Ii ≥ IN2 =

√
2τ
√
2πe0.5(žN2−1)2

ž(N2−1)

≥

√
2τ
√
2πe0.5(žN2−1)2

žR

=⇒ (žN2−1)
2 ≤ 2 log

Î2žR

2τ
√
2π

(22)

However, since Part 2 of Algorithm 1a starts from z = 1,

žN2−1 = 1+

N2−1∑
i=1

Ii ≥ 1+ (N2− 1)I1 = 1+ (N2− 1)

√
2τ
√
2πe0.5.

Plugging this žN2−1 value into (22) gives us:

(1+ (N2− 1)

√
2τ
√
2πe0.5)2 ≤ 2 log

Î2žR

2τ
√
2π

.

Note that since Î ≤ žR, Î2žR ≤ ž3R. Hence, it follows that

N2 ≤
1√

2τ
√
2πe0.5

(√
2 log

ž3R
2τ
√
2π
− 1

)
+1.

Thus, the total number of breakpoints we obtain using Algorithm 1a is

N1+N2+1≤

√
1

2τ
√
2πe0.5

+
1√

2τ
√
2πe0.5

(√
2 log

ž3R
2τ
√
2π
− 1

)
+2,

i.e., |AR|=O

(
max{ 1√

τ
, 1√

τ

√
log(

ž3R
τ
)}
)

. Since the allowed approximation error is at most τ and

ž3R≫ τ ,
√

log(
ž3R
τ
)> 1 and hence 1√

τ

√
log(

ž3R
τ
)> 1√

τ
. Therefore, |AR|=O

(
1√
τ

√
log(

ž3R
τ
)

)
.

Because of the symmetric nature of the curvature of Φ(·) with respect to z = 0, one can derive the

same complexity order for Algorithm 1b. Hence, if the choice of žR <∞ is such that 1−Φ(žR)≤ τ

and žL >−∞ is such that Φ(žL)≤ τ , we obtain the worst-case complexity O

(
1√
τ

√
log( 1

τ
)

)
.

Proof of Proposition 3: First, consider the forward direction of the claim starting from

Φ(z; ž)≥ ζ. Let 0≤ z < žR. Then z = y3 and t3 = 1 must hold in (11). Hence, t1, t2, t4, y1, y2, y4 =

0, which leads to giy3 + g0i t3 ≥ ζ, i ∈ [R] and 1 ≥ ζ. Thus, G(ž) ̸= ∅. Similarly, if žR ≤ z, then

z = y4, and t4 = 1 enforcing that t1, t2, t3, y1, y2, y3 = 0. Therefore, Φ(žR)≥ ζ. Hence, feasibility

is satisfied.
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Next, for ž−L ≤ z < 0, there must exist an αî = 1 for some î∈ [L−1]0 implying that t2 = 1, y2 =

zî = z. Therefore, y1, y3, y4, t1, t3, t4 = 0 and feasibility holds since 1≥ ζ and hîy2+h0
î
≥ ζ .

Finally for z < ž−L, t1 = 1, z = y1 and t2, t3, t4, y2, y3, y4 = 0 is a feasible choice that satis-

fies hLy1 + h0
L ≥ ζ, 1 ≥ ζ, hLy1 + h0

L ≥ 0. Therefore, for any z ≤ 0, ζ ∈ R such that Φ(z, ž) =

max{0,maxi∈[L]0 hiz+h0
i } ≥ ζ also satisfy the constraints defining the set G(ž) in (11).

We now prove the other direction. We claim that any point in the set G(ž) also satisfies Φ(z; ž)≥

ζ, which follows from the definition of Φ(z; ž) in (10) as follows:

i) y4 = z ≥ žR with t4 = 1 and t1, t2, t3, y1, y2, y3 = 0 indicates Φ(z; ž) = Φ(žR)≥ ζ,

ii) žR > z = y3 ≥ 0 with t3 = 1 and t1, t2, t4, y1, y2, y4 = 0 satisfies giy3+ g0
ǐ
≥ ζ for all i∈ [R],

iii) ž−L ≤ y2 = z < 0 with t2 = 1 and t1, t3, t4, y1, y3, y4 = 0 indicates that there exists some ǐ ∈

[L− 1] such that y2 = zǐ, αǐ = 1 satisfying Φ(z; ž) = hǐzǐ +h0
ǐ
≥ ζ , and

iv) finally, y1 = z < ž−L with t1 = 1 and t2, t3, y2, y3 = 0 leads to hLy1+h0
L ≥ ζ ≥ 0.

Therefore, ζ satisfy both the secant and tangent cases of definition (10) and Φ(z; ž)≥ ζ holds.

Appendix B: Inner Approximation (PWL-I)

Lemma 5. Let, for any z1, z2 ∈R, C(z1, z2) :=maxz∈[z1,z2] |Φ′′(z)|, ž be any valid array of break-

points as defined in (6), and τ > 0. Then the following holds:

a) If ži− ži−1 ≤ 2
√

2τ
C(ži−1,ži)

for all i∈ [R], then 0≤Φ(z)−Φ(z; ž)≤ τ for all z ≥ 0.

b) If ž−i+1− ž−i ≤
√

2τ
C(ž−i,ž−i+1)

for all i∈ [L], 0≤Φ(z)−Φ(z; ž)≤ τ for all z < 0.

Proof. Proof of this Lemma is similar to that of Lemma 1.

The next result depends on an algorithm that is the counterpart to Algorithms 1a and 1b for inner

approximation.

Theorem 3. Let ž−L, žR be such that max
{
1 − Φ(žR),Φ(ž−L)

}
≤ τ , where 0 < τ ≪

min{žR, |ž−L|}. Then O( 1√
τ

√
log( 1

τ
)) breakpoints are sufficient to ensure 0≤ Φ(z)−Φ(z; ž)≤

τ, ∀z ∈R.

Proof. Omitted because of the similarity to the proof of Theorem 1.

Appendix C: Additional Computational Results
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Table 4: Comparison of PWL-I, PWL-O, and SAA approximations for ϱ= 2, ς = 2 with equal

mixture weight and 64,800s (18-hour) time limit

PWL-I PWL-O SAA

K θ
Time
(sec) Obj θ̌I Time

(sec) %- Obj θ̌O %θ̌
Time
(sec) Obj* θ̌S

n= 100

5
0.95 0 -735 0.9500 0 0.0003 0.9496 0.042 0.7 -844 0.9129
0.99 1 -735 0.9900 1 0.0002 0.9900 0.000 528 -844 0.9032

0.999 4 -734 0.9990 4 0.0005 0.9990 0.000 109 -844 0.9036

10
0.95 1 -726 0.9500 2 0.0003 0.9496 0.042 64,800 -727 0.8551
0.99 16 -726 0.9900 15 0.0002 0.9899 0.010 64,800 -726 0.9092

0.999 71 -725 0.9990 31 0.0002 0.9990 0.000 64,800 -726 0.9474

15
0.95 2 -706 0.9501 1 0.0005 0.9499 0.021 64,800 -707 0.9099
0.99 10 -705 0.9900 7 0.0005 0.9900 0.000 64,800 -706 0.9416

0.999 15 -705 0.9990 66 0.0002 0.9990 0.000 64,800 -706 0.9648
n= 500

5
0.95 120 -2,455 0.9506 107 0.0004 0.9497 0.095 1,198 -2,474 0.5709
0.99 109 -2,454 0.9900 141 0.0001 0.9900 0.000 64,801 -2,473 0.4687

0.999 147 -2,453 0.9990 147 0.0002 0.9990 0.000 64,804 -2,473 0.4958

10
0.95 293 -1,811 0.9504 321 0.0007 0.9497 0.074 64,800 -1,812 0.7463
0.99 192 -1,810 0.9900 276 0.0004 0.9900 0.000 64,810 -1,812 0.8386

0.999 2,021 -1,809 0.9990 1,159 0.0001 0.9990 0.000 64,801 -1,811 0.8799

15 0.95 493 -2,338 0.9502 600 0.0002 0.9497 0.053 64,802 -2,339 0.7268
0.99 575 -2,337 0.9900 714 0.0001 0.9900 0.000 64,801 -2,338 0.8804

n= 1000

5
0.95 904 -7,794 0.9506 858 0.0000 0.9496 0.105 63,161 -7,794 0.3805
0.99 993 -7,793 0.9901 798 0.0000 0.9900 0.010 64,801 -7,794 0.6332

0.999 923 -7,793 0.9990 876 0.0000 0.9990 0.000 64,800 -7,794 0.8626

10
0.95 3,069 -5,810 0.9501 2,651 0.0001 0.9496 0.053 64,800 -5,811 0.5688
0.99 2,847 -5,810 0.9900 2,147 0.0001 0.9899 0.010 64,801 -5,810 0.6370

0.999 6,530 -5,809 0.9990 3,722 0.0000 0.9990 0.000 64,801 -5,810 0.7392

15
0.95 3,306 -4,345 0.9748 3,691 0.0820 0.9801† - 64,800 -4,349 0.7403
0.99 3,427 -4,348 0.9901 4,593 0.0000 0.9900 0.010 64,800 -4,349 0.7599

0.999 2,984 -4,348 0.9990 3,098 0.0000 0.9990 0.000 64,800 -4,349 0.8167

Table 5: PWL-I, PWL-O vs SAA for ϱ= 2, ς = 5 with equal mixture weight

K θ
Time
(sec) Obj θ̌I Time

(sec) %- Obj θ̌O %θ̌
Time
(sec) Obj θ̌S

n= 100

5
0.95 0.44 -988 0.9500 0.337 0.0000 0.9498 0.021 0.244 -894 1.0000
0.99 0.45 -988 0.9900 0.364 0.0000 0.9900 0.000 4.01 -894 1.0000

0.999 0.67 -988 0.9990 0.592 0.0001 0.9989 0.010 11.56 -894 1.0000

10
0.95 1.34 -891 0.9500 3.578 0.0000 0.9499 0.011 797.5 -891 0.9438
0.99 2.10 -890 0.9900 1.921 0.0001 0.9899 0.010 64,819 -891 0.9758

0.999 16.1 -890 0.9990 24.87 0.0003 0.9989 0.010 16,043 -890 0.9973

15
0.95 1.73 -927 0.9500 0.937 0.0003 0.9499 0.011 5,404 -928 0.9388
0.99 20.1 -924 0.9900 13.51 0.0001 0.9899 0.010 64,800 -925 0.9815

0.999 10.1 -922 0.9990 25.11 0.0009 0.9989 0.010 64,801 -924 0.9940
n= 500

5
0.95 117 -2,344 0.9508 112.3 0.0007 0.9496 0.021 1,009 -2,332 0.7247
0.99 118 -2,343 0.9902 154.6 0.0007 0.9899 0.030 33,944 -2,332 0.7345

0.999 169 -2,341 0.9990 175.2 0.0003 0.9989 0.010 64,804 -2,330 0.7553

10
0.95 284 -2,500 0.9500 234.2 0.0002 0.9497 0.032 64,801 -2,501 0.9152
0.99 185 -2,499 0.9900 251.9 0.0003 0.9899 0.010 64,804 -2,500 0.9239

0.999 685 -2,498 0.9990 668 0.0002 0.9989 0.010 64,800 -2,499 0.9697

15
0.95 586 -2,187 0.9503 709.4 0.0008 0.9497 0.063 64,800 -2,188 0.8253
0.99 691 -2,185 0.9900 814.1 0.0004 0.9899 0.010 64,801 -2,187 0.8708

0.999 19,812 -2,184 0.9990 7,811 0.0001 0.9989 0.010 64,806 -2,186 0.9031
(continued on next page)

† For these instances, chance constraint appears inactive at target satisfaction probability
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K θ
Time
(sec) Obj θ̌I Time

(sec) %- Obj θ̌O %θ̌
Time
(sec) Obj θ̌S

n= 1000

5
0.95 1,033 -4,556 0.9507 1,007 0.0003 0.9498 0.095 32,337 -4,557 0.5991
0.99 1,197 -4,554 0.9900 942.3 0.0001 0.9899 0.010 64,800 -4,556 0.8160

0.999 1,087 -4,553 0.9990 1,008 0.0001 0.9989 0.010 57,555 -4,555 0.9204

10
0.95 2,324 -7,286 0.9503 2,414 0.0001 0.9495 0.084 64,800 -7,286 0.6534
0.99 1,440 -7,285 0.9900 2,099 0.0000 0.9899 0.010 64,800 -7,286 0.8194

0.999 5,683 -7,285 0.9990 2,975 0.0000 0.9989 0.010 64,802 -7,285 0.8988

15
0.95 3,960 -4,046 0.9501 3,492 0.0000 0.9500 0.011 64,800 -4,047 0.8121
0.99 557.2 -4,046 0.9901 6,801 0.0000 0.9900 0.010 64,800 -4,047 0.8997

0.999 19,580 -4,044 0.9990 8,935 0.0000 0.9989 0.010 64,800 -4,046 0.9431

Table 6: Computational performance summary of PWL-I, PWL-O and SAA based approaches

with equal mixture weights and 18-hour (64,800s) time limit across different hyperparameters

Average Time
(sec) θ̌S

% of Instances not
solved to

Optimality Gap

Avg. θ̌I , θ̌O, θ̌S for
Instances not

Solved to
Optimality Gap

K θ PWL-I PWL-O SAA SAA PWL-I PWL-O SAA PWL-I PWL-O SAA
n= 100

5
0.95 0.65 0.47 0.34 0.9854 0 0 0 - - -
0.99 0.80 0.68 108 0.9838 0 0 0 - - -

0.999 2.20 2.10 39 0.9839 0 0 0 - - -

10
0.95 2.30 1.70 34,648 0.9182 0 0 50.0 - - 0.89
0.99 4.50 3.40 64,804 0.9625 0 0 100 - - 0.96

0.999 27.4 33.0 56,674 0.9817 0 0 83.3 - - 0.97

15
0.95 15.4 2.50 35,150 0.9201 0 0 40.0 - - 0.89
0.99 65.8 16.7 64,801 0.9552 0 0 100 - - 0.95

0.999 143 161 64,800 0.9749 0 0 100 - - 0.97
n= 500

5
0.95 100 104 39,315 0.4511 0 0 50.0 - - 0.47
0.99 104 143 59,658 0.4745 0 0 83.3 - - 0.42

0.999 696 555 63,038 0.5061 0 0 83.3 - - 0.49

10
0.95 954 901 64,800 0.7256 0 0 100 - - 0.72
0.99 364 696 64,806 0.8744 0 0 100 - - 0.87

0.999 2,227 1,923 64,801 0.8918 0 0 100 - - 0.89

15
0.95 10,555 9502 64801 0.7393 0 0 100 - - 0.73
0.99 5,960 4,290 64,801 0.8490 0 0 100 - - 0.84

0.999 6,585 21,120 64,813 0.8924 0 16.7 100 - 0.999 0.89
n= 1000

5
0.95 670 1,136 53,418 0.4996 0 0 50.0 - - 0.36
0.99 778 1,355 64,805 0.7633 0 0 100 - - 0.76

0.999 952 1,764 63,593 0.9059 0 0 83.3 - - 0.90

10
0.95 8,414 10,823 64,800 0.6878 0 0 100 - - 0.68
0.99 5,789 9,306 64,801 0.8001 0 3.4 100 - 0.9999 0.80

0.999 5,926 7,439 64,803 0.8724 0 0 100 - - 0.87

15
0.95 18,411 6,833 64,800 0.7293 13.3 6.7 100 0.9999 0.9939 0.72
0.99 19,892 21,198 64,800 0.8548 27.5 26.7 100 0.9998 0.9998 0.85

0.999 22,210 28,666 64,801 0.8915 13.3 36.7 100 0.9998 0.9996 0.89
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Table 7: Effect of number of breakpoints on solution time and optimality gap for PWL-I

(n= 500). Solution time is reported in hours (hr) from now onwards for ease of reading the table.

Gap % represents the optimality gap (in percentage) obtained at termination from Gurobi.

ϱ ς K θ
Equal weight Different weight

τ = (1− θ)/2 τ = (1− θ)/50 τ = (1− θ)/2 τ = (1− θ)/50
Time (hr) Gap % Time (hr) Gap % Time (hr) Gap % Time (hr) Gap %

10 5 10 0.99 0.05 0 0.1 0 3.3 0 4.6 0
10 5 10 0.95 3.8 0 4.7 0 3.8 0 4.8 0
10 5 15 0.99 4.7 0 6.1 0 5.0 0 6.4 0
10 10 15 0.99 5.4 0 6.2 0 5.3 0 6.2 0
10 10 15 0.95 2.1 0 6.5 0 5.0 0 6.8 0
10 15 10 0.95 3.1 0 3.8 0 1.1 0 1.4 0
10 20 15 0.99 5.1 0 7.0 0 3.1 0 3.4 0
10 20 15 0.95 2.1 0 3.2 0 3.5 0 5.1 0
15 5 10 0.95 2.5 0 3.0 0 1.8 0 2.2 0
15 5 15 0.999 0.1 0 0.0 0 10.7 0 13.5 0
15 10 10 0.99 1.1 0 2.3 0 0.8 0 1.1 0
15 15 10 0.99 0.0 0 3.0 0 3.4 0 5.0 0
15 20 10 0.95 0.0 0 0.0 0 0.1 0 0.1 0
20 2 15 0.95 2.1 0 3.5 0 3.2 0 3.5 0
20 5 15 0.999 2.1 0 18.0 0 5.3 0 14.2 0
20 10 10 0.99 2.1 0 4.0 0 5.6 0 6.0 0
20 10 15 0.999 8.8 0 11.4 0 5.2 0 11.4 0
20 15 10 0.99 2.2 0 3.1 0 8.3 0 10.3 0
20 15 15 0.95 3.1 0 17.8 0 5.0 0 12.7 0
20 20 10 0.99 0.0 0 0.0 0 0.0 0 0.0 0
20 20 15 0.95 5.8 0 17.9 0 3.7 0 17.0 0
25 2 15 0.95 3.7 0 4.0 0 4.5 0 5.9 0
25 10 15 0.999 5.8 0 6.8 0 5.8 0 6.8 0
25 15 10 0.99 1.0 0 1.5 0 9.6 0 10.8 0

Table 8: Effect of number of breakpoints on solution time and optimality gap for PWL-O

(n= 500). Solution time is reported in hours (hr). Gap % represents the optimality gap (in

percentage) obtained at termination from Gurobi.

ϱ ς K θ
Equal weight Different weight

τ = (1− θ)/2 τ = (1− θ)/50 τ = (1− θ)/2 τ = (1− θ)/50
Time (hr) Gap % Time (hr) Gap % Time (hr) Gap % Time (hr) Gap %

5 5 10 0.95 0.1 7e-4 0.1 7e-4 0.1 4e-4 0.1 4e-4
5 5 15 0.999 0.1 2e-4 0.1 2e-4 0.2 2e-4 0.4 2e-5

10 5 10 0.95 0.1 8e-5 0.1 8e-5 0.1 1e-4 0.1 1e-4
10 5 10 0.99 0.1 3e-4 0.1 3e-4 0.1 3e-4 0.2 5e-5
10 5 15 0.99 0.1 2e-4 0.2 2e-4 0.1 2e-4 0.1 2e-4
10 10 15 0.95 0.1 1e-2 0.1 1e-2 0.1 2e-3 0.2 2e-3
10 10 15 0.99 0.2 8e-4 1.8 2e-4 3.6 4e-4 4.5 2e-4
10 15 10 0.95 1.6 2e-4 1.9 2e-4 0.1 1e-4 0.1 1e-4
10 20 15 0.95 2.2 2e-4 2.7 2e-4 2.5 1e-4 3.2 1e-4
10 20 15 0.99 2.0 5e-4 2.0 2e-4 5.7 4e-4 5.8 2e-4
15 5 10 0.95 0.1 1e-4 0.1 1e-4 0.1 3e-5 0.1 3e-5
15 5 15 0.999 2.6 1e-4 18.0 2e-5 3.3 1e-4 3.4 1e-4
15 10 10 0.99 1.0 3e-4 1.7 3e-4 0.1 2e-4 0.1 2e-4
15 15 10 0.99 0.1 2e-4 0.1 2e-4 0.1 1e-3 0.1 1e-3
15 20 10 0.95 0.1 1e-4 0.1 1e-4 0.1 6e-5 0.1 6e-5
20 2 15 0.95 0.1 2e-4 0.1 2e-4 0.1 1e-4 0.1 1e-4

(continued on next page)

5 Since time is reported in hours, we report 0.0 when consumed time is less than a minute
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Table 8 – continued from previous page

ϱ ς K θ
Equal weight Different weight

τ = (1− θ)/2 τ = (1− θ)/50 τ = (1− θ)/2 τ = (1− θ)/50
Time (hr) Gap % Time (hr) Gap % Time (hr) Gap % Time (hr) Gap %

20 5 15 0.999 5.1 1e-4 18.0 6e-5 5.3 3e-5 6.3 1e-5
20 10 10 0.99 0.1 1e-4 0.1 1e-4 0.1 1e-4 0.1 1e-4
20 10 15 0.999 2.5 6e-5 12.3 2e-5 8.3 1e-4 11.4 2e-5
20 15 10 0.99 0.1 2e-4 0.1 2e-4 0.1 2e-4 0.1 2e-4
20 20 10 0.99 0.1 2e-4 0.1 2e-4 0.1 2e-4 0.1 2e-4
20 20 15 0.95 4.1 5e-5 18.0 1e-3 3.1 3e-5 3.4 3e-5
25 2 15 0.95 0.1 4e-5 0.1 4e-5 0.1 1e-5 0.1 1e-5
25 10 15 0.999 18.0 3e-5 18.0 3e-5 18.0 3e-5 18.0 3e-5
25 15 10 0.99 1.8 4e-4 1.9 4e-4 0.1 3e-3 0.1 3e-3

Table 9: Effect of the number of breakpoints on solution time and optimality gap for PWL-I

(n= 1000). Solution time is reported in hours (hr). Gap % represents the optimality gap (in

percentage) obtained at termination from Gurobi.

ϱ ς K θ
Equal weight Different weight

τ = (1− θ)/2 τ = (1− θ)/50 τ = (1− θ)/2 τ = (1− θ)/50
Time (hr) Gap % Time (hr) Gap % Time (hr) Gap % Time (hr) Gap %

2 10 15 0.999 0.3 0 0.3 0 0.3 0 0.3 0
2 15 15 0.999 0.2 0 0.2 0 0.3 0 0.5 0
2 20 15 0.999 0.2 0 0.3 0 1.0 0 1.2 0

10 2 15 0.999 0.3 0 0.3 0 – – – –
10 10 15 0.95 0.2 0 0.2 0 0.3 0 0.3 1.1e-5
10 20 15 0.999 0.4 0 0.7 0 – – – –
15 5 10 0.999 0.3 0 0.3 0 – – – –
20 5 10 0.999 0.1 0 0.2 0 – – – –
25 5 15 0.95 18.0 0.19 18.0 0.19 – – – –
25 20 15 0.999 – – – – 18.0 0.008 18 0.008

Table 10: Effect of the number of breakpoints on solution time and optimality gap for PWL-O

(n= 1000). Solution time is reported in hours (hr). Gap % represents the optimality gap (in

percentage) obtained at termination from Gurobi.

ϱ ς K θ
Equal weight Different weight

τ = (1− θ)/2 τ = (1− θ)/50 τ = (1− θ)/2 τ = (1− θ)/50
Time (hr) Gap % Time (hr) Gap % Time (hr) Gap % Time (hr) Gap %

2 10 15 0.999 1.1 2.6e-5 18.0 4.1e-4 0.8 0.0009 18.0 2.6e-4
2 15 15 0.999 0.1 0.0011 18.0 0.0011 18.0 0.0075 18.0 0.0075
2 20 15 0.999 18.0 0.0009 18.0 0.0009 1.0 0.0009 18.0 0.0009
5 20 15 0.99 18.0 0.0083 18.0 0.0087 – – – –

10 2 15 0.999 18.0 0.3056 18.0 0.3056 – – – –
10 5 15 0.999 1.1 5.0e-5 1.2 1.7e-5 10.9 0.0002 18.0 0.0002
10 10 15 0.95 1.1 3.9e-5 8.1 0.0048 18.0 2.0e-5 0.8 –
10 20 15 0.999 0.8 0.0002 3.7 1.9e-5 18.0 0.0059 18.0 0.0059
15 5 10 0.999 13.3 1.1e-5 18.0 2.6e-5 – – – –
15 15 15 0.999 1.0 0.0002 18.0 9.7e-5 18.0 0.0404 18.0 0.0404
20 5 10 0.999 0.5 2.4e-5 0.8 2.0e-5 12.9 2.1e-6 13.0 2.4e-5
20 10 15 0.999 0.8 5.3e-5 18.0 0.0008 – – – –
20 20 15 0.95 0.9 0.0056 11.0 0.0056 – – – –
25 5 10 0.999 0.5 3.0e-1 0.7 1.3e-5 – – – –
25 5 15 0.95 0.2 0.0043 0.3 0.0043 18.0 7.4e-6 18.0 0.0043

(continued on next page)
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Table 10 – continued from previous page

ϱ ς K θ
Equal weight Different weight

τ = (1− θ)/2 τ = (1− θ)/50 τ = (1− θ)/2 τ = (1− θ)/50
Time (hr) Gap % Time (hr) Gap % Time (hr) Gap % Time (hr) Gap %

25 15 15 0.95 0.6 7.4e-6 18.0 0.0047 15.9 1.7e-6 18.0 1.7e-6
25 20 15 0.999 18.0 0.0009 18.0 0.0009 18.0 0.0368 18.0 0.0368

Appendix D: Regression Tables

Table 11 Regression Results for PWL-I Approximations
θ= 0.95 θ= 0.99 θ= 0.999

Estimate Pr(> |t|) Estimate Pr(> |t|) Estimate Pr(> |t|)
Intercept -8.12e+3 2.37e-05 *** -6.60e+3 0.00135 ** -1.06e+4 1.23e-06 ***
n 4.29e+1 0.0154 * 6.09e+1 0.00150 ** 1.23e+2 2.00e-09 ***
K 6.27e+2 1.99e-08 *** 5.79e+2 1.20e-06 *** 8.46e+2 2.86e-11 ***
ϱ -4.44e+1 0.5046 -5.70e+1 0.42722 -8.40e+1 0.26805
ς 1.26e+2 0.0459 * 6.83e+1 0.31215 2.32e+2 0.00124 **
MIP-gap 2.63e+2 <2e-16 *** 2.50e+2 <2e-16 *** 3.61e+2 0.00882 **
avg νmax

νmin -1.09e+2 0.7093 5.12e+1 0.87082 -1.48e+2 0.65528
d̄µ 2.06e+1 0.7439 -1.19e+2 0.08258 . -2.81e+2 9.85e-05 ***
max νmax

νmin -2.89e+0 0.9063 -1.49e+1 0.57307 1.51e+1 0.58955
dmax
µ 9.98e+0 0.7206 6.76e+1 0.02670 * 1.28e+2 7.25e-05 ***

weight 1.43e+3 0.0782 . -2.11e+2 0.80926 -1.20e+3 0.19495
Signif. codes: <0.001 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’

Table 12 Regression Results for PWL-O Approximations
θ= 0.95 θ= 0.99 θ= 0.999

Estimate Pr(> |t|) Estimate Pr(> |t|) Estimate Pr(> |t|)
Intercept -6.76e+03 3.12e-05 *** -1.00e+04 1.26e-06 *** -1.54e+04 4.03e-08 ***
n 5.32e+01 3.97e-04 *** 9.19e+01 1.86e-06 *** 1.33e+02 3.51e-07 ***
K 4.72e+02 5.49e-07 *** 7.89e+02 4.75e-11 *** 1.41e+03 <2e-16 ***
ϱ -1.57e+01 7.80e-01 -4.65e+01 5.17e-01 -1.65e+02 9.02e-02 .
ς 1.39e+02 9.02e-03 ** 1.75e+02 9.44e-03 ** 3.20e+02 5.07e-04 ***
MIP-gap 2.77e+02 <2e-16 *** 2.40e+02 <2e-16 *** 2.13e+02 1.34e-10 ***
avg νmax

νmin 1.05e+00 9.97e-01 -9.94e+01 7.53e-01 -1.58e+02 7.13e-01
d̄µ -3.72e+01 4.83e-01 2.74e+00 9.68e-01 -2.10e+02 2.39e-02 *
max νmax

νmin -5.46e+00 7.93e-01 -1.86e+00 9.44e-01 1.26e+01 7.27e-01
dmax
µ 1.99e+01 3.98e-01 -2.95e+00 9.23e-01 1.02e+02 1.31e-02 *

weight 9.32e+02 1.74e-01 -7.68e+02 3.80e-01 -5.68e+02 6.32e-01
Signif. codes: <0.001 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’


	Introduction
	Contributions
	Notation

	Related Literature
	Mixed-Integer Optimization Formulations
	Piecewise Linear Outer Approximation
	Piecewise Linear Inner Approximation
	Optimality Guarantees to a Given Tolerance

	Numerical Experience with a Commercial Solver
	Data Generation
	Experimental Setup
	Break point selection and number of pieces in Piecewise Linear Approximation
	Computational Results and Discussion
	Discussion on the summary Table 3 
	Effect on solution time with number of breakpoints
	Solution time and mixture distribution


	Conclusion
	Proofs
	Inner Approximation (PWL-I)
	Additional Computational Results
	Regression Tables



