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Abstract

Composite optimization problems involve minimizing the composition of a smooth map
with a convex function. Such objectives arise in numerous data science and signal processing
applications, including phase retrieval, blind deconvolution, and collaborative filtering. The
subgradient method achieves local linear convergence when the composite loss is well-conditioned.
However, if the smooth map is, in a certain sense, ill-conditioned or overparameterized, the
subgradient method exhibits much slower sublinear convergence even when the convex function
is well-conditioned. To overcome this limitation, we introduce a Levenberg-Morrison-Marquardt
subgradient method that converges linearly under mild regularity conditions at a rate determined
solely by the convex function. Further, we demonstrate that these regularity conditions hold for
several problems of practical interest, including square-variable formulations, matrix sensing,
and tensor factorization. Numerical experiments illustrate the benefits of our method.
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1 Introduction
The goal of composite optimization problems is to minimize

min
x∈Rd

f(x) with f = h ◦ F, (1)

where h : Rm → R is a—possibly nonsmooth—convex function and F : Rd → Rm is a smooth
mapping. Taking h or F as the identity map recovers convex and smooth optimization; thus, this
formulation strictly extends both and amounts to a much richer class of nonsmooth nonconvex
problems. Classical nonlinear least squares are a prominent example of this framework [9, 59, 83].
Recently, composite optimization has gained renewed interest due to its applications in data science,
including phase retrieval, matrix completion, and tensor factorization [17, 38, 39, 97].

First-order methods, such as gradient descent, are the dominant algorithmic solution for large-
scale composite problems. Under favorable growth conditions of the loss function, these methods
converge linearly towards solutions provided good initialization [17, 23]. For instance, when the
objective function f is β-smooth and is locally α-strongly convex, gradient descent converges linearly
at a rate that depends on the condition number β/α. Inconveniently, this condition number might
worsen drastically depending on the choice of the smooth map F . To illustrate this point, it is
useful to think of the smooth map F as a parameterization: minimizing (1) is akin to solving a
constrained problem

min
x∈Rd

f(x) = min
z∈Im F

h(z), (2)

where ImF denotes the image of F . Intuitively, when ImF is sufficiently “benign,” the intrinsic
complexity of (2) should be dictated by the conditioning of h restricted to ImF and not by the
specific parameterization F .

Two factors concerning the parameterization F cause the conditioning of f to differ from that of
h on ImF : (i) ill-conditionedness, or, even worse, (ii) an excess of parameters. For concreteness,
consider a simple example, suppose we want to factorize a rank-r⋆ positive semidefinite (PSD) matrix
M⋆. In large-scale settings—where direct eigen- or singular-value decompositions are prohibitively
costly—researchers turn to iterative schemes on low-rank parameterizations. The celebrated
Burer-Monteiro approach [11, 12] parameterizes low-rank matrices via an explicit factorization,
F (U) = UU⊤ with U ∈ Rd×r and r ≥ r⋆, and aims to solve

min
U∈Rd×r

1
2∥UU

⊤ −M⋆∥2F . (3)

This can be seen as a nonconvex composite problem where h(M) = 1
2∥M −M

⋆∥2F . A straightforward
computation reveals that even though the condition number of the convex function h is one, the
condition number of the composition f = h ◦ F near minimizers scales like σ1(M⋆)/σr(M⋆). This
leads to two potential issues for the convergence of gradient descent. On the one hand, in the exactly
parameterized regime, i.e., r = r⋆, the condition number of f is proportional to the condition number
κ(M⋆), which could lead to arbitrarily slow linear convergence depending on the matrix M⋆.1 On
the other, in the overparameterized regime, i.e., r > r⋆, σr(M⋆) is zero, leading to an infinite
condition number, which in turn results in sublinear convergence [109]. Both of these situations
happen in practice since it is common to encounter ill-conditioned matrices with unknown rank.

These issues go beyond this simple, smooth problem. Indeed, for nonsmooth functions that are
sharp and Lipschitz, the Polyak subgradient method converges at a linear rate, yet the rate might
drastically slow down depending on the parameterization [23, 26], and may even decay exponentially

1The condition number of a matrix A is given by κ(A) := σmax(A)/σmin(A) where σmin(A) is the smallest nonzero
singular value.
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Figure 1: Relative distance to the solution against iteration count for Algorithm 4 applied to an
overparameterized nonsmooth matrix factorization problem with F (U) = UU⊤, h(M) = ∥M −
M⋆∥F ,M⋆ ∈ S50

+ , and U ∈ R50×3 with rank(M⋆) = 2 < r = 3 and κ(M⋆) = 1. All algorithms use
the Polyak stepsize.

when overparametrization occurs; see Figure 1. Motivated by these drawbacks, numerous works
have proposed ad-hoc preconditioned (sub)gradient methods that exhibit linear convergence at a
rate independent of the parameterization F [26, 94, 104, 106]. Despite the breadth of this line
of work, much of it focuses on concrete formulations, e.g., smooth low-rank matrix recovery, and
the proposed methods do not systematically generalize to composite optimization problems, which
motivates the main question of this work.

Is there a preconditioned subgradient method for general composite optimization problems that
exhibits local linear convergence depending only on the convex outer function h?

We answer this question in the affirmative under mild assumptions. Borrowing ideas that date
back to the work of Levenberg [61], Morrison [78], and Marquardt [74] on nonlinear least squares,
we propose a preconditioned subgradient method that updates

xk+1 ← xk − γk(∇F (xk)⊤∇F (xk) + λkI)−1∇F (xk)⊤vk, (4)
with vk ∈ ∂h(F (xk)) where ∂h denotes the convex subdifferential of h. Let us comment on this algo-
rithm and its underlying motivation. The method applies to both smooth and nonsmooth composite
problems. The term ∇F (xk)⊤vk corresponds to a subgradient of f , thus (∇F (xk)⊤∇F (xk)+λkI)−1

acts as a preconditioner. For structured problems, the cost of solving the linear system involved at
each iteration is low. For instance, for low-rank matrix recovery problems, the cost is proportional
to that of solving an r × r linear system. When the convex function h corresponds to the ℓ2
norm squared, update (4) recovers the classical Levenberg-Morrison-Marquadt (LMM) method;2
moreover, when λk = 0, it reduces to the Gauss-Newton method. Recently, Davis and Jiang [26]
introduced a Gauss-Newton subgradient method (GNP) for general composite problems, which
was the main inspiration for this work. Davis and Jiang showed that if ∇F has full rank near
a minimizer, then GNP converges at a linear rate that only depends on the conditioning of h.
However, for overparameterized problems, ∇F does not have full rank near minimizers, leading to

2LMM is often only attributed to Levenberg and Marquardt.
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potentially ill-posed preconditioners. Indeed, even mild overparameterization in low-rank matrix
factorization leads to the divergence of GNP; see Figure 1. To overcome this issue, we regularize
the preconditioner , which improves numerical stability.

Main contributions. Let us summarize our three core contributions.

(Method) We propose a Levenberg–Morrison-Marquardt subgradient method (Algorithm 1)
along with a concrete choice of stepsizes, γk, inspired by the Polyak stepsize [84], and damping
coefficients, λk, that displays rapid local convergence universally across all combinations of smooth
and nonsmooth, overparameterized and exactly parameterized settings. Since our parameter
choice heavily relies on information about the function that may not be readily available to
practitioners, we also present another parameter configuration based on geometrically decaying
schedules [27, 45], which only requires rough bounds on the function parameters.

(General-purpose convergence guarantees) Under mild assumptions, we show that our
parameter configurations guarantee linear convergence at a rate depending solely on the convex
function h. Our results rely on nearly decoupled assumptions for h and the smooth map F ,
allowing one to combine these functions freely while still achieving rapid convergence. In particular,
we require that h is in some sense well-conditioned on the image of F—quadratic growth with
Lipschitz gradient in smooth settings, or sharp and Lipschitz in nonsmooth settings—while F
must satisfy that its image and Jacobian are in a certain sense aligned near minimizers.

(Consequences for statistical recovery problems) To complement our convergence guar-
antees, we study their implications for various data science tasks. In particular, we show that
the geometric assumptions required for our general-purpose convergence results hold for (i)
nonnegative least squares formulations, (ii) (overparameterized) low-rank matrix recovery, and
(iii) canonical polyadic (CP) tensor factorization problems. As a result, we establish the linear
convergence of the Levenberg–Morrison-Marquardt subgradient method (4) for all these problems
at a rate that only depends on the conditioning of the convex function h. This recovers existing
convergence guarantees in certain settings and provides the first such results for others.

Outline of the paper. We conclude this section with related work. Section 2 sets out notation and
necessary background. In Section 3, we formally introduce composite problems, our key assumptions,
and the algorithm we propose. After that, Section 4 provides general-purpose convergence guarantees
under suitable regularity conditions. In Section 5, we verify these conditions for several statistical
recovery problems. Section 6 contains numerical experiments showcasing the benefits of our method.
We defer long and technical proofs to the appendix.

1.1 Related work

Nonlinear least squares. Nonlinear least squares problems [9] form a widely studied instance
of (1), where the outer function is the squared Euclidean norm. Although Newton’s method
enjoys local quadratic convergence under mild regularity, forming or even applying the Hessian is
often prohibitively expensive at scale. The Gauss-Newton algorithm is a computationally cheaper
alternative that enjoys similar guarantees [81, 83] and has been widely used in the sciences and
engineering [4, 19, 86]. Gauss–Newton can fail when the iteration’s linear system is singular, making
the update ill-defined. To overcome this issue, Levenberg [61], Morrison [78], and Marquardt [74]
independently introduced an additional damping term ensuring invertability. The LMM method
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Algorithm Low-rank matrix recovery Converges to Applicable beyond
matrix recoveryOverparam. Symm. Asymm. Smooth Nonsmooth

ScaledGD [94] ✗ ✓ ✓ ✓ ✗ Solution No*

ScaledGD(λ) [104] ✓ ✓ ✓ ✓ ✗ Neighborhood♯ No*

ScaledSM [95] ✗ ✓ ✓ ✗ ✓ Solution No*

PreconditionedGD [106] ✓ ✓ ✗ ✓ ✗ Solution No
Asymmetric PreconditionedGD [22] ✓ ✗ ✓ ✓ ✗ Solution No
OPSA [44] ✓ ✗ ✓ ✗ ✓ Solution‡ No
APGD [69] ✓ ✗ ✓ ✓ ✗ Solution No
Approximated GN [48] ✓ ✓ ✓ ✓ ✗ Solution No
GNP [26] ✗ ✓ ✓ ✓ ✓ Solution Yes
Algorithm 1 (ours) ✓ ✓ ✓ ✓ ✓ Solution Yes

Table 1: Comparison of methods for low-rank matrix recovery. These are problems where F (U) =
UU⊤ (symmetric) or F (U, V ) = UV ⊤ (asymmetric). A check mark ✓ indicates that the method
exhibits local linear convergence (depending only on h) for that particular setting.
* The same authors modified ScaledGD to extend to tensor problems [97].
♯ Converges arbitrarily close to a solution, with the final distance controlled by a parameter.
‡ The method converges to the solution of a regularized problem, which might differ from the original one.

has been extensively analyzed for nonlinear least squares [40, 41, 47, 77] and is widely used in
applications [3, 46, 85, 87].

Composite optimization. Splitting methods are a popular alternative for composite objectives.
The term ‘composite optimization’ is often used to refer to the subclass of additive composite
problems where the loss can be expressed as a sum of a convex and a smooth function. Classical
schemes for this subclass include the forward-backward (proximal-gradient) splitting [18, 37, 68] and
optimal accelerated versions [5, 55, 56]. For general composite objectives, the prox-linear method
linearizes F and computes a proximal step of composition of the linearization with the convex outer
function each iteration [16, 37, 38, 63, 81]. This scheme is closely related to classical trust region
variants of Gauss-Newton [13, 14, 16, 42, 101]. Only recently has the local and global convergence
of subgradient methods for composite problems been established [27, 28].

(Sub)gradient methods for matrix recovery. Low-rank matrix recovery via the factorization
approach has been the subject of intensive study over the past decade [65, 73, 98, 105, 107]. For
the exactly parameterized regime, it is known that the optimization landscape of smooth objectives
is benign and randomly initialized gradient descent finds global minimizers [8, 20, 23, 43, 108]. Yet,
all local convergence rates depend on the condition number of the ground truth [17, 71]. Recent
work has focused on the rank-overparameterized setting, where subgradient methods still find global
minimizers, yet they exhibit a sublinear local rate of convergence due to flattened local geometry
caused by overparameterization [34, 109]. Several works have proposed strategies to accelerate the
convergence of these methods based on small initialization with early stopping and alternating small
and long steps [29, 35, 49, 50, 66, 72, 91, 92, 99, 103, 104]. Even though these methods achieve
linear convergence, their rates still depend on the condition number of the solution matrix.

Overparameterized matrix recovery problems. The seminal works [94, 95] proposed precon-
ditioned (sub)gradient methods to overcome the dependence on the conditioning of the ground truth
matrix in the exactly parameterized setting. Soon after, [106] introduced a preconditioned gradient
method that additionally handles overparameterization for smooth objectives with PSD matrices.
Subsequently, many other works introduced methods based on preconditioning together with small
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overparameterization [104], alternating minimization [69], and Gauss-Newton type methods [48, 58].
Closer to our work, [44] introduced the Overparameterized Preconditioned Subgradient Algorithm
(OPSA), which achieves local convergence rates for nonsmooth, overparameterized, asymmetric
objectives. However, OPSA converges to the solution to a regularized problem, which might differ
from the ground truth. Beyond matrix problems, recent literature has also studied preconditioned
methods for low Tucker-rank tensor recovery [70, 96, 97, 102]. Given that much of the existing
literature focuses on matrix recovery problems, we include a comparison in Table 1.3

2 Preliminaries
Linear algebra. The symbol [m] will be shorthand for the set {1, . . . ,m}. Further, for a finite set
S, the symbol #S denote its cardinality. We will use the symbol E to denote a finite-dimensional
Euclidean space with inner product ⟨·, ·⟩ and the induced norm ∥x∥ =

√
⟨x, x⟩. The closed ball of

radius r > 0 around x ∈ E will be denoted by Br(x). For any point x ∈ E and a set Q ⊂ E, the
distance and the nearest-point projection (with respect to the Euclidean norm) are defined by

dist(x;Q) = inf
y∈Q
∥x− y∥ and projQ(x) = argmin

y∈Q
∥x− y∥,

respectively. Given a linear map between Euclidean spaces, A : E → Y, its adjoint map will be
written as A∗ : Y→ E. We will use Id for the d-dimensional identity matrix, while 0d denotes the
d-dimensional origin. We use R and R+ to denote the reals and the positive reals, respectively.
We always endow the Euclidean space of vectors Rd with the usual dot-product ⟨x, y⟩ = x⊤y and
the induced ℓ2-norm ∥x∥2 =

√
⟨x, x⟩. For any x ∈ Rd, we use supp(x) to denote the indices of

nonzero entries of x. Given two vectors x, y ∈ Rd, we let x ⊙ y ∈ Rd denote their Hadamard or
component-wise product.

Similarly, we will equip the space of rectangular matrices Rd1×d2 with the trace product
⟨X,Y ⟩ = tr(X⊤Y ) and the induced Frobenius norm ∥X∥F =

√
tr(X⊤X). The operator norm of a

matrix X ∈ Rd1×d2 will be written as ∥X∥op. The symbol σ(X) will denote the vector of singular
values of a matrix X in nonincreasing order. We use σmax(X) and σmin(X) to denote the largest and
smallest nonzero singular values. Similarly, for a given symmetric matrix The symbols Sd and Sd

+
denote the sets of d× d symmetric and positive semidefinite, respectively. We use O(d, r) to denote
the set of matrices with orthogonal columns, i.e., Q ∈ Rd×r such that Q⊤Q = I. Given a matrix
X ∈ Sd, the symbol λ(X) denotes the vector of eigenvalues of X in nonincreasing order. Given two
matrices A,B of potentially different sizes, we let A⊗Kr B denote their Kroncker product. On the
other hand, ⊗ denotes the tensor product. Note that the inputs and outputs of Kronecker products
are always matrices, while the inputs and outputs of the tensor product might be higher-order
tensors. Given a matrix X ∈ Rd×r, we use Xi: and Xj to denote its ith row and column, respectively,
and XS with S ⊆ [r] to denote the submatrix of X with columns indexed by S.

Nonsmooth analysis. Nonsmooth functions are central to this work. Therefore, we will utilize a
few basic constructions of generalized differentiation; we refer the interested reader to the monographs
[10, 24, 76, 88]. Consider a function f : E→ R ∪ {+∞} and a point x, with f(x) finite. We use the
convention 1

0 = +∞. The subdifferential of f at x, denoted by ∂f(x), is the set of all vectors ξ ∈ E
satisfying

f(y) ≥ f(x) + ⟨ξ, y − x⟩+ o(∥y − x∥) as y → x, (5)
3This table is an oversimplification for pedagogical purposes; each statement holds under potential additional

assumptions of the respective paper.
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Algorithm 1: Levenberg-Morrison-Marquardt Subgradient Method (LMM)
Input: Initial x0 ∈ E, stepsizes (γk)k≥0 ⊂ (0,∞), and damping coefficients (λk)k≥0 ⊂ (0,∞)
Step k ≥ 0:

Pick vk ∈ ∂h(F (xk)).

Set xk+1 ← xk − γk

(
∇F (xk)⊤∇F (xk) + λkI

)−1
∇F (xk)⊤vk.

where o(r) denotes any function satisfying o(r)/r → 0 as r → 0. Standard results show that for a
convex function f the subdifferential ∂f(x) reduces to the subdifferential in the sense of convex
analysis, while for a differentiable function, it consists only of the gradient: ∂f(x) = {∇f(x)}. For
any closed convex functions h : Y→ R and C1-smooth map F : E→ Y, the chain rule holds [88,
Theorem 10.6]:

∂(h ◦ F )(x) = ∇F (x)∗∂h(F (x)).

3 Algorithm and assumptions
In this section, we formally introduce the problem class we study, the different assumptions we
make, and the Levenberg-Morrison-Marquardt subgradient method we use for the rest of the paper.
As mentioned in the introduction, we consider

min
x∈E

f(x) with f := h ◦ F. (6)

Here E and Y are finite-dimensional Euclidean spaces, h : Y → R is a convex function, and
F : E→ Y is a continuously differentiable map. Instantiations of this template include: low-rank
symmetric matrix problems where E = Rd×r,Y = Sd

+, and F (U) = UU⊤, and asymmetric matrix
problems where E = Rd0×r ×Rd2×r,Y = Rd1×d2 , and F (U, V ) = UV ⊤. From now on, the symbol
X ⋆ denotes the set of minimizers of (6).

We say that problem (6) is overparameterized if for some x⋆ ∈ X ⋆, there is a sequence (xj)j ⊆ E
converging to x⋆ such that the rank of ∇F (xj) exceeds the rank of ∇F (x⋆). Intuitively, this
means that there are points arbitrarily close to a minimizer x⋆ for which a linear approximation
of F requires more parameters than at x⋆ itself. This definition matches the natural notion of
overparameterization for low-rank problems; we defer additional details to Section 5.

3.1 Algorithmic description

The Levenberg-Morrison-Marquardt subgradient method is summarized in Algorithm 1. For
structured problems, the linear system at each iteration can often be solved efficiently. For instance,
for low-rank matrix recovery, it reduces to solving a much smaller linear system; we defer the details
to Appendix E. This method builds upon the GNP method introduced in [26], which sets λk = 0.
The inspiration for GNP stems from a simple observation: when ∇F has constant rank near x⋆—i.e.,
under exact parameterization—the image of F forms a manifold M around F (x⋆). An elegant
argument shows that in this regime, the mapped iterates of GNP zk = F (xk) are akin to the iterates
of a Riemannian subgradient method on M with objective h [26]. Consequently, the iterates F (xk)
are unaffected by the ill-conditioning of F. In contrast, overparameterization leads to problems
where the image of F fails to form a manifold. In such cases, the Gauss-Newton preconditioner is
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not even well-defined since ∇F (xk) might not have constant rank. Our method bypasses this issue
by adding a damping term to the preconditioner, thereby ensuring its invertibility and stability.

We propose two ways to set the hyperparameters γk and λk of Algorithm 1, which we dub
“configurations.” The first configuration is based on the Polyak stepsize [84] and the damping
parameter for the preconditioned gradient descent method in [106]. From now on, we will use h⋆

and Z⋆ to denote the minimum value and set of minimizers of minz∈Im F h(z). Further, we use Πx

as a shorthand for the projection matrix projIm ∇F (x).

Configuration 1 (Polyak). Set the stepsize to γk = γ h(zk)−h⋆

∥Πxk vk∥2 where γ > 0 is a tuning parameter.
Additionally, set λk such that there exist constants 0 < Clb ≤ Cub satisfying

Clb dist(zk,Z⋆) ≤ λk ≤ Cub dist(zk,Z⋆).

This parameter choice relies on detailed information about the loss function and the distance to the
solution set—quantities that may not be readily available in practice. To address this limitation, we
introduce two alternative configurations tailored for nonsmooth and smooth problems, which do not
depend as heavily on such information.

Configuration 2 (Nonsmooth). Set γk = γqk and λk = λqk, with γ, λ > 0 and q ∈ (0, 1).

Configuration 3 (Smooth). Set γk = γ and λk = λqk, with γ, λ > 0 and q ∈ (0, 1).

The primary difference between these two configurations is that the stepsize decreases geometrically
for nonsmooth functions while it remains constant for smooth functions. These strategies are designed
to emulate the behavior of the Polyak stepsize [27, 45]. In the following section, we demonstrate that
these configurations achieve convergence rates comparable to those of the Polyak-based approach.

3.2 Regularity of the parameterization

Overparameterization and the addition of the damping term complicate the analysis and require
more nuanced regularity conditions on the parameterization F . Conveniently, these conditions
are independent of the conditioning assumptions for the outer function h, allowing us to pair any
sufficiently regular parameterization F with any well-conditioned h, whether smooth or not. The
remainder of this section introduces these assumptions and collects some algorithmic consequences.
We begin with a standard assumption on F .

Assumption 1 (Smooth parameterization). The map F is continuously differentiable, and there is
a constant L∇F ≥ 0 such that

∥∇F (x)−∇F (y)∥op ≤ L∇F ∥x− y∥ , for all x, y ∈ E.

Henceforth, we use the following notation
P (x, λ) := ∇F (x)(∇F (x)⊤∇F (x) + λI)−1∇F (x)⊤. (7)

The matrix P (x, λ) will play a crucial role in our analysis. It can be seen as a regularized projection
matrix; indeed, when λ = 0 and ∇F (x) has full column rank, it reduces to the orthogonal projection
onto the range of ∇F (x), which corresponds to Πx. In what follows, we use the placeholders
zk := F (xk) and

Pk := P (xk, λk).
The next result collects a few properties of Pk; its proof is deferred to Appendix A.1. We introduce
a bit of simplifying notation. Given any x ∈ E, let Ux and σx denote respectively the matrix of left
singular vectors and the vector of singular values of ∇F (x), moreover, we let Ux

1:j be the matrix
with the top j singular vectors of ∇F (x).
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Lemma 3.1. Let xk and xk+1 be iterates from Algorithm 1. Let zk = F (xk) and zk+1 = F (xk+1).
The following three hold true.

1. (Nonexpansiveness) The operator norm of both Pk and I − Pk are less than or equal to one.
Moreover, ∥Pkv∥ ≤ ∥Πxkv∥ for any v ∈ Y.

2. (Restricted eigenvalues) The the eigenvalues of I − Pk restricted to the span generated by
the top j left singular vectors of ∇F (xk) are bounded by λk

(σxk
j )2+λk

, i.e.,

∥(I − Pk)v∥ ≤ λk

(σxk
j )2 + λk

∥v∥ for v ∈ span
(
Uxk

1:j

)
.

3. (Approximation error) If in addition ∇F is L∇F -Lipschitz when restricted onto the line
segment connecting xk and xk+1, then ∥zk+1 − (zk − γkPkvk)∥ ≤ L∇F

8λk
γ2

k ∥Πxkvk∥2.

In particular, the last item follows for any pair of consecutive iterates whenever Assumption 1 holds.
Intuitively, this item states that an updated mapped iterate zk+1 = F (xk+1) can be approximated
by a linear step in Y space. This approximation will play a critical role in our analysis.

The following two assumptions are crucial to obtain linear convergence for ill-conditioned and
overparameterized problems, respectively. These assumptions are stated near a point z⋆, which the
reader can deem as a minimizer of h over the image of F. We let Πx

j = Ux
1:j(Ux

1:j)⊤ be the projection
onto the subspace spanned by the top j left singular vectors of ∇F (x).

Assumption 2 (Strong alignment). For a given z⋆ ∈ ImF , there exist a function δ : R+ → R+
and a constant s > 0 such that for any ρ > 0 and z = F (x) ∈ Bδ(ρ)(z⋆) there is an index j for which∥∥(I −Πx

j )(z − z⋆)
∥∥ ≤ ρ ∥z − z⋆∥ and (σx

j )2 ≥ s.

Intuitively, this assumption amounts to the alignment between the image of F and a low-dimensional
linear approximation around z⋆. As alluded to earlier, in the exact parameterization regime
when the rank of ∇F (·) is locally constant, the image of F forms a manifold M of dimension
j = rank(∇F (x⋆)). As such, Πx

j corresponds to the projection onto the tangent of M at F (x).
In turn, the error between centered manifold elements z − z⋆ and the tangent increases at most
quadratically in the norm of z − z⋆, and one can easily derive that this assumption holds; see
Lemma C.1 in the appendix.

However, for overparameterized problems, there is no manifold structure, and Assumption 2
cannot hold. To overcome this issue, we introduce a weaker condition, allowing the singular values
of the linear approximation to decrease gracefully as we approach z⋆.

Assumption 3 (Weak alignment). For a given z⋆ ∈ ImF , there exist functions δ : R+ → R+ and
s : R+ → R+ such that for any ρ > 0 and any z = F (x) ∈ Bδ(ρ)(z⋆) there is an index j for which∥∥(I −Πx

j )(z − z⋆)
∥∥ ≤ ρ ∥z − z⋆∥ and

(
σx

j

)2
≥ s(ρ) ∥z − z⋆∥ .

In Section 5, we will see that this assumption holds for a variety of overparameterized problems. It
is immediately clear that Assumption 2 implies Assumption 3. We emphasize that both assumptions
on F are independent of the outer function h.

3.3 Regularity for nonsmooth outer functions

Next, we introduce the regularity conditions on the outer function h. Intuitively, regularity ensures
that the function h is well-conditioned when restricted to the image of F. We present two different

10



notions of conditions depending on the smoothness of the problem. We start with conditions for
nonsmooth losses. Recall that we use Πx as a shorthand for the projection matrix projIm ∇F (x).

Assumption 4. The function h : Y→ R satisfies the following properties.

1. (Unique minimizer) The function h has a unique minimizer z⋆ over ImF.

2. (Convexity) The function h is convex.

3. (Restricted sharpness) The function h is µ-sharp on ImF. That is,
h(z)− h⋆ ≥ µ · ∥z − z⋆∥ for all z ∈ ImF,

where h⋆ = h(z⋆) is the minimum of h |Im F .

4. (Restricted Lipschitzness) There exists a constant L ≥ 0 such that

(a) For any x ∈ domF and v ∈ ∂h(F (x)),
∥Πxv∥ ≤ L.

(b) For any x ∈ E, z = F (x), v ∈ ∂h(F (x)), and λ > 0 we have
| ⟨v, (I − P (x, λ))(z − z⋆)⟩ | ≤ L ∥(I − P (x, λ))(z − z⋆)∥ ,

where the matrix P (x, λ) is given by (7).

We point out that for our results, one can drop the uniqueness of the minimizer in Assumption 4,
but we assume it for simplicity. Although the fourth condition might seem complicated, it is satisfied
by any globally Lipschitz convex function h. Moreover, a simple argument shows that it ensures
that h(z)− h⋆ ≤ 2L∥z− z⋆∥ for all z ∈ ImF. These regularity conditions are well-understood in the
unconstrained setting where the parameterization is an identity, F = I. The seminal work [84] showed
that the subgradient method coupled with the Polyak stepsize converges linearly to minimizers in
this setting. The following is a direct consequence of Assumption 4.

Lemma 3.2 (Aiming towards solution). Suppose that Assumption 4 holds. Then,
⟨v, z − z⋆⟩ ≥ h(z)− h(z⋆) ≥ µ ∥z − z⋆∥ for all z ∈ ImF and v ∈ ∂h(z).

Thus, negative subgradients point towards the solution.

3.4 Regularity for smooth outer functions

Paralleling regularity for nonsmooth functions h, we now introduce analog regularity conditions for
the smooth setting. Intuitively, they amount to quadratic lower and upper bounds.

Assumption 5. The function h : Y→ R satisfies the following properties.

1. (Unique minimizer) The function h has a unique minimizer z⋆ over ImF.

2. (Convexity) The function h is convex.

3. (Restricted quadratic growth) The function h exhibits α-quadratic growth on ImF ; i.e.,

h(z)− h⋆ ≥ α

2 ∥z − z
⋆∥2 for all z ∈ ImF,

where h⋆ = h(z⋆) is the minimum of h |Im F .

11



4. (Restricted Smoothness) There exists a constant β ≥ 0 such that for any x ∈ E and
z = F (x) the following hold true.

(a) We have

∥Πx∇h(z)∥ ≤ β ∥z − z⋆∥ and h(z)− h⋆ ≥ 1
2β ∥Π

x∇h(z)∥2 .

(b) For any λ > 0
| ⟨∇h(z), (I − P (x, λ))(z − z⋆)⟩ | ≤ β ∥z − z⋆∥ ∥(I − P (x, λ))(z − z⋆)∥ ,

where P (x, λ) is given in (7).

The first two conditions are exactly the same as in the nonsmooth setting. The third condition
is satisfied by any globally α-strongly convex function, while the latter one holds for any globally
β-smooth function [82]; e.g., both are trivially satisfied by h(·) = 1

2∥ · ∥
2
2. We collect an analog to

Lemma 3.2; the proof follows from convexity and quadratic growth.

Lemma 3.3 (Aiming towards solution). Suppose that Assumption 5 holds. Then,

⟨∇h(z), z − z⋆⟩ ≥ h(z)− h(z⋆) ≥ α

2 ∥z − z
⋆∥2 for all z ∈ E.

We close this section with a bound on the progress made by the approximation from Lemma 3.1.
We highlight that the next result applies regardless of the smoothness of h.

Lemma 3.4 (Linearization progress). Let xk be an iterate from Algorithm 1 with Configuration 1
(Polyak stepsizes) where we set the hyperparameter γ ≤ 1. Suppose that h is convex and F is
continuously differentiable. Letting zk = F (xk), we have

∥zk − γkPkvk − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ (h(zk)− h⋆)2

∥Πxkvk∥2
+ 2γk ⟨(I − Pk)vk, zk − z⋆⟩ .

Proof. Expanding
∥zk − γkPkvk − z⋆∥2 = ∥zk − z⋆∥2 − 2γk ⟨Pkvk, zk − z⋆⟩+ γ2

k ∥Pkvk∥2

= ∥zk − z⋆∥2 − 2γk ⟨vk, zk − z⋆⟩+ 2γk ⟨(I − Pk)vk, zk − z⋆⟩+ γ2
k ∥Pkvk∥2

≤ ∥zk − z⋆∥2 − γ (h(zk)− h⋆)2

∥Πxkvk∥2
+ 2γk ⟨(I − Pk)vk, zk − z⋆⟩ , (8)

where the last inequality eliminates the term ⟨vk, zk − z⋆⟩ via convexity of h, and upper bounds the
last using Lemma 3.1, Configuration 1, and γ ≤ 1. This completes the proof.

4 General convergence guarantees
In this section, we present our general-purpose guarantees for Algorithm 1 under the various
parameter choices and smoothness assumptions introduced in Section 3. We also extend these
guarantees to cases where the regularity assumptions for the parameterization F hold only locally,
an extension that will be particularly useful for tensor problems in later sections. Since most proofs
share the same structure, we provide only the simplest versions to illustrate the core ideas and defer
technical details to Appendix B.
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4.1 Guarantees for nonsmooth losses

We provide guarantees for both the exactly parameterized and overparameterized regimes. We start
with the latter due to its novelty.

Theorem 4.1 (Convergence under weak alignment and nonsmoothness). Suppose that
Assumptions 1, 3 and 4 hold. Further assume that z0 = F (x0) satisfies ∥z0 − z⋆∥ ≤ δ

( µ
8L

)
. The

following two hold.

1. (Polyak stepsize) Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
and Cub ≤ µ

8Ls
( µ

8L

)
. Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥ ≤
(

1− γµ2

8L2

)k/2

∥z0 − z⋆∥ for all k ≥ 0.

2. (Geometrically decaying stepsize) Suppose we ran Algorithm 1 initialized at x0 using
Configuration 2 with

λ ≤
Ms

( µ
8L

)
128

µ

L
, γ ≤ 1

L
·min

{
Mµ

64L,
√

2λM
L∇F

,
λµ

2L∇FL

}
and q ≥ max

{
1− γµ

4M ,
1√
2

}
where M = δ

( µ
8L

)
. Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥ ≤Mqk for all k ≥ 0.

Here, we only prove the statement concerning the Polyak stepsize and defer the proof for
the geometrically decaying stepsize to Appendix B.1. The proofs of all our results follow the
same template. Before proving Theorem 4.1, we introduce a proposition that provides the shared
machinery underlying our argument for the Polyak stepsize.

Proposition 4.2 (One-step progress). Suppose that xk and xk+1 are iterates of Algorithm 1 with
Configuration 1. Assume in addition that h is convex, F is continuously differentiable, and ∇F is
L∇F -Lipschitz when restricted onto the line segment connecting xk and xk+1. Define zk = F (xk)
and zk+1 = F (xk+1). If the stepsize hyperparameter satisfies γ ≤ min

{
1, Clb

L∇F

}
and

| ⟨(I − Pk)vk, zk − z⋆⟩ | ≤ 1
4(h(zk)− h⋆), (9)

then, we have

∥zk+1 − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ

8
(h(zk)− h⋆)2

∥Πxkvk∥2
.

Proof of Proposition 4.2. To derive this bound, we apply the triangle inequality with a one-step
linear approximation

∥zk+1 − z⋆∥ ≤ ∥zk+1 − (zk − γkPkvk)∥︸ ︷︷ ︸
T1

+ ∥(zk − γkPkvk)− z⋆∥︸ ︷︷ ︸
T2

. (10)

We focus on bounding each of these terms separately. To bound T1 we apply Lemma 3.1 and obtain

T1 ≤
γ2

kL∇F

8λk
∥Πxkvk∥2

≤ γ2
kL∇F

8Clb ∥zk − z⋆∥
∥Πxkvk∥2 . (11)
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To bound T2, we compute

T 2
2 ≤ ∥zk − z⋆∥2 − γ (h(zk)− h⋆)2

∥Πxkvk∥2
+ 2γk |⟨(I − Pk)vk, zk − z⋆⟩|

≤ ∥zk − z⋆∥2 − γ (h(zk)− h⋆)2

∥Πxkvk∥2
+ γk

2 (h(zk)− h⋆)

= ∥zk − z⋆∥2 − γ

2
(h(zk)− h⋆)2

∥Πxkvk∥2
, (12)

where the first inequality follows from Lemma 3.4 and the second inequality follows from the
bound (9). Next, we state a claim that we will use recurrently.

Claim 4.3. If we have that |⟨(I − Pk)vk, zk − z⋆⟩| ≤ 1
4(h(zk)− h⋆), then

3
4 (h(zk)− h(z⋆)) ≤ ⟨Pkvk, zk − z⋆⟩ ≤ ∥Πxkvk∥∥zk − z⋆∥.

Proof of the Claim 4.3. By the subgradient inequality

h(zk)− h⋆ ≤ ⟨Pkvk, z − z⋆⟩+ ⟨(I − Pk)vk, zk − z⋆⟩ ≤ ⟨Pkvk, zk − z⋆⟩+ 1
4 (h(zk)− h⋆) ,

rearranging the terms establishes the first inequality. The second inequality follows from Cauchy-
Schwarz and Lemma 3.1.

In particular, we trivially obtain T2 ≤ ∥zk − z⋆∥. Invoking (10) gives
∥zk+1 − z⋆∥2 (13)
≤ T 2

1 + T 2
2 + 2T1T2

≤ ∥zk − z⋆∥2 − γ

2
(h(zk)− h⋆)2

∥Πxkvk∥2
+ γ4L2

∇F

64C2
lb∥zk − z⋆∥2

(h(zk)− h⋆)4

∥Πxkvk∥4
+ γ2L∇F

4Clb

(h(zk)− h⋆)2

∥Πxkvk∥2

≤ ∥zk − z⋆∥2 − γ

4
(h(zk)− h⋆)2

∥Πxkvk∥2
+ γ4L2

∇F

64C2
lb∥zk − z⋆∥2

(h(zk)− h⋆)4

∥Πxkvk∥4

≤ ∥zk − z⋆∥2 − γ

8
(h(zk)− h⋆)2

∥Πxkvk∥2
, (14)

where the second inequality uses (11), (12), and the definition of γk, while the third and the final
inequalities follow from γ ≤ min

{
1, Clb

L∇F

}
together with Claim 4.3. The proof of Proposition 4.2 is

complete.

Armed with this proposition, we prove the main result of this section.

Proof of Theorem 4.1. By induction, it suffices to show that for zk satisfying ∥zk − z⋆∥ ≤ δ
( µ

8L

)
,

∥zk+1 − z⋆∥2 ≤
(

1− γµ2

8L2

)
∥zk − z⋆∥2 . (15)

Let j be the index provided by Assumption 3 when applied to ρ = µ
8L and z = zk = F (xk), i.e.,∥∥∥(I −Πxk

j )(zk − z⋆)
∥∥∥ ≤ µ

8L ∥zk − z⋆∥ and (σx
i )2 ≥ s

(
µ

8L

)
∥zk − z⋆∥ . (16)
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Invoking Item 4 of Assumption 4 and the triangle inequality, we derive
|⟨(I − Pk)vk, zk − z⋆⟩| ≤ L ∥(I − Pk)(zk − z⋆)∥

≤ L
(∥∥∥(I − Pk)Πxk

j (zk − z⋆)
∥∥∥+

∥∥∥(I − Pk)
(
I −Πxk

j

)
(zk − z⋆)

∥∥∥) . (17)

Lemma 3.1 ensures that the eigenvalues of I − Pk restricted to the span generated by the top j left
singular vectors of ∇F (xk) are bounded by λk

(σx
j )2+λk

. Using this fact in tandem with (16) gives

|⟨(I − Pk)vk, zk − z⋆⟩| ≤ L
(

λk

(σx
j )2 + λk

∥∥∥Πxk
j (zk − z⋆)

∥∥∥ + µ

8L ∥zk − z⋆∥
)

≤ L
(

Cub ∥zk − z⋆∥
s
( µ

8L

)
∥zk − z⋆∥2 + Cub ∥zk − z⋆∥

+ µ

8L

)
∥zk − z⋆∥

= L

(
Cub

s
( µ

8L

)
+ Cub

+ µ

8L

)
∥zk − z⋆∥

≤ µ

4 ∥zk − z⋆∥

≤ 1
4 (h(zk)− h⋆) .

(18)

The second and third inequalities use the fact that the function b 7→ b
a+b is strictly increasing on R+

for any given a > 0 together with the bounds λk/∥zk − z⋆∥2 ≤ Cub ≤ s
( µ

8L

) µ
8L given by assumption.

Invoking Proposition 4.2 and Assumption 4 gives

∥zk+1 − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ

8
(h(zk)− h⋆)2

∥Πxkvk∥2
≤
(

1− γµ2

8L2

)
∥zk − z⋆∥2 ,

completing the proof of Theorem 4.1.

Let us make a few remarks about the statement for the Polyak stepsize. While our conclusions also
apply to geometrically decaying stepsizes, they are more transparent in the Polyak case. This result
ensures that the iterates zk will be within distance ε > 0 of the minimizer after O

(
1
γ

L2

µ2 · log
(

1
ϵ

))
iterations, which notably depends only on the conditioning of the outer function h. The parameter
constraints enforce γ ≤ Cub

L∇F
and Cub ≤ µ

Ls
(µ

L

)
. In the context of low-rank matrix recovery problems,

this simplifies to γ ≲ µ2

L2 and so the best rate one can get is O
(

L4

µ4 · log
(
ϵ−1)) .

The bound on Cub is likely an artifact of our proof. Indeed, in our numerical experiments,
we take γ and Cub to be constants independent of µ/L and still observe linear convergence; see
Section 6. Further, as we show in the next result, under strong alignment (Assumption 2)—which
only holds for exactly parameterized problems—we can bypass the spurious bound on Cub and prove
a faster local rate.

Theorem 4.4 (Convergence under strong alignment and nonsmoothness). Suppose that
Assumptions 1, 2, and 4 hold. Further assume that z0 = F (x0) satisfies ∥z0 − z⋆∥ ≤ δ

( µ
8L

)
. The

following two hold.

1. (Polyak stepsize) Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
. Further, assume ∥z0 − z⋆∥ ≤ sµ

8CubL . Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥2 ≤
(

1− γµ2

8L2

)k

∥z0 − z⋆∥2 for all k ≥ 0.
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2. (Geometrically decaying stepsize) Suppose we ran Algorithm 1 initialized at x0 using
Configuration 2 with

λ ≤ s

32
µ

L
, γ ≤ 1

L
·min

{
Mµ

64L,
√

2λM
L∇F

,
λµ

2L∇FL

}
and q ≥ max

{
1− γµ

4M ,
1√
2

}
,

where M = δ
( µ

8L

)
. Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥ ≤Mqk for all k ≥ 0.

We defer the proof of this result to Appendix B.2. There are two main differences between this
result and Theorem 4.1 regarding the Polyak stepsize: (i) we replace Assumption 3 with Assumption 2
and (ii) we substitute the bound on Cub with an additional constraint on the initial distance to
optimum. By setting λk to ensure Clb

L∇F
= Θ(1), we derive a local rate of O

(
L2

µ2 · log
(
ϵ−1)) . In turn,

this shows that a properly tuned Levenberg-Morrison-Marquardt method matches the rates of the
Gauss-Newton method in the absence of overparameterization [26, Theorem 3.1].

4.2 Guarantees for smooth losses

Analogous arguments to the ones used for nonsmooth losses can be applied to derive linear
convergence for composite losses where the outer function h is smooth and has quadratic growth.
We state these guarantees here and defer the proof of the next result to Appendix B.3.

Theorem 4.5 (Convergence under weak alignment and smoothness). Suppose that Assump-
tions 1, 3, and 5 hold. Further assume that z0 = F (x0) satisfies ∥z0 − z⋆∥ ≤ δ

(
α

16β

)
. The following

two hold.

1. (Polyak stepsize) Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
and Cub ≤ α

16β s
(

α
16β

)
. Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥22 ≤
(

1− γα

32β

)k

∥z0 − z⋆∥22 for all k ≥ 0.

2. (Constant stepsize) Suppose we ran Algorithm 1 initialized at x0 using Configuration 3 with

λ ≤
Ms

(
α

16β

)
64

α

β
, γ ≤ 1

β
·min

{
1
8 ,
√

32λ
L∇FM

,
λ

2L∇FM

}
and q ≥ max

{√
1− γα

2 ,
1√
2

}
,

where M = δ
(

α
16β

)
. Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥ ≤Mqk for all k ≥ 0.

Again, the convergence rate depends solely on the conditioning of the outer function h. For
matrix recovery problems, this results in a convergence rate of O

(
β3

α3 log(ε−1)
)
, which exhibits an

undesirable cubic dependence on the condition number. As in the nonsmooth setting, we can further
improve this convergence rate under conditions of strong alignment. The proof of the next result
appears in Appendix B.4.

Theorem 4.6 (Convergence under strong alignment and smoothness). Suppose that
Assumptions 1, 2, and 5 hold. Further assume that z0 = F (x0) satisfies ∥z0 − z⋆∥ ≤ δ

(
α

16β

)
. The

following two hold.
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1. (Polyak stepsize) Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
. Additionally, suppose that ∥z0 − z⋆∥2 ≤

sα
16Cubβ . Then, the iterates

zk = F (xk) satisfy

∥zk − z⋆∥22 ≤
(

1− γα

32β

)k

∥z0 − z⋆∥22 for all k ≥ 0.

2. (Constant stepsize) Suppose we ran Algorithm 1 initialized at x0 using Configuration 3 with

λ ≤ sα

16β , γ ≤ 1
β
·min

{
1
8 ,
√

32λ
L∇FM

,
λ

2L∇FM

}
and q ≥ max

{√
1− γα

2 ,
1√
2

}
,

where M = δ
(

α
16β

)
. Then, the iterates zk = F (xk) satisfy

∥zk − z⋆∥ ≤Mqk for all k ≥ 0.

4.3 Guarantees under local regularity

In some applications, such as tensor factorization, Assumptions 1 and 3 do not hold, i.e., there is
no global Lipchitzness of ∇F or alignment. Instead, these two only hold locally. Notably, even
under these weaker local conditions, all our previous rates still hold. In this section, we extend our
guarantees to such a local regime. We start with local alternatives of Assumptions 1 and 3. Recall
that X ⋆ = argminx h ◦ F (x) is the set of minimizers.

Assumption 6 (Locally Lipschitz Jacobian). The map F is continuously differentiable, and for a
fixed x⋆ ∈ Rd, there exists ε∇F > 0 and L∇F ≥ 0 such that

∥∇F (x)−∇F (y)∥op ≤ L∇F ∥x− y∥2 for all x, y ∈ Bε∇F (x⋆).

Assumption 7 (Local weak alignment). For a fixed x⋆ ∈ X ⋆ and z⋆ = F (x⋆) there exist functions
δ : R+ → R+, s : R+ → R+ and a scalar εx⋆ > 0 such that for all ρ > 0 we have that if x ∈ Bεx⋆ (x⋆),
and z = F (x) ∈ Bδ(ρ)(z⋆) then there is an index j for which∥∥∥(I −Πx

j )(z − z⋆)
∥∥∥

2
≤ ρ ∥z − z⋆∥2 and

(
σx

j

)2
≥ s(ρ) ∥z − z⋆∥2 .

Next, we state a local guarantee under these local regularity assumptions. Although we only
state it for weakly aligned and nonsmooth problems using the Polyak stepsize, there are similar
guarantees for the other scenarios considered in this section. We defer those and the proof of the
following result to Appendix B.5. The key idea to establish this result is to show that the iterates
xk stay in the region where the previous two assumptions hold, after which the argument follows
precisely as it did for the global assumptions.

Theorem 4.7 (Convergence under local weak alignment and nonsmoothness). Suppose
Assumptions 4, 6 and 7 hold. Define q̃ :=

√
1− γµ2

8L2 , and let x0 and z0 = F (x0) be points satisfying

∥x0 − x⋆∥2 ≤ ε/2 and ∥z0 − z⋆∥2 ≤ min
{
δ

(
µ

8L

)
,
(1−

√
q̃)2

ε2Clb

2γ2

}
,

where ε = min {ε∇F , εx⋆}. Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
and Cub ≤ µ

8Ls(
µ

8L). Then, the iterates xk satisfy

∥xk − x⋆∥2 < ε for all k ≥ 0,
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and, moreover, the mapped iterates zk = F (xk) satisfy

∥zk − z⋆∥2 ≤
(

1− γµ2

8L2

)k

∥z0 − z⋆∥2 for all k ≥ 0.

5 Consequences for statistical recovery problems
In this section, we instantiate the general convergence guarantees from Section 4 for concrete
recovery problems in signal processing and data science. To this end, we show that our alignment
assumptions hold for three families of parameterizations: squared-variable formulations, low-rank
matrix factorizations, and CP tensor factorizations. Further, we establish that our restricted
conditioning assumptions on the outer convex function are satisfied whenever well-established
notions of strong identifiability, e.g., restricted isometry property, hold. Armed with these results,
we derive local convergence rates for nonnegative least squares, robust matrix sensing, and tensor
factorization under standard assumptions from the literature. All proofs are deferred to Appendix C.

5.1 Squared-variable formulations

Scientists dealing with unmixing problems often wish to minimize a convex function h : Rr → R
over the positive orthant Rr

+. A prominent example of this type of problem is nonnegative least
squares [59]. These problems arise naturally across several domains, including acoustics, imaging,
and genomics [64, 67, 93]. This type of problem can be reformulated as a composite optimization
problem via the squared-variable map c : x 7→ x⊙ x (where ⊙ denotes the component-wise product)
[33, 62]. Although other algorithmic solutions might be preferable for this particular problem,
e.g., the projected subgradient method, we cover this example as it provides a clear and simple
illustration of our framework.

Regularity of the parameterization. Throughout we assume h has a unique minimizer z⋆ over
Rr

+ and let x⋆ ∈ Rr be any vector such that z⋆ = x⋆⊙x⋆. It is immediate that∇F (x) = 2 diag(x) and,
the problem is ill-conditioned when maxi∈[r] |x⋆

i | ≫ mini∈[r] |x⋆
i |, and overparameterized whenever

r⋆ := # supp(x⋆) < r. The next result establishes regularity for the squared-variable formulation
with potential overparameterization; its proof appears in Appendix C.4.1.

Theorem 5.1 (Weak alignment of squared-variable map). The map F : Rr → Rr given by x 7→ x⊙x
satisfies Assumption 1 with L∇F = 2 and Assumption 3 with

s(ρ) = ρ

max{
√
r − r⋆, 1}

and δ(ρ) = min

 min
i,j∈[r]
z⋆

i ̸=z⋆
j

|z⋆
i − z⋆

j |
2 , min

i∈[r]
z⋆

i ̸=0

z⋆
i

1 + s(ρ) , min
i∈[r]
z⋆

i ̸=0

z⋆
i

2


for any given z⋆ ∈ Rr

+ with r⋆ = # supp(z⋆).

Nonnegative least squares. We leverage the regularity of the squared-variable formulation to
derive guarantees for nonnegative least squares [6, 30, 52, 79]. For a matrix A ∈ Rm×r with m ≥ r
and b = Az⋆ ∈ Rm, define the smooth and nonsmooth formulations

min
x∈Rr

1
2 ∥A (x⊙ x)− b∥22 , and min

x∈Rr
∥A (x⊙ x)− b∥2 . (19)

The following lemma is immediate, and so we omit its proof.
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Lemma 5.2. Suppose that A has full rank. Then, the function z 7→ 1
2∥Az−b∥

2
2 satisfies Assumption

5 with constants α = σmin(A)2 and β = σmax(A)2. Similarly, the function z 7→ ∥Az − b∥2 satisfies
Assumption 4 with constants µ = σmin(A) and L = σmax(A).

Recall that κ(A) denotes the condition number of A, i.e., κ(A) = σmax(A)/σmin(A). Equipped
with these results, we are in good shape to derive a local convergence rate.

Corollary 5.3 (Smooth nonegative least squares). Suppose Algorithm 1 is applied to the first
nonnegative least squares objective (19) (squared), initialized at some x0 ∈ Rr using Configuration 1
with γ ≤ min

{
1, Clb

2

}
, Cub ≤ (28 max{

√
r − r⋆, 1})−1κ−4 (A) and

∥x0 ⊙ x0 − z⋆∥2 ≤
1
2 min

 min
i,j∈[r]
z⋆

i ̸=z⋆
j

{
z⋆

i − z⋆
j

}
, min

i∈[r]|z⋆
i ̸=0

z⋆
i

 .
Then, the iterates xk satisfy

∥xk ⊙ xk − z⋆∥22 ≤
(

1− γ

32κ
−2 (A)

)k

∥x0 ⊙ x0 − z⋆∥22 for all k ≥ 0.

Corollary 5.4 (Nonsmooth nonegative least squares). Suppose Algorithm 1 is applied to the
second nonnegative least squares objective in (19) (not squared), initialized at some x0 ∈ Rr using
Configuration 1 with γ ≤ min

{
1, Clb

2

}
, Cub ≤ 1

64 max{
√

r−r⋆,1}κ
−2 (A) and

∥x0 ⊙ x0 − z⋆∥2 ≤
1
2 min

 min
i,j∈[r]
z⋆

i ̸=z⋆
j

{
z⋆

i − z⋆
j

}
,min

i∈[r]
z⋆

i ̸=0

z⋆
i

 .
Then, the iterates xk satisfy

∥xk ⊙ xk − z⋆∥22 ≤
(

1− γ

8κ
−2 (A)

)k

∥x0 ⊙ x0 − z⋆∥22 for all k ≥ 0.

These corollaries follow directly from Theorem 4.1 and Theorem 4.5, respectively. While similar
rates hold for geometrically decaying step sizes and better rates hold in the exactly parameterized
case r⋆ = r, we omit them for brevity. The condition number of A appears in the convergence rate
because we incorporated A into the definition of h; this rate is standard for gradient descent applied
to least squares. Interestingly, the convergence rate we derive for the nonsmooth formulation of the
problem is faster than the convergence rate for its smooth counterpart. In particular, Corollary 5.4
only allows for γ ≍ κ (A)−2 which translates to a rate of O(κ(A)4 log(1/ε)), while Corollary 5.3
imposes γ ≍ κ (A)−4 translating to a rate of O(κ(A)6 log(1/ε)). We observe experimentally that
our method is slightly faster when applied to the nonsmooth formulation; see Section 6.1.

5.2 Matrix recovery problems

Several modern data science tasks can be formulated as the problem of recovering a rank-r⋆ matrix
Z⋆ from a small set of noisy measurements b = A(Z⋆) + ε ∈ Rm where A is a known linear map
and ε models noise. Applications arise in imaging, recommendation systems, control theory, and
communications [17, 23, 25, 31, 100]. Remarkably, even though Z⋆ may be a large d1 × d2 matrix,
the number of measurements m required for recovery is often much lower, typically on the order of
O(r⋆(d1 + d2)). A popular approach to tackle this problem leverages low-rankness by solving one
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of two formulations:
min

X∈Rd×r
ℓ
(
A(XX⊤)− b

)
or min

X∈Rd1×r, Y ∈Rd2×r
ℓ
(
A(XY ⊤)− b

)
, (20)

depending on whether the matrix is symmetric positive semidefinite Z⋆ ∈ Sd
+ or asymmetric

Z⋆ ∈ Rd1×d2 . Here r is an upper bound on the true rank r⋆ and ℓ(·) is a measure of discrepancy.
Common choices for ℓ(·) include the ℓ2 norm squared, which is effective against small unbiased
noise [23], and the ℓ1 norm, which is robust against gross outliers [17]. Iterative methods for these
formulations are appealing since they do not need to project onto the set of low-rank matrices,
which involves costly matrix factorizations that are prohibitively costly in large-scale settings.

In this section, we develop rates for Algorithm 1 applied to composite problems where the
parameterization can be either Fsym : Rd×r → Sd or Fasym : Rd1×r ×Rd2×r → Rd1×d2 given by

X 7→ XX⊤ and (X,Y ) 7→ XY ⊤, respectively. (21)
We consider two concrete losses: h(·) = 1

2∥A(·) − b∥22 and h(·) = ∥A(·) − b∥1. In what follows,
we develop theory for linear maps satisfying the standard restricted isometry property (RIP) or
a modified version involving the ℓ1-norm—both of which hold for linear maps with appropriately
normalized iid Gaussian entries. We leverage these results to derive guarantees for the ℓ1 loss that
hold even when gross outliers corrupt a constant fraction of the measurements.

5.2.1 Regularity of the parameterization

As a first step, we show that both parameterizations in (21) are smooth (Assumption 1) and establish
weak alignment (Assumption 3) for the PSD factorization and its local analogue (Assumption 7)
for the asymmetric factorization. The proofs of the following two results are rather technical and
require carefully characterizing the spectrum of the Jacobians of these parametrizations; we defer
these arguments to Appendices C.5.1 and C.5.2, respectively.

Theorem 5.5 (Weak alignment of PSD factorization). The map Fsym : Rd×r → Sd given by
X 7→ XX⊤ satisfies Assumption 1 with L∇F = 2 and Assumption 3 with

s(ρ) = 4ρ√
2( r − r⋆ + 1)

, and δ(ρ) = min
{
ρ√
2
,

1
1 + s(ρ) ,

1
3

}
λr⋆ (Z⋆) .

for any Z⋆ ∈ Sd
+ with rank(Z⋆) = r⋆.

Theorem 5.6 (Weak alignment of asymmetric factorization). The map Fasym : Rd1×r ×
Rd2×r → Rd1×d2 given by (X,Y ) 7→ XY ⊤ satisfies Assumption 6 with L∇F =

√
2 and ε∇F = ∞,

and Assumption 7 with

εx⋆ = 1
16
√

2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
max {σ1 (X⋆) , σ1 (Y ⋆)} , s(ρ) = ρ

10
√

2 (r − r⋆ + 1)2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
σ2

r⋆ (X⋆) + σ2
r⋆ (Y ⋆)

,

and δ(ρ) = min
{
ρ

4 ,
1

4s(ρ)

}
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
for any factorization Z⋆ = X⋆Y ⋆⊤ satisfying rank (X⋆) = rank (Y ⋆) = r⋆ and the right singular
vectors of the two factors match V X⋆ = V Y ⋆.

These two regularity guarantees combined with the immediate fact that h(Z) = ∥Z − Z⋆∥F
satisfies Assumption 4, can be used to derive fast convergence guarantees for Algorithm 1 applied to
matrix factorization problems as the one we covered in the introduction; see Figure 1. We observe
that for the asymmetric setting, the alignment is only local, and we require the right singular vectors
of the two factors to be the same. Although this might sound restrictive, spectral initialization
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procedures guarantee closedness to such balanced factors [23, 98]. We focus instead on more general
matrix sensing problems where the input A is not simply the identity.

5.2.2 Noiseless matrix sensing

In this section, we consider noiseless measurements b = A(Z⋆) and the smooth objective h(·) =
1
2∥A(·)− b∥22. Although we could instead work with the nonsquared loss, we restrict attention to the
smooth objective since (i) the next section will explore an arguably more interesting nonsmooth loss,
and (ii) most existing theory pertains to this setting. We will state definitions and some results only
for the asymmetric case, since the extension to the positive semidefinite case follows immediately.

Our guarantees apply to maps satisfying the restricted isometry property (RIP)—a popular
notion of strong identifiability that underpins most existing guarantees for linear inverse problems.
A linear map A : Rd1×d2 → Rm satisfies RIP if there exists δ ∈ (0, 1) such that

(1− δ) ∥Z∥2F ≤ ∥A(Z)∥22 ≤ (1 + δ) ∥Z∥2F (22)
for all matrices Z of rank at most r. In short, this property ensures that distances between low-rank
matrices are approximately preserved after mapping by A. While the identity map trivially satisfies
this property, more interesting random maps with low-dimensional images also exhibit this behavior.
We say that A has i.i.d. entries if A(Z)i = ⟨Ai, Z⟩ where the entries of Ai ∈ Rd1×d2 are drawn i.i.d.
and the matrices Ai are independent of each other.

Lemma 5.7 (Theorem 2.3 in [15]). Fix r ≤ min(d1, d2) and δ ∈ (0, 1). Assume that A has i.i.d.
entries with distribution N(0, 1/m). There exist universal constants c1, c2, c3 > 0 such that if
m ≥ c1r(d1 + d2), then A satisfies (22) for all matrices Z of rank at most r with probability at least
1− c2 exp(−c3m).

In turn, RIP suffices for good conditioning. The proof of the next lemma is in Appendix C.5.3.

Lemma 5.8. Suppose the map A satisfies (22) for all matrices of rank at most 6r, and that
b = A(Z⋆), with Z⋆ ∈ Rd1×d2 a rank r matrix. Then, the function h(·) = 1

2 ∥A(·)− b∥22 satisfies
Assumption 5 with α = (1− δ) and β = (1+δ)2

(1−δ) .

Therefore, applying Theorem 5.5 (resp. Theorem 5.6) in tandem with the preceding lemma
shows that the assumptions of the general convergence guarantee Theorem 4.5 (resp. Theorem B.13
in Appendix B.5) are satisfied in the symmetric (resp. asymmetric) case.4

Corollary 5.9 (Convergence for PSD matrix sensing). Suppose that the measuring map
A : Sd → Rm satisfies (22) for all matrices Z of rank at most 6r and b = A(Z⋆). Algorithm 1 is
applied to the first objective in (20) with ℓ(z) = ∥z∥22, initialized at X0 using Configuration 1 with
γ ≤ min{1, Clb

2 }, Cub ≤ 1
64
√

2(r−r⋆+1)
(1−δ)4

(1+δ)4 , and

∥∥∥X0X
⊤
0 − Z⋆

∥∥∥
F
≤ 1

16
√

2
(1− δ)2

(1 + δ)2λr⋆ (Z⋆) .

Then, the iterates satisfy∥∥∥XkX
⊤
k − Z⋆

∥∥∥2

F
≤
(

1− γ

32
(1− δ)2

(1 + δ)2

)k ∥∥∥X0X
⊤
0 − Z⋆

∥∥∥2

F
for all k ≥ 0.

4To derive the corollary in the asymmetric case we used that 1 − (1 − x)α ≥ αx for all x ∈ [0, 1] and α ∈ (0, 1)
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Corollary 5.10 (Convergence for asymmetric matrix sensing). Suppose that the measuring
map A : Rd1 × Rd2 → Rm satisfies (22) for all matrices Z of rank at most 6r and b = A(Z⋆).
Let X⋆Y ⋆⊤ = Z⋆ be a factorization satisfying rank (X⋆) = rank (Y ⋆) = r⋆ and the right singular
vectors of the two factors match V X⋆ = V Y ⋆. Assume Algorithm 1 is applied to the second
objective in (20) with ℓ(z) = ∥z∥22, initialized at (X0, Y0) using Configuration 1 with γ ≤ min{1, Clb√

2 },

Cub ≤ 1
29·5

√
2(r−r⋆+1)2

(1−δ)4

(1+δ)4
min{σ2

r⋆ (X⋆),σ2
r⋆ (Y ⋆)}

σ2
r⋆ (X⋆)+σ2

r⋆ (Y ⋆) ,

∥(X0, Y0)− (X⋆, Y ⋆)∥F ≤
1

32
√

2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
max {σ1 (X⋆), σ1 (Y ⋆)} , and

∥∥∥X0Y
⊤

0 − Z⋆
∥∥∥

F
≤ 1

223
(1− δ)4

(1 + δ)4
min

{
σ4

r⋆ (X⋆) , σ4
r⋆ (Y ⋆)

}
min

{
σ2

1 (X⋆) , σ2
1 (Y ⋆)

} Clb.

Then, the iterates satisfy∥∥∥XkY
⊤

k − Z⋆
∥∥∥2

F
≤
(

1− γ

32
(1− δ)2

(1 + δ)2

)k ∥∥∥X0Y
⊤

0 − Z⋆
∥∥∥2

F
for all k ≥ 0.

The only dependency on the conditioning of Z⋆ appears in the size of the neighborhood where
the algorithm exhibits linear convergence. The general guarantees under strong alignment can be
used to derive faster rates in the exactly parameterized case; we omit such results for brevity.

5.2.3 Robust matrix sensing

In this section, we will study matrix sensing problems with gross outliers. That is, we consider
corrupted measurements of the form

b =
{
A(Z⋆)i if i ∈ Ic

ηi otherwise,
(23)

where I ⊆ [m] is a subset of the entries and ηi is arbitrary. Inspired by [17], we consider (20)
with ℓ(z) = ∥z∥1. Before stating our results for this loss, we take a small detour to show that for
nonsmooth matrix problems, the rather complicated Assumption 4 is implied by a more standard
form of restricted conditioning. This matches the assumptions for ScaledGD [95]. We defer the
proof of the next lemma to Appendix C.5.4.

Lemma 5.11. Let h : Rd1×d2 → R be a convex function and Z⋆ ∈ Rd1×d2 satisfying the following
two conditions.

1. (Restricted sharpness) For any Z ∈ Rd1×d2 with rankZ ≤ r we have
µ∥Z − Z⋆∥F ≤ |h(Z)− h(Z⋆)| . (24)

2. (Restricted Lipschitzness) For any pair Z, Z̃ ∈ Rd1×d2 with rank(Z − Z̃) ≤ 2r we have∣∣∣h(Z)− h(Z̃)
∣∣∣ ≤ L∥Z − Z̃∥F . (25)

Then, h satisfies Assumption 4 with F = Fasym.

A completely analogous result holds for the symmetric parameterization; we omit it to avoid
repetition. Next, we establish these notions of restricted Lipschitzness and sharpness. Just as in
the noiseless case, we will enforce a restricted isometry property, but in this case, a mixed version
with the ℓ1 norm. In particular, we say that a linear map A : Rd1×d2 → Rm satisfies ℓ1/ℓ2-RIP if
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there exist constants ω1, ω2 > 0 such that
ω1 ∥Z∥F ≤ ∥A(Z)∥1 ≤ ω2 ∥Z∥F (26)

for all matrices Z of rank at most r. In turn, ℓ1/ℓ2-RIP does not suffice to handle outliers. Instead,
we require a slightly more restrictive condition. The map A satisfies the I-outlier bound if there
exist a constant ω0 > 0 such that

ω0 ∥Z∥F ≤ (∥AIc(Z)∥1 − ∥AI(Z)∥1) (27)
for matrices Z of rank at most r, where AI(Z) and AIc(Z) are the subvectors of A(Z) indexed by
I and Ic. In turn, random Gaussian mappings also satisfy these properties.

Lemma 5.12 (Theorem 6.4 in [17]). Fix r ≤ min(d1, d2) and I ⊆ [m] with #I < m/2. Define pfail =
#I/m and suppose that A : Rd1×d2 → Rm has i.i.d. Gaussian entries with distribution N(0, 1/m2).
There exist universal constants c1, c2, c3 > 0 such that if m ≥ c1

(1−2pfail)2 ln
(
c2 + c2

(1−2pfail)2

)
r(d1 +

d2 + 1), then A satisfies (26) and (27) for matrices Z of rank at most r with probability at least
1− 4 exp(−c3(1− 2pfail)m).

Several other random mappings satisfy (26) and (27), including those used for phase retrieval and
blind deconvolution [17, Theorem 6.4]. The following lemma shows that whenever the measurement
map satisfies RIP and the outlier bound, the loss function h(·) = ∥A(·)− b∥1 satisfies the restricted
Lipschitz continuity and sharpness. The proof of this lemma appeared in a slightly different form in
[17]; we include it here for completeness.

Lemma 5.13. Suppose that A satisfies (26) and (27) for all matrices of rank at most 2r and that
b is taken as in (23). Take the constants µ = ω0 and L = ω2. Then, the function h(·) = ∥A(·)− b∥1
satisfies (24) for all Z with rankZ ≤ r and (25) for all Z, Z̃ with rank(Z − Z̃) ≤ 2r.

Proof. We start by establishing restricted sharpness. Label ∆ = (A(Z⋆)− b), and let Z be an
arbitrary matrix with rank at most r. Applying the reverse triangle inequality yields

|h(Z)− h(Z⋆)| = |∥A(Z − Z⋆) + ∆∥1 − ∥∆∥1|

=
(
∥AIc(Z − Z⋆)∥1 +

∑
i∈I

(|[A(Z − Z⋆)]i + [∆]i| − |[∆]i|)
)

≥ (∥AIc(Z − Z⋆)∥1 − ∥AI(Z − Z⋆)∥1)
≥ ω0 ∥Z − Z⋆∥F ,

where the second inequality follows from (27).
Next, we demonstrate that the function h satisfies restricted Lipschitz continuity. Let Z and Z̃

be two matrices such that rank
(
Z − Z̃

)
≤ 2r. Once more, the reverse triangle inequality yields∣∣∣h(Z)− h(Z̃)

∣∣∣ =
∣∣∣∥A(Z)− b∥1 −

∥∥∥A(Z̃)− b
∥∥∥

1

∣∣∣
≤
∥∥∥A(Z − Z̃)

∥∥∥
1

≤ ω2
∥∥∥Z − Z̃∥∥∥

F
,

where the second inequality uses (26). This concludes the proof.

These results allow us to invoke Theorems 4.1 and 4.7 to derive the following two corollaries.

Corollary 5.14 (Convergence for robust PSD matrix sensing). Suppose that the measurement
map A : Sd → Rm satisfies (26) and (27) for all matrices Z of rank at most 2r, and that the vector
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b ∈ Rm is taken as in (23). Assume Algorithm 1 is applied to the first objective in (20) with
ℓ(z) = ∥z∥1, initialized at X0 using Configuration 1 with γ ≤ min

{
1, Clb

2

}
, Cub ≤ 1

16
√

2(r−r⋆+1)
ω2

0
ω2

2
,

and ∥∥∥X0X
⊤
0 − Z⋆

∥∥∥
F
≤ 1

8
√

2
ω0
ω2
λr⋆ (Z⋆) .

Then, the iterates must satisfy∥∥∥XkX
⊤
k − Z⋆

∥∥∥2

F
≤
(

1− γ

8
ω2

0
ω2

2

)k ∥∥∥X0X
⊤
0 − Z⋆

∥∥∥2

F
for all k ≥ 0.

Corollary 5.15 (Convergence for robust asymmetric matrix sensing). Suppose that A : Rd1×
Rd2 → Rm satisfies (26) and (27) for all matrices Z of rank at most 2r and that the vector b ∈ Rm

is taken as in (23). Let X⋆Y ⋆⊤ = Z⋆ be a factorization satisfying rank (X⋆) = rank (Y ⋆) = r⋆ and
the right singular vectors of the two factors match V X⋆ = V Y ⋆. Assume Algorithm 1 is applied
to the second objective in (20) with ℓ(z) = ∥z∥1, initialized at (X0, Y0) using Configuration 1 with
γ ≤ min

{
1, Clb√

2

}
, Cub ≤ 1

27·5
√

2(r−r⋆+1)2
ω2

0
ω2

2

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
σ2

r⋆ (X⋆)+σ2
r⋆ (Y ⋆) ,

∥(X0, Y0)− (X⋆, Y ⋆)∥F ≤
1

32
√

2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
max {σ1 (X⋆), σ1 (Y ⋆)} , and

∥∥∥X0Y
⊤

0 − Z⋆
∥∥∥

F
≤ 1

219
ω4

0
ω4

2

min
{
σ4

r⋆ (X⋆) , σ4
r⋆ (Y ⋆)

}
min

{
σ2

1 (X⋆) , σ2
1 (Y ⋆)

} Clb.

Then, the iterates satisfy∥∥∥XkY
⊤

k − Z⋆
∥∥∥2

F
≤
(

1− γ

8
ω2

0
ω2

2

)k ∥∥∥X0Y
⊤

0 − Z⋆
∥∥∥2

F
for all k ≥ 0.

5.3 Tensor factorization

Tensors are generalizations of matrices that store information in n modes as opposed to only
two. They have numerous applications in recommender systems, biomedical imaging, quantum
many-body simulations, and numerical linear algebra [2, 53, 54, 57, 75, 80, 90]. A major challenge
in large-scale tensor analysis is the growth in storage and computation with increasing modes. To
address this issue, practitioners typically employ low-rank tensor decompositions. Unlike the matrix
SVD, tensor factorization admits no single canonical form; instead, a variety of models—such as
canonical polyadic (CP), Tucker, and tensor train decompositions—are used, each with its properties
and algorithmic trade-offs.

In this section, we focus on finding a CP tensor factorization. Although we will work only with
third-order tensors, many results here likely extend to arbitrary tensors. We start by introducing
some notation. Intuitively, a third-order tensor T can be viewed as a three-dimensional array of
scalars. Given vectors w ∈ Rd1 , x ∈ Rd2 and y ∈ Rd3 we use w ⊗ x ⊗ y to denote a tensor with
components given by (w ⊗ x⊗ y)ijk = wixjyk. A general tensor T has a CP decomposition of rank
r if it can be written as T =

∑r
i=1w

(i) ⊗ x(i) ⊗ y(i); further the decomposition is symmetric if
w(i) = x(i) = y(i) for all i. The CP-rank of T is the minimum r for which a CP decomposition exists;
the symmetric CP-rank is defined analogously. We refer the interested reader to [53] for additional
details. Our goal is, then, to factorize a three-dimensional tensor T ⋆ with CP rank r⋆. To do so, we
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aim to fit the entries to one of the two explicit factorizations

min
X∈Rd×r

∥∥∥∥∥∥
r∑

j=1
Xj ⊗Xj ⊗Xj − T ⋆

∥∥∥∥∥∥
F

or min
W ∈Rd1×r, X∈Rd2×r,

Y ∈Rd3×r

∥∥∥∥∥∥
r∑

j=1
Wj ⊗Xj ⊗ Yj − T ⋆

∥∥∥∥∥∥
F

, (28)

depending on whether the tensor T ⋆ is symmetric or not. Here, Xj denotes the jth column of X
and the Frobenius norm is equal to the ℓ2 norm of the vectorized tensor. These are instances of
composite optimization with h(T ) = ∥T − T ⋆∥F and parameterizations

Fsym(X) :=
r∑

j=1
Xj ⊗Xj ⊗Xj and Fasym(W,X, Y ) :=

r∑
j=1

Wj ⊗Xj ⊗ Yj . (29)

Throughout, we assume the tensor of interest has CP-rank r⋆.

Regularity of the parameterization. We show that the symmetric and asymmetric factorization
maps satisfy local strong alignment (Assumption 8). Recall that to streamline the exposition, we
present this assumption and its implications (Theorem B.12) only in Appendix B.5.2. We defer the
proof of these theorems to Appendices C.6.1 and C.6.2, respectively.

Theorem 5.16 (Strong alignment of the symmetric CP map). Let X⋆ ∈ Rd×r⋆ be a full-rank
matrix and set T ⋆ = Fsym(X⋆). Then, the map Fsym with r = r⋆ satisfies Assumption 6 at X⋆ with
ε∇F = ∥X⋆∥F and L∇F = 12 ∥X⋆∥F , and Assumption 8 at X⋆ with

εx⋆ = min
{
R,

σdr (∇Fsym(X⋆))
24 ∥X⋆∥F

, ∥X⋆∥F

}
, δ(ρ) = ρ

C
, and s = 1

2σdr (∇Fsym(X⋆))

for some constants R,C > 0 that depend only on X⋆.

Theorem 5.17 (Strong alignment of the asymmetric CP map). Let (W ⋆, X⋆, Z⋆) ∈ Rd1×r⋆×
Rd2×r⋆ ×Rd3×r⋆ be full-rank matrices. Then, the map Fasym with r = r⋆ satisfies Assumption 6 at
(W ⋆, X⋆, Y ⋆) with ε∇F = ∥(W ⋆, X⋆, Y ⋆)∥F and L∇F = 4

√
3 ∥(W ⋆, X⋆, Y ⋆)∥F , and Assumption 8

at (W ⋆, X⋆, Y ⋆) with

εx⋆ = min
{
R,

σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Z⋆))
8
√

3 ∥(W ⋆, X⋆, Y ⋆)∥F
, ∥(W ⋆, X⋆, Y ⋆)∥F

}
, δ(ρ) = ρ

C
,

and s = 1
2σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Y ⋆))

for some constants R,C > 0 that depend only on (W ⋆, X⋆, Y ⋆).

We observe that, unlike our results for matrix factorization, here, we only handle ill-conditioning
and fail to capture the overparameterized settings. Nonetheless, our numerical experiments (Sec-
tion 6) suggest that Algorithm 1 converges linearly even for overparameterized problems.

Convergence rates. The outer function for tensor factorization h(T ) = ∥T − T ⋆∥F is trivially well-
conditioned, in particular, it satisfies Assumption 5 with µ = L = 1. Thus, applying Theorem B.12
yields the following two corollaries.

Corollary 5.18 (Convergence rate for symmetric CP tensor factorization). Let T ⋆ ∈
Rd ⊗Rd ⊗Rd be a symmetric tensor with symmetric CP rank r⋆ and let X⋆ ∈ Rd×r⋆ be such that
T ⋆ = Fsym(X⋆). Consider the first problem (28) with r = r⋆ and suppose that we ran Algorithm 1
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initialized at X0 using Configuration 1 with γ ≤ min
{

1, Clb
12∥X⋆∥F

}
and

∥X0 −X⋆∥F ≤
1
2 min

{
R,

σdr(∇Fsym(X⋆))
24 ∥X⋆∥F

, ∥X⋆∥F

}
,

∥Fsym(X0)− T ⋆∥F ≤ min

 1
8C ,

σdr (∇Fsym(X⋆))
16Cub

,
1

210Clb min
{
R,

σdr (∇Fsym(X⋆))
24 ∥X⋆∥F

, ∥X⋆∥F

}2
 ,

where C,R > 0 are constants depending only on X⋆. Then, the iterates satisfy

∥Fsym(Xk)− T ⋆∥2F ≤
(

1− γ

8

)k

∥Fsym(X0)− T ⋆∥2F for all k ≥ 0.

Corollary 5.19 (Convergence for asymmetric CP tensor factorization). Let T ⋆ ∈ Rd1 ⊗
Rd2 ⊗Rd3 be a tensor with CP rank r⋆ and let (W ⋆, X⋆, Y ⋆) ∈ Rd1×r⋆ ×Rd2×r⋆ ×Rd3×r⋆ be such
that T ⋆ = Fasym(W ⋆, X⋆, Y ⋆). Consider the second problem in (28) with r = r⋆ and suppose that we
ran Algorithm 1 initialized at W0, X0, Y0 using Configuration 1 with γ ≤ min

{
1, Clb

4
√

3∥(W ⋆,X⋆,Y ⋆)∥F

}
,

∥(W0, X0, Y0)− (W ⋆, X⋆, Y ⋆)∥F ≤
1
2 min

{
R,

σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Z⋆))
8
√

3 ∥(W ⋆, X⋆, Y ⋆)∥F
, ∥(W ⋆, X⋆, Y ⋆)∥F

}
,

and
∥Fasym(W0, X0, Z0)− T ⋆∥F

≤ min
{

1
8C ,

σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Y ⋆))
16Cub

,

1
210Clb min

{
R,

σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Z⋆))
8
√

3 ∥(W ⋆, X⋆, Y ⋆)∥F
, ∥(W ⋆, X⋆, Y ⋆)∥F

}2}
,

where C,R > 0 are constants depending only on (W ⋆, X⋆, Y ⋆). Then, the iterates satisfy

∥Fasym(Wk, Xk, Yk)− T ⋆∥2F ≤
(

1− γ

8

)k

∥Fasym(W0, X0, Y0)− T ⋆∥2F for all k ≥ 0.

Unlike our results for matrices, our tensor guarantees only handle exactly parameterized problems.
Moreover, by invoking Theorem B.14, we can derive similar rates with worse constants for the
smooth loss h(T ) = 1

2 ∥T − T
⋆∥22.

6 Numerical experiments
In this section, we present numerical results that support our theoretical guarantees. Sections 6.1,
6.2, and 6.3 include experiments for nonnegative least squares,atrix sensing, and tensor factorization,
respectively. The code for reproducing these experiments is available at

https://github.com/aglabassi/preconditioned_composite_opti.

Implementation details. We run all methods on a Google Colab compute unit with 12GB
of system RAM, and a T4 GPU with 16GB of RAM (A100 for tensor experiments). We use
Python 3.11.11 and Pytorch 2.5.1 paired with Cuda 12.4. Further, we use Pytorch’s double-
precision floating-point format. For almost all experiments, we solve the linear systems via the
Conjugate Gradient method with a maximum of 100 iterations and a tolerance level of 10−25.
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Figure 2: Relative distance against iteration count for nonnegative least squares losses (19).

We use implicit evaluations of the matrix-vector products ∇F (x)⊤∇F (x)v using the derivations
given in the Appendix E. The only expectation is nonnegative least squares, for which we use
(∇F (x)⊤∇F (x) + λI)−1v = v ⊙ 1

x⊙x+λ1 directly.

6.1 Nonnegative least squares with smooth and nonsmooth losses

For our first experiment, we consider the two nonnegative least squares formulations(19) from
Section 5.1. We generate the ground truth via z⋆ =

[
1, . . . , 1

τ 0r−r⋆

]⊤
∈ Rr, where τ and r − r⋆

respectvely control the ill-conditionedness and overparameterization of the map F (x) = x ⊙ x.
Ill-conditioning of the map F (x) = x ⊙ x at z⋆ occurs when maxi|z⋆

i ̸=0 |z⋆
i | ≫ mini|z⋆

i ̸=0 |z⋆
i |, and

overparameterization when dim(z⋆) > ∥z⋆∥0. We vary τ ∈ {1, 100} and r ∈ {10, 100}, and take
r⋆ = 10. We generate matrices A ∈ Rm×r with m = 2r, and κ(A) = 10, and set b = Az⋆. We
initialize all methods at the same random x0 satisfying ∥x0 ⊙ x0 − z⋆∥2 = 10−2 ∥z⋆∥2.

Baselines. We compare the performance of iterative methods applied to the smooth and nonsmooth
formulations in (19). For both losses, we test Algorithm 1 against the standard subgradient method
and the Gauss-Newton subgradient method from [26]. All methods use the Polyak-type stepsizes.
For the subgradient method it is exactly the Polyak stepsize (f(xk)−min f)/∥gk∥2 with gk ∈ ∂f(xk).
For the other two methods, we use the stepsize from Configuration 1. For Algorithm 1 we use
λk = 10−2 ∥Ax− b∥2 as an estimator of the quantity ∥xk ⊙ xk − z⋆∥2, which emulates Configuration 1
without requiring access to z⋆.

Discussion. Figure 2 displays the results. On the one hand, the Polyak subgradient method
fails to converge linearly, whether there is ill-conditioning or overparameterization, and, further,
Gauss-Newton diverges in the overparameterization case, which is expected as the precondition is
ill-defined. On the other hand, Algorithm 1 is robust and converges linearly in all settings. Notably,
the methods exhibit faster convergence when applied to the nonsmooth formulations, highlighting
the benefit of using a nonsmooth loss for regression.
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Figure 3: Smooth matrix sensing with the ℓ2-norm squared. We use m = 4dr (m = 2dr for
symmetric), with r⋆ = 2, r ∈ {2, 5}.

6.2 Matrix Sensing

For our second batch of experiments, we consider the matrix problems introduced in (20). We run
three experiments to evaluate (i) convergence, (ii) hyperparameter sensitivity, and (iii) robustness
to outliers. All three types of experiments use similar losses and parameter configurations, which
we describe next.

Setup. We solve matrix sensing using the squared ℓ2-loss h(M) = ∥A(M)− b∥22 andthe ℓ1-loss
h(M) = ∥A(M) − b∥1. We consider both PSD and general asymmetric ground truths: for PSD
sensing we set M⋆ = X⋆X⋆⊤ where X⋆ = U D1/2 with U ∈ Rd×r⋆ drawn at random satisfying
U⊤U = I and D = diag(ξ1, . . . , ξr⋆) with ξi linearly spaced in [1/τ, 1] for τ ∈ {1, 100}; for asymmetric
sensing we similarly draw Y ⋆ = V D1/2 and set M⋆ = X⋆(Y ⋆)⊤ to ensure κ(M⋆) = τ . To test
dimension-independent convergence we vary d ∈ {100, 200}, and to probe overparameterization we
fix r⋆ = 2 while varying r ∈ {2, 5}. The map A : Rd×d → Rm has i.i.d. N(0, 1

m) entries with m = 2dr
(or m = 4dr for asymmetric), and all methods are initialized identically with relative error 10−2.
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Figure 4: Matrix sensing with the ℓ1-norm. We use m = 4dr (m = 2dr for symmetric) with r⋆ = 2,
r ∈ {2, 5}. OPSA [44] only applies to the asymmetric setting.

Baselines. For the smooth problems, we compare with gradient descent, PrecGD [106] (symmetric
only), ScaledGD(λ) [104]. In the nonsmooth setting, we compare our method against the Polyak
subgradient method, and OPSA [44] (asymmetric only). Unless otherwise stated, our method uses
Polyak stepsizes (Configuration 1), where we set γ = 1. For constant-stepsize methods, PrecGD
and ScaledGD(λ), we tune to select the largest parameter that leads to convergence, i.e., γk = 1/2.
For ScaledGD(λ) we set λ = 10−8. For PrecGD and Algorithm 1 we use a damping parameter of
λk = 2.5 · 10−3√f(xk) in the smooth setting, or λk = 10−5 · f(xk) in the nonsmooth one, as an
estimator for the quantity ∥zk − z⋆∥2.

Experiment 1: convergence rates. We generate noiseless observations b = A(M⋆) and solve
the recovery problem using both the squared ℓ2-norm and the ℓ1-norm. Figures 3 and 4 report
results for the smooth and nonsmooth formulations, respectively, benchmarked against established
competitor methods. Algorithm 1 consistently matches or outperforms existing approaches across
both problem classes. ScaledGD and OPSA employ a fixed damping parameter, which restricts their
linear convergence to a neighborhood around the optimum; by contrast, PrecGD and our method
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Figure 5: Median number of iterations to achieve convergence (100 draws) versus hyperparameter γ.
We declare that a method converged when it reaches a relative error of 10−8 and cap the maximum
number of iterations to 1000. The shaded area represents the 5th and 95th percentiles, respectively.

sustain linear convergence all the way to the exact solution. Furthermore, corroborate our theoretical
finding that Algorithm 1 achieves a convergence rate independent of the problem dimension.

Experiment 2: hyperparameter sensitivity. In this experiment, we probe the robustness of
Configuration 2 for the ℓ1 norm loss. We set stepsizes to γk = γqk and damping parameters to
λk = 10−5qk and vary q ∈ {0.95, 0.96, 0.97} and γ ∈ {10−j | j = 1, . . . , 8}. We cap the total number
of iterations at 103. Compared to the previous experiment, we take a smaller dimension d = 30
and consider more aggressive ill-conditioning by varying τ ∈ {1, 104}. Figure 5 shows the median
number of iterations needed to achieve a given relative error of 10−8 over 100 trials. This experiment
suggests that Algorithm 1 converges efficiently across a broad spectrum of hyperparameter settings.

Experiment 3: robustness to gross outliers. For our last batch of experiments, we test the
ability of our method to solve the PSD, ℓ1 norm formulation, with different levels of gross outliers.
We set the dimension to d = 30 and consider more aggressive ill-conditioning by varying τ ∈ {1, 104}.
We corrupt the vector b via (23) where the outliers are set to ηi = A(M)i for some other random
matrix M ∈ Sd

+. We vary the corruption level pfail = #I/m between 0 and 1/2. Notice that when
pfail > 1/2, the solution switches to M. We compare against the standard and Gauss-Newton
subgradient methods [26]. The Polyak stepsize is not applicable because the true minimum value
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Figure 6: Matrix sensing transition plots of success rates (in %) over 20 trials for each (m, pfail).
Success is declared when the relative error is below ϵ = 10−8 with an iteration budget of 500.

min f is unknown. Instead, we use Configuration 2 with λ = 10−5, γ = 10−4, and q = 0.97. Figure 6
displays the results with phase transition plots. For each pair (m, pfail), we run 20 problem instances
and report the success ratio. A run is successful if, within 500 iterations, it achieves a relative error
to fall below ϵ = 10−8. The Gauss-Newton preconditioned method exhibits unpredictable behavior
when employing these geometrically decaying stepsizes; indeed, the guarantees in [26] do not cover
this stepsize strategy. On the other hand, Algorithm 1 displays more stable performance, supporting
our theory.

6.3 Tensor factorization and sensing

Finally, in our last batch of experiments, we evaluate Algorithm 1 on both tensor factorization (28)
and robust tensor sensing. While our theoretical guarantees address only the factorization setting,
the empirical results suggest that Algorithm 1 also works for tensor sensing. We leave the formal
analysis of this case as an open question for future work.

Setup. For the factorization problem, we use the ℓ2-norm h(T ) = ∥T − T ⋆∥2. For the sensing
problem, we use the ℓ1-loss h(T ) = ∥A(T )− b∥1 with A a linear measurement map and consider
both symmetric and asymmetric CP-factorizations (29). We generate factor matrices W ⋆, X⋆, Y ⋆ ∈
Rd×r⋆ by drawing U ∈ Rd×r⋆ uniformly with U⊤U = I and setting X⋆ = U D1/3, where the
diagonal matrix D has entries spanning [1/τ, 1]; the ground-truth tensor is then T ⋆ = Fsym(X⋆) or
T ⋆ = Fasym(W ⋆, X⋆, Y ⋆) depending on the experiment. All methods are initialized at random with
relative error 10−2. We set d = 500 for factorization and d = 50 for sensing, vary τ ∈ {1, 100} and
r ∈ {2, 5}, and draw A with i.i.d. N (0, 1/m) entries with m = 5dr (or 30dr for asymmetric), taking
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Figure 7: Tensor factorization with the ℓ2-norm. We use r⋆ = 2, r ∈ {2, 5}.
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Figure 8: Robust tensor sensing with the ℓ1-norm. We use m = 5dr (30dr for asymmetric) with
r⋆ = 2, r ∈ {2, 5} and 10% of gross outliers.

observations b = A(T ⋆).

Baselines. To our knowledge, no preconditioned first-order method offers convergence guarantees
for CP tensor factorization.5 Thus, we only test against the subgradient method. For the factorization
experiment, we use Configuration 1 with γ = 1

2 and λk = 10−3f(xk). For the robust sensing
experiment, we use Configuration 2 with γ = 10−3 (10−5 for asymmetric), λ = 10−5 and q = 0.94(0.96
for asymmetric).

Discussion. Figure 7 shows the output for large tensor factorization using the ℓ2-norm. Algorithm 1
consistently displays fast convergence. Although we do not include a plot here, we observe that
the convergence is much faster when using the unscared ℓ2 compared to its squared counterpart.
This observation is consistent with the nonnegative least squares experiment. Figure 8 shows the

5A provably convergent version of ScaledGD exists for the Tucker asymmetric factorization [36].
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convergence for tensor sensing using the ℓ1-norm with 10% gross outliers of the form ηi = A(T )i

for a spurious signal T ∈ Rd×d×d. Consistently, Algorithm 1 outperforms the subgradient method
while remaining robust to ill-conditioning and overparameterization.
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A Missing proofs from Section 3

A.1 Proof of Lemma 3.1

First, we show the bound on the norm of Pk and I − Pk. Set d = dim(E), m = dim(Y),
and r = rank(∇F (xk)). Let ∇F (xk) = UΣV ⊤ be the economy SVD of matrix ∇F (xk), where
U ∈ O(m, r), V ∈ O(d, r),Σ = diag (σ) , and σ = σ (∇F (x)), for notational convience we do not
index these matrices with xk. Then,

Pk = UΣ(Σ⊤Σ + λkI)−1Σ⊤U⊤.

Let w =
(

(σxk
1 )2

(σxk
1 )2+λk

, . . . , (σxk
r )2

(σxk
r )2+λk

)
. We know from linear algebra that Pk = U diag (w)U⊤.

The eigenvalues of Pk are bounded by one since λk > 0, so ∥Pk∥op ≤ 1. Similarly, let v =(
λk

(σxk
1 )2+λk

, . . . , λk

(σxk
r )2+λk

)
we can write

I − Pk = U diag(v)U⊤. (30)
It’s clear that ∥I − Pk∥op ≤ 1. Moreover, for any v ∈ Y , we have

∥Pkv∥ =
∥∥∥U diag(w)U⊤v

∥∥∥ ≤ ∥∥∥U⊤v
∥∥∥ = ∥Πxkv∥ ,

where the last equality follows since Πxk = UU⊤ Therefore, the first item holds.
Next, we note that the second item holds immediately from (30) and the monotonicity of singular

values {σxk
i }ri=1. Lastly, observe that γkPkvk = ∇F (xk)(xk − xk+1), thus
∥zk+1 − (zk − γkPkvk)∥ = ∥F (xk+1)− F (xk)−∇F (xk)(xk+1 − xk))∥

≤ L∇F

2 ∥xk+1 − xk∥2

= L∇F

2 γ2
k

∥∥∥(∇F (xk)⊤∇F (xk) + λkI)−1∇F (xk)⊤vk

∥∥∥2
, (31)

where the inequality follows from Taylor’s theorem. Just as before, we have that
(∇F (xk)⊤∇F (xk) + λkI)−1∇F (xk)⊤ = V (Σ⊤Σ + λkI)−1Σ⊤U⊤.

Once again, the nonzero singular values of this matrix correspond to σi

σ2
i +λk

. By Young’s inequality,
we have σ2

i + λk ≥ 2σi

√
λk, so σi

σ2
i +λk

≤ 1
2
√

λk
, which implies∥∥∥(∇F (xk)⊤∇F (xk) + λkI)−1∇F (xk)⊤vk

∥∥∥ ≤ 1
2
√
λk

∥∥∥U⊤vk

∥∥∥ = 1
2
√
λk
∥Πxkvk∥ . (32)

The conclusion follows directly from the estimates (31) and (32). This concludes the proof of
Lemma 3.1.
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B Missing proofs from Section 4

B.1 Proof of Theorem 4.1 (Geometric decaying stepsizes)

We start by establishing a couple of auxiliary lemmas.

Lemma B.1. Suppose that Assumptions 1 and 4 hold. For any xk, xk+1 generated by Algorithm 1,
let zk = F (xk) and zk+1 = F (xk+1). Then we have

∥zk+1 − (zk − γkPkvk)∥ ≤ L∇FL
2γ2

k

8λk
.

Proof. A combination of Lemma 3.1 and Assumption 4 yields the desired bound.

Lemma B.2. Suppose that Assumptions 1, 3, and 4 hold. For any zk such that ∥zk − z⋆∥ ≤ δ
( µ

8L

)
,

we have

∥zk − γkPkvk − z⋆∥2 ≤ ∥zk − z⋆∥2 − 3µγk

2 ∥zk − z⋆∥

+ 2Lγk
λk

s
( µ

8L

)
∥zk − z⋆∥ + λk

∥zk − z⋆∥ + γ2
kL

2.

Proof. Note that
∥zk − γkPkvk − z⋆∥2 = ∥zk − z⋆∥2 − 2γk ⟨vk, zk − z⋆⟩+ 2γk ⟨(I − Pk)vk, zk − z⋆⟩+ γ2

k ∥Pkvk∥2

≤ ∥zk − z⋆∥2 − 2γkµ ∥zk − z⋆∥ + 2γk ⟨vk, (I − Pk)(zk − z⋆)⟩+ γ2
kL

2, (33)
where the inequality follows from Lemma 3.1, Lemma 3.2, and Item 4 of Assumption 4. On the
other hand, by the same argument as in (17) and (18), we have

∥(I − Pk)(zk − z⋆)∥ ≤
(

λk

s
( µ

8L

)
∥zk − z⋆∥ + λk

+ µ

8L

)
∥zk − z⋆∥ .

By Item 4 of Assumption 4, we have

2γk ⟨vk, (I − Pk)(zk − z⋆)⟩ ≤ 2Lγk

(
λk

s
( µ

8L

)
∥zk − z⋆∥ + λk

+ µ

8L

)
∥zk − z⋆∥ . (34)

The desired inequality follows from a combination of (33) and (34).

We prove the theorem by induction. The conclusion holds for k = 0 by assumption. Next,
suppose that the conclusion holds for some k ≥ 0. We consider two cases:

Case 1. Suppose first that ∥zk − z⋆∥ ≤ M
4 q

k. We have

∥zk − γkPkvk − z⋆∥2 ≤ ∥zk − z⋆∥2 + 2Lγk
λk

s
( µ

8L

)
∥zk − z⋆∥ + λk

∥zk − z⋆∥ + γ2
kL

2

≤ ∥zk − z⋆∥2 + 2Lγk ∥zk − z⋆∥ + γ2
kL

2

≤
(
M2

16 + γLM

2 + γ2L2
)
q2k

≤ M2

4 q2k+2,

(35)

where the first inequality follows from Lemma B.2, the second inequality follows from the fact that
λk

s
( µ

8L

)
∥zk − z⋆∥ + λk

≤ 1,
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the third inequality follows from the assumption that ∥zk − z⋆∥ ≤ M
4 q

k, and the last inequal-
ity follows from q ≥ 1√

2 and our assumption on γ ≤ Mµ/(64L2) ≤ M/(64L). As a result,
∥zk − γkPkvk − z⋆∥ ≤ M

2 q
k+1. Moreover, by Lemma B.1, the triangle inequality, and our assump-

tion γ2 ≤ 2λM/(L∇FL
2), we have

∥zk+1 − z⋆∥ ≤ M

2 qk+1 + γ2L∇FL
2

8λ qk

≤Mqk+1.

Case 2. Now, suppose M
4 q

k ≤ ∥zk − z⋆∥ ≤Mqk. We have

∥zk − γkPkvk − z⋆∥2

≤ ∥zk − z⋆∥2 − 3γµ
2 qk ∥zk − z⋆∥ + 2γL λqk

s
( µ

8L

)
∥zk − z⋆∥ + λqk

qk ∥zk − z⋆∥ + γ2L2q2k

≤ ∥zk − z⋆∥2 − 3γµ
2M ∥zk − z⋆∥2 + 2γL 4λ

s
( µ

8L

)
M + 4λq

k ∥zk − z⋆∥ + 16γ2L2

M2 ∥zk − z⋆∥2

≤ ∥zk − z⋆∥2 − 3γµ
2M ∥zk − z⋆∥2 + 2γL 16λ

s
( µ

8L

)
M2 ∥zk − z⋆∥2 + 16γ2L2

M2 ∥zk − z⋆∥2

≤
(

1− γµ

M

)
∥zk − z⋆∥2 ,

where the first inequality follows from Lemma B.2, the second and third inequalities follow from
the assumed bound on ∥zk − z⋆∥, and the last inequality follows from our assumption on λ and γ.
Taking the square root of both sides, we have

∥zk − γkPkvk − z⋆∥ ≤
√

1− γµ

M
∥zk − z⋆∥ ≤

(
1− γµ

2M

)
∥zk − z⋆∥ (36)

where the second inequality follows since (1− x)1/2 ≤ 1− x/2 for all x ≤ 1, which holds due to our
constraints on γ. Then,

∥zk+1 − z⋆∥ ≤ ∥zk − γkPkvk − z⋆∥ + ∥zk+1 − (zk − γkPkvk)∥

≤
(

1− γµ

2M

)
∥zk − z⋆∥ + γ2L∇FL

2

8λ qk

≤
(

1− γµ

4M

)
∥zk − z⋆∥

≤Mqk+1,

where the first inequality follows from Lemma B.1 and the triangle inequality, the second inequality
follows from (36), Lemma B.1, and our assumption γ ≤ λµ/(2L∇FL

2), and the last inequality
follows from the inductive hypothesis and the fact that 1− γµ/(4M) ≤ q.

The induction is complete, finishing the proof of Theorem 4.1.

B.2 Proof of Theorem 4.4

The proof of the following lemma is essentially the same as that of Lemma B.2. We omit the details.

Lemma B.3. Suppose that Assumptions 1, 2, and 4 hold. For any zk such that ∥zk − z⋆∥ ≤ δ
( µ

8L

)
,
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we have

∥zk − γkPkvk − z⋆∥2 ≤ ∥zk − z⋆∥2 − 3µγk

2 ∥zk − z⋆∥ + 2Lγk
λk

s+ λk
∥zk − z⋆∥ + γ2

kL
2.

Proof for Polyak stepsize. By induction, it suffices to prove the following claim:

Claim B.4. For any zk = F (xk) with ∥zk − z⋆∥ ≤ min
{
δ
( µ

8L

)
, sµ

8CubL

}
, we have

∥zk+1 − z⋆∥2 ≤
(

1− γµ2

8L2

)
∥zk − z⋆∥2 .

To this end, we let j be the index provided by Assumption 2 when applied to ρ = µ
8L and

z = zk = F (xk), i.e., ∥∥∥(I −Πx
j )(zk − z⋆)

∥∥∥ ≤ µ

8L ∥zk − z⋆∥ and (σx
j )2 ≥ s.

Following the similar calculation as in (18), we have

| ⟨(I − Pk)vk, zk − z⋆⟩ | ≤ L
(∥∥∥(I − Pk)Πx

j (zk − z⋆)
∥∥∥ +

∥∥∥(I − Pk)(I −Πx
j )(zk − z⋆)

∥∥∥)
≤ L

(
λk

(σx
i )2 + λk

∥∥∥Πx
j (zk − z⋆)

∥∥∥ + µ

8L ∥zk − z⋆∥
)

≤ L
(

Cub ∥zk − z⋆∥
s+ Cub ∥zk − z⋆∥

+ µ

8L

)
∥zk − z⋆∥

≤ µ

4 ∥zk − z⋆∥

≤ h(zk)− h⋆

4 ,

where the fourth inequality follows from the bound ∥zk − z⋆∥ ≤ sµ
8CubL . Invoking Proposition 4.2

and Assumption 4 gives

∥zk+1 − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ

8
(h(zk)− h⋆)2

∥Πxkvk∥2

≤
(

1− γµ2

8L2

)
∥zk − z⋆∥2 ,

as desired.

Proof for geometrically decaying stepsize. We prove it by induction. First, the conclusion
holds for k = 0. Now suppose that the conclusion holds for some k ≥ 0. We consider two cases:

Case 1. Suppose ∥zk − z⋆∥ ≤ M
4 q

k. Using Lemma B.3 and the same argument in (35), we obtain
∥zk+1 − z⋆∥ ≤Mqk+1.

Case 2. Suppose M
4 q

k ≤ ∥zk − z⋆∥ ≤Mqk. We have

∥zk − γkPkvk − z⋆∥2 ≤ ∥zk − z⋆∥2 − 3µγk

2 ∥zk − z⋆∥ + 2Lγk
λk

s+ λk
∥zk − z⋆∥ + γ2

kL
2

≤ ∥zk − z⋆∥2 − 3γµ
2M ∥zk − z⋆∥2 + 8γλL

sM
∥zk − z⋆∥2 + 16γ2L2

M2 ∥zk − z⋆∥2

≤
(

1− γµ

M

)
∥zk − z⋆∥2 ,
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where the first inequality follows from Lemma B.3, the second inequality follows from the lower
bound on ∥zk − z⋆∥2, and the third inequality follows our bounds on λ and γ. The rest of the
proof follows from the same argument as the proof of Theorem 4.1.

This completes the proof of Theorem 4.4.

B.3 Proof of Theorem 4.5

We start by stating a couple of auxiliary lemmas.

Lemma B.5. Suppose Assumptions 1 and 5 hold, and let xk and xk+1 be iterates generated by
Algorithm 1 under Configuration 3. Define zk = F (xk) and zk+1 = F (xk+1). Then, we have

∥zk+1 − (zk − γPk∇h(zk))∥ ≤ L∇Fγ
2

8λqk
∥Πxk∇h(zk)∥2 .

Proof. A combination of Lemma 3.1 and the choice of λk and γk in Configuration 3 yields the
desired result.

Lemma B.6. Suppose that Assumptions 1, 3, and 5 hold. Assume that we are under Configuration 3
and that γ ≤ 1

8β . For any zk such that ∥zk − z⋆∥ ≤ δ
(

α
16β

)
, we have

∥zk − γPk∇h(zk)− z⋆∥2 ≤ ∥zk − z⋆∥2 − 7γ
4 ⟨∇h(zk), zk − z⋆⟩+ 2βγ λk

s
(

α
16β

)
∥zk − z⋆∥ + λk

∥zk − z⋆∥2 .

Proof. By expanding the square and adding and subtracting 2γ ⟨∇h(zk), zk − z⋆⟩ we get
∥zk − γPk∇h(zk)− z⋆∥2

≤ ∥zk − z⋆∥2 − 2γ ⟨∇h(zk), zk − z⋆⟩+ 2γ ⟨(I − Pk)∇h(zk), zk − z⋆⟩+ γ2 ∥Πxk∇h(zk)∥2

≤ ∥zk − z⋆∥2 − 7γ
4 ⟨∇h(zk), zk − z⋆⟩+ 2γ ⟨(I − Pk)∇h(zk), zk − z⋆⟩ ,

where the first inequality follows from Lemma 3.1, and the second inequality follows from Lemma 3.2,
Item 4 of Assumption 5, and γ ≤ 1

8β . We focus on bounding the inner product in the last term

| ⟨(I − Pk)∇h(zk), zk − z⋆⟩ | ≤ β ∥zk − z⋆∥ ∥(I − Pk)(zk − z⋆)∥

≤ β

 λk

s
(

α
16β

)
∥zk − z⋆∥ + λk

+ α

16β

 ∥zk − z⋆∥2 ,

where the first inequality follows from Item 4 of Assumption 5 and last inequality follows from the
same calculation as (18) with vk replaced by ∇h(zk). This concludes the proof of the lemma.

Proof for Polyak stepsize. By induction, it suffices to prove the following claim.

Claim B.7. For any zk = F (xk) with ∥zk − z⋆∥2 ≤ δ
(

α
16β

)
, we have

∥zk+1 − z⋆∥2 ≤
(

1− γα

32β

)
∥zk − z⋆∥2 .

Let j be the index provided by Assumption 3 when applied to ρ = α
16β and z = zk = F (xk), i.e.,∥∥∥(I −Πxk

j )(zk − z⋆)
∥∥∥ ≤ α

16β ∥zk − z⋆∥ and (σx
i )2 ≥ s

(
α

16β

)
∥zk − z⋆∥ . (37)
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Thus, we have

|⟨(I − Pk)∇h(zk), zk − z⋆⟩| ≤ β

 Cub

s
(

α
16β

)
+ Cub

+ α

16β

 ∥zk − z⋆∥2

≤ β 2α
16β ∥zk − z⋆∥2

≤ 1
4 (h(zk)− h⋆) ,

(38)

where the first inequality follows from the same calculation as (18) and the second inequality is due
to Cub ≤ α

16β s(
α

16β ). Applying Proposition 4.2 and Assumption 5, we have

∥zk+1 − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ

8
(h(zk)− h⋆)2

∥Πxk∇h(zk)∥2

≤ ∥zk − z⋆∥2 − γ

8
h(zk)− h⋆

∥zk − z⋆∥2
h(zk)− h⋆

∥Πxk∇h(zk)∥2
∥zk − z⋆∥2

≤
(

1− γα

32β

)
∥zk − z⋆∥2 ,

concluding the proof for the Polyak stepsize.

Proof for geometrically decaying stepsize. We prove the rate by induction. Based on our
assumption, the conclusion holds for k = 0. Now suppose that the conclusion holds for some k ≥ 0.
We consider two cases:

Case 1. ∥zk − z⋆∥ ≤ M
4 q

k. We have

∥zk − γPk∇h(zk)− z⋆∥2 ≤ ∥zk − z⋆∥2 + 2βγ λk

s
(

α
16β

)
∥zk − z⋆∥ + λk

∥zk − z⋆∥2

≤ ∥zk − z⋆∥2 + 2βγ ∥zk − z⋆∥2

≤
(
M2

16 + βγM2

8

)
q2k

≤ M2

4 q2k+2,

where the first inequality follows from Lemma B.6, the second inequality follows from
λk

s
(

α
16β

)
∥zk − z⋆∥ + λk

≤ 1,

the third inequality follows from ∥zk − z⋆∥ ≤ M
4 q

k, and the last inequality follows from q ≥ 1√
2 and

our assumption on γ. As a result, ∥zk − γkPk∇h(zk)− z⋆∥ ≤ M
2 q

k+1. Moreover, by Lemma B.5,
Item 4 of Assumption 5 , and our bound on γ, we derive

∥zk+1 − z⋆∥ ≤ ∥zk − γPk∇h(zk)− z⋆∥ + L∇Fγ
2

8λqk
∥Πxk∇h(zk)∥2

≤ M

2 qk+1 + β2L∇Fγ
2M2

128λ qk

≤Mqk+1.
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Case 2. M
4 q

k ≤ ∥zk − z⋆∥ ≤Mqk. We have

∥zk − γPk∇h(zk)− z⋆∥2 ≤ ∥zk − z⋆∥2 − 7γ
4 ⟨∇h(zk), zk − z⋆⟩+ 2βγ λqk ∥zk − z⋆∥2

s
(

α
16β

)
∥zk − z⋆∥ + λqk

≤ ∥zk − z⋆∥2 − 7γ
4 ⟨∇h(zk), zk − z⋆⟩+ 2βγ 4λ

s
(

α
16β

)
M
∥zk − z⋆∥2

≤ ∥zk − z⋆∥2 − 3γ
2 ⟨∇h(zk), zk − z⋆⟩ ,

where the first inequality follows from Lemma B.6, the second inequality follows from the assumed
bound on ∥zk − z⋆∥, and the last inequality follows from the bound on λ and Lemma 3.3. As a
result of Lemma B.5 and triangle inequality, we have

∥zk+1 − z⋆∥2 ≤
(
∥zk − γPk∇h(zk)− z⋆∥ + L∇Fγ

2

8λqk
∥Πxk∇h(zk)∥2

)2

≤
(√
∥zk − z⋆∥2 − 3γ

2 ⟨∇h(zk), zk − z⋆⟩+ L∇Fγ
2

8λqk
∥Πxk∇h(zk)∥2

)2

= ∥zk − z⋆∥2 − 3γ
2 ⟨∇h(zk), zk − z⋆⟩+ L2

∇Fγ
4

64λ2q2k
∥Πxk∇h(zk)∥4

+ L∇Fγ
2

4λqk
∥zk − z⋆∥2 ∥Π

xk∇h(zk)∥2 .

Note that by Lemma 3.2 and Item 4 of Assumption 5, we have
∥Πxk∇h(zk)∥2 ≤ 2β ⟨∇h(zk), zk − z⋆⟩ .

Combining with the upper bound on ∥zk − z⋆∥ and our assumption on γ, we have
∥zk+1 − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ ⟨∇h(zk), zk − z⋆⟩

≤
(

1− γα

2

)
∥zk − z⋆∥2

≤M2q2k+2.

The induction is complete, and so is the proof of Theorem 4.5.

B.4 Proof of Theorem 4.6

We start with an auxiliary result.

Lemma B.8. Suppose that Assumptions 1, 2, and 5 hold. Suppose that we are under Configuration 3
and that γ ≤ 1

8β . For any zk such that ∥zk − z⋆∥ ≤ δ
(

α
16β

)
, we have

∥zk − γPk∇h(zk)− z⋆∥2 ≤ ∥zk − z⋆∥2 − 7γ
4 ⟨∇h(zk), zk − z⋆⟩+ 2βγ λk

s+ λk
∥zk − z⋆∥2 .

Proof. The proof follows the same argument as the proof of Lemma B.6.

Proof for Polyak stepsize. By induction, it suffices to prove the following claim.

Claim B.9. For any zk = F (xk) with ∥zk − z⋆∥ ≤
{
r
(

α
16β

)
, sα

16Cubβ

}
, we have

∥zk+1 − z⋆∥2 ≤
(

1− γα

32β

)
∥zk − z⋆∥2 .
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Let j be the index provided by Assumption 2 when applied to ρ = α
16β and z = zk = F (xk), i.e.,∥∥∥(I −Πx

j )(zk − z⋆)
∥∥∥ ≤ α

16β ∥zk − z⋆∥ and (σx
j )2 ≥ s.

Following the similar calculation as (18) and (38), we have

| ⟨(I − Pk)∇h(zk), zk − z⋆⟩ | ≤ β ∥zk − z⋆∥
(∥∥∥(I − Pk)Πx

j (zk − z⋆)
∥∥∥ +

∥∥∥(I − Pk)(I −Πx
j )(zk − z⋆)

∥∥∥)
≤ β ∥zk − z⋆∥

(
λk

(σx
j )2 + λk

∥∥∥Πx
j (zk − z⋆)

∥∥∥ + α

16β ∥zk − z⋆∥
)

≤ β
(

Cub ∥zk − z⋆∥
s+ Cub ∥zk − z⋆∥

+ α

16β

)
∥zk − z⋆∥2

≤ β
(

1
16β
α + 1

+ α

16β

)
∥zk − z⋆∥2

≤ α

8 ∥zk − z⋆∥2

≤ h(zk)− h⋆

4 ,

where the fourth inequality follows from the bound ∥zk − z⋆∥ ≤ sα
16Cubβ and for 1

1+x−1 + x ≤ 2x for
any x ≥ 0. Applying Proposition 4.2 and Assumption 5, we get

∥zk+1 − z⋆∥2 ≤ ∥zk − z⋆∥2 − γ

8
(h(zk)− h⋆)2

∥(Uxk)⊤∇h(zk)∥2

≤
(

1− γα

32β

)
∥zk − z⋆∥2 ,

proving the result for the Polyak stepsize.

Proof for geometrically decaying stepsize. We prove the theorem by induction. Based on
our assumption, the conclusion holds for k = 0. Now suppose that the conclusion holds for some
k ≥ 0. We consider two cases:

Case 1. ∥zk − z⋆∥ ≤ M
4 q

k. We have

∥zk − γPk∇h(zk)− z⋆∥2 ≤ ∥zk − z⋆∥2 + 2βγ λk

s+ λk
∥zk − z⋆∥2

≤ ∥zk − z⋆∥2 + 2βγ ∥zk − z⋆∥2

≤
(
M2

16 + βγM2

8

)
q2k

≤ M2

4 q2k+2,

where the first inequality follows from Lemma B.8, the second inequality follows from λk
s+λk

≤ 1, the
third inequality follows from the assumption that ∥zk − z⋆∥ ≤ M

4 q
k, and the last inequality follows

from q ≥ 1√
2 and the bound on γ. As a result, ∥zk − γkPk∇h(zk)− z⋆∥ ≤ M

2 q
k+1. Moreover, by
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Lemma B.5, Item 4 of Assumption 5 , and our assumption on γ, we have

∥zk+1 − z⋆∥ ≤ ∥zk − γPk∇h(zk)− z⋆∥ + L∇Fγ
2

8λqk
∥Πxk∇h(zk)∥2

≤ M

2 qk+1 + β2L∇Fγ
2M2

128λ qk

≤Mqk+1.

Case 2. M
4 q

k ≤ ∥zk − z⋆∥2 ≤Mqk. We have

∥zk − γPk∇h(zk)− z⋆∥2 ≤ ∥zk − z⋆∥2 − 7γ
4 ⟨∇h(zk), zk − z⋆⟩+ 2βγλ

s
∥zk − z⋆∥2

≤ ∥zk − z⋆∥2 − 3γ
2 ⟨∇h(zk), zk − z⋆⟩ ,

where the first inequality follows from Lemma B.8 and q ≤ 1, and the last inequality follows from
λ ≤ sα

16β and Lemma 3.3. The rest of the proof follows the same as the proof of Theorem 4.5.

The induction is complete, and so is the proof of Theorem 4.6.

B.5 Additional results and proofs from Section 4.3

In this section, we prove Theorem 4.7 and state additional local guarantees we omitted in Section 4.3.

B.5.1 Proof of Theorem 4.7

The proofs of our local guarantees rely on the following two auxiliary results.

Lemma B.10. Let xk and xk+1 be iterates of Algorithm 1 under Configuration 1 and write
zk = F (xk) and zk+1 = F (xk+1). Suppose that |⟨(I − Pk)vk, zk − z⋆⟩| ≤ 1

4(h(zk)− h⋆) holds. Then,
we have

∥xk − xk+1∥≤
2γ
3
∥zk − z⋆∥1/2
√
Clb

.

Proof. Recall from Claim 4.3 that
3
4(h(zk)− h⋆) ≤ ∥Πxkvk∥∥zk − z⋆∥. (39)

By the definition of Algorithm 1, we have

∥xk − xk+1∥ = γk

∥∥∥(∇F (xk)⊤∇F (xk) + λkI)−1∇F (xk)⊤vk

∥∥∥
≤ γ(h(zk)− h⋆)

2
√
λk∥Πxkvk∥

≤ 2γ
3
∥zk − z⋆∥1/2

2√
Clb

,

where the second line follows from (32) and the last line follows from (39) together with the lower
bound on λk ≥ Clb∥zk − z⋆∥.

Proposition B.11. Let {xk}k≥0 ⊆ E and {zk}k≥0 ⊆ Y be two sequences and let x⋆ ∈ E and
z⋆ ∈ Y be two given points. Suppose that there exist constants C > 0, ε > 0, r > 0, and q ∈ (0, 1)
be constants such that the following two hold.

1. For any k ≥ 0, ∥xk − xk+1∥ ≤ C∥zk − z⋆∥1/2.
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2. If ∥xk − x⋆∥ ≤ ε, ∥xk+1 − x⋆∥ ≤ ε, and ∥zk − z⋆∥ ≤ r, then ∥zk+1 − z⋆∥ ≤ q∥zk − z⋆∥.

Then, if ∥x0 − x⋆∥2 ≤
ε
2 and ∥z0 − z⋆∥2 ≤ min

{(
(1−q1/2)ε

2C

)2
, r

}
hold, we have

∥xk − x⋆∥2 ≤ ε and ∥zk − z⋆∥2 ≤ ∥z0 − z⋆∥2 q
k, ∀k ≥ 0.

Proof. We apply induction to prove that for any k ≥ 0,

∥xk − x⋆∥2 ≤
ε

2 +
k−1∑
i=0

C ∥z0 − z⋆∥1/2
2 qi/2 ≤ ε, ∥zk − z⋆∥2 ≤ ∥z0 − z⋆∥2 q

k. (40)

The bound (40) holds for k = 0 by our assumption. Suppose that (40) holds for k. Note that
∥z0 − z⋆∥2 ≤ r, we have ∥zk − z⋆∥ ≤ r. As a result of Item 1 and the induction hypothesis, we have

∥xk+1 − x⋆∥2 ≤ ∥xk − x⋆∥2 + ∥xk − xk+1∥2

≤ ε

2 +
k−1∑
i=0

C ∥z0 − z⋆∥1/2
2 qi/2 + C ∥zk − z⋆∥1/2

2

≤ ε

2 +
k∑

i=0
C ∥z0 − z⋆∥1/2

2 qi/2

≤ ε.
Additionally, by Item 2, we have

∥zk+1 − z⋆∥2 ≤ q ∥zk − z⋆∥2 ≤ ∥z0 − z⋆∥2 q
k+1.

The induction is complete, and the proof is finished.

Armed with these results, we can prove Theorem 4.7.

Proof of Theorem 4.7. Notice that the iterates satisfy the assumption in Lemma B.10 by the same
argument we used in (18). With this, we will verify the two conditions required by Proposition B.11.
First, notice that Lemma B.10 directly implies Item 1 of Proposition B.11, with C = 2γ

3
√

Clb
. Next, we

establish Item 2 using the same arguments from the proof of Theorem 4.1. Note that the derivation
of (15) in that proof only relies on the Lipschitz continuity of ∇F along the line segment between
xk and xk+1, rather than requiring the stronger global Lipschitz condition outlined in Assumption 1.
Furthermore, due to Assumption 7, the inequalities (16) remain valid whenever ∥xk − x⋆∥2 ≤ εx⋆ .
Thus, if both points xk and xk+1 are in the ball Bεx⋆ (x⋆), we have

∥zk+1 − z⋆∥2 ≤
(

1− γµ2

8L2

)1/2

∥zk − z⋆∥2.

Consequently, Item 2 holds with parameters r = δ
( µ

8L

)
and q =

(
1− γµ2

8L2

)1/2
. Having established

both conditions, the theorem follows directly from Proposition B.11.

B.5.2 Local convergence guarantees

Next, we present extensions to the other settings we considered.

Assumption 8 (Local strong alignment). For fixed x⋆ ∈ X ⋆ and z⋆ = F (x⋆) there exist functions
δ : R+ → R+ and scalars εx⋆ , s > 0 such that for all ρ > 0, if x ∈ Bεx⋆ (x⋆) and z = F (x) ∈ Bδ(ρ)(z⋆),
then there is an index j for which∥∥∥(I −Πx

j )(z − z⋆)
∥∥∥

2
≤ ρ ∥z − z⋆∥2 and

(
σx

j

)2
≥ s.
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We omit the proofs of the following three theorems since they follow an analogous argument to
that in the proof of Theorem 4.7, with Claim 15 replaced by Claims B.4, B.7, and B.9, respectively.

Theorem B.12 (Convergence under local strong alignment and nonsmoothness). Suppose
Assumptions 4, 6 and 8 hold. Define q̃ :=

√
1− γµ2

8L2 , and let x0 and z0 = F (x0) be points satisfying

∥x0 − x⋆∥2 ≤ ε/2 and ∥z0 − z⋆∥2 ≤ min
{
δ

(
µ

8L

)
,

sµ

8CubL
,
(1−

√
q̃)2

ε2Clb

2γ2

}
,

where ε = min {ε∇F , εx⋆}. Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
. Then, the iterates xk satisfy

∥xk − x⋆∥2 < ε for all k ≥ 0,
and, moreover, the mapped iterates zk = F (xk) satisfy

∥zk − z⋆∥2 ≤
(

1− γµ2

8L2

)k

∥z0 − z⋆∥2 for all k ≥ 0.

Theorem B.13 (Convergence under local weak alignment and smoothness). Suppose
Assumptions 5, 6 and 7 hold. Define q̃ :=

√
1− γα

32β and let x0 and z0 = F (x0) be points satisfying

∥x0 − x⋆∥2 ≤ ε/2 and ∥z0 − z⋆∥2 ≤ min
{
δ

(
α

16β

)
,
(1−

√
q̃)2

ε2Clb

2γ2

}
,

where ε = min {ε∇F , εx⋆}. Suppose we ran Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
and Cub ≤ α

16β s(
α

16β ). Then, the iterates xk must satisfy

∥xk − x⋆∥2 < ε for all k ≥ 0
and, moreover, the mapped iterates zk = F (xk) satisfy

∥zk − z⋆∥2 ≤
(

1− γα

32β

)k

∥z0 − z⋆∥2 for all k ≥ 0.

Theorem B.14 (Convergence under local strong alignment and smoothness). Suppose
Assumptions 5, 6 and 8 hold. Define q̃ :=

(
1− γα

32β

)1/2
and let x0 and z0 = F (x0) be points satisfying

∥x0 − x⋆∥2 ≤ ε/2 and ∥z0 − z⋆∥2 ≤ min
{
δ

(
α

16β

)
,

sα

16Cubβ
,
(1−

√
q̃)2

ε2Clb

2γ2

}
,

where ε = min {ε∇F , εx⋆}. If one runs Algorithm 1 initialized at x0 using Configuration 1 with
γ ≤ min

{
1, Clb

L∇F

}
, then, the iterates xk must satisfy

∥xk − x⋆∥2 < ε for all k ≥ 0,
and, moreover, the mapped iterates zk = F (xk) satisfy

∥zk − z⋆∥2 ≤
(

1− γα

32β

)k

∥z0 − z⋆∥2 for all k ≥ 0.

C Missing proofs from Section 5
In this section, we establish that weak and strong alignment hold for the parameterizations introduced
in Section 5.
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C.1 Sufficient conditions for alignment

Our proofs rely on establishing sufficient conditions for weak and strong alignment. In what follows,
we present these conditions. We will use the symbols r̄⋆ and r̄ instead of r⋆ and r to distinguish the
rank of ∇F from the rank of its potential input, which will be particularly important when dealing
with low-rank matrices.

C.2 Strong alignment

We start by showing that local strong alignment holds whenever the rank of the map F is constant
near x⋆, generalizing the assumptions for the Gauss-Newton subgradient method [26].

Lemma C.1 (Constant rank implies local strong alignment). Let x⋆ ∈ Rd and z⋆ = F (x⋆). Assume
that the map F satisfies Assumption 6 with ε∇F > 0 and L∇F ≥ 0. Suppose there exists ε > 0 with

rank (∇F (x⋆)) = rank (∇F (x)) =: r̄⋆ for all x ∈ Bε (x⋆).
Then, there exist positive constants R and C such that F satisfies Assumption 8 with

δ(ρ) = ρ

C
, j = r̄⋆, s = 1

2σr̄⋆ (∇F (x⋆)) and εx⋆ = min
{
R,

σr̄⋆ (∇F (x⋆))
2L∇F

, ε∇F

}
.

Proof. We start with the first inequality in Assumption 8. By the Constant Rank Theorem [60,
Theorem 4.12], there exists a constant R′ > 0 such that the set M := F (BR′(x⋆)) is a C1-smooth
manifold. It is well-known that near any point the distance between a manifold and its tangent
grows quadratically [32, Lemma 3.2], that is, there are constants C and R′′ such that for any
z := F (x) ∈ BR′′(z⋆) we have

∥(I − projTM(z))(z⋆ − z)∥ ≤ C∥z⋆ − z∥2, (41)
where TM(z) is the tangent space of M at z. Moreover, since TM(z) = range (∇F (x)) [60, Chapter
5]. Therefore, ∥∥∥(I −Πx

j

)
(z − z⋆)

∥∥∥ ≤ C ∥z − z⋆∥2 ≤ ρ ∥z − z⋆∥ ,

where the first inequality follows from Πx
j = projrange(∇F (x)) = projTM(z), and the second inequality

follows from ∥z − z⋆∥ ≤ δ(ρ) ≤ ρ
C .

To establish the lower bound on the singular value, we leverage Weyl’s inequality. Since F satisfies
Assumption 6 with ε∇F and L∇F ≥ 0, we have that |σr̄⋆ (∇F (x))− σr̄⋆ (∇F (x⋆))| ≤ L∇F ∥x− x⋆∥ .
Thus,

σr̄⋆ (∇F (x)) ≥ σr̄⋆ (∇F (x⋆))− εx⋆L∇F ≥
1
2σr̄⋆ (∇F (x⋆)) .

Since F is continuous in Bε∇F (x⋆) with a Lipschitz constant ε∇FL∇F + ∥∇F (x⋆)∥op, we conclude

upon taking R = min
{
R′, R′′

ε∇F L∇F +∥∇F (x⋆)∥op

}
.

C.3 Weak alignment

Recall that given a point x and a smooth map F : E→ Y, we let σx
j and Πx

j denote the jth singular
value of ∇F (x) and the projection onto the span of its top j left singular vectors. The following
Proposition extends the proof idea in [106, Lemma 24].

Proposition C.2 (Sufficient condition for weak alignment). Fix z⋆ ∈ ImF . Suppose there are
functions s : R+ → R+ and δ : R+ → R+ satisfying that for any ρ > 0 and any z = F (x) with
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∥z − z⋆∥ ≤ δ(ρ), there exists an integer r̄⋆ with r̄⋆ ≤ r̄ := rank(∇F (x)) such that the following
statements hold.

1. Projected differences are bounded ∥(I −Πx
r̄ ) (z − z⋆)∥ ≤ ρ ∥z − z⋆∥.

2. For all k ∈ {r̄⋆ + 1, . . . , r̄} we have
(σx

k)2 ≤ s(ρ) ∥z − z⋆∥ =⇒
∥∥(I −Πx

k−1
)

(z − z⋆)
∥∥ ≤ ρ ∥z − z⋆∥ .

3. The r̄⋆-th singular value is lower bounded (σx
r̄⋆)2 ≥ s(ρ) ∥z − z⋆∥.

Then, the map F satisfies Assumption 3.

Proof. The result follows immediately from backward induction on k.

We also introduce a local version of this proposition.

Proposition C.3 (Sufficient condition for local weak alignment). Let x⋆ ∈ E and z⋆ ∈ ImF with
z⋆ = F (x⋆). Suppose there is a scalar εx⋆ > 0, and functions s : R+ → R+ and δ : R+ → R+
satisfying that for any ρ > 0 and any z = F (x) with ∥z − z⋆∥ ≤ δ(ρ) and ∥x− x⋆∥ ≤ εx⋆ there
exists an integer r̄⋆ with r̄⋆ ≤ r̄ := rank(∇F (x)) such that the following statements hold.

1. Projected differences are bounded ∥(I −Πx
r̄ ) (z − z⋆)∥ ≤ ρ ∥z − z⋆∥.

2. For all k ∈ {r̄⋆ + 1, . . . , r̄} we have
(σx

k)2 ≤ s(ρ) ∥z − z⋆∥ =⇒
∥∥(I −Πx

k−1
)

(z − z⋆)
∥∥ ≤ ρ ∥z − z⋆∥ .

3. The r̄⋆-th singular value is lower bounded (σx
r̄⋆)2 ≥ s(ρ) ∥z − z⋆∥.

Then, the map F satisfies Assumption 7.

C.4 Proofs from Section 5.1

C.4.1 Proof of Theorem 5.1

Let us prove that the Hadamard map x 7→ x⊙ x is smooth with parameter L∇F = 2. We have
∥∇F (x)−∇F (y)∥op = ∥2 diag (x− y)∥op ≤ 2 ∥x− y∥2 .

To prove that the map satisfies weak alignment Assumption 3, we leverage Proposition C.2.
Thus, we will establish the three conditions stated in that proposition. To do so, we first introduce
some auxiliary lemmas. These require a bit of extra notation. For a vector x ∈ Rr, we let Sx be the
set of permutations of the indexes [r] that orders the entries of x in non ascending order, i.e., π ∈ Sx

xπ(1) ≥ xπ(2) ≥ · · · ≥ xπ(r).

Note that S is not a singleton whenever there are ties. We say that that two vectors x, y ∈ Rr are
similarly ordered if Sx ∩ Sy ̸= ∅.

Lemma C.4. Let x⋆ ∈ Rr be a fixed vector. Suppose x⊙ x ∈ Bε(x⋆ ⊙ x⋆) with

ε = min
i,j|xi ̸=xj

|(x⋆
i )2 − (x⋆

j )2|
2

∧
min

i∈[r]|x⋆
i ̸=0

(x⋆
i )2

2 .

Then, # supp(x) ≥ # supp(x⋆) and, moreover, the component-wise squares x⊙ x and x⋆ ⊙ x⋆ are
similarly ordered. The result holds trivially when ε = +∞, i.e., all components of x⋆ are equal.
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Proof. We defer the proof of # supp(x) ≥ # supp(x⋆) to the end. Let us construct a permutation
in the intersection of Sx⋆⊙x⋆ and Sx⊙x. We start with a base permutation π ∈ Sx⋆⊙x⋆ , which we
will modify inductively. Cosider the partition B1, . . . , Bℓ of [r] such that for any i, j ∈ Bk we
have x⋆

i
2 = x⋆

j
2, and if i ∈ Bn and j ∈ Bm with n < m then x⋆

i
2 > x⋆

j
2. We claim that we also

have i ∈ Bn and j ∈ Bm with n < m then x2
i > x2

j . To see this, take i = argmini∈[Bn] x
2
π(i) and

j = argmaxj∈[Bm] x
2
π(i). Using the triangle inequality and the definition of the partition, we derive

x2
π(i) − x

2
π(j)) ≥ x

⋆
π(i)

2 − x⋆
π(j)

2 − 2ε > 0,

where the strict inequality follows since x⊙ x ∈ Bε(x⋆ ⊙ x⋆); which proves our claim.
We construct π′ from π as follows. Start with π′ = π. We know that the indices in B1 correspond

to the top components in x⊙ x and x⋆ ⊙ x⋆, so π sends them to the first #B1 components. We can
modify π′ to respect the ordering of the top #B1 entries of x ⊙ x. Since the new π′ only differs
from π in the B1 block, it also belongs to Sx⋆⊙x⋆ . We can apply the same update with B2, and so
on until Bℓ. After which, we have that π′ ∈ Sx⋆⊙x⋆ ∩ Sx⊙x; proving that the squared vectors are
similarly ordered.

Take π ∈ Sx⋆⊙x⋆ ∩ Sx⊙x and recall that r⋆ = # supp(x⋆). Thus,
(
x⋆

π(r⋆)

)2
> 0. By the definition

of ε,

x2
π(r⋆) ≥

(x⋆
π(r⋆))

2

2 > 0.
Therefore, # supp(x) ≥ r⋆. This finishes the proof.

Recall that for x ∈ Rr, we let Πx
j and σx

j correspond to the projection onto the subspace
generated by the top j singular vector of ∇F (x) and its jth top singular value, respectively.

Lemma C.5. Let x⋆ ∈ Rr with r⋆ nonzero entries and x ∈ Rr such that x⊙ x ∈ Bε(x⋆ ⊙ x⋆) for

ε = min
i,j|xi ̸=xj

|(x⋆
i )2 − (x⋆

j )2|
2

∧
min

i∈[r]|x⋆
i ̸=0

(x⋆
i )2

2 .

Then, we have
∥(I −Πx

k)(x⊙ x− x∗ ⊙ x∗)∥2 ≤
√
r − k (σx

k+1)2 for all k ∈ {r⋆, . . . , r}.

Proof. By Lemma C.4 there is a relabeling of the indexes (ji)i∈[r] that simultaneously sorts the
magnitude of the entries of x and x⋆ in nonascending order, i.e., |xj1 | ≥ . . . ≥ |xjr | and |x⋆

j1 | ≥ . . . ≥
|x⋆

jr
|. Since ∇F (x) = 2 diag(x), its SVD is given by

U =(ej1 , ej2 , . . . , ejr ),
Σ =2 diag(|xj1 |, |xj2 |, . . . , |xjr |),
V = diag(sign(xj1), sign(xj2), . . . , sign(xjr )),

where ek is the k-th standard vector basis. Hence, we have

[(I −Πx
k)v]i =

{
0 if i ∈ {j1, . . . , jk}
vi otherwise,

(42)

for an arbitrary vector v ∈ Rr. Therefore, for any k ∈ {r⋆, . . . , r}, we have
∥(I −Πx

k)(x⊙ x− x⋆ ⊙ x⋆)∥22 = ∥(I −Πx
k)x⊙ x− (I −Πx

k)x⋆ ⊙ x⋆∥22
=
∥∥∥(0, . . . , 0, x2

jk+1 , . . . , x
2
jr

)⊤ − (0, . . . , 0)⊤
∥∥∥2

2

=
∥∥∥(x2

jk+1 , . . . , x
2
jr

)⊤
∥∥∥2

2
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=
r∑

i=k+1
x4

ji

≤ (r − k) (σx
k+1)4,

where the second equality follows from (42). This establishes the result.

We can now finish the proof of Theorem 5.1. Recall that r⋆ = # supp(x⋆), z = x ⊙ x, and
z⋆ = x⋆ ⊙ x⋆. We show that x 7→ x⊙ x satisfies the three conditions from Proposition C.2 and

s(ρ) = ρ√
r − r⋆ ∨ 1

and δ(ρ) =
(

min
i,j|x⋆

i ̸=x⋆
j

|x⋆
i

2 − x⋆
j

2|
2

)∧ λr⋆(diag(z⋆))
1 + s(ρ)

∧ λr⋆(diag(z⋆))
2 .

Suppose that ∥z − z⋆∥ ≤ δ(ρ).

1. By Lemma C.5, setting k = r, we have that ∥(I −Πx
r ) (z − z⋆)∥22 = 0 ≤ ρ ∥z − z⋆∥2 .

2. Take any k ∈ {r⋆ + 1, . . . , r}, by Lemma C.5, we have
∥∥∥(I −Πx

k−1

)
(z − z⋆)

∥∥∥2

2
≤ (r− k− 1)σ4

k.
Thus if σ2

k ≤
ρ√

r−r⋆∨1 ∥z − z
⋆∥2, then,

∥∥(I −Πx
k−1

)
(z − z⋆)

∥∥
2 ≤ ρ

√
r − k − 1√
r − r⋆ ∨ 1

∥z − z⋆∥2 ≤ ρ ∥z − z
⋆∥2 .

3. By Weyl’s inequality, we have λr⋆(diag(z)) ≥ λr⋆(diag(z⋆)) − ∥z − z⋆∥2. By the choice
of the neighborhood δ(ρ), we have λr⋆(diag(z⋆)) ≥ (1 + s(ρ)) ∥z − z⋆∥2, we conclude that
σ2

r⋆ = λr⋆ diag (z) ≥ s(ρ) ∥z − z⋆∥2.

Therefore, by Proposition C.2, Assumption 3 holds; completing the proof.

C.5 Proofs from Section 5.2

C.5.1 Proof of Theorem 5.5

We show that the symmetric Burer-Monteiro map Fsym(X) = XX⊤ is smooth with parameter
L∇F = 2. A straightforward computation reveals that the Jacobian of this map and its adjoint act
on Y ∈ Rd×r and Z ∈ Sd via

∇Fsym(X)[Y ] = Y X⊤ +XY ⊤ and ∇Fsym(X)⊤[Z] = (Z + Z⊤)X. (43)
Therefore,

∥∇Fsym(X)−∇Fsym(Y )∥op = sup
∥W ∥F =1

∥∇Fsym(X)[W ]−∇Fsym(Y )[W ]∥F

= sup
∥W ∥F =1

∥∥∥(WX⊤ +XW⊤
)
−
(
WY ⊤ + YW⊤

)∥∥∥
F

≤ sup
∥W ∥F =1

2
∥∥∥W (X − Y )⊤

∥∥∥
F

≤ 2 ∥X − Y ∥F .
Thus, L∇F = 2 as claimed.

Next, we prove weak alignment. Toward this goal, we state two auxiliary results. Consider any
two Z,Z⋆ ∈ Sd

+ with r⋆ = rankZ⋆ ≤ rankZ ≤ r ≤ d and let X,X⋆ ∈ Rd×r be any matrices such
that Z = XX⊤ and Z⋆ = X⋆(X⋆)⊤. We denote the SVD decompositions of X and ∇Fsym(X) as
UXΣX

(
V X

)⊤
and UΣV ⊤, respectively. We use UX

i , Ui to denote the i-th column of Ux and U ,
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respectively. With slight abuse of notation, we imagine completing the columns of UX and U by
choosing additional vectors in Rd such that {UX

i }di=1 and {Ui}
(d+1

2 )
i=1 forms an orthonormal basis of

Rd and R(d+1
2 ) (we identify Sd with R(d+1

2 )), respectively. Further, we let ΠX
j be the orthogonal

projection onto the span of the top j left singular vectors of ∇Fsym(X) and σj = Σjj be its j-th
singular value.

Proposition C.6. Let X⋆ ∈ Rd×r. For any ρ > 0 and any X ∈ Rd×r with∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥

F
≤ min

{
ρ√
2
,
1
3

}
σ2

r⋆ (X⋆) ,

we have that∥∥∥(I −ΠX
k

) [
XX⊤ −X⋆X⋆⊤

]∥∥∥2

F
≤ 1

16 (r − r⋆ + 1)σ4
k+1 + ρ2

2

∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥2

F

for any k ∈ {rank(∇Fsym(X⋆)), . . . , rank(∇Fsym(X))}.

Lemma C.7. If
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op
≤ 1

3σ
2
r⋆ (X⋆), then one has σ2

r̄⋆ ≥ σ2
r⋆ (X) .

We will prove these two results soon. Before delving into their proof, let us use these results
to derive weak alignment. To this end, we show that the Burer-Monteiro map satisfies the three
conditions from Proposition C.2 with

s(ρ) = 4ρ√
2(r − r⋆ + 1)

and δ(ρ) = min
{
ρ√
2
,

1
1 + s(ρ) ,

1
3

}
λr⋆ (Z⋆) .

Define r̄⋆ = rank (∇Fsym(X⋆)) and take any Z ∈ ImFsym such that ∥Z − Z⋆∥F ≤ δ(ρ).

1. Using Proposition C.6 with k = rank∇Fsym(X), we have∥∥∥(I −ΠX
r̄

)
[Z − Z⋆]

∥∥∥2

F
≤ 0 + ρ2

2 ∥Z − Z
⋆∥2F ≤ ρ

2 ∥Z − Z⋆∥2F .

2. Let k ∈ {r̄⋆ + 1, . . . , rank∇Fsym(X)} and assume σ2
k ≤ s(ρ) ∥Z − Z⋆∥F . Again by Proposi-

tion C.6, we have∥∥∥(I −ΠX
k−1

)
[Z − Z⋆]

∥∥∥2

F
≤ 1

16(r − r⋆ + 1)σ4
k + ρ2

2 ∥Z − Z
⋆∥2F

≤
(

1
16(r − r⋆ + 1)s(ρ)2 + ρ2

2

)
∥Z − Z⋆∥2F

= ρ2 ∥Z − Z⋆∥2F ,
where the last line follows from the definition of s(ρ).

3. By Lemma C.7, we have that σ2
r̄⋆ ≥ σ2

r⋆ (X). By Weyl’s inequality, we have σ2
r⋆ (X) ≥

σ2
r⋆ (X⋆)−∥Z − Z⋆∥F . By the choice of δ(ρ), we get σ2

r⋆ (X⋆) ≥ (s(ρ) + 1− 1) ∥Z − Z⋆∥F and
thus σ2

r̄⋆ ≥ s(ρ) ∥Z − Z⋆∥F .

Then, invoking Proposition C.2 establishes Theorem 5.5. To complete the proof, we must still prove
Proposition C.6 and Lemma C.7. The following are auxiliary results for such a purpose. Lemma C.7
follows directly from Lemma C.8 and Lemma C.11.

Lemma C.8 (Spectral characterization for Burer-Monteiro). Let Fsym : Rd×r → Sd be given by
Fsym(X) = XX⊤. Then, the eigenpairs of ∇Fsym(X)∇Fsym(X)⊤ are given by
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(
2
(
σ2

i (X) + σ2
j (X)

)
,

1
cij

(
UX

i U
X
j

⊤ + UX
j U

X
i

⊤))
for all (i, j) ∈ [d] × [d] with i ≤ j. Here the normalizing constants are ci,j = 2 if i = j and

√
2

otherwise. Moreover, the eigenvectors form an orthonormal basis of Sd.

Lemma C.8 likely already exists in the literature. We include a proof in Appendix D.1 for
completeness. In turn, we need to understand how to conveniently index the eigenvalues and
eigenvectors of ∇Fsym(X)⊤∇Fsym(X). The next few results develop such an indexing. A direct
result is Lemma C.7.

Corollary C.9. Let ∆ = {(i, j) | 1 ≤ i ≤ j ≤ d}. Then, there exists a bijection τ : ∆ →
[(d+1

2
)]

such that for (i, j) ∈ ∆, we have

λτ(i,j)
(
∇Fsym(X)∇Fsym(X)⊤

)
= 2

(
σ2

i (X) + σ2
j (X)

)
, and

Uτ(i,j) = 1
cij
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i .

(44)

Corollary C.10. Let X ∈ Rd×r of rank r̃. Then, the rank of ∇Fsym(X) is dr̃ −
(r̃

2
)
.

These two are direct corollaries of Lemma C.8. In particular, r̄⋆ = dr⋆ −
(r⋆

2
)

and the maximum
rank of ∇Fsym(X) is dr −

(r
2
)
. Consider the partition of ∆ given by

∆r⋆ = {(i, j) | 1 ≤ i ≤ j ≤ d and i ≤ r⋆} and ∆c
r⋆ = ∆ \∆r⋆ .

Lemma C.11. If
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op
≤ 1

3σ
2
r⋆ (X⋆), then there is a bijection τ : ∆ →

[(d+1
2
)]

satisfying (44) and
τ(i, j) < τ(n,m) for all (i, j) ∈ ∆r⋆ and (n,m) ∈ ∆c

r⋆ . (45)

Proof. Consider the bijection τ furnished by Corollary C.9. We claim that for any for any i ∈
{1, . . . , r⋆} and n ∈ {r⋆ + 1, . . . , d},

λn

(
XX⊤

)
≤ σ2

i (X)
2 . (46)

To show this inequality, we repeatedly apply Weyl’s inequality

λn

(
XX⊤

)
≤ λr⋆+1

(
XX⊤

)
= λr⋆+1

(
XX⊤

)
− σ2

r⋆+1 (X⋆)

≤
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op

≤ 1
2

(
σ2

r⋆ (X⋆)−
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op

)
≤ 1

2λr⋆

(
XX⊤

)
≤ 1

2σ
2
i (X) ,

where the second inequality follows since
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op
≤ σ2

r⋆ (X⋆)
3 . Then, for any (i, j) ∈ ∆r⋆

and (n,m) ∈ ∆c
r⋆ we have

λτ(n,m)
(
∇Fsym(X)∇Fsym(X)⊤

)
= 2λn

(
XX⊤

)
+ 2λm

(
XX⊤

)
≤ 2σ2

i (X)

≤ 2σ2
i (X) + 2σ2

j (X) = λτ(i,j)
(
∇Fsym(X)∇Fsym(X)⊤

)
,
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where the first inequality follows from (46). Therefore, by (44) we derive τ(i, j) ≤ τ(n,m); if this
inequality does not hold strictly, we could modify τ to enforce strictness without breaking bijectivity.
This establishes the result.

We are now ready to prove Proposition C.6.

Proof of Proposition C.6. Recall that Ui and σi denote the ith top left-singular vector and singular
value of ∇Fsym(X), respectively. We use X⋆ = UX⋆ΣX⋆

(
V X⋆

)⊤
to denote the SVD of X⋆, further

we use σX
i = ΣX

ii and σX⋆

i = ΣX⋆

ii . Let τ be the bijection provided by Lemma C.11 and expand(
I −ΠX

k

)
[XX⊤ −X⋆X⋆⊤]

=

 (d+1
2 )∑

ℓ=k+1
UℓU

⊤
ℓ

 vec
(
XX⊤ −X⋆X⋆⊤

)

=
∑

1≤i≤j≤d,
τ(i,j)≥k+1

1
ci,j

(
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

) (
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

)⊤
vec

(
XX⊤ −X⋆X⋆⊤

)
,

where the last equality follows from Corollary C.9, with ci,j = (2 + 21i=j). The next claim will help
us understand this sum.

Claim C.12. For any 1 ≤ i ≤ j ≤ d, we have(
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

) (
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

)⊤
vec

(
X⋆X⋆⊤

)
= 2UX

i
⊤
X⋆X⋆⊤UX

j

(
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

)
and (

UX
i ⊗Kr U

X
j + UX

j ⊗Kr U
X
i

) (
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

)⊤
vec

(
XX⊤

)
=
{

4σ2
i (X) · UX

i ⊗Kr U
X
i if i = j,

0 otherwise.

To prove this claim, for any X̃ ∈ Rd×r, we apply properties of the Kronecker product, (67) and (68)
to X̃X̃⊤ to derive(

UX
i ⊗Kr U

X
j + UX

j ⊗Kr U
X
i

)⊤
vec

(
X̃X̃⊤

)
= 2UX

i
⊤
X̃X̃⊤UX

j

= 2
r∑

ℓ=1
λℓ(X̃X̃⊤)

〈
U X̃

ℓ , U
X
i

〉〈
U X̃

ℓ , U
X
j

〉
.

The first and second equations imply the first and second statements, respectively.
Applying Claim C.12 and properties of the Kronecker product yields(
I −ΠX

k

)
[XX⊤ −X⋆X⋆⊤] = 4

∑
1≤i≤d,

τ(i,i)≥k+1

1
4
(
UX

i ⊗Kr U
X
i

)
σ2

i (X)

︸ ︷︷ ︸
T1:=

− 2
∑

1≤i≤j≤d
τ(i,j)≥k+1

1
ci,j

UX
i

⊤
X⋆X⋆⊤UX

j

(
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

)
︸ ︷︷ ︸

T2:=

.
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with ci,j = (2 + 21i=j). Taking the Frobenius norm and applying Young’s inequality, the inequality
yields ∥∥∥(I −ΠX

k

) [
XX⊤ −X⋆X⋆⊤

]∥∥∥2

F
≤ 2∥T1∥22 + 2∥T2∥22.

We focus on bounding each term.
Since k ≥ rank∇Fsym(X⋆) = #∆r⋆ , and τ satisfies (44) and (45) must have that

τ(i, i) ≥ k + 1 implies both i > r⋆ and λi(XX⊤) ≤ 1
4σ

2
k+1. (47)

Equipped with these facts, we use the triangle inequality to obtain

∥T1∥22 =

∥∥∥∥∥∥∥∥∥
∑

1≤i≤d,
τ(i,i)≥k+1

(
UX

i ⊗Kr U
X
i

)
σ2

i (X)

∥∥∥∥∥∥∥∥∥
2

2

=
∑

1≤i≤d,
τ(i,i)≥k+1

λ2
i (XX⊤) ·

∥∥∥(UX
i ⊗Kr U

X
i

)∥∥∥2

2

=
∑

1≤i≤d,
τ(i,i)≥k+1

1
16σ

4
k+1

≤ 1
16(r − r⋆ + 1)σ4

k+1,

where the second line follows from the orthonormality of UX
i ⊗Kr U

X
i , and the last two lines follows

from (47).
Finally, we turn to the bounding T2. Thus, expanding T2, we get

∥T2∥22 =

∥∥∥∥∥∥∥∥∥2
∑

1≤i≤j≤d
τ(i,j)≥k+1

1
(2 + 21i=j)U

X
i

⊤
X⋆X⋆⊤UX

j

(
UX

i ⊗Kr U
X
j + UX

j ⊗Kr U
X
i

)∥∥∥∥∥∥∥∥∥
2

2

≤

∥∥∥∥∥∥∥∥∥
∑

1≤i≤j≤d
τ(i,j)≥k+1

UX
i

⊤
X⋆X⋆⊤UX

j

(
UX

i ⊗Kr U
X
j

)∥∥∥∥∥∥∥∥∥
2

2

=

∥∥∥∥∥∥∥∥∥
∑

1≤i≤j≤d
τ(i,j)≥k+1

UX
i U

X
i

⊤
X⋆X⋆⊤UX

j U
X
j

⊤

∥∥∥∥∥∥∥∥∥
2

F

,

where the inequality follows from Cauchy-Schwarz inequality and (2 + 21i=j) ≥ 2. By the argument
as (47), we have that

τ(i, j) ≥ k + 1 implies min{i, j} > r⋆.
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Hence, we have

∥T2∥22 ≤

∥∥∥∥∥∥∥∥∥
d∑

i=r⋆+1
UX

i U
X
i

⊤
X⋆X⋆⊤ ∑

1≤j≤d
τ(i,j)≥k+1

UX
j U

X
j

⊤

∥∥∥∥∥∥∥∥∥
2

F

≤

∥∥∥∥∥∥
 d∑

i=r⋆+1
UX

i U
X
i

⊤
X⋆X⋆⊤

 d∑
j=r⋆+1

UX
j U

X
j

⊤
∥∥∥∥∥∥

2

F

≤ ρ2

2

∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥2

F
,

where the second and third inequalities follow from Lemma D.2 and Lemma D.7, respectively.

This completes the proof of Theorem 5.5.

C.5.2 Proof of Theorem 5.6

We first show that the asymmetric matrix factorization map Fasym(X,Y ) = XY ⊤ satisfies Assump-
tion 1 with parameter L∇F =

√
2. A straight computation establishes that the Jacobian of this

map and its adjoint acts on (X̃, Ỹ ) ∈ Rd1×r ×Rd2×r and Z ∈ Rd1×d2 via
∇Fasym(X,Y )[(X̃, Ỹ )] = XỸ ⊤ + X̃Y ⊤ and ∇Fasym(X,Y )⊤[Z] = (ZY,Z⊤X). (48)

Therefore,∥∥∥∇Fasym(X,Y )−∇Fasym(X̃, Ỹ )
∥∥∥

op
= sup

∥(A1,A2)∥F =1

∥∥∥(∇Fasym(X,Y )−∇Fasym(X̃, Ỹ )
)

[(A1, A2)]
∥∥∥

F

= sup
∥(A1,A2)∥F =1

∥∥∥((X − X̃)A2
⊤
)

+
(
A1(Y − Ỹ )⊤

)∥∥∥
F

≤ sup
∥(A1,A2)∥F =1

∥∥∥(X − X̃)A⊤
2

∥∥∥
F

+
∥∥∥A1

(
Y − Ỹ

)∥∥∥
F

≤
∥∥∥X − X̃∥∥∥

F
+
∥∥∥Y − Ỹ ∥∥∥

F

≤
√

2
∥∥∥(X,Y )− (X̃, Ỹ )

∥∥∥
F
,

where the last inequality comes from Young’s inequality. Thus L∇F =
√

2.
We turn to proving local weak alignment. Let us introduce some notation. Recall that we fixed

a factorization Z⋆ = X⋆(Y ⋆)⊤ with rank (X⋆) = rank (Y ⋆) = rank (Z⋆) = r⋆. Consider any matrix
Z with r⋆ ≤ rank(Z) ≤ r, and let X ∈ Rd1×r, Y ∈ Rd2×r be any matrices such that Z = XY ⊤. We
denote the SVD decompositions of X,Y and ∇Fasym(X,Y ) as UXΣX

(
V X

)⊤
, UY ΣY

(
V Y

)⊤
, and

UΣV ⊤, respectively. We use UX
i , U

Y
i , Ui to denote the i-th column of UX , UY , and U , respectively.

With slight abuse of notation, we imagine completing the columns of UX , UY , and U and adding
additional vectors such that {UX

i }
d1
i=1, {UY

i }
d2
i=1, and {Ui}d1d2

i=1 form an orthonormal basis of Rd1 ,
Rd2 , and Rd1d2 , respectively. Further, we let Π(X,Y )

j be the orthogonal projection onto the span
of the top j left singular vectors of ∇Fasym(X,Y ) and σj be its jth singular value. Moreover, we
denote by r̄ the rank of ∇Fasym(X,Y ) and by r̄⋆ the rank of ∇Fasym(X⋆, Y ⋆). We state two key
results that underline our arguments.
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Proposition C.13. Let (X⋆, Y ⋆) ∈ Rd1×r × Rd2×r be a factorization of Z⋆ = X⋆(Y ⋆)⊤ satisfying
rank (X⋆) = rank (Y ⋆) = r⋆ and V X⋆ = V Y ⋆. Let (X,Y ) ∈ Rd1×r × Rd2×r be a pair of factors that
satisfies ∥(X,Y )− (X⋆, Y ⋆)∥F ≤

1
16

√
2

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
max{σ1(X⋆),σ1(Y ⋆)} . Then, for any ρ > 0, if∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥

F
≤ ρmin

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
4 ,

we have that∥∥∥(I −Π(X,Y )
k

)
[XY ⊤ −X⋆Y ⋆⊤]

∥∥∥2

F

≤
(

5
√

2 σ2
r⋆ (X⋆) + σ2

r⋆ (Y ⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(r − r⋆ + 1)2
)2

σ4
k+1 + ρ2

2

∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥2

F

for any k ∈ {rank(∇Fasym(X⋆, Y ⋆)), . . . , rank(∇Fasym(X,Y ))}.

Lemma C.14. Suppose (X⋆, Y ⋆) ∈ Rd1×r × Rd2×r satisfies rank (X⋆) = rank (Y ⋆) = r⋆. Further,
let (X,Y ) ∈ Rd1×r×Rd2×r be matrices satisfying ∥(X,Y )− (X⋆, Y ⋆)∥F ≤

1
16

√
2

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
max{σ1(X⋆),σ1(Y ⋆)} .

Then,
σ2

r̄⋆ ≥ min
{
σ2

r⋆ (X) , σ2
r⋆ (Y )

}
.

We will soon prove these two results. Before that, let us use them to derive the local weak
alignment property. To this end, we show that the asymmetric map satisfies the three conditions
from Proposition C.3 with

εx⋆ = 1
16
√

2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
max {σ1 (X⋆), σ1 (Y ⋆)} ,

s(ρ) = ρmin
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
10
√

2
(
σ2

r⋆ (X⋆) + σ2
r⋆ (Y ⋆)

)
(r − r⋆ + 1)2 , and

δ(ρ) = min
{
ρ

4 ,
1

4s(ρ)

}
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
.

Take any XY ⊤ = Z ∈ ImF such that ∥Z − Z⋆∥F ≤ δ(ρ) and ∥(X,Y )− (X⋆, Y ⋆)∥F ≤ εx⋆ .

1. Applying Proposition C.13 with r̄ = rank∇F (X,Y ), we have∥∥∥(I −Π(X,Y )
r̄

)
[Z − Z⋆]

∥∥∥2

F
≤ ρ2 ∥Z − Z⋆∥2F .

2. Let k ∈ {r̄⋆ + 1, . . . , r̄} and assume σ2
k ≤ s(ρ) ∥Z − Z⋆∥F . Again by Proposition C.13, we have∥∥∥(I −Π(X,Y )

k−1

)
[Z − Z⋆]

∥∥∥2

F

≤
(

5
√

2 σ2
r⋆ (X⋆) + σ2

r⋆ (Y ⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(r − r⋆ + 1)2
)2

σ4
k + ρ2

2 ∥Z − Z
⋆∥2F

≤

(5
√

2 σ2
r⋆ (X⋆) + σ2

r⋆ (Y ⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(r − r⋆ + 1)2
)2

s(ρ)2 + ρ2

2

 ∥Z − Z⋆∥2F

= ρ2 ∥Z − Z⋆∥F ,
where the last equality follows from the definition of s(ρ).
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3. Assume without loss of generality that min
{
σ2

r⋆ (X) , σ2
r⋆ (Y )

}
= σ2

r⋆ (X). We have:

σ2
r̄⋆ ≥ min

{
σ2

r⋆ (X) , σ2
r⋆ (Y )

}
≥ (σr⋆ (X⋆)− ∥X −X⋆∥F )2

≥ 1
4 min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
≥ s(ρ)

∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥

F
,

where the first line follows from Lemma C.14, the second line follows from Weyl’s inequality
and the choice of εx⋆ , and the last line follows from the choice of δ(ρ).

Then, the assumptions of Proposition C.3 hold, which establishes Theorem 5.6.
To complete the proof, we must still prove Proposition C.13 and Lemma C.14. The following

are auxiliary results for such a purpose. Lemma C.14 follows directly from Lemma C.15 and
Lemma C.19.

Lemma C.15 (Spectral Characterization). The eigenpairs of ∇F (X,Y )∇F (X,Y )⊤ are given by

σ2
i (X) + σ2

j (Y ) with eigenvector UY
j U

X
i

⊤

for all i ∈ [d1] and j ∈ [d2]. Moreover, these eigenvectors form an orthonormal basis.

Lemma C.15 likely already exists in the literature. We include a proof in Appendix D.3.

Lemma C.16. Suppose that ∥(X,Y )− (X⋆, Y ⋆)∥F ≤
1

16
√

2
min{σ2

r⋆ (X⋆),σ2
r⋆ (Y ⋆)}

max{σ1(X⋆),σ1(Y ⋆)} . Then,∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥

F
+
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
F
≤ 1

2
√

2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
.

We defer the proof of this lemma to Appendix D.2.

Corollary C.17. There exists a bijection τ : [d1]× [d2] 7→ [d1d2] such that

σ2
τ(i,j) = σ2

i (X) + σ2
j (Y ) and Uτ(i,j) = UY

j U
X
i

⊤
. (49)

Corollary C.18. Let X,Y ∈ Rd1×r × Rd2×r be of the ranks r1, r2. Then, the rank of ∇F (X,Y ) is
d1r2 + d2r1 − r1r2.

These two corollaries are direct consequences of Lemma C.15. In particular, r̄⋆ = (d1 + d2 − r⋆)r⋆,
and the maximum rank of ∇F (X,Y ) is (d1 + d2 − r)r. Consider the partition of [d1]× [d2] given by

∆r⋆ = {(i, j) | i ≤ r⋆ or j ≤ r⋆} and ∆c
r⋆ = ∆ \∆r⋆ ,

and observe that #∆r⋆ = rank (∇F (X⋆, Y ⋆)). We derive a useful lemma for alignment.

Lemma C.19. If
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op

+
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
op
≤ 1

2 min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
, then

there exists a bijection τ satisfying (49) such that
τ(i, j) < τ(l,m) for all (i, j) ∈ ∆r⋆ and (l,m) ∈ ∆c

r⋆ .

Consequently, if τ(l,m) > rank (∇F (X⋆, Y ⋆)), then l > r⋆ and m > r⋆.

Proof of Lemma C.19. To establish that σ2
i (X) + σ2

j (Y ) ≥ σ2
l (X) + σ2

m (Y ) for any (i, j) ∈
∆r⋆ and (l,m) ∈ ∆c

r⋆ , it is sufficient to show

σ2
r⋆+1 (X) + σ2

r⋆+1 (Y ) ≤ min
{
σ2

r⋆ (X) , σ2
r⋆ (Y )

}
. (50)
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The bound on
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op

+
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
op

implies that∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥

op
+
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
op

≤ min
{
σ2

r⋆ (X⋆)−
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op
, σ2

r⋆ (Y ⋆)−
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
op

}
≤ min

{
σ2

r⋆ (X) , σ2
r⋆ (Y )

}
, (51)

where the second inequality follows from Weyl’s inequality. To establish (50), we bound

σ2
r⋆+1 (X) + σ2

r⋆+1 (Y ) ≤
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
op

+
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
op
≤ min

{
σ2

r⋆ (X) , σ2
r⋆ (Y )

}
,

where the first and second inequality follow from Weyl’s and (51). This concludes the proof.

We are now ready to prove Proposition C.13.

Proof of Proposition C.13. We start by invoking the triangle inequality to decompose∥∥∥(I −Π(X,Y )
k

)
[XY ⊤ −X⋆Y ⋆⊤]

∥∥∥
F
≤
∥∥∥(I −Π(X,Y )

k

)
[XY ⊤]

∥∥∥
F︸ ︷︷ ︸

T1:=

+
∥∥∥(I −Π(X,Y )

k

)
[X⋆Y ⋆⊤]

∥∥∥
F︸ ︷︷ ︸

T2:=

.

We will provide upper bounds for both T1 and T2. We begin with T1, Corollary C.17 yields

T 2
1 =

∥∥∥∥∥∥
d1d2∑

i=k+1
UiU

⊤
i vec

(
XY ⊤

)∥∥∥∥∥∥
2

2

=

∥∥∥∥∥∥
∑

(i,j)|τ(i,j)≥k+1

(
UY

j ⊗Kr U
X
i

) (
UY

j ⊗Kr U
X
i

)⊤
vec

(
XY ⊤

)∥∥∥∥∥∥
2

2

(i)=

∥∥∥∥∥∥∥∥∥
∑

(i,j)∈[r]×[r]
τ(i,j)≥k+1

σX
i σ

Y
j

〈
V X

i , V Y
j

〉 (
UY

j ⊗Kr U
X
i

)∥∥∥∥∥∥∥∥∥
2

2
(ii)=

∑
(i,j)∈[r]×[r]
τ(i,j)≥k+1

∥∥∥σX
i σ

Y
j

〈
V X

i , V Y
j

〉 (
UY

j ⊗Kr U
X
i

)∥∥∥2

2

(iii)
≤

∑
(i,j)∈[r]×[r]
τ(i,j)≥k+1

1
4
(
σ2

i (X) + σ2
j (Y )

)2

(iv)
≤ 1

4#
{

(i, j) ∈ [r]2 | rank∇F (X⋆, Y ⋆) + 1 ≤ τ(i, j) ≤ rank∇F (X,Y )
}
σ4

k+1.

Here, (i) follows since XY ⊤ =
∑r

k=1
∑r

ℓ=1 σ
X
k σ

Y
ℓ

〈
V X

k , V Y
ℓ

〉
UX

k U
Y
ℓ

⊤ and using (68) with (67) we
derive

(UY
j

⊤ ⊗Kr U
X
i

⊤) vec
(
XY ⊤

)
=

σX
i σ

Y
j

〈
V X

i , V Y
j

〉
if i ≤ r and j ≤ r,

0 otherwise.
On the other hand, (ii) follows from orthogonality and cancellation of cross-terms, (iii) from
the Cauchy–Schwarz inequality and from Young’s inequality, and (iv) follows from Lemma C.15.
Combining this bound with the fact that #

{
(i, j) ∈ [r]2 | rank∇F (X⋆, Y ⋆) + 1 ≤ τ(i, j) ≤
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rank∇F (X,Y )
}
≤ (r − r⋆ + 1)2 yields T1 ≤ 1

2(r − r⋆ + 1)σ2
k+1.

We continue by bounding the term T2. Let (i, j) be the pair such that τ(i, j) = k + 1, then

T2 =

∥∥∥∥∥∥
∑

(i,j)|τ(i,j)≥k+1

(
UY

j ⊗Kr U
X
i

) (
UY

j ⊗Kr U
X
i

)⊤
vec

(
X⋆Y ⋆⊤

)∥∥∥∥∥∥
2

(i)
≤

∥∥∥∥∥∥
d1∑
i=i

d2∑
j=j

(
UY

j ⊗Kr U
X
i

) (
UY

j ⊗Kr U
X
i

)⊤
vec

(
X⋆Y ⋆⊤

)∥∥∥∥∥∥
2

(ii)=

∥∥∥∥∥∥
 d1∑

i=i

UX
i U

X
i

⊤
X⋆Y ⋆⊤

 d2∑
j=j

UY
i U

Y
i

⊤
∥∥∥∥∥∥

F

(iii)
≤ 1

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
∥∥∥∥∥∥
i−1∑

i=1
UX

i U
X
i

⊤
XY ⊤

j−1∑
j=1

UY
j U

Y
j

⊤
−X⋆Y ⋆⊤

∥∥∥∥∥∥
2

F

(iv)
≤

2
(∥∥∥(∑i−1

i=1 U
X
i U

X
i

⊤)
XY ⊤

(∑j−1
j=1 U

Y
j U

Y
j

⊤)−XY ⊤
∥∥∥2

F
+
∥∥∥XY ⊤ −X⋆Y ⋆⊤

∥∥∥2

F

)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(v)
≤

2
(∥∥∥(∑i−1

i=1 U
X
i U

X
i

⊤)
XY ⊤

(∑j−1
j=1 U

Y
j U

Y
j

⊤)−XY ⊤
∥∥∥2

F

)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}︸ ︷︷ ︸
T3:=

+ρ

2

∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥

F
,

where (i) follows from the definition of (i, j) and from Lemma D.2, (ii) follows from the Kronecker
product properties (67), (68), and (69), (iii) follows from Lemma D.7 together with Lemma C.16
and Lemma C.19, (iv) follows from adding and substracting XY ⊤ in conjunction with Young’s
inequality, and (v) follows from the initial condition

∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥

F
≤ ρmin{σ2

r⋆ (X⋆),σ2
r⋆ (Y ⋆)}

4 .
Next, we provide a bound for the first term of the right-hand side of (vi). Let us denote

IQQ := {(i, j) ∈ N2 : i ≤ i ≤ r, j ≤ j ≤ r}, IP Q := {(i, j) ∈ N2 : 1 ≤ i < i, j ≤ j ≤ r},
IQP := {(i, j) ∈ N2 : i ≤ i ≤ r, 1 ≤ j < j}, and I := IQQ ∪ IP Q ∪ IQP . Then by orthonormality of
the basis {UY

j ⊗ UX
i | (i, j) ∈ [d1]× [d2]} and since vec(UX

i U
Y
j

⊤) = UY
j ⊗Kr U

X
i , we have that

T3 = 2
∑

(i,j)∈IQQ
(σX

i )2(σY
j )2

〈
V X

i , V Y
j

〉2

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}︸ ︷︷ ︸
T4:=

+ 2
∑

(i,j)∈IP Q∪IQP
(σX

i )2(σY
j )2

〈
V X

i , V Y
j

〉2

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}︸ ︷︷ ︸
T5:=

.

We next bound T4 and T5. For T4,

T4 ≤ 2
σr⋆(X)σr⋆(Y )

∑r
i=i

∑r
j=j σ

X
i σ

Y
j

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
≤ 1

2
σ2

r⋆ (X) + σ2
r⋆ (Y )

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} r∑
i=i

r∑
j=j

(
σ2

i (X) + σ2
j (Y )

)

≤ 2 σ2
r⋆ (X⋆) + σ2

r⋆ (Y ⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(r − r⋆ + 1)2σ2
k+1,

where the first inequality is due to Cauchy–Schwarz, the second is due to Young’s inequality applied
twice, and the third is due to Corollary C.17 and the initial conditions in conjunction with Weyl’s
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inequality. For the T5, we define R := argminR̃∈O(r−r⋆)

∥∥∥(V Y
{r⋆+1...r} − V

Y ⋆

{r⋆+1...r}R̃
)∥∥∥2

F
. Next we

only bound the terms in T5 associated with the indices in IP Q, that is∑
(i,j)∈IP Q

(σX
i )2(σY

j )2
〈
V X

i , V Y
j

〉2

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(i)= 2

∑r⋆

i=1
∑r

j=j(σX
i )2(σY

j )2
〈
V X

i , V Y
j

〉2
+
∑i−1

i=r⋆+1
∑r

j=j(σX
i )2(σY

j )2
〈
V X

i , V Y
j

〉2

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(ii)
≤ 2

∑r⋆

i=1
∑r

j=j(σX
i )2(σY

j )2
〈
V X

i , V Y
j

〉2
+ σ2

r⋆ (X⋆)σ2
j (Y )

∑i−1
i=r⋆+1

∑r
j=j 1

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(iii)
≤ 2

(
σX

1

)2 (
σY

j

)2
∥∥∥∥(V X

{1...r⋆}

)⊤
V Y

{r⋆+1...r}

∥∥∥∥2

F
+ (r − r⋆ + 1)2σ2

r⋆ (X⋆)σ2
j (Y )

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(iv)
≤ 2

2
(
σX

1

)2 (
σY

j

)2
(∥∥∥∥(V X

{1...r⋆}

)⊤
V X⋆

{r⋆+1...r}R

∥∥∥∥2

F
+
∥∥∥∥(V X

{1...r⋆}

)⊤ (
V Y

{r⋆+1...r} − V
Y ⋆

{r⋆+1...r}R
)∥∥∥∥2

F

)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(v)
≤ 2

2
(
σX

1

)2 (
σY

j

)2
∥∥∥∥(V X

{1...r⋆}

)⊤
V X⋆

{r⋆+1...r}

∥∥∥∥2

F
+ 2

(
σX

1

)2 (
σY

j

)2 ∥∥∥V Y
{r⋆+1...r} − V

Y ⋆

{r⋆+1...r}R
∥∥∥2

F

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} ,

where (i) follows from rearranging, (ii) follows from Weyl’s inequality applied to σX
r⋆+1 and from

the Cauchy–Schwarz inequality, (iii) follows from Lemma C.19 and from adding nonnegative
components to the Frobenius norm, (iv) follows from Young’s inequality and from the assumption
that V X⋆ = V Y ⋆ . Finally, (v) follows from the Courant–Fisher theorem applied to orthogonal
operators. We further bound,

2
2
(
σX

1

)2 (
σY

j

)2
∥∥∥∥(V X

{1...r⋆}

)⊤
V X⋆

{r⋆+1...r}

∥∥∥∥2

F
+ 2

(
σX

1

)2 (
σY

j

)2 ∥∥∥V Y
{r⋆+1...r} − V

Y ⋆

{r⋆+1...r}R
∥∥∥2

F

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(i)
≤ 2

2
(
σX

1

)2 (
σY

j

)2 4∥X−X⋆∥2
F

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)} + 2
(
σX

1

)2 (
σY

j

)2 8∥Y −Y ⋆∥2
F

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
≤

32
(
σX

1

)2 (
σY

j

)2

min
{
σ4

r⋆ (X⋆) , σ4
r⋆ (Y ⋆)

} ∥(X,Y )− (X⋆, Y ⋆)∥2F + 2
(r − r⋆ + 1)2σ2

r⋆ (X⋆)σ2
j (Y )

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
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(ii)
≤ 1

16

(
σX

1

)2 (
σY

j

)2

max
{
σ2

1 (X⋆), σ2
1 (Y ⋆)

} + 2
(r − r⋆ + 1)2σ2

r⋆ (X⋆)σ2
j (Y )

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
(iii)
≤ σ2

1 (X⋆) + σ2
r⋆ (X⋆)

8 max
{
σ2

1 (X⋆), σ2
1 (Y ⋆)

} (σY
j

)2
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
≤ 1

4
(
σY

j

)2
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} .

≤ 1
4
(
σY

j

)2
+ 2

(r − r⋆ + 1)2σ2
r⋆ (X⋆)σ2

j (Y )
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
≤ 9

4
(r − r⋆ + 1)2σ2

r⋆ (X⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}σ2
j (Y ) .

Here, (i) follows from a combination of results: first, we rewrite
∥∥∥∥(V X

{1...r⋆}

)⊤
V X⋆

{r⋆+1...r}

∥∥∥∥
F

us-

ing Lemma D.3; second, we bound
∥∥∥V Y

{r⋆+1...r} − V
Y ⋆

{r⋆+1...r}R
∥∥∥

F
using Lemma D.4; and third, we

invoke Wedin’s theorem [21, Theorem 2.9] on both of these terms, which is applicable since
∥(X,Y )− (X⋆, Y ⋆)∥F ≤

1
16

√
2

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
max{σ1(X⋆),σ1(Y ⋆)} ≤ 1

4 min {σr⋆ (X⋆) , σr⋆(Y ⋆)}. Finally, inequali-
ties (ii) and (iii) are due to the bound on the condition ∥(X,Y )− (X⋆, Y ⋆)∥F together with Weyl’s
and Young’s inequality. Using a similar argument, one can bound the rest of the terms in T5 by

2
∑

(i,j)∈IQP
(σX

i )2(σY
j )2

〈
V X

i , V Y
j

〉2

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} ≤
(

9
4

(r − r⋆ + 1)2σ2
r⋆ (Y ⋆)

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

})σ2
i (X) ,

so that

T5 ≤
(

9
4

(r − r⋆ + 1)2 max
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} )(
σ2

i (X) + σ2
j (Y )

)
=
(

9
4

(r − r⋆ + 1)2 max
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} )
σ2

k+1,

and thus, adding T4 yields

T4 + T5 ≤
17
4

σ2
r⋆ (X⋆) + σ2

r⋆ (Y ⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(r − r⋆ + 1)2σ2
k+1.

To conclude, since T1 ≤ 1
2(r − r⋆ + 1)σ2

k+1 ≤
1
2

σ2
r⋆ (X⋆)+σ2

r⋆ (Y ⋆)
min{σ2

r⋆ (X⋆),σ2
r⋆ (Y ⋆)}(r − r⋆ + 1)2σ2

k+1, we obtain

∥
(
I −Π(X,Y )

k

)
[XY ⊤ −X⋆Y ⋆⊤]∥F

≤
(

5 σ2
r⋆ (X⋆) + σ2

r⋆ (Y ⋆)
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(r − r⋆ + 1)2
)
σ2

k+1 + ρ

2

∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥

F
.

Taking the square of both sides and applying Young’s inequality yields the desired result.

C.5.3 Proof of Lemma 5.8

The objective h is a composition of a linear map with a convex function, and so it’s convex, proving
Item 2 of Assumption 5. To establish Items 1 and 3, we establish quadratic growth with z⋆ = M⋆.
Notice that ImF corresponds with the set of rank r matrices. Let an arbitrary M ∈ ImF . Applying
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the reverse triangle inequality yields
1
2 ∥A(M)− b∥22 −

1
2 ∥A(M⋆)− b∥22 ≥

1
2 ∥A (M −M⋆)∥22 ≥

1
2(1− δ) ∥M −M⋆∥22 , (52)

where the second inequality follows from (22) since M −M⋆ has rank at most 2r.
We will use the following lemma for our proof of Item 4 in Assumption 5.

Lemma C.20 (Lemma 3.3 in [15] and Lemma 31 in [94]). Assume that A satisfies (22) for matrices
of rank at most 2r. Then one has〈

A(M),A(M̃)
〉
≤ δ ∥M∥F

∥∥∥M̃∥∥∥
F

+
∣∣∣〈M,M̃

〉∣∣∣ ,
for any matrices M and M̃ of rank at most r.

We use Π as a shorthand for the projection Π(X,Y ) onto the image of ∇F (X,Y ). Recall from
(48) that this image lies within the set of matrices of rank at most 2r and so

Im Π ⊆ {Z ∈ Rd1×d2 | rank (Z) ≤ 2r}. (53)
Therefore,

∥Π∇h(M)∥2 = ∥Π [A∗A (M −M⋆])∥F
= sup

W ∈Rd1×d2 |∥W ∥F =1
⟨Π (A∗A (M −M⋆)) ,W ⟩

= sup
W ∈Rd1×d2 |∥W ∥F =1

⟨A∗A (M −M⋆) ,Π[W ]⟩

≤ sup
W ∈Rd1×d2 |∥W ∥F =1

rank(W )≤2r

⟨A∗A (M −M⋆) ,W ⟩

= sup
W ∈Rd1×d2 |∥W ∥F =1

rank(W )≤2r

⟨A (M −M⋆) ,A (W )⟩

≤ δ ∥M −M⋆∥F + sup
W ∈Rd1×d2 |∥W ∥F =1

⟨M −M⋆,W ⟩

= (1 + δ) ∥M −M⋆∥F ,
where the first inequality follows from (53), and the second inequality uses Lemma C.20. Using

this result in tandem with (52) yields
(1− δ)

2(1 + δ)2 ∥Π∇h(M)∥22 ≤ h(M)− h(M⋆),

thus, establishing part (a) of Item 4. For part (b), recall from the definition of P ((X,Y ), λ), (7),
that Im(I − P ((X,Y ), λ)) = Im∇F (X,Y ) and so (I − P ((X,Y ), λ))[M ] ∈M + Im∇F (X,Y ) and
consequently

rank((I − P ((X,Y ), λ))[M ]) ≤ rankM + 2r. (54)
Hence,
⟨A∗A (M −M⋆) , (I − P ((X,Y ), λ))[M −M⋆]⟩

= ⟨A (M −M⋆) ,A ((I − P ((X,Y ), λ))[M −M⋆])⟩
≤ δ ∥M −M⋆∥F ∥(I − P ((X,Y ), λ))[M −M⋆]∥F + |⟨M −M⋆, (I − P ((X,Y ), λ))[M −M⋆]⟩|
≤ (1 + δ) ∥M −M⋆∥F ∥(I − P ((X,Y ), λ))(M −M⋆)∥F ,

where the first inequality follows from Lemma C.20, which applies due to (54), and the second
inequality follows from Cauchy–Schwarz. The proof concludes by taking α = (1 − δ) and β =
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max
{

(1+δ)2

(1−δ) , (1 + δ)
}

= (1+δ)2

(1−δ) .

C.5.4 Proof of Lemma 5.11

Items 1, 2 and 3 hold automatically and so we focus on proving Item 4. Take M ∈ Rd1×d2 and
V ∈ ∂f(M). A key ingredient to this proof is the fact that for any matrix W of rank at most 2r we
have

⟨V,W ⟩ = ⟨V, (W +M)−M⟩
≤ f(W +M)− f(M)
≤ L ∥W∥F , (55)

where the first inequality holds since f is convex and V ∈ ∂f(M), and the second holds since f
satisfies restricted L Lipschitzness.

To establish Item 4a of the Assumption, we have∥∥∥Π(X,Y )[V ]
∥∥∥

F
≤ sup

W |rank(W )≤2r,
∥W ∥F =1

⟨W,V ⟩

≤ sup
W |∥W ∥F =1

L ∥W∥F = 1.

Recall that Π(X,Y ) denotes the projection onto range∇F (X,Y ), which is a subset of {W | W ∈
Rd1×d2 and rank (W ) ≤ 2r}. Thus, establishing the first inequality, while the second inequality
follows from (55).

To prove Item 4b, the matrix W = (I − P ((X,Y ), λ))[M −M⋆] has rank 4r due to (54). We
can further decompose W into two rank-2r matrices W1 and W2 such that ⟨W1,W2⟩ = 0. Therfore,

|⟨V,W ⟩|2 = |⟨V,W1⟩+ ⟨V,W2⟩|2

= |⟨V,W1⟩|2 + 2 |⟨V,W1⟩ ⟨V,W2⟩|+ |⟨V,W2⟩|2

≤ L2 ∥W1∥2F + 2 ∥W1∥F ∥W2∥F + L2 ∥W2∥2F
= L2

(
∥W1∥2F + ∥W2∥F

)2

= L2 ∥W∥2F ,

where the inequality follows from (55) and the last equality uses fact that ∥W∥2F = ∥W1∥2F + ∥W2∥2F ,
since W1 and W2 are orthogonal. This concludes the proof.

C.6 Proofs from Section 5.3

We start with a few explicit definitions that will play a role in our arguments. In what follows, we
use Mj: and Mi to refer to the j-th row and i-th column, respectively.

Definition C.21 (Column-major vectorization of matrices and tensors). Let M ∈ Rd1×d2 and
T ∈ Rd1×d2×d3. The vectors vec (M) ∈ Rd1d2 and vec (T ) ∈ Rd1d2d3 are defined by

vec (M)(i2−1)d1+i1
= Mi1,i2 for i1 ∈ [d1], i2 ∈ [d2],

vec (T )(i3−1)d1d2+(i2−1)d1+i1
= Ti1,i2,i3 for i1 ∈ [d1], i2 ∈ [d2], i3 ∈ [d3].

Definition C.22 (Matricization of tensors). Let T ∈ Rd1×d2×d3. The mode-1 matricization
M1(T ) ∈ Rd1×(d2d3) is given by

M1(T )i1, (i3−1)d2+i2 = Ti1,i2,i3 for i1 ∈ [d1], i2 ∈ [d2], i3 ∈ [d3].
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Similarly, the mode-2 and mode-3 matricizations M2(T ) ∈ Rd2×(d1d3) and M3(T ) ∈ Rd3×(d1d2) are
M2(T )i2, (i3−1)d1+i1 = Ti1,i2,i3 for i1 ∈ [d1], i2 ∈ [d2], i3 ∈ [d3],
M3(T )i3, (i2−1)d1+i1 = Ti1,i2,i3 for i1 ∈ [d1], i2 ∈ [d2], i3 ∈ [d3].

Definition C.23 (Permutations of tensor matricization). Given i ∈ {2, 3} and T ∈ Rd1×d2×d3, let
Pi ∈ Rd1d2d3×d1d2d3 be the permutation matrix such that

Pi vec (Mi(T )) = vec (M1(T )) = vec (T ) .
Definition C.24 (Kronecker product for matrices and vectors). Given M ∈ Rd1×d2 and N ∈ Rd3×d4 ,
their Kronecker product M ⊗Kr N ∈ Rd1d3×d2d4 is defined entrywise by

(M ⊗Kr N)(i1−1)d3+i3, (i2−1)d4+i4 = Mi1,i2 Ni3,i4 for i1 ∈ [d1], i2 ∈ [d2], i3 ∈ [d3], i4 ∈ [d4].

Moreover, for vectors u ∈ Rd1 and v ∈ Rd2, one has
(u⊗Kr v)(i1−1)d2+i2 = ui1vi2 for i1 ∈ [d1], i2 ∈ [d2].

Definition C.25. Given any two matrices M ∈ Rd1×r and N ∈ Rd2×r, we define

ψ(M,N) = [M1⊗KrN1 · · · Mr⊗KrNr ] ∈ Rd1d2×r and Ψ(M,N) =
r∑

j=1
MjM

⊤
j ⊗KrNjN

⊤
j ∈ Rd1d2×d1d2 ,

where Mj and Nj denote the jth columns of M and N , respectively.

C.6.1 Proof of Theorem 5.16

We start with the actions of the Jacobian and its adjoint.
Lemma C.26. Let X ∈ Rd×r. Then, the action of ∇Fsym(X) on a direction D ∈ Rd×r is given by

∇Fsym(X) vec (D) =
r∑

ℓ=1

(
Dℓ ⊗Kr Xℓ ⊗Kr Xℓ +Xℓ ⊗Kr Dℓ ⊗Kr Xℓ +Xℓ ⊗Kr Xℓ ⊗Kr Dℓ

)
= (I + P3 + P2)

r∑
ℓ=1

Dℓ ⊗Kr Xℓ ⊗Kr Xℓ ∈ Rd3
.

Moreover, the action of the adjoint ∇Fsym(X)⊤ on a rank-1 tensor a⊗Kr b⊗Kr c ∈ Rd3 is given by

∇Fsym(X)⊤ (a⊗Kr b⊗Kr c
)

= vec
((
a(b⊤ ⊗Kr c

⊤) + b(a⊤ ⊗Kr c
⊤) + c(a⊤ ⊗Kr b

⊤)
)
ψ(X,X)

)
∈ Rdr.

The proof is deferred to Appendix D.4. Given this result, it is straightforward to establish As-
sumption 6. Consider an arbitrary pair X, X̃ ∈ Rd×r satisfying max

{
∥X −X⋆∥F ,

∥∥∥X̃ −X⋆
∥∥∥

F

}
≤

∥X⋆∥F . Using the variational characterization of the operator norm, we have∥∥∥∇Fsym(X)−∇Fsym(X̃)
∥∥∥

op
= sup

A∈Rd×r,∥A∥F =1

∥∥∥(∇Fsym(X)−∇Fsym(X̃)
)

vec (A)
∥∥∥

2

(i)= sup
∥A∥F =1

∥∥∥∥∥(I + P2 + P3)
(

r∑
ℓ=1

Aℓ ⊗Kr Xℓ ⊗Kr Xℓ −Aℓ ⊗Kr X̃ℓ ⊗Kr X̃ℓ

)∥∥∥∥∥
2

(ii)
≤ 3 sup

∥A∥F =1

∥∥∥∥∥
r∑

ℓ=1
Aℓ ⊗Kr

(
Xℓ ⊗Kr Xℓ − X̃ℓ ⊗Kr X̃ℓ

)∥∥∥∥∥
2

(iii)= 3 sup
∥A∥F =1

∥∥∥(ψ(X,X)− ψ(X̃, X̃)
)
A⊤
∥∥∥

F

(iv)
≤ 3

∥∥∥ψ(X,X)− ψ(X̃, X̃)
∥∥∥

F
,
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where (i) follows from the Lemma C.26, (ii) follows from the fact that permutation matrices
have operator norm one, (iii) follows from

∑r
ℓ=1Aℓ ⊗Kr Bℓ = vec

(
BA⊤

)
for any A and B,

and (iv) follows from the submultiplicativity of the Frobenius norm. Leveraging the fact that∑r
ℓ=1 ∥vℓ∥22 ≤ (

∑r
ℓ=1 ∥vℓ∥2)2, we have∥∥∥∇Fsym(X)−∇Fsym(X̃)

∥∥∥
op
≤ 3

r∑
ℓ=1

∥∥∥Xℓ ⊗Kr Xℓ − X̃ℓ ⊗Kr X̃ℓ

∥∥∥
2

= 3
r∑

ℓ=1

∥∥∥Xℓ ⊗Kr Xℓ −Xℓ ⊗Kr X̃ℓ +Xℓ ⊗Kr X̃ℓ − X̃ℓ ⊗Kr X̃ℓ

∥∥∥
2

(i)
≤ 3

r∑
ℓ=1

(∥∥∥Xℓ ⊗Kr (Xℓ − X̃ℓ)
∥∥∥

2
+
∥∥∥(Xℓ − X̃ℓ)⊗Kr X̃ℓ

∥∥∥
2

)
(ii)
≤ 3

(
∥X∥F +

∥∥∥X̃∥∥∥
F

) ∥∥∥X − X̃∥∥∥
F

(iii)
≤ 12 ∥X⋆∥F

∥∥∥X − X̃∥∥∥
F
,

where (i) follows from the triangle inequality and bilinearity of the Kronecker product, (ii) follows
from the fact that ∥a⊗ b∥2 = ∥a∥2 ∥b∥2 for any a and b, together with the Cauchy-Schwarz
inequality, and (iii) holds since by assumption max

{
∥X −X⋆∥F ,

∥∥∥X̃ −X⋆
∥∥∥

F

}
≤ ∥X⋆∥F , which

implies max
{
∥X∥F ,

∥∥∥X̃∥∥∥
F

}
≤ 2 ∥X⋆∥F by the reverse triangle inequality.

We now proceed to proving strong alignment for this map. Let T ⋆ ∈ Rd×d×d be an arbitrary
tensor and X⋆ ∈ Rd×r be any full-rank matrix with T ⋆ = Fsym(X⋆). To establish alignment, we
use the following result.

Proposition C.27 (Constant rank of the symmetric CP map). For any full rank matrix X ∈ Rd×r,
rank (∇Fsym(X)) = dr.

Given this result, invoking Lemma C.1 gives us that the map Fsym satisfies Assumption 8 with
j = dr and with the quantities

εx⋆ = min
{
R,

σdr (∇Fsym(X⋆))
24 ∥X⋆∥F

, ∥X⋆∥F

}
, δ(ρ) = ρ

C
, and s = 1

2σdr (∇Fsym(X⋆))

for some positive constants R and C that depend only on X⋆. This establishes the result, provided
that we show Proposition C.27; we now proceed to prove it.

Proof of Proposition C.27. Let X ∈ Rd×r be of rank r. The proof consists of two steps. Firstly, we
will construct a set H of probing vectors, i.e., dr linearly independent vectors in Rd3 . Secondly,
we will prove that the probing set remains linearly independent after applying ∇Fsym(X)⊤. This
shows a lower bound rank(∇Fsym(X)⊤) ≥ dr. Since ∇Fsym(X) ∈ Rd3×dr, the rank of ∇Fsym(X) is
at most dr, we must have rank(∇Fsym(X)) = dr.

We take the full SVD ofX as UXΣX
(
V X

)⊤
, where UX ∈ Rd×d, ΣX ∈ Rd×r and (V X)⊤ ∈ Rr×r.

Consider the extended SVD

Σ̃X := diag
(
σX

1 , . . . , σ
X
r , 1, . . . 1

)
∈ Rd×d, and Ṽ X :=

(
VX 0
0 I

)
∈ Rd×d.

Observe that with this notation we have Xℓ = UXΣ̃X(Ṽ X
ℓ: )⊤ for all ℓ ∈ [r].

69



Probing set. First, since X is full rank, the vectors

Tk := UX
(
Σ̃X

)−1
(Ṽ X

k: )⊤ ∈ Rd are well-defined for all k ∈ [d].

We construct H = {Ti ⊗Kr Tj ⊗Kr Tj | i ∈ [d], j ∈ [r]}. By (69), Kronecker products of invert-
ible matrices are invertible. Then, the matrix UX

(
Σ̃X

)−1 (
Ṽ X

)⊤
⊗Kr U

X
(
Σ̃X

)−1 (
Ṽ X

)⊤
⊗Kr

UX
(
Σ̃X

)−1 (
Ṽ X

)⊤
∈ Rd3×d3 is invertable. Since H is a subset of columns of this matrix, the

vectors in H are linearly independent.

Rank lower bound. Let i ∈ [d], j ∈ [r]. By Lemma C.26, we have that
∇Fsym(X)⊤ (Ti ⊗Kr Tj ⊗Kr Tj

)
= vec

((
Ti

(
T⊤

j ⊗Kr T
⊤
j

)
+ Tj

(
T⊤

i ⊗Kr T
⊤
j

)
+ Tj

(
T⊤

i ⊗Kr T
⊤
j

)) [
X1 ⊗Kr X1 · · · Xr ⊗Kr Xr

])
(i)= vec

Ti


⟨Tj , X1⟩2

...
⟨Tj , Xr⟩2


⊤

+ 2Tj

⟨Ti, X1⟩ ⟨Tj , X1⟩
...

⟨Ti, Xr⟩ ⟨Tj , Xr⟩


⊤

(ii)= vec

Ti


〈
Ṽ X

j: , Ṽ
X

1:

〉2

...〈
Ṽ X

j: , Ṽ
X

r:

〉2


⊤

+ 2Tj


〈
Ṽ X

i: , Ṽ
X

1:

〉〈
Ṽ X

j: , Ṽ
X

1:

〉
...〈

Ṽ X
i: , Ṽ

X
r:

〉〈
Ṽ X

j: , Ṽ
X

r:

〉


⊤
(iii)= ej ⊗Kr Ti + 21i=j

(
ei ⊗Kr Tj

)
=

3ei ⊗Kr Ti if i = j,

ej ⊗Kr Ti otherwise
∈ Rdr,

where (i) follows from (69), (ii) follows from ⟨Ti, Xℓ⟩ = Ṽ X
i: (Σ̃X)−1(UX)⊤UX(Σ̃X)

(
Ṽ X

ℓ:

)⊤
=〈

Ṽ X
i: , Ṽ

X
ℓ:

〉
, and (iii) follows from (70), here {ej}j∈[r] ⊆ Rr denotes the canonical basis for

Rr. The resulting dr vectors are scaled versions of different columns of the invertible matrix
Ir ⊗Kr

(
UX

(
Σ̃X

)−1 (
Ṽ X

)⊤
)

, thus they are linearly independent, which completes the proof of
Proposition C.27.

This concludes the proof of Theorem 5.16.

C.6.2 Proof of Theorem 5.17

Let W ∈ Rd1×r, X ∈ Rd2×r and Y ∈ Rd3×r be arbitrary matrices. Denote the full SVD factorization
of each one of these matrices as

W = UW ΣW
(
V W

)⊤
, X = UXΣX

(
V X

)⊤
and Y = UY ΣY

(
V Y

)⊤
. (58)

Moreover, have ∇Fasym(W,X, Y ) = UΣV ⊤ ∈ Rd1d2d3×(d1+d2+d3)r. We start with a basic result for
the analytical expression of the Jacobian.

Lemma C.28 (Corollary 4.2 in [1], Lemma 1 in [51]). The Jacobian of Fasym is given by

∇Fasym(W,X, Y ) =
(
JW JX JY

)
∈ Rd1d2d3×(d1+d2+d3)r
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where
JW = Id1 ⊗Kr ψ(X,Y ) ∈ Rd1d2d3×d1r,

JX = P2
(
Id2 ⊗Kr ψ(W,Y )

)
∈ Rd1d2d3×d2r, and

JY = P3
(
Id3 ⊗Kr ψ(W,X)

)
∈ Rd1d2d3×d3r,

with Pi and ψ introduced in Definitions C.23 and C.25, respectively.

Consider an arbitrary pair (W,X, Y ), (W̃ , X̃, Z̃) ∈ Rd1×r ×Rd2×r ×Rd3×r satisfying

max
{
∥(W,X, Y )− (W ⋆, X⋆, Y ⋆)∥F ,

∥∥∥(W̃ , X̃, Ỹ )− (W ⋆, X⋆, Y ⋆)
∥∥∥

F

}
≤ ∥(W ⋆, X⋆, Y ⋆)∥F .

Using the variational characterization of the operator norm, we have∥∥∥∇Fasym(W,X, Y )−∇Fasym(W̃ , X̃, Ỹ )
∥∥∥

op

= sup
∥A∥F =1

∥∥∥(∇Fasym(W,X, Y )−∇Fasym(W̃ , X̃, Ỹ )
)

vec (A)
∥∥∥

2

= sup
(A1,A2,A3)∈Rd1×r×Rd2×r×Rd3×r

∥(A1,A2,A3)∥F =1

∥∥∥(JW − JW̃
)

vec (A1) +
(
JX − J X̃

)
vec (A2) +

(
JY − J Ỹ

)
vec (A3)

∥∥∥
2

(i)
≤ sup

(A1,A2,A3)∈Rd1×r×Rd2×r×Rd3×r

∥(A1,A2,A3)∥F =1

(∥∥∥vec
((
ψ(X,Y )− ψ(X̃, Ỹ )

)
A⊤

1

)∥∥∥
2

+
∥∥∥P2 vec

((
ψ(W,Y )− ψ(W̃ , Ỹ )

)
A⊤

2

)∥∥∥
2

+
∥∥∥P3 vec

((
ψ(W,X)− ψ(W̃ , X̃)

)
A⊤

3

)∥∥∥
2

)
,

where (i) follows from applying Lemma C.28 in tandem with the triangle inequality and from (67).
Leveraging the fact that the operator norm of a permutation matrix is at most one, we derive∥∥∥∇Fasym(W,X, Y )−∇Fasym(W̃ , X̃, Ỹ )

∥∥∥
op

≤ sup
∥(A1,A2,A3)∥F =1

(∥∥∥(ψ(X,Y )− ψ(X̃, Ỹ )
)
A⊤

1

∥∥∥
F

+
∥∥∥(ψ(W,Y )− ψ(W̃ , Ỹ )

)
A⊤

2

∥∥∥
F

+
∥∥∥(ψ(W,X)− ψ(W̃ , X̃)

)
A⊤

3

∥∥∥
F

)

≤
∥∥∥ψ(X,Y )− ψ(X̃, Ỹ )

∥∥∥
F

+
∥∥∥ψ(W,Y )− ψ(W̃ , Ỹ )

∥∥∥
F

+
∥∥∥ψ(W,X)− ψ(W̃ , X̃)

∥∥∥
F

=
r∑

ℓ=1

(∥∥∥(Xℓ − X̃ℓ

)
⊗Kr Yℓ + X̃ℓ ⊗Kr

(
Yℓ − Ỹℓ

)∥∥∥
2

+
∥∥∥(Wℓ − W̃ℓ

)
⊗Kr Yℓ + W̃ℓ ⊗Kr

(
Yℓ − Ỹℓ

)∥∥∥
2

+
∥∥∥(Wℓ − W̃ℓ

)
⊗Kr Xℓ + W̃ℓ ⊗Kr

(
Xℓ − X̃ℓ

)∥∥∥
2

)
(i)
≤
(
∥W∥F + ∥X∥F + ∥Y ∥F +

∥∥∥W̃∥∥∥
F

+
∥∥∥X̃∥∥∥

F
+
∥∥∥Ỹ ∥∥∥

F

) (∥∥∥W − W̃∥∥∥
F

+
∥∥∥X − X̃∥∥∥

F
+
∥∥∥Y − Ỹ ∥∥∥

F

)
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(ii)
≤
√

3
(
∥(W,X, Y )∥F +

∥∥∥(W̃ , X̃, Ỹ )
∥∥∥

F

) ∥∥∥(W,X, Y )− (W̃ , X̃, Ỹ )
∥∥∥

F

(iii)
≤ 4
√

3 ∥(W ⋆, X⋆, Y ⋆)∥F
∥∥∥(W,X, Y )− (W̃ , X̃, Ỹ )

∥∥∥
F
,

where (i) follows from the fact that
∥∥v ⊗Kr w

∥∥
2 = ∥v∥2 ∥w∥2 for any vectors v and w together with

Cauchy-Schwarz and (ii) uses that (|a|+ |b|+ |c|)2 ≤ 3
(
|a|2 + |b|2 + |c|2

)
for a, b, c ∈ R, and (iii)

holds since by assumption max
{
∥(W,X, Y )− (W ⋆, X⋆, Y ⋆)∥F ,

∥∥∥(W̃ , X̃, Ỹ )− (W ⋆, X⋆, Y ⋆)
∥∥∥

F

}
≤

∥(W ⋆, X⋆, Y ⋆)∥F , which implies max
{
∥(W,X, Y )∥F ,

∥∥∥(W̃ , X̃, Ỹ )
∥∥∥

F

}
≤ 2 ∥(W ⋆, X⋆, Y ⋆)∥F by the

reverse triangle inequality.
We now proceed to prove Assumption 8 for this map. Let T ⋆ ∈ Rd1×d2×d2 be an arbitrary

tensor and let W ⋆ ∈ Rd1×r, X⋆ ∈ ×Rd2×r and Y ⋆ ∈ Rd3×r be any full-rank matrices such that
T ⋆ = Fasym(W ⋆, X⋆, Y ⋆).

Proposition C.29 (Constant Rank of Asymmetric Canonical Polyadic Map). For any full rank
matrices W ∈ Rd1×r, X ∈ Rd2×r and Y ∈ Rd3×r, we have

rank (∇Fasym(W,X, Y )) = (d1 + d2 + d3 − 2)r.

Equipped with this constant rank result, we invoke Lemma C.1 to establish that the map Fasym
satisfies Assumption 8 with the quantities

εx⋆ = min
{
R,

σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Z⋆))
8
√

3 ∥(W ⋆, X⋆, Y ⋆)∥F
, ∥(W ⋆, X⋆, Y ⋆)∥F

}
, δ(ρ) = ρ

C

and s = 1
2σ(d1+d2+d3−2)r (∇Fasym(W ⋆, X⋆, Y ⋆))

for some positive constants R and C that depend only on the solution (W ⋆, X⋆, Y ⋆) and with
j = rank(∇Fasym(W ⋆, X⋆, Y ⋆)) = (d1 + d2 + d3 − 2)r. This establishes the result, if we prove
Proposition C.29.

Proof of Proposition C.29. The proof structure involves three steps. For the first step, we will
construct two sets H and Hc of vectors with cardinalities (d1 + d3 + d3− 2)r and d1d2d3− (d1 + d3 +
d3− 2)r, respectively, such that H ∪Hc forms a basis for Rd1d2d3 . For the second step, we will show
that the set Hc ⊆ null

(
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤

)
. This establishes an upper bound of

(d1 + d3 + d3 − 2)r on rank (∇Fasym(W,X, Y )). For the final step, we will prove that the set H
remains linearly independent after applying ∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤. This establishes a
lower bound of (d1 + d3 + d3 − 2)r on rank (∇Fasym(W,X, Y )), finishing the proof.

To start, we introduce some notation. Define the index sets
I0 := {(l, l, l) | l ∈ [r]} ,
I1 := {(l, l, k) | l ∈ [r], k ∈ [d3], l ̸= k} ,
I2 := {(l, k, l) | l ∈ [r], k ∈ [d2], l ̸= k} , and
I3 := {(k, l, l) | l ∈ [r], k ∈ [d1], l ̸= k} .

(59)

In what follows, we use M and N as placeholders for W,X, or Y . Further, dM and dN denote the
number of rows of M and N , respectively. Define the sets

T M,N
off := {(i, j) ∈ [dM ]× [dN ] | i > r or j > r or i ̸= j}, and

T M,N
on := (T dM ,dN

off )c = {(i, j) ∈ [dM ]× [dN ] | i = j and i ≤ r}.
(60)

The sets in (59) form a partition of I := {(i, j, k) | (i, j) ∈ T W,X
on or (j, k) ∈ T X,Y

on or (i, k) ∈ T W,Y
on }.
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Probing sets. For M ∈ {W,X, Y }, define

TM
i = UM

(
Σ̃M

)−1 (
Ṽ M

i:

)⊤
, (61)

where Σ̃M = diag
(
σM

1 , . . . , σM
r , 1, . . . 1

)
∈ RdM ×dM , and Ṽ M =

(
V M 0

0 I

)
∈ RdM ×dM , where

UM and (V M )⊤ are the left and right eigenvectors of M , and σi’s are its singular values. We
construct H := {TW

i ⊗Kr T
X
j ⊗Kr T

Y
k | (i, j, k) ∈ I} and Hc := {TW

i ⊗Kr T
X
j ⊗Kr T

Y
k | (i, j, k) ∈

[d1]× [d2]× [d3] \ I}. These sets are linearly independent since they correspond to column vectors
of the matrix

UW
(
Σ̃W

)−1 (
Ṽ W

)⊤
⊗Kr U

X
(
Σ̃X

)−1 (
Ṽ X

)⊤
⊗Kr U

Y
(
Σ̃Y
)−1 (

Ṽ Y
)⊤
∈ Rd1d2d3×d1d2d3

which again is invertible by (69). A relevant property about these vectors is〈
Mi, T

M
j

〉
= 1i=j . (62)

Upper bound. We use the following lemma; whose proof is deferred to Appendix D.5.

Lemma C.30. Let (W,X, Y ) ∈ Rd1×r ×Rd2×r ×Rd3×r be full-rank matrices. Then,

∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤
(
TW

i ⊗Kr T
X
j ⊗Kr T

Y
k

)
= 1(i,j)∈T W,X

on

(
Wi ⊗Kr Xj ⊗Kr T

Y
k

)
+ 1(i,k)∈T W,Y

on

(
Wi ⊗Kr T

X
j ⊗Kr Yk

)
+ 1(j,k)∈T X,Y

on

(
TW

i ⊗Kr Xj ⊗Kr Yk

)
.

By Lemma C.30, it is easy to see that∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤
(
TW

i ⊗Kr T
X
j ⊗Kr T

Y
k

)
is zero when TW

i ⊗Kr T
X
j ⊗Kr T

Y
k ∈ Hc. Therefore,

span (Hc) ⊆ null
(
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤

)
.

SinceHc is linearly independant, and since #Hc = d1d2d3−(d1+d2+d3−2)r, then dim (span (Hc)) =
d1d2d3 − (d1 + d2 + d3 − 2)r. Therefore,

d1d2d3 − (d1 + d2 + d3 − 2)r ≤ dim
(
null

(
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤

))
.

Then, the rank-nullity theorem yields

rank (∇Fasym(W,X, Y )) = rank
(
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤

)
≤ (d1 + d2 + d3 − 2)r.

Lower bound. We will show that the elements in H remain linearly indepent after applying
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤, which shows that rank

(
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤

)
≥

(d1 + d2 + d3 − 2)r. By Lemma C.30, we have that elements of such a set are given by

∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤
(
TW

i ⊗Kr T
X
j ⊗Kr T

Y
k

)

=



Wi ⊗Kr Xi ⊗Kr T
Y
i +Wi ⊗Kr T

X
i ⊗Kr Yi + TW

i ⊗Kr Xi ⊗Kr Yi, if (i, j, k) ∈ I0,

Wi ⊗Kr Xi ⊗Kr T
Y
k , if (i, j, k) ∈ I1,

Wi ⊗Kr T
X
j ⊗Kr Yi, if (i, j, k) ∈ I2,

TW
i ⊗Kr Xj ⊗Kr Yj , if (i, j, k) ∈ I3,

0 otherwise.

Recall that TW
i ⊗Kr T

X
j ⊗Kr T

Y
k ∈ H if (i, j, k) ∈ I = I0 ∪ I1 ∪ I2 ∪ I3. To show that these vectors

are linearly independent, we will show that any linear combination of them that equates to zero has
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to have zero coefficients. Thus, suppose that we have vectors of coefficients α, β, γ, δ such that the
following linear combination is equal to zero

LH :=
r∑

l=1
αl

(
Wl ⊗Kr Xl ⊗Kr T

Y
l +Wl ⊗Kr T

X
l ⊗Kr Yl + TW

l ⊗Kr Xl ⊗Kr Yl

)
+

∑
l∈[r], k∈[d3]\{l}

βl,k

(
Wl ⊗Kr Xl ⊗Kr T

Y
k

)
+

∑
l∈[r], k∈[d2]\{l}

γl,k

(
Wl ⊗Kr T

X
k ⊗Kr Yl

)
+

∑
l∈[r], k∈[d1]\{l}

δl,k

(
TW

k ⊗Kr Xl ⊗Kr Yl

)
= 0.

(63)

For the rest of the proof, we focus on showing that the coefficients αl, βl,k, γl,k, δl,k ∈ R are all
zero. To this end, we probe the equality above with several linear maps, which allows us to derive
conclusions for specific coefficients. In particular, for fixed i ∈ [r], j ∈ [d3] \ {i}, we apply the linear
transformation Id1 ⊗Kr T

X
i ⊗Kr T

Y
j on both sides of the equality, which yields

0 =
(
Id1 ⊗Kr T

X
i ⊗Kr T

Y
j

)
LH

(i)=
r∑

l=1
αl

(〈
Xl, T

X
i

〉〈
Yl, T

Y
j

〉
+
〈
Xl, T

X
i

〉〈
T Y

l , T
Y
j

〉
+
〈
TX

l , TX
i

〉〈
Yl, T

Y
j

〉)
Wl

+
∑

l∈[r], k∈[d3]\{l}
βl,k

(〈
Xl, T

X
i

〉〈
T Y

k , T
Y
j

〉)
Wl

+
∑

l∈[r], k∈[d2]\{l}
γl,k

(〈
TX

k , TX
i

〉〈
Yl, T

Y
j

〉)
Wl

+
∑

l∈[r], k∈[d1]\{l}
δl,k

(〈
Xl, T

X
i

〉〈
Yl, T

Y
j

〉)
TW

k

(ii)=
〈
αiT

Y
i , T

Y
j

〉
Wi +

〈
αjT

X
j , TX

i

〉
Wj1j≤r

+
〈 ∑

k∈[d3]\{i}
βi,kT

Y
k , T

Y
j

〉
Wi +

〈 ∑
k∈[d2]\{j}

γj,kT
X
k , TX

i

〉
Wj1j≤r,

(64)

where (i) follows from (69) and (ii) use the choice of indices together with (62). Since W has
full column rank, the vectors {Wk | k ∈ [r]} are linearly independent. Thus, (64) implies that the
coefficient associated with the vector Wi is zero. Consequently,

〈
αiT

Y
i +

∑
k∈[d3]\{i} βi,kT

Y
k , T

Y
j

〉
= 0,

which can be rewritten equivalently as〈
T Y ωα,β,i, T Y

j

〉
= 0 where ωα,β,i := (βi,1, . . . , βi,i−1, αi, βi,i+1, . . . , βi,d3)⊤ .

Since this holds for all j ∈ [d3] \ {i}, then T Y ωα,β,i is orthogonal to all columns of T Y except the
i-th column. The vector Yi is also orthogonal to all these T Y

j due to (62). Thus, T Y ωα,β,i and Yi

are orthogonal to the same d3 − 1 dimensional subspace, consequently colinear. Hence, for any
i ∈ [r], there exists cα,β,i ∈ R \ {0} such that T Y ωα,β,i = cα,β,i and, consequently,

ωα,β,i = cα,β,i
(
T Y
)−1

Yi = cα,β
i Ṽ Y

(
Σ̃Y
)2 (

Ṽ Y
i:

)⊤
.

By an equivalent argument, for any i ∈ [r], there exist cα,γ,i, cα,δ,i ∈ R such that

ωα,γ,i = cα,γ,iṼ X
(
Σ̃X

)2 (
Ṽ X

i:

)⊤
, and ωα,δ,i = cα,δ,iṼ W

(
Σ̃W

)2 (
Ṽ W

i:

)⊤
. (65)
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If we prove these vectors are zero, then the original coefficients in (63) would also be zero. Equipped
with this closed-form expression for the coefficients, we derive

LH =
r∑

l=1

Wl ⊗Kr Xl ⊗Kr

αlT
Y
l +

∑
k∈[d3]\{l}

βl,kT
Y
k


+

r∑
l=1

Wl ⊗Kr

αlT
X
l +

∑
k∈[d2]\{l}

γl,kT
X
k

⊗Kr Yl


+

r∑
l=1

αlT
W
l +

∑
k∈[d1]\{l}

δl,kT
W
k

⊗Kr Xl ⊗Kr Yl


=

r∑
l=1

(
Wl ⊗Kr Xl ⊗Kr T

Y ωα,β,l
)

+
(
Wl ⊗Kr T

Xωα,γ,l ⊗Kr Yl

)
+
(
TWωα,δ,l ⊗Kr Xl ⊗Kr Yl

)
=

r∑
l=1

(
cα,β,l + cα,γ,l + cα,δ,l

) (
Wl ⊗Kr Xl ⊗Kr Yl

)
, (66)

where the first equality follows from distributing the sum over l and rearranging, the second equality
rewrites αlT

Y
l +

∑
k∈[d3]\{l} βl,kT

Y
k as T Y ωα,β,l, and the third equality follows from the definition of

cα,β,l, cα,γ,l, and cα,δ,l and the multilinearity of the Kronecker product.
Since the vectors {Wl ⊗Kr Xl ⊗Kr Yl | l ∈ [r]} are linearly independent, we conclude that

cα,β,l + cα,γ,l + cα,δ,l = 0 for all l. Let’s show that each term is also zero. Using (65), we can extract
the lth component from ωα,β,l, ωα,γ,l, and ωα,δ,l via

αl = cα,β,l Ṽ Y
l:

(
Σ̃Y
)2 (

Ṽ Y
l:

)⊤
= cα,γ,lṼ X

l:

(
Σ̃X

)2 (
Ṽ X

l:

)⊤
= cα,δ,lṼ W

l:

(
Σ̃W

)2 (
Ṽ W

l:

)⊤
.

Observe that all the quadratic forms in these equalities are strictly positive because Σ̃W , Σ̃X , and
Σ̃Y are positive definite matrices. Thus cα,β,l, cα,γ,l and cα,δ,l have the same sign, which in turn
implies that cα,β,l + cα,γ,l + cα,δ,l = 0 if, and only if, cα,β,l = cα,γ,l = cα,δ,l = 0. Thus, by (65), that
ωα,β,l = ωα,γ,l = ωα,δ,l = 0 and, consequently all the coefficients in (63) are also zero. Hence, the
vectors {∇Fasym(W,X, Y )⊤∇Fasym(W,X, Y )v | v ∈ H} are linearly independent; this finishes the
proof of Proposition C.29.

This concludes the proof of Theorem 5.17.

D Auxiliary proofs and results
In this section, we summarize some auxiliary results that we use throughout the paper.

Lemma D.1 (Properties of the Kronecker Product). [[89]] Let A,B,C,D be matrices (or vectors)
of compatible dimensions. Then, the Kronecker product satisfies the following properties.

1. Multiplication from the right and left can be succinctly written as

vec (ABC) =
(
C⊤ ⊗Kr A

)
vec (B) . (67)

2. The transpose commutes with the Kronecker product
(A⊗Kr B)⊤ = A⊤ ⊗Kr B

⊤. (68)

3. The matrix product commutes with the Kronecker product
(AB)⊗Kr (CD) = (A⊗Kr C)(B ⊗Kr D). (69)
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4. Trivially, if x ∈ Rn and y ∈ Rm, the vectorized outer product is equal to the Kronecker product

y ⊗Kr x = vec
(
xy⊤

)
. (70)

Lemma D.2. Let U ∈ Rd×d be an orthogonal matrix. Then for any I ⊂ J ⊆ [d] and vector v ∈ Rd

we have ∥∥∥UIU
⊤
I v
∥∥∥

2
≤
∥∥∥UJU

⊤
J v
∥∥∥

2
.

Proof. We have∥∥∥UJU
⊤
J v
∥∥∥2

2
=
〈
v, UJU

⊤
J v
〉

=
〈
v, UJ\IU

⊤
J\Iv

〉
+
〈
v, UIU

⊤
I v
〉
≥
∥∥∥UIU

⊤
I v
∥∥∥2

2
,

where the first equality follows since orthogonal projections are symmetric and idempotent.

Lemma D.3 (Lemma 2.5 in [21]). Suppose U = [U0, U1] and V = [V0, V1] are square orthonormal
matrices, where U0, V0 ∈ Rd×k. Let θ1, . . . , θk denote the principal angles between span(U0) and
span(V0), and denote Θ(U0, V0) = diag (θ1, . . . , θk). Then∥∥∥U⊤

0 V1
∥∥∥

F
= ∥sin Θ(U0, V0)∥F . (71)

Lemma D.4 (Lemma 2.6 in [21]). Let U, V ∈ Rd×k (k ≤ d) have orthonormal columns. Write the
principal angles between span(U) and span(V ) as θ1, . . . , θk and denote Θ(U, V ) = diag (θ1, . . . , θk).
Then,

min
Q∈O(k)

∥U − V Q∥F ≤
√

2 ∥sin Θ(U, V )∥F .

D.1 Proof of Lemma C.8

Eigenpairs. For any pair of indexes (i, j) with i ≤ j, label Z = UX
i U

X
j

⊤ + UX
j U

X
i

⊤. Then,

∇Fsym(X)∇Fsym(X)⊤[Z] = 2∇Fsym(X) [ZX]
= 2ZXX⊤ + 2XX⊤Z

= 2
(
Z

n∑
k=1

σ2
k (X)UX

k U
X
k

⊤ +
n∑

k=1
σ2

k (X)UX
k U

X
k

⊤
Z

)

= 2
(
σ2

i (X)
(
UX

i U
X
j

⊤ + UX
j U

X
i

⊤)+ σ2
j (X)

(
UX

i U
X
j

⊤ + UX
j U

X
i

⊤))
= 2

(
σ2

i (X) + σ2
j (X)

)
Z,

where the first two lines follow from (43) and the last two lines follow by definition of Z.

Orthonormal basis. Recall that the image of ∇F is Sd, thus the number of eigenvectors above
matches the number of dimensions of Sd. It suffices to prove that they are orthogonal. Let U ′

i,j be a
placeholder for

U ′
i,j = vec

(
UX

i U
X
j

⊤ + UX
j U

X
i

⊤)
.

Let (i, j) , (k, ℓ) ∈ [d] × [d] with i ≤ j and k ≤ ℓ. We shall show that U ′
i,j is nonzero, and if

(i, j) ̸= (k, ℓ) , then
〈
U ′

i,j , U
′
k,ℓ

〉
= 0. Then,〈

U ′
ij , U

′
k,ℓ

〉
=
〈
UX

i U
X
j

⊤ + UX
j U

X
i

⊤
, UX

k U
X
ℓ

⊤ + UX
ℓ U

X
k

⊤〉
= trace

(
UX

i U
X
j

⊤
UX

ℓ U
X
k

⊤)+ trace
(
UX

i U
X
j

⊤
UX

k U
X
ℓ

⊤)
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+ trace
(
UX

j U
X
i

⊤
UX

ℓ U
X
k

⊤)+ trace
(
UX

j U
X
i

⊤
UX

k U
X
ℓ

⊤)
= 2

〈
UX

i , U
X
k

〉〈
UX

j , U
X
ℓ

〉
+ 2

〈
UX

i , U
X
ℓ

〉〈
UX

j , U
X
k

〉
.

First if (i, j) = (k, ℓ), then
∥∥∥U ′

i,j

∥∥∥2

2
=
{

2, i ̸= j

4, otherwise
̸= 0 and so U ′

i,j is nonzero. Second, if

(i, j) ̸= (k, ℓ), then either i ̸= k or j ̸= ℓ. Without loss of generality, assume that i ̸= k; thus, the
first term in the last expression is zero. Seeking contradiction, assume that the second term is
nonzero. Since

{
UX

i

}
forms an orthonormal basis, we derive that i = ℓ ≥ k = j and by assumption

i ≤ j, therefore, i = j = k = ℓ, which is a contradiction. This completes the proof of the lemma.

D.2 Proof of Lemma C.16

Recall that we denote by r⋆ the ranks of X⋆ and Y ⋆. One has∥∥∥XX −X⋆X⋆⊤
∥∥∥

F
≤
∥∥∥(X −X⋆)X⊤ +X⋆ (X −X⋆)⊤

∥∥∥
F

(i)
≤
∥∥∥(X −X⋆)X⊤

∥∥∥
F

+
∥∥∥X⋆ (X −X⋆)⊤

∥∥∥
F

(ii)
≤ 2 max {σ1(X⋆), σ1(X)} ∥X −X⋆∥F
(iii)
≤ 2 (σ1(X⋆) + ∥X −X⋆∥F ) ∥X −X⋆∥F

(iv)
≤ min

{
σ2

r⋆(X⋆), σ2
r⋆(Y ⋆)

}
8
√

2
+ min

{
σ2

r⋆(X⋆), σ2
r⋆(Y ⋆)

}
8
√

2σ1(X⋆)
∥X −X⋆∥F

(v)
≤ min

{
σ2

r⋆(X⋆), σ2
r⋆(Y ⋆)

}
4
√

2
,

where (i) follows from the triangle inequality, (ii) follows from the variational characterization of sin-
gular values, (iii) follows from Weyl’s inequality, (iv) holds since ∥X −X⋆∥F ≤

min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
16

√
2σ1(X⋆)

and (v) holds since min{σ2
r⋆ (X⋆),σ2

r⋆ (Y ⋆)}
16

√
2σ1(X⋆) ≤ σ1(X⋆). A similar argument yields∥∥∥Y Y − Y ⋆Y ⋆⊤

∥∥∥
F
≤ min

{
σ2

r⋆(X⋆), σ2
r⋆(Y ⋆)

}
4
√

2
.

Adding both bounds, we conclude that
∥∥∥XX −X⋆X⋆⊤

∥∥∥
F

+
∥∥∥Y Y − Y ⋆Y ⋆⊤

∥∥∥
F
≤ min{σ2

r⋆ (X⋆),σ2
r⋆ (Y ⋆)}

2
√

2 .

D.3 Proof of Lemma C.15

Eigenpairs. Let i, j ∈ [d1]× [d2] with corresponding eigenpairs
(
σ2

i (X) , UX
i

)
and

(
σ2

j (Y ) , UY
j

)
for respectively XX⊤ and Y Y ⊤. Let M be a placeholder for UX

i U
Y
j

⊤. We have

∇F (X,Y )∇F (X,Y )⊤M = M Y Y ⊤ +XX⊤M

= σ2
j (Y )

(
UX

i U
Y
j

⊤)+ σ2
i (X)

(
UX

i U
Y
j

⊤)
=
(
σ2

i (X) + σ2
j (Y )

)
M,

where the first equality follows from (48) and the second equality is due to the orthonormality of
the eigenvectors of both XX⊤ and Y Y ⊤.
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Orthonormal basis. Let (i, j), (k, ℓ) ∈ [d1] × [d2]. We will show that if (i, j) = (k, ℓ), then〈
UX

i U
Y
j

⊤
, UX

k U
Y
ℓ

⊤〉 ̸= 0 and that if (i, j) ̸= (k, l), then
〈
UX

i U
Y
j

⊤
, UX

k U
Y
ℓ

⊤〉 = 0.

Case 1. (i, j) = (k, l). Then
〈
UX

i U
Y
j

⊤
, UX

i U
Y
j

⊤〉 = tr(UX
i U

Y
j

⊤
UY

j U
X
i

⊤) =
〈
UX

i , U
X
i

〉〈
UY

j , U
Y
j

〉
=

1 ̸= 0.

Case 2.(i, j) ̸= (k, l). Then
〈
UX

i U
Y
j

⊤
, UX

k U
Y
ℓ

⊤〉 =
〈
UX

i , U
X
k

〉〈
UY

j , U
Y
ℓ

〉
= 0.

D.4 Proof of Lemma C.26

Fix X,D ∈ Rd×r arbitrary. For the action of the Jacobian, expanding the denominator in
∇Fsym(X) vec (D) = limt↓0

Fsym(X+tD)−Fsym(X)
t leads to

∇Fsym(X) vec (D) =
r∑

ℓ=1

(
Dℓ ⊗Kr Xℓ ⊗Kr Xℓ +Xℓ ⊗Kr Dℓ ⊗Kr Xℓ +Xℓ ⊗Kr Xℓ ⊗Kr Dℓ

)
. (72)

A straight computation shows that the permutation matrices P2 and P3 from Definition C.23 satisfy
P2(a⊗Kr b⊗Kr b) = b⊗Kr b⊗Kr a and P3(a⊗Kr b⊗Kr b) = b⊗Kr a⊗Kr b for arbitary vectors a, b, so
that ∇Fsym(X) vec (D) can be written as

∑r
ℓ=1 (I + P3 + P2)

(
Dℓ ⊗Kr Xℓ ⊗Kr Xℓ

)
.

For the action of the adjoint, recall that by definition, we have〈
∇Fsym(X)⊤(a⊗Kr b⊗Kr c), vec (D)

〉
=
〈
∇Fsym(X) vec (D) , a⊗Kr b⊗Kr c

〉
.

Using (72), we have
⟨∇Fsym(X) vec (D) , a⊗Kr b⊗Kr c⟩

=
〈∑

ℓ∈[r]

(
Xℓ ⊗Kr Xℓ ⊗Kr Dℓ +Xℓ ⊗Kr Dℓ ⊗Kr Xℓ +Dℓ ⊗Kr Xℓ ⊗Kr Xℓ

)
, a⊗Kr b⊗Kr c

〉

=
∑

i,j,k∈[d]3

∑
ℓ∈[r]

(XiℓXjℓDkℓ +XiℓDjℓXkℓ +DiℓXjℓXkℓ) aibjck

=
∑

i,j,k∈[d]3

∑
ℓ∈[r]

(XiℓXjℓDkℓaibjck +XiℓDjℓXkℓaibjck +DiℓXjℓXkℓaibjck).

Next, we derive an expression for the first term of the above equation. Changing the order of
summation, we have

∑
i,j,k∈[d]3

∑
ℓ∈[r]

XiℓXjℓDkℓaibjck =
∑

k∈[d],ℓ∈[r]
Dkℓ

ck

∑
i,j∈[d]2

XiℓXjℓaibj

 .
The matrix M with components Mkℓ = ck

∑
i,j∈[d]2 XiℓXjℓaibj can be compactly written as M =

c(a⊤ ⊗Kr b
⊤)[X1 ⊗Kr X1 · · · Xr ⊗Kr Xr ]. Therefore,∑

i,j,k∈[d]3

r∑
ℓ=1

XiℓXjℓDkℓaibjck =
〈
D, c(a⊤ ⊗Kr b

⊤)[X1 ⊗Kr X1 · · · Xr ⊗Kr Xr ]
〉
.

Similarly, for the two remaining terms∑
i,j,k∈[d]3

r∑
ℓ=1

XiℓDjℓXkℓaibjck =
〈
D, b(a⊤ ⊗Kr c

⊤)[X1 ⊗Kr X1 · · · Xr ⊗Kr Xr ]
〉
,

78



and ∑
i,j,k∈[d]3

r∑
ℓ=1

DiℓXjℓXkℓaibjck =
〈
D, a(b⊤ ⊗Kr c

⊤)[X1 ⊗Kr X1 · · · Xr ⊗Kr Xr ]
〉
.

By linearity of the inner product and matrix multiplication, we obtain〈
∇Fsym(X)⊤(a⊗Kr b⊗Kr c), vec (D)

〉
=
〈(
c(a⊤ ⊗Kr b

⊤) + b(a⊤ ⊗Kr c
⊤) + a(b⊤ ⊗Kr c

⊤)
)
ψ(X,X), D

〉
.

Since D was arbitrary, one can show component-wise that ∇Fsym(X)⊤(a ⊗Kr b ⊗Kr c) matches(
c(a⊤ ⊗Kr b

⊤) + b(a⊤ ⊗Kr c
⊤) + a(b⊤ ⊗Kr c

⊤)
)
ψ(X,X). This concludes the proof.

D.5 Proof of Lemma C.30

The proof relies heavily on the following two claims.

Claim D.5. Let u⊗Kr v ⊗Kr w ∈ Rd1d2d3 be arbitrary. Then,
∇Fasym(W,X, Y )∇Fasym(W,X, Y )⊤ (u⊗Kr v ⊗Kr w

)
= u⊗Kr

[
Ψ(X,Y )

(
v ⊗Kr w

)]
+ P2

(
v ⊗Kr

[
Ψ(W,Y )

(
u⊗Kr w

)])
+ P3

(
w ⊗Kr

[
Ψ(W,X)

(
u⊗Kr v

)])
,

where Pi and Ψ are introduced in Definitions C.23 and C.25, respectively.

Proof of Claim D.5. By Lemma C.28, we have

∇F (W,X, Y )∇F (W,X, Y )⊤ = JW
(
JW

)⊤
+ JX

(
JX
)⊤

+ JY
(
JY
)⊤

= Id1 ⊗Kr

(
r∑

l=1

(
XlX

⊤
l

)
⊗Kr

(
YlY

⊤
l

))

+ P2

(
Id2 ⊗Kr

(
r∑

l=1

(
WlW

⊤
l

)
⊗Kr

(
YlY

⊤
l

)))
P⊤

2

+ P3

(
Id3 ⊗Kr

(
r∑

l=1

(
WlW

⊤
l

)
⊗Kr

(
XlX

⊤
l

)))
P⊤

3 ,

where the second equality we use the Kronecker property (68) to take the transpose and (69) to
simplify the product. Given a vector u⊗Kr v ⊗Kr w we expand
∇F (W,X, Y )∇F (W,X, Y )⊤ (u⊗Kr v ⊗Kr w

)
=
(
Id1 ⊗Kr

(
r∑

l=1

(
XlX

⊤
l

)
⊗Kr

(
YlY

⊤
l

)))
(u⊗Kr v ⊗Kr w)

+ P2

(
Id2 ⊗Kr

(
r∑

l=1

(
WlW

⊤
l

)
⊗Kr

(
YlY

⊤
l

)))
P⊤

2 (u⊗Kr v ⊗Kr w)

+ P3

(
Id3 ⊗Kr

(
r∑

l=1

(
WlW

⊤
l

)
⊗Kr

(
XlX

⊤
l

)))
P⊤

3 (u⊗Kr v ⊗Kr w)

(i)=
(
Id1 ⊗Kr

(
r∑

l=1

(
XlX

⊤
l

)
⊗Kr

(
YlY

⊤
l

)))
(u⊗Kr v ⊗Kr w)

+ P2

(
Id2 ⊗Kr

(
r∑

l=1

(
WlW

⊤
l

)
⊗Kr

(
YlY

⊤
l

)))
(v ⊗Kr u⊗Kr w)
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+ P3

(
Id3 ⊗Kr

(
r∑

l=1

(
WlW

⊤
l

)
⊗Kr

(
XlX

⊤
l

)))
(w ⊗Kr u⊗Kr v)

(ii)= u⊗Kr

((
r∑

l=1
XlX

⊤
l ⊗Kr YlY

⊤
l

)(
v ⊗Kr w

))
+ P2

[
v ⊗Kr

((
r∑

l=1
WlW

⊤
l ⊗Kr YlY

⊤
l

)(
u⊗Kr w

))]

+ P3

[
w ⊗Kr

((
r∑

l=1
WlW

⊤
l ⊗Kr XlX

⊤
l

)(
u⊗Kr v

))]
= u⊗Kr

[
Ψ(X,Y )

(
v ⊗Kr w

)]
+ P2

(
v ⊗Kr

[
Ψ(W,Y )

(
u⊗Kr w

)])
+ P3

(
w ⊗Kr

[
Ψ(W,X)

(
u⊗Kr v

)])
,

where (i) follows from the definition of Pi and (ii) follows from (69). This concludes the proof.

Claim D.6. The following identity holds

Ψ(M,N)
(
TM

i ⊗Kr T
N
j

)
= 1(i,j)∈T M,N

on
(Mi ⊗Kr Nj).

Proof of Claim D.6. To establish the claim, we express the operator Ψ(M,N) using the SVD of
M and N . Since Ml =

∑r
k=1 σ

M
k V M

kl U
M
k , then

∑r
l=1MlM

⊤
l =

∑
l,k1,k2∈[r]3 σ

M
k1
σM

k2
V M

k1lV
M

k2lU
M
k1
UM

k2

⊤.
Moreover, by bilinearity of the Kronecker product, we have

MlM
⊤
l ⊗Kr NlN

⊤
l =

∑
k1,k2,ℓ1,ℓ2∈[r]4

σM
k1σ

M
k2σ

N
ℓ1σ

N
ℓ2V

M
k1lV

M
k2lV

N
ℓ1lV

N
ℓ2l

(
UM

k1 U
M
k2

⊤)⊗Kr
(
UN

ℓ1U
N
ℓ2

⊤)
,

and so, taking a sum over ℓ yields

Ψ(M,N) =
∑

l,k1,k2,ℓ1,ℓ2∈[r]5
σM

k1σ
M
k2σ

N
ℓ1σ

N
ℓ2V

M
k1lV

M
k2lV

N
ℓ1lV

N
ℓ2l

(
UM

k1 U
M
k2

⊤)⊗Kr
(
UN

ℓ1U
N
ℓ2

⊤)
.

We are now ready to establish the action of this operator in a vector of the form TM
i ⊗Kr T

N
j .

Recall the definition of T M,N
on given in (60). First, assume that max{i, j} > r, without loss of

generality, suppose that i > r. Then, TM
i = UM

i , and U⊤
k2
TM

i = 0 for all k2 ∈ [r] and, consequently,
Φ(M,N)(TM

i ⊗Kr T
N
j ) = 0. Second, assuming both i, j ∈ [r], we have that TM

i ⊗Kr T
N
j =

UM
(
ΣM

)−1 (
V M

:i

)⊤
⊗Kr U

N
(
ΣN

)−1 (
V N

:j

)⊤
. Then

Ψ(M,N)
(
TM

i ⊗Kr T
N
j

)
=

∑
l,k1,k2,ℓ1,ℓ2∈[r]5

σM
k1σ

M
k2σ

N
ℓ1σ

N
ℓ2V

M
lk1V

M
lk2V

N
lℓ1V

N
lℓ2

(
UM

k1 U
M
k2

⊤
UM (ΣM )−1

(
V M

:i

)⊤
)

⊗Kr

(
UN

ℓ1U
N
ℓ2

⊤
UN (ΣN )−1

(
V N

:j

)⊤
)

(73)

(i)=
∑

l,k1,k2,ℓ1,ℓ2∈[r]5
σM

k1σ
M
k2σ

N
ℓ1σ

N
ℓ2V

M
lk1V

M
lk2V

N
lℓ1V

N
lℓ2V

M
ik2(σM

k2 )−1V N
jℓ2(σN

ℓ2 )−1
(
UM

k1 ⊗Kr U
N
ℓ1

)
(ii)=

∑
l,k1,k2,ℓ1,ℓ2∈[r]5

σM
k1σ

N
ℓ1V

M
lk1V

M
lk2V

N
lℓ1V

N
lℓ2V

M
ik2V

N
jℓ2

(
UM

k1 ⊗Kr U
N
ℓ1

)
(iii)=

∑
l,k1,ℓ1∈[r]3

σM
k1σ

N
ℓ1V

M
lk1V

N
lℓ1

〈
V M

:l , V M
:i

〉〈
V N

:l , V
N

:j

〉 (
UM

k1 ⊗Kr U
N
ℓ1

)
(74)

= 1i=j

∑
k1,ℓ1∈[r]2

σM
k1σ

N
ℓ1V

M
ik1V

N
jℓ1

(
UM

k1 ⊗Kr U
N
ℓ1

)
= 1(i,j)∈T M,N

on

(
Mi ⊗Kr Nj

)
,
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where (i) follows since UM
k2

⊤
UM (ΣM )−1

(
V M

:i

)⊤
=
(
σM

k2

)−1
V M

ik2
and UM

ℓ2

⊤
UN (ΣN )−1

(
V N

:i

)⊤
=(

σN
ℓ2

)−1
V N

iℓ2
, (ii) follows from the fact that the columns of UM and UN form orthonormal bases,

and (iii) follows from factorizing out the dot product. This finishes the proof of the claim.

We apply Claim D.5 with u = TW
i , v = TX

j , and w = T Y
k , to derive

∇Fasym(W,X, Y )∇F (W,X, Y )⊤
(
TW

i ⊗Kr T
X
j ⊗Kr T

Y
k

)
= TW

i ⊗
[
Ψ (X,Y )

(
TX

j ⊗ T Y
k

)]
+ P2

[
TX

j ⊗Ψ (W,Y )
(
TW

i ⊗ T Y
k

)]
+ P3

[
T Y

k ⊗Ψ (W,X)
(
TW

i ⊗ TX
j

)]
.

Using Lemma D.6 in tandem with Definition C.23 of P2 and P3 we obtain

∇F (W,X, Y )∇F (W,X, Y )⊤
(
TW

i ⊗Kr T
X
j ⊗Kr T

Y
k

)
= 1(i,j)∈T W,X

on

(
Wi ⊗Kr Xj ⊗Kr T

Y
k

)
+ 1(i,k)∈T W,Y

on

(
Wi ⊗Kr T

X
j ⊗Kr Yk

)
+ 1(j,k)∈T X,Y

on

(
TW

i ⊗Kr Xj ⊗Kr Yk

)
.

This completes the argument.

D.6 Alignment lemmas

Lemma D.7. Let X,X⋆ ∈ Rd1×r and Y, Y ⋆ ∈ Rd2×r with rank (X⋆) = rank (Y ⋆) = r⋆. Let
k1 ∈ {r⋆ . . . r}, k2 ∈ {r⋆ . . . r}, and define QX :=

∑d1
i=k1+1 U

X
i U

X
i

⊤ and QY :=
∑d2

i=k2+1 U
Y
i U

Y
i

⊤.
Under the assumption that V X⋆ = V Y ⋆, if∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
F

+
∥∥∥Y Y ⊤ − Y ⋆Y ⋆⊤

∥∥∥
F
≤ 1

2
√

2
min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}
,

one has∥∥∥QXX
⋆Y ⋆⊤QY

∥∥∥
F
≤ 1

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} ∥∥∥(I −QX)XY ⊤(I −QY )−X⋆Y ⋆⊤
∥∥∥2

F
.

Moreover, if k1 = k2 and V X = V Y , one has∥∥∥QXX
⋆Y ⋆⊤QY

∥∥∥
F
≤ 1

min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

} ∥∥∥XY ⊤ −X⋆Y ⋆⊤
∥∥∥2

F
.

Proof. We will denote E := (I −QX)XY ⊤(I −QY )−X⋆Y ⋆⊤. We can decompose the error E as
E = (I −QX)E(I −QY ) +QXE(I −QY ) + (I −QX)EQY +QXEQY .

Observe that all the terms in this sum are pairwise orthogonal in the Frobenius inner product.
Therefore,
∥E∥2F = ∥(I −QX)E(I −QY )∥2F + ∥QXE(I −QY )∥2F + ∥(I −QX)EQY ∥2F + ∥QXEQY ∥2F

≥ ∥QXE(I −QY )∥2F + ∥(I −QX)EQY ∥2F

(i)=
∥∥∥QXX

⋆Y ⋆⊤(I −QY )
∥∥∥2

F
+
∥∥∥(I −QX)X⋆Y ⋆⊤QY

∥∥∥2

F

(ii)=
∥∥∥∥∥QX

(
X⋆V X⋆

)
{1,...,r⋆}

((
Y ⋆V Y ⋆

)
{1,...,r⋆}

)⊤
(I −QY )

∥∥∥∥∥
2

F
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+
∥∥∥∥∥(I −QX)

(
X⋆V X⋆

)
{1,...,r⋆}

((
Y ⋆V Y ⋆

)
{1,...,r⋆}

)⊤
QY

∥∥∥∥∥
2

F

(iii)
≥ σ2

r⋆

(
(I −QY )

(
Y ⋆V Y ⋆

)
{1,...,r⋆}

)∥∥∥∥QX

(
X⋆V X⋆

)
{1,...,r⋆}

∥∥∥∥2

F

+ σ2
r⋆

(
(I −QX)

(
X⋆V X⋆

)
{1,...,r⋆}

)∥∥∥∥QY

(
Y ⋆V Y ⋆

)
{1,...,r⋆}

∥∥∥∥2

F

(iv)
≥ 1

2 min
{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}(∥∥∥∥QX

(
X⋆V X⋆

)
{1,...,r⋆}

∥∥∥∥2

F
+
∥∥∥∥QY

(
Y ⋆V Y ⋆

)
{1,...,r⋆}

∥∥∥∥2

F

)
(v)
≥ min

{
σ2

r⋆ (X⋆) , σ2
r⋆ (Y ⋆)

}∥∥∥QXX
⋆Y ⋆⊤QY

∥∥∥
F
,

where (i) follows from QX(I − QX) = 0 and QY (I − QY ) = 0; (ii) follows from V X⋆ = V Y ⋆

and r⋆ = r⋆; (iii) follows from the variational characterization of singular values; (iv) follows
from Corollary D.9 and (v) follows from Young’s inequality in conjunction with the Cauchy–
Schwarz inequality. Moreover, if V X = V Y and k1 = k2, then the same argument holds for
E := XY ⊤ −X⋆Y ⋆⊤, since equality (i) holds. This concludes the proof.

Lemma D.8 (Lemma 33 in [106]). Let X⋆ ∈ Rd×r⋆ of rank r⋆ and let X ∈ Rd×r. Assume that∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥

F
≤ 1

2
√

2σ
2
r⋆ (X⋆). Let QX =

∑d1
i=k1+1 U

X
i U

X
i

⊤ with k1 ≥ r⋆. Then

λr⋆

(
X⋆⊤(I −QX)X⋆

)
≥ λ1

(
X⋆⊤QXX

⋆
)
.

Proof. We will use as placeholders α1 := λr⋆

(
X⋆⊤(I −QX)X⋆

)
and α2 := λ1

(
X⋆⊤QXX

⋆
)
. Our

argument follows by contradiction, we will prove that α1 < α2 implies ∥XX⊤−X⋆X⋆⊤∥
F

σ2
r⋆ (X⋆) ≥ 1√

2 >
1

2
√

2
which contradicts the hypothesis of the lemma. We bound∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥2

F

(i)=
∥∥∥(I −QX)XX⊤(I −QX)− (I −QX)X⋆X⋆⊤(I −QX)

∥∥∥2

F
(75)

+ 2
∥∥∥(I −QX)X⋆X⋆⊤QX

∥∥∥2

F

+
∥∥∥QXXX

⊤QX −QXX
⋆X⋆⊤QX

∥∥∥2

F

(ii)
≥
∥∥∥(I −QX)XX⊤(I −QX)− (I −QX)X⋆X⋆⊤(I −QX)

∥∥∥2

F

+
∥∥∥QXXX

⊤QX −QXX
⋆X⋆⊤QX

∥∥∥2

F
+ 2σ2

r⋆ ((I −QX)X⋆)σ2
1 (QXX

⋆)
(76)

(iii)=
∥∥∥(I −QX)XX⊤(I −QX)− (I −QX)X⋆X⋆⊤(I −QX)

∥∥∥2

F

+
∥∥∥QXXX

⊤QX −QXX
⋆X⋆⊤QX

∥∥∥2

F
+ 2α1α2, (77)

where (i) follows by expanding the square and using orthogonality and (ii) follows from the
variational characterization of singular values, and (iii) holds since σ2

k (PX⋆) = λk

(
X⋆⊤P⊤PX⋆

)
=
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λk

(
X⋆⊤PX⋆

)
for any k ∈ {1 . . . r⋆} and any orthogonal projection matrix P ∈ Rd1×d1 . We claim

∥(I −QX)XX⊤(I −QX)− (I −QX)X⋆X⋆⊤(I −QX)∥2F +
∥∥∥QXXX

⊤QX −QXX
⋆X⋆⊤QX

∥∥∥2

F

≥ min
β1,β2∈R+|β1≥β2

{
(β1 − α1)2 + (β2 − α2)2

}
, (78)

let us defer the proof of this inequality until after we establish the result. Given (78), if α1 < α2,
then the optimal solution of the lower bound occurs at β1 = β2 = α1+α2

2 , so the minimum value
becomes 1

2(α1 − α2)2. Substituting this into (75) gives∥∥∥XX⊤ −X⋆X⋆⊤
∥∥∥2

F
≥ 1

2(α1 − α2)2 + 2α1α2 = 1
2(α1 + α2)2 ≥ 1

2σ
4
r⋆ (X⋆) ,

where we used Weyl’s inequality in the last step to bound

α1 + α2 ≥ λr⋆

(
X⋆⊤(I −QX)X⋆ +X⋆⊤QXX

⋆
)

= λr⋆

(
X⋆⊤X⋆

)
= σ2

r⋆ (X⋆) .

Taking the square roots on both side implies
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥2

F
≥ 1√

2σ
2
r⋆ (X⋆), a contradicts the

radius hypothesis. We turn to proving (78), we have that∥∥∥(I −QX)XX⊤(I −QX)− (I −QX)X⋆X⋆⊤(I −QX)
∥∥∥2

F
+
∥∥∥QXXX

⊤QX −QXX
⋆X⋆⊤QX

∥∥∥2

F

(i)
≥ min

S1⪰0,S2⪰0|σr⋆ (S1)≥σ1(S2)

∥∥∥S1 − (I −QX)X⋆X⋆⊤(I −QX)
∥∥∥2

F
+
∥∥∥S2 −QXX

⋆X⋆⊤QX

∥∥∥2

F

(ii)
≥ min

β1,β2∈R+|β1≥β2
(β1 − α1)2 + (β2 − α2)2,

where (i) is due to σr⋆

(
(I −QX)XX⊤(I −QX)

)
≥ σ1

(
QXXX

⊤QX

)
and (ii) follows from the

Hoffman-Wielandt Theorem [7, Problem III.6.15]. This concludes the proof.

Corollary D.9. Let X⋆ ∈ Rd×r⋆ of rank r⋆. If
∥∥∥XX⊤ −X⋆X⋆⊤

∥∥∥
F
≤ 1

2
√

2σ
2
r⋆ (X⋆), we have that

λr⋆(X⋆⊤X⋆) ≤ 2λr⋆

(
X⋆⊤(I −QX)X⋆

)
.

Proof. One has

λr⋆

(
X⋆⊤X⋆

)
= λr⋆

(
X⋆⊤(I −QX)X⋆ +X⋆⊤Q⊤

XQXX
⋆
)

(i)
≤ λr⋆

(
X⋆⊤(I −QX)X⋆

)
+ λ1

(
X⋆⊤QXX

⋆
)

(ii)
≤ 2λr⋆

(
X⋆⊤(I −QX)X⋆

)
,

where (i) follows from Weyl’s inequality and (ii) follows from Lemma D.8.

E Computing the preconditioner
In this section, we elaborate on how to compute the preconditioners(

∇F (x)⊤∇F (x) + λI
)−1

g

given a fixed g ∈ Rd. For this task, we use the conjugate gradients method (CG), which converges
linearly at a rate that depends on the condition number of the matrix P (x, λ) = ∇F (x)⊤∇F (x)+λI.
We have found empirically that executing around ten iterations of CG suffices to obtain fast
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convergence of LMM. The main subroutine necessary for CG is the matrix-vector product y 7→
P (x, λ)y; in what follows, we study the complexity of this subroutine in the examples we studied.

E.1 Square-variable map

For the component-wise square, we have that m = d, and that ∇F (x) = 2 diag (x). Thus, we have
that the quantity P (x, λ)y = 4x⊙ x⊙ y + λy which can be computed with O(d) flops.

E.2 Burer-Monteiro factorization

For Burer-Monteiro map, given inputs X ∈ Rd×r we have

P (X,λ)[X̃] = vec
(
X̃X⊤X +XX̃⊤X + λX̃

)
for X̃ ∈ Rd×r.

The computation follows from (43). This action can be computed with O(dr2) flops.

E.3 Asymmetric matrix factorization

For the asymmetric matrix factorization map, given inputs X ∈ Rd1×r and Y ∈ Rd2×r we have

P ((X,Y ), λ)
[
X̃

Ỹ

]
=
(
XỸ ⊤Y + X̃Y ⊤Y

Y X̃⊤X + Ỹ X⊤X

)
for X̃ ∈ Rd1×r and Ỹ ∈ Rd2×r,

where the computation follows from (48). This action can be computed with O
(
(d1 + d2)r2) flops.

E.4 Symmetric CP factorization

For the symmetric canonical polyadic map, given an input X ∈ Rd×r we have

P (X,λ) [X̃] = 3X̃
(
X⊤X ⊙X⊤X

)
+ 6X

(
X̃⊤X ⊙X⊤X

)
+ λX̃ for X̃ ∈ Rd×r.

This computation follows from Lemma C.26. As with the matrix case, this action can be computed
with O(dr2) flops.

E.5 CP factorization

For the canonical polyadic map, given inputs W ∈ Rd1×r, X ∈ Rd2×r, Y ∈ Rd3×r, we have

P ((W,X, Y ), λ)

W̃X̃
Ỹ

 =


W̃
(
X⊤X ⊙ Y ⊤Y

)
+W

(
X̃⊤X ⊙ Y ⊤Y +X⊤X ⊙ Ỹ ⊤Y

)
+ λW̃

X̃
(
W⊤W ⊙ Y ⊤Y

)
+X

(
W̃⊤W ⊙ Y ⊤Y +W⊤W ⊙ Ỹ ⊤Y

)
+ λX̃

Ỹ
(
W⊤W ⊙X⊤X

)
+ Y

(
W̃⊤W ⊙X⊤X +W⊤W ⊙ X̃⊤X

)
+ λỸ


for W̃ ∈ Rd1×r, X̃ ∈ Rd2×r, Ỹ ∈ Rd3×r. This computation follows from Lemma C.28. Once more,
this action can be computed with O((d1 + d2 + d3)r2) flops.
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